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Stabilizability of Two-Dimensional Navier—Stokes Equations
with Help of a Boundary Feedback Control
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Abstract. For 2D Navier—Stokes equations defined in a bounded domain 2 we study stabi-
lization of solution near a given steady-state flow ©(xz) by means of feedback control defined
on a part I' of boundary 9€2. New mathematical formalization of feedback notion is proposed.
With its help for a prescribed number ¢ > 0 and for an initial condition vg(z) placed in a
small neighbourhood of 9(x) a control u(¢,z’), ' € T, is constructed such that solution v (¢, z)
of obtained boundary value problem for 2D Navier—Stokes equations satisfies the inequality:
lv(t,-) — llg1 < ce™°t for t > 0. To prove this result we firstly obtain analogous result on
stabilization for 2D Oseen equations.
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1. Introduction

In this paper we study so-called stabilization problem for two-dimensional (2D)
Navier—Stokes equations defined in a bounded domain © C R? which is controlled
by Dirichlet boundary condition for velocity vector field. Let (¢(z), Vp(x)), z € Q
be a steady-state solution for Navier—Stokes equations

O(t, ) — Av(t,z) + (v, Vv +Vp(t,z) = f(z), dive=0, z€Q, t>0, (1.1)
supplied with an initial condition
v(t, z)|i=0 = vo(x) (1.2)

and 0 # vyg. We suppose that 9]pq = 0 and ¢ is an unstable singular point for the
dynamic system generated by equation (1.1) supplied with zero condition v|gg = 0
on the boundary 9% of €.

Hence, generally speaking the solution (v(¢,x),Vp(t,z)) of (1.1)-(1.2) goes
away (0(z), Vp(x)) ast — oo. But instead of zero boundary condition we introduce
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the boundary control
v[an = u. (1.3)

Stabilization problem is as follows: Let
|9 — vo|l g1 < € where € > 0 is sufficiently small. (1.4)

Given o > 0 find u(t, z), t > 0, x € 09 such that the solution (v, Vp) of (1.1)—(1.3)
satisfies the inequality:

[v(t, ") = 0()|| 1 (a) < ce” " as t — oo. (1.5)

Note that existence theorem for solution of problem (1.1)—(1.5) can be derived
easily from the result of local exact controllability for Navier—Stokes equation (see
[5], [7] and references there). But this existence theorem can not be considered as
a complete theoretical foundation for numerical solution of problem (1.1)—(1.5).
The point is that problem (1.1)—(1.5) is ill-posed and therefore unpredictable fluc-
tuations which usually appear during numerical realization, grow with time. As
a result this lead to completely wrong numerical calculations. The way how to
overcome this difficulty is well-known: one has to find and to use feedback control.
In other words control must react on appearing fluctuations and suppress them.

Of course, feedback control was studied in applied sciences. A mathematical
formalization of feedback notion was proposed in the theory of controlled ordinary
differential equations, and this notion was extended to the case of partial differ-
ential equations (PDE). In the case of problem (1.1)—(1.5) this formalization is
reduced to the following definition:

A control u(t,z) from (1.3) is called feedback if there exists a map R transfor-
ming vector fields defined on 2 to vector fields defined on 92 such that for each
t>0

ult,) = R(v(t, ) (1.6)

where v(t, x) is velocity vector field of fluid flow from (1.1)—(1.5).
If we take

Ru(t,-)) = v(t,-)loa — B(v(t, ), Di,v(t, ) oc (1.7)

where B is a nonlinear transformation and Dy, denote derivatives with respect to
t,x, then (1.3), (1.6), (1.7) imply the equality

B(U(t7')>Dgzv(t")>|SQ =0. (1'8)

Thus, stabilization problem usually is reformulated as follows: find a boundary
condition (1.8) such that the solution v(t,z) of boundary value problem (1.1),
(1.2), (1.8), (1.4) satisfies (1.5). Stabilization problem in this formulation was
studied for a number classes of evolution PDE in many papers. (See, for instance
[15], [12], [3], [1]'.) But for many linear and nonlinear parabolic equations as
well as for Navier—Stokes system satisfactory results for stabilization problem were
not obtained yet. From our point of view the reason of this is that formalization

1Here we do not pretend on completeness of references, of course.
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(1.6) of feedback motion is not adopted good enough for parabolic PDE. In [6]
some other mathematical formalization of feedback notion was proposed and this
formalization was applied to solve stabilization problem for linear and quasilinear
parabolic equations. In this paper we apply this new formalization of feedback
notion to investigate stabilization problem for 2D Navier—Stokes equations. More
precisely we solve stabilization problem (1.1)—(1.5) with help of feedback control,
concentrated on a part of boundary 0€2. The idea of proposed methods is explained
in the next section for the case of Stokes equations.

2. Stabilizability of the Stokes system
2.1. Formulation of the problem
In this section we show the idea of method of stabilization with prescribed rate of

decay. We do this for the Stokes equations, defined on a bounded domain ) C R?
with C'°°-smooth connected boundary 9:

Opv(t,x) — Av+ Vp(t,z) =0, (t,z) € Q, (2.1)
divo(t,z) =0, (t,x) € Q,
v(t, z)|t=0 = vo(x), x €N
with Dirichlet boundary condition
v(t,2') = u(t,z) (t,2') e X (2.4)
where u(t,2’) is a control, defined on the lateral surface ¥ = (0,00) x 9 of

space-time cylinder @ = (0, 00) x .

Here v(t,z) = (vi(t,x),v2(t,z)) is a velocity vector field defined for (¢,z) =
(t,x1,22) € Q, Vp is a pressure gradient and vo(z) is a given solenoidal vector
field: divwg(xz) = 0.

Let a magnitude o > 0 be given. The problem of stabilization from the bound-
ary with prescribed rate o > 0 of a solution v(¢,z) for evolution problem (2.1)—
(2.4) is to construct a boundary control u(t,2’), (¢t,2') € ¥ such that the solution
(v, Vp) satisfies inequality:

ly(t, ) L) < ce™ (2.5)

where constant ¢ > 0 depends on vy and o.
The main condition on control u, that this control satisfies the feedback condi-
tion, will be formulated after presentation the whole construction of stabilization.

2.2. Method of stabilization

We choose L > 0 so large that the following inclusion is true:
QC{x=(v1,12) €ER?* : |z;| < L,i=1,2}. (2.6)
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After that we identify the opposite sides of the square from (2.6) and obtain
the torus, which we denote by II. Then (2.6) implies that

QcIL (2.7)

We omit for a while condition (2.4) in problem (2.1)—(2.4) and extend this
problem from € to II. As a result we obtain a boundary value problem for the
Stokes system with periodic boundary conditions

Ow(t,x) — Aw + Vq(t,x) =0, zell, t>0 (2.8)
divw =0 .
w(t, x)‘t:o = 'w(](if), div wo = 0. (210)

Let 4
w@)= Y @)™
¢e(xz)’

be the decomposition of wg(x) on Fourier series, where
I ,
52(51752)a gi:?nja nJENa 321727 f‘flefl +$2£2,

Tl€) = (20)? [ wolae s

II

is a Fourier coefficient for wg(z). Applying Fourier method we obtain that the
component w(t,x) of solution (w, Vq) for (2.8)—(2.10) is defined by the formula:

w(t,z) = Y Wo(e)e I, (2.11)
¢e(z2)
Solution (2.11) of problem (2.8)—(2.10) satisfies the inequality
Jw(t, M L,y < ce™ " (2.12)

if and only if the following equalities hold:
TolE) =0 Ve el < Va. (2.13)

We introduce some functions spaces. Let © be an open domain or a torus, then

VEO) = {v(z) = (vi(x),v2(x)) € (Hk(@))2 sdive(z) =0}, k=0,1,2,...
(2.14)
where H*(©) is the Sobolev space of functions which belong to L2(©) together
with all derivatives up to the order k; if £ = 0 then divw = 0 is understood in the
meaning of distributions theory;

[olnco) = Iolincos = 3 [ 1D070(a) e (215)
la|<k
where o = (ai1,a2), «; are nonnegative integer, |a|] = o + az, D% =

ool Jox 0y,
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We set
X, () = {w(x) e Vo) : / v(z)e®tdr =0 if |¢] < \/E} . (2.16)
II

As always
I x,an =1~ lvoany = Il - Iz amy)z-

Below we prove the following assertion:

Theorem 2.1. For each o > 0 there exists a continuous extension operator
Ext : VO(Q) — X, (10) (2.17)
(i.e. Extv(z) = v(x) for z € Q).

Theorem 2.1 implies immediately the following method of solution for stabi-
lization problem (2.1)—(2.5):

Theorem 2.2. Let vg € V(Q). For each o > 0 the solution (v(t,z),u(t,x)) of
stabilization problem (2.1)—(2.5) can be obtained by the formula

(v(t,-),ult, ") = (vow(t, ')7 Yoouw(t,-)) (2.18)

where vq and s are restriction operators on § and on ON) correspondingly,
w(t,x) is the solution of boundary value problem (2.8)—(2.10) with initial con-
dition wo(x) = Extvg(x). Here Ext is extension operator (2.17) and vo(x) is the
initial condition from (2.3).

Proof. In virtue of (2.17) vector field wo(x) = Extvg(x) satisfies (2.13). Therefore
(2.18), (2.17) imply:

ot o) < lwt ), < ee™ U

Definition 2.1. We say that control u from problem (2.1)—(2.5) satisfies feedback
property if the solution (y,u) of this problem is defined by formula (2.18) where
w(t, x) is the solution of a certain artificial boundary value problem.

From the physical point of view control satisfies feedback property if it can
react on unpredictable fluctuations of a system. In Section 2.4 we will show that
control defined by (2.18) can react on such fluctuations. But firstly we will prove
Theorem 2.1.

2.3. Proof of Theorem 2.1. Let v(z) € V°(Q2). Since 2 is a bounded domain
with smooth boundary and dive = 0, we have v|89(s)y(s) € H-2(09) (see [17))
and

/ v(s) - v(s)ds =0, (2.19)
o0
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where v(s) is the vector field of normals to 0€2.
Introduce the stream function F'(z) by identities

3m2F = 1, —8xlF = V3. (220)
Recall that
Hy(Q) = {p(x) e H'(Q) 1 ¢laa = 0},

H_1(Q) = completion in La(Q) by ||fl|gz-1 = sup (/ fgodx/||g0||Hé> .
pEH} 00 Q

In virtue of (2.19), (2.20)

/VF\OQ(S) r(s)ds =0
(o9}

where vector 7(s) is tangential to 012, and therefore we can set

S

Floo = / VFloa(s)(7)(s)d¢ € H (99) (2.21)
0

(recall that 9 is connected set). Relations (2.20) imply:
—AF(x) = rotv = 0y, v2 — O, 01. (2.22)

Evidently, rotv € H~1(Q). That is why solution F of (2.22), (2.21) exists and
belongs to H*(£2).
Extend F(z) from  to torus II by the formula
RF(z) = (1 —¢(x))RoF(z) + ¢(x)z(x) (2.23)

where Ry : HY(Q)) — H'(II) is an extension operator (i.e. RoF(z) = F(z), z € ),
o(z) € C*),p(z) =0forx € Q. ={z € I :infycq |z —y| < e} and p(z) =1
for x € IT \ Qg.. The function z(x) from (2.23) is defined by the formula

z(z) = Z ceet” (2.24)
ce(22)%, gl<va

where c¢ are coefficients, which are determined from the system of equations

. T oN2
Z apeCe = —/(1 — @(x))RoF(x)e *%dx, ke (ZZ) , k| < Vo.
ce(32)” Jel<ve Q
(2.25)
Here

Qe = /Lp(x)eix'(f_k)dx.
it
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Note that the matrix A = ||axe]|| of system (2.25) is positively defined. Indeed, let
g(x) = > age' ™.
¢e(£2)’ lel<vo
Then
> acracdy, = /@(ﬂf)lg(ffﬂzdw >0,
gk I

if vector {ag, £ € (%Z)z,|£| < y/o} # 0. Hence system (2.25) has a unique
solution {c¢} and therefore extension (2.23) is well defined.
Relations (2.23)—(2.25) imply that

/RF(z)efik'zdx =0 Vk: [kl <+o. (2.26)
us
We denote extension operator for vg(x), x €  as follows:

Extvg(z) = vol@), el (2.27)
rotRF, xe€lIl\Q

where, recall, rot RF = (0,, RF, —0,, RF). Since RF € H*(II), rotRF € (L2(2))?
and, evidently, divrotRF = 0. Hence rotRF € VO(II) and in virtue of definition
(2.23)—(2.25), (2.27) of extension operator we get:

[Extvo(z)|[voem) < cllvollvoe)- (2.28)

Using (2.26) we have after integration by parts

/rotRF(m)e_“”dac = ikg/RF(gc)e_ik‘“”al:Jj7 —ikl/RF(x)e_ik'wdx =0,
I

II II

k| < \o.

By (2.29) Extvg € X, (I) and by (2.28) operator (2.17) is bounded. O

2.3. Feedback property

We show that method of stabilization proposed below can react on unpredictable
fluctuations of a system. The point is that if the solution v(¢, z) of problem (2.1)-
(2.4) satisfies inequality (2.5) and if at time moment %, the system (2.1)—(2.3) is
subjected by certain fluctuation, then v(¢, ) at t = #y is pushed out X, and that
is why it will not tend to zero with prescribed rate. Therefore we check when

[o(t,-) = yaw(t, )L, = ce” 7> (2.30)
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(here w(t,x) is the solution of (2.8)—(2.10) with wg(x) = Extvg(z)) and at this
moment, say t1, we regard v(t1,x) as initial condition and for ¢ > ¢y, we construct
the solution (v,u) of (2.1)—(2.4) by formula (2.18) where w(t, x) is the solution of
(2.8), (2.9) with initial condition
w‘t:tl = EXt’U(tl, ) (231)
This construction can be written briefly as impulse control for (2.8), concentrated
in the artificial part IT\  of domain:
Ow(t,x) — Aw + Vq(t,z) = 6(t — t1)(Exto(ty, x) — @(t1, z)) (2.32)

where w(t1, ) = v(t1,z), for z € Q and W(t, x) = w(t,x) for x € IT\ Q. After next
unpredictable pushing out X, (I) of the solution v(t,z) we do the same. Thus all
this process can be written by formula:

Ow(t,x) — Aw + Vq(t,z) = i o(t — t;)(Exto(t;, ) — w(ts, z)) (2.33)

i=1

where ¢; are moments when (2.30) became true.

Remark 2.1. Note that above we indicate only some possibility to organize reac-
tion of control on unpredictable fluctuations. To realize this possibility the special
investigations should be made. They will be made in some other place. Note that
a certain previous result to this respect is obtained in [6].

3. Oseen equations
3.1. Formulation of the problem

Let Q C R? be a bounded connected domain with C*°-boundary 9Q, Q = R x Q.
In space-time cylinder @@ we consider the Oseen equations
Ov(t,x) — Av+ (a(z), V)v + (v, V)a + Vp(t,x) =0 (3.1)
divo(t,z) =0
with initial condition
v(t, x)|t=0 = vo(x) (3.3).

Here (t,x) = (t,z1,22) € Q, v(t,z) = (v1,v2), is a velocity vector field, Vp =

(Os,,0s,) is pressure gradient, initial velocity vo(z) = (vo1(z),voz(x)) satisfies

condition divwg = 0,a(x) = (a1(z),az(x)) is a solenoidal vector field (diva = 0).
We suppose that the boundary 92 of  is decomposed on two parts:

oN=TUTy, T#0 (3.4)

where I', Ty are open sets (in topology of 092). Here the line above means the
closure of a set. The case I'y = () is also possible. We define ¥ = Ry x T', 3¢ =



Vol. 3 (2001) Navier—Stokes Feedback Stabilizability 267

Ry x Ty, and we set the following boundary conditions:
Vg, =0, vz =u (3.5)

where u is a control, concentrated on 3.

Let a magnitude ¢ > 0 be given. The problem of stabilization with the decay
rate o of a solution to problem (3.1)-(3.3), (3.5) is to construct a control u on X
such that the solution v(t, z) of boundary value problem (3.1)—(3.3), (3.5) satisfies
the inequality

[v(t, @) Ly0) < ce™ (3.6)

where ¢ > 0 depends on vy, and I'g. Moreover, we require that this control u
satisfies the feedback property in the meaning analogous to (2.18).

Let us give the exact formulation of this feedback property. Let w C R? be a
bounded domain such that

Qnw=0, Qnw=T. (3.7)

We set
G =Int(QUD) (3.8)

(the denotation Int A means, as always, the interior of the set A). We suppose
that OG is a curve belonging to the smoothness class C* and in all points except
the set I' \ ' = AT it possesses the C> smoothness. The exact conditions on
magnitude « will be imposed below in an appropriate place.

We extend problem (3.1)—(3.3) from Q to G. Let us assume that the given
vector field a(z) from (3.1) actually is defined on G. Moreover, we suppose that

a(z) € V(G) N (HHG))® . (3.9)
That is why the extension of (3.1)~(3.3) from £ to G can be written as follows:
Ow(t,z) — Aw + (a(z), V)w + (w, V)a+ Vp(t,z) =0 (3.10)
divw(t,z) =0 (3.11)
w(t, z)|i=0 = wo(z). (3.12)

Besides, we impose on w the zero Dirichlet boundary condition
w|s =0, (3.13)

where S = R; x 0G. Note that, actually, wy from (3.12) will be some special
extension of vg(z) from (3.3).

For vector fields defined on GG we introduce the operator vq of restriction on 2
and the operator r of restriction on I':

Yo : VH@) — VRQ), k>0, Ap: VEG) — VFV2D), k> 1/2.  (3.14)

Evidently, operators (3.14) are bounded.
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Definition 3.1. A control u(t, z) in (3.1)—(3.3), (3.5) is called the feedback if for
each t > 0 the following relations are true:

where (v(t,-), u(t,-)) is the solution of stabilization problem (3.1)—(3.3), (3.5) and
w(t,-) is the solution of boundary value problem (3.10)—(3.13).

Below we prove that for given ¢ > 0,v the problem (3.1)-(3.3), (3.5) can be
stabilized with help of feedback control in the meaning of Definition 3.1.

3.2. Preliminaries

Let G be domain (3.8) and
VR(G) = {v(x) € VU(G) : v v|pg = 0} (3.16)

where VO(G) is space (2.14) with © = G, v(x) is the vector field of outer normals
to OG; for v € VO(G) the function v - v|gq is well-defined in the Sobolev space
H~Y2(0G) (see [17]). Denote by

7 (L2(@))? — V2(G) (3.17)

the operator of orthogonal projection. We consider the Oseen steady-state opera-
tor

Av = —1Av + 7[(a(z), Vv + (v, V)a] : VY(G) — V(G) (3.18)
where a(x) is vector field (3.9). This operator is closed and its domain is defined
as follows:

D(A) = V3(G) N (Hy(G))? (3.19)

and it is dense in VY(G).
Assuming that spaces in (3.17), (3.19) are complex we denote by p(A) the
resolvent set of operator A, i.e. the set of A € C such that the resolvent operator

RN A) =M —A) 1 V2(G) — VG) (3.20)

is defined and continuous. Here [ is identity operator.
Recall that a closed operator B : X — X (X is a Banach space) is called a
sectorial if there exist a magnitude ¢ € (0,7/2), M > 1,a € R such that

Sap={reC: @<|argA—a)|<m, A#a}Cp(4) (3.21)

and
(M — A7 < M/IXA—al, YAE S, (3.22)

Denote by X(A) = C! \ p(A) the spectrum of operator A.
Lemma 3.1. Oseen operator (3.18) with a(zx) satisfying (3.9) is a sectorial opera-

tor. For A € p(A) resolvent (3.20) is a compact operator. That is why the spectrum
Y(A) consists of a discrete set of points.
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The proof of this lemma can be obtained by well-known methods: compactness
of resolvent and estimate (3.22) can be established by analogous estimates to that
were obtained below, in Lemma’s 4.7 proof. All other assertions of the Lemma
follows from results of [10] and [20].

Let A\g € 2(A). We decompose the resolvent R(A, A) in a neighbourhood of Ag
in a Laurent series:

R\, A) = i (A= Xo)*Ry, Ry = (2mi)~* / (A=) FTIR(N, A)d.
k=—m —Xo|=¢
. (3.23)

Lemma 3.2. ([20, Ch YII Sect.8]).
a) All operators Ry, from (3.23) commutate among themselves and with A;
b) R_i is a projector, i.e. R> | = R_;.
¢) The following formulas hold:
R,(kJrl) + Xl —AR_p=0 for k=1 (3.24)

R_1+ (Aol — ARy = E. (3.25)

Lemma 3.3.
a) The magnitude m from decomposition (3.23) is finite;
b) The images of each operator Ry, with k < 0 from (3.23) are finite dimen-
sional: dim ImRy, < oo fork < 0.

Moreover
ImR_; =ker(\E — A)™, R_j_1=MNE—-A*R_, k=1,2,...,m—1.
(3.26)
This lemma is derived in [6] from well-known results of [4], [20].
Let us consider the adjoint operator A* to Oseen operator (3.18):
A*w = —mAw — 7[(a(z), V)w — (Va)*w] : V{(G) — V(G) (3.27)
where )
(Va)*w = ((01a,w), (Gra,w)), (dia,w) = Z@iajwj. (3.28)
j=1
Evidently, A* is a closed operator with domain coinciding to D(A)
D(A") = D(A) = VZ(G) N (Hy(G))*.
Moreover
p(A*) = p(A) and R(\ A)* =R\ A*) Ve pA). (3.29)

Below we always assume that

vector field a(z) from (3.9), (3.18), (3.27) is real valued. (3.30)
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That is why we have

p(A) = B(A) = p(A7) = B(A"), (3.31)
Since B and B* are compact operators simultaneously, (3.29), (3.31) imply that
A* is a sectorial operator with a compact resolvent and X(A) = %(A) = X(A4*) =
Y(A*). Hence if A\g € X(A) then \g € X(A*). Decomposition R(A, A*) in Laurent
series around Ag yields:

R(AA™) = > (A= Xo)"R;, (3.32)

k=—m

where, evidently poles orders in (3.32) and in (3.23) coincides and R} from (3.32)
are adjoint operators to the corresponding operators Ry from (3.23). Therefore
by Lemma 3.2 (R*;)? = R* ,,

R oy + Mol —A")RE, =0 fork>1 (3.33)
R* |+ (Mol — ARy = 1. (3.34)
Moreover, Lemma 3.3 implies that dim ImR; = dimImR;, £ < 0 and
ImR* | =ker(\oF — A*)™, R*, ;= E—-A)*R* |, k=1,2,...,m—1.

3.3. Structure of Ry, R; with k£ <0

Recall some definitions. If ker(A\gI — A) # 0 then \g € C! is called eigenvalue of
A, and a vector e # 0 which belongs to ker(AgE — A) is called eigenvector. Vector
ey is called associated vector of order k to an eigenvector e if e, can be obtained
after solving the chain of equations:

()\0[ - A)B = O, e+ ()\QI - A)el = 0, ey €r—_1+ ()\0[ - A)ek = 0. (336)

We say that e, eq, es,... form a chain of associated vectors. If the maximal order
of vectors, associated to e equals m then the number m + 1 is called multiplicity
of the eigenvector e.

Definition 3.2. The set of eigenvectors and associated vectors

e® B e® (k=12 N) (3.37)

)mk

corresponding to an eigenvalue ) is called canonical system which corresponds to
the eigenvalue )\ if set (3.37) satisfies the properties:
i) Vectors e®) k =1,2,..., N form a basis in the space of eigenvectors cor-
responding to the e1genva1ue Ao-
ii) eV is an eigenvector with maximal possible multiplicity.
iii) e(®) is an eigenvector which can not be expressed by a linear combination
of e ... e and multiplicity of e*) achieves a possible maximum.
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iv) Vectors (3.37) with fixed k£ form a maximal chain of associated elements.
Evidently, numbers mi, ms, ..., my do not depend on a choice of canonical
system.

The number N(Ag) =m1 +1+mo+1+---+mpy + 1 is called multiplicity of
the eigenvalue \g.

Besides canonical system (3.37) which corresponds to an eigenvalue Ag of op-
erator A we consider a canonical system

e® B ek (=12 .. N) (3.38)

51 e Emy

that corresponds to the eigenvalue A\ of the adjoint operator A*. Definition of
canonical system (3.38) is absolutely analogous to Definition 3.2 of canonical sys-
tem (3.37). Particularly the set (3.38) with fixed k satisfies the relations which
are analogous to (3.36):

(Mol — A%)e® = 0,eH) (NI — A*)egk) =0,... ,55,2,1 + (Mol — A*)z—:ﬁ,’ii =0.
(3.39)
The assertion which we formulate below is very close to well-known assertion from
[10], although their formulations are differ. That is why we give also a proof. Let
H be a Hilbert space with a scalar product (-, -). For u,v* € H denote by uv* the
operator Bx = (z,v*)u. Then v*u is adjoint operator B*g = (u, g)v*.

Theorem 3.1. Let A: H — H be a sectorial operator with a compact resolvent
and the operator A* : H — H is adjoint to A. Suppose that \g € X(A), Ao € X(A*)
and therefore Ao, Ao are the poles of R(\, A), R(\, A*) correspondingly which have
the equal multiplicity m. Then

i) Ao is an eigenvalue of A and N is an eigenvalue of A* and both of them
have eigenvectors of mazximal multiplicity m.

ii) Let set (3.38) be an arbitrary canonical system of A* corresponding to the
eigenvalue No. Then (3.38) defines by a unique way a canonical system
(3.37) of A corresponding to Ao such that the main part of Laurent series
(3.23) has the form

— | (A=)t EENP S WER

k k k k
eWel) +efPell) |+ +elne® } . (3.40)

(A= Xo)

Proof. As was mentioned, in virtue of (3.29) operators R} from (3.32) are ad-
joint to corresponding operators Ry from (3.23), and by Lemma 3.3 dim ImRy, =
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dimImR;, < oo if £ < 0. That is why

L L
Ry, = Z fig; if and only if Rj = Zg;fj (3.41)

j=1 j=1

where f; € H, g; € H, j =1,..., L are certain vectors. The formula (3.40) for the
main part of Laurent series (3.23) will be proved simultaneously with the following
formula for the main part of (3.32):

Z g(k)e(k) Egk)e(k) _|_ E(k)egk) + +
G0 G
(k) (k (k) (k) k) (k)
5(mk)e( ) + E(mp—1)€1 oo+ el )e(mk)
+ = . (3.42)
(A =2o)
Let e,eq,..., e, be a chain of associated vectors for A corresponding to eigen-
value Ag. Then for each A from a neighbourhood of \g the equality holds:
e e1 en
oo ———— = R(\, Aey,. 3.43
(A= Ag)*t - (A= Ao)" et (A= 2o) O, Aen (3.43)

To prove (3.43) one can apply to both parts of (3.43) operator (A\I — A) = (A —
Xo)I + Aol — A) and use (3.36). Hence multiplicity m of pole (3.23) is not less
than maximal possible multiplicity of a eigenvector corresponding to Ag. If m is
the multiplicity of pole (3.23) then R_(,,41) = 0 and by (3.33) with &k = m we
have ImR,, C Ker(Agl — A). Therefore the multiplicity m of pole (3.23) equals to
maximal possible multiplicity of eigenvectors for A corresponding \g. Analogously,
if £,e1,...,ep be a chain of associated vectors for A* then

e €1 €h Y
— + =+ + = R(\, A” 3.44
=) (=g ( A A%)en (3.44)

A=)
and the multiplicity m of pole (3.32) is equal to maximal possible multiplicity of

eigenvectors for A* corresponding \g.
Let e®) k =1,...,j; be a given maximal set of linear independent eigenvectors

of maximal multiplicity m for A*. Then by (3.44) with ¢;, = 555)71 for each x € H
J1

R o= <e® z>e® (3.45)
k=1

where, evidently, vectors e(*) are defined by £(*) by unique way. Relations (3.41)
implies that

J1
R_,y= Z <y,e® > k) (3.46)
k=1
and in virtue of (3.43) e®) k = 1,...,; are eigenvectors for A of maximal possible

multiplicity m. Since dimImR_,, = dimImR* , e(®) are linear independent and
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there is no any other linear independent to e®) k' =1,..., j; eigenvectors for A of
multiplicity m.

By (3.43) with e, = >3-, < y,e®) > e§,’j)_1 we see that the main part of (3.23)
contains

§i<<%d“>ew <y,e® > P <%aw>egg>

e RO N VS O W VS e A O W ¥

(k)

where e;" are vectors associated to eigenvectors e(®) . Analogously by (3.44) with

Eh:Z“ <e® g >e®)

i <e®a>e®  <eb o> el LW e® |
P S N G0

; the main part of (3.32) contains:

k=1
These two expressions and relation (3.41) imply that the main parts of poles (3.23)
and (3.32) contain correspondingly:

k k (®) (k)
AL Z (k) (k) g Jelk) 4 e(kieg ) . e’ 16®) +eFe™) | (3.47)
)\ Ao)™ (A= Ag)m—t (A= X0)
" J1 2 (k) (k) 5(1’“)6(’“) +€(k)e(lk) . ( ) e(k) +e(Me (k)
— - —
=1 ()\ — )\0)7" ()\ — )\O)m_l )\ /\()

(3.48)
Now we continue this process: we supplement the sum in (3.47) using (3. 43)
with e, = k1<y,6l() gf)ll,h:m—l—lforl:1,2,...,m—1. After

that we add terms in (3.48) using new (added) sum in (3.47) and relation (3.41).
As a result we obtain that the main part of (3.23) contains terms

L ek (k) N eMe®) 4 k) (k) N ePe®) 4 M) | o) (k)
(A= Xdg)™ (A= Xog)™™ 1 (A= Xo)m—2

B ) 4 B ) )
(A= o)

k=1

and the main part of (3.32) contains terms

j k k
= ()\ — )\O)m (/\ - )\O)m_
e 1e® el el 4 4 el ) +e®el) |
+ R . (3.49)
(A=)

It is well-known that canonical system (3.38) for A* corresponding to eigenvalue
Ao is a set of linear independent vectors.? That is why in virtue of (3.44) sum (3.49)

2 Amplification of this result is proved in [6] and in Lemma 3.7 below.
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does not contain all main part of (3.32) but contains the operator R* . /(A —Xo)™.
Therefore

—1

R

k;m (X - A_O)_k Al (350)
is a pole which order is less than m. Applying to (3.50) arguments we used
above: we take the eigenvalues ¢®), k = j; +1,...,4, for A* from (3.38) which
multiplicity is maximal possible after excluding e*) with & = 1,2,..., ;. For
e®) k= j; +1,...,j2 we repeat arguments written from (3.45) to (3.49). As a
result we obtain a sum of terms A, (analogous to (3.49)) such that the order of
pole

-1

R*
k=—m ()\ B )\0)
will be less than the order of pole (3.50). Repeating this process several times we
complete the proof of Theorem 2.1. O

Corollary 3.1. Let A be a sectorial operator with compact resolvent R(A, A) de-
composed at \o € %(A) in Laurent series (3.23). Let (3.38) be a canonical system
of A* corresponding to the eigenvalue Ao, which we denote by E(\g). Then

R_,x=0, Vk=1,2,...,m (3.51)

if and only if
(@ey=0 vl e BQ). (3.52)

This assertion follows immediately from representation (3.40) for the main part
of Laurent series (3.23) for R(\, A).

3.4. Holomorphic semigroups

We consider boundary value problem (3.10)—(3.13) for Oseen equations written in
the form

dw(t, -

—w;; ) + Aw(t,-) =0, wli=o = wo (3.53)
where A is operator (3.18). In virtue of Lemma 3.1. Oseen operator is sectorial

with compact resolvent. It is known ([8, Sect. 1.3]) that the following assertion
holds.

Theorem 3.2. For each wy € VP(G) the solution w(t,-) of problem (3.53) is
defined by w(t,-) = e~ Mwy where e~ is the holomorphic semigroup that is de-
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termined by the formula

e At = (27i) 71 / (M 4 A)~Lerd), (3.54)
Y

where 7y is a contour belonging to p(A) such that argh = 6 for A € v,|\| = N
for certain 0 € (n/2,7) and for sufficiently large N. Moreover, vy surrounds X(A)
from the right.

Such contour +y exists, of course, because we can choose  belonging to set
—Sa,, from definition of sectorial operator (see (3.21)).
Let —o be a negative number satisfying

Y(—A)N{AeC:Rex = -0} =0. (3.55)

The case when there are certain points of ¥(—A) placed righter the line {Re\ =
—o} will be interesting for us.

Using contour 7 described below (3.54) we define the continuous contour v,
that is placed in {\ € C : ReA < —o} and constructed from an interval of the line
{Re\ = —0o} and from two branches of contour v that transform to {argh = 6}
and {arg\ = —0}, 0 € (w/2,7) for sufficiently large |\|.

Evidently, integral in (3.54) can be transformed as follows:

e M= (Qm')*l/(M+A)*1e”dx+2(2m)*1 / (A + A)~teMdA, (3.56)

Yo J A |=¢

where summation is made over points —\; € 3(—A) placed righter the line {Re\ =
—o}, and € > 0 is small enough.
To calculate terms in the sum from (3.56) we decompose the resolvent R(A, —A)
at A = 7)\]‘2
RO\ —-A)= Y (A+ ) Ri(=))). (3.57)
k=-—m(=X;)

Residue of R(\, —A)e* at A = —); is calculated by the formula

m(—=X;)

tnfl
At _ 7/\]'75 Y.
ReseMR(\, —A) = e ; 7(7%—1)!]%_”( Aj)-
Hence (3.56) can be rewritten as follows:
m(=X;) tn,1
—At _ (9 -1 Y’ —Ajt _
e~ = (2mi) /()\EJrA) M+ Y e > (n_l),R_n( ;)

Yo Rel;j<o n=1
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Lemma 3.4. The following estimate is true:

I(2i) ! / (AE + A)"LeMdA|yo ) < ce™™ as £ 30 (3.59)
Yo

where ¢ > 0 does not depend on t.

Proof. Definition of v, and (3.21) imply that for sufficiently large R
Yo N{AE€C: A >R} CS_q 0.

This inclusion, relation 7, C p(—A) and (3.22) where A is changed on —A and
Sa,e is changed on —S, , lead to the inequality

IAE+ A7 <M /(L+[A) for A€, (3.60)
Besides, in virtue of definition of v,
QT L e 0NE/2 a5 N eqy, and |A — oo (3.61)
where cos @ < 0 since § € (3, 7). By (3.60), (3.61)

M ce®©s OXt/2

d\ < Mae™ 7 f t>1.
Y [dA| e or t>

(2m) ! /(AE b A LeMEA| < et
Vo Yo
(3.62)
As known, the norm of left-hand-side of (3.58) is bounded uniformly with respect
to t € [0,1]. Besides, the norm of the sum from right-hand-side of (3.58) is also
bounded uniformly to ¢ € [0,1]. Hence

(2mi)~ / (AE + A)"LeMdA| < Mae=" for t € [0, 1]. (3.63)
Yo
Now (3.59) follows from (3.62), (3.63). O
Denote by
o _
eM (X)), e (“A)), e (<Ay), k=1, N(=)) (3.64)

a certain canonical system of eigenvectors and associated vectors of operator —A*
corresponding eigenvalue —\;.

Theorem 3.3. Suppose that A is operator (3.18) and o > 0 satisfies (3.55). Then
for each wy € V(G) that satisfies

(wo, e (=X;) >=0, 1=0,1,...,mp, k=1,2,...,N(=);), Re(\;) < 0
(3.65)
(here by definition 5ék)(—Aj) =e(®)(=)\;)) the following inequality holds:

HEAtlUQHVOO(G) < 067”t||w0||V00(G) fort > 0. (3.66)
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Proof. By Corollary 3.1 if wq satisfies (3.65) then R, (—\;)wo = 0 for every oper-
ators R_,,(—A;) from (3.58). Therefore (3.58), (3.59) imply (3.66). O

3.5. On linear independence of (¥ (x)

We set some strengthening of well-known result on linear independence of eigenvec-
tors and associated vectors for operator (3.27), (3.28) conjugate to Oseen operator
(3.18).

Lemma 3.5. Let 5(k)(:v) k=1,...,N be complete linear independent system
of eigenvectors to an eigenvalue Ag. Then for an arbitrary subdomain w < G
functions e®)(z), x € w, k =1,..., N are linear independent.

Proof. Let

N
f(z) = Z cre®(x) =0,z €w. (3.67)
k=1

Evidently, equality (AFE — A*)f(x) = 0 holds for 2 € G and therefore by (3.27)
and definition of operator m

—Af(x) = (a(z), V) f(z) + (Va(x))" f(z) = Vp(z), z € G (3.68)

with some function p(x) € H'(G). Applying operator rot*g(x) = 9192 — d2g1 to
(3.68) we get
—Arot* f(z) — (a(z), V)rot* f(z) =0, z € G. (3.69)

(This formula can be verified by straightforward calculations). By (3.67) we have
rot* f(x) =0, z€w. (3.70)
Relations (3.69), (3.70) imply (see [9]) that
rot*f(z) =0, z € G,

and this, as well-known (see, for example, [5, p. 204]) leads that f(x) = const. By
the definition (3.67) and by relation £®)|5c = 0 we get f(z) =0, € G. Hence
in (3.67) ¢, =0,k=1,...,N. O

Theorem 3.4. Let (3.64) be a certain canonical system of eigenvectors and asso-
ciated vectors for —A* corresponding eigenvalue —\;. Then for each o satisfying
(3.55) and for arbitrary subdomain w C G the set of canonical systems (3.64) for
all ergenvalues —5\]- satisfying

Re)\j <o (371)

are linear independent.
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Proof. In proof of this assertion specific character of operator A* is used to prove
Lemma 3.5 only. The last part of prove is general and has been made in [6]. O

Impose on canonical systems (3.64) the following condition
N T k), k
eM(RX) =) e (A) = e (=), (3.72)

Indeed, since by (3.30) vector field a(z) is real valued, if we act the operation
of complex conjugation to functions (3.64), we evidently get canonical system of
eigenvectors and associated vectors for A* corresponding to eigenvalue —\;. That
is why condition (3.72) can be realized easily.

In virtue of (3.72) canonical system corresponding to real —\; consists of real

valued vector fields. If Tm); # 0, instead of vector fields e(®)(—};), el(k)(—/\j),
l=0,1,..., we consider real valued vector fields

Ree™ (= X)), Ime™ (=X)), 1=1,..., k=1,2.... (3.73)

(As above Eék)(—j\j) = e(®)(=)\;) by definition). We renumber all functions (3.73)
with Re); < o (including fields with Im\; = 0) as follows:

e1(x), ..., ex(x). (3.74)

Lemma 3.6. For an arbitrary subdomain w C G vector fields (3.74) restricted on
w are linear independent over the field R of real numbers.

Lemma 3.6 follows easily from Theorem 3.4. (see [6])
Note that Theorem 3.3 implies immediately the following assertion.

Corollary 3.2. Assume that A is operator (3.18) and o > 0 satisfies (3.55). Then
for each wy € VQ(G) satisfying

/G(wo(x),ej(a:))ax:(), j=1...,K (3.75)

with €5 from (3.74), inequality (3.66) is true.

4. Stabilization of the Oseen equation
4.1. Theorem on extension

The key step in stabilization method that we propose is construction of special
extension for vector fields from Q to G (see (3.8)). First of all we make more
precise the conditions imposed on €2 and G. Recall that

G =Int(QU) (4.1)
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where Q and w are open subsets of R%2, Q Nw = () and 0N is a closed curve of
C>°-class and
oN=TUTyudl', dGNIN =TyUr (4.2)

where I', T'g are open subsets of 9Q, I' # @, and JT is a finite number of points, or
or = 0.
We suppose that

N
00 = | J 09, (4.3)
j=1

where 0€); are connected components of 9§). We assume that the following con-
ditions are true:

Condition 4.1. For each j = 1,..., N the set 0Q; NIy is connected or it is
empty.

Condition 4.1. implies that for each j the set 9Q; N I' also is connected or
empty.
We impose the following smoothness condition on 92 and 0G:

Condition 4.2. Let 902 € C*°, 9G \ 9I' € C* and for each point P € JTI" there
exist local coordinates (x,y) such that P is origin; P = (0,0), {(z,0), z € (0,¢)} C
T, {(z,0), x € (—&,0)} C Ty and in a neighbourhood of P G can be represented
as follows:

0G D {(z,y) = (z,2%), z € (0,e)}U{(z,y) = (z,0), x € (—&,0)}, a>1. (4.4)
Here € > 0 is a small magnitude.

Remind that € is a given domain where the Oseen system which should be sta-

bilized is determined. The domain w we choose ourselves. That is why Condition

4.2 is not restrictive.
We introduce the following spaces

Vo (G) = {u(@) = (u1 (@), u2(2)) € VI(G) : ulopc = 0}
VHQ,To) = {u(z) = (u1(z), us(x)) € VIQ) : (4.5)
ulr, =0, v € V{(G) that u(z) = yqu(z)} .
where V1(G) is defined in (2.14), 7q is the operator of restriction on Q for functions
from V3 (G). The space V1(€2,Ty) is supplied with the following norm:

[ullvra,r) = inf |[Luflvi e

where infimum is taken over all bounded extension operators L : V(Q,Tg) —
Vo (@)
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Definition (4.5) is convenient to prove the extension result but it is not con-
structive. Below, in Subsection 4.2 we give simple condition on vector field which
guarantees its belonging to V1(Q,Ty).

We will use the following subspaces of Sobolov space H?(G) of scalar functions:

B2(G) = {F € H2(G) : / Fz)dz = 0}, (4.6)
G
2(G) = (F(x) € B*(G) : VFlog = 0} (17)

where, recall, VF' = (0,, F, 0., F).
Remind that for a scalar function F(z), z € G C R?

rotF(z) = (0 F(z), —01 F (x)). (4.8)

Lemma 4.1. The operator
rot : H2(G) — Vi (G) (4.9)

is an isomorphism.

Proof. It is known (see [5, p. 204]) that the operator
rot : H*(G) — VY(G)

is isomorphism. If v = (v1,15) is the vector field of normals to G, then 7 =
(11,72) = (v2, —11) is the field of vectors, tangent to G along 9G. Let v € V3 (G)
and F =rot~'v € H?(G). Then

OnFlog = (rotF, 7)|ac = (v,7)|sc = 0,

4.10
aTF‘BG = —(I‘OtF, V)|6G = —(’U,l/)|aG =0. ( )

Therefore VF|se = 0 and F € H2(G). If F € HZ(G) and v = rotF then in virtue
of (4.10) and condition VF|sg = (0,F, 9, F)|ac = 0 we get that v € V}(G). O

For v € V1(G) denote by rot*v the operator formally conjective to (4.8). It is
easy to see that
rot*v(z) = O1va(x) — Gavi(x) where v(x) = (vi(x),v2(x)). (4.11)

Lemma 4.2. Let wy be a subdomain of G such that Int(dwy N OG) # 0. Suppose
that

K
fl@) = chrot*sj(x) =0, z€ew (4.12)
j=1
where ¢; are constants and €;(x) are vector fields (3.74). Then ¢; = 0, j =

1,... K.



Vol. 3 (2001) Navier—Stokes Feedback Stabilizability 281

Proof. Denote scalar functions

0;(x) = rot'e;(w). (4.13)
This definition is correct in virtue of Lemma 4.1 since ¢;(x) € Vi (G). Let
N
g@) = 3 0, (a). (4.14)
j=1
Since by (4.8), (4.11) —A = rot* orot we get by (4.12), (4.13), (4.14) that
Ag(z)=f(z) =0, ze€w. (4.15)
By (4.13), Lemma 4.1 and (4.14) Vg|sg = 0 and therefore
Vylocnow, = 0. (4.16)

Since Int(G N dwy) # 0, by uniqueness of a solution for Cauchy problem for
Laplace operator (see [9]) relations (4.15), (4.16) imply that

g(z) = const, x € w,

and therefore applying to (4.14) operator rot we get in virtue of (4.13) that

N
ch&tj(x) =0, z€uwr.
j=1
This inequality and Lemma 3.6 imply that ¢; = --- = cy = 0. ]

We prove now the extension theorem. In the space of real valued vector fields
Vi (G) we introduce the subspace

X}((G):{v(x)GVOI(G):/v(z)~sj(x)dx:(), J=1... K} (417)
G

where €;(z) are functions (3.76).

Theorem 4.1. There exists a linear bounded extension operator

Ej : VY Q,To) — XkL(G) (4.18)
(i.e. Ex(v)(z) =v(x) for x € Q).
Proof. By definition (4.5) of V1(€,T) there exists a linear continuous extension

operator
L:VYQ,Ty) — ViH(Q). (4.19)

Set
Q. = {z € R? : dist(w,Q) < &}
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where dist(x, Q) is the distance from z to Q. Let ¢g(x) € C®(G), 0 < 9o(z) < 1,

¢0($)={(1): Lon M@ =1-t@ 0@, 4

We look for extension operator Ej, in a form
Erv(z) = rot(orot ™ Lv) () 4 rot {wl chrot gj(x ] (4.21)

where ¢; are constants which we have to determine. Evidently, ELv(z) = v(z)
if x € Q for any ¢;. To define constants ¢; we note that by (4.17) inclusion
Exv € Xg(G) are fulfilled if

/sk rot[ chrot gj(x } /sk(x)rot(worot_lLv)(x) dx  (4.22)
G G

where k=1,..., K.
Let

agj = /sk(x) - oty (z)rot*e;(z)] de = /(rot*ek(x))wl(x)rot*sj(x) dr. (4.23)

Then the matrix A = ||ag;|| is positively defined. Indeed, let & = (v, - - , k),
flz) = Zszl ajrot*e;(x). Then

(Aa, a) Z akaj/z/q rot*eg(x))rot e (x) de = /@/}1 ) f (z)2dx > 0.

k,j=1
Moreover, if for some a (Aa,a) = f¢1 z)|?dx = 0 then f(z) = 0 for x €
=G\ Q. and by Lemma 4.2 ay = —aK—O That is why det A # 0.
Equations (4.22) can be rewritten as follows:
Ac=g
where ¢ = (¢1,...,¢k) and g is the vector with components defined by right

size of (4.22). Thus ¢ = A~'g and definition of operator (4.21) is completed.
Boundedness of operator (4.18) follows immediately from its definition (4.21). O

4.2. On the space V1(Q,T)

In this subsection we show that each vector field v(z) € V1(Q) satisfying v|r, = 0
belongs to V1(Q,Ty) if v(z) is smooth enough in a neighbourhood of dT'g. This
result is not used directly for solution of the stabilization problem given below in
Subsection 4.4.
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We introduce the spaces:
Vi, = {u(z) = (u1,u2) € VH(Q) : v[p, =0} (4.24)
H%(Q,Ty) = {F(z) € H*Q) : VF|p, =0} (4.25)
where H2(Q) is defined analogously to (4.6).

Lemma 4.3. Operator
rot : H?(Q,To) — V& (Q) (4.26)

s an isomorphism.

The proof of this lemma is completely analogous to the proof of Lemma 4.1.
We want to find out what vector field from Vi (€2) can be extended to a vector
field belonging to V! (G). Firstly we consider the simplest case when

Vi 0Q; T or 90, NT =0. (4.27)

Proposition 4.1. If condition (4.27) is true then there exists an extension opera-
tor

L:VE (9Q) = VH(G) (4.28)
and therefore Vp () = V*(,T).

Proof. Let v € V{! (), F = rot™'v € H2(Q,Ty) where rot~! is constructed in
Lemma 4.3. Since by (4.27) T is closed manifold we can extend F' through T' by
means of usual Witney extension theorem and this operator we denote by Ly.
Then operator (4.28) can be defined as follows:

L =rot oo Lgorot™! (4.29)

where 9 is the operator of multiplication on function (4.20). Operator (4.29),
evidently, is bounded in spaces (4.28) |

Condition (4.27) actually means that o' = (). Now we consider the case when
OT # (. In this case we also look for an extension operator in the form (4.29)
where, however, L is not usual Witney extension operator. Below we construct
new operator L.

Lemma 4.4. Let domains @ and G satisfy (4.1), (4.2), (4.3) and Conditions 4.1,
4.2 with o > 2. Suppose that F(z) € H*(Q,T) satisfies the condition

3a+1

F(x) € HY(Qn O(OT)) with k > (4.30)

where O(OT) is a neighbourhood of O and « is magnitude from (4.4). Then F(x)
can be extended up to a function LoF(z) € HE(G) where

H3(G) = {f(2) € H*(G) : Vfloc = 0}. (4.31)
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Proof. Step 1. If F € H?(Q,T) then by (4.25) and Condition 4.1 Flronaa; =¢j =
const. Define f by the equality

F:f+0j.

We extend the constant c¢; through I' N 0€2; by just the same constant c¢;. That
is why to extend F' through I' N 0€); we have to extend f(x). The problem is to
extend f(z) to a neighbourhood of the point P € 0§2; N OI" because outside this
neighbourhood we can use Witney extension method.

By Condition 4.2 we can suppose that f(x,y) € H*(Q_) with Q_ = {(z,y) €
R?:y<0,224+y2<1}3

f(z,0) =0y f(z,0) =0 for x € (—1,0). (4.32)

We must extend f on Q = {(z,y) € R? : 2?+y? < 1,y < y(x) where y(z) = ¢
for z > 0, y(z) = 0 for * < 0} such that extended function Lof € H%(Q) and
Lofl@ @) = VLofl@ () = 0.

Step 2. We define

1287108, A€ (0,1/2),
P = {25—1(1—A)5, re), PPE (4.33)
It is clear that p()\) € H?(0,1)
(1) =¢'(1) =¢'(0) =0, ©(0)=1 (4.34)
and
oW < e @ N <A " (W) < e (4.35)

We determine the extension operator Ly as follows:

_ ) fzy), y <0,
Loftwy) = {g@,y)w(y/xa), y>0, >0, (430)

where g(z,y) = 4f(z,~ %) - 3/ (z, —y).
In virtue of (4.34) Lof and VLo f satisfy desired zero boundary condition on
{(z,v(z)}. Moreover the function

Wz y) = f(zy), ¥ <0,
’ g(z,y), y>0,2>0

belongs to H?(Q). Therefore we have to prove only that
g(@,y)e(y/a®) € H*(Q\ Q-). (4.37)

3In Condition 4.2 we have 22 + y? < ¢ instead of 2 + y2 < 1. By multiplication f on a cut
function equal 1 for 2 432 < £/2 and equal 0 outside 22 4+ 2 < & we can reduce the deal to the
case x2 + y? < 1.
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Step 3. We prove that the following estimates for function g defined below
(4.36) are true:

l9(z,y)| < c(@* 42" Py 4 ), (2,y) €Q\Q-, Ve >0 (4.38)

0pg(2,y)| < (@275 42275y +42), |0y9(2,y)| < e 4 y), (4.39)
(z,y) € @\ Q—, Ve > 0.

Indeed, (4.32) implies that

g(x,0) = dyg(x,0) =0 for z € (—1,0). (4.40)
By Sobolev embedding theorem and by (4.30)
g(z,y) € HHQ\Q-) C C*175(Q\ Q-). (4.41)
In virtue of Lagrange theorem, (4.40), (4.41) (4.30) we have for (z,y) € Q \ Q—:
l9(z, )| < lg(x,0)] + lg(z,y) — g(=, 0)| < ez 7% + |9, g(x, Oy)ly <
< e 4 ey(|0,g(x, 0)] + |5yg(w,9y) dyg(x,0)]) <

< C(xk_1_5+xk_2_5y+y2).
This proves (4.38). Inequalities (4.39) are proved analogously.
Step 4. We prove (4.37). We have

1

/ dx / 1By (9 ) (/7)) Pdy <
) o 0 (4.42)

C/d%/lgayywl2 +1(0y9)0yel” + |0yygel*.) da
0

Since Jyyg € Lo and |p| < ¢ we have to estimate only the first and second terms
from right side. Taking into account (4.35), (4.38), (4.39) we get

a

1
/dw/lgﬁywa +1(8y9)0y)* dy <
0

c/dx/ 2(k 1—e¢) +x (k7275)y2+y4)y2(,@72)$720¢([372)74a+

0 (4.43)
_|_(x2(k 2— s)+y2)y2(ﬁ71)x72o¢([‘371)72a] dy <

1
< C/ (x2(k—1—s)—2aﬁ+a(2[3—3)+
0

+w2(k—2—a)—2aﬁ+a(26—1) + m—2a5+a(26+1))d1, —
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1
— C/(l‘2(k_1_8)_3a +$2(k—2—5)—a +xo¢) dr.
0

The right side of (4.43) is finite because of (4.30). The terms 0.y (9¢), Ozx(99),
0:(g¢), 0y(gyp) can be estimated analogously. a

Now we can prove the final result:

Theorem 4.2. Let domains Q and G satisfy (4.1), (4.2), Conditions 4.1, 4.2 and
Or # 0. Suppose that v(x) € Vi (Q) satisfies the condition

v(z) € (H™(2N (’)(GF)))2 with m > 3a2— 1, az2, (4.44)

where O(OT") is a neighbourhood of O and o is a magnitude from (4.4). Then
v(z) € VIH(Q,Ty), i.e. it can be extended up to a vector field Lv € Vi (G).

Proof. Let v(x) satisfy conditions of the Theorem. By Lemma 4.3 the func-
tion F(z) = rot~'v(z) belongs to H2(,Ty) and by (4.44) F(z) satisfies (4.30)
with & = m + 1. Then by Lemma 4.4 F(x) can be extended up to a function
LoF(z) € HZ(G). Evidently, the vector field Lv(z) = rot(yo(z)LoF (z)) =
rot (1o (x) Lorot ~tv(z)) belongs to Vi (G). O

4.3. Extension Theorem for V°

Extension operator constructed in Subsections 4.1, 4.2 is the main in our theory
because it can be used for Navier—Stokes equations. Nevertheless there are some
reasons to construct analogous extension operator for more wide function spaces
of VO-type. This construction is analogous but easier than that was written above.
That is why we expound it briefly.

Set
VO(Q,To) = {u(z) € VO(Q) : u-v|r, =0, Fv € VY(G) that u(z) = yqu(z)}
(4.45)
where 7q is the operator of restriction on €2. Besides,
lullvory = _inf vllvo).
Denote
HYG) = {F(z) e H'(G) : 8,F|sq =0, / F(z)dx = 0}, (4.46)
G

0, is the derivative along the vector field 7 tangent to 0G.
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Lemma 4.5. The operator
rot : H{(G) — V{(G)
defined in (4.8) is an isomorphism. (VY(Q) is defined in (3.16)).

This lemma is proved as Lemma 4.1.
Analogously to (4.17) we define

X%(@) = {v(z) € V(G) : /v(l’) gj(x)dr =0, k=1,...,K}, (4.47)
G

where ¢;(x) are functions (3.74).

Theorem 4.3. There exists a linear bounded extension operator

EY VO, To) — X%(G). (4.48)

The proof is analogous to Theorem’s 4.1 proof.

At last let us give a condition on vector field v € Vi, = {v € VO(Q): v - v|p, =
0}, which guarantees that v belongs to space (4.45) when 9T # 0.
We do it firstly for functions

F(z) e HY(Q,Ty) = {F(z) € H(Q) : 8,F|r, =0, /GF(a:)da: =0}.  (4.49)

Lemma 4.6. Let domains Q and G satisfy (4.1), (4.2), (4.3) and Conditions 4.1,
4.2. Suppose that F(z) satisfies (4.49) and satisfies the following condition:
F(x) € HP(Qn o)) (4.50)
and parameter a from (4.4) satisfies 1 <a <1+ 3,0< (< 1.
Then F(z) can be extended to a function LoF(x) € HL(G) where
H1(G) = {f(z) € H(G) : 0, floc = 0}

and 0 is derivative along vector field T tangential to 0G.

Draft of proof. By (4.49) any F € ﬁl(Q,Fo) equals constant ¢; on 0§2; N Ty for
each connected component 9; of 9Q, f(x,y) = F —¢; € HA(Q_), f(x,0) =0
for x € (—1,0) and we must extend f(z,y) on @, where the sets Q_ and @ are
defined near (4.32).

We set p(A) =1— A\ for A € (0,1) and define the extension operator as follows:

f(z,y), y <0,
LOf(‘Tv y) = ( ) a
flx,—y)ely/z*), y>0,2€(0,1)
As well as in Lemma 4.4 all proof is reduced to establishing of the inclusions

0o (f(z, —y)o(y/x*)) € La(Q\Q-), 0y (f(m,—y)p(y/z)) € L2(Q\Q-). (4.51)
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To do it we take into account that by Sobolev embedding theorem H'*4(Q_) C
CP1(Q_) and therefore the inequality is true:

|z, ) <c(@™ +y7) V(z,y) €Q\Q-, wherel < B <p.

Now using this inequality and do estimates analogous to (4.42), (4.43) we prove
(4.51).

The following assertion succeeds from Lemma 4.6 as Theorem 4.2 was derived
from Lemma 4.4.

Theorem 4.4. Let Q and G satisfy (4.1), (4.2), Conditions 4.1, 4.2, and OT # (.
Suppose that v(z) € V7 (Q), v(z) € H*P(Q N O(0r)) where 0 < B < 1, and
parameter o from (4.4) satisfies inequalities 1 < o < 1+ 3. Then v(x) € VO(Q,T).

4.4. Results on stabilization

We prove now the main theorem of this section on stabilizability by feedback
boundary control of 2D Oseen equations.

Theorem 4.5. Let domains Q and G satisfy (4.1), (4.2), and Conditions 4.1,
4.2. Then for each initial condition vo(x) € V°(Q,To) and each o > 0 there exists
a feedback control u defined on the part ¥ of boundary (0,00) x 9Q such that the
solution v(t, z) of boundary value problem (3.1)—(3.3), (3.5) satisfies the inequality:

ot

lv(t, M(Ls)> <ce” as t— oc. (4.52)

Proof. Let A be operator (3.18) and the magnitude o > 0 satisfies condition (3.55).
In the case if it is not so we get satisfying (3.55) by small increasing of . We act on
initial condition vy € V(2,Ty) by the operator E? from (4.48). Then by Theo-
rem 4.3 wg = E%vy satisfies including wy € X%(G). By definition (4.47) of X%(G)
and definition (3.74) of vector fields €1 (), ..., ek (x) one yields that wy and o sat-
isfy all conditions of Theorem 3.3. In virtue of this theorem inequality (3.66) is
true. We define desired solution (v,u) of stabilization problem (3.1)—(3.3), (3.5)
by formula (3.15), where w(t, -) = e~4*wy is the solution of problem (3.10)—(3.13)
which can be rewritten in the equivalent form (3.53). Then (3.66) and evident
inequality

[0, )o@y < llwlts)llvee)
imply (4.52). d
Theorem 4.6. Let domains Q and G satisfy (4.1), (4.2), and Conditions 4.1,

4.2 with o > 2. Then for each initial condition vo(z) € V1(Q,Ty) and for each
o > 0 there exists a feedback control u defined on ¥ such that the solution v(t,x)
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of (3.1)—(3.3), (3.5) satisfies the inequality

ot

lo(t, -)H(HI(Q))z <ce 7 as t— oo. (4.53)

Proof. As in Theorem 4.5 we can assume that o satisfies conditions (3.55). We
act on initial condition vy € V1(,Ty) by the operator E}. from (4.18) and by
Theorem 4.1 we obtain that wg = Exvy € X (G). Since X (G) C V{H(G) C
VP(G), the solution w(t,z) of problem (3.1)-(3.3), (3.5) can be written in the
form w(t, ) = e~ 4wy where A is operator (3.18). We want to prove that

[w(t, lva e < ce " for t>0. (4.54)

Since by well-known results on smoothness of solutions for Oseen equations in-
equality (4.54) is true for ¢ € [0,1], it sufficient to prove (4.54) for ¢ > 1. In virtue

of representation (3.58) for e~ inclusion wy € X5 (G) and Corollary 3.1 we have
w(t,) = e Mwy = /()\I + A) " twger dX (4.55)
Yo

where the contour 7, is define lower formula (3.55).
To estimate (4.55) we use the following assertion which will be proved after
finishing of Theorem’s 4.6 proof.

Lemma 4.7. Let A be operator (3.18) and o > 0 satisfies (3.55). Then
I+ A) wllvg gy < ellwllvee), (4.56)

where constant ¢ > 0 does not depend on w € V(G) and X\ € v, and the contour
Yo is defined lower (3.55).

End of proof of Theorem 4.5. We estimate integral in (4.55) using arguments
of proof of the Lemma 3.4, but applying estimate (4.56) instead of (3.60). As a
result we get:
lw(@ v < Ce_atHwOHVOO(G)v t>1.

Hence we established (4.54). Now we define (v(t,),u(t,")) = (yaw(t,:), yrw(t,))
and derive (4.53) from (4.54) and evident inequality [[v(,")|| g1 (o) <cl[w(t,)[lva (r)-

Proof of Lemma 4.7. In virtue if Lemma 3.1, definition of contour 7,, and condi-
tion (3.55), operator (Al + A)~! is well-defined on V(G) if A € v,.
We denote v = (A + A)~'w. When to prove (4.56) we have to establish the
bound
1(A+ A)vllvoa) = allvllvg - (4.57)

4Well-definiteness of (AI + A)~! on VP(G) for A € 7o, |A| > 1 can be obtained easily also
by estimates analogous to that we get below in the proof of this Lemma.
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If A € v, and |A\| > 1 then by definition of v, (see lower (3.55))
A= —p(l+iv) where p>> 1 and |v| < 1 (v € R is fixed). (4.58)
We consider firstly the Stokes operator
Ay = —1A: VY(G) — V(@) (4.59)
As well-known (see [17], [19]), the closure of map (4.59) is self-adjoint positive
operator which possesses a compact inverse operator. By Hilbert-Shmidt theorem
the spectrum (Ag) consists of a countable set of positive numbers 0 < A; <

Ay < -+ < Ap — 00, as k — oo, and corresponding eigenfunctions {e;} form an
orthogonal basis in V{(G) and in Vi (G) (see [5]), and for v = > =1 vjej we have:

ol = 310 ol = 3 Alos . (4.60)
i=1 i=1
In virtue of (4.58), (4.60) we get that for A € v,, |A| > 1
[T+ A0)ol ) = S 1= (1)1 Lol = SOy — ) 4022 o . (4.61)
j=1 j=1

Since for function f(z) = ((z — p)? +v2u?)/x

inf f(z)=f(uv1+v2)=2(vV1+v2-1)u

rERY

we get from (4.61) that

o0
IOT + A0)olg e > 20V T+ 02 = D Al = conlvllty ey (462)

j=1
Consider now operator A from (3.18) which can be written in the form
Av = Agv + 7[(a(z), V)v + (v, V)a)] (4.63)
Since by (3.9) and in virtue of Sobolev embedding theorem
a(z) € C(G), Va(z) € Li(G),
we get the following estimate:
(@, D)0 + (0, V)a)llyp(o) <
< llalle@llvllvg e + IVallae IvllLae) < allvllvg @)
Taking into account (4.62), (4.63), (4.64) we obtain
(AL + Aoy 2
2 |(AM + Ao)vllvoey — lIl(a, V)v + (v, V)a)lllvee 2 (cop — ei)llvllvaa)-

This estimate and (4.58) imply (4.57) and therefore imply (4.56) for A € v, |A| >
1. For other X\ € 7, estimate (4.56) is true because v, C p(—A). O

(4.64)
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5. Stabilization of 2D Navier—Stokes equations
5.1. Formulation of the stabilization problem

As in Subsections 3.1, 4.1 we suppose that Q C R? is a bounded connected domain
with C®-boundary 0, and 9Q = ' ULy, I' # (0 where I,y are open sets
satisfying Condition 4.1. Recall denotations of the space-times sets: @ = R x 2,
Yo=R; xTy, X =Ry xT'. In @ we consider the Navier—Stokes equations

Ow(t,z) — Av(t,z) + (v, V)v+ Vp(t,z) = f(z), (t,z)€eQ (5.1)

divo =0 (5.2)
(v = (v1,v2)) with initial condition
v(t, x)|t=0 = vo(x), z€Q (5.3)
and boundary conditions
vlg, =0, vz =u, (5.4)

where u = (u1,uz) is a control defined on X.
We suppose also that a steady-state solution (¢(z), Vp(x)) of Navier—Stokes
system with the same right-hand side f(z) as in (5.1) is given:

Av(z) + (0, V)0 + Vp = f(x), divo(z)=0, ze€Q (5.5)
O, = 0. (5.6)

Let 0 > 0 be given. The problem of stabilization with the rate o reduced to
look for a solution of problem (5.1)—(5.4) which satisfies the inequality

lo(t, ) — @ll(Hl(Q)V <ee % ast — oo. (5.7)

The important additional condition is that « is a feedback control. Definition
of feedback notion is analogous to Definition 3.1. Nevertheless we give now exact
formulation of feedback property.

We extend 2 to a domain G through I' (see (4.1), (4.2)) such that Condition 4.2
holds. After that we extend problem (5.1)—(5.4) to analogous problem defined on
O = R+ x G-

Ow(t,z) — Aw + (w, V)w + Vq(t,z) = g(x), divw(t,z)=0 (5.8)
w(t, z)i=0 = wo(x) (5.9)
with additional condition

w|s =0 (5.10)
where S = Ry x OG. Moreover we assume that solution (@, Vp) of (5.5), (5.6) is

extended on G to a pair (a(x), V{(z)), x € G such that
—Aa(z) + (a,V)a + Vi(z) = g(z), diva(z)=0, z€ G (5.11)
alog =0 (5.12)
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where right side g(z) is the same as in (5.8). (We show below how to construct
such extension.)

Definition 5.1. A control u(t,z) in stabilization problem (5.1)—(5.4) is called
feedback if the solution (v(t,x),u(t,z)) of (5.1)—(5.4) is defined by the equality:
(v(t, @), ult, ) = (yaw(t,-),yrw(t,-)) (5.13)

where w(t, z) satisfies to (5.8)—(5.10), and vq, yr are operators of restriction of a
function defined on G to €2 and to I' respectively.

5.2. Invariant manifolds

Let g(z) from (5.8) satisfy the condition:
g(z) € (Lo(@))2. (5.14)

Then as well-known (see, for instance [18]) equations (5.8) are equivalent to the
following equation with respect to one unknown function w(t, z):

Ow(t,z) — mAw + 7(w, V)w = mg(x) (5.15)
where 7 is orthoprojector (3.17) on VY(GQ) (see (3.16)). We assume in addition
that solution w of (5.15) (as well as solution w of (5.8)) belongs to the space

V2(Or) = {w(t,z) € Ly(0,T; V*(G) N (HG(G))?) : dew € Ly (0, T3 Vg (G)}
(5.16)
for each T' > 0, where ©7 = (0,T) x G. It is proved (see [13], [17]) that for each
T >0, g(x) € (LY(G))?, wo(z) € Vi(G) there exists unique solution w(t,z) €
vt 2(QT) of problem (5. 15) (5.9). Solution w(t,z) of (5.15), (5.9) taken at time
moment t we denote as S(t, wp)(x):
w(t, ) = S(t,wo)(x). (5.17)
Since embedding V12(Qr) C C(0,T;Vy (G)) is continuous, the family of op-
erators S(t,wp) is continuous semigroup on the space Vi (G) : S(t + 7,wg) =
S(t, S(1,wp)).
Note that we can rewrite (5.11) in the form analogous to (5.15):
—rBale) + (0, V)a = 1, a(x) € VH(G) N VE(G). (5.18)
Since a(x) is steady-state solution of (5.15), S(¢,a) = a for each t > 0. We can
decompose semigroup S(¢,wp) in a neighbourhood of a in the form
S(t,wo +a) = a+ Lywy + B(t, wo) (5.19)

where Lywg = S.,(t, a)wy is derivative of S(t,wg) with respect to wg at point a,
and B(t,wp) is nonlinear operator with respect to wq. Differentiability of S(¢, wp)
is proved, for instance in [2, Ch. 7. Sect. 5]. Therefore

B(t,0)=0, B.(t,0)=0. (5.20)
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Moreover in [2, Ch. 7. Sect. 5] is proved that B(t,w) belongs to class C1T
with a = 1/2 with respect to w. This means that for each wg € Vi (G)

||B'fu(tau) - B (t,wO)HVl G
| B, (t, wo) | ce = sup w @)

Ogllu_wo‘lvol(g)gl ||U - U}OH%’OI(G)

and left side is a continuous function with respect to w.

We study now semigroup Liwg = S.,(t,a)wg of linear operators. First of all
note that w(t,z) = Lywp is the solution of problem (3.10)—(3.12) in which the
coefficient a is the solution of (5.18). Therefore

Lywo = e 4ty (5.21)
where A is operator (3.18). We remind (see [2])

Definition 5.2. Semigroup of linear bounded operators S; : X — X (X is a
Hilbert space) is called almost stable if
i) S; are bounded in X for 0 < ¢ < T by a constant depending on 7.
ii) (Stu, ) is continuous with respect to ¢t Vu € X, Vo € ®* where ®* is a
dense set in X*.
ili) For each ¢y > 0 and for each r¢ € (0, 1) there exists not more than finite set
o+ = ((1,.-.,Cn) of points belonging to spectrum of operator Sy, which
are placed outside the disk || < 7o.
iv) Invariant subspace of operator S;, corresponding to o4 is finite dimen-
sional.

Below we suppose that rg € (0, 1) satisfies the property:
{CeC:[¢|=ro}nX(e M) =0 (5.22)

where, recall, ¥(e~4*) is the spectrum of operator (5.21).

It is clear that ¢; € X(e %) if and only if ¢; = e %% and —)\; € S(—A).
That is why condition (5.22) is equivalent to condition (3.55) where o = —Inrg/tg.
Besides, if |(;| > ro then —Re\; > —o.

The following assertion holds:

Theorem 5.1. Family of operators e~ 4t : V{(G) — Vi1 (G) where A is operator
(3.18) is well defined for eacht > 0 and it is almost stable semigroup (see Definition
5.2 where Sy = e~ 4, X =V} Q). Let

oy ={C, ., Cx : G ES(em M), |Gl >0, j=1,...,K} (5.23)

where ro € (0,1) and satisfies (5.22). Let X+ C ViH(G) be the invariant subspace
for e=A% corresponding to o, Ty : V3 (G) — X, be the projector on X, (i.e.,
ILVY(G) = Xy, 12 =10) and X_ = (I — 111 )Vy (G) be complementary invariant
subspace. Let L = e 4|y : X, — Xy, Ly =e 4[x : X_ — X_. Then
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operator L?; has inverse operator (Lj;)*l. For some ty there exist constants 7,
ey, e- €(0,1) such that

1Ll < 71 —e-), LG <7711 —eq) (5.24)

Proof. Well posedness of operator e~“* and the point i) of Definition 5.2 is proved,
for instance, in [13], [17]. Denote in the point ii) of Definition 5.2 by (,) the duality
between V' (G) and V71(G) = (Vi(G))*. Then ii) also follows from [13], [17].
Semigroup e~ 4t : V}{(G) — Vi{(G) is restriction of semigroup e=4* : VP(G) —
VO(@). Hence formula (3.54) is true for et : ViH(G) — ViH(G):

e Atwy = (2mi) ! /()\IJr A)LweeMdN,  wo € VIH(G), (5.25)
Bl
where v C C! is the contour described lower (3.54). In Section 3 was established
that for each —o < 0 there exists not more than finite number of —); € £(—A)
for which Re(—\;tp) > —oto. Hence, for ro = e=7% the number of (; = e~*it0 €
Y(e~A%) such that |(;| > ro is finite. This established iii) of Definition 5.2.

In correspondence with general definition ([4], [20]) operator II; defined in
formulation of Theorem 5.1 can be calculated as follows:

I, = (2mi) "t /(cjl + e~ A0)1q¢ (5.26)

r
where I' = {z € C! : |[¢| =m0} U{¢ € C! : |¢| = R} and R > 0 is so large
that outside of the disk {|¢| < R} there is no eigenvalues of operator e

around external circle is counterclockwise and circuit internal circle is clockwise.
In [6, Lemma 5.3] is shown that

M= > Roa(=)\) (5.27)

Re)j<o
where R_;(—J;) is the operator-coefficient Ry(—X\;) with & = —1 in Laurent
decomposition of the resolvent R(A, —A) around eigenvalue —A\;. Since

dimImR_;(—)\;) < oo (see Lemma 3.3 above), and number of \; with Re(—\;) >
—o is finite, we proved point iv) of Definition 5.2.

Operators 11, and e~4% commutate. (see Lemma 3.2) Therefore operator
L =e 4|x, with X =TI, V{(G) is defined by the formula

L =T e A = (2mi)~! /(g[ — e Aoy Tleqe. (5.28)
r
As we showed in [6, Lemma 5.3] this formula can be transformed as follows:

m(—>\j

) n—1
Y IR (=)
+ _ Ajt 0 n J
L= > e ) CEEV (5.29)
Re)j <o n=1
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Comparing (5.26), (5.29) and (3.58) and taking into account (3.26) we see that
operator L, = e 4"|y  where X_ = (I — II})V{(G) is defined by the formula

L_ = (2mi)~ ! /(AI + A)~teMog) (5.30)
Yo

where 7, is the counter described lower formula (3.55). Integral (5.30) was esti-
mated in Theorem 4.6 (see (4.53)). As a result we have:

|L_|| < ce” (ot (5.31)

where || - || is the norm of operator acting in Vi (G).
In [6, Lemma 5.3] we showed that the inverse operator (L;)~! exists and is
defined by the formula
m(—=X;)

(L:B)_l — Z e‘i‘Ajto Z

Re);j<(o+4d0) n=1

ot
(n— 1)!R‘”(_AJ’>'

It follows from this formula that
I(LE) M < eretlodt (5.32)

where ¢; does not depend on tg and § > 0 is a sufficiently small magnitude.
In virtue of (5.31), (5.32) inequalities (5.24) are true for enough large ¢ if
P=e(=20 and e, e_ € (0,1). O

Generally speaking, eigenvalues of operators A and e~4? are complex-valued.
That is why all spaces in Theorem 5.1 are complex. But to apply obtained results
to (nonlinear) Navier—-Stokes equations we need to have analogous results for the
real spaces of the same type. Actually for this we have to define the projector
of (5.27) in real spaces.

The form (3.40) of the main part for Laurent series (3.23) implies that

Roa(=M)v =" (e (=) (0, e®) (= 2;)) + e (= Aj) (v, ell) (=2 +
(k) (5.33)
o el (A (0,267 (<))

my

where (-,-) is scalar product in complex space (L2(G)), {El(k)(—j\j)} is canonical
system (3.64) of operator —A* corresponding to eigenvalue —\; and {el(k)(—)\j)}
is canonical system of —A corresponding to eigenvalue —\;, which is constructed
by {El(k)(—j\j)} in Theorem 3.1. We suppose also that {El(k)(—j\j)} satisfy (3.72).
Then {el(k) (—X;)} satisfy analogous property that follows from the proof of Theo-
rem 3.1.

We define restriction of operator (5.33) on the real space V! (G) with help of
vector fields (3.73) and

Reel(k)(—)\j7 x), Imel(k)(—)\j, x). (5.34)
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Lemma 5.1. Restriction of operator (5.33) on the real space V3 (G) can be written
in the form

K
(M@ =Y e@) / o(@)e; (@) de (5.35)
j=1 G

where {e;} is the set of functions (5.34) which is renumbered and is renormalized by
suitable away and {€;} is renumbered and is renormalized set of functions (3.74).

The proof of this simple lemma one can find in [6, Lemma 6.2].

The following assertion holds.

Lemma 5.2. For an arbitrary subdomain w C G vector fields {ej(z), j =1,..., K}
from (5.35) restricted on w are linear independent over R.

Since there is evident symmetry between operators A and A* and therefore
between {e;(x)} and fields (3.74), Lemma 5.2 is proved similarly to Lemma 3.6.

Using (5.35) we can easily restrict spaces X and X_ as well as operators Ljo ,
L;, defined in formulation of Theorem 5.1 on the real subspaces of Vi (G). We
denote this new real spaces and operators also by X, X_| L;;, L;,. This will not
lead to misunderstanding because below we do not use their complex analogs.

In a neighbourhood of steady-state solution a of (5.18) we establish existence of
a manifold M_ which is invariant with respect to semigroup S(¢, w) (i.e., S(¢t,w) €
M_ Yw € M_). This manifold can be represented as the graph:

M_={ueVy(G) :u=a+u_+gu_), uec X _NO} (5.36)
where O is a neighbourhood of origin in Vi (G), g : X_ N O — X, is an operator-
function of class C3/? and

9(0) =0, ¢'(0)=0. (5.37)
Note that condition (5.37) means that manifold (5.36) is tangent to X_ at
point a.

The following theorem is true.

Theorem 5.2. Let a satisfy (5.18), o > 0 satisfy (3.55), O = O, = {v € V}(G) :
[vllvi(e)y < €} and e is sufficiently small. Then there ezists unique operator-

function g : X_ N O — X, of class C3/? satisfying (5.37) such that the mani-
fold M_ defined in (5.36) is invariant with respect to semigroup S(t,wp) connected
with (5.15).> There erists a constant ¢ > 0 such that

15(t, wo) — allvy(ay < cflwo — a||V01(G)e_”t ast >0 (5.38)
for each wg € M_.

5T.e. S(t,wo) is the resolving semigroup of equation (5.15) (see (5.17)).
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This theorem follows form results of [2, Ch. 5, Sect. 2; Ch. 7, Sect. 5] and from
Theorem 5.1.

5.3. Extension operator

Here we construct extension operator for Navier—Stokes equations. This operator
is analog of extension operators (4.18), (4.48) constructed for Oseen equations.

Recall that the domain €2 and its extension G satisfy (4.1), (4.2) and Conditions
4.1, 4.2. Besides

VHQ,Ty) = {u(z) € VX(Q) : ulr, =0, Jv € V(G) that u(z) = yqu(x)}. (5.39)
This space is equipped with the norm
[ullvi,rg) = | Bullvyq) (5.40)
where infimum is taken over all bounded extension operators
E:VYQ,Ty) — Vi (G).
Let us prove the theorem on extension.
Theorem 5.3. Let a(x) be a steady-state solution of (5.18), 0(x) = yqa, and M_
is the invariant manifold constructed in neighbourhood a + O of a in Vi (G) in

Theorem 5.2. Let Be, = {vg € VY, To) : |vo — 0llvia,rs) < €1}. Then for
sufficiently small €1 one can construct a continuous operator

Ext: 04 Bs, — M_, (5.41)
which is operator of extension for vector fields from Q to G:

(Extv)(z) = v(z), x €. (5.42)

Proof. By definition of V1(Q,T) there exists a bounded linear extension operator

R:VY(Q,Ty) — V3 (G).

Let p(z) € C°(G), p(x) =1 for x € Q and ¢(x) = 0 outside a neighbourhood
of Q. Similarly to (4.21) we introduce the following operator of extension:

_ Jv(@), z€Q,
Qulw) = {rot(gorot_le)(x) +w(x), =€w, (5.43)

where w(z) is a vector field concentrated in w which is constructed by v(x). We
describe its construction below. At last we define the desired operator Ext by the
formula

Exto =T1_Qz + g(I_Qz) + a, with z =v —a, (5.44)
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where II_ = I — II;, I is operator (5.35) of projection on X, = I,V (G),
X_ =1I_V(G), and g : X_ — X is the operator constructed in Theorem 5.2.
By definition (5.36) of M_ we have Extv € M_. Hence we have to provide that
the equality

(Extv)(z) =v(x), €0 (5.45)

is true, which shows that Ext is an extension operator. By (5.35) {e;(x)} generates
X+ and therefore the map g(u) can be written in the form

(u) = Z ejg;(u)

That is why taking into account (5.35) we can rewrite (5.44) in the form

K

Extv = a(z) + Qz(x Z /Qz Y)e;j(y) dy + ZBJ z)g;(II_Qz), (5.46)
Jj=1 Jj=1

(z=v—a).
In virtue of Lemma 5.2 {e;(x), z € Q} are linear independent and therefore
(5.45), (5.46) imply

/Qz(m)sj(x) de =g;(II_Qz), j=1,...,K. (5.47)
G

Let 1 (x) € C*(G), ¥ (z) = 1 outside small neighbourhood of Q and ¥ (z) = 0
x € . Similarly to (4.21) we look for the vector field w(z) from (5.43) in the form

w(z) = rot{ chrot ex(x ] (5.48)
To find coefficients (c1,...,cx) = ¢ we substitute (5.48) into (5.47) taking into
account (5.43), (5.35). As a result we get
7+ A¢= g(Tz + (G rot[yrot*e]) — (€,Z + AQ)), (5.49)
where I'z = rot(prot ' Rz), Z= (21,...,2K), A = |laji|| and

zj = /rot(aprot‘le(x))Ej(m) de, aj, = /rot[w(x)rot*ak(x)]sj(m) dx,

G G

g(u) = (g1 (w), ..., g (u)),
K
g=(e1(x),...,ex(x)), €= (e1(x),...,ex(x)), (¢ €)= chej.

We prove as in Theorem 4.1 that matrix A = ||a || is positive defined and therefore
it is invertible.
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Applying to both parts of (5.49) the matrix A~ we get the equality

i=G.(d) (5.50)
where the map G : RX — R¥ is defined by the relation
G.(8) = A7'§(Tz — (€,2) + (G rot[yrot*e]) — (€, Ad)) — A~ 2. (5.51)

In virtue of Theorem 5.2 the map A~'7 : RK — RX belongs to the class C'1+1/2
and A~'G(0) = 0, A=’ (0) = 0. Therefore for sufficiently small |G ||gx, [|2|lrx,
|2[lv (@) we derive from (5.51) that
1G(@) = G=(&)[| < sup [|ATF (T2 — (€,2)+

BE0,1]
+ (Bé1 + (1 = B)&, rot[yrot*e]) — (€, A[Bc1 + (1 — Be2)])| - l&r — &l <
<28, 8) 1 — &, where y(z,¢1,02) < Ml + ler g + leallgh),
and y; > 0 is a constant. Therefore the map G, is a contraction one. Hence
by contraction mapping principle ([11]) equation (5.50) has a unique solution ¢ =

(c1,--.,ck) if [[2]lya (@) is sufficiently small. For these [[z[|y1 () the operator Ext
defined in (5.44), (5.43), (5.48) is the desired extension operator. O

5.4. Theorem on stabilization

First of all we make more precise conditions connected with solution (¢, Vp) of
steady-state problem (5.5), (5.6). We set

V2(Q,To) = {v(z) € VX(Q) : v|r, =0, Jw e VHG) NV (G), v(z) = youw}
(5.52)
where 7q is the operator of restriction on €.

Proposition 5.1. Let f € (L2(Q))? and a pair (9(x), Vp(x)) belong to VZ(Q,T) x
(La(2))? and satisfies equations (5.5), (5.6). Then there are extension g(z) €
(L2(@))? of f(x) from Q to G and an extension (a(x),Vq(z)) € (VZ(G)NVy(G)) x
L2 (G) of (0(x), Vp(x)) from Q to G such that the pair (a(x), Vq(x)) is a solution
of (5.11), (5.12).

Proof. By definition of the space V2(£2,Tg) there exists an extension a(r) €
V2(G) NV (G) of 9(x) from Q to G. Since Vp € La(Q), one can choose p(z) €
H(Q) and after that extend p(x) from € to G up to a function ¢(z) € H*(G).
We substitute (a(x), Vq) to the left side of the first equation in (5.11) and denote
the obtained right side as g(x). Evidently g(x) € La(G). Moreover vqg(z) = f(x)
because yq(a(z), Vg(x)) = (4(z), Vp(z)), and (5.5) is true. O

Remark 5.1. Condition © € V2(2,Tg) which we impose on a given steady-state
solution is not constructive. But using arguments expounded in Subsection 4.2 one
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can prove that vector field 9(x) belongs to V2(Q,T) if it satisfies the following
condition: 9(z) € V2(), 9|r, = 0 and 9(x) is sufficiently smooth in a neighbour-
hood of OI'. Moreover we suppose that assumptions (4.1), (4.2), Conditions 4.1,
4.2 are fulfilled and in Condition 4.2 restriction « > 3 holds.

We now are in position to prove the main result of this paper.

Theorem 5.4. Let Q C R? be a bounded domain with C™-boundary 0 and OS2 =
Iy UTL UAT, where I,y are open curves, I # 0, OT is a finite number of points
or OT = (). Suppose that a domain G C R? is chosen such that assumptions (4.1),
(4.2) and Conditions 4.1, 4.2 with o > 3 are fulfilled. Let f(x) € (L2(Q))? and
(Vo(x), Vp(z)) € V2(Q,Ty) x (La(Q))? satisfy (5.5), (5.6). Then for an arbitrary
o > 0 there exists sufficiently small e1 > 0 such that for each vy € V(Q,Ty)
satisfying

||@ — 'UO”Vol(Q) <ér (553)

there exists a feedback boundary control u(t,z) € ¥ = Ry x I’ which stabilized
Navier-Stokes boundary value problem (5.1)—(5.4) with the rate (5.7), i.e. the so-
lution v of (5.1)—(5.4) satisfies (5.7).

Proof. Using Proposition 5.1 we extend 9(z) to a(z) € V1(G), and f(z) to
g(z) € (L2(Q))%. As a result we get boundary value problem (5.8)—(5.10) (with
certain wy) and steady-state solution (a(z), Vq(z)) of this problem. We can sup-
pose that o > 0 satisfies (3.55): otherwise we increase o a little bit and get (3.55).
In virtue of Theorem 5.2 in a neighbourhood of a there exists a manifold M_ which
is invariant with respect of semigroup S(t,wg) connected with equation (5.15) and
such that for each wy € M_ inequality (5.38) holds. Let £; be so small that it
satisfies condition of Theorem 5.3. Then we apply extension operator Ext con-
structed in Theorem 5.3 to initial condition vy of problem (5.1)—(5.3) and take
wp = Extvg as initial condition for problem (5.8)—(5.10) or for equation (5.15)(that
is equivalent). Then since wg € M_, S(t,wy) € M_ for each ¢t > 0, and esti-
mate (5.38) holds. We define solution (v,u) of stabilization problem (5.1)—(5.4)
by formula (5.13) where w(t,z) = S(¢,wo) is the solution of (5.15), (5.9). Then
(5.7) follows from (5.13), (5.38) O
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