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Mathematics of Finance and Investment

Study Notes

SUMMARY: This module provides a grounding in mathematical models in finance and
investment and their simple applications. It is based on the material covered by the Subject CT1
(Financial Mathematics) of The Institute and Faculty of Actuaries (UK). Many theoretical
concepts are illustrated and introduced through solving of carefully selected problems from the

past professional actuarial exams.
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Unit 10

Unit 11

Unit 12

Unit 13

Unit 14

Syllabus

Generalised cashflow model: a zero coupon bond, a fixed interest security, an index-
linked security, cash on deposit, an equity, an “interest only” loan, a repayment loan,
and an annuity certain. Cash flow diagram.

Interest rates: simple interest, compound interest (the principle of consistency).
Accumulation factor. Discount rates. Equivalent rates. Day count conventions.

Inflation. Real and money interest rates. Fisher’s formula.

Nominal rates of interest and discount. Force of interest as i . Continuous models.

The time value of money: the present value of a future payment, present values of
cashflows (discrete, continuously payable).

Annuities certain: present values and accumulations. Deferred annuities. Perpetuities.
. . .o - . .(p) (p)
Formulae for ag, S A S an g intermsof i, v, n, d, &, i*”and d'".

m|

Annuities payable pthly. Formulae for al?, s, &lP &P al) 5P)in terms
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Varying annuities (increasing, decreasing). Formulae for (la),, (1&), and the

respective deferred annuities in terms of i, v, n, d, &, a and .

Continuously payable annuities. Formulae for a., s, m‘ém. Continuously payable

increasing annuities. Formulae for (IE), ,(Ta), .
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The equation of value. IRR. Numerical calculation.

Loan schedule. Calculating the capital outstanding. Prospective loan calculation.
Retrospective loan calculation. Calculating the interest and capital element of the
repayments. Consumer credit: flat rates and APR.

Project appraisal. Payback period, discounted payback period. NPV. Accumulated
value. The comparison of two investment projects. Different interest rates for lending
and borrowing.

Measurement of investment performance. Money weighted rate of return. Time
weighted rate of return. Linked internal rate of return.

Bonds: maturity date, coupon, coupon rate, coupon period, quasi-coupon period, par
value, etc. Government, municipal, corporate bonds. Eurobonds. Certificate of
deposit. Yield to redemption and price. Clean and dirty price, accrued interest.
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Unit 15  Approximations for the YTM: simple yield to maturity, average rate of interest to
maturity, flat yield.

Unit 16  The “No Arbitrage” assumption and forward contracts. Term structure of interest
rates. Yield curve.

Unit 17  Stochastic interest rate models (independent annual rates of return). The log-normal
distribution for the variable (1+1i,) .
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Mathematics of Finance and Investment
Lecturer: Professor Gennady Falin

Unit 1

Generalised cashflow model: a zero coupon bond, a fixed interest security, an index-linked security, cash
on deposit, an equity, an “interest only” loan, a repayment loan, and an annuity certain. Cash flow
diagram.

The most important financial terms:

translation into Russian, pronunciation
([pre, nan(t)sr'e1f(a)n] nponsHoLleHne, PoHeTHYECKasa TPAHCKPUNLUUSA)

lend [lend] ogamxmBaTb, JaBaTb B3anMbl
Oxford Dictionary: grant to (someone) the use of (something) on the understanding that it will be
returned: Banks will only lend out money at a high rate of interest.

credit ['kredrt] kpeanToBaTb, BblgaBaTb KPEAUT; KPEAUT, 3a4NCNUTb AEHbIM Ha CYET B BaHke
Collins: When a sum of money is credited to an account, the bank adds that sum of money to the
total in the account. Interest is calculated daily and credited once a year, on 1 April.

invest [1n'vest] MHBeCTUpoBaTb, BKNaabliBaTb OEHLIM
Oxford Dictionary: put (money) into financial schemes, shares, property, or a commercial venture
with the expectation of achieving a profit. The company is to invest £12 m in its manufacturing
site.

lender ['lenda] 3aMmogaseL, (4enoBek/opraHnsaund, KOTopbl 4aéT AeHbrn B JOIT)
creditor ['kred1ite] — kpeauTop (3anmofaBeL, B criydyae KpeauTHoOro gorosopa: 6aHk wunu gpyras
KpeauTHasa opraHusaums).
Collins: Your creditors are the people who you owe money to.
investor [1In'vesta] Bknagyuk, MHBECTOP
Collins: An investor is a person or organization that buys stocks or shares, or pays money into a
bank in order to receive a profit. The main investor in the project is LloydsTSB.
depositor [d1'pozita]/ customer ['kastoma] Bknagumk/knueHT 6aHka
Oxford Dictionary: Depositor is a person who keeps money in a bank or building society account.

borrow ['borau] — 3aHumaTb, 6paTb B gonr, 6paTb Ha BpeMs
You can borrow some money from me without paying interest.
borrowing ['borauin] ogamkneaHvue, 3anMcTBOBaHue
Oxford Dictionary: The group had total borrowings of $570 million.
borrower ['boraus] — 3aémLuumk (YenoBeka/opraHnsauns, KOTopbln 6epET AeHbr B 4OMr)
debt [det] — gonr (cymma geHer, KOTOPYH Bbl JOSMKHbI BbINNaTUTD)
Oxford Dictionary: | paid off my debts.
debtor ['deta] gOMKHMK unu geduTop (YenoBek, KOTOPbI LOIMKEH OEHbIN)
loan [laun] — 3aém, ccyaa (cymma geHer, KOTOpyLo Bbl B3ANu B 4OII)
Oxford Dictionary: a thing that is borrowed, especially a sum of money that is expected to be paid
back with interest. Collins: The president wants to make it easier for small businesses to get bank
loans.
to float a loan — pa3meniars 3aém, Opath B 10T
to raise a loan — cuenath 3aém
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to negotiate a loan — moroeapuBaThcs 00 yCIOBUAX 3aiimMa

to get / receive a loan — mony4uTh cCyay

to make a loan — B3sTh ccyay

to pay off / repay a loan — BepHyTb ccyay to secure a loan — obecreduTsb cCyay

loan [leun] (chiefly in US) synonym ['stnanim] for lend: gaBaTb B3alimbl; ogamkmBaTb, CCyXKaTb
Oxford American Dictionary: The word processor was loaned to us by the theater. He knew Rob
would not loan him money.

owe [au] — 6bITb OSMKHBIM
You owe me £5 for the taxi
[.0.U. — ponroeas pacnucka (borrower's note — nucbMeHHOE MOATBEPIKACHHUE JODKHHUKOM HATHYUS
nonra. Beimaetres kpeauropy; Ot "l Owe [au] You" =" f tebe nomken")
issue ['1fu: ], ['Isju:] — BbINYCK, AMUCCUS; BbINYCKaTb, U3gaBaTb; NyckaTb B oOpalleHne
float [flout] — (0ObruHoO: mIaBaTh) (3K) BbINYCKaTh (3@éM, akummn); pasmeLaTb (3aéM, akumm)

principal ['prinsip(s)l] ocHoBHas cymma, kanutan (Cymma, Ha KOTOPYH HauYMCNSATCS NPOLEHTbI)

cyMMma 3anma (Cymma, KOTOpYHo 3arMofaBeL, O40MKMA 3aéMLLNKY)
Oxford Dictionary: a sum of money lent or invested, on which interest is paid. The winners are
paid from the interest without even touching the principal.

interest ['Int(e)rist]-UK, ['Int(e)rost]-US npoLeHTHbIN A0X0A, MPOLEeHTbI
Collins: Interest is extra money that you receive if you have invested a sum of money. Interest is
also the extra money that you pay if you have borrowed money or are buying something on
credit. Does your current account pay interest?

percent [pa(r)'sent] npoueHT (coTasa gons)

rate of interest npoueHTHasn cTaBka

earn [8:n] — 3apabaTbiBaTh, NONy4aTb 4OX04, NPUHOCUTbL 40X0A,.
Collins: If you earn money, you receive money in return for work that you do. If something earns
money, it produces money as profit or interest. ...a current account which earns little or no

interest...

accumulation [e kju:mja'le1f(a)n] HakonneHue (cymma, nonyvyeHHasi Npu Bo3pare 3anma)

pay off [pe1 of] (repay, return) — BeinnaymBaTh, BO3BpaLLaTh (3aéM, 4ONr)

Collins: If you pay off a debt, you give someone all the money that you owe them.
redeem [r1'di:m] BbINnna4meatb (4onr)

Oxford Dictionary: (in finance) repay (a stock, bond, or other instrument) at the maturity date
redemption [r'demp](a)n] norawweHune (gonra)
mature [ma’tjus'] [ma'fus] 3penbiit; (3x) Noagnexalmin onnarte (BBUOY HACTYNUBLLETO CPOKa)
maturity [ma’tjuariti] [ma'fusratr] cnenoctb, 3penocTb; (k) NOAOLIEAWNA, HACTaBLUMA CPOK
nnarexa

Oxford Dictionary: (in finance) When an investment such as a savings policy or pension plan
reaches maturity, it reaches the stage when you stop paying money and the company pays you back the
money you have saved, and the interest your money has earned. Customers are told what their policies
will be worth on maturity, not what they are worth today... Treasury bonds have maturities that extend out
as far as 25 years or more.
redemption date = maturity date geHb noraweHus 3anma, odnurauumn
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Cash on deposit, Bank Deposits
OaHKOBCKUM Aeno3nT; 0aHKOBCKUIM BKNaz,

Term Deposit is when money is invested for a fixed period of time at a fixed rate of interest

which applies for the duration of the term.

Lloyds TSB. Account name: Online Fixed Bonds

e With this account you put your money away for fixed terms of 1 or 3 years. The minimum
deposit is £2,000, and the maximum deposit is £1,000,000.

e The interest rate is fixed for the term of the account. 1.40% gross/AER fixed on balances of
£50,000+ (1.20% gross/AER fixed on balances of £2,000 to £49,999) for a 3 year term.
Interest is paid net of basic rate income tax. Interest will only be paid gross on tax-free
accounts or if you are registered with us as unlikely to pay tax on your savings income.

e You have ten working days from opening to make payments into the Account. After that,
additional deposits will not be accepted. There is no cancellation period once the account
has been funded.

e At least 30 days before the end of the term, we’'ll write to you asking for instructions about
what you would like us to do with your Online Fixed Bond account. At maturity you can
choose to pay your savings into another account, or into another Online Fixed Bond account.
If we don’t hear from you, your account will automatically change to a Standard Saver
account.

Individual Savings Account (ISA, in the UK) — a scheme allowing individuals to hold cash,
shares, and unit trusts free of tax on dividends, interest, and capital gains

Lloyds TSB. Account name: Investment ISA This is a way to grow your investments
over time without paying any tax on your returns. This is because you won’t be taxed on any
returns you make on your investments within an ISA. The government sets an annual limit to the
amount you can invest in an ISA. In this tax year (2015/2016) the limit is £15,240 which can be
split however you want across a Cash ISA and an Investment (Stocks and Shares) ISA.

Your money are grouped with lots of other investors' money, which then are invested in
a mixture of different assets, for example: shares (also known as equities), bonds and (also
known as fixed interest securities), and property. Each fund holds different amounts of these
three types of assets, which determines the associated level of risk. LloydsTSB offers a choice
of three managed funds to invest in, each offering a different level of risk and potential return:
lower, medium or higher.

Medium risk — medium return fund The fund managers will typically invest in a mixture of
lower risk and higher risk assets: shares 51%, bonds and gilts 39%, property 10%.
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Cash flow diagram

diagram ['datagraem] gnarpamma; rpadmk; cxema

(Oxford Dictionary) a simplified drawing showing the appearance, structure, or workings of
something; a schematic representation; synonym ['stnanim] cuHoHum drawing ['dro:1n], to draw
a diagram — Ha4epTuUTb guarpammy

cash flow ['kae[ flou] — oEeHEXHbIN NOTOK; ABMXEHNE OEHEXHON HANTMYHOCTU

(Oxford Dictionary) the total amount of money being transferred into and out of a business,
especially as affecting liquidity,

(Collins) The cash flow of a firm or business is the movement of money into and out of it.

A cash flow diagram represents the flow of cash as arrows ['aerau] on a time line scaled to the
magnitude of the cash flow, where expenses are down arrows and receipts are up arrows. Year-
end convention: expenses occurring during the year are assumed to occur at the end of the
year.

Example. An investor deposits 1000 with a bank for 3 years. The bank credits interest on the
account using simple rate of interest 10% (net of tax) per annum effective. The cash flow
diagram for this project ['prodzekt] is shown below.

1100 [ A at maturity the
bank returns the
initial deposit

account holder receives interest

100 - e
0 i 2' 3 time
term of the
deposit

account holder opens a bank
_1000 i account and makes a
deposit of 1000 cash
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“Interest only” Loan

(CT1 Study Notes) An “interest-only” loan is a loan that is repayable by a series of interest
payments followed by a return of the initial loan amount. In the simplest of cases, the cashflows
are the reverse of those for a fixed interest security. The provider of the loan effectively buys a
fixed interest security from the borrower. In practice, however, the interest rate need not be fixed
in advance. The regular cashflows may therefore be of unknown amounts. It may also be
possible for the loan to be repaid early. The number of cashflows and the timing of the final
cashflows may therefore be uncertain.

(Investopedia) Interest-Only Mortgage A type of mortgage in which the mortgagor is only
required to pay off the interest that arises from the principal that is borrowed. Because only the
interest is being paid off, the interest payments remain fairly constant throughout the term of the
mortgage. However, interest-only mortgages do not last indefinitely, meaning that the mortgagor
will need to pay off the principal of the loan eventually. Interest-only mortgages can be useful for
first-time home buyers because it allows young people to defer large payments until their
incomes grow. At the end of the interest-only mortgage term, the borrower has a couple of
options. He or she can either renew the interest-only mortgage or repay it through standard
means, such as entering into a normal mortgage and liquidating investments.

mortgage ['mo:gid3] — unoteka (Oxford Dictionary) a legal agreement by which a bank,
building society, etc. lends money at interest in exchange for taking title of the debtor's property,
with the condition that the conveyance of title becomes void upon the payment of the debt

mortgage (Investopedia) A debt instrument, secured by the collateral of specified real estate
property, that the borrower is obliged to pay back with a predetermined set of payments.
Mortgages are used by individuals and businesses to make large real estate purchases without
paying the entire value of the purchase up front. Over a period of many years, the borrower
repays the loan, plus interest, until he/she eventually owns the property free and clear.
Mortgages are also known as "liens against property" or "claims on property." If the borrower
stops paying the mortgage, the bank can foreclose. In a residential mortgage, a home
buyer pledges his or her house to the bank. The bank has a claim on the house should the
home buyer default on paying the mortgage. In the case of a foreclosure, the bank may evict
the home's tenants and sell the house, using the income from the sale to clear the mortgage
debt.

Mortgages come in many forms. With a fixed-rate mortgage, the borrower pays the same
interest rate for the life of the loan. Her monthly principal and interest payment never change
from the first mortgage payment to the last. Most fixed-rate mortgages have a 15- or 30-year
term. If market interest rates rise, the borrower’s payment does not change. If market interest
rates drop significantly, the borrower may be able to secure that lower rate by refinancing the
mortgage. A fixed-rate mortgage is also called a “traditional" mortgage.

With an adjustable-rate mortgage (ARM), the interest rate is fixed for an initial term, but
then it fluctuates with market interest rates. The initial interest rate is often a below-market rate,
which can make a mortgage seem more affordable than it really is. If interest rates increase
later, the borrower may not be able to afford the higher monthly payments. Interest rates could
also decrease, making an ARM less expensive. In either case, the monthly payments are
unpredictable after the initial term.

Other less common types of mortgages, such as interest-only mortgages and payment-
option ARMs, are best used by sophisticated borrowers. Many homeowners got into financial
trouble with these types of mortgages during the housing bubble years.
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Repayment Loan

(CT1 Study Notes) A repayment loan is a loan that is repayable by a series of payments
that include partial repayment of the loan capital in addition to the interest payments. In its
simplest form, the interest rate will be fixed and the payments will be of fixed equal amounts,
paid at regular known times. The cashflows are similar to those for an annuity certain. As for
the “interest-only” loan, complications may be added by allowing the interest rate to vary or the
loan to be repaid early. Additionally, it is possible that the regular repayments could be specified
to increase (or decrease) with time. Such changes could be smooth or discrete. It is important to
appreciate that with a repayment loan the breakdown of each payment into “interest’” and
“capital” changes significantly over the period of the loan. The first repayment will consist almost
entirely of interest and will provide only a very small capital repayment. In contrast, the final
repayment will consist almost entirely of capital and will have a small interest content.

repayment mortgage ['mo:gidg] Oxford Dictionary: a mortgage in which the borrower
repays the capital and interest together in fixed instalments over a fixed period

Annuity certain

annuity [8'n(j)u:Itr] — exxerogHasa peHTa, exxerogHas Bbinnarta
Oxford Dictionary: a fixed sum of money paid to someone each year, typically for the rest of life

certain ['s3:t(e)n] — TouHbINA, onpeaenénHbli. Syn: fixed

(CT1 Study Notes) An annuity certain provides a series of regular payments in return for
a single premium (i.e. a lump sum) paid at the outset. The precise conditions under which the
annuity payments will be made will be clearly specified. In particular, the number of years for
which the annuity is payable, and the frequency of payment, will be specified. Also, the payment
amounts may be level or might be specified to vary — for example in line with an inflation index,
or at a constant rate.

The cashflows for the investor will be an initial negative cashflow followed by a series of
smaller regular positive cashflows throughout the specified term of payment. In the case of level
annuity payments, the cashflows are similar to those for a fixed interest security. From the
perspective of the annuity provider, there is an initial positive cashflow followed by a known
number of regular negative cashflows.
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Equity [‘ekwati]

(06bIKHOBEHHaS) aKums

equities [ekwrttiz] (Syn: ordinary shares) Equities are shares in a company that are owned by
people who have a right to vote at the company's meetings and to receive part of the company's
profits after the holders of preference shares have been paid

share [[es] ponsa, 4actb, akuusa; ponsa, nauw (ordinary shares -- 00OblyHble akumMn (B
NPOTMBOMOMOXHOCTb NPUBUNETNMPOBaHHBIM akuusaMm; preference shares -- npusmnerMpoBaHHble
aKkunm; akummn ¢ PUKCMpOBaHHbIM AMBUOEHOOM)

stock [stok] 3anac

stocks akumm (US) the shares of a particular company, common stock — 0O6bl4HblE,
HenpuBUNErMpoBaHHbIE aKLmmn

stocks (in the UK!!) rapaHTupoBaHHble LeHHble Oymarm (0OblMHO rocygapcTBeHHble, fixed-
interest loan securities issued by the UK government) = government gilt-edged stocks = bonds

(LloydsTSB Glossary) Share is a “unit of ownership” in a company that is offered for sale
to investors. It is also reffered to as a “stock”or “equity”. When you buy a share, you become a
part owner of the company.

(CT1 Study Notes) Equity shares (also known as shares or equities in the UK and as
common stock in the USA) are securities that are held by the owners of an organisation. Equity
shareholders own the company that issued the shares. For example if a company issues 4,000
shares and an investor buys 1,000, the investor owns 25 per cent of the company. In a small
company all the equity shares may be held by a few individuals or institutions. In a large
organisation there may be many thousands of shareholders.

Equity shares do not earn a fixed rate of interest as fixed interest securities do. Instead
the shareholders are entitled to a share in the company’s profits, in proportion to the number of
shares owned.

The distribution of profits to shareholders takes the form of regular payments of
dividends. Since they are related to the company profits that are not known in advance,
dividend rates are variable. It is expected that company profits will increase over time. It is
therefore expected also that dividends per share will increase — though there are likely to be
fluctuations. This means that in order to construct a cashflow schedule for an equity it is
necessary first to make an assumption about the growth of future dividends. It also means that
the entries in the cashflow schedule are uncertain — they are estimates rather than known
guantities.

In practice the relationship between dividends and profits is not a simple one.
Companies will, from time to time, need to hold back some profits to provide funds for new
projects or expansion. Companies may also hold back profits in good years to subsidise
dividends in years with poorer profits. Additionally, companies may be able to distribute profits in
a manner other than dividends, such as by buying back the shares issued to some investors.

Since equities do not have a fixed redemption date, but can be held in perpetuity, we
may assume that dividends continue indefinitely (unless the investor sells the shares or the
company buys them back), but it is important to bear in mind the risk that the company will fail,
in which case the dividend income will cease and the shareholders would only be entitled to any
assets which remain after creditors are paid. The future positive cashflows for the investor are
therefore uncertain in amount and may even be lower, in total, than the initial negative cashflow.
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Fixed-Interest Security = Bond
LeHHasa bymara ¢ hMKCMpOBaHHOW NPOLIEHTHOM CTaBKOM (C OMKCMPOBAHHBIM SOXO40M)

bond [bond] — obnurauusa (Oxford Dictionary: a certificate issued by a government or a public
company promising to repay borrowed money at a fixed rate of interest at a specified time)

coupon ['ku:pon]— kynoH; (OTPbIBHOM WU OTPE3HOW) TarOH; OTPE3HOWN TaroH Y LieHHbIX Bymar Ha
nony4yeHne Joxona, NPOLEHTOB C HUX; 40X04 NO LeHHbIM Gymaram, (OUKCUPOBaHHbIA MPOLEHT

Oxford Dictionary: A coupon is: *a piece of printed paper which allows you to pay less money
than usual for a product, or to get it free; * the nominal rate of interest on a fixed-interest security

(CT1 Study Notes) A body such as an industrial company, a local authority, or the
government of a country may raise money by floating a loan on the stock exchange. In many
instances such a loan takes the form of a fixed interest security, which is issued in bonds of a
stated nominal amount. The characteristic feature of such a security in its simplest form is that
the holder of a bond will receive a lump sum of specified amount at some specified future time
together with a series of regular level interest payments until the repayment (or redemption) of
the lump sum. The investor has an initial negative cashflow, a single known positive cashflow on
the specified future date, and a series of smaller known positive cashflows on a regular set of
specified future dates.

(LIoysTSB Glossary) Bond (Fixed Income Investments) Essentially an ‘[.O.U’ issued to
an investor in return for the loan of their investment capital. Offered by governments, companies
or local authorities as a way of raising funds without issuing extra shares, bonds usually promise
to pay a fixed amount of interest on set dates usually twice yearly until maturity (see Coupon),
when the loan is usually repaid in full depending on the creditworthiness and ongoing financial
stability of the borrowing entity. As bonds can be traded on the stock market, their prices
fluctuate, even though they may have a fixed repayment value at maturity.

F —face value

A
Coupons
Cl CZ C3 Cn—1 Cn
issue date
(trade date)
coupon dates/periods redemption
v
P —price
of the bond

government ['gAav(a)nmant] bonds — rocygapcTBeHHble ob6nuraumm
municipal [mju:'nisip(a)l] bonds = munis ['mju:niz] MyHMUMNanbHble 06nUraummn (BbiMycKakTCs
MECTHbIMW OpraHamMu BnacTtm)

Oxford Dictionary: (chiefly in the US) a security issued by or on behalf of a local authority
corporate ['ko:p(e)ret] bonds — kopnopaTuBHble o6nUraumMn (BbIMyCKaKOTCA YaCTHbIMU
KOMMaHUsMN)
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Bonds issued by
US Department of the Treasury ['tre3ari] (MuHucrepcteo ¢puHaHCOB
CLWA)

o treasury ['tra3z(e)r1] bill = T-bill — ka3Hauelickuli gekcesib (eCn CPOK A0 MOralleHns He
Oonblwe roga; cTtaHgapTHble cpoku: 4, 13, 26 unn 52 Hegenn — 310 GeckynoHHas
obnuraums)

e treasury note = T-note — ka3Hayelckuti burnem (ecnun cpok Ao noraiwueHnst ot roga go 10
neT; cTaHgapTHble cpoku: 2, 3, 5, 7 n 10 neT — 310 obnmraums ¢ NoyrogoBbIM KYyNnoHOM)

e treasury bond = T-bond — ka3Hauelickaa obnuzayusi (€cnvn cpok 4O noraweHns GonbLue
10 nert; ctaHaapTHbIN cpok — 30 neT — 310 obnurauus ¢ NONyroaoBbIM KyroHOM)

UK Government bond = Gilts

gilt [g1lt] no3onoTa, N030N0YEHHbIN

gilt-edged ['g1lted3d] c 3on0TbIM 06pPE30M, NEPBOKIACCHbLIW, NyYLLEro KayecTBa

gilts = gilt-edged securities = gilt-edged stocks = stocks (in the UKI!!!) rapaHTUpOBaHHbIE
LeHHble 6ymaru (rocygapctBeHHble, fixed-interest loan securities issued by the UK government)

A Private Investor’s Guide to Gilts. The United Kingdom Debt Management Office 4th Edition,
December 2004:

Gilts are marketable securities issued by Her Majesty’s Government through the UK
Debt Management Office (DMO) — an Executive Agency of HM Treasury. The name ‘Gilts’ is
short for ‘Gilt-edged stock’. The market has given this name to British Government securities
because of their reputation as one of the safest investments.

‘Treasury Stock’ is the name given to the gilt when it was first issued. Gilts have a variety
of names — Treasury Stock, Exchequer [1kstfeka(r)] Stock, Conversion Stock, War Loan and
Consolidated Stock. The names have no significance as far as the underlying obligation to
repay is concerned. All new gilts issues in recent years have been named ‘Treasury Stock’.

A conventional gilt represents a guarantee by the Government to pay the holder a fixed
cash interest payment (half of the coupon) every six months (three ‘rump’ gilts pay coupons
quarterly) until the bond matures. On maturity the holder receives the final coupon payment and
the nominal capital amount invested. A conventional gilt is denoted by its annual coupon rate
and maturity (e.g. 5% Treasury Stock 2014). The coupon rate usually reflects the market
interest rate at the time of first issue of the gilt.

guotation [kwa'texf(a)n] — koTUpPOBKa
(ycTaHoBreHue ueH Ha ToBapsbl, LeHHble Bymaru n 1.4. Ha onpeaenéxHHyo aaTty B COOTBETCTBUM
C PbIHOYHOW KOHBIOHKTYPOW)

http://www.bloomberg.com/markets/ 12 November 2014

Treasury | Coupon | Maturity | Price/Yield Time
U.K. Government Bonds

2-Year 4.00 2016-09-07 106.13/0.60 10:23:30

10-Year 2.75 2024-09-07 105.05/2.18 10:30:53

30-Year 3.25 2044-01-22 106.72/2.91 10:41:26

The first row means: U.K. Government Bond with the term to maturity = 2 years and face value
F=£100 will be redeemed on 7 September 2016 roga. The bond pays semi-annual coupon at
the rate c=4.00% (i.e. C=£2.00 every half-year). The bond can be bought at the time specified
(12 November 2014 at 10h23min30sec New York Time at P=£106.13. The yield to maturity
equals 0.60% per annum.
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NESTLE FINANCE INTERNATIONAL LTD.
Issue of EUR 500,000,000 2.125 per cent. Notes due 10 September 2021 (the Notes)

PART A — CONTRACTUAL TERMS

1. (a) Issuer: Nestlé Finance International Ltd. (b) Guarantor: Nestlé S.A.
3. Specified Currency: Euro (“EUR”)
4. Aggregate Nominal Amount: (a) Series: EUR 500,000,000 (b) Tranche: EUR 500,000,000
5. Issue Price: 99.709 per cent. of the Aggregate Nominal Amount
6. (a) Specified Denominations: EUR 1,000
(b) Calculation Amount: EUR 1,000
7. (a) Issue Date: 12 September 2013
(b) Interest Commencement Date: Issue Date
8. Maturity Date: 10 September 2021
9. Interest Basis: 2.125 per cent. Fixed Rate

PROVISIONS RELATING TO INTEREST (IF ANY) PAYABLE
15. Fixed Rate Note Provisions: Applicable

(a) Rate(s) of Interest: 2.125 per cent. per annum payable in arrear on each Interest
Payment Date. The first Fixed Interest Period shall be the period commencing on, and
including, the Interest Commencement Date and ending on, but excluding, 10
September 2014 (short first coupon).

(b) Interest Payment Date(s): 10 September in each year from, and including, 10 September
2014 up to, and including, the Maturity Date, adjusted in accordance with the Following
Business Day Convention, Additional Business Centres for the definition of “Business
Day” being Zurich and London, in addition to a day on which the TARGET2 System is
open, with no adjustment for period end dates.

(c) Fixed Coupon Amount(s): EUR 21.25 per Calculation Amount (applicable to the Notes in
definitive form) and EUR 10,625,000.00 per Aggregate Nominal Amount of the Notes
(applicable to the Notes in global form), payable on each Interest Payment Date, except
for the amount of interest payable on the first Interest Payment Date falling on 10
September 2014.

(d) Broken Amount(s): EUR 21.13 per Calculation Amount (applicable to the Notes in
definitive form) and EUR 10,566,780.82 per Aggregate Nominal Amount of the Notes
(applicable to the Notes in global form), payable on the Interest Payment Date falling on
10 September 2014.

(e) Day Count Fraction: Actual/Actual (ICMA)

PROVISIONS RELATING TO REDEMPTION
18. Issuer Call Option: Not Applicable
19. Investor Put Option: Not Applicable
20. Final Redemption Amount: EUR 1,000 per Calculation Amount

PART B — OTHER INFORMATION

5. YIELD (Fixed Rate Notes Only)
Indication of yield: 2.165 per cent. annually

7. OPERATIONAL INFORMATION
(1) ISIN: XS0969795680
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Zero-Coupon Bond
obnurauus ¢ HyneBbIM KynoHOM, GeckyrnoHHasi obnuraums

(CT1 Study Notes) The term “zero-coupon bond” is used to describe a security that is simply a
contract to provide a specified lump sum at some specified future date. For the investor there is
a negative cashflow at the point of investment and a single known positive cashflow on the
specified future date.

(Investopedia) A debt security that doesn't pay interest (a coupon) but is traded at a deep
discount, rendering profit at maturity when the bond is redeemed for its full face value. Some
zero-coupon bonds are issued as such, while others are bonds that have been stripped of their
coupons by a financial institution and then repackaged as zero-coupon bonds. Because they
offer the entire payment at maturity, zero-coupon bonds tend to fluctuate in price much more
than coupon bonds.

(US Securities and Exchange Commission) Zero coupon bonds are bonds that do not pay
interest during the life of the bonds. Instead, investors buy zero coupon bonds at a deep
discount from their face value, which is the amount a bond will be worth when it "matures" or
comes due. When a zero coupon bond matures, the investor will receive one lump sum equal to
the initial investment plus the imputed interest, which is discussed below.

The maturity dates on zero coupon bonds are usually long-term—many don’t mature for
ten, fifteen, or more years. These long-term maturity dates allow an investor to plan for a long-
range goal, such as paying for a child’s college education. With the deep discount, an investor
can put up a small amount of money that can grow over many years.

Investors can purchase different kinds of zero coupon bonds in the secondary markets
that have been issued from a variety of sources, including the U.S. Treasury, corporations, and
state and local government entities.

Because zero coupon bonds pay no interest until maturity, their prices fluctuate more
than other types of bonds in the secondary market. In addition, although no payments are made
on zero coupon bonds until they mature, investors may still have to pay federal, state, and local
income tax on the imputed or "phantom" interest that accrues each year. Some investors avoid
paying tax on the imputed interest by buying municipal zero coupon bonds (if they live in the
state where the bond was issued) or purchasing the few corporate zero coupon bonds that have
tax-exempt status.
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Index-Linked Bond

index-linked (Oxford Dictionary): adjusted according to the value of a retail price index

(CT1 Study Notes) With a conventional fixed interest security the interest payments are
all of the same amount. If inflationary pressures in the economy are not kept under control, the
purchasing power of a given sum of money diminishes with the passage of time, significantly so
when the rate of inflation is high. For this reason some investors are attracted by a security for
which the actual cash amount of interest payments and of the final capital repayment are linked
to an “index” which reflects the effects of inflation. Here the initial negative cashflow is followed
by a series of unknown positive cashflows and a single larger unknown positive cashflow, all on
specified dates. However, it is known that the amounts of the future cashflows relate to the
inflation index. Hence these cashflows are said to be known in “real”’ terms. Note that in practice
the operation of an index-linked security will be such that the cashflows do not relate to the
inflation index at the time of payment, due to delays in calculating the index. It is also possible
that the need of the borrower (or perhaps the investors) to know the amounts of the payments in
advance may lead to the use of an index from an earlier period.

(Investopedia) A bond in which payment of income on the principal is related to a
specific price index - often the Consumer Price Index. This feature provides protection to
investors by shielding them from changes in the underlying index. The bond's cash flows are
adjusted to ensure that the holder of the bond receives a known real rate of return. In Canada,
they also referred to as "real return bonds." This type of bond is valuable to investors because
the real value of the bond is known from purchase and the risk involved with uncertainty is
eliminated. These bonds are also less volatile than nominal bonds and they help investors to
maintain their purchasing power. For example, assume that you purchase a regular bond with a
nominal return of 4%. If inflation is 3%, you will actually only receive 1% in real terms. On the
other hand, if you buy an index-linked bond your cash flow will be adjusted to changes in
inflation and you will still receive the full 4% in returns.
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Mathematics of Finance and Investment
Lecturer: Professor Gennady Falin

Unit 2

Interest rates: simple interest, compound interest (the principle of consistency). Accumulation factor.
Discount rates. Equivalent rates. Day count conventions.

lender
lender repay of interest |
0~::'.'_—:— __________________________________________ |
repay of
principal P principal P
borrowerV term borrower
t t, time

The effective [1'fekt1v] rate of interest = rate of return for the period [t,;t,]:i =IE

Assume that at time t, a person, organization (the lender) lent some amount of money

P (we will refer to this as a principal) to other person, organization (the borrower}) and both
parties agree that the loan must be paid off in some period of time h, i.e. at time t, =t, +h.In

other applications we may say that a customer deposits some money into his savings account,
or an investor invests his capital/buys some securities, etc.

It is generally accepted that the lender should receive an amount A (accumulation)
which is greater than P . The additional amount | = A—P (the interest) is a reward to the
lender for the use of his capital. The addition of interest to the principal is called compounding
(cocTaBneHue; cMeLlmnBaHue).

The interest is usually expressed in relative terms as a ratio | :E. This ratio is said to

be the rate of interest, or to be more exact, the effective rate of interest (to distinguish from the
nominal rates of interest which will be introduced later). Sometimes the rate of interest is called
the rate of return.

i:LP<:>I —iP<o A=P+1=(1+i)P

To draw the importance of the interval [t,,t], the rate of interest is said to be the
effective rate of interest for this period.

Accumulation Factor
A=(1+1)-P< A=kP, where k=1+i is the accumulation factor (for the period)
The force of interest
A=P-(1+i)' =P-e"™" =p.e”, where § =In(l+i) is the force of interest
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Simple and Compound Interest

Assume that the principal P can be invested into two successive intervals: [t;,t,] and

[t,.t,]; let i, and i, be the effective rates of interest for these intervals and k; =1+1i,, k, =1+1i,
are the corresponding accumulation factors. There are two principles to calculate the total
interest (or equivalently, the accumulation) over the joint interval [t,,t,].

Simple Interest

According to this principle, only the principal earns the interest. Thus, the total interest is
I,+1,=Pi +Pi, and the accumulation is A=P+Pi, +Pi,. Correspondingly, the total rate of

interest is the sum I, +1, and the accumulation factor is k =k, +k, —1.
Let i(t,t+u) be the rate of interest for the period from t to t+u. The principle of simple
interest means that
i(tt+u+v)=i(tt+u)+i(t+ut+u+v)
If i(t,t+u)zi(u) for all t (temporal ['temp(a)r(a)l homogeneity [,homoudsi'ni:iti]) then:
I(u+v)=i(u)+i(v)
This is famous Cauchy’s functional equation = the Cauchy functional equation.

i(u)=au=iu,
where i is the rate of return for the unit period (since i(1)=1).

If i is the rate of interest for a unit interval and t is the length of the period
under consideration, than the accumulation for the period is
A=P-([1+it),

i.e. the effective rate of interest for the period is
i =it.

effective

Problem: the unit interval is 1 year. What is the length of the period from 14 November 2015 to
10 March 20167
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Compound Interest

B 3aBHCHMOCTH OT CHTYaIMH CIIOBO COMPOUNd TepeBOANTCS Kak:
®  CYIIECTBUTENILHOE «CMECh, COCTABHOM, CJIOKHBIN» (T.e. KakK CyIIECTBUTEIBHOE WM
HOJIIeXKAIIee; B TOM Cliydae yaapeHue CTaBUTCs Ha repBoM ciore: ['kompaund]),
e  [pUIAraTeJIbHOE «COCTABHOW» (T.€. COCTABJIEHHBIM M3 HECKOJBKHMX YacTeH); yaapeHnue CTaBUTCS
Ha riepBoM cJore: ['kompaund]),
® [JIarojl «CMEIINBATh, COCTABJATHY (T.€. KaK IJIAaroji; B OTOM Clydae yIapeHHe CTaBUTCS Ha
BTopoMm ciore: [kom'paund]). Tepmun compounding o3HayaeT «COCTaBICHHE, CMEIITMBAHUEY.

IIpumennrensuo k puuancam compound ['kompaund] interest o3magaer «mpoIEHTHI, HAYKCIEHHBIE HA
OCHOBHOM KaITUTall ¥ Ha paHee HAYHMCIICHHBIE TIPOIIEHTHI».

According to this principle, interest earned is added to the principle and this compound
principal earns further interest. Thus,

the total interestis I, + 1, = Pi, + (P + Pi)i, = P(i, +1, +1i,)
the accumulation is A=P(1+1,)(1+1,),

the accumulation factor for the joint period is k =kK, .

The principle of consistency
consistency [ken'sist(a)n(t)SI] NOrMYHOCTb, HEMPOTMBOPEUNBOCTD

Let k([t,t+u]) be the accumulation factor for the period from t to t+u.

Consider an investment of 1 at time tfor term u+Vv. The proceeds at time t+u+Vv will be
K([t;t+u+V]). Alternatively, the investor can invests at time t for term u, and then, at time
t+u, reinvests the proceeds for term v. The proceeds at time t+u+v wil be

k([t.t+u])-k([t+u,t+u+v]). In a consistent market these proceeds should not depend on
the course of action taken by the investor (the principle of consistency):

k([t,t+u+v])=k([t,t+u])~k([t+u,t+u+v]).

If k([t,t+u])=k(u) (temporal homogeneity) then: k(u+Vv)=k(u)-k(v) (Cauchy’s functional

equation) < k(u) =a" = ([L+i)" (since k(1) =1+1i)

If i is the rate of interest for a unit interval and t is the length of the period under
consideration, than the accumulation for the period is A=P-(1+i)', i.e. the effective

rate of interest for the period is (1+i)' —1.
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Discount rates
discount ['diskaunt] ckugka, ymeHbLueHne ueHbl= F — P,

discount rate: d = ﬂ =1- E

F

d=—"_

- d
1-d°’ 1+i

Equivalent rates

These allow us to compare different savings accounts.

Approach 1 (Nominal rates) Let h be the length of the period (years), i(e;;edive — the effective
- effective
. . . I(h) = nominal . . . .
rate of interest for the period. Then the ratio =l =l is said to be the nominal
['nomin(a)l] rate of interest (annual simple rate).
1 - offective - i . .
Let h=—_ Then Ifr':;ea“’e =il iy = i®® =pi . is the nominal rate of

p
interest payable (convertible) pthly

Approach 2 (Annual Equivalent Rate -- AER). It illustrates what your interest rate would be if
interest was paid and compounded each year and allows you to easily compare different
savings accounts.

14 i(e;;ective _ (1+ AER)h < AER = (1+ i(erl:;ective )1/h 1= (1+ i(nho)minal . h)ZI./h 1

effective

1+ i(e;';ective — (1+ AER)h PN |n(1+ i(egective) =h |n(1_|_ AER) I 5AER — %

Gross rate is the contractual rate of interest payable before the deduction of income tax at the
rate specified by law (in UK currently 20%).

Net rate is the rate of interest payable after allowing for the deduction of income tax at the rate
specified by law (in UK currently 20%).

Tax-free is the contractual rate of interest payable where interest is exempt from income tax.
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Day Count Basis = Day Count Convension = Day Count Fraction

International Capital Markets Association (ICMA) — MexyHapo/Hasi acColalysi ppIHKOB KarnuTajia
International Swaps and Derivatives Association (ISDA) — MexayHapoHasi acCOIUAIUSI IO CBOTIAM U
JiepUBaTUBAM

swap [swop] — cBon (OykBanbHO 3HaAYaeT: «MeHsTb, obMeHnBaTb, 0bMeH») — cornaweHme o6
obmeHe obsa3aTenLcTBaMu, akTmBamu 1 T.n.

Oxford Dictionary: give (one thing) and receive something else in exchange. Swap one of your
sandwiches for a cheese and pickle? (Finance) an exchange of liabilities between two borrowers, either so
that each acquires access to funds in a currency they need or so that a fixed interest rate is exchanged for a
floating rate.

derivative [di'rvetiv] — (¢buHaHcbl) pepuBatuB (BykBanbHO 3HAYaET: «MPOM3BOOHbLINY) —
LeHHasa 6ymara (KOHTpakT), CTOMMOCTb KOTOPOW ONMpeaenseTcs LEeHOW akTuBa, Nexallero B €€
OCHoBe. (Mamem.) Npon3BoLHas

Oxford Dictionary: (often derivatives) a financial product (such as a future, option, or warrant)
whose value derives from and is dependent on the value of an underlying asset.

Sources:

1. ISDA 2006 Definitions, Section 4.16(b) «Day Count Fraction»

2. Pacrick J. Brown. Bond Market Structures and Yield Calculations. International Securities
Market Association, 1998, chapter 3.

«Actual/Actual» — «PakTnuyecknn/dakTnyecknn»
(«Actual/Actual (ISDA)», «Act/Acty», «Act/Act (ISDA)»)

The number of days in the period [Datel;Date2] equals the actual number of days from and
including Datel to, but excluding Date2.

The number of years in the period [Datel;Date2] is the fraction, where the numerator is
calculated as above, and the denominator normally is 365. But, if any portion of that Calculation
Period falls in a leap yeatr, it is the sum of:
¢ the actual number of days in that portion of the Calculation Period falling in a leap year
divided by 366
and
¢ the actual number of days in that portion of the Calculation Period falling in a non-leap
year divided by 365)

Actual/Actual (ICMA) # Actual/Actual (ISDA)
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«Bond Basis» — «MeToa ana obnuraumn»
(«30/360US» «30/360», «360/360»)

The number of days from Datel=(Dayl,Monthl,Yearl) to Date2=(Day2,Month2,Year2) is
given by the formula

Days| Datel, Date2] = ( Day2*—Dayl1*) + 30 - (Month2 * —Month1*)
+360-(Year2*—Yearl®>),

where:

e Yearl* is the year, expressed as a number, in which the first day of the Calculation or
Compounding Period falls;

e Year2* is the year, expressed as a number, in which the day immediately following the
last day included in the Calculation Period or Compounding Period falls;

e Monthl* is the calendar month, expressed as a number, in which the first day of the
Calculation Period or Compounding Period falls;

¢ Month2* is the calendar month, expressed as a number, in which the day immediately
following the last day included in the Calculation Period or Compounding Period falls;

e Dayl* is the first calendar day, expressed as number, of the Calculation Period or
Compounding Period, unless such number would be 31, in which case Day1* will be 30;

o Day2* is the calendar day, expressed as a number, immediately following the last day
included in the Calculation Period or Compounding Period, unless such number would
be 31 and Dayl* is greater than 29, in which case Day2* will be 30.

The number of years in the period [Datel;Date2] is the fraction, where the numerator is
calculated as above, and the denominator is 360.

«30E/360» («Eurobond Basis» — «meToq Anst eBpoboH40BY)

The number of days from Datel=(Dayl,Monthl,Yearl) to Date2=(Day2,Month2,Year2) is
given by the formula

Days| Datel, Date2] = ( Day2*—Dayl1*) + 30 (Month2 * —Month1*)
+360-(Year2*—Yearl®*),

where:

o Yearl* is the year, expressed as a number, in which the first day of the Calculation or
Compounding Period falls;

e Year2*is the year, expressed as a number, in which the day immediately following the
last day included in the Calculation Period or Compounding Period falls;

¢ Monthl* is the calendar month, expressed as a number, in which the first day of the
Calculation Period or Compounding Period falls;

¢ Month2* is the calendar month, expressed as a number, in which the day immediately
following the last day included in the Calculation Period or Compounding Period falls;

o Dayl* s the first calendar day, expressed as number, of the Calculation Period or
Compounding Period, unless such number would be 31, in which case Day1* will be 30;

e Day2* is the calendar day, expressed as a number, immediately following the last day
included in the Calculation Period or Compounding Period, unless such number would
be 31, in which case Day2* will be 30.

The number of years in the period [Datel;Date2] is the fraction, where the numerator is
calculated as above, and the denominator is 360.
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Problem (CT1, September 2005, Problem 3) Calculate the time in days for £1,500 to
accumulate to £1,550 at:

(a) a simple rate of interest of 5% per annum

(b) a force of interest of 5% per annum.

Solution. (a) Let the answer be t days: 1,500(1 + 0.05 t/365) = 1,550, i.e. t = 243.333

days; (b) Let the answer be t days: 1,500e"™"**) = 1550, 0.05 (t/365) = In(1,550/1500),
t = 239.366 days.

3anaua 1.1 (CT1, September 2005, Problem 3) Berauciute, uepe3 ckoibko aHel cymma £1500
BeIpactet 10 £1550, ecnu

(2) HAYMCIISTIOTCS TPOCTBIE TIPOLICHTHI 10 CTaBKe 1=5% TO0BbIX;

(b) HauHCHAIOTCS CIIOXKHBIE TIPOLICHTHI B COOTBETCTBHH C HHTEHCUBHOCTBIO TPOLIEHTOB &=5%.

Pemenne. (2) Ecnu HauuCISsIFOTCS TPOCTBIC MPOLICHTBI W TOMOBAas MPOLCHTHAs CTaBKa paBHA
i=5%, TO 4Yepe3 Bpems t (u3MepeHHOe B ToJax) HcxoaHas cymma P=£1500  BeipacTeT 110

A=P(1+it) =1500 (l+ 0.05t). Ham m3BectHO, yTo A=£1550. [TosTOMy /U1 BRIYMCICHUS t MBI IMeeM

2
cnemyromee ypasuenue: 1550 =1500 (1+0.05t), orkyma t= 3 (roma) = 8 (MecsitieB) = 243 (aHs) .

31ech Mbl IPENIONAraeM, 4YTo roj COCTOUT U3 12 MecsueB v u3 365 gHeil.
(b) Eciu HauKCSAIOTCS CIIOYKHBIC MPOLIEHTHI U HHTEHCUBHOCTD MPOIICHTOB paBHa 0=5%, TO Yepes3

Bpems t (M3MepeHHOe B rofax) uexomHas cymma P=1500 (¢pyuros) Bbipacter no A= Pe” =1500e"™" .

Mpr 31Haem, uro A=1550. Ilostomy s BbIYMCIEHHS t MBI HMeEeM CICIYyIOIEE YpaBHEHUE:

1550 =1500e"*" , orkyma t =201In % ~0.655796 (ner) =7.87 (Mecsaues) =239 (nneit).
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Problem (CT1, September 2006, Problem 5). (i) Calculate the time in days for £3,600 to
accumulate to £4,000 at:

(a) a simple rate of interest of 6% per annum

(b) a compound rate of interest of 6% per annum convertible quarterly

(c) a compound rate of interest of 6% per annum convertible monthly
(i) Explain why the amount takes longest to accumulate in (i)(a).

Solution.
() () Let the answer be t days: 3,600(1 + 0.06 x t/365) = 4,000, i.e. t = 675.9 days.
4t/365
(b) Let the answer be t days: 3,600 1+% = 4,000, iIn1.015: InM :
4 365 3600
t = 645.7 days.
12t/365
(c) Let the answer be t days: 3,600 1+@ =4,000, EInl.OOSZ In@
12 365 3600

t = 642.5 days.
(i) (i)(a) takes longest because, under conditions of simple interest, interest does not earn
interest.

3anaua 1.2 (CT1, September 2006, Problem 5). (i) Uepe3 ckombko aueii £3,600 BeIpacTeT 10
£4,000, ecnm:

(2) HAUKCIIAIOTCS MPOCTHIE MPOIIEHTHI IO CTaBKE 6% TOIOBHIX;

(b) exxexBapTaTBLHO HAYKCISAIOTCS MPOICHTHI ¢ KAMUTAIH3aUel B COOTBETCTBUH ¢ HOMHUHAIBHOM
rOAO0BOH cTaBKOM 6%;

(C) erxeMecsIYHO HAYKMCISIOTCS MPOIEHTHI C KalUTaIU3al[iell B COOTBETCTBHH ¢ HOMHHAJIBHON
roJI0BOM cTaBKOM 6%.

(ii) O6wsicHUTE, MOYEMY B citydae (a) moTpedyercst 6oIbIle BCEro BpEMEHH.

Pemenne. Ilycte P=£3,600 — ochoBHast cymma, A=£4,000 — Hakoruienue, i1=6% —
HOMHWHAJIbHAs TO/I0Bast cTaBka. Mckomoe Bpems (B romax) s BapuantoB (a), (b), (C) ob6o3naunm depes

TS
. |
t,,t,,{, coorsercrBenno. Torna BepHbl  paBeHcTBa: P (1+ Ita) =A, P (l+ Zj =A,

12t,
|
P -(1—!— E] = A. Ecau 0603naunTh 3¢ pextuBHbIi KodQdument HakomieHus A/P=10/9 uepes K, To

t = k-1 ~1851852, t, = Ink 1769146 to= _ Ik 1760305,

' amnf1+L 12Inf 1+
4 12

(ii) B cimy4ae mpocThIX MPOLIEHTOB Ha YK€ 3apabOTaHHBIC MPOIEHTHI HE HAYHMCISIOTCS HOBBIC
nporeHTsl. [loaToMy A1t HaKOTIEHUS! HY)KHOM CyMMBI TIOTpeOyeTcst OoJblie BpeMeH!n. MaTeMaTHIecKu

9TO SIBIISIETCS CleACTBUEM HepaBencTBa bepuymma: (1+X)* >1+ax, ecom X>-1, a>1 wm a<0

(mpuyéM 3HAK paBEHCTBA JOCTUTAETCs TOrJA U TOJBKO Torja, koraa X=0). B namem cinyuae a=4t, >1.

N .
Iostomy 1+it, =K =£l+ij >1+jz~4tb, orkyma t, > 1.

12 4

U3BeCTHO, YTO HEPABEHCTBO bBepHymmu MeHseT 3Hak, ecam nokasarens a € (0;1):

NS N N
| | |
Ormetum, uto Beerga t, >t . JlelicTBuTensHo, (1+ Z) =3k = (1+ —j > (1+ —) .

@+x)*<1+ax mpu X>-1, O0<a<1l. Ilosromy eciu Gbl cymma A Gbljia JOCTATOYHO MAJION (4TOOBI
12t, <1, re. t, MeHbme mecsna), To MBI 661 UMenH HepaBeHcTBa t, <t <t . Hampuwmep, nms A=3615
Mbl umeeM: t, = 25.34722 (aneit), t. = 2535775 (nuei), t, = 25.4838 (nnei).
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Mathematics of Finance and Investment
Lecturer: Professor Gennady Falin

Unit 3

Inflation. Real and money interest rates. Fisher’s formula.

inflation [1nflerf(s)n] — nHdNAUMA (06K POCT LeH Ha ToBapbl U ycnyrn. byksanbHO o3HavaeTt
«HagyBaHue, Haka4nmBaHve BO3yXOM UITN ra3omy).
Oxford Dictionary: a general increase in prices and fall in the purchasing value of money

deflation [dr'fle1f(a)n] — aednaumsa (o6wMn CHUXKEHWE LIeH Ha ToBapbl 1 ycnyrn. bykeBanbHO
O3Ha4yaeT «BblNyckaHWe Bo3ayxay; tire deflation — cmyck mmHbI)
Oxford Dictionary: reduction of the general level of prices in an economy

Inflation and interest rates

Assume that inflation rates are high. Then purchasing power of future interest and
principal repayments declines. To compensate this, investors increase interest rates for
borrowing money.

Additional effect: With high interest rates doing business is more expensive and some
companies cannot afford this. High retail prices force customers to buy less goods and services,
which in turn force business to reduce production. These yield high unemployment.

Measuring Inflation

Consumer Price Index — CPI Retail Prices Index — RPI
NMHOEKC NOTPEeOMTENbCKMX LIEH WHOEKC PO3HMYHbIX LIEH

Both the Consumer Prices Index (CPI) and the Retail Prices Index (RPI) measure inflation.
Each aim to measure the changes in the cost of buying a 'basket’ of products, but they cover
different items and differences in formulae used to calculate the inflation rate mean that CPI is
often lower than RPI.

Like RPI, the CPI looks at the prices of hundreds of items we spend money on, such as food
and cinema tickets, but excludes housing costs and mortgage interest payments. And unlike
RPI, CPl is calculated on a formula that takes into account that when prices rise, some people
will switch to lower priced alternatives.

RPI is currenly used to index various prices and incomes including tax allowances, state
benefits, pensions and index-linked gilts. Like CPI, it looks at the prices of items we spend
money on, but it includes housing costs - such as council tax - and mortgage interest payments.
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Let (real or projected) rate of inflation over the year is f . This means that amount of money
A (1+ f) atthe end of the year has the same purchase power as amount A, in the beginning
of the year, or, to put this in another words, the amount A = A,(1+ f) at the end of the year

A

and amount A, :if in the beginning of the year are equivalent: 1+ f = —
+

f -- rate of inflation over the year

Ao=A4/(1+f) Ar=Ag(1+f)

v

inflation index in the end of the year
inflation index in the beginning of the year

1+one year rate of inflation =

If inflation in economy should be taken into account, then the interest rate is said to be
the money (or, sometimes, nominal) interest rate and inflation adjusted interest rate is said to
be the real interest rate.

Let 1 be the effective rate of interest for one year investment of P . Then the nominal
(i.e. money) accumulation is A= P(1+1). But this accumulation is due at the end of the year. If

it is measured in money at the beginning of the year, then this amount is equivalent to o

1+
: . : . . . A P@i-f) . . .
i.e. the inflation adjusted interest is ———P=———=. Correspondingly, the inflation
1+ f 1+ f
adjusted rate of interest is
I—f

Iinﬂation adjusted = 1+ f )
This formula is said to be Fisher's Formula.

. . . i—f . . .
Since f usually is relatively small, ﬁ ~i— f ,i.e. to calculate the real rate of interest
+

one should subtract the rate of inflation from the effective rate of interest:

~i—f.

Iinflation adjusted ~

Encyclopadia Britannica:
Irving Fisher

(born February 27, 1867, Saugerties, New York, U.S.—died
April 29, 1947, New Haven, Connecticut)

American economist best known for his work in the field of
capital theory. He also contributed to the development of
modern monetary theory.
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Problem (CT1, September 2005, Problem 2) An investor has earned a money rate of
return from a portfolio of bonds in a particular country of 1% per annum effective over a period
of ten years. The country has experienced deflation (negative inflation) of 2% per annum
effective during the period. Calculate the real rate of return per annum over the ten years.

Solution. If f = the rate of inflation; j = the real rate of return and i = the money rate of
return, then j = (i- f)/(1 + ). In this case, f = 2%, i= 1% and therefore j = 3.061%.

3anaua 1.12 (CT1, September 2005, Problem 2) IMoptdens obauranuii HEKOTOPO#t cTpaHbI 3a
IIOCJICAHUC 10 net MPUHOCHUIT ACHC)KHYIO JOXOJAHOCTH 1% TOJOBbIX. Ha IMPOTAKECHUU 3TOr0 nepruoaa B
cTpaHe Habroanacek aeduiinus Ha ypoBHe 2% B roj. Berauciure peanbHYIO TOIOBYIO JOXOTHOCTH 3THX
obuTaIuii.

Pemenne. Ecmu i=1% — > dexTuBHas nenexnas noxoanocts, f =—2% — romosas undusmms,
TO peanbHas s peKxTrBHAS JIOXOJTHOCTh (c y4ETOM nedsiym) paBHa
i—f 0.01+0.02
= ~ 0.030612 = 3.0612%.
1+ f 1+0.02

Problem (CT1, September 2008, Problem 1) A 91-day government bill is purchased for
£95 at the time of issue and is redeemed at the maturity date for £100. Over the 91 days, an
index of consumer prices rises from 220 to 222. Calculate the effective real rate of return per
annum.

Solution. If j = real rate of return then equation of value in real terms is:

95(1+ j)**%® =100x% < (14 )™ =1.04315,

therefore j = 18.465%.

3amaua 1.13 (CT1, September 2008, Problem 1) 91-nHeBHBIN NpaBUTEIBCTBCHHBIA BEKCENb
npruoOperéH 3a £95 B MOMEHT SMHccud | morameH B cpok 3a £100. Ha mporskenun stux 91 nuei
WHJICKC TOTPEOUTENbCKUX IeH BhIpoc ¢ 220 mo 222. Berumciaute peanbHyH 3(PQGEKTUBHYIO TOJIOBYIO
JOXOJTHOCTb.

Pemenne. DddexTruBHAs (ICHEKHAsT) JOXOAHOCTh 32 MPOMEXKYTOK BpemeHun h=91 nexp =91/365
(roma) paBHa I, =(100—95)/95~5.2632%. C ngpyroii  cropoHbl, HH}IALUS  paBHA

222
f =——-1~0.9091%. IMostomy peanbHas >PeKTHBHAS TOXOAHOCTH 3a ATOT MPOMEXKYTOK PaBHA
. L—f
i = 1 ~ 4.3148%, a peanbHas s pexTrBHAS rojioBas cTaBKa paBHa
+

i=(1+i)" ~1~18.4639%.

Problem. (CT1, September 2006, Problem 3). An individual has invested a sum of
£10m. Exactly one year later, the investment is worth £11.1m. An index of prices has a value of
112 at the beginning of the investment and 120 at the end of the investment. The investor pays
tax at 40% on all money returns from investment. Calculate:

(a) The money rate of return per annum before tax.

(b) The rate of inflation.

(c) The real rate of return per annum after tax.

Solution. (a) The money rate of return is i where (1+i) = 11.1/10 i =0.11 or 11%. Both taxes and
inflation are not taken into account.

(b) The rate of inflation is f where (1+f) = 120/112, f=0.07143 or 7.143%.

(c) The net real rate of return per annum is j where
i — i — 04 — 0,
j= Ltertax — | N 0.60 oo — T _ 6.6% —7.143% ~—05068%
1+ f 1+ f 1+0.07143
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3agaua 1.11 (CT1, September 2006, Problem 3). Yenosek mnuBecTHpoBan cymmy £10m. Uepes
roJi ero Bkiaj oreHuBaics B £11.1m. B Havane atoro mpoekra uHmekce 1eH 601 112, a B xonie — 120.
WNuBectop mnatut Hanor B pazmepe 40% Ha 1oxon oT uHBeCTUIMHN. Brruucnure:

(2) meHexHyI0 TOJOBYIO CTaBKY JJOXO/Ia JI0 YIUIATHI HAJIOTOB;

(b) nanexc HHGIATIAL;

(C) peasibHYIO TOOBYIO TOXOIHOCTD TOCIIE YIUIAThl HAJIOTOB.

Pemenue. (a) 3a rox uuBectuims npunecia goxoj 1=£1.1m. [Toatomy neHexHas roJjoBasi CTaBKa

. .11
JI0XO0/1a JI0 YIUIaThl HAIOTOB (€€ Ha3bIBAKOT gross interest rate — Gpyrro-craBkoii) paBua | = 0 =11%.
(b) ITo ycrmoButo 3a 112 neHexHBIX €AVHUIl B Ha4Yalle TO/a MBI MOTJIA KYIIHTh T€ e TOBaphI, 3a
120
KOTOpBIC B KOHIIE T'0/Ia HY)KHO TUIATUTh 120 NEHEKHBIX SIUHUIL, T.C. IIEHBI BHIPOCIH B ET] ~1071429

pas WM, 4To TO XKe camoe, mpuMepHo Ha 7.143% — 310 u Oynet ypoBeHb uHIIsAIHH f.
(c) Ha moxox I=£1.1m Oyzmer nauucien Hamor B pasmepe 0.4-1.1=0.44. TTosToMy YHCTBIi
n0X01 cocTaBUT |ne=£0.66M. COOTBETCTBEHHO, YHCTasi roj0Bas CTaBKa paBHa 1=6.6%, a peaibHasl,

1 — 0f — 0,
i—f N 6.6% —7.143% ~—0.5068%
1+ f 1+0.07143

OUMIIEHHAs OT WHQIIALNY, TPOIIEHTHAs CTaBKa paBHA

A Private Investor’s Guide to Gilts. The United Kingdom Debt Management Office 4th Edition,
December 2004:

An example of an index-linked gilt arithmetic

arithmetic [a'rzt@meotik] apndpmeTuka; cuét Oxford Dictionary: the branch of mathematics dealing with
the properties and manipulation of numbers; the use of numbers in counting and calculation

[ aerif'metik] apucpmeTudecknin Oxford Dictionary: relating to arithmetic = arithmetical
[ aerif'metik(d)l]

4 and 1/8% Index-linked Treasury Stock 2030 was first issued on 12 June 1992. Interest is paid
on 22 January and 22 July each year. The gilt will be redeemed on 22 July 2030, at which time the final
interest payment will also be made.

The base month for the Retail Prices Index for the gilt is October 1991, i.e. the month eight
months before the gilt’s issue in June 1992. The RPI in October 1991 was 135.1.

Each semi-annual interest payment (except the first, which related to a period of more than six
months) comprises £2.0625 (half the 4 and 1/8% annual coupon) adjusted for the movement in the RPI, as
per the following formula:

RPI eight months before the dividend is due
Base RPI
Therefore for the interest payment made on 22 January 2001 for this index-linked gilt, the

amount paid was £2.0625x% =£2.6059863064... per £100 nominal of stock (170.7 was the

Amount of interest per £200 nominal of stock = half the annual coupon x

level of the RPI in May 2000). This was then rounded down to £2.6059 per £100 nominal in accordance
with this index-linked gilt’s prospectus. The actual principal repayment on redemption (also called the
“‘uplifted redemption value’) depends on the level of the RPI eight months before the repayment date of
the gilt and is calculated in the following way:

RPI eight months before the repayment date
Base RPI

Uplifted redemption value per £100 nominal of stock = 100 x



