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Z13pIK Teopuu MHOXKECTB

Ilnan

MmuoxxkectBo. Ilonmuoxkecrso. ITycroe muoxkecrso. OmHO3IEMEHTHOE MHOXKE-
CTBO.

Teopernko mHO>KecTBeHHBbIe onepanuu. Oonenurenne. [lepeceuenne. Pas-
HOCTh. Hemepecekaromnmecss MHOYKECTBA.

CooTHorteHus onepanuii ¢ MHoXxecTrBamu. KoMMyTaTuBHOCTH. Accorua-
TUBHOCTH. JIMCTPHUOYTUBHOCTD Tepecedennss OTHOCUTETbHO o0beanHenus. uc-
TpuUOYTUBHOCTH OOBEINHEHWS OTHOCUTENHHO Iepecedenus. JIBOWCTBEHHOCTH
obbeuHenus u 1epecedenus (3akoubl Jge Moprauna).

Orobpaxenust mHO>k)ecTB. ObacTh onperenenns orobpaxkenunsi. ObacTsb
3Hadennit orobpaxkenus. Toxaecrsennoe orobpazkenne. O6pa3 MOIMHOXKECTBA.
IIpoobpas moamuOKecTBa. [Ipoobpas anemenra.

Kommnosunus orobpakenuii. nbekruaoe orobpazkenue. CrOPbHEKTHBHOE
orobpaxkenue. Baanmuo ojHo3Hagnoe orobpazkenune. O6parnoe orobpazkeHue.
MorHocTh MHOXKeCTBa. PaBHOMOIIIHBIE MHOXKecTBa. Teopema KanTopa-
Bepuinreiina 0 paBHOMOIITHBIX MHOXKECTBAX.

CyxeHunsi oTo6pakeHwuii.

Koucrpyknuu muo>KecTB. HecBsznoe obbemunenne. Kareropuoe cBoitcTBO
yHuBepcaibHocTH. JlekaproBo npoussenenue. KoopauHars 7eKapToBa Ipou3se-
nennsi. JlekapTOBO MPOW3BEIEHUsT CEMECTBa MHOXKeCTB. BeKTOpHOE mpocTpaH-
cteo R" kak gekaproBo mpomssenenne. I'paduk orobpaxkenns. PaxTop MHO-
2KECTBO.

VYruopsamodeHHble MHOXKeCTBa. JacTW4HO yIOPsSIOYeHHOe MHOXKeCTBO. Jlu-
HeifHO ymopsiodennoe MHOKecTBO. Hampasnennoe muoxkectBo. Hampasien-
HocTh. IlociieioBaTeIbHOCTD 97eMEHTOB. UaCTHYHBIN MOPSI0K Ha apudMeTH-
geckoMm mpoctpancTtee R”. Koudunansuocts. Ilognanpasiennocts. [lonmoce-
JIOBATEJIBHOCTb.

IIpamoii u obpaTHBIi TIpenaesabl. [Ipsamoit 1 0OpaTHBIM CIIEKTPHI MHOXKECTB.
Buionne ynopsimouenubie MHOXKecTBa. Teopema Llepmesio o nosuoit ynopsi-
JIOYEHHOCTH JI000ro MuoxkecrBa. Tepema KanTtopa o MHOXKeCTBE BCEX ITOIMHO-
xecTB. KoHeunble, CYeTHBIE U HECYETHBIE MHOXKECTBA. KapauHaabHbIe U TIOPSiI-
KOBBIE YHCJIA.

MuoxkecrBa

Mmnooicecmeo U co80KYyNHOCMb A cemeticmeo MpeicTaBiigeT coboil Heompe-
JleJIIMOe TIOHSITHE B MaTEMATHKE, HA KOTOPOM 0a3upyercst O0JIbIIasi YacThb MaTe-
MaTH4eCKUX Teopuil. Bce Tpu TepMmHA MHOXKECTBO, COBOKYIIHOCTH, CEMENCTBO
MbI Oy/leM HHOHUMATb KaK CUHOHUMbI. MHOXKECTBO JIOJI2KHO COCTOSATD U3 JJIEMEH-
TOB TTPOM3BOJILHOI MpUpOnbl. Beskmit 31eMenT ' JaHHOTO MHOXKeCTBa X TIpH-
HaJJIEXKUT MHOXKeCTBY X , UTO 3amuckiBaercs B Bune ¢ € X. Ecin anmement z He
MPUHA/JIEXKAT MHOXKECTBY X, TO MbI iutiieM = & X.

Yro He BracTh B JIOTHYECKOE IPOTUBOPeYne, Mbl Oy/leM CYATATh, B YaCTHO-



CTH, YTO CaMO MHOKECTBO X He siBJIA€TCs 3JIEMEHTOM caMoro cebds, X & X.

Beskoe muoxkecTBo X Oymer 3a7aBaThCs WM ONPEAETISITCS TP TIOMOIITH
3(bbEKTHBHO OMUCHIBAEMOr0 CBOHCTBA €ro 3jieMeHToB R(x). 3anmchBarbes 9T0
ompeeeHne OyIeT CIeayomuM 00pa3oM

X = {z: R(x)},

9TO O3HAYAET, 9TO MHOXKECTBO X COCTOUT M3 BCEX IJIEMEHTOB X, MJI KOTOPBIX
CIIPaBEINBO CBOMCTBO R(x).

Jpyrum orpaHuYeHneM Ha UCHOIb30BAHUE PA3JIUIHBIX MHOXKECTB B MAaTeMa-
THUYECKOM TEOPUH CJIYKUT TIPEITIOI0KEHNE, UTO BCIKOE MHOYKECTBO, KOTOPOE WC-
MOJIb3YETCsI B KOHKPETHON MATeMaTUIeCKONH TEOPUHU, ABISIETCA TIOIMHOXKECTBOM
B OJIHOM W TOM 2K€ JOCTATOYHO OOITMPHOM MHOXKeCTBe. Takoe HAauBHOE MPEIIOo-
JoyKeHrne 00e30TMaCUT HAC OT PA3TUYHBIX JIOTHIECKUX MPOTUBOPEYUH TIPU Pac-
CMOTpEHUU OOBEKTOB B TEOPUU MHOXKECTB.

Ilycrs 3agano asa muoxkectsa X u Y. MuOxkecTBO Y HA3bIBAETCS ITOIMHO-
JKECTBOM MHOXKECTBA, X , 9T0 3anucbiBaercs ¢hopmysioit Y C X, eciu BBITOJTHEHO
yCJI0BTE

Ve:(zeY =>z2e€X).

EcmY Cc XuZ CY, 0 Z C X, armakke X C X. Kaxavrit anement x
dbopmupyeT 0HOTEMEHTHOE MHOXKECTBO {Z}, YTO MOMKHO omucaTh (GPOpMaIbHO
CTTEIYTONIAM 00Pa30M

ye{z}ey==1.

JIPYTEMHE CJIOBaMK €Cin & € X — 5JIEMEHT MHOXKECTBA X, TO OJHOIIEMEHTHOE
MHOKECTBO {x} ABmgeTca moaMHOKecTBOM MHOKecTBa X, {r} C X.

TeopeTuko MHO>KECTBEHHbBIE ONEpPAIAN

Paccmorprm HEKOTOpHIE TOAMHOYKECTBA, OJHOTO W TOTO YKe MHOMKecTBa X, 060-
3HAYUM BCE THU MOIMHOXKECTBA OIHOM U TOH Ke OYKBOI ¢ HEKOTOPBIM HHIEKCOM
«a € A U3 HEKOTOPOro JIPyroro MHOXKecTBa WHAEKCOB A. Takum obpaszoMm, nMeem
CeMeCTBO MOIMHOXKECTB

y = {Ya}a€A~

CemeiicTBO MOIMHOXKECTB ) TOXKE ABJIACTCA MHOKECTBOM.

Obsedunenuem cemeiictBa ) Ha3bIBaeICsa HOAMHOXKecTBO Y C X, cocros-
Iee U3 BCeX 3JIEMEHTOB, IPUHAJIEXKAIINX XOTd Obl OJHOMY K3 IOIMHOMKECTB Y,
Halero ceMeiicrsa ). 3anucbiBaeM

Y=Jy=JYa={yveX:Tacd: (yeY,)}
acA

Ilepecevenuem cemeiicTBa ) HaA3BIBAETCA TIOJAMHOXKECTBO Z C X, COCTOsIIIEE
W3 BCEX IJIEMEHTOB, MPWHAIEKANNX KaXKIOMY W3 MOJAMHOXKECTB Y, HaIlero
cemeiicrBa ). 3anucbiBaeM

Y=((V=[]Ya={yeX:VacA: (yeY.)}

acA



Ecnu name cemeiicrBo HebObIIOE, CKAXKEM, 3aHYMEPOBAHHOE HATYPAJIbHBIMU
9UCJIaMH,

y: {Y17Y27"'7}/TL}7

TO O6'be,Z[I/IHeHI/Ie u rnepecevueHne 3alruCbiBalOT IIPUBBIYHBIM 06pa30M:

Uy = CJYkzyluxfgu-~-UYn,
k=1

n
NY=(Ys=Y1nYan---NY,,
k=1
B wacraOCTH, M1d 1BYyX moaMHOXKeCTB Y, Z C X njist oobenumHeHus muinem Y UZ,
a 75 TlepecedeHns mutieMm Y N 7.
Pasnocmuio 1ByX MHOXKeCTB Y 1 Z Ha3bIBaeTCS MHOXKeCTBO Y \ Z, cocrosiiee
73 TEX JIEMEHTOB MHOXKECTBA Y, KOTOPbIE HE MPUHAJIEIKAT MHOXKECTBY Z:

Y\Z={yeY:y<&Z}

B uacruocru, paswocrs X \ Y nasbiBaercsa donoamenuem K 10AMHOKeCTBY Y
(Bo muOKecTBe X ) MHOXKECTBO, HE UMEIONIEE HUKAKUX DJIEMEHTOB, HA3BIBACTCS
nYcmuLM MHOKECTBOM B 0OO3HAYaeTcsa CcUMBOJIOM ). B wacTHOCTH

Y\Y =0

Ecmm nna apyx mogmuoxkecrs Y, Z C X mepecedenue mycro, Y N Z = B, To
TOBOPST, YTO ITU MHOXKECTBA He NePecexaromcs.

3amMedaHns 0 IyCTOM MHOXKECTBe ()

He CMOTPAd Ha TO, 9TO IIOHATHE IIyCTOI'O MHOZKECTBa ABJIAETCA JOCTATOYHO 66/1-
HBbIM II0 CBOUM CBOfICTBaM, €I'0 HUCIIOJIb30BaHUE B MaTeMaTHUKE II03BOJIAET 1/136e—
TaTh MHOTHUX OTOBOPOK TIPHU PaCCMOTPEHUN PA3JIUIHBIX TEOPETUKO-MHOXKECTBEHHBIX
omnepanmii. Bo-mepBbIX, 3aMeTHM, YTO ITyCTOE MHOXKECTBO () CIeIyeT CauTaTh moj-
MHOKECTBOM B JII0OOM apyrom mMuOkecTBe X; ) C X. B camoM gele, ycaoBue

() C X cornacHo ompejeIeHUI0 03HAYACT

Ve:(zel=>xzeX).
OTpuIanie 3TOrO yTEEPYKICHUS 3aKII09aeTCsd B YTBEPIKICHWH, UTO
Jz: (z € 0)&(x € X)

U, pa3yMeercs, siBIseTCs JIOKHBIM. SHAYUT, MPEJbIIYINee YTBEPKICHUE SBIIs-
€TCsd UCTUHHDBIM.

Hpe onepanuu ¢ muoxkecrsamu — oobenunenue | J Y, u nepeceuenne [ Y,
aEA acA
cemeiictBa {Yy }qca BIOTHE KODPEKTHBI M B CIyH9ae, KOTAA CEMEHCTBO MHIEKCOB

A aBngerca myctbiM MHOXKeCTBOM, A = (). Crenysa dpopMalbHBIM IpaBHIAM



JIOPHKH JIEFKO yCTAHOBUTD, YTO B CJIy4ae IIyCTOrO MHOXKECTBA MHIEKCOB A = ()
WMEIOT MECTO PABEHCTBA

Uva=0, NYa=xX.

a€el a€d

CooTHollleHus onepaiuii ¢ MHO>KeCTBaMU
Cureryroniue COOTHOLIEHUSI JIEPKO ITPOBEPSEMbI:
e KoMmyTaTuBHOCTB:

YuZ=ZUY; YNnZ=2ZnNY.

AccommaTnBHOCTE:

Yuz2)yuUu=YU(ZulU), ¥YnZ)nU=YN(ZNU).

JucTpubyTHBHOCTE TIEPECEUEHUs] OTHOCUTETHHO 00bEIMHEHNUSI:

(YUZ)NU =(Y NU)U(ZNU)

njin

(U Ya>ﬂU U vanu).

acA acA

,Z[I/ICTpI/I6yTI/IBHOCTb 06’beﬂI/IHeHI/IH OTHOCHUTEJIbHO IIE€PEeCCICHUA :
YnNnZ)yuU=Yul)n(ZUU)

nin

<ﬂ Ya>uU: () (Yaul).

acA acA

JIBOWCTBEHHOCTH OOBEIUHEHNS U TlepecedeHus (3aKoHbl e Moprana):

X\(Un)=m<xm>,

acA acA

X\ (m m) U (xX\Ya),

acA acA
9Ty ABOWCTBEHHOCTH MOXKHO C(HOPMYIUPOBATH CIEAYIOMIUM 00PA30M: TIPU
mepexo/ie K JOMOJIHEHUSAM TTIOAMHOXKECTB OIepaIus 00beINHEHUS TePeX0-
JIUT B OMEPAIHIO [I€Pecedenusi, u, HA0OOPOT, OMEpaIns IepecedeHus mepe-
XOIUT B ONEPauio OO0beMHEeHNS.



1 OrobpakeHnsi MHOXKECTB

Onpenenenue

Omobpasicenue nunu 0dHo3HAWHOE 0mobpascerue [ OTHOTO MHOKECTBa, X B JIPY-
roe MHOXKECTBO Y,
f: X—Y

MBI IOHIMaeM KaK COOTBETCTBHE, KOTOPOe KazKIOMY 3jeMeHTy © € X CTaBUT B
COOTBETCTBUE OJHO3HAYHO onpeesennbii saement y = f(z) € Y. C sroit Touku
3peHus BeleCTBEHHO 3HauYHas GpyHKIus [ OT OJHOM BEleCTBEHHOH IepeMeHHO
€Crb HMYTO MHOE KaK (OJHO3HAYHOE)OTOOPAXKEHUE MHOXKECTBA, BELIECTBEHHbIX
ancen R! B cebs, T.e. pynxmma

f:R'—R!

KaxKJI0OMy 3HaueHuio nepemennoil x € R! craBuT B coorBercrBHE OJHO3HAYHO
ompeesentoe apyroe uucio y = f(z) € RL.
MruozkecTtBo X Ha3bIBaeTCs 0baacmovio onpedesenus orodpaykenns f. Muo-
JKecTBO Y HA3bIBAGTC 004aCmblo 3HaveHul 0TodparkeHus f.
Toowcdecmeernvim omobpasrcernuem MHOKECTBA X Ha3bIBAETCS OTOOparKEeHUe

Idx : X—X, Idx(z)==z, z€lX.

O6pa3sl 1 mpoobGpas3bl

PaccMOTPEM MPOH3BOIBHOE OTOOPAXKEHHE MHOXKECTB
f: X—Y.

ITycrs A C X ecTh HEKOTOPOE MOAMHOMXKECTBO MHOMXKecTBa X. Hepes f(A) C Y
obozraunm noamuoKkecTBO f(A) = {f(x) € Y : x € A} u HazoBem ero o6pasom
nommuOKecTBa A Tpm otobpazkenun f. Ipyruvu cmosamwm, obpas f(A) C YV
cocrouT U3 Beex 3Havenuil f(x) orobpakenus f, Korja lepeMenHas x npoberaer
BCEBO3MOXKHbIE 3HAYEHMA U3 HOAMHOKECTBa, A.

O6pas f(A) nnave MOXKHO 3a7aTh B BUJIE PABEHCTBA

F(A) = J{f@y.

z€A

B uacrnoctn, nogmuoxkecrBo f(X) C Y samasiercs obpasom Bceii obiactn
OTIpesie/IeHUsI, W, TAKUM 00pPa30M, MOXKHO CIYUTATH, 9TO [ OTOOPAKAET MHOMKE-
crBo X B cBoit 06pa3 f(X), HO cTPOro roBopsi, 3TO yKe APyroe orobpazKeHue,
CKazKeM,

e X—f(X),

LIOCKOJIbKY y Hero Apyras obsjacrb 3navenuii, He Y, a Bcero juumb f(X).
[ycts B C Y ecTh HEKOTOPOe TIOIMHOKeCTRO MHOXKecTRa Y. Yepes f~1(B) C

X obosnaunm noamuoxkectso f1(B) = {z € X : f(z) € B} n HazoseM ero npo-

obpaszom moaMuOKeCTBa, B nipu orobpaxkenuun f. IIpoobpas snemenma y € Y —



3TO mpoobpas opHodIeMenTHOrO HoamMHokecrsa {z} C Y, f~Hy) = f~*({y}).
IIpo6pas f~!(B) nnave MOXKHO 3a1aTh B BUJE PABEHCTBA

/)= ).

yeB

CupaseyiuBbl IPOCTBIE CBORCTBA 00PA30B ¥ MPOOOPA30B TOAMHOXKECTB:

! (U Aa> = Lan(Aa);

2.
f (ma> /A

3.

f_l (UB“> = Uf_l(Ba)a
4.

f_l (mBa> = ﬂf_l(Boc)a
5.

Ac fHf(A));

6.

BN f(X)=f(f7(B)).

B uwacTHOCTH, TPOOOPA3HI PA3IMIHBIX TOYEK HE IMEPECEKAIOTCS,

SNy N y2) =0, w1 # v

KomMmnozuiiuu orobparkenuii. Obparumbie oTOOparkeHns
ITycTsh 3amano aBa OTOOPAYKEHUST MHOYKECTB

f:X—Y, ¢g:Y—Z

Kommnosuyueti orobpaxkenuit f u g HaspiBaerca orobpaxkenue g - f : X— 7,
3agaBaemoe pOpPMyIIOit



Ecau oamo u3 3tux oToOpazKeHuit siBIsgeTcs TOXK/IECTBEHHBIM, TO KOMIIO3UIIHS C
HUM JIPYTOr0 OTOOPAYKEHUS COBIAIAET C TIOCTIETHUM:

f-Idx = f;
Idy - f = f;

f f
<., T
X X Y Y
Id f Id,

B uacruocru, nopmuoxkecrso f(X) C Y aBuserca obpasom Beeit obsacru
OTIpeNieJIeHNsT, W, TAKUM 00pPa30M, MOXKHO CUYUTATH, 9TO [ OTOOPAIKAET MHOMKE-
creo X B cBoii 06pa3 f(X), HO cTPOTO TOBOPSI, ITO y¥Ke JPYroe 0TOOparKeHNe,
CKazKeM,

o X—f(X),

[IOCKOJIbKY Yy Hero apyrasg obsiacTh 3uadeHwii, e Y, a Bcero b f(X), a
caMo OTObpazkeHue [ HPEJCTABIACTCS B BHJE KOMIIO3UIMU OTOOpaxkeHusd [’ u
Baoxkenns f(X) = Y:

f

o T

Orobpazkenue f: X—Y Ha3bIBAeTCH UHBEKMUEHbLM WU UHBEKYUEU, eCIH
pa3IWYHBIM 3jIeMeHTaM T # y € X orobparkeHue [ COMOCTABISET PABIUIHBIE
snavenns f(z) # f(y). Ha mpumep, MOKHO CYMTaTh, YTO MOAMHOKECTBO X C Y
3a7aeT BiIOKeHue MHOKecTBa X B MHOXKecTBO YV, ix : X — YV ix(z) =2z, z¢€
X, KOTOpOe, OYEBUTHO, ABIACTCS HHHEKIHEH.

Orobpaxkenue f : X—Y Ha3plBaercs ClOPsEKMUSHLIM , UITH CIOPBEKUUET
U 0Mobpasicenuem Ha , €CIM KaXKIbIH y1eMenT iy € Y saBiasercs obpasom
HeKoTOporo aementa ¢ € X, y = f(x).

Orobpazkenne f : X—Y Ha3bIBaeTCs 63GUMHO 00HOZHAWHbBIM WU Ouek-
MUBHBLM UITH OueKkyuel , eCIi OHO OJHOBPEMEHHO SIBJISIETCS WHbHLEKTUBHBIM U
CIOP'BEKTUBHBIM OTODDAKEHHEM.

Samerum, 4To uHbEKTHBHOE OoroOpaxkenue [ : X —Y sapisercs Ouekiueit
MeX Iy MHO)KecTBoM X m ero obpasom f(X) C Y.

ITockosibky OuekIust f ABJIAETCSA CIOPBEKIUEH, TO KaXKIplil sjeMeHtT y € Y
apjsiercs obpazom Hekoroporo ssementa ¥ € X, y = f(x). Dror ssement x
MOKHO BBIOPATDH €IMHCTBEHHBIM 00PAa30M B CHJIy HHBEKTUBHOCTH OTOOPAYKEHUs
f. B wacraocru, 3170 3HAYUT, YTO y B3AKMHO OJHO3HAYHOIO OTOOpaxKeHus f ume-
eTcs TaK HA3BIBAEMOe 00pamHoe oTobpaykenne, f 1 : Y — X, KOTOpoe KasKIoMy
SJIEMEHTY y € Y COIOCTaBjIfAeT KakK pa3 TOT (€IMHCTBEHHBINH) sjeMeHT € X,
JIJIs KOTOPOI'O BBIMOJIHsIETCs paBeHcTBo y = f(z). JpyruMu cioBamu, 3HaYeHue
r = f~(y) y1oBaeTBOPSET YCIOBHIO

(' w) =y, yev.



IMoncrasnssa BMecTo y ero 3uadenne y = f(x), U3 3TOr0 TOKAECTBA MOy IALTCST
JpPyroe TOXKJIeCTBO

(N (f@) = flz), zeX.

ITockombKy Pa3IUIHBIM dJEeMEHTaM OTOOparkeHne f COMOCTABJSIET PA3THIHDLIE
9JIEMEHTbI, TO U3 HIPEJbIIYIIEr0 TOXKIECTBA, CIE/yer, 9TO

Y (fz) =z, z€X.

CrieoBaTeIbHO, OMIPeIe/IEHNE B3aUMHO OTHO3HATHOTO OTOOpaxkenus f : X —Y
MOXKHO C(HOPMYIUPOBATH CJIEAYIOIUM SKBUABAJIEHTHBIM 00pa3om: OTobpaxkenue
f B3AMMHO OJHO3HAYHO, €CJIH CYIECTBYET Apyroe orobpaxKenue g : Y — X Ta-
KO€, 4TO JBE BO3MOXKHBIX KOMIIO3HIIMK OTOOPaKeHW#l [ M ¢ ABJISIOTCS TOXKe-
CTBEHHBIMHM OTOOPaXKEeHUsIMU:

[-g=1dY,
g-f=1Idx,
IdX Idy
<1 T
X Y X Y.
TR !

IIycrs f : X—Y — nekoropas unbekuus. Torna, o4eBuIHO, OTOOPaKEHHE
'+ X— f(X) na cBoit 06pa3 sIBIsIeTCST GUEKITHEH.

MoiHocTh MHO2KECTBA

Bzanvuo oxnosnaunoe otobpaxkenwe f : X ——Y Ha3bIBAIOT TaKkKe 63GUMHO
00HO3HAYHBIM COOTBECMEUEM MEXK Ty MHO2KeCTBOM X u MHO2kKecTBOM Y . Ilpnm
3rom MHOXkecTBa X u Y HA3BIBAIOTCH KOAUYECMBEHHO IKEUBAACHMHLLMY TITH
pasromowsrvimu MHOXKecTBamu. [Io apyromy OyeM roBOpuTb, 9TO MHOXKECTBA
X n 'Y uMeroT oIMHAKOBYIO MOUHOCTD, W TTHCATH

#(X) = #(Y).

C Toukm 3peHnst aOCTPAKTHON TEOPHM MHOXKECTB DABHOMOIIHBIE MHOYKECTBA
MOKHO HE PA3/IMYaTh ¥ IPH HEOOXOAUMOCTH OIHO MHOMKECTBO 3aMEHSTh Ha JPy-
roe eMy pPaBHOMOIIHOE.

OueBuHo, 4T0 ecu JBa MHOKecTBa X 1 Y KOJIMYECTBEHHO SKBUBAJICHTHDI
OJTHOMY W TOMY K€ TPETBEMY MHOXKECTBY Z, TO OHM KOJMIECTBEHHO IKBIBA-
JIEHTBI MeK1y coboif, T.e. m3 nByX paBeHCTB #(X) = #(Z) u #(Y) = #(2)
BBITEKAET TPeThe paBeHcTBO #(X) = #(Y) .

Jns aByx mHOXKecTB X m Y ecaum cymiecTByer wHbeKIus f : X—Y, 1o
LHAIIEM

#(X) < #(Y).



Scno, uro u3 mepasencts #(X) < #(Y) u #(Y) < #(Z) cnenyer, uro
#(X) < #(2).

Ecinu xe Bouionnenst npa nepasencrsa #(X) < #(Y) u #(Y) < #(X), 1o
TOTIA
#(X) = #(Y).

D10 yTBEepKAeHne W3BeCTHO Kak Teopema Kanropa-Beprinreiina:

Teopema 1 (Kaunrop—BepHninreiin) FEcau us dsyx mmoocecms X u'Y waorc-
doe KOAUMECTNBEHHO IKEUBAAEHIMHO NOIMHOHCECTNEY 6 Jpyz20m, MO IMu 084
MHOHCECTNEA PAEHOMOULHDL.

JOKABATE/IBCTBO. YCJIOBHE TEOPEMbI 3aKJII0YAETCAd B CYIIECTBOBAHUM JBYX
OmeKImii
f: X—NCY;, ¢g:Y—X; CX.

ITonoxum
Xo =g f(X) c Xy,
X3 =g f(X1) C Xo,
X4:gf(X2) C X37
Xop =g f(Xor—2) C Xog—1,
Xok+1 =9 f(Xok—1) C Xox,

OTO 3HAYUT, YTO UMEIOTCS OMEKINY MEXKy MHOKECTBAMMU

X DX DXy DX3 DXy ... Xop DXogy1 --- DNXk
11 ] |
X DX; DXy ... Xopo DXop1 ... DN Xk
a, CJIeIOBATETbHO, MMEIOTCSA OHUEKITNHA MEXKIY Pa3HOCTIMU
(X2 \ X3) (X3\Xy) (Xa\X5) ..o (Xow\ Xogg1)  (Xopgr \ Xokso)
(X\X1) (Xi\X2) (Xo\Xs3) ... (Xog—o\Xog—1) (Xog—1\ Xox)

Muoxkecrso X npejicrasiigercs B Buje HecBaA3HOro oobenunenus (X = Xg)

X = ]O_o[(Xk \ Xig1) U)Xk

k=0 k

OTO 0ObEeNMHEHNE MOYKHO pa3buTh Ha IBE YaCTH, OObEeIWHEHNE IO YeTHBIM HO-
MepaM U 00beIUHEHNE M0 HedeTHbIM HoMepaM. [Toryuaem

X = H(sz \ Xop41) U H(X2k+1 \ Xopp2) U[) X
k=0 k=0 k
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IMockonbky kazkmoe MaOKECTBO (Xog \ Xog41) paBHOMONIHO MHOKECTBY (Xag 12\
Xok+3), TO B IEPBOE CJIATAEMOE MOKHO 3aMEHUTH HA €My PABHOMOIIHOE:

o0 o0
X~ [T (Korpo \ Xonga) U T T (Xonrn \ Xopyo) U[) X
k=0 k=0 k

Hpyrumu ciioBamMu

o0 o0
X~ [ (X \ Xokg1) U T (Xokgr \ Xokg2) U, Xk =
k=1

=2

(X \ X)) U X = X1 ~ Y.

k=1

JIOKA3BATEJIbCTBO. ([pyras Bepcusi 10Ka3areabCrsa). .

Hawo tpm MHOXKecTBa Yy O X D Y1, MpuueM MHOMXKECTBO Yy PABHOMOIII-
HO MHOXKECTBY Y7. 3HAUUT uMmeercs Oueknusi g : Yo—Y7. MoOXKHO TOCTpOUTH
YOBIBAIOIIY O MMOCIEI0BATETBHOCTD TOIMHOXKECTB

YoOXoDYV1DX1DY,DXoDY3D---DZ=NY;=NX;

e X; = g(Xo), Y2 = g(V1), - Xpr1 = 9(Xi), Y2 = 9(Yis1), ... Bee 310
MOXKHO M300pa3UTh B BUIE JUACPAMMBI

Yoo X021 DO XiDYo D XoDY3DX35DY, DXy D

Tg Tg Tg jg

Yoo Xo 2oV DXiDYo DX DY3D X5---D

pUYeM BEPTUKAIBLHOE OTOOpasKeHNEe SIBIACTCA OMeKImeil B Kaxk oM diene. To-
rma oba MHOXKecTBa Xg U Yy MOXKHO TIPEJICTABUTE B BU/IE HECBA3HBIX O0bLEIIHE-
HUI:

Xo=(Xo\VH)UM\ XU X\ o)UY\ Xo)U(Xo\Y3)U---UuZ

E E
Yo = (Yo \ Xo) U (Xo\ Y1) U (Y1 \ X1) U (X, \ Ya)U---UZ

Cykenusa orodbpakeHuit

IIycrs f: X—Y — nekoropoe orobpaxkenue, Z C X — HEKOTOPOE MOIMHOKE-
crBo. Cyorcenuem orobparkenusi f Ha TOIMHOXKECTBO Z HA3BIBAETCS 0TOOparKe-
wue fy : Z—Y, 3amaBaemoe no ¢popmysie

fz(2)=f(z), z€ZcCX.

Cyxenne fz orobpaykennsi f Ha TTOAMHOXKECTBO Z HA3BIBAIOT TAKKE 02DAHUYE-
Huem oTobpazkenns f Ha moaMHOXKecTBO Z. Cyxkenne fz sABJseTCS KOMIO3UITHEH
JBYX oTOOparkeHwuit: Bioxkenns Z C X u ucxofHoro oroopaxkenus f: X —Y:
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fz

" . T~
Z(—>XT>Y.

KoHcTpykiinm MHO>KECTB

HecBas3Hoe obbegumHeHnE

IIycTs 3amano aBa muOkecTBa X u Y. Heceasznoe 0b6sedunerue — 37O MHOKECTBO
X UY, cocrosiinee u3 Bcex 3JEMEHTOB KaK MHOXKeCTBa X, TAK ¥ MHOXKECTBa, Y,
MpUYeM IIPENOIaraeTcsi, ITO MHOKECTBa X W Y HE MMEIOT ODIIHUX JTEMEHTOB.
(3ameuanue. B ciyuae, korga na muoxkecrsa X u Y umeror obuiue 31€MeHTbL B
BUJIE HEMyCTOTO nepecevenns X N2 MHOXKeCTB X 1 Y KaK MOJIMHOMKECTB OTHOTO
OOJIBIIIEr0 MHOXKECTBA Z, UX HECBA3HOE OObEIMHEHUE CIEAYeT OMPENe/IaTh s
JIPYTUX PABHOMOIIHBIX YK€ HENEPECEKAIOIIUXCsI MHOKECTB). Y HECBSI3HOIO 00b-
€/IMHEHWs UMEeTCs JIBa KAHOHMYECKUX MHBbEKTHBHBIX OTOOpakeHus (6.400icenue
Ha cAG2aEMOe)
ix: X—=>XUYniy:Y — XUY,

JJ11 KOTOPBIX BBIIOJIHSIOTCS KATErOPHOE CBOMCTBO YHUBEPCAIBHOCTU: €CIIU 3a-
JAHO IBa OTOOPAXKEHUS

[ X—Zug:Y—Z
TO CYIIECTBYET €JUHCTBEHHOE OTOODaKEHUE
fUg: XuYy—2,

KOTOpPOE Ha MOoAMHOXKecTBe X COBITAJAET ¢ 0TOOparkeHneM f, a Ha MOAMHOXKECTBE
Y coBmamaer ¢ orobpakeHuem g, T.e.

(fug)-ix=f, (fug)-iy =g,

lexapToBO IIpou3BeieHNE

s ayx muoxkectB X u Y oupenensem dexapmoso npouseedenue X X Y Kak
MHOYKECTBO BCEX TakWX map (x,y) 3JeMeHTOB, 1Jist KOTophix ¢ € X, y € Y.
MmuoxkectBa X u Y Tpu 3TOM Ha3BIBAIOTCS COMHOKHUTEISIMU JIEKaPTOBOTO TTPO-
u3Benenusi. Vmerorcst 1Ba orobpaxkenns px : X X Y—X upy : X XY —Y,

12



KOTODPbIE HA3bIBAIOTCH MPOEKUUAMYU HA 1IEPBbIA (BTOPOIi) COMHOKUTEIb U KOTO-
pbie 3a7at0Tcst hopMyIaMu

px(z,y) = py(r,y)=y;, v€X;yeY.

VY kaxuoro snementa (z,y) € X X Y 1eKapToBOro NpOM3BENEHUs T U Y HA3bI-
BAIOTCST KOODINHATAMU.
ITo amasorum ¢ HECBA3HBIM O0bEIMHEHUEM JJIS IBYX OTODpaYKEeHMI

fiZ—Xng:Z—27Y,
CYLIECTBYET €JIUHCTBEHHOE OTOOpazKeHue
fxg: Z—X XY,
KOTOpOe comocTrasiisier reMenty z € Z napy (f x g)(z) = (f(2),9(z)) Te.

px(f x9)(2)) = f(2), py(fx9)(2) =9(2),

X
y f
X xY <12 Z
%

JlekapTOoBO Hmpou3BeaeHd CEMENCTBA MHOXKECTB
IIpumep: BekTOpHBIE TpocTpaHcTBa R”

Apudmernyeckoe n—meproe npocTpancTBO R™ KAaHOHWYECKH OTOXKIECTBIISIETCS
C JIeKapTOBbIM IIPOU3BEJEHUEM CBOUX IOJIIIPOCTPAHCTB R,1C ~R!:

R" =~ ﬁ R}.
k=1

CobGeTBeHHO, TTPOU3BOBHBIH BeKTOp T € R™ 3amaercs HADOPOM CBOUX KOOD/IU-

nar & = (', 2%,.. ., 2"), a kax/aasa KoopuHATA T¥ IPUHAIIEKUT OHOMEPHOMY

npocrpancrey R! ~ R}C. Pasbusast MHO?KECTBO KOODJMHAT HA JB€ IPyIibl (uim
HECKOJILKO TPYIIN) MOJIy9aeM €CTeCTBEHHbIE OTOXK IECTBIICHNS

R"* ~ R" x RF,

l
RFEvtkattk o H RFi.

i=1
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I'pacdbuk orobpakenus

Hns (omgmosmawnoro) orobpaskenust f : X—Y epagux orobpaxkenus I'y C
X X Y 3amaerca Kak IIOIMHOYKECTBO

I'y={(z,y) e XxY :y= f(x),x € X}
HerpyaHo BUIETH, 9TO TPOEKIINS
prx : X xY—Y

Ha TIEPBBIil COMHOXKHUTETHb 0ToOpaxkaeT rpaduk I'; B3aNMHOOTHOZHATHO HA MHO-
xkectBo X. Bepro u obparHoe yTBepKaeHme: ecau moaMHOKecTBO I' C X X Y
YAOBJETBOPAET YCIOBUIO, UTO HIpoeKius prx : I —» X orobpazkaeT MHOKECTBO
I' B3amMHOOTHO3HAYMHO Ha MHOXKECTBO X , TO MHOXKeCTBO Iy ABageTcs rpadpurom
HeroToporo orobpaxkenne f: X—Y, I'=T.

DakTOp MHOXKECTBA

[Tycrs 3a7aH0 HEKOTOPOE MHOXKECTBO X ¥ HEKOTOPOE OTHOIIEHWE YKBUBAJEHT-
HOCTH ~ B HeM. MHOxkecTBO X pa30uBaeTCs HA HEIEPECEKAIOIMHUECs IOIMHOKE-
CTBa TIOMAPHO IKBUBAJIEHTHBLIX 3JeMeHTOB. PakTop MHOKeCTBOM X/ ~ Hasbl-
BAETCS MHOXKECTBO, 3JIEMEHTAMHU KOTOPOTO CJIYKAT MOJAMHOKECTBA TIOMAPHO K-
BUBAJIEHTHBIX 3J/eMeHTOB B MHOXKecTBe X . VlMeercs ecTecTBEHHOE OTOOPasKeHNe
P~ X—> X/ ~, xoropoe so6omy ssemenTy x € X COLOCTABJSET HOIAMHOXKE-
CTBO BCEX 3JIEMEHTOB, S9KBUBAJICHTHBIX JIEMEHTY Z. ITO OTOOPAKEHUE SABIISETCS
cropbekimeii MuoxkecTBa X He GHakTOp MHOXKECTBO X/ ~.

O6paTHo, eciin UMeeTCsT HEKOTOpas CIOpbeknus p : X —Y, To Ha MHOXKe-
crBe X 3a7aeTCd €CTECTBEHHOE OTHOIIEHUE 10 MPABUIIY: X ~ Y, TOTJA U TOJIHKO
rorua, kKorga p(z) = p(y). TO OTHOIIEHUE, OUYEBUIHO SIBJIAETCH OTHOIIEHUEM
9KBUBaJIeHTHOCTH. Torma oTobpazKeHue p PACHIEIIAETC B KOMIIO3HUIIUIO

X P Y
(X/~)

y KOTOpOit oTOOpaskenue f B3aUMHO OIHO3HAUYHBIM COOTBETCTBUEM, T.€. OMEKIIN-

€n.

yHOpH,D;O“IeHHbIe MHO2>KeCTBa

ToBopsrT, aTo Ha MHOXKECTBE X 33aH Y4ACTNUYHBLY NOPAJOK, €CIIH IS HEKOTOPBIX
map 3JeMeHTOB X,y € X 3aJaHO OTHOIIEHWe & —< Y, KOTOPOE YJ/IOBJIETBOPSET
YCJIOBUSIM

1. Ecmx<yny=<z 102=X2% 2,y,2 € X;
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2. Ecmzryuy 3z, 0=y, z,y € X;
3. Insa moboro snemenTta x € X BBINOJHEHO T = .

Eciu z =< y, 10 MbI OyseMm Takxke nucarb y = x. Bcim x <X y u x # y, 10
OyzneM mHcaTh T < Y.

MuozxkecTBo X, OCHAIIEHHOE YaCTUYHBIM TOPAIKOM <, T.e. mapa (X, <) Ha-
3BIBAETCST 4ACTNUYHO YNOPAJOUEHHOLM MHOHCECTIEOM. ECIN KpOMe 9TOr0 BBINOJI-
HEHO JIOMOJTHUTETbHOE YCIOBHUE, UTO s JTIOOBIX ABYX 3JEMEHTOB X,y € X audo
r =Ry, b0 y =< X, TO MHOXKECTBO X HA3bIBAETCH AUHEUHO YNOPAOOUEHHDIM
MHONHCECTNBOM. , & TACTUIHBIN MOPSATOK = HABBIBACTCS AUHETUHBLM NOPAIKOM, .

IIpumep: auHeiiHBINT MOPAAOK BEINECTBEHHBIX YNCEJI

Ha mmbozkecTBe BCEX BEIIECTBEHHBIX YHCEJ HMEETCS €CTECTBEHHBIN JIMHEHHDBIA
MOPSAIOK: [IJIsT IBYX BEIIECTBEHHBIX YHUCEN X,y OyaeM mucarth r =< y B CIydYae,
Koraa x < y. DTO JIMHEHHBIA IIOPSI0K.

HanpaBjienHOE MHOYKECTBO

ITycrp Ha wacTuuHO ynopsgodeHHoM MHOxecTBe (X, <) BbIIOJHEHO YCJIOBHE:
JJIs1 JTIOOBIX JBYX 3JIEMEHTOB &,y € X HaliJercs Takoit Tperuii sjement z € X,
910

<z, Y=<z

B srom ciygae Gymem TOBOPHUTH, UTO YACTUIHO YIIOPSATOIEHHOE MHOMKECTBO
(X, <) aBisteTcs HANPABAECHHHLM.

PaccmoTpum HampaBieHHOE MHOMKECTBA MHIEKCOB (A, <) m cemeiicTBO 3716~
MEHTOB X, € X MHOXKecTBa X, MHAEKCUPOBAHHOE HATTPABIEHHBIM MHOXKECTBOM
A. Taxoe ceMeiicTBO OymeM Ha3BIBATD HANPAGAEHHOCTIbI0. B OXHOM acTHOM CIIy-
4Jae, KOI/a HAIlPaBJIEHHOE MHOXKECTBO COCTOUT M3 HATypabHbIX umcesn, A = N,
HAIIPABJIEHHOCTH Oy/IET HA3BIBATHCA (CIETHON) N0CALI08AMENLHOCTIDIO.

B wacraOCTH, JTHHEHHO YIOPSIOYEHHOE MHOXKECTBO SBJISETCS HAIPABJICH-
HBIM.

Ilpumep: YacTu4HBIN MOPAA0K HA apudMeTHYIEeCKOM IpPO-
crpauctee R"

BazaauM B apudMeTndeckoMm mpocTpancTse R’ ciaeayrommii 9acTUIHBIH TOpsi-
Jok: myeth X = (xb,...;2") € R"ny = (y',...,y") € R" — aBa Bekropa.
CkazxkeMm, 970 X <y, eciiu

Jlerko mpoBEpUTDH, YTO OTHOIIEHHE — 33aeT JACTHUIHDLIA IOPSAJTOK HA MHOMKE-
crBe R’ npeBparas ero B HampaBIeHHOe MHOXKecTBO. IIpu n > 2 gacTUYHBIM
nopsaoK Ha R™ He aBjsieTcs TUHEHHBIM TTOPSITKOM.

15



HanpasJjienHOE€ MHO2KECTBO, KOH(PUHAJIbHOE APYTOMY HapaB-
JIEHHOMY MHOYKECTBY

ITycrs 3amano JBa HampaBleHHbIX MHOXKecTBa (A, <) u (B, <). CkaxkeM, 410
HAIpPaBJIEHHOE MHOXKECTBO (B, <) KOH(MDUHAIHHO HANPABIEHHOMY MHOMKECTBY
(A, <), eciiu umeercst orobpazxkenue f : B— A, ynoBieTBOpsIOLIee yCIOBUIO:

s mroboro amementa oy € A HalIETCsS TAKOW SJEMEHT
Bo € B, uro u3 Py < S Buirekaer ag < f(5).

Ecmm z,, € X, « € A HeKOoTOpasi HANPABJIEHHOCTD, WHIEKCUPOBAHHAS Ha-
MPaBJIEHHBIM MHOXKECTBOM A, a HAMpaBJIeHHOEe MHOXKECTBO B — KoHMUHAIBHO
MHOXKecTBY A mpu mowmomu orobpaxkenusi f : B—>A, TO HampaBJIEHHOCTH
zrrp) € X, [ € B Oyaem Ha3pBaTh NOJAHANPABIEHHOCTHIO HANPABICHHOCTH
o € X, a€A

B kiraccudeckoMm ciydae HATYPAJIBHBIX YUCEIT 7 €CJIH 33/1aHa I0CIE0BATE b
HOCTh X, € X, n € Z n KOHPUHAIHLHOE CEeMeHCTBO MHIEKCOB Ny € Z, k € 7,
TO IOCJIEZOBATENBHOCTD Ty, € X, k € Z eCTb MOAIOCIIET0BATEIHHOCTD IOCIE-
JIOBATEILHOCTH Xy, .

dexapToBO Mpou3BeleHNE YAaCTUYHO yIOPAJOYEHHBIX MHO-
JKeCTB

IIpumep: YacTuYHBIN MOPAOOK HA apudMEeTHYIEeCKOM IpPO-
crpancTee R"

Bazaaum B apudMeTmdeckoMm mpocTpancTse R ciaeayrommuii 9aCTHIHBIH TOpsi-
Jok: myeth X = (xb,...,2") € R"ny = (y',...,y") € R" — aBa Bekropa.
CkaxeMm, 910 X <y, eciu

ot <yla? <yt <yt
JIerko mpoBEpUTH, UTO OTHOIIEHHWE —< 33aeT JACTHUIHLIA MOPATOK HA MHOMKEe-

cree R npesparmias ero B mHampasyieHHOe MHOXkKecTBO. Ilpu n > 2 gacTuubrit
mopsnoK Ha R He sgBiseTcs JTUHEHHBIM TOPSIKOM.

IIpamoit m oOpaTHbBIl TpeIesTb

PaccmorpuM gacTudnO ymopsimodeHHOe MHOXKECTBO A, <. IlpsMbiM crekTpom
MHOXKECTB HA3bIBAETCs HAlPaBJIeHHOCTh MHOXKeCTB { X, : @ € A}, cHabkennasi
cucreMoit orobpaxenuit wy : Xo—Xpg A a < B,KoTopasi yA0BJIE€TBOPSIET
YCIIOBHIO:

Ecim o < 8 < v, u Mbl mMeeM Tpu 0TOOpAXKEHUsI

a
@y

Xa ?EX[}?{:X—Y

o

TO AuarpamMMa KOMMYTaTHBHA, T.€. wg Cwg =Wy
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Torna na necssasaom obbemuaernn X = [[ X, MOXKHO 3amaTh coemytomee
a€cA
OTHOLIEHNE SKBUBAJEHTHOCTH MEXK/y JABYMs dJIEMEHTAMU Ty € Xo u 23 € Xg:
JJI WHIEKCOB «, 3 € A B HaImpaBJIEHHOM MHOXKECTBE A MMeeTcst TpeTHil HHIEKC
v, YIOBJIETBOPAIOIINAI HEPABEHCTBAM (¢ < 7 U B < ~. Honaraem x, ~ Tg, eCan
(0% —

@ (Ta) = wf (x3) € X,. HerpynHo mpoBepurs, ITO OTHOIIEHUE ~ SIBIISIETCS
OTHOILIEHUEM 3KBUBAJIEHTHOCTH.

IIpssmMbIM TIpeeIoM IPSMOTO CIIEKTPA Ha3bIBaeTCs (DAKTOP MHOKECTBO MHOXKECTBAX ,

MpodaKTOPU3OBAHHOE TIO OTHOIIEHNIO YKBUBAJICHTHOCTH ~, T.€.

lim X, = X/ ~ .

Bce BMmecTe 3TO maeT MONOTHEHHYIO JUATPAMMY

a
«@ w()()
Ws
[e3
wyg

Xy —> X5 —> lim X,

Xa

=] .

=)

OO6paTHBI Ipenesl CTPOUTC IJI OOPATHOrO CIEKTPa JBOHCTBEHHBIM OOpa-
3oM. Ilpexkzae Bcero ompemeauM OOPATHBIA CIEKTP KAK HAIPABJICHHOCTL MHO-
xkecrB { X, 1 a € A}, cHabkenHas cucreMoii oTobparkeHuit wg : Xp—r X, and
a < 3, KoTopas yIOBJIETBOPSET YCIOBHUIO:

Ecmu o < 8 < 7y, u Mbl mMeeM Tpu O0TOOpAXKEHUst
Y

wCY

X, —> X3 — X
w wh
TO AMarpaMMa KOMMYTATUBHA, T.€. wfl . wg =w].

Bmnionae ynopsamoderabie MmHOXKecTBa. KapauHaan-
Hbl€ U MOPAAKOBBIE YUCJIA

Teopema 2 JI1060e MHOHCECTNBO MOHCHO BNOAHE YNOPAIOUUMND.

JIOKA3BATEJIbCTBO.

IIycrs M — mpou3BosbHOE JAHHOE MHOXKECTBO. IToKazkeM, 94TO ero MOXKHO
BIIOJIHE YLIOPsAI04YuTb. Paccmorpum coBokynHocrb M Beex nap (A,<4) , rue
A C M, a <4 — orHomenne oaHOTO nopsaka Ha A. Ha MaOkecTBe M BBegeM
ecTecTBeHHOE OTHOIIeHHe nopsinka: (B, <p) cmenyer 3a (A, <,), ecin (A, <4)
€CcTb HAYAJILHBIA 0Tpe30K B (B,<p), T0 ectb ecit A = {a € B : a < b} ana
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Hekoroporo b € B u Ha mHoxkecrsBe A orHowenue <p coBuajgaer ¢ < 4. lajee
JIOKaxKeM JBa yTeepxkaerus. 1. B M cymecTByer MaKCUMAJIBHBINR 3JIEMEHT. DTO
caemyer u3 Toro dakra, uro ecau C — 1menb B M, T0 o0bennHEHNE BCEX JJTe-
MeHToB C € C ecTb TakxKe 3j71eMeHT M , KOTODPBI SIBJISeTCs BEPXHEH I'DAHbIO
uenu C. II. Eciu (A4, <4) — makcumasubhbiii ssement, 1o A = M . Eciu 66t
M \ A 6bui0 Hewycro, 10 B3sB KakO-uubyub ssement b € M \ A, u nosoxus
b > a myst 11060r0 @ € A, MBI TIOJIyYn/Id ObI BIOJIHE YIOPSIIOYEHHOE MHOYKECTBO
AU {b}, HAYANBEHBIM OTPE3KOM KOTOPOTO SABJsieTcst A. DTO IPOTHBOPEYHT MTPEJI-
nojiozkenuo o MakcumaibHoctu (A, <4) . Takum o6pa3oM, Mbl UMEEM BIIOJIHE
yuopsiiouenaoe MHoxkecTBO (M, <pr) . Uro u TpeboBasioch 10Ka3aTh. |

Teopema 3 Joboe mHoHcECMEO KAPOUHAADHHLE YUCEA BNOAHE YNOPAIOUEHO.

JOKABATETBCTBO. Ilycth M — HEKOTOPOE MHOYKECTBO KApAWHAIHHBIX THCEJT.
Peanuzyem kaxK10e KapAMHAIBHOE YHUCIIO B BH/IE MOIITHOCTH HEKOTOPOIO MHOXKe-
cTBa, T.e. MHOXecTBA X,, « € M. MoxHO canTaTh, 9TO KaXKJI0€ MHOXKECTBO
BIIOJTHE YIOPSIOYEHO C TOMOIIBIO TOJHOrO Hopsaka <. Torga eciu a < 3, T0
MHO2KeCTBO X, ABJIAETCA HaYaJbHbIM OTPE3KOM MHOXKecTBa Xg. ]

MorHoCTh MHOXKECTBA HATYPAJIBHBIX Yuces N HA3bIBAETCs CIETHON MOIIIHO-
crbio U obo3Hadaercs depe3 Ng? MHOXKeCTBa MOIIHOCTH MEHBIIE YeM CYeTHAas
HA3bIBAIOTCH KOHEYHBIMU MHOXKECTBAMHU.

Teopema 4 Mnootcecmeo X aasaemcs KoHeuHbm mMo20a U MOALKO mMo2da, Ko-
2da das 1106020 €20 cobemeennozo nodmnoosicecmea Y C X, Y # X, ezo mows-
nocmb cmpoeo menvwie, #(Y) < #(X).

Teopema 5 (Kautop) Jwboe mHooicecmeo menee MOULHO, HeM MHONHCECTNEO
6CET €20 NOOMHONCECTNSE.

,ZLOKABATEHI)CTBO.

[Ipeanonoxum, 9T0 CyImEeCTByeT MHOXKECTBO A, PABHOMOIIHOE MHOMKECTBY
BCEX CBOMX MOJMHOMKECTB 27, TO eCrb, 4TO CymECTByeT Takas Omekius [ :
A—24 f(a) C A, a € A, cTaBamas B COOTBETCTBHE KasKIOMY 3JIEMEHTY
MHOXKECTBa A HEKOTOPOE MOAMHOKECTBO MHOKeCTBa A. PaccMoTpuM mogaMHOXKe-
cTtBO B C A, cocTosiee 3 BCEX 9JIEMEHTOB MHOXKECTBA A , He TIpHHAITesKAIIAX
cBouM obpasam 1pu orobpaxkenuu f:B = {a € A :a & f(a)} . [ockonbky
orobpaxkenue f OMEKTHUBHO, TO JIOJKEH CYyIECTBOBATH TAKOW 3jieMeHT b € A,
aro f(b) = B.

Tenepb NOCMOTPUM, MOKET JIA JIEMEHT b MPUHAIEKATH MOAMHOKECTBY B.
Eciu b € B, re. b € f(b), nonyuaem 1o onpezesennio, uro b ¢ B . I naoGopor,
eciu b € B, 1.e. b ¢ f(b), To, 3nauut, cornacuo onpenesenuto b € B . B mo6om
ciydae, noiaydaem nporusopedne. CrieoBaTeNbHO, NCXOJHOE MPEINOI0KEHIE
JIOYKHO M, CJIeOBATEIHHO, MHOXKECTBO A He DABHOMOIIHO MHOMKeCTBY 24

BameTnM, 9TO MHOKECTBO 24 COTIEPIKIT TIOIMHOKECTBO, PABHOMOITTHOE MHO-
KecTBy A (HampuMmep, MHOXKECTBO BCEX OJHOIJIEMEHTHBIX MOJAMHOXKECTB), & TO-
IJIa U3 TOJIBKO 9TO JIOKA3AHHOTO c1eayeT, 9to #(A) < #(24) .
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3ameuanne 1 13 meopemv. Kanmopa caedyem, 4mo kapourasbHble 4UCAG HE
UMENN MAKCUMAADHOZ0 KAPOUHAADHOZO “UCAG, U, 3HAYUM, He MO2Ym 00pa3o-
6bL6aMb KOHEUWHOE MHOHCECTEO.

3a/aun n ynpakKHEeHUs

1.

10.
11.

[IpuBenuTe mMpwMep HEMYCTOTO MHOXKECTBA, KaXKIBINA 3JIEMEHT KOTOPOTO
ABJIAETCA HEKOTOPBIM IOIMHOYKECTBOM 3TOT'O MHOXKECTBA.

. Hnsa kaxkgoro nejaoro n > 0 mocTpoiiTe MHOXKECTBO ,,, COCTOSIIEE POBHO

W3 N 3JIEMEHTOB, TAKOe, 9TO I JIO0bIX € ,, ' € , mmubo €', mubo ' € .

JokaxkuTe, 4TO JJis JII0OOr0 MHOXKECTBA A BBIIOJIHSIOTCS CIELYOIITe
CBOMCTBA:

(a) ANA=A,
(b) AUA= A,
(c) AUD = A,
(d) AnP=10

JlokaxkuTe, 9T0 [JIs JIIOOBIX MHOXKeCTB A u B Brutouenne A C B BbIIOJI-
HsIeTCs TOIA M TOJBKO Toraa, Korga AN B = A uwmm korna AU B = B.

Hokaxkure, aro ecitu A C B, o ANB=A,u AUB = B.

Jokaxure, aro mias nogMuoxkects A, B C X prmouenne A C B sxBuBa-

neHTHO BKIovenuio (X \ B) C (X \ A).

s m00bIX ABYX MHOXKECTB A u B mMeer MecTo CJeyolnee HEeCBA3HOe
00 beIMHEeHne

AUB = (A\B)U(ANB)U (B\ A).

s ir00bIX ABYX MHO2XKECTB A u B uMmeer Mecro CJeylnee HeCBA3HOe
00 beJUHEHNE

ANB=A\(A\B).

Hst mobbix 1Byx MuHOkecTB A n B ycimosne A C B 9KBUBAJIEHTHO YCJIO-
suio A\ B = ().

Hokazkure, aro AN (B\C)=(ANB)\ (ANC).
Hokazkure, uro (A\ B)U(B\ A) =(AUB)\ (AN B).
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12.

O6o3nauum uepes AAB = (A\ B)U (B \ A). Jokaxure, uro

(AAB)AC = AA(BAC).

OTobpakeHnss MHO>KECTB

13.

14.

Hokazarh, ato ecan MuHOkecTBa A\ B 1 B\ A paBHOMOIIHBI, TO U MHO-
xecTBa A nB paBHOMOIIIHBI.

ITycTh MOIIHOCTH KOHEYHOro MHOXKecTBa A papHa n. KakoBa MOIIHOCTH
MHOZKECTBa, 20 BCeX ero MoaMHOMKECTB (BKTIOTasd caMo MHOXKECTBO A u
[IyCTOE MHOXKECTBO)?

KoHcTpyKItnu MHO>KECTB

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Jokazarb, 970 MHO2KeCTBO X KOHEYHO B TOM U TOJIBKO B TOM CJIydae, eciiu
OHO HE PABHOMOIIIHO HUKAKOMY CBOEMY COOCTBEHHOMY IIOAMHOYKECTBY.

,Z[OKHB&TI), 9TO BCAKOe€ IIOAMHO2KECTBO CHETHOI'O MHOZKECTBA ABJIAETCA CHET-
HBIM MHOXKECTBOM.

JlokazaThb, 9TO B KarXK/I0M OECKOHETHOM MHOYKECTBE CYIIECTBYET OECKOHed-
HOE CYeTHOe MOIMHOXKECTBO.

Hokazars, aro Kaxnoe 6eCKOHETHOE CIeTHOE MHOKECTBO MOXKHO IIPEICTa-
BUTh KaK HECBS3HOE O0beJMHEHNE JIBYX HEMEPeCceKaroMuXcs OECKOHETHBIX
(TO’KE CUETHBIX) IIOJMHOKECTB.

JokazaTh, 910 MHOKeCTBO (Q parmoOHATIBHBIX IHUCET CIETHO.

Jlokazarb, 9TO ecii W — CYeTHbIE MHOYKECTBA, TO UX oObenunerne A U
— CYeTHOe MHOXKEeCTBO.

Jokazarb, 910 00beMHEHNE CIETHOIO CEMEHCTBA CIETHBIX MHOXKECTB €CTh
MHO2KECTBO CHeTHOe.

HokazaTb, 9TO ec/im MHOXKeCTBAa X 1 Y CYETHBI, TO JEKAPTOBO IIPOU3BE-
nenne X X Y TOxKe CUETHO.

JlokazaTh, 9TO MHOYKECTBO MHOTOUJIEHOB C PAIMOHAJILHBIMUA KO3 PUIN-
eHTaMM He 0oJiee YeM CUETHO.

Jlokazarb, YTO MHOYKECTBO ajrebpanvecKnx duces He 6ojee YeM CUIeTHO.

[Tokazarsk, aTo ecu otobpazkenue f : X —Y CIOpBEKTUBHO, 8 MHOKECTBO
X cuerHo, TO Y He 0ojiee YeM CUETHO.
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26.

27.

28.
29.

30.

31.
32.

[Tokazarb, 4ro eciu orobpaxkenue [ : X —Y MHBEKTUBHO, 8 MHOXKECTBO
Y cuerno, To X He Gojiee 4eM CUETHO.

HOKaBaTb, YTO €CJIM MHOKECTBO X CYETHO, TO MHO>KECTBO BCEX KOHEYHBIX
IIOAMHO?KECTB B X TOXKE CUeTHO.

IIOKaBaTb7 YTO MHOZKECTBO BEHICCTBEHHBIX YHUCEJI HECYETHO.

Jlokazarb, 9To eciiu X — HECUYETHOE MHOYXKECTBO, 8 A — ero CU4eTHOe MoI-
MHOXKeCTBO, TO #(X \ 4) = #(X).

Ha nocxoctu R? paccemans! "knonkn'"6e3 mepecedenuil, T.e. TaKue II0J-
MHOKECTBA, KaXKJI0e U3 KOTOPBIX COCTOUT U3 OObEINHEHNS TPEX OTPE3KOB
¢ obmuM HaganoM. Jlokasarb, 4TO ceMeiicTBO Takux "KHONOK'"He OoJiee
YEM CUETHO.

HOKaBaTb, 4YTO MHOZKECTBO UPPalMOHAJIbHBIX YUCEJI HECHETHO.

HOKaBaTb, 9YTO MHOXKECTBO TPAHCHEHAECHTHDLIX 1UCeJI HECHETHO.

Crmcok urepaTyphl

[1] Anekcangpos [1.C. Bsedenue 6 meopuio MHOHCECTE U 06ULYIO MONOA02UIO,

"Hayka Mocksa, 1977

[2] Muwenko A.C., Conosbes .M., Pomenko A.T. Coopruk 3adan no dugdde-

PeRUUANLHOT 2eomempuu u monoaozuu, Mocksa, 2000

[3] O.4.Bupo n gp. Saemenmapras monosozus,

21



