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[lnA naHHBIX Py A u B, xakoBa MUHUMAIbHASA BO3MOXKHAA KOMMyTaTOpHasA giuHa 2021-u (Hanpumep) cremne-
HHU 2JI€MeHTa cBo6ogHOro npouspegenus A *x B, ne conpsxéanOro samemenTaM cBo60gHBIX MHOXuTenei? Hcuep-
NEIBAIOMIMY OTBET HA 9TOT BOIPOC NOKA HEU3BECTEH, HO MBI MOXKEM OTBETUTDH IIOYTH TOYHO: 9TOT MUHUMYM €CTh

OAHO M3 ABYX 4mcesa (IPOCTO 3aBHUCAIIUX OT Aun B) MBI paccMaTpUBaEM TAaKXKe [Pyrue HOoLO00HBIE 3a4a49M.

0. Beegenue

Xopomo u3BeCTHO, 9TO B CBOGOJHOU I'PYTIIE HEENHAIHEIE KOMMY TATODEI HE ABIAOTCA ICTUHHEIME cTeneramu [Schb9)].
IIpoussenenne n1Byx KOMMYTATOPOB B CBOOOIHOU I'PYIIIE MOXKET, PA3yMEETCA, OKA3ATHCA KBAAPATOM HEeIMHUIHOIO
DJEMEHTA, a MOXKeT Jaxke OKazaThcA KyboMm, kak samerut Kamnep [Cull8l]: [a,b]® = [a~1ba,a=2bab~1][bab~ 1, b?]. DTO
PaBEHCTBO BEHIIOJIHEHO B ¢BOGoaHOU rpynue F'(a,b) u, ciegoBaTenbHo, 41a JOOLIX 3A€MEHTOB a U b JH000! CPYIIIEL
Bouxee Toro, B padore [Cull81] noxazano, ¥to [a, b]™ B cBOGogHON rpynme F(a,b) packiasBaeTcs B npousBegenve k
KOMMYTaTOpOB, ecu 1 < 2k — 1.

s cBOGOHOU TPYIIEL OLleHKa, Kasiepa He MOXeT OLITh yIydIleHa HA B KAKOM CMBICTE:

ecau A1 KAKUX-TO JEMEHTOB Tj,Y;, 2 KAKOH-TO CBOOOJHOH I'DYIIIEI
BBINOJHACTCA PABEHCTBO [T1,Y1] - - - [Tk, yx] = 2™, 0gen = 2k, To z = 1.

I1oT 3amevaTenbHbl GakT Obll gokasad B [CCEIL] gua k = 2 u B [DHI1] B o6mem cayuae. B Ton xe padore [DHI1]
NOKa3aHO aHAJIOTMIHOE YTBEPK IEHNUE I CBOOOIHBIX NIPOU3BEAEHUN 40KAAbHO UHOUKaOeabHblE TPYNI (TO €CTh IPyYII,
B KOTOPBIX KaXJasAd HeTPUBUAILHAA KOHEIHO [OPOXK AEHHAA IOACPYIINA, JOILYCKAET dIMMOphu3M HA Z ). A H03XKe BEIAC-
HWIOCh, YTO 3TO yTBEPXK AEHUE OCTAETCSI BEPHLIM B CBOOOIHBIX IIPOU3BEAEHUAX BOOOIIE JIOOLIX Ipynil 6€3 KpyJIeHMs:

€CJaIH 1A KAKAX-TO 3JeMEHTOB I, i, 2 CBOOOIHOTO IPOU3BEACHAA KAKUX-TO I'PYIIH 6€3 KPY9eHUA BEIIOTHACTCA
DABEHCTEBO [T1,Y1] .. . [Tk, yk] = 2™, rgen > 2k, TO z CONPAKEH SIEMEHTY OAHOTO U3 CBOGOIHBIX MHOXKHATEICH.

I10 66110 mokazano B [Chl8] u [IK18] (mesaBucumo). IIpu 5T0M B 06eux paboTax OTMEUEHO, ITO BCE PACCYHK ACHUS
OCTAIOTCA BEPHBIMU, €C/IN YCJIOBAE OTCYTCTBUS KPYYeHUs 3aMEHUTH Ha Oosee ciaboe yCaoBre OTCYTCTBUE MAJEHBKOI'O
kpyqenns. Qgaaxo paccyxgerus B paborax [Chl8] u [IK18] paszuwe:

— paccyxnenue Jena ocHoBanO Ha noaxoge Kanerapm [Cal09],

— a paccyxgenne B [IK18] ocHoBanO Ha J1eMMe 0 cToakHOBeHUAX [K93],
nosromy peayabrarsl B [Chl8] u [IK18] gas rpynn ¢ KpydeHreM MOIyYMInCch pasHble (1 faxe, YTO 3a0aBHO, HECPAB-
HUMBIEC — HUM IIPDO OOAWH U3 HUX HEJIb3A CKa3dTb, IYTO OH CUJIbBHEE ,E[pyl"Ol“O):

IIyCTE JJIA DJEMEHTOB X, Ui, 2 CBOOOJHOIO MIPOU3BENEHUA KAKUX-TO DY 63 HeeQUHUIHBIX SJIEMEHTOB IIOPAIKA,
menbmrero N,

BBINOJHACTCA PABEHCTBO [T1,Y1] - - - [Tk, Yx] = 2™; TOrga z CONPAKEH 2IEMEHTY 04HOIO U3 CBOGOJHBIX MHOXKUTEIEH,
n > 2k+ [32] [Ch18] (amecw u ganee [z] = max{p € Z | p < z})
ecian nin (*)

n>2k m N>n [IK18].

B macrosamen paboTe MOKa3aHO, 9TO yCIOBUE (*) MOXKHO 3aMEHUTH Ha, GoJee caaboe yCIoBue

n22k+2[%]. (+%)

Hetpyano coobpasutsb, 94T0 5TO ycuiuBaeT u pesyabraT paborsl [Chl8], u pesyaprar padoret [IK18]. Boxee Toro,
[OMY9EHHYIO OLUEHKY, €CJAM U MOXHO yJIy9IIThb, TO TOIbKO IyTh-4yThb. A UMEHHO, CUTYAIUA CJICIYIOMAs.

Pa6ora Bomosnena npu nmoggepxke MuHOOpHAyku PP B pamkax peanmsanuy nporpamMMbl MOCKOBCKOI'O IIEHTPA,
(byHIAMEHTAILHON U MPUKIATHON MaTeMaTuku no corsmamenuio Ne 075-15-2019-1621, a rakxe Poccuuickoro domnga
dyHIaMeHTATBHBIX UCCIeaoBanuy, rpaat Ne 19-01-00591.



Iycrs mveerca rpymna G ¢ GpUKCHPOBAHHBIM Pa3IoxkeHueM B ¢cBOGoaHOe npoussenenme: G = X A;. Onpegeanm

jed
qucao k(G,n), kKak MEHUMATBLHOE k € 7 Takoe, 9TO N~-A CTENEHb HEKOTOPOI'O BIEMEHTA, HE CONPAKEHHOIO 2IEMEHTAM
m A;, packIaibBaeTCa B IpousBeieHue k koMmmyraropoB. U mycts N (@) — MUHUMAJILHBEIN TOPAIOK HEeLu-

jeJ
HUYHOTO 37ieMeHTa rpynnbl (. Takum o6pasom, cormacHo (xx) Jxo6oe cBo6oaHOe mpousBegeHue G yIOBIETBOPAET

HepaseHcTBy k(G,n) > [%] - [ﬁ] + 1. D10 O1EeHKA TIPEACTABAACT COOOU MOYTU OKOHIATEMLHEIN OTBET: TeopeMa, 1

(cmoTpuTe cregyrommi naparpad) yTBEPKAAET, B YACTHOCTH, ITO

A1 mo60ro ¢Bo6ogHoro npousseserna G = X A; seamanna k(G,n) — 5T0 04HO H3 AByX 4mCel:
jeJ

n n n n
Hi [N(G)] +1 mae |5 - [N(G)] +2
Ipupasuss k(G,n) x eguanne, Mb1 noxy<mm u3BecTHHIU dakt [CER94]:

KOMMYTaTOD, HE CONPAXKEHHBIN JIeMEHTAaM CBOOO JHBIX COMHOXHTEEH rpynnbl G, MOXKeT ObITh HCTUHHOU CTEIEHBIO,
Toabko eciu N(G) = 2 win N(G) = 3, npuéM B HOCAEAHEM CIYdae 3TOT KOMMYTATODP MOXET OBITh TOJBKO KyOOM.

Jast 66abmux k(G,n) Ham pe3yabTaT ABIAETCA (MO-BUAMMOMY) HOBEIM.
Ha camom gerne, Ml m3ydaeM ypaBHeHUs, Goree oOmue, 9eM ypaBHeHue [y, z|[t, u] . .. = 2™, Ipo KOTOpPOe MBI ITOKA
COBOPWIIN:
— BMECTO CTeleH:u T MBI PACCMATPUBAEM «OOOOIIEHHYIO CTENEHb», TO €CTh IPOU3BEIEHNUE COIPAXKEHHBEIX MEXITY
COBOOU DIEMEHTOB;
— a BMECTO IPOU3BENEHNA KOMMYTATOPOB MEL PACCMATPUBAEM NPOU3BEJEHUE KOMMYTATOPOB U BIEMEHTOB, COMPS-
XKEHHBIX DJEMEHTaM CBOOOJHEIX COMHOXKUTEJICH.

OcHoBHasA TeopeMa (yIIpOIHéHHa.ﬂ cpopMa). ITycte B cBO6OgHOM npouspesennu rpynn G = ‘*J A]- HET HeeMHNIHBIX
JE
SJIEMEHTOB MOPAAKa, MEHbIIEro, 9eM N, m uMeeT MeCTO PaBEHCTBO

Tm,

cr...cpdy .. .dp =ult . oulm

rje ¢; — KOMMYTaTODHI, d; conpsxeHel saemeHTaM u3 | Aj, SI€MEHTHL u; COIPAXEHBI MEXK Y COOOH B HE CONPAXKCHBI
JjEJ
saemerram u3 |J Aj, un; — Harypaieaee ducaa. Torga
JjeJ

m

2k+l22(ni—1)—2 %in, + 2.
i=1

i=1

OTOT PE3yabTaT 3HAYUTEJIHHO YCUIUBAET PAHEE U3BECTHHIE (PAKTHI HA DTY TEMY:

m m

Si(n;—1) — [% > n,] +2, ecml=0 [Ch18];
B YCJIOBHAX OCHOBHOH TeopeMmsrl 2k + 1 > 17:)11 =1 m

Z (n, — 1) + 2, ecmu N > Z n; [IK].8]

i=1 i=1
13 0CHOBHOU TEOPEMBI HEMEJIEHHO BEITEKAET TO, YTO MEI POBOPWIX BHIIIE IIPO HEPABEHCTBO (*%).

Caeactsue 1. Ilycrs B cBO60gHOM npomssesenun rpynn G = XK A; mMeeT MeCTO PaBEHCTBO Cp...Cp = u", Ige
jeJ
¢; — KOMMYTATOPBI, & U HE CONPAKEH SJIeMEHTaM CBOOOJHEIX coMHOXuTenen. Torga 2k > n — 2 [%] + 1 (wwm, 910 TO
n n
xe camoe, k > [%]— [%] +1).

IIpusenéuuas Buie hpOpMyINPOBKA OCHOBHOU TEOPEMEI HECKOJIBKO yIpoIIéHHasa. Ha camMom gese, MBI [OKa3EIBaEM
00Jee CIIBHOE HEPABEHCTBO Ipu 0osee CIabBIX TPeanoIoKeHusX. 1LoaHy0 GOpMyIUPOBKY DTOU TEOPEMBI U €€ MoKa-
3aTEJBCTBO MOXKHO HAUTH B HOocaegHeM maparpade. B maparpade 2 MBI BHIBOAUM M3 OCHOBHOU TEOpeMHI TeopeMy 1
0 MUHUMAJBLHOU KOMMYTATODHOU NIVHE CTEeNeHed, yIOMAHyTyio Bemue. Ilaparpads 3 u 4 cogepxar He0OXOIUMEE
CBEIEHUs O IMAarpaMMax Xayu X O ABMKEHHUSIX HA [IOBEPXHOCTAX, TO €CTh O JeMME O CTOIKHOBEHHAX. JTa JIEMMA

u3 [K93] (mm eé Bapumanter) yxe npumensanacs B [FK12] u [IK18] x 3aza1am, CBA3AHHEIM ¢ KOMMYTATOPHOU [JIH-
sou (a, mampumep, B [K93], [CIG95], [FeR96], [Kx05], [Ka06a], [Ka06b], [Kx07], [C103], [CIGO1], [CoRO1], [FoR054],
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[FoRO5b], [K109], [Le09] n [KIL12] ona npuMeHATACh K PA3HLIM APyruM 3ajgadaMm). HaMm moago6uTcs HEKOTOPHIN HO-
BLII BAPUAHT JEMMBL O CTOJIKHOBEHUAX, O KOTOPOM pedb mouaér B naparpade 4. 3a6aBHO, YTO CyIIECTBEHHYI POJb
B 5TOM maparpade urpaer zadaua o cnpasedausom deaenuu, cmorpure, Hanpumep, [Me06).

Hamu o6o3uavenus B uenom crangapTHbl. OTMETUM TOJBKO, 9TO € k € Z, & T U i — DJEMEHThI HEKOTOPOU
rpymmes, 1o Y, 2 u 7Y o6osmataoT y lzy, y lzky mw y~lz 1y, coorercTrenno. KomvyTaTop [z, y] Me mommmaem
kak x 1y~ lzy. CumeonoMm cl(g) MEI 0603HAMAEM KOMMYMATMOPHYIO OAUNY DTEMEHTa, g TPYIIIEL, TO ecTh cl(g) ecTs Ham-
MeHbIIIee [[e10€ k TaKoe, 9TO ¢ PaCKIaILIBAeTCA B IpousBeieHue k kommyTaTopos (u cl(1) = 0). C1oBo «toBEepXHOCTHY
BCEr/[a TIOHUMAETCA, KAK 3aMKHYTas [MOBEPXHOCTh (HEOOA3ATENLHO CBA3HAA). DWIEPOBY XAPAKTEPUCTUKY MMOBEPXHO-
ctu S Mb1 o603uauaeM X(S). Bykeur R, Z u N 0603Ha49a10T MHOXECTBA BEIIECTBEHHEIX, IIEIbIX U HATYPAJIbHEX (LIEIbIX
HOJIOXUTENBHBIX) YHACET, COOTBETCTBeHHO. CUMBOIOM [2] MBI 0603HAYAEM LEIYIO 9aCTh BEIIECTBEHHOrO YUCaa £ (TO
ecTb 2] — 9T0 HanboubIIee [eI0e, He IPEBOCXO AIIee ).

1. CTenenn ¢ MaleHLKOM KOMMYTaTOPHOM IJIWHOU

Ouenxy Kamnnepa, 0 KOTOpOU TTa pedsb B CAMOM Hadafe BBEICHUS, MOXKHO C(HOPMYIMPOBATE CIEIYIONAM 06Pa30OM.
Hepasenctso Kamnepa [Cull81]. /g .106b1x s1emenTos a u b mo6ou rpynnst u ao6oro n € NU {0}

. n - , 0;
cl([a, b)) < [5]6 +1, rge [z]. 2 { [iv]l ggﬁi 7_—é 0.

Jlemma 1. Ecm a mw b — snementer kakou-To rpynnel u m € N, 1o saement (ab)™ conpsxén saeMeHTy BUAa
a™b™cics ... C[m]> TA€ Ci € G — KOMMYyTaTOpEIL.
2
lokazaTeabcTBO.
al(ba)sbl . [al72b171’ b27la17l] —

— al(ba)sbl ) bl—la2—lal—1bl—2al—2bl—1b2—la1—l — al(ba)sbabl—2al—2ba1—l ~ al—2ba(ba)sbabl—2 — al—Q(ba)s+2bl—2.

OueBuaHAA UHIYKIWA TOKA3EIBAET, YTO [JA HEKOTOPEIX KOMMYTATOPOB ¢; daeMeHT a™b™cicy . . c[%] COTIPSIXKEH DJIe-

merTy (ba)™, ecm qmcao m IéTHO, min aaemerTy a(ba)™1b, ecim wmcao m HEIETHO, YTO U TPEGOBATOCH (MOCKOIBKY
a(ba)™ b = (ab)™ ~ (ba)™, rme CUMBOI ~ O3HAMAET COTPKEHHOCTS).

Jlemma 2. Ecam a m b — s/1eMeHTBI HEKOTOPOU TDYHIBI, M W § — HaTypaiabHBIe 4mcaa, u a™ = b™ = 1, 1o
cl ((ab)™) < s(fm/2] = 1) +[s/2], + 1.

[loka3aTeabcTBO. 3aMeTUM, ITO MIA JOOOr0 HEeAUHUIHOTO DIeMEeHTa § KOMMYTaHTa JI0O0M TPYHIEL U A7 11000~
ro s € NU {0}

s
cl(g®) < s(cl(g) — 1) + [5] +1.
c
[lencTBATENBLHO, IPEICTABAM DIEMEHT g B Buige g = ch, rae ¢ — xkommyTaTop, a cl(h) = cl(g) — 1, moxyuum

c(g®) = cl((ch)®) = (;l(cshcs_lhcﬁ_2 ...h°h) < cl(c®) +s-cl(h) < [g} +1+s(cl(g) —1) (mo mepasencrsy Kaamepa).

910 3aBepmaeT NOKAZATEILCTBO, NOCKOABKY 1o aemme 1 cl ((ab)™) < [m/2].

Teopema 1. /s mo6oro co6ogroro nponssegerns G = X A; m .mo6oro n € N BEIIOIHAETCA OAHO U3 PABEHCTB:
jeJ

KGm) = [2] - [ n ] +1 mm k(G,n) = [g] - [N?G)] +2,

rae k(G,n): =min ¢ cl(g") | g € G, g He conpaxéH snemenTaM U3 U Aj ¢ 1 N(G) Z min{|(g)| | g€ G\ {1}}.
jeJ

Hpn >tom k(G,n) = [2] - [ﬁ] + 1, ecam BBIIOJIHEHO XOTA ObI OfHO 3 CAEAYIOLNX YCIOBHH:

a) n 96THO, a [%] HEYBTHO; 6) n gemnrca Ha N(G); B) n < N(G); r) N(G) =2.

HMoxkasaTeancTso. Yucao N (G), pazymeercs, mb0 npocToe, mbo 6eckonednoe. Jua N (G) = 2 yTBepxk qeHIe BHIION-
HEHO, IIOTOMY ITO rpynmna G B 5TOM CIy4Yae COAEPKUT OECKOHEUHYI MU3APAILHYIO HOATPYIIIY, BCAKAN DJIEMEHT KOM-
MYTaHTa, KOTOPOU ABIAETCA KOMMYTATOPOM (M He CONPSKEH daeMeHTaM CBOOOaHbX comuokuTenen). lTaa N(G) = oo
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pacCyX IeHus, NPUBEIEHHEC HIXKE IIPOXOIAT, HO MBI He OyAeM Ha 9TOM OCTAHABIMBATLCSH, IOCKOIBKY yTBEPKJCHUE
TEOPEeMBL B HTOM CIy4ae HEMELICHHO BHITEKaeT u3 pedyapTaroB padcor [Chl8] u [IK18], ymoMaHyTHX BO BBEIEHHUH.
Taxum 06pazom, cauraem, 9To duciao N (G) neuérroe.

Ecam 2™ = 1, TO MBI UM€EM [1Ba HEPABEHCTBA:

m m s
A,y < [F] +1 w dlzam) <s([F] -1)+[5] +1. (o)
c c
TlepBoe HepaBencTBO — 910 ouenka Kasrepa, a Bropoe — jemMma 2.
Paccmorpuy B rpymme G kommyTaTop [z,u], rae 2N(@) = 1, a u me nexur B TOM xKe CBOGOIHOM COMHOMKMUTENM,
ar0 2. Pasgemy n ma N = N(G) ¢ ocrarkom: n = rN + ¢, rae 0 < t < N (ar = [2]). O6o3natum cumBonamu
Ag(a,b,...) m Ayeu(a,d,...) aucao Hynen u 9wmcao HEIETHEIX wucen B Habope (a,b,...). Torga gas meaéraoro N mur

IOy UM

k(G,n)

N

(2 u]”) = d ([ u™) <l ([, a]™) + ¢l ([z,4]t) < (r ([%] - 1) + [g] + 1) + ([%]Jr 1) _

() b))

N -1 —rN 1
(——1) +t+1+u+1—A0(r,n—rN)—§Anw(7‘,n—rN):

— . . .

n 1
=3 —r+2—Ay¢(r,n—rN) — §Aneq(r,n—rN) =

n 1
= [5] —r+2= 20t —rN) = 3 (Aueulrn = rN) = Apeu(m)) =

n [2] —r+1, ecim BLIMOIHEHO ), 6) WK B);
= [2] =74 2= Aalrn = rN) = Auea () (1= Aea(m)) =

2 |

g] —r+2 B OCTAIbHBLIX CIY4YasX.

Conocrasnsas 5TO €O CAeACTBUEM 1, MBI IPUXOAUM K BEIBOAY, 9TO Teopema 1 goxazaHa (IO MOAYII0 OCHOBHOM TEOpe-
MBHI).

2. Iuarpamvsel Xayu

IlycTe mMeeTcs 3aMKHYTas OPHEHTUPOBAHHAA IOBEPXHOCTE S (BOBMOXKHO, HECBA3HAA) U (HEOPHEHTUPOBAHHELN) KO-
mevyHw rpad [, KOTOPLIM BJIOKEH B OBEPXHOCTL S U pa3buBaeT eé Ha OJHOCBA3HLIE obracTu. Takou rpad 3amaéT
KJIETOIHOE pa3bueHne mOBepXHOCTH S, TO ecTb 0TOOpaxkenne M, HaznBaeMoe kapmot Ha S:

m
M: |_| D; — S, rge D; — nBymMepHEBIE IUCKW,

i=1
TaKoe, ITO

m
— orobpaxenne M HENPEPEIBHO, CIOPBEKTUBHO, MHHEKTUBHO HA BHyTpeHHOCTH (TO ecth Ha | | (D; \ 0D;));
i=1

m
— mpo06pa3 Kax 0¥ TOYKM KOHedeH, a mpoobpas rpada I ects o6beaunenne rpanun rpaseir: M~ (T) = | | 8D;.
i=1

IIpoo6paswr Bepumn rpada I' HA3HIBAIOT Yesamy KAPTHL U [OBOPAT, YTO YOI ¢ HAXOAWTCS NPU BEPIIMHE U, €CJIN
M(c) = v. Bepmunn u pébpa rpada I' HaswBaoT sepuunamy u pébpamu kapThl M. Tucku D; Ha3LIBAIOT 2PaHAMU
WM KAemKamy KapTHL. Takyo KapTy MBI HA3BIBaeM Juazpammoti Hajg cBoGOnHEIM npoussenenueM A x B, ecin

— rpa¢ ' ByIOMBHE, TO €CTh BEPIIVHLL PA3IETEHbl HA IBa KIacca: A-BepIIuHLL U B-BepmuHEL, U Kaxa0e pebpo
coequuser A-epmuny ¢ B-BeprmHOU;

— yrubl mpu A-BepuMHAX MOMEYEHBI IeMeHTaMu rpynnel A, a yruibl mpu B-BepimHax IOMEYEHBI DJIEMEHTaMU
rpynnsl B;

— HEKOTOpBIE BEPIIVHEL BLIEIEHBI U HA3BIBAIOTCA 68HEWHUMY, OCTATHHEIE BEPIINHLI HA3EIBAIOTCA B8HYMPEHHUM;

— MeTKa KaX[OU BHYTPEHHeU A-BEepIIVHLI PABHA €IVHUIE B rpynme A, a MeTKa KaxkJI0U BHYyTPEHHEN B-BepuInHbI
paBHa efuHMIE B rpynne B, rie mox memxot 8epuiutbl MIOHIMAETCS MPON3BEIEHNE METOK YIVIOB IIPH HTOU Bep-
[IKHE, IEPEYNCICHHEIX [0 9aCOBOU CTpeike (TakuM 06pa3oM, METKA BEPIIVHLL ONPEIEIEHa C TOYHOCTBIO 10 CO-
npskEéHHOCTH B rpynnax A u B).

Tlogo6uwie auarpammer paccmarpusaauck B [How83], [How90], [K93], [Le09] u MHOrmx apyrmx paboOTax, HO HAIIMA
OIpeneneHns CIerka OTIMIATCA U COOTBeTCTBYIOT onpenenenumaM n3 [IK18] (3a mckmouenmem toro, uro B [IK18]
BHEIIHVE ¥ BHYTPEHHUE BEPIINHBI HA3EIBAIOTCA UPPETYIAPHLIMUA M PETYIADHLIMA).

4



Memxa 2panu Takou TUATPAMMBL ONPEIEIAETCSI €CTECTBEHHBIM 00Pa3OM KaK MPOU3BEIEHUE METOK BCEX YIUIOB
5TOU I'PAHU NMPOTUB YaCOBOM CTpeaku. MeTka rpaHu npencTasiseT cOO0U dJAeMeHT CBOOOaHOro npoussenenus A x B,
ONPENENEHHBIA C TOYHOCTBIO 10 CONPSXKEHHOCTH.

Hanpumep, Ha pucynke 1 m3oOpaxkeHa auarpaMma Ha TOpe (KOTODBIM HAPUCOBAH B BUIE NPAMOYTOJBHUKA C
OTOX IECTBICHHEIMY TIPOTUBONIOJIOXHEIMI CTOPOHAMMU), COAEPKAIIAA JBE BEPIIMHEL, TpU pedpa, OJHY I'DAHb U LIECTh
yrioB ¢ MeTkamu a € A u b € B. Ecin BepmmuHLL BHyTpeHHIE, TO a° JOMXKHO OLITH PABHO efuHHUIE B rpymme A, a b3
IOMKHO OHITH PaBHO efuHmIe B rpynme B. Merka rpanu 3nech pasra (ab)®. dTa gmarpaMma MOKa3EIBAET, ITO KyO
IPOM3BEJEHUA ABYX DJIEMEHTOB MOPAAKA TPU BCEra ABIACTCA KOMMYTATOPOM (B 060U rpymmne).

Puc. 1

3. [IBuxkeHusa

ATot maparpad 0O CyTH HOBTOPseT cooTBeTCTBYylomun naparpad us padors [FK12] (u [IK18]) u cocrout us onpe-
[EIEHVA U yTBEPXKIEHW!, KOTOPEE MEI mo3anMcTeoBaay u3 [Ka05] (caerka ynpoCcTuB X NPpUMEHUTEILHO K WHTEPE-
CYIOMEMY HAC CILy9alo).

IIycts Ha 3aMKHYTOU OpHEHTHUPOBAHHOU MOBEpXHOCTH S mMmeeTcs kapTta M, cooreercrBymomas rpadgy I' C S.
Aemomobusem, 06be3XKAMUM IPaHb D 5TOU KAPTH, HA3LIBAIOT COXPAHAIIAY OPUEHTAIMIO TOMEOMOP(MU3M U3 OPU-
eHTUPOBaHHOU OKpyx)HOCTU R (0xpyscnocmu epemenw) B rpanuny 0D rpanu D.

Ecau wucao aBToMOOMIEN, OKAa3aBIIUXCA B MOMEHT BpeMeHU t B Touke p € [, paBHO cTemenu d 3TOU TOYKWH,
TO MBI TOBOPUM, 9TO B TOYKE P B MOMEHT { IPOUCXOAUT NOAKOE CMoaskHoeenue (cTeneHu d), a TOYKY p HA3LIBAEM
MouKot noanoeo cmoaknosenus (crenenu d). 3nechb cmenenvio ToIku p € ' MBI HA3BIBaEM YUCIO PEGEP, MHIJEHTHEIX
BEPIIVHE P, €CJAU P SABIAETCA BEPIINHOU; €CIN XKe P HE ABIACTCA BEPIIMHON (TO €CTb, €CAU ) — BHYTPEHHAS TOYKA,
pebpa), To MBI cauTaem, 9To degp = 2.

O6paiiaeM BHUMAHUE, YTO COTVIACHO 3TOMY ONPEIEIEHUIO BEPIINHA, CTENEH! OJUH (TO €CTh TYNUK), B KOTOPYIO
32€3XKAET XOTh OQWH aBTOMOOWIb, BCE1a ABIAETCA TOIKOU IOJHOIO CTOJIKHOBEHUS.

Kpamnvim deurncenuem nepuona T Ha kapre M HaseiBaeTcsa HabOp aBromobunen ap j: R =+ 8D, raej = 1,...,dp,
TAKOU 4TO

1) dp > 1 gna mo6ou rpanu D (TO eCcTh KaxkAyi0 IPaHb 00bE3KAET [0 KPAMHEN Mepe OQUH aBTOMOOWIE);
2) ap,j(t+T) = ap,j+1(t) guaawdorot € Ru j = {1,...,dp} (3geck uHAEKCH 6Py TCA IO MOAYIIO dp, & CIOXKEHUe

TOYEK OKPYXKHOCTH R ImpOM3BOANTCS ecTecTBeHHEIM 00paszom: R = R/PZ);

3) cymecTByeT Takoe pasbueHue Kax aou u3 okpyxuocreir 0D Ha dp myr (C HEMEepPeCeKAIMUMUCA BHY TPEHHOCTAMM),
4T0 HA NPOTsxKeHun uHTepBana Bpemennu [0, 7] Kaxab aBTOMOOUIb (up j ABUXKETCA IO j-U Jyre.
Tosopa no-npocromy, rpanmny 0D xaxnou rparu D 06be3xaeT HECKOMBKO (dp) aBTOMOOWIEN MPOTHUB YACOBOK
cTpenky (BHYTPEHHOCTb MPAHU OCTAETCS CIEBA OT aBTOMOOWIIA), HE PA3BOPAIMBAACEH U HE OCTAHABIUBAACH. Ilpu sTOM
IBIKEHUE IEPUOAUTHO B TOM CMBIC/IE, 9TO MPAHULA IPAHK Ppa3bura Ha dp yIaCTKOB, U 33 IEPUOL KAXK JbI aBTOMOOIWIbL
IPOE3XKAeT CBOU yIaCTOK (U, TakuM 06pa3oM, MO MPOIIECTBAY IEPUOIA ABTOMOOWIN MEHAIOTCA MECTAMH).

JlemMa o cTonkHoBeHUAX (a1s kparHsix asmkennin) [Ka05], [K197]. s mroboro kpaTHOro ABMXKEHHA HA KapTe Ha
3aMKHYTOHW ODHEHTHDOBAHHOH HOBEPXHOCTH S 9HCJI0 TOIEK NOJHOrO CTOIKHOBeRUA He Menbme 9eM X(S)+ > (dp — 1),
D

rge CyMMa pacIpOCTPAaHAIOTCA Ha BCe I'DAHU KapTEL

B ymomsauyTeX paboTax 3Ta JeMMa ObLIa CHOPMYJUMPOBAHA U NOKA3AHA, [ CBA3BHBIX MOBEPXHOCTEN, HO OHA
OCTaETCs BEPHOU U B HECBA3HOM CJIY9ae MO OYEBUJHLIM IPUINHAM — U JEBAs, U IPABAs YaCTh HEPABEHCTBA, 4,1 TATUBHA,
OTHOCHUTEIBLHO HECBA3HOI'O OOBEINHEHN .

Paccmorpum, Hampumep, Takoe ABMKEHWE HA OJHOKJIETOYHOU KapTe Ha TOpe, M300paxEHHOU Ha PUCyHKe 1:
TPU aBTOMOOMISA O0BE3KAIOT €IUHCTBEHHYI0 MMEIOUIYIOCI IPAHL € HOCTOAHHOU CKOPOCTBIO OOHO PEOpPO B MUHYTY,
a B HyJEBOU MOMEHT BPEMEHHU DTU TPU aBTOMOOWIsA HAXOAATCSI B TPEX PA3HBIX yruax ¢ mMerkou a. Ha pucynxe 1
m306DAKEHO TOJOKEHNE aBTOMOOMIC B MOMEHT BpeMmenu ¢ = 1/3. DTO mepmoguaeckoe NBUXKEHUE C MEPUOJOM IBE
MuHyTHL. [lOXHEIE CTOIKHOBEHWA NPOUCXOAT B O0EMX BEPIIMHAX KAPTHL, 4 BHE BEPIIMH (TO €CTh BO BHYTPEHHUX
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TOYKax PEGEP) CTONKHOBEHUU HET. JleMMa O CTOIKHOBEHUAX I'OBOPUT, 9TO JOKHO BEIIOJHATHCSA HEPABEHCTBO

. dD, TO €CTh YHUCIO aBTOMOOMIEH,
YHUCJI0 TOYEK IIOJHOI'O CTOJKHOBEHUA, OMIIEPOBA XapaKTEPUCTUKa TOpPa,
> + | obOmesxarmoumx eIUMHCTBEHHYIO 'DAaHb D, - 1,
TO eCTh 2 TO ecThb 0
TO eCThb 3

KOTOpO€ B TaHHOM CJIyvae OKa3aJOCh PABEHCTBOM.

4. KiacrTepsl

W nest xktacTepoB COCTOUT B TOM, ITO, CTOIKHOBEHUS, IPOUCXO Asatrue OJIIM3K0 APy OT APYra, MOXHO TPAKTOBATH, KAK
OIHO CTOJKHOBEHUE; TAKUM 06pa30M, MOAU(UINPOBAHHAL JEMMA O CTOJKHOBEHUAX (EMMA O KJIACTEPaX, CMOTPUTE
HIKE€) TOBOPHUT, YTO HE TOIBKO 9UCJIO TOYEK MOJTHOI'O CTOIKHOBEHUA JOCTATOYHO BEJIUKO, BEIUKO TAKXKE IUCIO TOIEK
IIOJHOI'O CTOJKHOBEHU, HAXOAAMNUXCA JAJEKO APYT OT APYTa.

ITycTs umeeTcs kpaTHOE ABUXKEHUE C TeproaoM T’ Ha HEKOTOPOU KapTe Ha TIOBEPXHOCTU, TPUIEM BCE aBTOMOOWIN
OBUXYTCS C OJUHAKOBOU IIOCTOSHHOU CKOPOCTBIO OAHO pefpo B MUHYTY.

Hab6op K TOdYek NOTHOIO CTONKHOBEHUS HA30BEM K4acmepom C eHTpoM v € K, ecnu xaxgyio Touky w € K
nocem@aeT XOoTsA Obl OQWH U3 aBTOMOOWIEN, CTAIKWBAIOIINXCA B TOYKE v, B TE€UYEHUM MeHee, yeM 1/2 MUHYT mocie
CTOJKHOBEHUS B TOUYKe v¥. ABTOMOOWIN, CTATKUBAIOIINECSI B LIEHTPE v KIacTepa K, MbI HA3BIBAEM CBA3BIBAIOUUML
asmomobussmy xknacrepa K, anyru (gavae: < T'/2), 10 KOTOPBIM 5TH aBTOMOOHIN e4yT U3 IIeHTPa KJIacTepa B APYyTrHe
€r'0 TOYKY, MBI HAa3EIBAEM C8A3bl8 10w umy nymamy kracrepa K. Mul HazeiBaeM HAOOD KIACTEPOB He3068UCUMbIM, ECIA
LEHTP HUKAKOI'O U3 DTUX KJIACTEPOB HE JEXKUT HA CBA3LIBAIOIINX IIyTAX APYIUX KIACTEPOB TOr0 HAOOPA.

B popMymupoBke JeMMEL 0 KIacTepax (CMOTPUTE HUKE) UCTIOAL3YeTCA Pynkuyus cnpasediusozo desenus fp(M)
MyJbTUMHOXeCTBa M, COCTOAIIEr0 U3 HATYPAIbHLIX YMCEN:

fp(M) =2 min { max Zi, Z i AC M . Hanpuwmep, fp(10,4,4,3,2) =max(10+2, 4+4+3) =
€A ieEM\A

3anady HaXO0X IEHWs TAKOrO CIPABELINBOrO AeIeHNA HA3EIBAIOT HHOT 4 «caMou Jerkon u3 NP-Tpy naerx 3ana [Me06].
Ham nmoHa 100uTCa IpOCTENIIIN TPUMEDP TAKOTO BBIUUACICHU:

[”T'H] , ecmm »x < [
3¢ WITYK
fp(r1,1,1,171___,17N7N7___,]\f): [ ]-}-N == L ecmn »x > | m x — | 9€THO; (1)
—_———
min(l,5) WTYK [l+1 min(l, N)] ;{721-}—1’ ecnu » > | u 3 — | HEISTHO.

Ito BepHO nas Beex », N € Nul € NU{0}. [Jeno B TOM, 9TO Npu CIPABEIIABOM JEJICHAN TAKOTO My IbTAMHOXKECTBA M
Ha ase yactu: M = A U B, caMbiM pa3yMHBIM OyIeT HOCTYNATH TAK:

— MoJeruTh GOMBIINE DJIEMEHTH (TO ecTh paBHEE N) MOPOBHY (HACKOABKO BO3MOXKHO), TO ecTh [(3¢ — 1)/2] sTux
DJIeMeHTOB BKIIOUNTL B A (mpn 2 > [);

— a MaJICHBKMMH 3JIEMEHTAMN (TO €CThb erE[I/IHI/I‘-IKaMI/I) IIOIIBITATHCA, HACKOJIBKO BO3MOXHO, CKOMIICHCUPOBATE PA3HU-
ny mexay A u B (koTopas BO3HUKAET Ipu HEIETHOM i — [);

— ecau pas3Huna OyaeT CKOMIEHCUPOBAHA, & eQUHUYKY EIé OCTAHYTCsA, TO UX HAJA0 NOAEJUTH MOPOBHY (HACKOJIBKO

BO3MOXKHO).
JlokasaTespCTBO MBI OCTABISEM YUTATENISIM B KAYECTBE HECJIOXKHOI'O YIPAKHEHUs, HA PUCYHKAX 2 U 3 M300paKEHEI
2 MITYK
Bce BoaMoxubie cayvan (f = fp(1,1,1,1,1...,1, N, N,..., N ) Ha >TUX PUCYHKAX).
—_——

min(l,5c) WTYyK



nan

f=5, 1=100 u s€{9,10}

nian

=9, N=3, I=2 u =7 =9, N=3, I=0 U € {5,6}

Puc. 2
I i
f=11, N=3, 1€{9,10} u s=I+4 (T0 ecTb 13 mum 14) f=14, N=3, 1€{12,13} u s=I+5 (T0 ecTb 17 mum 18)
Puc. 3

Mer Ha3BIBaEM KPATHOE IBIDKEHUE PABHOMEPHbIM, €CIU BCE ABTOMOOWIN IBUXKYTCA ¢ OJAMHAKOBOU TIOCTOSHHOU
CKOPOCTBIO OHO PEOPO B MUHYTY M B HAYAJILHEIN MOMEHT HAXOIATCA B HEKOTOPHIX BEPIIMHAX.

JlemMa o knactepax. IlycTbs mMeeTcsa KpaTHOE PABHOMEDHOE IBUXKEHHE HA HEKOTOPOH KapTe Ha HEKOTOPOH OpH-
E€HTHPOBAHHON 3a3MKHYTOH HOBEPXHOCTH S, M MHOXECTBO TOYEK IIOJHOI'O CTOJKHOBeHU:A 11 5Toro gBmkenus pa3buro

e
HA MEHEMAJILHOE BO3MOXHOE 9UCJI0 » HesaBucumerx kaacrepos: I = | | K;. Torza

i=1

a) » 2 x(S) + > (dp — 1), rge cymma pacmpocTpaHAOTCA Ha BCe IDAHU KapTHL;
D

0) ecIm BCEro MMeeTCA N, TOYEK IMOJIHOT'O CTOJIKHOBEHHUsA, u ux cremneHu cytb Ny < ... < Ny, To 9ucio aBTomMo-
Omen >Toro gsuxkenus (To ecTb » . dp, rae cyMMa pacupoCTPAHAIOTCA HA BCe IDAHU KAPTHI) yAOBJICTBOPAET

D
mepasercTsy Y. dp > max(fp(Ny,...,N,.), N,); B 9aCTHOCTH, €¢I BCe TOYKH MOIHOTO CTO.TKHOBEHUS HMe-
D

0T crenens He MeEbme N, T0 Y, dp > ["T‘H] -N.
D

okaszaTeabcTBO. Bynem cuurarh, 9TO BCe CTOJKHOBEHUS IPOUCXONAT B BEPIIMHAX. JTOMO MOXKHO AOOUTHCS 10-
NOJHATEILHEIM Pa3IeJeHIeM BCeX PE6ep Ha IBe MOJOBUHEL C MOMOIMIBI HOBEIX BEPIIUH CTEICHU ABA (U 3aMEIICHIEM
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BCEX aBTOMOOMIEN).

Jokaxem nepeoe yrBepxkaenue. s kaxnoro knacrepa K = K; ¢ ueHTpoM v = v; PACCMOTPUM MUHUMAJIBHOE
MHOXXECTBO CBsA3BIBAIOIIIUX HyTeI‘;I 7Tj = ’ﬂ'z'j, O6’beAI/IHeHI/Ie KOTOprX COrZIep)KI/IT BCE TOYKMN KJIaCTepa K MI/IHI/IMaJII)HOCT])
O3HAYAET, 9TO 1A KAXKIOTO CBA3LIBAIONIIEr0 aBTOMOOMIA UMEeTCs He Oo/ee OJHOIO My TH T, JeXKAIero Ha I'DAHMUIE
kiretku D; = D; ;, KoTOpy1o 00Bbe3xkaeT a10T aBToMoOmIb. [0 onpenenenuio knacrepa QJauHA 7; LyTH 7; MeHbire T'/2.

Coeauruy HATATO U KOHEI Iy TH 7; BHYTPY K1eTKu D; myTém 7 Takou ke IIMHLL (TO eCTh «yIBOMM) Iy Thb ;).
(OTMmeTuM, 9TO KOrga MBI MPOJETAEM BTy ONEPALMIO M1 BCEX PACCMATPUBAEMBIX KIACTEPOB, BHYTPU HEKOTODPHIX
KJIeTOK MOXET BO3HUKHYTH HECKOJLKO XOp., HO DTU XOpPAHLI He OyAyT IepeceKaThCs, IOCKOIbKY PacCMaTpUBaEMbIe
KJIACTEPHL HE3ABUCUMEL. )

Krerka D; npeBpaTuTcs B gBe KIETKH (CMOTPUTE PUCYHOK 4, CleBa):

- 004bWAA KIETKA, D; TAKOr'0 e IePUMEeTPa, KAK NCXOAHaa KieTka D;
- u masenvras KieTka I'; mepumerpa 27;.



ZONZ0\

Puc. 4

JBmxenue aBTOMOOWIEN, 00BE3KAIOMUX OOMBIINE KJICTKA, MEL OIPEIEJUM TaK XK€, KAK JBAXEHNE 00be3XKAIOMIIX
UCXOJAHBIE KIeTKY [, HO BMECTO IIyTH 7; COOTBETCTBYIONUIME aBTOMOOMIM Oy IyT €XaTh 0 ero gy0aépy 7T;-.
[IBuxenue aBTOMOOUIEN, OOBE3KAIOIMUAX MATCHBKIE KJICTKU, MBI ONMPEIINM UyTh MO3¥Ke; a MOKa OMUIIEM, KaK
YCTPOEHO IBUKEHUE Y¥Ke MMEIOIUXCA ABTOMOOWIEN Ha TPAHUIAX 3TUX KIETOK. | PAHUIA KaXJOU MATEHHKOU KJIeT-
ku ' = T'; umeer guuay 27; U COCTOMT M3 TPEX y4IaCTKOB (IEPEUMCIAEMBIX MPOTHUB YACOBOM CTPEIKH, CMOTPUTE
pUCYHOK 4, cpaBa):
— YJaCTOK a = 7r3- MIVHBEL T = Tj; II0 TOMY y4aCTKy OBUXKETCS CBSI3LIBAIOIIMN aBTOMOOW/Ib B TEYEHUU BPEMEHU
0 <t £ 7 (@1a ynpomenus 0603HAYEHUN MBI CIUTAEM, 9TO IIOJHOE CTOJIKHOBEHHE B TOYKE V; IPOUCXOAUT B
HYJIEBOI MOMEHT BDEMEHU; B APYIUX CAydaax CIeAyeT BHECTU OYE€BUIHBIE M3MEHEHNU); YIaCTOK a 3aKaAHIMBACTCA
B yIUIy ¢ IIpH LeHTpe v; KiacTepa Ki;
— y4yacTok b giusBl OnuH (BTO epBoe pebpo myTu 7Tj), HAYUHAIOMUNACA B yIUIy C; TO0 DTOMY YYaCTKYy ABUXKETCS
(apyrou) cBasmiBatommil aBTOMOOWIL KiacTepa K; B Tevenun Bpemenu —1 < ¢t < 0;
— yYaCTOK € AIUHH |c| = 7 — 1, IO KOTOPOMY €IyT KaKue-TO aBTOMOOWIN, IPO KOTOPHIE MBI HUYErO HE 3HAEM; HO
pa3 7 < T/2, cTano 6uTh, |¢| =7 — 1 < T — 7 — 1; a 5T0 0O3Ha4YaeT, 9TO

Ha ydIacTKe ¢ (BKII0YaA €0 KOHIE) HET HH OJHOT0 aBTOMOOH/IA, B HEKOTODBIH
moMmeHT BpemeHu T < t < T — 1 m gazke B HEKOTODPBIH MOAIPOMEXYTOK Ap
(HOMOXKUTEABHOM IPOAOIKATEILHOCTH) HIPOMEXYTKa BpeMeHu 7 < t < T —1

(mockompky npomexyTok Bpemernu T < t < T — 1 umeer npogomkunrersaocts T — 1 — 7 > |c|, a Bce aBTOMOGMIN
eIyT C eIUHIIHOU CKOPOCTHI). OTMETHM emé, 9TO0 HUYTO HAM He MEIIAaeT BHIOPATH IPOMEXYTKM BpeMeH:H Ar
HETIePeCeKAIOIMMUCA /IS PA3HEIX MAJICHBKUX KJICTOK L':

ArNAr =@ HpI/IF;éFI.

Ompegenum Teneps JBIKEHIE HOBOIO ABTOMOOMIA ar, 00Be3Ka0NIero rpanuny mManenbkon kierkn ' = Ty

— B HYJEBOU MOMEHT BPEMEHU aBTOMOOWIbL (p HAXONUTCA B YOIy ¢ (M yIaCTBYET B MOJHOM CTOJKHOBEHUU B TOY-
Ke v;);

— Hajee aBTOMOOWIL qr (MENJIEHHO) ABUXKETCS [0 YIACTKYy b (HU C KeM He CTalIKUBAACh, IIOCKOIbKY TOT (CBSA3LI-
BaIOIINI) aBTOMOOWIb, ¢ KOTOPEIM TOJBKO ¥ MOXKHO CTOJKHYTBCA HA, YIACTKe b, TOIBKO UTO C HErO BHIEXA,
BCTPETUBIINCH C HALIIEM aBTOMOOWIEM O B TOYKE V;, TAK YTO HA DTOM yIaCTKE HAXOAUTCA GE€30IMACHO 1O MOMEH-
Ta T —1);

— a B IPpOMEXYTOK BpeMeHrn Ar (KOTODBI HAYMHAETCA paHbiie, yeM T — 1, no onpenenenuto Ar) aBTOMOGWIEL
(6BICTPO) MPOE3XKAET YyIACTOK C, ONATH HU C K€M HE CTAJIKUABAACH, MOCKOJIBKY HA 3TOM YYaCTKe HUKOI'O HET B
IpOMexXyTOK BpemeHu Ar mo onpegesennto Ap (u Tak kak Ar N Apy = g npu ' #T);

— TaxuM 06pa30oM aBTOMOOWIb (i OKA3LIBAETCSA HA YIACTKE a M03XKe, YeM B MOMEHT 7 (OILATH IO OIPEIEIEHIIO IIPO-
MexyTKa Ar); 3HAYUT, CBA3BIBAIOMIUYA ABTOMOOUIEL, C KOTOPBIM MOXKHO OBLIO OB CTOJKHYTHCA HA, DTOM yIaCTKE,
y&Ke yexam C Hero, W Hall aBTOMOOWIL ar 61aromonyvdHO 6e3 CTOJKHOBEHUU OOMPAETCA OO YIJa ¢ K KOHITY
[epuoAa.

Mur nocTpowin nepuoardeckoe IBUXKEHME Ha HEKOTOPOU KapTe HA MOBEPXHOCTH S, NPUIEM MOJHBIX CTOJKHOBEHUI
Temepsb POBHO 7, a cymMa y(dp — 1) 0 BCeM rpaHaM 0CTATaCh TAKOM ke, KaK Ha, UCXOJHOU KapTe (Tak KaK KaXkIyio
D

MaJleHbKY10 T'pasb ['; 06Besxaer oguH aBTOMOOWIL, TO €CTh dr; = 1). [Jna 3aBepieHUs TOKA3ATEILCTBA ILYHKTA a)
OCTAETCA COCIATHCA HA JIEMMY O CTOJKHOBEHUAX.

YTo6Hl H0Ka3aTh yTBepXkAeHue 6), pasgeaum mepmon Bpemenu I = {t|0 < t < T} ma aBa moxymepuoga:
I=Il|_|_[2,1"|1[ellZ{t|0<t<T/2}I/II2={t|T/2<t<T}

IleproAW<IHOCTE ABMKEHUS O3HAMAET, 9TO B KAXKAOU TOYKE HPOUCXOAUT He (GO0Jee OJHOrO MOJHOTO CTONKHOBE-
Hus B Tedenun neprona I. IosTomy, MEHOXKECTBO TOYeK nOTHOrO croakuoBernus II = {p1,...,p,} pasgeanTcs Ha nBA
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nogmuoxectsa: 11 = IT; U T, a myastumuoxectso N = (Ny,..., N,) cTeneneil 3Tux TOIeK — Ha B MOMYIBTUM-
HOXECTBA:

N =N UN,, raeN; = (crenenu TOYEK MOMHLIX CTOJKHOBEHUHU, TPOUCXOAAMIUX B MOMEHTE BpeMeHu u3 ;).

IIycte muOXecTBO II; MOXHO pPasbuTh HA 7¢; HE3ABUCUMBIX KJIACTEPOB, U HEAb3s PA30UTL HA MEHBINEEe HUCIO
HE3aBUCUMEIX KJIACTEPOB. Torma s + s > » (IOCKOIBLKY MHOXeCTBO Il pasbuBaeTca Ha ; + p HE3aBUCUMBIX
KJIACTEPOB, & M0 YCJIOBUIO €0 HEJb3sA PA30UTh MEHBINE, UM Ha, ¥ HE3aBUCUMBIX KIACTEPOB).

MHOXeCTBO TOYEK TOJHOTO CTOMKHOBEHMA MBI HA3BIBACM HE3A6UCUMbLM, CCTH MHOXKECTBA, CTATKUBAIONIMXCA B
STUX TOYKAX aBTOMOOWIEN B TedeHUM Mepuona | MOomapHo He epeceKaioTCA.
Cocpenorounmcs reneps HA muoxecTse 1. Ilycrs
— vy € II; — 5T0 TOYKA, B KOTOPOU HPOUCXOAUT IEPBOE (II0 BPEMEHHW) CTONKHOBEHWE (OCJAM TaKas TOIKA Uy
CyIIECTBYeT);
— vy € Il — 5TO TOYKA, B KOTOPOU NPOUCXOUT MEPBOe (IO BPEMEHHU) CTOJKHOBEHUE TAKOE, ITO {v1, Vs } HE3aBU-
CUMEL (€CTM TaKad TOYKA, Vg CYMECTBYET);
— w3 € II; — 5TO TOYKA, B KOTOPOM HPOUCXOJUT NEpBOe (II0 BPEMEHU) CTOJIKHOBEHWE TAKOe, ITO {vq,vs2,V3}
HE3ABUCUMEI (€CIU TAKaA TOYKA U3 CYMIECTBYET);

Touek v; HabepPETCs HE MEHBIIE, YEM ], HOCKOJILKY mHade MHOX)eCTBO I} paszéuBanocs ObI HA MEHBIIEE, YEM 371, TUCIO
HE3aBUCUMEIX KIACTEPOB (HAIPUMED, €CIU U] ¥ U HANLTACH, & U3 HE CYIECTBYET, TO KaX1as TOIKA u3 I oxaxercs
anb0 B KJIACTEPE C EHTPOM V1, JUOO B KIACTEPE C HEHTPOM Us).

Takum o6pasom, MHOkeCTBO IIi COnepXKUT HE3ABUCUMBIE TOYUKHU V1, . . ., Vs, , & MHOXKeCTBO Iy comepxur HesaBu-
CHMEIE TOYKU W1, . . . ,W,,, (M0 AHATOTUYHEIM IPUIMHAM). SHAYUT, IACIO BCEX MMEIIMXCSA ABTOMOOWIEN HE MEHbIIE,
gem

max (Zdegvi, Zdegwi) > fp(degvy, .. .,degu,, ,degws, ..., degw,,) = fp(Ny, ..., N,,)

(rae mocaegHee HEPABEHCTBO HEMEIEHHO BHITEKAET M3 TOTO, 9TO 51 + 302 = 21 Ny < ... < N,,).
ITO 7 eCTh NOKA3EIBAEMAas OLIEHKA, IIOCKOJIBLKY HEPaBeHCTBO » . dp > N, 04eBUIHO (pa3 B KAKOU-TO TOYKE CTAl-
D

kuBaroTca N, aBToOMOOWIEN, CTaI0 6BITh, N, aBTOMOOWIEH CYIIECTBYIOT).
W3 neMMEL 0 KIaCTEpax BHITEKAET CJACIYIONEe YTBEpXK eHue (B KOTOPOM KJIACTEPHl HE YIIOMUHAIOTCA BOBCE).
CreacTBue JeMMBI 0 KaacTepax. IlycTe kpaTHOE PABHOMEDHOE NBWXKEHHE HA HEKOTOPOHW KAPTE HA HEKOTOPOH

OpHeHTPIpOBa,HHOﬁ BaMKHyTOI;I IIOBEPXHOCTH S nMeeT BCEro N TOYEeK IIOJHOI'O CTOJKHOBEHUA, M UX CTCINECHU CYTh
N; £ ... < N,,. Torga aucao aBromobuien 3Toro geuxkenusa (TO ecTb » . dp, T4e CyMMa PACIPOCTPAHATCA Ha BCE
D

TPaHy KapTH) YAOBICTBOPACT HEPABEHCTBY

Z dp > max(fp(N1,...,N..), N,), rges=x(S)+ Y (dp — 1) (sra BerwumHa HUKOrAa He NPEBOCXOAUT n). (2)
) D

Kpowme Toro, gua Bcex | € NU {0} BoimoarseTca HepaBeHCTBO

2 Nll+1 > dp — [H_Tl] ) ecan qucao Y (dp — 1) — | gérHo;
X(S) =1+ (dp—1) < b D )
D 2 N,l T S dp — [l+1—2N1+1] —1, ecam gucao Y (dp — 1) — | megérro,
' \D + )

rge [z]4 = max([z],0) # N; = oo mpm i > n (B wacTHOCTH, Ipu Njy1 = 0o mpaBas dacTh ecth 0 mrm —1).

MokazaTenncTBo. [Ina n0Ka3aTeanCTBA HEPABEHCTBA (2) NOCTATOYHO MOACTABUTH ONEHKY U3 ITyHKTA a) JEeMMbI O
KJIACTEPaX B OLEHKY U3 MyHKTA 0) (BOCHIOMB3OBABIINCH Te€M, 9TO (PpyHKIMs crupasegmusoro aeienus fp(Ni,...,N,,)
OYEBUIHEIM 00PAa30M He YOHIBAET, KAK (QYHKIUA OT ).

Hoxaxem (3). Bocnoms3oBapImch MOHOTOHHOCTEIO GyHKImu fp no xaxnomMy m3 aprymenTos u dhopmyaamu (2)
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u (1), opu 3¢ = x(S) + >_(dp — 1) MBI mOTyIaeM

D
3 MTYK

@ - A .
3" dp >max(fp(Ni, ..., No), Na) = fp(1,1,1,1,1..,1, Npa, N, - - -, Nigr ) &
D .

min(l,5c) TTyK
(=4, ecmn x < I;
e [HTI]+N1+1'”T_I, ecm >l ux—1 € 27;

[%] + Npy1 - 22 ecm e > 1w —1 ¢ 27.

Cuayugam 0: s < [.
— Ecmm 3 — | werno, To [(>c4+1)/2] 2 [(1 +1)/2] + Niy1 - (3 —1)/2 (Tak xax Nipq > 1).
— Ecmm xe 3 —1 mewérHo, 10 [(3c+1)/2] = [I/2]+ Nig1-(3c—1+1)/2 > [({+1—min(l, Ni41))/2] + Nig1- (=14 1) /2.

B wurore mur norydaem npu Bcex i u [
I+1 —1 .
(L] + Ny - =74, ecmn x — 1 € 27Z;

;dD? [%]

+ Niji1 - ”72l+1, ecnn »x — | ¢ 27.

Cuayygan 1: s — [ 9érro.

1 — 2
ZdD? 1 +Nl+1'z ! = x—1<
5 2 2 Niy1

)
D

o [51) = vl (o5

rje HOCHeHAS MMILIMKALWS BBEIIOIHACTCA U3-3a TOrO, 9T0 » — | € 2Z. DTO M eCcTb HEPABEHCTBO (3), Tak Kak
x=x(S)+ > (dp —1).
D

Cayygam 2: i — [ megéTHO.

I+1—N I+ 2
Sdp > [M] A dud .k S S
= 2 + 2 N1

l+1-N
S [r15] )
+

4éTHOCTD 4ucaa » — [ + 1 Teneps o3uavaer, uto »» — 1+ 1 < 2 [ ll (Z dp — [M] )] , ITO U TPeBGOBATOCE.
+

2
ITO 3aBEPIIAET [OKA3ATEALCTBO.

5. OcHoBHas Teopema

OcHoBHasa TeopeMa. Ilycte B cBOGOAHOM npousBeseHun rpyma G = '*J Aj HMeeT MeCTO PaBEHCTBO
JE

C1...cpdy...dp=ult...upm, (4)

rje ¢; — KOMMYTaTODHI, d; conpsxeHel saemeHTaM u3 |J A;, SIeMEHTH u; COIPAXEHBI MEXKY COOOH B HE COIPAXKECHBI
jeJ
saemerram u3 | ) Aj, u n; — HaTypanbHble ducaa. Torja BBITOIHEHO HEPABEHCTBO
jeJ

2 [% (Z n; — [%])] , eCIH TUCI0 Z:l(nZ —1) — [ 9érHo;

2-2k—1+)» (ni—1)< m
i=1 2 {% (Z n; — [#]Jr)] =1, ecm ancno ) (ni — 1) — | mesérro,

i=1 i=1

rge [z]4 "= max([z],0), a N — vMurmMarsHsnt mopaiox sreverTa s |J A 4, BXOAAIEI'O B [UKINIECKH HECOKPATHMYIO
J€d
3anHCH SJIEMEHTA U, CONPAKEHAOro BeeM u; (B 9acTrOCTH, npu N = 0o mpasas 3acTb ecthb () mm —1).
MokasaTenbcTBo. Bes orpanuyienns 06IHOCTHE MOKHO CIATATh, 9TO B cBO60AHOM npouasefennu G = X A; Bcero
jeJ
[Ba, COMHOXUTENA. [JeICTBUTENBHO, IyCTh MUKINIECKN HeCOKpaTuMmas (hopMa U DIEMEHTOB U; co,qep;mJ/IT KAKOU-TO
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cior a; € A; \ {1} pas mekoroporo j € J. Torga rpynna G packaageiBaeTcs B ¢cBo6oHOe mpoussegenre G = A x B,
rpe A=A;uB= X Aj, aycioBus TeOpeMbl OCTAOTCA BHIIOIHEHHBIMA AU DTOrO pasnoxkeHus. VTax, Mbl
3'€I\{s}

cumraeM, 4To comHoXxuTenen nsa: G = A x B.

Pagencrso (4) nmossosser HAPUCOBATHL AMAarpaMMmy Xayd Ha HEKOTOPOU OPMEHTHPOBAHHOU 3aMKHYTOU (HEOOa3a-

o omp

TeJIBHO CBA3HOM) nosepxuocTu S poga k' = 1(2— x(S)) ¢ I’ BHeIHMMY BepIIMHAMY U 77 KIE€TKAMU, METKM KOTOPHIX
cyTh U™, ..., u"™, mpuIéM

K<k n 2 +10'<2k+1.

AxkypaTHo 570 00BsicHeHO B [IK18]. Mur orpanmamnmces Toabko npumepamu. Ecim k =m =1ul =0, To B 6oabmus-
CTBE CJIy9YaeB IOLYIUTCA OOBIMHEIA TOP (€3 BHEIIHUX BEPIIUH (C HECKOJIBKVMU BHYTPEHHUMU BEPIIMHAMY) U C OJHOU
KJETKOU, METKa KOTOPOU ecTb ul’ (cMoTpmTe PHCYHOK 1, HAmpWMep); HO €CJu, HAIPUMEP, KOMMYTATOD €] MMEET
Bupg ¢1 = [a,v], rane a € A\ {1} mv € (A B) \ A, To nonyunrcsa chepa ¢ IByMs BHEIIHUMYI BEPUIMHAME (METKU
KOTODBIX CyTb @ ¥ G ') U OJHOM KJIETKOH, MeTKa KOTOPOH eCTb ¢1. Ilpu m > 1 MOXeT faxe MOTy<IuTHCS HeCBA3HAA
HNOBEPXHOCTH (€Cau PAaBeHCTBO (4) pacmaaéTcsa B MPOM3BENEHME ABYX PABEHCTB TAKOTO XKe TUIA).
Ormpegennm Ha MOMTYYIEHHOU JUATPAMME KPATHOE PABHOMEDPHOE NBUKEHUE €CTECTBEHHEIM 00PA30M: KIETKY C MeT-
Kou 4™ 00BE3XKAIOT N; ABTOMOOWIEN CO CKOPOCTHIO OAHO pefpO B MUHYTY, B MOMEHT BPEMEHU § € 7 KaXKILI aB-
TOMOOUIb GyAyT HAXOMUTCA B YIUIy, METKa KOTOPOrO PABHA S$-U OyKBe CI0Ba ¥ (€Cau § CIATATH MO MO0 IIAHELI
CJIOBA U).
Taxum 006pa3oM, CTOIKHOBEHUI BHE BEPIIMH (TO €CTh BO BHYTPEHHUX TOYKAX PEOEP) MPOM3OUTH HE MOXKET,

MIOCKOJBKY B KX IbII MOMEHT BPEMEHU

— aub0 BCe aBTOMOOWIN HAXOIATCA B A-BepumHax,

— aub0 BCe aBTOMOOWIN HAXOOATCA B B-BepiiuHax,

— mub0 KaX IbI aBTOMOOWIE eaeT 1o pebpy or A-seprmmuer k B-Bepmune,

— aub0 KaX LI aBTOMOOWIB efeT 1o pebpy oT B-BepmHbl K A-Bepinuse.
ITosHOE CTONKHOBEHWE B HEKOTOPOU BEPIIVMHE ¥ O3HAYAET, UTO BCE YIVIBI MPU DTOU BEPIIAHE MMEKT OIUHAKOBYIO
MeTKY, PABHYIO HEKOTOpOU OykBe ciaoBa u. Ecau 3Ta BepimHA v BHYTPEHHssA, TO IPOU3BEIEHNE DTUX METOK NOIXKHO
6bITh equHuIer, TO0 ectb degv > N. [IpumenuB creacTBUE JEMMBI O KJIACTEPAX K DTOMY ABMKEHWIO, MBI IOJIYYUM
HEPABEHCTBO

(5)

o m on 2[% <Z:ni_ [ll—;l])] ) ecau ;(ni—l)—l'€2Z;
ok, 1) = 22k ~1'+Y (n;—1) < T()Z = =
o[ (Em- [0, )] 10 com B-n v

IIpaBas 9aCTh 3TOU OLEHKU yIOBJIETBOPAET HEPABEHCTBAM
Ul+2)<¥() nm T(I+1)<P()+1 opuseexl. (6)

o onp
JlencTBATEIBHO, IEPBOE U3 STUX HEPABEHCTB OYEBUAHO, & A1 OObACHEHNA BTOPOrO HEPABEHCTBA OIOKIM 1L = Y 1;.
Toraa, ecan aucao Y (n; — 1) — | gérHo, TO

wesnesi-y =zl (o= (5] )]s eafs (- [5])] o
o (- [ D] e (- [ o)] =o - [51)

ecmu xe wmcnao Y (n; — 1) —l mewérno, To U(1+£1)  ¥(I-1) =2 [+ (n—[L])] < 2 [% (n - [l+12’N]+)] =T()+1.
ITO NOKa3BIBAET OLEHKY (6).

N

(6)
Teneps, ecmu !’ > 1, 10 ®(k,1) < ®(k',1'), nockonbky 2k'+1' < 2k+1 (kak 6110 oT™Meueno Bemme), a U(I') < U(1)+1.

Crenosaremsno, ®(k,1) < ®(k',1") < T(') (2 ¥(1) + 1 u, crano 6uth, P(k,1) < ¥(l), mockoreky wmcaa ®(k,1) u ¥(I)
KMEIOT, OYE€BUAHO, OAVUHAKOBYIO Y6THOCTb. DTO U TPEGOBAIOCH JOKA3ATH.

B cayuae xe, xorga I' < I, 3ametum, uTo u3 (6) BhITekaeT MOHOTOHHOCTL pynkimu | — [ + U(l). MlosTomy
yTBEPXK JEHUE TEOPEMEL B OTOM CJIydae HeMeNJIeHHO BuiTekaeT u3 (5) u roro, uro k' < k.
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