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Inhomogeneous Boundary Value Problems for the Three-
Dimensional Evolutionary Navier—Stokes Equations
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Abstract. In this paper, we study the solvability of inhomogeneous boundary value problems
for the three-dimensional Oseen and Navier—Stokes equations in the following formulation: given
function spaces for Dirichlet boundary conditions, initial values, and right-hand side forcing
functions, find function spaces for solutions such that the operator generated by the boundary
value problem for the Oseen equations establishes an isomorphism between the space of solutions
and the spaces of data. Existence and uniqueness results for the solution of the time-dependent,
three-dimensional Navier—Stokes equations are also established. These investigations are based
on a theory of extensions of time-dependent, solenoidal vector fields that is developed in this
paper. The results of this paper are indispensable to the study of optimal control problems with
boundary control for the three-dimensional Navier—Stokes equations.
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1. Introduction

The boundary value problem with a homogeneous Dirichlet boundary condition for
the evolutionary Navier—Stokes equations has evident physical interpretations. For
this reason, that problem was studied intensively and the theory was developed
long ago in the works of Leray [10] and [11], Hopf [8], and Ladyzhenskaya [9],
among others. It became clear in recent years that boundary value problems
with inhomogeneous boundary conditions are also useful in applications such as
the boundary control of incompressible flows. For instance, the formulation and
solution of an optimal drag reduction problem through boundary velocity control
for a body moving in an incompressible viscous fluid flow requires the theory
of inhomogeneous boundary value problems for the Navier—Stokes equations. The
need and the nontriviality of such a theory was clearly manifested in our work [6] on
the two-dimensional optimal drag reduction problem via boundary velocity control.
The purpose of this paper is to develop a theory of inhomogeneous boundary value
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problems for the three-dimensional Navier—Stokes equations.

In order to reduce the investigation of inhomogeneous boundary value problems
to that of homogeneous ones, we must study the problem of traces on ¥ = (0,7") x
0N of solenoidal vector fields defined on @ = (0,7) x €, where  is a spatial
domain and 9 denotes its boundary. In other words, we need to characterize the
restriction of solenoidal vector fields defined on the space-time cylinder () onto the
lateral surface ¥ and also study the problem of extending boundary vector fields
defined on X into solenoidal vector fields defined in Q.

Two settings of trace theorems and related boundary value problems are pos-
sible. The first setting is the one that is used in classical theories for elliptic and
parabolic boundary value problems; see, e.g., [2], [3], [12], [13]. It goes as follows.

Setting 1. Given the space of desired solutions for a boundary value
problem, one identifies the trace on X of this space.

This setting, in the case of the three-dimensional, evolutionary Navier—Stokes
equations, was studied in [7]. Note that an immediate application of the results of
[7] to the optimal drag reduction problem is the description of appropriate bound-
ary terms in the cost functional and of a suitable set of admissible boundary
velocity controls.

Suppose now the boundary terms of the cost functional have been chosen.
Then, these terms determine the set of admissible Dirichlet boundary conditions.
This leads to the second setting of trace theorems (and of boundary value prob-
lems).

Setting 2. Given a space G of desired Dirichlet boundary conditions

on X, find the space Y of solenoidal vector fields on Q whose trace

space coincides with G. Moreover, Y can be taken as the proper

space of solutions for inhomogeneous boundary value problems for

the Navier—Stokes equations or for their linearized analog, the Oseen

equations.
Note that we call Y the proper space of solutions if the direct product of the
Oseen operator and the restriction operators on ¥ and at ¢ = 0 establishes an
isomorphism between Y and the direct product of the space for the forcing term,
the space G, and the space for the initial condition.

In this paper we study inhomogeneous boundary value problems for the three-
dimensional Oseen and Navier—Stokes equations under Setting 2. Note that in
order to derive optimality systems for corresponding optimal boundary control
problems we need to solve a boundary value problem in Setting 2.

We suppose that the space G of Dirichlet boundary values is a subspace of

H!(X) whose normal components have zero means over 9 for almost every t €
(0,7), i.e.,

G:{ueHl(Z) : /

u-nds=0 forae. te (O,T)}.
00

We choose L?(Q) as the space for the forcing term. Then, we construct the space
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Y of solutions as the direct sum of two Hilbert spaces Y; and Ya: Y =Y; 4+ Y.
Recall that a Hilbert space Y is the direct sum of the Hilbert spaces Y; and Yo
(Y1NYsy # ¢) if each y € Y can be decomposed into y = y; + y2 with y; € Y3
and ys € Yo and

2 . 2 2
913 =y dnt (Il veli,) - (L1)

In our case, Y5 is the standard space of strong solutions with zero Dirichlet bound-
ary condition and Y is a special space of solenoidal vector fields defined on @
which are extensions of boundary vector fields belonging to G (defined on ). The
main part of this paper is devoted to the construction of the extension operator
FE : G — Y,. This construction consists of two steps. First, in Section 3, we
construct an extension operator F; in a way analogous to what we did in [7], al-
though the spaces here are different than those used there. The proofs in Section
3 are not detailed as the readers can refer to [7]. In the second step, we construct
E (with the help of E;) by solving a boundary value problem for the steady-state
Stokes equations.

The results of this paper are also valid if the function space for boundary
conditions is taken as

G” = {V(t,x) € L2(0,T;HY(99) :

Ov(t,x) € LQ(O,T;HVA(GQ)?/

v-nds=0 ae. t€ [O,T]}
o9

with v > 1. Moreover, the proofs for the case v > 1 become considerably easier
than those for the case v = 1, the latter is precisely the case treated in this paper.
Of utmost interest to us is the case v = 1 since the function space G = G! is
a natural choice of Dirichlet controls from a computational point of view for the
afore-mentioned drag minimization problem (in contrast, the space G" for v > 1
involves computationally cumbersome fractional derivatives).

The rest of the paper is organized as follows. In Section 2, we prove theorems
on extending solenoidal vector fields that are defined on an open domain into ones
defined on a larger open domain. In Section 3, we establish results on solenoidal
extensions of boundary data. In Section 4, we first discuss steady-state boundary
value problems which depend on ¢ as a parameter; we then construct the final
extension operator. Finally, in Section 5, we show the existence and uniqueness
of solutions for boundary value problems for the three-dimensional Oseen and
Navier—Stokes equations.

2. Theorems on the extension from an open set

In this section, we study the problem of extending solenoidal vector fields on a
bounded domain into ones on a larger domain.
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Throughout this section we assume that @ C R? is a bounded open set with a
C® boundary 02 and that 02 consists of J disjoint connected components, i.e.,

N =U/_T;, LN =0 Yi#j, (2.1)

where each I'; is a C° connected, compact manifold. Also, let ¥ be a domain
having a C'*° boundary that contains €2, i.e., 2 C ¥. We suppose that if 902N0V¥ #
0, then 90N OV = U™ T';. (m < J), where I';, are the manifolds defined in (2.1).
We will establish results on solenoidal extensions from €2 onto ¥ or from (0,7") x
onto (0,T) x W.

2.1. The extension from a spatial domain

In this subsection, we prove a theorem on the extension of solenoidal vector fields
defined on € into solenoidal vector fields defined on ¥ that preserves the smooth-
ness of the original vector fields.

We first introduce some notations and function spaces. The Sobolev space
H*(Q) for a natural number k is the space of all functions which possess the finite

norm
@ 2
falgey = 3 /Q D) dx.,

|| <k

where o = (a1, a2, a3) is a multiindex (o; > 0 and integer), |a| = a1 + ag + as,
and D = 9l*l/(9x{ 25225%). The Sobolev space H*(Q) for arbitrary s > 0 is
defined with the help of H*(Q) by iterpolation; see [12]. By definition, H§(12),
s > 0, is the closure of C§° () in H*(£2). The space H*(Q), s > 0, is defined as
the dual space of H§(R), i.e., H %(Q) = (H§(R))" with the norm
e = sup P
sery (@), 620 [9llms (@)

where (-, -) denotes the duality between H°(Q2) and H§ () generated by the scalar
product in L?(Q); see [12].

Let ¥ C R3 be a domain having C*™ boundary 0¥ such that Q c . If 90N
O # () (this is the case of the most interest to us), we set ClyQ = Q\(9Q N V),
where Q denotes the closure of Q in R3. The set Cly( is called the closure of
in ¥. Further, a set K is called compact in ¥ if K C ¥ and K U (902 N 0¥P) is
compact in R?. If 00N OV = (), then ClgQ = Q and K is compact in ¥ if K is a
compact set (in R?) and K C V.

Let K be compact in ¥ such that ClgQ € K C ¥. Assume that 0QN OV =
or 9 NIV is a closed manifold. An operator L is called an extension operator if
L maps every function u defined on 2 into a function defined on ¥ and satisfies
the property (Lu)(x) = u(x) for every x € Q. The following results for extension
operators are standard.
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Lemma 2.1. Let m > 0 be an integer. There exists an extension operator L,
such that for each s € [0,m], the operator

L., : H* () — H*(7) (2.2)
is bounded and for each uw € H*(Q), Ly,u is supported in K.

Sketch of proof. In the case Q = R3 = {x = (21,22, 23) = (x/,23) € R® : x3 > 0}
and ¥ = R3, the operator L,, is defined by the well-known Whitney formulas

u(x’, z3) for z3 > 0
Lypu(x',z3) =
S Au(x, *%Ig)(ﬁ(x) for x5 < 0,
where Ay, ..., Ay, are defined by the system of equations
m 1 J
> <_E) =1 j=01,....,m—1,

k=1

and ¢(x) € C®(R?), ¢(x) = 1 for z3 > —¢/2, and ¢(x) = 0 for z3 < —e.
This construction can be transformed to the case of domains 2, ¥ with the help
of partition-of-unity techniques. The boundedness of the operator (2.2) for s =
0,1,...,m is verified in a straightforward way; see [1]. The boundedness of (2.2)
for each s € [0,m] is established by interpolation; see [12]. O

We introduce, for s > —1, the space
ViI(Q)={veH Q) : divv =0}, (2.3)

where div v is understood in the sense of distributions and, for s > 0, the space

VE(Q) = {veVS(Q) : / v-nds=0, j= 1,...,J},
Ly
where the T';’s are the components of 99 (see (2.1)) and n is the outward-pointing
unit normal vector along 0. Note that the boundary integral fr- v -nds is well
defined even for s € [0,1/2] and is understood as (v - n, 1) for such s, where (-, -)
is the duality pairing between H*~'/2(T';) and H'/27%(T;); see [16]. We have, by
definition, that || - [[v:(a) = [ [l=() and || - 5. q) = I - [1:(0)-
We recall some solvability results for the following boundary value problem:

curlv=u and divv=0 inQ, v~n’aQ:O. (2.4)

Lemma 2.2. Let s > 0. Then, for each u € \NfS(Q), there exists a solution
v € VSHLH(Q) for (2.4). O

This result is well known. Its proof in the case of integer s can be found in,
e.g., [16]. The case of noninteger s can be handled with the help of interpolation
theorems; see [7, 12].
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Note that ker(curl), i.e., the kernel of the operator
curl : {v € V"*1(Q) : v-n|,, =0} — V*(Q),

is a finite-dimensional space of C*°-vector fields depending on the topological
structure of €. Its complete characterization can be found in, e.g., [16]. Among
all solutions of (2.4), we choose the solution v which is orthogonal to ker(curl)
in L?(Q). Evidently, this solution is determined uniquely and, by the Banach
theorem, it satisfies the estimate

[Vllves@) < Cllullg.q) (2.5)

where C' does not depend on u. In the sequel, when we speak of the solution of
(2.4), it will be understood to be this solution v. We denote v = curl ~'u.
We are now in a position to prove the extension result.

Theorem 2.3. Suppose that Q and ¥ are two domains in R3, Q is bounded,
ONNOY =0 or 002N O is a closed manifold, and K is compact in U such that
ClgQd C K C V. Let m be a nonnegative integer. Then there exists an extension
operator L, such that for each s € [0,m], the operator

Ly : V3(Q) — V(1)
s bounded and for each u € {/S(Q), Lmu is supported in K.
Proof. Given u € V*(Q), let v = curl 'u € Vst1(Q) be the solution of (2.4)
satisfying (2.5). Since v € H**1(Q), we can apply Lemma 2.1. Let Ly, :

H*T1(Q) — H*'(¥) be the operator determined by that lemma. Then, the
operator £,, = curl o L,, o curl 7! gives the desired extension. J

2.2. The extension from a space-time domain

We introduce the following spaces of solenoidal vector fields defined on @ =
(0,T) x

VE(Q) = L0, T; VoTH(Q)) N HY(0,T; V*(Q)) (2.6)
and B N _

VI(Q) = L0, T; VIHH(Q)) N HY(0, T3 V* ().

Theorem 2.4. Assume ), K, and ¥ satisfy the conditions of Theorem 2.3 and
set © = (0,T) x U. Let m > 0 be an integer. Then there exists an extension
operator L, 11 such that for each s € [0,m] the operator

L1 : VI(Q) — VI#(0) (2.7)

is bounded and for each u € VV5(Q), Ly, 41u is supported in [0,T] x K.
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Proof. The desired results follow directly from Theorem 2.3 by applying the op-
erator L, 41 in that theorem to u(t,-) € V*T1(Q) and to d;u(t,-) € V*(Q) for
almost every t € (0,7). O

3. Theorems on the extension from a boundary

To establish the theory of inhomogeneous boundary value problems for the Stokes,
Oseen, or Navier—Stokes equations, the main problem is to determine the proper
extension of vector fields from the lateral boundary into solenoidal vector fields
defined on the space-time cylinder. This section will address this problem.

3.1. Extension results for scalar functions

First, we consider the case of nonsolenoidal vector fields, which obviously is reduced
to the case of scalar functions.

Let (t,x) = (t,21,...,2q) € R¥TL. We define the function space H*(R+1!)
(s >0) as

HY (R = {u(t,x) € L*(R; H*TY(R?)) : dyu(t,x) € L*(R; H*(RY))}

with the norm
oy = [ [0 1677+ (L )1+ 16T ) dre.
where 7 € R, £ € R%, and
u(r, &) = / e_i(t”'x'g)u(t,x) dxdt
Rd+1

is the Fourier transform of u(t,x). The space H'*(R9) of functions v(¢,x') =
v(t,z1,...,24-1) is defined analogously.

The following lemma answers the question of extending functions defined on
the hyperplane {(¢,x) = (t,x',24) € R¥*! : z; = 0} into functions defined on
R4+1.

Lemma 3.1. There exists a continuous linear operator
L:HY' (RY) x HYO(RY) — HY2 (R (3.1)

such that for each wo(t,x’) € H“'(RY) and wy(t,x’) € HYO(R?), the function
L(wg,w1)(t,x) satisfies the conditions

0
a) L(WO»wl)(t,X)’xdzo = wo(t,x’), a—x(iL(wo,wl)(t,x)‘md:O = wy(t,x'),
82
—QL(wovwl)(t7X)| = 07'

O3 za=0 "
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b) supp L(wg, w1) C {(t,x) € R i |z4| < e}, where ¢ > 0 is a given (small)
number.
Proof. We use the well-known approach; see, e.g., [12] and also [7]. Denote
a(€)=1+1&1? and b(r)=1+|7>.
Let ¢r(r) € C®(R) with supp ¢ C [—¢,¢] and ¢x(r) = r¥/k! for |r| < /2,
k=0,1. For u(t,x) € H"3/2(R¥1), we denote by
17(7', £/,$d) = (ﬁu)<7-7 €l7xd) = E<T7 617 e 7£d715$d>

the Fourier transform of u(t,x) with respect to the variables (¢,x’). We define the
extension operator L by the formula

L(wo, w1) = Bowo + frws , (3.2)
where the operators [ are defined by
(Brwi)(t, X, za) = F~¢r(a'/ (& )za) Gr(r,€') a*2(€")], k=0,1; (3.3)

here F~! denotes the inverse Fourier-transform in the variables (1,&") for functions
n(7, &', 24) defined on R and @y (7, &) denotes the Fourier transform of wy (£, x'),
k =0,1. Using the definition of ¢, we may easily verify that

=11~ I(Bowo) 82(60100)

_ 1 _ _ _

(BO'LUO)‘L!:O o F [wo] = Wo, Tl‘d xq=0 o 07 W zq=0 - O,
O(Brwy) ~ i~ 0?(Brwy)

(61w1)|3«'d=0 - 07 833(1 xq=0 - F ' [wl] =Y TJZ?I zg=0 - 0 ’

These equalities and (3.2) imply assertions a) and b). Taking the Fourier transform
on (3.3) we obtain:

(€)= DB caa 7€)
so that
HﬁkwkHipﬁ/‘z(Rd-H)
- /ﬂw [(“(5’) +E2)3 +b(7)(a(g) + 53)3} % Or(Eaa™ 2 (&))) drde
= /]Rd+1 [(a(ﬁ’) +a(€)y?)? +b(1)(a(g) + a(g’)y2)3/2}
% on(y) drdg'dy
a (&)

<C [ @ HE) + )l M@ [BuP drd€ = [unlnsvmn, k=01,
Rd
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These inequalities imply that the operator L defined in (3.2) is bounded from
HLI(Rd) % Hl’O(Rd) to H1’3/2(Rd+1). 0

The operator in (3.1) satisfying conditions a) and b) is called an extension
operator.

Having established the extension result for functions defined on the half space
with an unbounded boundary, we now consider similar results for functions defined
on domains with a compact boundary. Let €2 be a bounded domain with a C*°
boundary or be the exterior of such a domain. Recall that we denote Q = (0,7) x
and ¥ = (0,7) x 9Q. For s > 0, define the spaces

HY(Q) = {y(t,x) € L*(0,T; H**'(Q) : Oyy € L*(0, T; H*(Q)}
and

HY () = {y(t,x) € L*(0,T; HT1(0Q) : dyy € L*(0,T; H*(99)}.

Theorem 3.2. For every € > 0, there exist continuous linear operators
Ep: HY'7F(®) - HY/2(Q), k=01

such that the restriction operators written below are well defined for Eyw, k = 0,1,
and

E'ow’Z =w, an(Ebw)|E =0, 8,m(EOw)’E =0,
E1’LU|Z:0, 5'n(E1'LU)|E = w, ann(Elw)’ZZO,

where 0, and On,, are the first and second-order normal derivatives, respectively.
Moreover, Exw, k = 0,1, have support in an e-neighborhood of 3.

Proof. Using a partition of unity and a rectification of ¥, one can easily derive the
results of this theorem from Lemma 3.1. ]

3.2. An equation for differential forms

For now (until Theorem 3.6), we only consider spatial (i.e., time-independent)
vector fields. In order to extend a vector field defined on 9f) into a solenoidal
vector field on €2, we use special local coordinates in a neighborhood of 922 . We
suppose now that the domain  C R3.

Let T'; be a connected component of 2. For notational convenience, we dis-
pense with the subscript ¢ for T';, i.e., we use I' in place of I';. We consider the
bounded domain

O(=0,5) ={x € Q:dist(x,T") < 0},

where 6 > 0 is a sufficiently small number.
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We will need the following well-known lemma, a complete proof of which can
be found in, e.g., [7].

Lemma 3.3. Define
ys3(x) = dist(x,T), x€0. (3.4)

Then, there exists a finite covering {U;} of © such that in each U; there exists
a local coordinate system (y1(x),y2(x),ys3(x)), with ys3 defined by (3.4), which is
oriented as (x1,x2,x3) and satisfies

Vyj(x) ' Vyk(x) = Ojk, ]7k = 172333 (35)

where d;1, is the Kronecker symbol. ([

Using (3.5), one can calculate, in the local coordinates (y1,y2,ys), the metric
tensor g (y) generated by the Euclidean metric of the enveloping space R3. The
calculation yields

gri(y) = Okr - (3.6)

As is well known (see [4, Ch.4, §29.3] and [14, Ch.VI, §4]), relation (3.6) implies
that the formulas for the div and curl operators in local coordinates (y1,y2,y3)
have the usual form:

3
divv = Z % and curlv = (82’[)3 — 831)27 631}1 — (911)37 611}2 — (921)1) .

= %

The plan for proving the extension theorem is as follows. First, for a given
vector field u on I', we solve the system of equations

curlw|F =u (3.7)

for each component I' of 92 and obtain the boundary value w - and hence W| 89"
Then, we extend W’ 5 nto a w in  with the help of standard extension theorems
such as Theorem 3.2. The desired extension v for the boundary data u is obtained
by setting v = curlw. This plan is carried out below.

Let
L0
= i Ty Un 3.8
u ;u 0 (ur, up) (3.8)
be a given vector field defined on I' where u, = “16%1 + uQa%z is the tangential

component of u and u, = us-2- is the normal component of u. Applying to

dys3
(3.8) the operation of lowering the indices (see [4, p. 170]) and then applying the
operation * (see [4, p. 175]) and using (3.6), we can express the vector field (3.8)

in the exterior differential form:

U = urdys A dys + uadyz A dyy + uzdyr A dys . (3.9)
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By the operations of lowering indices we may express w in (3.7) as a differential
form W on © which in local coordinates (y1, y2,y3) takes the form

w = w1 (Y1, Y2, Y3)dyr + w2 (Y1, Y2, y3)dys + w3 (Y1, Y2, y3)dys.

We introduce the following differential form w on I' which depends on y3 as a
parameter:

W = w1 (Y1, Y2, Ys)dy1 + w2 (y1, Y2, ys)dys.
Now we rewrite (3.7) as the equation dw = u for differential forms, which in local
coordinates (y1,y2,y3) can be written as follows:

(O, wa — Oy, w1)dyr A dya = ugdyr A dyo at y3 =0, (3.10)
(Oy, w3 — Oy, wa)dya A dys = urdys A dys at y3 =0, (3.11)
and
(Oy, w3 — Oygwr)dyr A dys = —uady A dys at y3 =0. (3.12)
To find the restrictions wi’ygzo (1 =1,2,3) from (3.10)—(3.12), we set
ws)_y=0. (3.13)
Then, (3.11)—(3.13) imply
— Oy, wa = U1 and Oy, W1 = Ug at y3 =0. (3.14)

To find the traces for wy and we at y3 = 0 we have to solve (3.10) defined on the
manifold I'. This equation can be rewritten in the invariant form

dw =1, (3.15)
where w = wydy; + wadys is an unknown differential form of the first order which

in local coordinates can be rewritten as

w = wldyl + WQdyQ = W|y3:0

and the differential form u of the second order has the following expression in local
coordinates:
u = uzdy; A dys .

Let A;(T"), ¢ = 0,1, 2, denote the space of differential forms on I" of order 7. The
operator d : AY(T) — A%(T) in (3.15) is the usual operator of taking differentials
(see [15]). Below, we will make use of the conjugation operators x (see [15]):

«: AYT) — ANT),
x: A%(T) — AY(T),

and
x: A — A*(ID)

which in local coordinates can be expressed as

*w = —wady1 + widys for w = wdy; + wadys € Al(l") ,
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*f = fdyl N dyg for f € AO(F)
and
«(fdyy Ndys) = for fdyy Adys € A*(T).
Note that (3.14) can be rewritten in the following invariant form:

*(8y3vi/)| =1, where U= uidy; + uadys. (3.16)

y3=0
We supplement (3.15) with the following equation:
d(xw) =0. (3.17)
Recall that the Laplace operator A on f € A°(T") is defined by the formula
Af=—xdxdf YV feA(D).

We define L2(A%), i = 0, 1,2, to be the set of w € AY(T") with the finite norm

lwlZeay = [ wAsw.
r

(The scalar product in L*(A?) is defined by (w1, ws) = [, w1 Axws.) We introduce
the following subspaces of L?(A'):

F = F(I') = the closure of {df : f € C'(I')} in L*(A'),
F* = F*(T') = the closure of {xdf : f € C*(I')} in L*(A'),
and
G=G() ={we L*(A") : w=df where f € A°%T") and Af =0} .
The spaces F', F* and G are mutually orthogonal and
PFAY=FoFaod. (3.18)
We now study the solvability of the system formed by (3.15) and (3.17).

Lemma 3.4.
a) There ezists a solution w € G & F* of (3.15) and (3.17) if and only if the
right-hand side 0 € L?(A?) satisfies the condition

/Fﬁ ~0. (3.19)

b) Any solution w of (3.15) and (3.17) admits the representation
w =g+ *dr,

where g is an arbitrary element of G and r € L*(A®) is the unique solution of the
equation

Ar=—xu (3.20)
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in the class r € L*(AY) satisfying

/F*r =0. (3.21)

We give here only a sketch of the proof. For a complete proof, see [7].

Sketch of proof. Let
D(d) = {w € L*(A") : dw € L*(A*)}.
Integration by parts yields that each u € dD(d) satisfies (3.19).
Let u € dD(d) be given. Then, by definition there exists a w € L?(A!) satis-
tying (3.15). By (3.18), w = g + *dr + dry, where g € G, *dr € F*, and dry € F.

Substituting this decomposition into (3.15) and taking into account of the facts
that ddr; = 0 and dg = 0 (as g = df), we have

d+dr=1. (3.22)

By the definition of A, (3.22) yields (3.20).
Multiplying the corresponding sides of (3.22) and (3.20), we see that in any
parametric circle U;,

/ |Ar|2dy1 Ndys = / |U§|2dy1 Adys .

U; Ui
This equality implies the closedness of the set dD(d) in L?(A2%), which in turn
leads to the solvability of (3.15) for each u satisfying (3.19).

If wy = g+ *dr + dry, where g € G, *dr € F*, and dr; € F, is a solution of
(3.15), then w = g + *dr will also be a solution of (3.15), as ddr; = 0. If g € G,
then g = df, where Af = —xd«*df = 0. Thus, d*xg = d *df = 0 so that the
differential form w = g + *dr satisfies (3.17).

The uniqueness of the solution for (3.20) in the class of functions satisfying
(3.21) can be proved by integration by parts. a

Below, we solve the system (3.15) and (3.17) on 9Q = U7_,T; assuming con-
dition (3.19) holds for each component I' = T';. Evidently, the solution of this
system defined on 0f is reduced to its solution on each component I' of 9.

Recall that the definition of the Sobolev spaces H*(9Q) = H*(A%) =
II_, H*(T;) of functions defined on dQ = UJ_,T; can be found in [12]. The
Sobolev space H*(A?) is the set of exterior forms u € A?(99) = IIJ_, A*(T';)
such that xu € H*(A%). The Sobolev space H*(A!) is the set of exterior forms
u € AY(09Q) = II_, A*(I';) which, in each parametric circle U; of ', j = 1,...,J,
have the form u = ¢ (y)dy1 + ¢2(y)dys, where the coefficients ¢x(y), £ = 1,2,
belong to Sobolev space H*(U;).

Lemma 3.5. Let s > 0 and assume that U € H®(A?) satisfies the condition
(3.19) for each component I'; of OY. Then, there exists a unique solution w €
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HsPHY AN N F* =T, (H T (ANT;)) N F*(Dy)) for (3.15) and (3.17) satisfying
the estimate
|wllt1(ary < Cllal| s a2y - (3.23)

Proof. As is well known, for u € H*(A?) satisfying (3.19), there exists a unique
solution r € H*+2(A%) of (3.20)—(3.21); also, the following estimate holds:

(7] rs+2(a0) < Cl[A]| s (az) - (3.24)

Set w = xdr. Then, as in the proof of Lemma 3.4, one can establish that the
exterior form w € H*T1(A!) and satisfies (3.15) and (3.17). Inequality (3.23)
follows from (3.24). O

Analogous to the space H*(X) defined in Section 3.1, we define
HY$(AY(E)) = {v(t,x) € L*(0,T; HSTH(AY(09)) :

. (3.25)
Owv(t,x) € L2(0,T; HS(A/(0Q))},  i=0,1,2.

We may now state the main result of this subsection which is evidently a conse-
quence of Lemma 3.5.

Theorem 3.6. Let s > 0 and assume that u € H*(A*(X)) satisfies (3.19) for
each component T' of OQ for almost every t € [0,T]. Then, there exists a unique
differential form w € HYTL(AY(X)) which belongs to F* for almost every t €
[0,T] and satisfies (3.15) and (3.17) for almost every t € [0,T]. Furthermore, the
following estimate holds:

||w||H1,s+1(A1(2)) S C”ﬁ”Hl,s(AQ(E)) . (326)

Proof. By Lemma 3.4, (3.15) and (3.17) with u(¢,-) being the right-hand side of
(3.15), admit a unique solution w(t) € F* for almost every ¢ € (0,7"). Using the
results of Lemma 3.5, one can easily verify that all statements of this theorem hold
for the solution w. O

3.3. The extension result for solenoidal vector fields

Denote by 7-(99) (respectively 7.(X)) the space of tangent vector fields on 9f
(respectively on X). Similarly, denote by 7,,(99) (respectively 7, (X)) the space
of normal vector fields on 92 (respectively on X). Let 7 (9Q) = 7, (09Q) + 7,,(092)
and 7(X) = 7.(X) + 7,(X). Recall that the Sobolev space H®(7(0f2)) is the
set of functions u € 7(99) which in each parametric circle U; have the form
ql(y)aiy1 + qg(y)aiy2 + q;),(y)%, where ¢;(y) € H*(U;), i = 1,2,3. The Sobolev

spaces H*(7,(0Q)) and H® (Tnf Q2)) are defined analogously.
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Remark 3.7. u € 7,(99) can be decomposed as follows: u = u,n and u, €
A%(9Q). Thus, the space H*(7,(012)) for u and the space H*(A°(0Q)) = H*(99)
O

for u,, are isomorphic.

As in (3.25), we set
H(T(X)) = {v(t,x) € L*(0,T; H** (T (09)) : dyv € L*(0,T; H*(T(99Q))} .
The spaces H*(7,,(%)) and HY*(7,(X)) are defined analogously. Also, we have

HY(T (X)) = HY (T, (X)) +HY*(7.(2)). Inother words, for each ue HV* (7 (X)),
we have

u=u, +u,n where u, € H"*(7,(¥)) and u, € H"*(%). (3.27)
Define

HY(T(%)) = {u € H»(T(D)) :
(3.28)
/ Up(t,x)ds =0 for j =1,...,J and for almost every t € (O,T)},
Ly
where u,, is the normal component of u as in the decomposition (3.27).
The following assertion is true.

Theorem 3.8. Suppose that Q C R3, that 08 is of class C>® and is a compact
set, and that € > 0 is given. Then, there exists a continuous extension operator

E.: HY(T(%)) — VM/2(Q), (3.29)

i.e., the operator B, is such that for every u € HYO(T (X)) the restrictions E.uls,
and On(E.u)|s are well defined and Ecu’E =u and an(Ecu)’E € L%(X). More-
over, for each u € PNILO(T(Z)), the vector field E.u is supported in the e-neighbor-
hood of X:

supp (F.u) C {(t,x) € Q : dist((t,x); X) < e},

where dist((¢,x); X) is the Fuclidean distance between the point (t,x) and the set X.

Proof. Let u = u, 4+ u,n € HYO(T(X)) be the trace data, which in the local
coordinates (y1, Y2, y3) introduced in Lemma 3.3 can be written in the form (3.8).
We reduce the vector field (3.8) to the differential form (3.9) and consider the
system of equations (3.10)—(3.12). This system can be reduced to the system
(3.10), (3.13), and (3.14) supplemented by the equations

(Oysw3)| 0, (92 w; =0 i=1,2. (3.30)

Y3Y3 Z)’yg,:()
The system (3.10) can be rewritten in the invariant form (3.15) and (3.17) with
u € HY0(A%(X)); the system (3.14) can be rewritten as (3.16); and (3.30) can be
rewritten as

y3=0 —

2 < _
(aysygw)’aQ =0.
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Theorem 3.6 asserts that there exists a unique solution w € H%!(A}(X)) of (3.15)
and (3.17) satisfying (3.26). The existence of a solution (‘3y3\7v|aQ € HYO(A2(D))
of (3.16) is evident.

Now we extend the obtained data from ¥ into Q. We explain how to do this
in a set (0,7") x U; C X on which the local coordinates constructed in Lemma 3.3
are used. So we have

Wlamo = w1|y3:0dy1 + w2|y320dy2 =w = widy; + wadys, w3|y3:0 =0;
wi € HYY((0,T) xU;)  i=1,2;
(ay?’w)’y:gzo =u= Uldyl + u2dy27 (8y3w3)’y3:0 = 07
u; € HYO((0,T) x U;)  i=1,2;
2 _ (92 2 _
(Oyyys W) ys=0 (aysysw1)|y3:0dy1 + (aysysw2)|y3:0dy2 =0,

and

(82 w3

Y3ys3 )’ygzo =0.

Using these data for w1|y3:o, w2’y3:0, and for their ys-derivatives and applying
Theorem 3.2 on the extension of scalar functions, we can extend w;, i = 1,2, from
(0,T) x U; into functions w; € HY3/2((0,T) x U; x {y3 : 0 < y3 < e}), i = 1,2.
We set wsg = 0 for (¢,y1,y2,y3) € (0,T) x U; x (0,¢). As a result, we obtain an
extension of the exterior form w and u from (0,7") x U; into an exterior form

E(w, ) = widy; + wadys + wsdys € HY3/2((0,T) x Uj x {y3:0 < yz < e}).

By Theorem 3.2, the form w equals zero for y3 > ¢ and close to . The extension
of the differential form w and u from X to @ can be achieved in the standard way
using the partition of unity; see [7] for details. We denote this global extension by
B(w,1) € H“3/2(AY(Q)). Tt is evident now that the form dE(w,1d) which can be
decomposed in global coordinates (¢, 21, x2, 23) as dE(w,0) = Z?Zl(dE(w, u));dc;
with (dE(w,1)); € HY/2(Q) gives us the desired extension of the differential form
(3.9). Passage from the form dE(w,0) to the vector field v = E.u completes the
proof. O

Remark 3.9. The proof of Theorem 3.8 gives the possibility for extending vector
fields from ¥ = (0,T) x 9§ to (0,T) x R3, i.e., not only inside Q but outside the
lateral surface of ) as well. More precisely, there exists a continuous extension
operator E,. : H'0(T (X)) — V11/2((0,T) x R?) such that F.u|y = u, 8, FE.uly €
L%(¥), and E.u is supported in a two-sided e-neighborhood of X. O

Analogous to (3.28), we set

~

HY (T (%)) = {u c HY (T (%)) : / un (t,x) ds = 0 for almost all ¢ € (O,T)}.
19)
(3.31)
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We now construct the extension in the case of the unconnected boundary (2.1)
when the boundary data u = u, + u,n satisfies the condition

/ Up(t,x)ds =0 ae. t€(0,7). (3.32)
o9

However, the extension in this case no longer will be localized near 992 (although
it will have compact support if € is the exterior of bounded domains).

Theorem 3.10. Let Q C R? be a bounded domain or be the exterior of a bounded
domain and assume 052 is of class C*°. Then, there exists a continuous extension

operator N
E: HY(T(2)) - VI/2(Q). (3.33)

In the case where ) is the exterior of a bounded domain, the extension Eu for each
u e HYO(T (X)) has compact support belonging to the set {x € R3 : |x| < N + 1}
for N that satisfies the condition

N C{xelR®: |x|<N}. (3.34)

Proof. Let Q have the structure (2.1). Denote

a;(t) = 11/untx j=1...,J,

where |T';| is the Lebesque measure of the manifold I';. We look for a desired
extension F'u in the form

Eu=v+Vr, (3.35)
where 7 is the solution of the Neumann problem
{Ar(t,x) =0 in,

Bur(t, )], = (1) (3:30)

for almost every ¢ € (0,T). Since u satisfies (3.32), we have ijl a;(t) = 0so that

the solution (¢,x) of (3.36) exists and Vr € V11/2(Q). By (3.35), the boundary
condition of the desired vector field v is

v|E =u- (V7’)|E

Then, evidently,

7
— up(t,x)ds=0, j=1,...,J.
o1 e,

Hence, the construction of v from v‘z is reduced to Theorem 3.8. This finishes
the proof in the case of bounded €.

When (2 is the exterior of a bounded domain, we apply Theorem 2.4. To
this end, we apply the extension theorem just proved to the bounded domain
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Oni12 = {x € Q¢ |x| < N+ 1/2} with N satisfying (3.34), where we set the
extended data equal to zero on the additional component 'y = {|x| = N+1/2}
of 0ny1/0 = Uj:lll"j. After that, we consider the extended vector field Fu as

defined in (3.35), which we now denote by Eu, and restrict it to (0,7) x Qy = Q,
where Oy = {x € R® : N < |x| < N + 3}. By virtue of (3.32) and the relation
div (Eu) = 0, we deduce

/ (Eu), ds =0 and / (Eu),ds=0.
|x|=N |x|=N+1/2

Hence, Fu € \N/'l’l/?(é). Taking Q = Qn, Q = Q, ¥ = {x € R® : |x| > N},
K=¥n{xeR}: N<|x|<N+1},and © = (0,T) x ¥, and applying Theorem
2.4 to Eu|é, we obtain EEub. We may define the final extension Eu as follows:
{ Eu(t,x), (t,x)€ (0,T)x (QN{xeR?: |x|<N+1i})
Fu = N
LEu(t,x), (t,x) € (0,T) x {x € R® : |x| > N+ 1}.
This completes the proof in the case when 9L is the exterior of an unbounded

domain. O

Remark 3.11. If all conditions of Theorem 3.10 are fulfilled, then there exists a
continuous extension operator

E : H*(T(8Q)) — V*T1/2(Q) (3.37)

where ﬁIS(T(aQ)) = {u € H*(T(0)) : u satisfies (3.32)}. The proof of this
assertion is entirely analogous to that of Theorem 3.10.

4. Final extension results

In this and the next section, 2 is the exterior of a bounded domain having C'*°
boundary. We restrict ourselves to this case simply because this case is of the most
interest in applications. The case of a bounded domain can be treated similarly
and more easily.

4.1. The linear steady-state problem

The extension results obtained in the previous section are not enough for estab-
lishing a proper theory of inhomogeneous boundary value problems for the Oseen
and Navier—Stokes equations. We need to strengthen those extension results. To
this end we set

QN+k = Qﬂ{x eR3: ‘X| < N—‘rk} and QN+]C = (O,T) X QN+k
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for each k£ > 0 and for a fixed N > 0 satisfying (3.34) and consider the following
steady-state problem depending on the parameter ¢t € (0,7):

—Av(t,x) + Vp(t,x) = 0, divv(t,x) =0, in Qnyo, (4.1)
V(t7 ) |(’)Q = b(tv '); and V(ta X)'{XER3 Hx|=N+2} = 0. (42)

Here, | - | denotes the Euclidean norm in R3, b(t,-) € HY(X) = HY0(7T (X)) is the
boundary data with its normal component b, (¢,x’) satisfying

/ by(t,x')ds=0  ae. te€(0,7), (4.3)
09

i.e., we suppose that b € HY(Z) = H'0(T(X)); sce (3.31).
We recall some definitions from [12]. Let G be a bounded domain in R¢ with

C*-boundary 9G. Let p(x) € C*°(G), p(x) > 0 for x € G, and p(x) = dist(x, IG)

in a sufficiently small neighborhood of 0G. As in [12, Ch.1, §11.5], we set
Hy*(G) = {u : we HYX(@), p~?u e LX)}

with the norm

—1/2

T e Lt P

In [12, Ch.1, Thm.11.7] it is proved that
1/2
Hog*(G) = [H3(G), LGz
where the right-hand side denotes the intermediate space between HE(G) and
L%(@) of order 1/2; see the definition in [12, Ch.1, §2.1]. As usual, by (He,*(G))’
we denote the completion of L?(G) in the norm
I

¢€Héé2(G), $#0 ”quH[%?(G)

)

el 2z oy

where (-,-) denotes the duality generated by the scalar product in L?(G). By the
duality theorem (see [12, Ch.1, Thm.6.2]),

(Ho*(G)) = [LA(G), HH(G)]1)2 -

Therefore, since the operators —A : H%(G) — H°(G) and —A : HY(G) — H~1(G)
are continuous, we obtain, using the interpolation theorem (see [12, Ch.1, §5.1]),
that the Laplace operator —A : H3/2(G) — (Héf(G))’ is continuous.

We now prove the following assertion regarding the existence of a solution to
(4.1)-(4.2).

Theorem 4.1. Let b(t,x") € H'(X) be given and assume that (4.3) holds. Then,
there exists a unique solution (V,p) of (4.1)—(4.2) satisfying'

VeVI2(Quis)  and VP e LX0,T; (Hyy (Qw42))) .-

1 For the definition of V1:1/2(Q), see (2.6).
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Moreover, there exists a C > 0 such that

[9lhvinrs@nse) + IVB oo etz sy < Clblingy . (44)

Proof. Let E be the extension operator constructed in Theorem 3.10. We look for
the solution v of (4.1)—(4.2) in the form

V=Eb+v. (4.5)

Substitution of (4.5) into (4.1)—(4.2) implies that v (along with a p) must satisfy
the following relations:

—Av(t,x) + Vp(t,x) = A(EDb)(t, x), divv(t,x) =0, in Qn42, (4.6)

%)| 50 =0, and  V[{xers:|xj=nt2} = 0. (4.7)

Using Theorem 3.10, we have that A(Eb) € L?(0,T; (H 00 *(Qn42))) and A(Eb)
0 for |x| > N +1. We claim that (4.6)—(4.7) have a unique solution (v(t), Vp(t)) €
V3/2(Qu o) x (HE? (Qy42)) for almost every ¢ € (0,7). Indeed, in [ ], it is proved
that if the right-hand side A(Eb)(t,-) of (4.6)—(4.7) belongs to H™!(Qn2), then
there exists a unique solution (v, Vp) € V1(Qn42) x H71(Qy2) satisfying
[Vt )l @y + IVPE ) a1 (@rs) < CIAED)(E )1 (2 12);

if A(Eb)(t,-) € L?(Qn2), then the unique solution (v, Vp) belongs to VZ(Qy42)x
L2(Qny2) and satisfies

[Vt ez @y T 1VPE )Lz @y ey < CIAED)(E )Lz @ )-
Applying to these results the interpolation theorem of [12, Ch.1, §5.1] we obtain
that if A(Eb)(t,-) € (Hp)*(Qn12)) = [L2(Qw+2), H (2w +2)]1/2, then

v € VO (Qnp2) NH?(Qng2), H (Qni2)]1/2 = V2 (Qn2)

and Vp € [L2(Qn2), HH(Qni2)]1/2 = (Héé2(QN+2))’. Moreover, there exists a
C > 0, independent of v and p, such that

¥t o2 @y HIVDE N 120y < CIAEBYE) g2y - (45)
The fact that A(Eb) € L*(0,T; (H00 (Qn42))") further implies that
(v. Vp) € L2(0.T5 V¥ 42) x L*(0, T: (Hop' (Qv42)))

We claim that 9;v € L?(0,T; V/2(Qx42)). To prove this, we need to estimate
[(Oyv, £)| for arbitrary, appropriately chosen f. Let a function f be given with f €
CL(0,T;CP(Qn42)) and £(0,x) = f(T,x) = 0. Let w € CH(0,T;C>®(Qn42) N
V1(Qny2)), together with some ¢ € C1(0,T; C*>(Qn2)), be a solution of

—Aw +Vg=T1, divw = 0, in Qn4o

4.9
W|8§2 = 07 and Wl{x€R3 Dx|=N+2} = 0. ( )
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Then, (0;w,0,Vq) satisfies

—A@tw + Vatq = 8tf7 div Btw = 0, in QN+2
atw|ag =0, and OrW| (xers : |x|=N42} = 0.

We rewrite (3.35) as follows:
Eb=E.b+Vr,
where Vr is defined by (3.36) with a;(t) = ﬁ frj b(t,x')-nds, E, is the extension

(4.10)

operator constructed in Theorem 3.8, and E(t7 x) is the vector field defined on ¥
which is constructed from b as follows:

~

b(t,x) = b(t,x) — (Vr)|s.
By virtue of (3.36),
1Bl () < Clblle s
and R
A(Eb) = A(E.b). (4.11)

Now we estimate |[(9;v,f)|. Using (4.11), integrating by parts repeatedly, and
taking into account (4.6)—(4.7), (4.10), and the boundary conditions of f, we obtain

/ v - Of dxdt = 7/ v - Aoyw dxdt
QN+2

QN+2
= Av - O,w dxdt = A(E.Db) - Oyw dxdt
QnN+2 QN+2
= (Eb) - Adyw dxdt — / b - 0, (0, w) dsdt
>

QN42

~ - (4.12)
— [ (ED)- (Vo — 0,F) dxdt — / b 0, (Oyw) dsdt
b

QN+2

=— / (E.b) - O,f dxdt + / ((b-n)dyq — b - 8,9, w) dsdt
QN+2 b))

= 5‘t(ECB) -fdxdt + / &b - (0w — ¢qn) dsdt .
by

QN+2

Note that in the last step we used the equalities w(0,-) = w(T,-) = 0 which are
trivial consequences of (4.9) and the assumptions f(0,-) = £(T,-) = 0. Multiplying
the first equation of (4.9) by 0;(E.b) and integrating by parts, we deduce

/ db - (qn — 0, w) dsdt = / [f-0,(E.b) — Vw : VO,(E.b)] dxdt. (4.13)
by QN+2
Substitution of (4.13) into (4.12) yields

/ v - O f dxdt = 9, (E,b) - fdxdt — / (f - 0:(E.b)—Vw : VO, (E.b))dxdt
Q Q

N+2 QN+2 N+2

= / VW : VO,(E.b) dxdt,
(0,T)xR3
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where W is the extension of w from Qn.2 to (0,7) x R3 by zero on ((O,T) X

R3) \ Qn+2 and ECB is the natural extension of b to (0,T) x R? described in
Remark 3.9. Therefore,

’ /Q V- 8tf dx dt’ S ||V3t(Ecb) HLZ(O,T;H—I/Z(]RS)) va||L2(O7T;H1/2(QN+2))
N+2

< Cllat(ECb)HLZ(O,T;Hl/Q(R?’)) ||f||L2(0,T;(Hé(/)2(QN+2))/) )

where in the last step we used the well-known estimates for the solution w of the
problem (4.9) (see the derivation of (4.8)). This bound, [12, Ch.1, Eq.11.53], and
Remark 3.9 imply

10:v Il 20 m8m 200 10)) SN0Vl 20 1p10/2 0y S ON42lEPllm1 (. (4.14)

Thus, the estimate (4.4) follows from (4.5), (4.8), (4.14), and Theorem 3.10. [

4.2. Extension to ()

Now we intend to extend the solution v of (4.1)—(4.2) obtained in Theorem 4.1 to
a sufficiently smooth vector field defined on §2 that equals zero at infinity. To this
end, we first derive some further estimates for v.

For 0 < a < @, we denote

Knianig={x€R®*: N+a<|x|<N+3}.

Lemma 4.2. Let v(t,x) be the solution of (4.1)—(4.2) obtained in Theorem 4.1.
Then, there exists C > 0 such that

Iv(t, Mvsr2(kn s )anrsss) SCIBE )llmr(00) for almost all te(0,T).  (4.15)

Proof. Let v be defined by (4.5), i.e., v =¥ — Eb, and let u(t,-) = curl ~*v(t,-),
where curl ~! is the operator that transforms v into the solution u of the system

curlu(t,x) = v(t, x), divu(t,x) =0 in Qnyo, (4.16)
(u-n)loay, =0 (4.17)

such that u is orthogonal in L?(Qx2) to the kernel of the problem (4.16)—(4.17),
i.e., to the following set of vector fields:

ker curl = {ug € V(Qn42) : curlug = 0}.

It is well known (see, e.g., [16]) that curl ~'v is well defined if

J,

where 002 = U}’zlfj. Equalities (4.18) are indeed true by virtue of (4.7). Moreover
(see [7]),

V-nd5:/ v-nds=0, j=1,...,J, (4.18)
|x|=N+2

||u(t7 ')HVS+1(QN+2) < CHV(t? )| Vs(Qny2)r S >0. (419)
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We apply the curl operator to the first equation in (4.6) and substitute v =
curlu into the resulting equation. Since curl Vp = 0 and curlcurlu = —Au, we
obtain

AQu(t, x) = curl A(Eb)(t, x) in Qngo. (4.20)

Let p(x) € C§°(Qn42) satisfy the conditions
p(x) =1 forx € Kyi5/4n432 and o(x) =0 for x & Kny1 nyr/a- (4.21)
By Theorem 3.10, (Eb)(¢,x) = 0 if |x| > N + 1. Hence, by (4.21),
o(x) curl A(Eb)(t,x) = 0.

Taking into account this equality and using Leibnitz’s formula, we obtain from
(4.20)

A?(pu)(t,x) = Z Cag(Dago)(Dﬁu(t,X)) for x € Kyi1 nq7/a,  (4.22)
1<]al,|8]<3

((pll(t, )) |8KN+1,N+7/4 =0, On, (@u(tv )) |!9KN+1,N+7/4 =0, (4'23)

where C,pg are certain constants. For the solution (u of the elliptic boundary
value problem (4.22)—(4.23), the following estimate is well known (see, e.g., [12]):

||@u(t,.)||H5+4(KN+LNW4)ch S Cas(D9)(Du
1<]a] <3, |B]<3

< Crllut )lEs+s Ky 1 npra) S22

£
( >) Hs (KNy1,N+7/4)

(4.24)
Since v = curlu, we obtain, using (4.21), (4.24), (4.19), and (4.8),
VG vz 01 w0y < Clloults s gen. s wnn
< Cifu(t, .)||H5/2(KN+1,N+7/4) (4.25)

< CQHV(t")||V3/2(QN+2)
< C3H(Eb)(t7')||V3/2(QN+2)'

Since, by Theorem 3.10, Eb(t,x) = 0 for |x| > N + 1, we obtain by (4.25) and
(3.37), the inequality (4.15). O

Let N > 0 be fixed and satisfy (3.34). We introduce the space

VNA(Q) = {v e VEV2(Q) « suppv € [0,T] x Qo

(4.26)
Av € L (Qny2) + L2(0, T; VHY2(Qn19))

where VHY/2(Qny2) = {Vp(x) : p € H/?(Qn42)} equipped with the norm

||VP||VH1/2(QN+2) = HVPH(HééZ(QN-m))/'
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The space (4.26) is equipped with the norm?

”VHi’zlv’W(Q) = HV”%IIJ/?(Q) + HAV||L2(QN+2)+L2(0,T;VH1/2(9N+2)) ) (4.27)
where V11/2(Q) is the space (2.6) with s = 1/2.

We now prove the main result of this section.

Theorem 4.3. There exists a continuous extension operator

£:H'(D) - ViA(Q), (4.28)
where H(X) = HYO(T (X)) is the space defined in (3.31) with s = 0 and V}\}1/2(Q)
is defined in (4.26).

Proof. Let v(t,x) be the solution of problem (4.1)—(4.2). We consider v(¢,x)
on the set (0,7) x Kyi5/4,n+3/2 and apply to V(¢,x) Theorem 2.4 with Q =
KN+5/4,N+3/2a U = {X S Rg : |X| > N+5/4}, K = {X S RB : N+5/4 < |X| S
N + 2}, and m = 1. Then, we define the extension operator £ as follows:
v(t,x) for (t,x) € (0,7) x Qn3/2
Eb =
(Lo¥)(t,x) for (t,x) € (0,T) x {x € R : |x| > N + 3/2}.
Taking Vp = 0 in the decomposition w = a + Vp we obtain

(4.29)

HW||L2(QN+Q)+L2(o,T;VH1/2(QN+a)) < HWHLQ(QN+Q)
for any o > 0. Thus, by virtue of (4.29), (4.27), (4.26), and (2.7) we obtain

1EBlly 12 gy < L2V Ilvrr2 0,1y x {xers : x> N+3/2p) F IVIvEa2(Q1a2)
+HA£2G||L2((O,T)X{X€R3 Hx|>N+3/2})
JrHAif\HI—:2(QJ\I+3/2)JFL2(07T§VHl/2(QN+3/2)) (4.30)
< (19172 p0y2) + CIAV (01 o)

JrHAi’\‘|L2(QN+5/4)'*’LQ(07T5VHU2(QNJrf’/‘*))) '

Note that by Theorem 4.1, the pair (v, Vp) satisfies (4.1) and, by virtue of (4.5)
and (4.6), Vp equals Vp from (4.6). This and (4.8) and (3.29) imply that

HAQ||L2(QN+5/4)+L2(07T§VH1/2(Q)N+5/4) < ”vﬁ”LQ(07T;(H562(QN+2))’)

< C”A(Eb)||L2(07T;(H30/2(QN+2))/) < C”EbHL2(O,T;H3/2(QN+2)) < CHb”Hl(E) :
(4.31)
2 Recall that by virtue of (1.1),
2 __ 2
HAVHLZ(QN+2)+L2(O,T;VHI/Z(QN+2)) = inf (Hu||L2(QN+2) + ”vaLQ(O,T;(H(I)(/)2(QN+2))')) ’

where the infimum is taken over all u, Vp such that Av = u+ Vp.
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Now, we obtain from (4.30), (4.31), (4.4), and (4.15) the estimate

Hngvi\;l/?(Q) < C”bHHl(E) . (432)

This proves the boundedness of the operator (4.28). O

5. Evolution problems

In this section, we study inhomogeneous boundary value problems for the Oseen
equations and the Navier—Stokes equations on exterior domains. As in Section 4, we
assume 2 is the exterior of a bounded domain having a boundary 9f of class C*°.

5.1. The Oseen equations

Let z(t,x) be a given solenoidal vector field. The system of Oseen equations is
defined as follows:

ow—Aw+(z-V)w+ (w-V)z+Vp=f in (0,7) x Q (5.1)
and
divw=0 i (0,7) x Q. (5.2)
Evidently, (5.1)—(5.2) can be treated as the linearization of the Navier—Stokes
equations at the vector field z. We supplement (5.1)—(5.2) with the initial condition
w(0,x) = wp(x) in (5.3)
and the boundary conditions

W|E =b and W] |x|—oc = 0. (5.4)

We assume that
feL?(Q), woeVYQ), and beHY),

where the spaces V() and HO(Z) = HLO(T (X)) are as defined in (2.3) and
(3.31), respectively.

It is well known that finding the solution (w, Vp) of (5.1)—(5.4) can be reduced
to finding w only, for the following de Rham Lemma (see, e.g., [16]) will allow us
to obtain Vp once we have found w.

Lemma 5.1. A vector field f(x) = (f1(x), f2(x), f3(x)), where each f;(x) is a
distribution on 2, has the form

f=Vp for somep
if and only if
(f,v)=0 Vv ey,

where
V() ={veCFH) :divv=0}
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and (£,v) denotes the value of the distribution £ at the test function v € V(Q)
generated by the scalar product in L%(Q). a

With a fixed N satisfying (3.34) we look for a solution w of (5.1)—(5.4) in the
space

Y= Vi@ + Vi@ (5.5)
which is the direct sum of the space (4.26) and the space
ViR(Q) = {v € L*(0,T; V() N HY(0,T; V°(2)) : v|,, = 0} (5.6)

(Recall that the direct sum of two Hilbert spaces and its norm are defined in (1.1)
and above.) If w € Y is a solution of (5.1)—(5.4), then the data wg and b must
satisfy the compatibility condition

Wo[ 50 = bl (5.7)

The following theorem asserts the existence of a desired w.
Theorem 5.2. Assume that f € L?(Q), z € Y, wo € VL(Q), and b € H(Y)

and that wo and b satisfy (4.3) and (5.7). Then, there exists a unique solution
(w,Vp) for (5.1)~(5.4) such that w € Y and

1wl + 19512, g 2y < € (IE1Reg) + Iwoll e + 1Bl s, ) -

Proof. Let Eb € V}\}l/Q(Q) be the extension of b € ﬁl’O(E) constructed in Theo-
rem 4.3. By virtue of (4.28),

1Bl 3075 g < Clbllscs) (53
Now we look for the solution w for (5.1)—(5.4) in the form
w=v+£Eb, (5.9)

where v is a new unknown vector field. The substitution of (5.9) into (5.1)—(5.4)
yields
Ov(t,x) —Av+(z-V)v+ (v-V)z+ Vp =fi, divv =0, in @, (5.10)

v|,_o = Vo v|. =0, =0, (5.11)

V||x\—>oo
where
vo(x) = wo(x) — Eb(0, x)

and
fi=f—-9,(b) — (z-V)(éb) — ((éb) - V)z+ g, Vp1 =Vp+ Vg

with g + Vg = A(Eb) where g € L?(Qn42), Vg € L*(0,T; VHY?(Qn42)). By
virtue of (5.8), the definition of b, and (5.7), we see that

vo € V() ={veViQ):v],, =0}, ||V||%/(1)(Q) = [[VVlE2) + VL2 -
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Using (4.26), (5.8), the inclusion z € V}\}l/Z(Q), and Sobolev embedding theorems,

we easily deduce that f; € L2(Q) . Thus, (5.10)—(5.11) constitutes a boundary value
problem with a homogeneous boundary condition wherein (5.10) differs from the
Stokes equations by the terms (z-V)v+(v-V)z only. With the help of the standard
Galerkin method we may prove, as in [9] and [16], that (5.10)—(5.11) possesses a
unique generalized solution (v, Vp;), where v satisfies the energy estimate

t t
MO e + | |v<s>||%,1<mds<c(|vo||i2m)+ / ||f1<s>||%11<mds)

with C' depending on ||Vz[ 120 1r,vi/2(0))-
Recall that V§(Q) = {v € L2(Q) : divv =0, v-n|sq = 0} and define V;*(Q)
as the completion of V§(Q) in the norm

(f, ¢)
[y 1oy = swp
¢)€Vé(Q) ||¢HV5(Q)

where (-,-) denotes the duality generated by the scalar product in V§(2). Note
that Vi 1(Q) is not a space of distributions; it is some abstract space. By in-
terpolation between V() and VJ(Q) (see [12]), we define V3(Q) for s € (0,1).
Evidently V§(£2) € V*(Q). Analogous to V' (Q2), we define V;*(Q) for s € (0,1)
as the dual space of V§(Q2). Since V}(Q) C V§(Q) C VI(Q), we have that
V() € V() if s € (0,1). We define the operator

P:H°(Q) — V,%(Q), s€0,1], s#1/2

P HEQ) - VA, s=1/2,
by the formula

(Pf,v) =(f,v) VveVQ), s€0,1],
where on the left, (-,-) denotes the duality generated by the scalar product in
V() and on the right the duality generated by the scalar product in L?(Q).

Since, by virtue of Lemma 5.1, PVH!~%(Q2) = 0, one can reduce the boundary
value problem for the Stokes operator:

ov—Av+Vp=1f, divv =0 in Q
V=0 = Vo, vy =0, V| jx| =00 = 0
to the solution of the problem
P(oyv—Av)=Pf inV;°(Q), Vl]i=0 = Vo .
Similarly to [17, Ch.1, §3], one can prove® that the solution operator R : R(f,vq) =

3 The difference between the proof here and that in [17] is that now Q is the complement
of a bounded domain instead of a bounded domain as it was in [17]. We now take as the
basic operator for constructing interpolation spaces the operator A = P(—Au + u), where
P : L2() — V(Q) is the orthogonal projector instead of A = P(—Au) as in [17]. In an
unbounded domain, the operator A has a continuous spectrum and we must use general theorems
on spectral decompositions instead of decompositions in terms of eigenfunctions as were used in
[17]. In all other respects, the proof of (5.12) is the same as the analogous proof in [17].
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v of this problem (and, hence, of the Stokes problem) is well defined and
R : L2(0,T; VE3(Q)) x V() (5.12)
— L0, T; VE(Q) N VE(Q) N HY0,T; VE~2(2)), se€(l,2]
is bounded. Applying the composition operator RP to (5.10) yields
v+ RP((z-V)v+ (v-V)z) = RPf; . (5.13)

Since f; € L%(Q), we deduce that RPf; € L?(0,T; VZ(Q)) N H(0,T; V().
We easily obtain

HP((Z Vv + (v V)Z)||L2(0’T;V81/2(Q)) < C||Z||L°°(O,T;V1(Q))HV||L2(O,T;V1(Q)) .
(5.14)
From (5.12) with s = 3/2 and (5.13)—(5.14), we obtain

v € LX(0,T; V3/2(Q) n H(0,T; Vi /()
and for arbitrarily small € > 0” we obtain
1(z- V)v + (v-V)zll 20 1v=e )

= C<||z||L2(0,T;V3/2(QN))+||z||L°°(07T;V1(Q))) ”VHLZ(o,T;VS/Z(Q))mHl(o,T;Vgl/z(Q))‘
(5.15)
From (5.13), (5.15), (5.12) with s = 2 — ¢, and the boundary condition v|s = 0,
we deduce

v e LX0,T; V> E(Q) N VE(Q) N H0,T; VE(Q)).
Using this inclusion we obtain:
[(z - V)v+ (v V)z|lLz(q)
< C(”ZHL2(07T§V3/2(QN)) + ||Z||L°°(07T;V1(Q))> ||V||L2(O,T;VQ*E(Q))ﬁHl(O,T;VO_E(Q))'

From this equality, (5.13) and (5.12) with s = 2 we deduce that v € V(()l’Q)(Q).
Repeating the iteration argument used previously we obtain the estimate

VI 1 < € (Ivolne + IR ) -

Relations (5.8), (5.9), and (5.12) guarantee the existence of a solution (w, Vp) of

problem (5.1)—(5.4) that belongs to Y x L2(0,T; (H(l)(/)Q(Q))’). The proof of the
uniqueness of the solution is easily reduced to the proof of the uniqueness of its
component v in the space Y. Such a proof is standard in the literature and can
be found in, e.g., [5]. O

5.2. The nonlinear evolution problem
We now consider the nonlinear evolution problem

Oow—Aw+ (z+w|-V)w+(w-V)z+Vp=f inQ, (5.16)
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divw =0 in @, (5.17)

= wo, w’ =b w =0. (5.18)

w|
) |x|—o00

t=0

This system differs from (5.1)—(5.4) by the term (w-V)w only. As in the previous
section, we suppose that the coefficient z in (5.16) belongs to the space Y (see
(5.5)) and we look for the solution w of (5.16)—(5.18) in the space Y as well.

We will need the following lemma on analytic inverse operators (see [17]):

Lemma 5.3. Let Xy and X5 be Banach spaces, A : X1 — Xa be a linear iso-
morphism of Xy and X5, and B(-,-) : X1 x X1 — X3 be a continuous bilinear
operator. Then the equation

Az + B(z,z) = f (5.19)

has a solution x € X1 if ||fllx, < € for a sufficiently small €. The map © = Rf
which maps the right hand side f to the solution x of (5.19) is defined uniquely
and is analytic (i.e., R(f) can be expressed as a convergent series). |

Theorem 5.4. Let f € L*(Q), vo € V!(Q), and b € H'(X) satisfy (4.3) and
(5.7). Assume that

I£11Z2 () + Woll3 o) + bl s) <e.

where € > 0 is sufficiently small. Then, there exists a unique solution (w,Vp)
of the problem (5.16)—(5.18) which belongs to the space Y x L2(0,T; (HééQ(Q))’).
Furthermore, the solution (w,Vp) satisfies the estimate

||W||2Y + va”iﬁ((],T;(H(l)é2(Q))’) < C(E) )

where C(g) is a positive continuous function which is defined for all sufficiently
small €.

Proof. As in the proof of Theorem 5.2, we seek a solution of (5.16)—(5.18) in the

form (5.9) with b € le\}l/2 (Q) which is the extension of b € H0(X) constructed
in Theorem 4.3. The substitution of (5.9) into (5.16)—(5.18) yields

Ov—Av+((z+Eb+v)-V)v+(v-V)(z+Eb)+Vp, =f;, divv=0 in Q (5.20)
v|t=0 = Vo, V|E =0, V|\x|~>oo =0, (521)

where

vo(x) = wo(x) — Eb(0, x)
and

fi =f—,(€b) — (€b-V)z— ((z+Eb) - V)Eb+g,  Vp =Vp+ Vg
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with g + Vg = A&b. By (5.8), (5.7), and the definition of £b as in the proof of
Theorem 5.2, we see that vo € V§(Q), fi € L?(Q), and

Ivollvi) < [Wollvi) + Cliblla(s) IfillL2Q) < [IfllL2(@) + Cliblla (n)
where C' > 0 does not depend on b. Hence, by the hypothesis of the theorem,
ol ey + 11132y < Cre (5.22)

with C7 > 0 that does not depend on b and e.
Applying P (defined before (5.12)) to (5.20)—(5.21), we obtain

P(Oyv—Av+((z+Eb+v) - V)v+(v-V)(z+Eb)) = Pfy, divv =0. (5.23)

Evidently, it suffices to show the solvability and uniqueness of solutions for the
problem (5.21)—(5.23). We will prove this below with the help of Lemma 5.3.
To fit (5.23) and (5.21) into the framework of Lemma 5.3, we choose X; =

V(()1,2)(Q) and X2 — 112(077“’7 Vg(Q)) X V(l)(Q) We define
Av = (P(atv —Av + ((z+Eb)-V)v + (v-V)(z + b)), V’t:O)

and
B(v,v) = (P((v -V)v), 0) .

Then, the solvability of (5.21)—(5.23) is equivalent to the existence of a v € X3
satisfying
Av + B(v,v) = (f,vyp),

where (f,vg) is given in Xo.

The continuity of the operators A : X; — X5 and B : X; — X is well known
(see, e.g., [5]) and can be easily established by the Sobolev embedding theorem.
The existence of the inverse operator A= : Xy — X is also well known and
was discussed above in Theorem 5.2. Then, by Lemma 5.3, there exists a unique
solution of the problem (5.21)—(5.23) if € in (5.22) is sufficiently small. From this
the assertions of this theorem can be derived in the same way as the analogous
steps in Theorem 5.2. ]
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