Analyticity of stable invariant manifolds of 1D-semilinear
parabolic equations

A. V. Fursikov

ABSTRACT. This paper is devoted to the proof of analyticity of the stable in-
variant manifold in a neighborhood of the zero steady-state solution of a semi-
linear parabolic equation under the assumption that this steady-state solution
is unstable. This investigation may have possible applications in stabilization
theory for semilinear parabolic equation.

Introduction

In this paper we prove analyticity of the stable invariant manifold M_ near the
zero steady-state solution of a semilinear parabolic equation. We need this result
in order to develop a stabilization theory for semilinear parabolic PDE defined in
a bounded domain € with feedback Dirichlet control given on the boundary 92 or
on its open part I'.

This theory was built in [F1], [F2], [F3], [F4], [F5] for general quasilinear
parabolic equations and for Navier-Stokes system. The main idea of the proposed
method was to extend the stabilized boundary value problem (BVP) from 2 to a
BVP on a longer domain G doing extension through that part I' of 92 where the
control is defined and taking away I' with boundary condition on it that defines
this control. Simultaneously, the initial condition yo(x) is extended to the initial
condition zg(x) that has to belong to the stable invariant manifold M_ of the
extended BVP. If we stabilize the BVP near the origin, the manifold M_ has to
be defined in a neighborhood of origin. By the definition of the stable invariant
manifold, the solution z(t,z) of the extended BVP starting from zy € M_ tends
to 0 as t — oo. Therefore the restriction of z(¢,z) on Q and I' gives the desired
solution of the initial stabilization problem.

In order to prove in [F1]-[F5] the existence of the extension operator acting
on the stable invariant manifold M_ it was enough to use the well-known existence
theorems for stable invariant manifolds from [H|, [BV].
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We have to emphasize that the main reason for developing a stabilization the-
ory is to provide reliable stable algorithms for numerical stabilization. ! To con-
struct such algorithms it is desirable to have a simple description for the infinite-
dimensional invariant manifold M_ which would allow one to calculate it easily at
an arbitrary point. A functional-analytic decomposition of M_ gives such a de-
scription. In this paper we investigate the possibility of such a description for M_
in the case of one-dimensional semilinear parabolic equation.

Using the classical description of M_ by means of a map F(y_) we look for
this map as a series

where the maps F,(y_) are homogeneous in y_ with power k. We obtain recurrence
relations for Fj, using special differential equation in variational derivatives for the
map F. These recurrence relations allow us to prove convergence of the series for
F(y-).

We note that when these recurrence relations for Fj have been obtained, we
passed them right away to specialists in numerical calculations. Up to now these
relations have already been used for numerical calculations of stable invariant man-
ifolds and for applications to numerical stabilization of semilinear parabolic equa-
tion. Moreover, the numerical results thus obtained seem to us quite satisfactory
(see [K]).

In the case of ordinary differential equations the analyticity of the stable and
unstable invariant manifolds in a neighborhood of a hyperbolic singular point are
proved in the classical Hadamard-Perron Theorem (see [IL] Chapter 1, Theorem
1.2). On the other hand the Poincare theory of normal forms (see [A], Chapter 5)
shows that not every invariant manifold is analytic because sometimes the so called
resonance condition can appear.

In this paper we restrict ourselves to considering the case of stable invariant
manifold near the hyperbolic singular point 2 = 0. Note however that the analyt-
icity of the unstable invariant manifold in a neighborhood of a hyperbolic singular
point can be proved similarly. Besides, in the Remark 3.10 below we explain how to
get examples of invariant manifolds which are not analytic because of the resonance
condition. In Remark 3.11 below we discuss possible generalizations.

To establish analyticity in the case of semilinear parabolic equations considered
here one has to overcome certain difficulties specific for PDE. To do this we were
forced to develop essentially the technique of [VF1], [VF2].

Essential part of the results expouned in this paper were obtained during my
long-term visit in Heidelberg University in connection with granting me Humboldt
Research Award. I express my deep gratitude to Alexander von Humbolt Founda-
tion for this award and to Professor R.Rannaher and his group for hospitality and
for very good conditions created for my work.

I cordially thank Professor R.Triggiani for editing this paper and improving
English.

ndeed, the existence theorems for exact controllability problem (see, for instance, [FI]) are
stronger than existence rezultes for corresponding stabilization problem. Another point is that
the exact controllability problems are ill-posed in the case of parabolic equations or Navier-Stokes
system and therefore they can not be solved numerically by adequate way.
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1. Stable invariant manifolds

In this section we recall the definition of a stable invariant manifold near a
steady-state solution (fixed point) of a semilinear parabolic equation and derive
the equation that determines the invariant manifold.

1.1. Semilinear parabolic equation. We consider the following boundary
value problem for a semilinear parabolic equation:
oy(t, ) _ P*y(t,x)
ot 0%x
(1.2) Y(t,2)|z=0 = y(t, 2)|s=r = 0

(1.3) y(t, 2)|e=0 = yo(x)
where £ > 0 is a parameter, and f(y) is an analytic function that admits the
decomposition

(1.1) —ry(t,z) + f(y(t,z)) =0, ¢t>0, =z¢€(0,m)

(1.4) O s
k=2
with coefficients f; satisfying
(1.5) |l < 0"
with some v > 0, p > 0. We assume that
(1.6) k>1 and +/k is not integer.
Note that

1.7 ep(x) = \/2/msinkz, M =k>—k
(1.7) k() / . Ak

are the eigenfunctions and the eigenvalues of the spectral problem

82
(1.8) Ae=— e(f) — ke(z) = Ae(z), e(0) = e(r) = 0.
ox
Therefore by virtue of (1.6), the solutions e~ *+*e,(x) of the linear equation
dy 9y
1.9 YTV iy =0, Yoo = yloer =0
( ) ot Ox2 RY ) y| 0 y|
tend to infinity as ¢ — oo for
(1.10) k=1,...,N, N =[K]

where [/k] is the integer part of \/k, and tend to zero as t — oo for k > N.
We take the Sobolev space
(1.11)

H = H}(0.m) = (4(2) € La(0,7) s ol = [ 100/00Pd, y(0) = u(m) =0}

as the phase space of the dynamical system generated by boundary value problem
(1.1)- (1.3). We introduce the subspaces

(1.12) Hy=le1,...,en], H_=lensi1,ens2...], N =[VK]
of unstable and stable modes for equation (1.9).

Let B.(H(0,7)) = {yo(z) € HF(0,7) : lvoll 20,7y < 7} It is well-known,
that there exists r = r(p) < 1/p such that for each yo(z) € B.(H}(0,7)) there
exists a unique solution y(t,z) € C(0,T; H}(0,)) of problem (1.1)-(1.3), where T
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depends on initial condition yq (see, for instance, Theorem 3.3.3 in [Hen]). We
denote by S(t,yo) the solution operator of the boundary value problem (1.1)-(1.3):

(1.13) S(t,yo) = y(t,-)
where y(t, x) is the solution of (1.1)-(1.3).

1.2. Stable invariant manifold. In this subsection we recall some commonly
used definitions (see Chapter V in [BV]) adopted for our case.

The origin of the phase space H = H}(0,7), i.e. the function y(z) = 0, is,
evidently, a steady-state solution of problem (1.1)-(1.3). The set M_ C H defined
in a neighborhood of the origin is called the stable invariant manifold if for each
Yo € M_ the solution S(t,yo) is well-defined and belongs to M_ for each ¢t > 0, and

(1.14) 15t yo)ll gz < ce”™ as t— o0

where 0 < r < Any41-

The stable invariant manifold can be defined as a graph in the phase space
H = H, ® H_ by the formula

(1.15) M- ={y-+F(y-), y- € O(H-)}
where O(H_) is a neighborhood of the origin in the subspace H_, and
(1.16) F:0O(H_-)— Hy

is a certain map satisfying

(1.17) IE( e /Ny-lla- — 0 as |ly—[lz. — 0.

So, in order to construct the invariant manifold M_ we have to calculate the
map (1.16), (1.17).

1.3. Equation for F. Here we recall the derivation of the well-known equa-
tion for the map (1.16) that determines the invariant manifold M_.

First of all we introduce some notation. We rewrite equations (1.1),(1.2), using
definition (1.8) of the operator A, as follows:

(1.18) Ay(t) + Ay(t) + f(y(t)) =0
We define the orthoprojectors
(1.19) P.:H—H,, P :H-—H_

and introduce the notation

(120) P+y:y+7 P*y:y*a P+S<tay0> :S+<t7y0>7 P,S(t,yo) :S*(t7y0)

At

Taking into account that the spaces H,, H_ are invariant with respect to e™*** and

using notation (1.20) we can rewrite (1.18) as follows:
Opy+ () + Ay () + Py f (y+(t) +y-(1)) =0
Oy —(t) + Ay—(t) + P f(y+(t) +y- (1)) =0

Let yo € M_. Then by (1.15) it has the form yo = y— + F(y—). By definition of an
invariant manifold for each t € Ry S(t,y9) € M_ or, what is equivalent,

Si(ty-+ F(y-)) = F(S-(t,y- + F(y-)))

(1.21)
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We differentiate this equation with respect to ¢t and express the t-derivatives with
the help of equations (1.21). As a result we get:
AS (ty- + F(y-)) + P f(S(ty- + F(y-)))
(1.22) =(F'(S_(t,y- + F(y-))), AS—(t,y— + F(y-))
+P_f(S4(ty- + Fy-)) + S-(t,y- + F(y-))))

, h) we denote the value of derivative F’(z) on vector h. Passing to

where by (F'(z)
1.22) as t — 0 we get the desired equation for F:

the limit in (
(1.23)  AF(y-)+Pif(y- + F(y-)) = (F'(y-), Ay— + P_f(y- + F(y-)))

1.4. Equation for F' in the basis {e;}. First of all we write equation (1.18)
in the basis {ex = \/2/msinka}. Let

(1.24) y(t.2) = 3Gt Kew(a)
k=1

be the Fourier decomposition of a solution y(t, ). After the substitution of (1.24)
into (1.18) and using the orthogonality of ex, e; for k # j in HJ(0,7) we get:
(1.25)

By, €) + M(t, €) +ka2 Zbksm,...,nk) y(t,m) ... gt,m) =0

k=2 m=1 Ne=1
where

(1.26) bi(&m,y .. ymi) = (2/77)%/ sinx sinmx... sinnpx do.
0

Below it will be important for us to distinguish the coordinates of vectors
belonging to H; and to H_. To this end we denote the coordinates of vectors
from H, by first letters of the Greek alphabet i.e. by «,f3,.... The coordinates
of vectors from H_ we denote by letters &,7,(,... that belong to the last part of
Greek alphabet. So

oo N
(1.27) H 3y = Y Gmey(x), Hy3Fy)=Y F*(y )eal(x)
n=N+1 a=1

Besides, we use the notation:

A2 )= Y= S Z > = >y

j m=N+1 =N+1 Y a;=1 a;=1

(1.29) gm)g(n2) ... g(ng) = y(mi), Fo - Fo = F

(To simplify notation we omit the sign ”hat” over y in the product y(n7)). Using
notation (1.26),(1.28),(1.29), and (1.4) we get

/ sinaxf(y— + F(y dm—kaZCj/ sinax F7(y_) "I da
0
j=

] k
=Y fe Y LYY bwlai B7,0F ) F (y-) y(F )
2 —

j=0 Bi mk—i

(1.30)
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where C’,g = ﬁ are the binomial coefficients. Equations (1.23), (1.27), (1.30)
yield:

o0

k — R
(131)  AaF o)+ D Y OIS bl 57,07 9) PP (y_ )y (7
k

=2 j=0 Bi pk—i

oo

- ) k ) I 7
= > aFay(y_) ATE) + D ey CLY > bil& 67,0 =9) ™ (y- )y (=)

E=N+1 A(O k=

Jj=0 Bi pk—i
where e = 1,..., N. Note that the term with j = 0 in the sums Z?:o from (1.31)

does not contain summation over 47, and F7’ (y—) =1 there.
Equation (1.31) is the equation (1.23) written in the basis {e;}.

2. Formal construction of the map F

In this section we look for the map F' that defines the stable invariant man-
ifold M_ in the class of analytical maps. We derive recurrence relations for the
coefficients of the map F' in terms of power series.

2.1. Analytic maps. Let H; be Hilbert spaces with scalar products (-,-);
and norms || - ||; where i = 1,2. We denote by (H;)¥ = Hy x --- x H; (k times)
the direct product of k copies of H; and by Fy : (Hy)* — Hy a k-linear operator

Fy(hy,...,hy), i.e. the operator that is linear with respect to each variable h;,i =
1,...,k. Then
(2.1) 1Fell = sup [Fr(ha, .o b ||
[Ihsll1=1,i=1,....k

The restriction of k-linear operator Fi(hq, ..., hx) to the diagonal hy = --- = hy, =
h is called the power operator of order k:
(2.2) Fi(h) = Fx(h,...,h)

A k-linear operator Fy(hy,...,hy) is called symmetric if for each permutation

(J1s--sdk) of (1,2,...,k)
Fk(hjw"'?hjk) = Fk(hl,...,hk)

Using derivatives one can restore the symmetric k-linear operator Fy(hq,...,hy)
from the power operator Fy(h).
We denote by O(H;) a neighborhood of the origin in the space H;. The map

(2.3) F:O(H,) — H,

is called analytic if it can be decomposed in the series
(2.4) F(h)=Fo+ Y _ Fi(h)
k=1

where Fyy € Ho and Fj(h) are power operators of order k. The series (2.4) converges
if the numerical series || Fo|l2 + Y pe; [|Fi(h)||2 converges.



ANALYTICITY OF STABLE INVARIANT MANIFOLDS OF 1D-SEMILINEAR PARABOLIC EQUATIONS

PROPOSITION 2.1. Let norms (2.1) of the power operator Fy(h) from (2.4)
satisfy

(2.5) |Fell < vp~*

where v > 0,p > 0 do not depend on k. ? Then series (2.4) converges for each
h € B,(Hy) ={h € Hy : ||h][1 < p}.

PROOF. There exists € > 0 such that ||h]l; < p—e. Then using (2.1), (2.5) we
get

IE ()12 < [1Folla + > IFElIAIT <7D ( g )¥ < oo
k=1 k=1

O

Let us consider the special case when H; = H_, Hy = H, with Hilbert spaces
H_, H, defined in (1.12). In this case the analytic map (2.3), (2.4) can be rewritten
as follows:

(2.6) F:O(H_)—H,, F(h.)= iFk(h_)
k=2

It is convenient to restrict ourselves to the case where Fy = 0, F} = 0 because by
(1.17) the map F' defining stable invariant manifold M_ has precisely this form.

We decompose the vectors in Hy in the basis [e1, ... ex] and the vectors in H_
in the basis [en11,en+2,...] using notation (1.28), (1.29). We have
N N oo

(27) Flh )= Fo(h Jea = 0D FE(hoJe

a=1 a=1k=2
Using the decomposition

h_ = Z h(n)e,
n=N+1
we get
Fg(ho) = Fg(h,...,h_)

(2.8)

_ Z Z F(enys--sep)h(n) ... h(ng)

n=N+1 ne=N+1

Using the notation

(29) F]?(nla-”nk):Fléx(em""7e’f]1«)

as well as the notation (1.28), (1.29) we can rewrite (2.8) as follows:
)

(1.
(2.10) F(h) =Y FE(nF)h(nF)
n*
and the serie F*(h_) from (2.7) in the following way:

(2.11) F(ho) =) F(nF)h(nF)
k=2 777

2For brevity we use for the power operator Fy(h) the norm (2.1) although an alternative
definition is possible (see details in Chapter 1 of [VF2])
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Let Zny1 ={k€Z:k>N+1}, Zy, | = Znyr X - X Ly (r times). For
each function K (71, ..., 7,) defined on Zy , ; we define the function o7=K (11, ..., 7,)
which is symmetric with respect to an arbitrary permutation (n;,,...,7;,) of vari-
ables (11, ...,7,) by the formula:

(2.12) oK (m,.m) == > K,.-m,)

(jlv"'7]7)
where the sum on the r.h.s. of (2.12) is over all permutations (j1,...,j,) of the set
(1,...,7).

LEMMA 2.2. Let K(n1,...,1n,) be defined on Zy_ . Then
(a) The following equality is true:

ZK (01, - me)h(ny). ..h(m):JFZK(m,...,nr)h(m)...h(n,«)

for any h(n,.) such that the series on the l.h.s. converges,

(b) For any function G(m,...,n.) which is symmetric in its arguments
(2.13) G")oK (") = o (G ) K (7))
Furthermore
(2.14) sup |op=K (7)| < sup |[K (")
n m

(c) If all functions F(n®) from (2.11) are symmetric in their arguments then
these functions are defined uniquely by values of the analytic functions
Fe(h_) from (2.11).

The proof of this Lemma is evident.

2.2. Calculation of F$(n?). We look for a solution F¥(y_),a = 1,...,N
of system (1.31) in the form (2.11). The aim of this section is to find recurrence
relations for the coefficients Fi*(n*) from (2.11). We rewrite (1.31) as follows:

Ao F(y +kazbk a;nF)y(

oo k — -
D D CLY Y bl B EY (y- ()

k=2  j=1

(2.15) - (Ba‘ nk—3
F(y_)
= Z GE Aey(€ +kazbk577
E=N+1

k
+> feY iZZbkw W=I)FP (y )y (nF=7)
j Biq
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and substitute (2.11) into (2.15). Then we get

Ao ZZFC‘ 7Py (P) +kazbka7

p=2 nP k=2 k-
+ Z fr Z CLY > bilas 7,77 )y (=)
k=2 j=1 Bi k=i
X Z Z Fﬁ1 <m1 <m1 Z Z Fﬂ_} Cm, CmJ )
mi= Qcml m;=2¢my
(2.16) . ‘ -
=2 |3 Z STES@)P) | [ Aew(©) + 30 S S bl ()
E=N+1 y( p=2 P ) P

+kaZCJZZbk§ﬁf 179 )y (n*=7)

% Z Z F’Iflll (C"Ll CnLl Z Z FB] Cm] ij )
m1:2<Tl mj=2¢my ¢

In order to get recurrence relations for F*(nP) we have to equate the coefficients

of the monomials y(n*) on left and right sides of (2.16). To do this in the general
case we first have to make essential transformations of (2.16). But in order to find
F$'(n?) we do not need any serious preparation . Let us find it.

Note that the terms of the second order in y are contained only in the first and
second summands on the left side and in the first summand on the right side of
(2.16). They are as follows:

Ao ZF2 +fzzb2a77 y(?)

(2.17) a

£= N+1

Denote by I the right side of (2.17). Then

I=> F8(Em)Aey(©um) + Y Fs () Aey(n2)y(€)

&2 LIRS

2.18
| : *ZFz )Agy + Any )y (m1)y(n2)

Equalities (2.17), (2.18) imply:

(2.19) f2 Z ba(cr;m?) Z F5' () Ay + A = Aa)y(m)y(12)

By definition (1.26), ba(a,71,7m2) is symmetric with respect to 71,72. Since by
definition F5*(n1,1n2) is symmetric in 1y, 72, the function F§*(n1,72)(An, + Ay — Aa)
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is symmetric as well. Therefore by Lemma 2.2 equation (2.19) implies

f2b2(a7 ?)

2.20 Fom?) = L= —1/
( ) 2(”7) )\7]1+A772_>\a

Note that since n; > N + 1 and o < N, we have )\,7]. > 0, A\, < 0 and therefore

(2'21) )‘771 + )‘772 - )‘Ol = |)‘771| + |)‘772| + ‘)\a| >0

2.3. Recurrence relation for F*(n?). First of all analogously to (2.17)-
(2.19) we transform the first terms of the right and left sides of (2.16):

.13 Z SRS EPP) | ATE) — Aa S S ESP)y(P)

(2.22) ¢ = e
:ZZFﬁ(nla"'anp)(Aﬁl +“.+)\77p _Aa)y(ﬁ)
p=2 yp

Let us now transform the third term on the left side of (2.16)

Ig—kaZCJZZbk n*=3)y (k=)

j=1 ﬁ7 nk—J

« Z ZFﬁl le le Z ZFT% ij sz)

mi= 2Cm1 mJ72<m1
(2.23)
—}anIWE:Ejm nh=3)y(n=7)
= Jj=1 ﬁa —J

xS N ST (B FE)(C)y(Cr)

p=2j ¢p mi+-+m;=p,
m;>2

We make on the right side of (2.23) the change of variables (k, j, p) — (g, j, p) with
g=k—j+p (qis a full power of y(n¥=7)y({?)). To do this we introduce the set
Qg of pairs (j,p) writing it in several forms:

{G,p) €Z% i q+j—p>2,1<j<q+j—pp>2j}
{G,p)€eZ::2<2j<p<q+j-2p<q}
{(J.p)€Z2 :1<j<q—2,2j <p<min(q,q+3j—2)}

Qq

(2.24)
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Now after applying aforementioned change of variables the r.s. of (2.23) can be
rewritten as follows:

I3 = Z Cgﬂ‘fpfq-i-j—p Z Z bq-&-j—p(oﬁﬁv neP)y(nir)
q=3

(4,p)€Qq B9 na—p P

XY ERL R ()

mi+---+m;=p,

m;>2
(2.25) o ‘
=22 o | X ferirCinim
q=3 7 (4,p)€Qq

<D D (g B)ER L F @)y ()
B m1+"'+>W2Lj:P7

We now transform the second summand on r.s. of (2.16) analogously to (2.22):

Jp = (aya()ZZF;(m’)yW) kaZbk(ﬁ;CT)y(?)

k=2 ck

(2.26)

[e%e] p
She D> Y Y F e men, & mp1)
k=2 13

)

p
=y > kaZFf(m,-~-,771—1,€7771+k,~--qu)

X b (&m0, Mgty - - - Mgrk—1)Y(N7)
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Finally we transform the last summand on r.s. of (2.16):

1= (50 Sy mar

13 m=2 pm

fokZOJZZbkwﬂ )y (9

= Jj=1 Bi mE=i
X Z ZFﬁl le le Z ZFBJ Cm] (m])

mi= Qle mJ_Qle

o) k Cj 9
=255 5 Z >_v(d)

k=2 j=1 Bi¢ p=2(j+1) (P

pon X X BRLFREL @) | X bl B D)

mi+-t+mip1=p

—kaz Z Z > Yo Iy

Jj= 1 B] p= 2(]+1)<p T k= nk—j Mi+-+mjy1=p

k=2
p —_—
X ZZ (e Fp (G0 G160 G o G bk (657,95 )

Mg

DD IND VDS

B] p= 2(]+1)<p+k j—1mi+t-+mip1=p

fi

k

2

g@

SER L FS )G Gt & Gy Gt gt)
3

55/8 7§la B Cl—!—k—j_l)y(m)

—~

ka

We now make the change of variables (k, j,p) — (q, j,p) where ¢ = k—j+p—1,
i.e. ¢ is the number of variables y : y(¢P+k—i—1) = y(4). Then

D ISIESIDS

k=2 j=1 p=2(j+1) q=4 (j,p)e@q

{JpeZi:1<j<q+j—p+lg+j—p+1>2 p>2(+1)}
={(jp)€Z%: 4<2(j+1)<p<min(g+j—1,¢+1)}
{(Gp)eZi:1<j<q-3,2(j+1) <p<min(g+1,q+j—3)}
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Therefore
Cj

= Z Z Z Z fq+j—p+1%

T ) e
(2.29) P
X Z(Fyﬁl . Frngngz]Jrl)(nh cee 777171757771+q7p+1a e 77711)

=1
X bqﬂ'*ﬁﬂ(f%@a M- Mrq—p)Y(M7)

We substitute (2.22), (2.25), (2.26), (2.29) into (2.16). Then using the notation
(2.30) )‘771 + .4 /\Uq — )\TT‘Z
we obtain:
231) 30 S FS G O — A0 = I — o~ Ja+ 3 £, 3 by(as (i)
q=2 7 q=2 n

where I3, Jo, J3 are equal to the right hand sides of (2.25), (2.26), (2.29) respectively.
By Lemma 2.2 setting equal in (2.31) the terms of the same order with respect to
y(n7), we get the recurrence relations for the coefficients Fy*(n9):

F () = Az = Aa) " {fabs (3 7%) + o052 D ba(as B,m) Ff (n, 1s)
B

(2.32)
= (FS (& m3)ba (& mrm2) + F5 (1, ©)ba(&5m2,m3))]}
3
and for ¢ > 4:
(2.33) Fg(n?) = Aq(n7) + B (n7) + C¢ (n7) + Dg (n7)
where (using the r.s. of (2.31))
(2.34) AG(7) = Xz = Aa) ™" fabg(as ),

(using the r.s. of (2.31) and (2.25))

Bg(m) = ()‘7777 Aa)ilo—ni‘l[ Z fq+j—pcg+j_p
( ) (4,p)EQH
2.35 _
<3N bagjples BT R (ED L FS ) ()]
ﬂj mi+-- ‘i;r;] =D,
my 2

where the set Q7 is defined in (2.24). Using the r.s. of (2.31) and (2.26) we get:

Cot) =om | Y. ZZF (M1, =15 & Miths -+ -5 Mg)
ptk=q+1, I=1
p,k>2
y e (&M Mipr—1)

Aot — Aa

(2.36)
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At last, using the r.s. of (2.31) and (2.29) we obtain:

o Fari—pt1Cijmpir
Dyl =—om | > Y, > (Mg = Aa)(G +1)

(j,p)€Qu g7 Mt T MG L1 =P

(2.37) P
X Z(lel B EL )M =1, 6 Mgty - - -5 7g)
=1

X qu!‘j—P"rl(g; Ev My 77’l+q—p):|

where the set Q7 is defined in (2.28).

3. Analyticity of the map F

In this section we prove the convergence of the series (2.11) that defines the a-
coordinate of the map F(y_) = (F*,..., FY).

3.1. Norms for series. Here we define some norms which are used to prove
the convergence of series (2.11). Although they are not directly connected with
the Sobolev space H}(0,7), they will help us prove the convergence of (2.11) in
H}(0,7) as well. For F = (Ft(nh),..., FN(n')) we set

N
(3.1) 1FR(mF)ll =D [F2 (b))
j=1
and
(3.2) [Fell = sup || Fu(n®)|
”kezﬁ\wl
where

(33) Ini1 = {] €Zy:j>N+ 1}, Z]JC\/+1 =ZNt1 X - X ZN—i—l(k times).

The norms for functions by (&; 57,7%=7), by(c; 7, 7%=7) defined in (1.26) are intro-
duced similarly:

oo

(34) lbllgy = _sup  sup > (b B0 ), bkl = max [bill)
BIELYy I €Zy7h E=N+1 ==

N
(3:5) l[bwllljy = __sup sup > [bi(as 87,09, l[balll = max |[16xlll)

BIEL] yynFIE€LR a=1

where

36)  Zpn={12..., N}, Z} xy=Zpn X X Ly (J times)

In the case j = 0 the variable 37 is absent in (3.4), (3.5) as well as if j = k, then
nk—J is absent.

The goal of this section is to prove that the coefficients F¥(19) that are defined
by the recurrence relations (2.20), (2.32)-(2.37) satisfy the inequality

(3.7) [Fll < vipr
with some numbers v; > 0, p; > 0 independent of k.
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The following Proposition shows that condition (3.7) is sufficient for the con-
vergence of the series

(38) Fly-) =2 Fe(nF)y(n)

k=2 %
in the ball
(3.9) Bpyyrn(Ho) ={y- € H-: |ly—llmgo.m < p1/rn}
of the space H_ C H}(0,7) defined in (1.12). Here

1/2
(3.10) rv=| Y ¢
E=N+1

PROPOSITION 3.1. Let the coefficients Fi,(n%) = Fl(nF)er + -+ FN(n*)en of
series (3.8) satisfy (3.7) with v1 > 0, p1 > 0 independent of k. Then series (3.8)
converges in the ball B, /., where rx is the number that is defined in (3.10).

ProOOF. By the Cauchy- Bunyakovskii inequality

1/2 1/2
o0 o0 1 oo
(3.11) 2 el > = >, &P
§=N+1 §=N+1 §=N+1
Therefore if y_ € B,, /r (H_) then
Z [y <p1—e¢
E=N+1

with some € > 0, and (3.7), (3.8) imply

1 (y- ||H+ScZZ||Fk )l )|

<eSOIEI[ S we) <cvlz(pl‘€) o
k=2 E=N+1 k=2

3.2. Estimates for functions (1.26). Recall that
(3.12)

bi(a; B, mk=i) = (2/77)% / sinoxsin Gy .. .sinGjrsinmx. . .sinn_;x do
0
(3.13)
b (& B9, mF=7) = (2/#)% / sinxsin Sz ...sinfGjrsinmae. . .sinne_jz do
0

where a, (1, ... ,ﬂj € Z[I,N]a En, .. yMk—5 € Zyn+1 and Z[I,N]7 Zn+1 are defined
n (3.3), (3.6). In the case when j = 0 the sin 81z ..sin 8z are absent in (3.12),
(3.13). When j = k the terms sinn .. .sinn,_;x are absent from these formulas.
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LEMMA 3.2. Let by(cv, 39,1F=7) be the function (3.12) and let |||by||| be defined
in (3.5). Then

(3.14) llbelll < (2/m) F =N

PRrROOF. By definitions (3.12), (3.5), taking into account that V¢ € R |sint| <1
we get

Ibxlll =

k41
= max sup supz (2/m) 2
[31 k=i a=1

T
/ sinaxsin f1x...sinBjrsinmax...sinng_;x dr
0

1

< (2/77)% TN

For the function (3.13) we define

(3.15) ok (&5 87, pF =) = > [bw(& B7, 7))

E=N+1

LEMMA 3.3. For the function (3.15) the following inequality holds:

616 I EE) < /T T Z@+Z%

1<I<j

PROOF. We rename ((7,7%=7) as follows:

(317) (@7%) = (ﬂlv"wﬂ]ﬁ”l)"' 777k‘—j) = (917"'79ja9j+17"'50k) = (ok)

Then by (3.13), (3.15), (3.17), after integrating by parts and simple estimates we
have

i (5 57, =) || = [lbw (-5 6%) |

i / sinéx (sinbyz...sinfgx) dx
0

SN d, . ,
= Z (2/m) 2 f’/ Cosfxd—(smﬁlx...smﬁkx) dx
0 X

Bt T d?
= Z (2/m) 2 e /0 sin{xde (sinbhz...sinbyx) dz
E=N+1
> ktl T k k1 k+1 b
< Z (2/m) = 2 Z 0:0; <m(2/m) > WZQZ
E=N+1 ij=1 i=1

Note that we used here that k > 2. Now (3.16) follows from (3.18) (3.17). O
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3.3. Estimates of coefficients F*(17). To get the desired estimates we use
the recurrence relations (2.33)-(2.37). Recall that by our notations &,n; > N + 1
and 1 < a,3; < N where N is defined in (1.10). Therefore by the definition (1.7)
of A\, we get:

(3.19) 7—Q—an,+w Z( K)+ (5 —0a?) > (g+1)A

j=1

where A = min((N + 1)2 — k, x — N2) > 0.
By virtue of (1.5) (3.19), and (3.14), the coefficients Ag(n?) from (2.34) can be
bounded as follows:

N
14l = sup 3 45 G77)| < (g + DR~ (2/m) % 7N
(3.20) Ei—
\/ﬁvN )

To estimate B"‘(nq) from (2 35) we use (3.19), (2.14), and Lemma 3.2:

[Bqll < ((¢+ HA)~! sup oyq E fq+jprZ+j_p
'r,q .
(J,P)EQq

N
X Z SEPZ |bg4j—p(c; B7,m97P)|
mi+--+m;=p, B9
m122

(3.21) x> |- ZI |(lg—p+1:- -+ 1)
o

<@Z J

< = Cl i, (p/2/m
@+ DN Gea, p(

< > w1 E

mi+-+m;i=p,
m122

)q+j—p

Using (2.13) and (3.16) with j = 0 we estimate Cf'(n7) from (2.36)
ICqll < supogz > yp"

4 ptk=q+1,
p,k>2
y Z supg [ Fp (=1, & s - - -5 mg) 10k G0, - =) |
(3.22) e (A7 — Xa)
(2/7r =n k:+1 =
<sup Y |5 Z 1|
Y ptk=q+1, =1 m=0

p,k>2

Recall that by (1.10) N = [/k] and set § = \/k — N. Note that 0 < 6 < 1 because
of (1.6). Then by virtue of (1.7)
N +1)2 N +1)2 2(N +1
633 ap o OHEDE (VrE Vs
>N Ay, (N+1)2—(N+06) (1-60)2N+1+0)) — 3(1-06)
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and therefore since p+ k =q+1

k-_
57:1 Zm:lo |771+m|2 < sup kz;lzl |771|2
)\TTq — Ao T /\nfq — Ao
2k(N Mg
< (N+1) sup m < 2k(N 4+ 1)
3(1-190) T )\,77+|)\a| 3(1-6)

sup
(3.24) 0

Estimates (3.22), (3.24) imply the bound

V21 (N + 1)y Z

325) G < S5y

1F, |k (k + 1) (p/2/7)"

pt+k=q+1,
p,k>2

At last, let us estimate Dg'(n?) defined in (2.37). Using (2.13), (1.5) we obtain
1Dql] < Sup opa Z 1P p+10;+1 —p+1
K (j.p)€Qa

(326) X Z Hle H H mj41 H

m1+"-+mj+1 =p

[b q+ji— p+1( E,mw-mq—p)\l
X
lz;s;p U+ D7 = Aa)

Let us estimate the last factor of the r.s. in (3.26). Using (3.16), (3.24), (3.19) w
get:

|| q+j— p+1( ﬁj,m,mmﬂ—p)ll
sup oya Zsup J+1)()\7Tq*/\a)

- +j—p+2 INZp+ 300 3B Mgl
< 2/ q+] p+19 SUp o= =1 £sm=0
Vm/2vz/m) N T G ) Oy o)

n4

(327) < Vor(N +1)(v/2/m) ™ P g+ j—p+1)

" Jjp 2(q—p+1)
G+D@+Dx 30-0)(+1)

i . —-p+1

< Ci(V2/m) TP (g +j —p+ 1) <1 + q]f—l)

where Cy depends only on & (see (1.10)) i.e. on the data of the problem.
Equalities (3.26), (3.27) imply:

[Dgll < C2 Z (p 2/7T)q+J p+lcé+] p+1(Q+j_p+1)
(G.p)€Qm

g—p+1
SR I DR

mi+-t+mip1=p

(3.28)

where Cs depends on the data of the problem only.
As a result we have proved the following theorem.
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THEOREM 3.4. The coefficients F*(n7) defined by recurrence relations (2.33)-
(2.87) satisfy the estimate:

(3.29)
IFl<C o+ > €I q07t? 3 el [ Fo ]
(J,p)EQq my4--4mjp1=p,
mLZQ

+ Y k(k+ 10|

pt+h=g+1,
p,k>2
j D1+ 2PN atipig
+ D laHi-pHD (14— )0 Hi—p+l
(j;p)EQa
X > [Emll - 1 Fom

mi+-+mjijp1=p

where ¢ > 4,0 = py/2/m, the constant C depends on r,~ only (see (1.5), (1.10)),
and the sets Qq, Q7 are defined in (2.24), (2.28).

Inequality (3.29) follows directly from (2.33), (3.20), (3.21), (3.25), (3.28).

REMARK 3.5. Inequality (3.29) should be complemented with the analogous
bound for ¢ = 2 that follows immediately from (2.20), (1.5), (3.14), (3.19):

(3.30) IR < Co?.
Moreover, formulae (2.32), (1.5), (3.14), (3.19) imply the estimate for Fig*:
(3.31) |F5ll < C(o® + 90| ).

where C and o are the same as in (3.29).

3.4. Convergence of serie (2.6). We now are in a position to prove the
convergence of the serie (2.6) for the map F'(y_) that determines the stable invariant
manifold. For this purpose we define the majorants ¢, for the coefficients Fy*(n9)
using recurrence relations (3.29)-(3.31):

(3.32) 02 =Co?, 3 =C(0%+9020)

$q = Clot+ Z Cé+j—17+10-q+]_p Z Pmy - Pmy

(j-rp)qu mi+-+mji1=p,
m122

+ > k(k+1)dFg,

+k=q+1,

(3.33) Tz
. qg—p+1 o .

+ Z (Q+]*p+1) <1+j—i-1>gq+J p+10;+j_p+1

(J:p)EQT
X Z gpml"'(p7nj+1 ’ QZ4

mi+--+mjp1=p
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where the constants 6, o and sets Qq, @q are as in (3.29).
Formulas (3.29)-(3.33) imply that

(3.34) 1Fall < g Vg =2.

Thus to prove convergence of the series (2.6) in a neighborhood of the origin, it is
enough to prove the inequalities

(3.35) g <mp ! Vg2

with some positive constants -1, p; independent of g.

THEOREM 3.6. There exist constants y1 > 0,p1 > 0 such that for each q > 2
inequality (3.35) holds.

PROOF. As in Theorem 1.1 of Chapter I in [VF2] we introduce the formal
series

(3.36) P(t) = gt
q=2

and prove that it defines an analytic function for ¢ belonging to a neighborhood of
origin in C. To prove this we plan to derive en equation for (t) and after that
apply to this equation the Implicit Function Theorem.

We multiply both parts of equations (3.32), (3.33) by t? and sum the obtained
equalities over ¢ > 2. Then we get

e R o0 [e'S) )
IS PO DI A
q=2 q=2

q=3 (J,P)EQq

<Y o om,

mi+-+mjp1=p
o0

qg—1
(3.37) +> 1> (q—p+1)(g—p+2)0 ",
q=3 p=2

- (q+j—p+1(qg+j—p+2)
tq
ey i
=1 (jp)eQe

q+j—p+1
X o Cotjmpt1 g Omy - P
mi+--+m;jp1=p

Making the change of variables (q,7,p) — (k,j,p), ¢ = k — j + p and using
the definition of @, in (2.24), we do the following transformation with the first and
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second sums on the right side of (3.37):

Z ottt + Z ¢ Z q+J paqﬂ;p Z Pmy - Pmy

q=3 (M))qu My tmy 41 =p
= ’“t’f+2thcﬂ ot Z T Py Pm
q=2 p=2j+2 mi+-+mjp1=p
0o 0o k ]
(338)  =D"(ot)" + Z (ot) ’“ZC]t J (Z <pmtm>
q=2 m=2
o0

t”qg

atk-i-z at)*[(1 + p(t) /t)F —1]

i
[\~

(at)*(1 + (t)/1)?
1—ot(1+ ¢(t)/t)

()" (1 +¢(t)/t)" =

M

M
N

Changing the order of summation and after that changing variables (¢,p) — (g, k)
with &k = ¢ — p 4+ 1 we transform the third sum on the r.s. of (3.37) as follows:

o] q—1

Dt (g—p+1)(g—p+2)0 "y,
=3 p=2

(3.39) =3 > tg-p+1)(g—p+2)0T "y,
p*2 q*p+1

fZgo Zt’“*? Ye(k +1)o ik k+1)(
p=2 k=2

At last, using definition (2.28) of Q7 we make transformation of the forth sum
from r.s. in (3.37) by changing the variables (q, j,p) — (k,7,p), =k —j+p—1:

itq 3 (g+j—p+1)a+j—p+2) 4

gdti—ptl
j+1 q+j—p+1

=4 (j,p)eQn

X > Py -« Prmyn
m1+'~+mj+1—p
— i\!
== J+1 'k —j)!
X Z tp Z Soml . 'SDmJ‘+1

p=2j+2 mi+--+mjit1=p
k

=3 ko)t S Ch () /1

k=2 j=1

=D k(ot)*[(L+ (9(6) /1) = (k + 1)p(t)/t — 1]

(3.40)
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Substitution of the right sides of (3.38), (3.39) (3.40) into (3.37) yields the
equality
(3.41)

A () (1 + ot R
t) = k(ot)®(1 ) /)T k(o
o(t) C(l—at( +Z at)F(1+ (p(t) /1)) 1;2
Applying the equality
K kL o’ af(2—-a)
Zkza —0487204 —0(871705— L
k=2 k=2
to the second and third sums from right side of (3.41) we get

A (02 (14p(t)/1)?
() =C (1 — ot + p(t)/0)

) s (002~ o1+ o)1) _ (o1~ ot)
Fa et SR - )

Making the change of variable u(t) = ¢(t)/t in (3.42) we obtain the equality

(3.43) G(u(t),t) =0

where

(3.44)

(14 p)? (I+p?’2—ot(l+p) (2-0t) )
1—ot(l+ p) (1 —ot(1+4 p))? (1 —ot)?

Since G(0,0) = 0, aG(“ l(1,t)=(0,0) = 1 we can apply to (3.43) the Implicit Func-
tion Theorem and clalm that there exists a unique solution p(t) of equation (3.43),
defined for small ¢. Moreover, since function (3.44) is analytic in a neighborhood
of origin in C2, this solution p(#) is analytic in a neighborhood of origin in C. This
implies analyticity of ¢(t) = tu(t) that proves (3.35). O

G(u,t) = p—Co’t (

Now we are in a position to prove the main theorem of this section.

THEOREM 3.7. Let the coefficient k and the function f in problem (1.1)-(1.3)
satisfy (1.6) and (1.4), (1.5) respectively. Then the map (2.6) that defines the stable
invariant manifold (1.15) is analytic in a neighborhood O(H_) of the origin in the
space H_.

PrROOF. We have to prove that the serie (2.6) converges for each
(3.45) ho € Byy(H_) = {h_ € H_: |[hls12(0.m) < po}

with certain py > 0. By virtue of Proposition 3.1 this can be reduced to establishing
inequalities (3.7) for norms (3.1), (3.2) of the coefficients Fy (1¥) from (3.8). By (3.9)
the number p; from (3.7) is related with po from (3.45) by the equality p; = pory
where ry = 3372 vy €72 and N is defined in (1.10). By virtue of Theorem 3.4
these norms || Fy || satisfy inequality (3.34) with ¢, defined in (3.32), (3.33). Finaly,
inequalities (3.35) proved in Theorem 3.6 and bounds (3.34) imply (3.7). O

REMARK 3.8. One of the essential conditions allowing to prove Theorem 3.7,
i.e. to prove analyticity of invariant manifold (1.15)-(1.17) is the condition

(3.46) Xor = Aa # 0
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called the absence of a resonance. Indeed each term on right sides of the recurrence
relations (2.33)-(2.37) determining the coefficients Fi,(n9) of series (2.11) contains
the factor (Azz — Aa)”" . In the case considered in this paper condition (3.46) is
true because A, < 0 and each summand A,; of A\7z = Ay, + -+ + Ay, is positive.

REMARK 3.9. The unstable invariant manifold is defined by the following for-
mulas analogous to (1.15)-(1.17):

(3.47) My = {ys +Glys), ys € O(H,)}
where O(H) is a neighborhood of the origin in the subspace H,, and
(3.48) G:0(H;)— H-

is a certain map satisfying
(3.49) G la_/Nyllz, =0 as |yllm, — 0.

To prove the analyticity of G we use a differential equation for G analogous to
(1.23) by means of this we derive recurrence relations for the coefficients G,(a?) of
series

Glys) =D > Gr(aF)y(a)
k=2 "%

(Recall that we use notation (1.28), (1.29) here.) These recurrence relations contain
the factor (Agz — Ap) ™', Since Mgz = Ao, + -+ + Ao, with Ay, <0 for j=1,...,¢q
and A, > 0, we have Agz — A; # 0. In other words in this case the resonances are
absent, and therefore using the technique of this paper one can prove the analyticity

of G(y4).

REMARK 3.10. Let change the definition (1.12) of the subspaces H;, H_ as
follows:

(3.50) H_ =le1,....enyko)s H- = |eNthot1seNthor2---], N =[VK]

Using (3.50) we define M_ similarly to (1.15)-(1.17). Then the corresponding map
F will be analytic. Indeed, in this case condition (3.46) for the absence of resonance
holds because each summand A;; of A\jz = Ay, + -+ + A, is greater than A,, and
to prove the analyticity of F' one simply has to repeat arguments of this paper.

From the other hand it is impossible to guarantee that the invariant manifold
(3.47)-(3.49) corresponding to (3.50) is analytic because in this case the resonance
condition

(3.51) Az — Ay =0

can take place since summands Ao, of Agz = Ao, + -+ Aq, can be positive as well
as negative.

REMARK 3.11. Note that methods of this paper essentially use special form
of eigenfunctions of operator (1.8). Therefore results of this paper can be auto-
matically generalized on the case when problem (1.1)-(1.3) is defined on rectangle
{z € (0,7)"} and 8%y/dz? is changaed on Ay. Besides, straightforward generaliza-
tion on the case of a BVP with periodic boundary conditions is possible. Moreover,
this BVP can be more general, than the BVP considered in this paper.

In fact a natural generalization on the many-dimensional case of the problem
considered here is when the problem (1.1)-(1.3) is defined on arbitrary bounded
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domain 2 C R™ with a smooth boundary. This generalization as well as general-
ization from singular point Z = 0 to the case of arbitrary singular point Z can be
made but for this additional tools should be used. These generalizations will be
made elsewhere.
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