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KOTIA JIFOBAS I'PVYIIIIA U3 N DJIEMEHTOB IINKJINYECKA? !

B. Bparun, Aur. Kinsgyko n A. CKolleHKOB

B sT0i1 3aMeTKe IPUBOAUTCS IIPOCTOE JOKA3ATETBCTBO U3BECTHOIO (DaKkTa: JIodas IPYIIIa U3 1 JIeMeH-
TOB SIBJISIETCS IIUKJIMYECKOI TOrJIa U TOJIBKO TOrJA, KOrJa 1 B3aUMHO 1IpocTo ¢ ¢(n). 3aMerka JoCTyIHA
CTapIIeKJIaCCHUKAM: JjIsI IOHUMAaHusI He Tpedyercsl 3HaHWiT 110 Teopuu rpynn. OHa MOXKET ObITh TAKXKe
MHTEPECHBIM ‘JIETKUM UTeHueM It IPOMeCcCHOHATBHBIX MAaTEMATUKOB.

BBenenune

HasoBem epynnoti memycroe cemeiictBo G mpeobpasoBanuii (T.e. MepecTaHOBOK) HEKOTOPOIO
MHOKECTBA, 3aMKHYTOE OTHOCHTEJbHO KOMIIO3WIMH W B3sITHsi 0OPATHOIO TpeobpasoBaHus (T.e.
ectu f,g€ G, 10 foge Gu f~! € G). ObmenpunaToe HazBanue: rpylia npeobpazosanuii. Cp.
[A, cTp. 49, KomMmenTapuii K 3agade 5.

Ecmu B xoneunoit rpymme GG Haiigercs nmpeodpa3oBaHne ¢, U3 BCEX BO3MOXKHBIX CTEIIeHeH KOTO-
poro cocrour G (re. G ={g,9% ...,9" ...}), To rpyuna G Ha3bIBaCTCA UUKAUNECKOT.

B sT0it 3aMeTKe IPUBOAUTCA IIPOCTOE JI0KA3ATEILCTBO CJICLYIOIIEr0 N3BECTHOIO (DaKTa.

Teopema (donbkiiop). Jobas 2pynna u3 N 4eMeHMOE ACAAECMCA UWUKAUMECKOT M0o20a U
moavko moeda, Ko2da n 63auMHO npocmo ¢ G(n).

31ech ¢(n) — KOIMIECTBO TEBIX Yucest OT 1 10 n, B3aUMHO OPOCTBIX ¢ n (DyHKIws Diinepa).

Bamerunm, 9TO YCJIOBHE B3aUMHON IPOCTOTHI N U G(N) PABHOCUILHO TOMY, YTO B PA3JIOKEHUH
qHCIa N Ha IPOCTHIE COMHOKUTENN 1 = Py . . . Py

(*) Bce p; pasaUYaHBI 1

(**) p; ne mesur p; — 1 HEU [T KAKUX § 1 j.

11 moHMMaHKU JIOKa3aTeILCTBa He Tpebyercd 3Hanuil mo Teopun rpymu. HeGosbmoe Kosm-
4eCTBO HEOOXOIMMBIX IIOHATHH BBOIATCS B IIPOIECCE TOKA3ATEILCTBA. B 9acTHOCTH, HAIIe J10-
Ka3aTeJIbCTBO He MPUBJIEKAET (SIBHO WJIM HEsIBHO) MOHATHs (DaKTOPIPYIIIBI, B OTJIHINE OT Oojiee
TPaJIMIMOHHBIX J0Ka3aTeIbCTB (eM., HanpuMmep, |B]). IlpuBoaumoe nokazaresbeTBO He TIpeTeH Ly-
er Ha HOoBU3HY. Kak ero mpuaymars, sujgno u3 [BKKSS].

JlokazaTeabCTBO 4acTH «TOJILKO TOIIa»
Eciu mHapymaercs BwimienpuBejieHnoe yeiaosue (*), Hampumep, p1 = ps = p, TO B KadecTBe
HEIUKJIMICCKO IPYIIILI U3 1 9JIEMEHTOB MOKHO B3ATh TPYIILY

{(1,2,...,p)i(p—|-1,p+2,...,2p)j(2p—|—1,2p—|—2,...,2p—|—1%)k lij=1,....p, k;=1,...,7%}.

Eciu mapymmaercs Bolenpueientoe yciaosue (%)) nampumep, p; Aeaut py — 1, TO 1Mo Teopeme

0 MEePBOOOPA3HOM KODHE CYIIECTBYET 3JEMEHT a € Z,,, JJlsd KOTOPOTo CTEelenu a,a’, ..., aPt = 1
. .72 2

pazymanbl. Oboznatnm vepes G, p, TPYIILy npeodpasoBanuil fi; : Z, — Zs , 3aJaHHbIX (HopMy-

noit fr(z,y) = (a*z,lz +y) s k € Zy, ul € Z,,. > Torga B KauecTBe HEIUKINIECKOIl (Tazxe

HEKOMMYTATUBHOIT) TPYIIIBI U3 7 9JIEMEHTOB MOXKHO B3SITh I'PYIIILY

Fo(l2 o,V | f€CGpp j=12...,—\ QED
Pip2 Pip2

,ZLOKaBaTeJIbCTBO qacTm;m «Toraa».

Yepes | X | obosnavaercs anc/io semeHToB B MHOKecTBe X . OG03HAUNM JAHHYTO IPYIIILY Yepe3
G. Vcnosb3yeM MHIYKIUIO TI0 YUCIY IIPOCTBIX coMHOXKuTeaeih B n = |G|. Eciu comHoKUTE/H
OJINH, TO YaCTh «TOTJ/Ia» BBITEKAET U3 CIEAYIONel TeopeMbl Jlarpamxa.

HOpﬂﬂKOM Orda dJIEeMEHTa a prHHbI C ¢IMHNYIHBIM 3JIEMCHTOM € Ha3bIBacTCd HaHuMeEHbIIee
1eJI0€e TOJIOKATEIbHOE N, JJIs KoToporo a’ = e. Ecim rpymma KoHedHa, TO SICHO, 9TO TaKOe N
CYIIECTBYET.

1BJI&FO,ILapI/IM K. Koxacs 3a mose3nble 3aMevaHus.
k
a® 1
2 Hayuro rosopst, Gy, p, = {<0 1) € Z2x? ’ ke€Zy, €Ly, } :
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Teopema Jlarpamka (9acTHbIl ciayd4aii). Jucio ssemenmos KowewHol 2pynno, 0eaumcs
Ha NopAdoK 100020 ee INEMEHMA.

Joxasamensvcmeo. ObosnaunmM gannyio rpymmy depe3 G. st moboro x € G paccMOTPUM MHO-
wectBo {x, o f,xf%, ..., xfo"4/ 1} Tlo onpenenennto mopsaika yKasaHHbIC 3/€MEHTHI PA3IHTHBI.
Bnaunt, B 3ToM MHOXKecTBe ord f amementon. Ecmm xf* = yf!, To y = xf*~!. TosTomy ms pas-
HBIX I 9TH MHOXKeCTBa JIHOO He Iepecekarorcs, nbo copnajator. 3Haunt, |G| gemures wa ord f.

QED

[Tycrb Temepnb mpocThix comHOXKUTENEH B 1 = |G| Gosbine onHoro. Ham monamoburest ciremyto-
mas obmas Bepcus TeopeMbl Jlarpamxa.

Iloarpynmnoii rpymmnbl HA3BIBACTCA MOJMHOYKECTBO 9TOM T'PYIIILI, KOTOPOE caMo 1o cebe SaBJIdA-
eTCd I'PYIION.

Teopema Jlarpau>ka. Hucio siemenmos KoHewHot 2pynnvl 0eAUumes MG HUCAO IACMEHMOG
A106017 ee nodzpynnot.

Jlokazameavcmeo. Obo3HauuM jranuyio rpyimy depe3 GG, a ee noarpymmy 4depes {hy, ..., oy}
Mg moboro x € G pacemorpum MHOKeCTBO {xhy, xhe, ..., zhy}. B sTom muoxectse |H| ame-
MentoB. Eciu xhy = yhy, o y = xhkhl_l. [TosToMy i1 pasHbIX & 9TU MHOXKECTBa, JIMOO HE
HepeceKaloTcs, anbo coBnasaoT. 3uaqnt, |G| nemmres wa m. QED

MakcumManabHO# MOArPYMHIIOi HA30BEM MAKCHMAJBHYIO 110 BKJIIOYCHUIO HOIIPYIILY, HE COB-
IIa/IATONLYI0 CO BCeil IPYIION U comeprkalryio Gosee oHOro sseMenta. Ilo mpemnosoxkennio nu-
JYKIN 1 TeopeMe Jlarpamka Kaoicdas MaKcumMasvonas noo2pynna AGAACMCA YUKAUYECKOU.

s snementa f rpynost G obosnadnm depes (f) C G MHOXKeCTBO BCeX €ro cTereHeii (B T.4.
HYJIEBBIX U OTPUIATE/ILHBIX ). DJIEMEHT f Ha3bIBACTCs HOPOXKJAOIIMM J[Isi (IUKIUIECKOMN ) TI0/1-
rpymist {f).

[IpeamosoKuM IpOTUBHOE, T.€. uTo rpyima G He gBjsgercs mukandeckoit. Torma xaorcdvii sne-
menm f codeporcumes 8 nekomopot mMakcumanvnotl nodepynne (B MaKCUMAJIBHOI 110 BKJIFOYEHHIO
HoJrpyiine, comepzKarieii (f)).

Diementsl f u g rpynnbl G HA3BIBAIOTCS COMPsIXKeHHbIMU B G, econ g = b~ ! fb 1j1s1 HEeKOTO-
poro b € G.

IMepsBoiii cayd4aii: noposcdarowuti sremenm [ HEKOMOPOT MAKCUMANLHOT NOPYNNYL CONPA-
ICEN TROABKO C HEKOMOPLLMU ceoumu cmenenamu. Bosemem h € G — (f). Torma ho'dh € (f).
O603HaYNM Yepe3 ¢ HAMMEHbIIee U3 TEJIbIX MOJIOKUTENbHBIX 1, 11 KOTOpbix h™ € (f). BosbMmem
k € Z, nna xoroporo h™! fh = f*. Tax xak h? € (f), To f = h™9fh? = f** (mocnennee pasencTBO
noKasbiBaeTcsa uHayKiweit o q). [Tosromy k4 =1 mod ord f.

[To ycnoeuio (*) u Teopeme Jlarpanxka ord f siBiisieTcsi MPOM3BEIEHUEM D . . . Ps PA3TUIHBIX
npocrbix. Torma k7 =1 mod p; ms sioboro @ = 1,2, ..., s. Tak kak |G| gemurcs na ord h u ord b
JIEJTATCST HA ¢, TO TO yCJIoBHIO () ¢ sIBJIsIeTCS TIPOU3BEICHNEM PA3/INIHBIX POCThIX. 110 yeroBuio
(**) HK OZHO U3 STUX HPOCTLIX p; He AeIUT HuKakoe p; — 1. ClieoBaTesIbo, ¢ B3aHMHO IPOCTO C
KaxkeiM p; — 1. [TosTomy cymiecTBytor nesbie © = x; u y = y;, i KOTopbix gz + (p; — 1)y = 1.
Buaunt, k = k@t~ =1 mod p; aus moGoro i = 1,2, ..., s. [lostomy k =1 mod ord f, re.
fh=nhf.

Toraa B G ecrb noarpymmna {fh/ | 1 <i<ordf, 1 <j < q} us gord f smemenros. 3Hauur,
o yciosuio (*) u Teopeme Jlarpanxa ord f u g Bzaumuo npoctel. Tak xax (fh)! = f/h/ nna
sioboro j, To ord(fh) menurest Ha ¢ u Ha ord f. IToaromy ord(fh) = gord f. Tak Kak moarpymma
(f) makcumasbna, To (fh) = G. 3naunt, G muknaeckas. [Iporusopetne.

Bropoit cayuaii: nopooscdarowuti snemenm 11060t MAKCUMAALHOT NOOZDYNNLL CONPAHCEH HE
MOABKO CO CEOUMU CMENEHAMU.

ITpounsBegenuem aAByX moaAMHOXKeCTB X 1 Y rpynibl (G Ha3bIBAIOT MHOXKECTBO BCEBO3MOK-
HBIX ITpousBejieHuil xy, rae x € X u y € Y. Eciu 0110 U3 9THX MOJIMHOYKECTB COCTOUT TOJIBKO U3
ojtHOrO 3jieMenTa, Hanpumep, Y = {y}, To mag kparkocru mmmyr Xy smecro X {y}.



(1) Jhobas makcumanvran nodepynna F codepocum neHTp
Z=Z(G):={a€G : ga=ag nsa moboro g € G},
m.e. MHOHCECTNEO MET IACMEHMOE, KOMOPHLE KOMMYMUPYIOM CO 6CEMU.

Jlokasamenvcmeso ymeeporcdenus (1). Unade F'Z — Gosibiast KOMMYyTaTHBHAsI HOArpyIina. Beu-
iy MakcumasibHoctu F' umeem F'Z = G. IIporusopeune ¢ ycioBueM BToporo ciydas. QED

(2) Iepeceuenue 06YT MAKCUMAALHBIT NODYNN PAGHO UEHMPY.

Jloxazamenvcmeso ymeepoicdenus (2). HeeTMHUIHDINA 9JICMEHT B IIEPECEICHAN KOMMYTHPYET C
3JIeMEeHTaMH 00OUX MOATPYII. 3HAYHUT, OH KOMMYTHPYeT C JIOOBIM IIPOU3BEEHUEM HECKOTIbKUX
COMHOXKNTEJe!, KayKIblil N3 KOTOPBIX JIEZKUT B OJHON M3 HaIINX MOArpynn. MHOXKeCTBO TaKmx
IpousBeeHuil ABjdeTcd HoArpynnoil. B cuily MakCHMaJIbHOCTH HAIMUX IOATPYIIL 3Ta HOJAIPYIIIa
COBHIAJIAET CO BCell rpynmoil. 3HAUNT, IepecedeHne COAEPKUTCA B IEHTPeE.

U3 (1) Berreraer obparnoe Briodenune. QED

(3) Jas w0600 makcumanvrol nodepynno, F wucao pasauunwx nodepynn, conpascennux ¢ F
(exmouan F), pasno |G|/|F|.

Jlokasamenvcmso ymeeporcdenus (3). PaccMoTpuM MHOXKECTBO
N(F):={aeG : Fa=alF}.

Herpynto nposeputs, uro N (F') smisiercst moarpymmoii. [To yeaosuto sroporo caygas N(F) # G.
Tak kak N(F') D F, to B cuty mMakcumansuocta N(F) = F.

ConpsizKeHne KazkJIbIM 3JIEMEHTOM IpyIbl G IepeBOIUT HOArpyIILy F' B OJHY U3 CONPIKEHHBIX
noarpynm. Eciau conpskenue AByMs pasHBIMEU 3JIEMEHTAMI U, U TPYHIbI (G IEepeBOIUT LOATPYIILY
F B ogny u Ty ke moarpymny, T.e. u Fu = v 1Fv, ro Fuv™ = wv™'F. Dro o3nagaer, 4TO
uv™t € N(F) = F uu, uro To ke camoe, u € Fv. O6parno, ycinosue u € Fv Biever u ' Fu =
v Fw.

dcno, uro |Fv| = |F|. [losromy dwmciio smemerToB B (G, CONpsIZKEHNE ¢ KOTOPBIMU TI€PEBOJIUT
noarpymmy F' B nanHyo (GbUKCHPOBAHHYIO CONPSIZKEHHYIO TOArPYIIy, paBHO |F|. 3HauuT, qucsio
HOJIIPYIIIL, CONPsZKeHHbIX K F', poBHO B |F'| pa3 menbiie, yem |G|. QED

(4) Obosnavum wepes F wucio onemenmos, Conpajicents snemenmam Maxcumaonoti noo-
epynno F u ne aeocauuz 6 uenmpe. Tozda |G|/2 < F < |G| — | Z|.

Jloxazamenvcmeso ymeepoicdenus (4). llonrpymma, conpsizkeHHas K MAKCUMAIBHOI, TaKKe MaK-
cumasbHa. ([eitcteurensho, ecmu g ' Fg C F' C G, o F C gF'g™ C G.)

Ilostomy u BBy (3) F = (|F| — |Z|)@ = |G| (1 - @).

- 7] 7]

Tak kak |G| > |F|, ro F < |G| —|Z].

[To ycaosuito Broporo ciaydas Z # F. Ilo (1) u reopeme Jlarpanxa |Z| memur |F|. TTosromy
F>|G|/2.

3asepwenue pazbopa 6mopozo cayuaa: nodcuem. Ilycrs Fy, ..., Fy — wmanbosbmiuit Habop mo-
[IAPHO HECOIPSZKeHHBIX MaKCUMAJIBHBIX MOArpyIi. HamoMuuM, 4To J1i0060i 37€MEHT IPYIIIbL CO-
JIEPIKUTCS B HEKOTOPOH MaKCUMAJIBHON HOJrPYIIe. SHAUUT, OH CONPSIZKEH HEKOTOPOMY 3JIEMEHTY
B Hekoropoil noarpymme F;. Torma sBuny (2) |G| = |Z] + >, F,. BBujly JI€BOrO HEPABCHCTBA
B (4) 4mcyI0 ciaraeMbIX He IIPEBOCXOJUT eJIMHUIBI. BBHIy mpaBoro HepasencTBa B (4) omHOTO
cjlaraeMoro Toxe obith He MoxkeT. QED
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WHEN ANY GROUP OF N ELEMENTS IS CYCLIC? !
V. Bragin, Ant. Klyachko and A. Skopenkov

We give a simple proof of the well-known fact: any group of n elements is cyclic if and only if n and
¢(n) are coprime. This note is accessible for students because no knowledge of group theory is required.
The note could also be an interesting easy reading for mature mathematicians.

Introduction

We call a group a nonempty family G of transformations (i.e. permutations or rearrangements)
of some set, which family is closed with respect to composition and taking inverse transformation
(ie. if f,g € G, then fog € G and f~! € G). Common term: transformation group. Cf. [A,
comment to problem 5.

If a finite group G contains an element g such that G consists of all powers of g (i.e. G =
{9,9% ...,9" ...}, then group G is called cyclic.

We give a simple proof of the following well-known fact.

Theorem. Any group consisting of n elements is cyclic if and only if n and p(n) are coprime.

Here (n) is the number of positive integers not exceeding n and coprime to n (the Euler
function).

Note that n and ¢(n) are coprime if and only if in the prime decomposition n = p; ... py

(*) all p; are different and

(**) p; does not divide p; — 1 for any ¢ and j.

The understanding of the proof requires no knowledge of group theory. A few necessary notions
are introduced in the course of the proof. In particular, our arguments does not use the notion
of a quotient group, as opposed to more traditional proofs (see, e.g., [B]). Our proof is possibly
known. One can understand how to invent it from [BKKSS].

Proof of the “only if’ part.

If condition (*) above is violated, e.g., p1 = ps = p, then the following group consists of n
elements and is not cyclic:
{02 o+ Lo 42 2V @+ 1242, 2+ ) i =T1,p k=1, 5]

If condition (**) above is violated, e.g., p; divides p, — 1, then by the primitive root theorem
there is a € Z;, for which the powers a, a?,...,aP* = 1 are different. Denote by G,, ,, the group
of transformations fi; : Z2, — Z2, defined by the formula fy(z,y) := (a"z,lz +y) for k € Z),
and [ € Z,,. ? Then the following group is not cyclic (it is even nonabelian):

{fo(1,2,...

n

I feGy,, j=1,2....,—%. QED
) ‘f p1,p2s J p1p2}

n
’ P1p2

Proof of the “if”’ part.

We use the induction on the number of prime factors of |G|. If this order is prime, then the
“if” part is implied by the following Lagrange Theorem.

The order ord a of an element a of a group with the identity element e is the minimal positive
integer n such that a™ = e. If the group is finite, it is clear that such n exists.

Lagrange Theorem (particular case). The number of elements of any finite group is divis-
ible by the order of any its element.

IWe would like to acknowledge K. Kohas for useful discussions.

k
In more advanced notation G, ,, = {(ao i) S/ ’ keZ,, l€Zy, } :
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Proof. Denote the group by G. For each = € G consider the set {z,zf,zf?, ..., xf"4/~1}. By
the definition of order these elements are different. Therefore this set contains ord f elements. If
zf* = yf!, then y = xf*'. Therefore for different x these sets either coincide or are disjoint.
Thus |G| is divisible by ord f. QED

Now suppose that the number of factors is greater than one. We need the following general
version of the Lagrange Theorem.

A subgroup of a group G is a subset of GG that is itself a group.

Lagrange Theorem. The number of elements of any finite group is divisible by the number
of elements of any subgroup.

Proof. Denote the group by G and the subgroup by {hy, hs, ..., hy, }. For each x € G consider the
set {xhy,zhy, ..., xhy,}. This set contains m elements. If xhy = yh;, then y = xhkhl_l. Therefore
for different x these sets either coincide or are disjoint. Thus |G| is divisible by m. QED

A maximal subgroup of a group is a maximal by inclusion subgroup not coinciding with G
and containing more than one element. By the induction hypothesis and the Lagrange Theorem,
each maximal subgroup is cyclic.

For an element f of a group G let (f) be the set of all powers of f (including zero and negative
ones). The element f is called generating for the (cyclic) subgroup (f).

Suppose to the contrary that the group G is noncyclic. Then each element is contained in a
maximal subgroup.

Elements f, g of a group G are conjugate in G if g = b= fb for some b € G.

First case: generator f of some mazximal subgroup is conjugate only to (some of) its powers.
Take h € G\ (f). Then h°"d" € (f). Let ¢ be the minimal positive integer such that h" € (f).
Take k € Z such that h='fh = f*. The inclusion h? € (f) implies f = h=9fh? = f** (here the
last equality is proved by induction on ¢). Therefore k9 =1 mod ord f.

By condition (*) and the Lagrange Theorem ord f is a product p; ...p, of different primes.
Then k9 =1 mod p; for any i = 1,2,...,s. Since |G| is divisible by ord h and ord h is divisible
by ¢, by condition (*) we obtain that ¢ is a product of different primes. By condition (**) none
of these primes p; divides none p; — 1. Therefore ¢ is coprime to each p; — 1. Hence there exist
integers = x; and y = %; such that gz + (p; — 1)y = 1. Therefore k = k%*+®i=1¥ = 1 mod p;
forany ¢t =1,2,...,s. Hence k =1 mod ord f, i.e., fh = hf.

Then G contains a subgroup {f'h? | 1 <i <ordf, 1< j < q} of gord f elements. Hence by
condition (*) and the Lagrange Theorem ord f is coprime to ¢. Since (fh)? = f7h? for each j, we
obtain that ord(fh) is divisible both by ¢ and by ord f. ord(fh) = gord f. Thus ord(fh) = qord f.
Since the subgroup (f) is maximal, we have (fh) = G and G is cyclic. Contradiction.

Second case: generator of any mazimal subgroup is conjugate not only to its powers.

The product of subsets X and Y of a group G is the set of all products zy, where x € X
and y € Y. If one of these subsets consists of only one element, e.g., Y = {y}, then we write Xy
instead of X{y}.

(1) Any mazimal subgroup F contains the center
Z=27(G):={a€G : ga=ag for any g € G},
i.e., the set of elements commuting with each element of the group.

Proof of assertion (1). Otherwise F'Z is a larger commutative subgroup. By the maximality of
F we have I'Z = GG, which contradicts to the assumption of the second case. QED
(2) The intersection of two mazimal subgroups equals the center.

Proof of assertion (2). A nontrivial element of the intersection commutes with all elements of
both subgroups. Hence it commutes with any product of several multiples, each multiple being an
element of one of our subgroups. The set of such products is a subgroup. By the maximality of our
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subgroups this subgroup coincides with the entire group. Therefore the intersection is contained
in the center.
Assertion (1) implies the converse inclusion. QED

(8) The number of different subgroups conjugate to a mazximal subgroup F (including F') is
GI/|F].
Proof of assertion (3). Consider the set
N(F):={aeG : Fa=al}.

It is easy to verify that N(F') is a subgroup. By the assumption of the second case N(F) # G.
Since N(F') D F, the maximality implies that N(F) = F.

The conjugation by each element of G takes F' to a conjugate subgroup. If the conjugation by
two different elements u and v takes the F' to the same subgroup, i.e., u"!Fu = v='Fo, then
Fuv™! = wv™'F. This means that wv™! € N(F) = F or, equivalently, u € Fv. Conversely, the
condition u € Fv implies u 'Fu = v~ Fw.

Clearly, |F'v| = |F|. Therefore the number of elements of G conjugation by which takes F
to a given subgroup equals |F|. Therefore the number of different subgroups conjugate to F' is
precisely |F| times less than |G|. QED

(4) Denote by F the number of elements of G conjugate to elements of a mazximal subgroup F
and not contained in the center. Then |G|/2 < F < |G| —|Z|.

Proof of assertion (4). A subgroup conjugate to a maximal subgroup is also maximal. (Indeed,
if g7'FgC F' C G, then F C gF'g7' C G.)
5 Gl _ ( Z \)
Therefore by (3) F' = (| F| lZl)‘f| G| (1 7))
The inequality |G| > |F| implies F' < |G| — |Z].
By the assumption of the second case, Z # F. By (1) and the Lagrange theorem, |Z| divides
|F|. Therefore F > |G /2.

Conclusion of the proof of the second case: calculations. Let FY, ..., F, be a maximal family of
pairwise non-conjugate maximal subgroups. Recall that each element of the group is contained in
some maximal subgroupA. Hence the element is conjugate to some element in certain F;. By this
and (2) |G| = |Z| + )_, F;. By the left inequality in (4), the number of summands is at most one.
By the right inequality in (4), one summand also gives a contradiction. QED
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