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LOCAL EXISTENCE THEOREMS WITH UNBOUNDED SET OF
INPUT DATA AND UNBOUNDEDNESS OF STABLE
INVARIANT MANIFOLDS FOR 3D NAVIER-STOKES

EQUATIONS

A. V. FURSIKOV

ABSTRACT. Local existence theorem of smooth solution v(¢,-),t € R4 for 3D
Navier-Stokes equations is proved, when initial data belongs to a certain un-
bounded ellipsoid of suitable function space. Unboundedness of stable invari-
ant manifolds for 3D Navier-Stokes equations is proved as well.

INTRODUCTION

One of the main aim of this paper is to establish unboundedness of stable in-
variant manifold for dissipative evolution PDE. This property can help to weaken
assumption of closeness to a steady-state mode ¥(z) for a solution v(¢,z) when
v(t, z) is stabilized near ¥. Unboundedness of stable invariant manifold M_ was
first observed by analyzing recurrence relations obtained in [F1], [F2] for coefficients
of decomposition in a series of a map determining manifold M_.

Subsequent investigations found out that real reasons of this phenomenon are not
connected with analyticity property. Moreover, it turned out that smooth solutions
of these equations determined for times ¢ € R as usual exist not only for initial
data belonging to a ball of sufficiently small radius, but also for initial conditions
belonging to a certain unbounded set of the corresponding function space. This
existence theorem is true for a wide class of dissipative evolution PDE.

In this paper aforementioned fact is established for 3D evolution Navier-Stokes
equations defined in a bounded domain 2 with a smooth boundary. In section 1
it is proved that in the space V! of initial data, that consists of divergence free
vector fields square integrable together with their first derivatives, there exists such
unbounded ellipsoid El,l/ % that for each initial datum vy € El,l/ ? smooth solution
v(t,x),t € Ry, x € Q of Navier-Stokes system exists, and

[t )llve < ellvollvie™,  teRy

where constants ¢ > 0,c¢ > 0 do not depend on vy € El,‘yQ.
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After some preliminaries given in section 2, unboundedness of stable invariant
manifolds for Navier-stokes equations has been proved in Section 3, and these man-
ifolds are defined with help of ellipsoid El,ﬁ/ . In sections 4, 5 some auxiliary
assertions are proved, that are used in the main part of the paper.

It is my pleasure to thank Professor A.V.Babin for useful discussions.

1. UNIQUE SOLVABILITY OF 3D NAVIER-STOKES SYSTEM WITH INITIAL DATA
FROM AN UNBOUNDED ELLIPSOID

In these section we prove existence and uniqueness of a smooth solution for the
3D Navier-Stokes boundary value problem with zero right side and initial datum
belonging to certain unbounded ellipsoid. In addition we prove that this solution
decays exponentially with increasing time.

1.1. Setting of the problem. Let Q@ C R? be a bounded domain with C°°-
boundary 09, Q = Ry xQ,5 = R} x 9. We consider in @ the following boundary
value problem for 3D Navier-Stokes equations:

Owv(t,x) — Av(t,x) + (v, Vo) + Vp(t,z) =0, (t,z) € Q, (1.1)
divo(t,z) =0, (t,z) €@ (1.2)

v(t,z) =0, (t,z)e S (1.3)

v(t,2)|i=0 = 0(x), T €Q (1.4)

Here Oy = Ov/0t, v(t,x) = (vi(t,x),va(t, x),v3(t, z)) is unknown velocity vector
field, Vp(t,z) is a pressure gradient , (v,Vv) = Z?Zl v;0v/0x;,v°(x) is a given
initial datum for v.

Recall definition of function spaces where problem (1.1)-(1.4) is considered. We
set

V@) = {ule) € (La(@)* : dive =0, v-vlon = 0} [ollvo) = o]z (15)

where v = v(z), z € 0 is the vector field of outer normals to 9Q; relations dive =
0, v-v|pa = 0 are understood in the sense of distributions theory (see [T] for
details). Introduce also the spaces

VHQ) = {v(z) € (H'(Q))* :dive =0, vloa =0} [vllvie) = |Vollz) (1.6)
V2(Q) =VHQ) N (H* Q)% vllvae) = 1A0]2,00) (1.7)

where H*(G) is the Sobolev space of functions belonging to La(G) together with
all their derivatives up to the order k, the norm in H*(Q2) is defined as follows:

1/2
el = | 3 [ 100G de
o<k 7S
where o = (o, a2, 3), a; are nonnegative integer, || = oy + g + a3, D* =
ol /o™ .. 0x5. As well-known, || - vk (@) is equivalent on VF(€) to || - || e (o)

for k= 0,1,2.
Let {e;(z),A;,j = 1,2,...} be eigenfunctions and eigenvalues of the following
spectral problem for the Stokes operator:
—Ae(x) + Vp(x) = de(z), dive=0, z€; elopn=0 (1.8)
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As well-known, 0 < A1 < Ay < ...\ — o0 as j — oo, and {e;(z)} forms
orthonormal basis in V°(Q):

o0 o0
Vo eV w(x) =) vje;(x), where v; = (v,¢;)vo), vl =D vl
j=1 j=1

For each s € R we introduce the space V* by the formula
ve=do(a) = vesa) v € Rl =S X< ooy (19)
j=1 j=1

It is well-known (see, for instance [F3], Ch.3,Sect.4) that
VE=V*Q), and |v|s=|v|]vsq) fors=0,1,2 (1.10)

where V¢ is defined in (1.9), and V9(Q), V1(Q2), VZ(Q) are spaces (1.5), (1.6), (1.7).
We will look for solution v(¢, ) of problem (1.1)-(1.4) in certain spaces from the
following family:

VIS = {y(t,) € Ly(Ry; VEF2) : d(t,-) € La(Ry; VE)} (1.11)
Note that the following inequality holds (see [F3]):

[0l Loe ey v12) < 2[0llya20 (1.12)

Assuming that initial condition (1.4) satisfies v € V1(Q), we look for component
v(t, x) of solution (v, Vp) for (1.1)-(1.4) in he space V12(Q) = V12O, To get rid
of component Vp of solution (v, Vp) we introduce the orthoprojector

7 (La(Q))? — VO(Q) (1.13)

Applying operator 7 to both parts of equation (1.1) one can reduce problem (1.1)-
(1.4) to the following one:

ov(t,”) + Av+ B(v,v) =0, v|i=o =" € V}(Q) (1.14)
where
L ow
A=—nA, Bv,w)=m ;”j%j (1.15)

Details of this reduction see, for instance, in [F3], Ch. 3, Sect, 4. Just there one
can also find the proof of the following assertion:

Lemma 1.1. Operator B(v,w) defined in (1.15) is continuous in the following
spaces:

B:Vsx Vet y=ss Biysx s yose! (1.16)
where s; > 0,7 =1,2,3 and
> 3 > 3
either ;Sj > 30 o ;Sj > 2 and s;+s5;>0 Vi#j (1.17)

It is well-known (see, for instance, [VF]) that if v° € B,(V!) = {w € V! :
|w|lv: < p}, and p is small enough then there exists unique solution v(t,-) € V120
of problem (1.14). Our goal is to show that similar result is true even if v° belongs
to a certain unbounded set Fl.,(1/2) C V1.
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1.2. Formulation of the result. Let us consider the set

o0

Bly ={v= Zvjej(x) evt: Z)\Jl-favjzﬂ < p} (1.18)

j=1 j=1
where p > 0, € [0,1]. This set is unbounded ellipsoid in V1. Indeed, by definition
(1.9) of V*, |lvje;||3 = Ajv?, anf therefore (1.18) can be rewritten as follows

EIS ={ve V') |vjeT:/(Ap) < 1} (1.19)
j=1
This formula means that EI7 is ellipsoid in V! with axises of length /A§ p directed
along e;. Since y/A%p — oo as j — oo, El7 is an unbounded set.
The following theorem holds:

Theorem 1.1. If p is sufficiently small, then for each v° € El;/2 there exists
unique solution v(t,-) € V12O of problem (1.14). Moreover,

lv(t, )yr < cl[o®|lyie ™ as t— oo (1.20)
with constants o € (0, \1),c > 0 independent of time t > 0 and datum v° € El,l)/Q.
Here A1 > 0 is the first eigenvalue in spectral problem (1.8).

The rest of this section is devoted to the proof of this theorem.

1.3. Transformation of equation and choice of the functions space. In
order to prove estimate (1.20) we make the following change in (1.14):

y(t,z) = e v(t,zr) with o€ (0,);). (1.21)
Note that in virtue of definition (1.15) of operator A
Aej = )\jej VjeN (1.22)

where {e;(x), \;} are eigenfunctions and eigenvalues of problem (1.8). Substitution
of (1.21) into (1.14) yields

8ty(t7 ) + Aly(t, ) + eiatB(y(ta ')7 y(tv )) =0, y‘t:O = ,U07 (123)
where Ay = A — oF, and F is identity operator. In virtue of (1.22)
Alej = ()\] — O')Gj VJ € N, (124)

and since o € (0, A1), A\; —o > 0. Thus A, is a positively defined operator as well
as A.

Local existence theorems are proved usually with help of the Inverse Map The-
orem (which is a corollary of Implicit Function Theorem). In order to apply the
Inverse Map Theorem to solve problem (1.23), we have to choose function spaces
for (1.23) by such a way that nonlinear operator B(y) = e~ B(y, y) becomes sub-
ordinated to the linear part (O,y + A1y, voy) of (1.23) where oy = yli=o-

As well-known, operator

(O + A1, v0) : VE2E) o Ly(Ry; V) x VIFs (1.25)
realizes isomorphism of the spaces for each s € R (see [S], [VF], [F3]). From the
other side, operator

B(-): V12 o Ly(Ry; Vo) x VIF
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is continuous for each s > —1/2 (see [F4], [F3]). The last fact follows easily from
Lemma 1.1. So to apply Inverse Map Theorem for solution of problem (1.23) we
should consider operator generated by (1.23) in the following spaces:

(B4 A1+ B,y) : V2O o Ly(RL VA x VIS, 5> —1/2 (1.26)

1.4. Application of Inverse Map Theorem. Here and everywhere below for
Banach space X and quantity p > 0 we denote by ©,(X) = {z € X : |z||x < p}
the ball in X of radius p with center in origin.

Let Y, Z be Banach spaces, ¥ : Y — Z be a map of class C2. To solve equation

U(y) ==z (1.27)
one can use the Inverse Map Theorem (see, for instance, [ATF]):

Theorem 1.2. If ¥(0) = 0, and derivative ¥'(0) : Y — Z realizes isomorphism,
then for sufficiently small p > 0 there exists a C*-map ® : ©,(Z) — Y that is
inverse to ¥ i.e. U(y) =z < ®(z) =y for each z € ©,(Z).

Note that Theorem 1.2 proof contains the proof of the following assertion:
35(p) =0 as p—0 suchthat P(O,(Z)) C O5,)(Y) (1.28)

To prove existence of solution for (1.23) we apply Theorem 1.2 as follows: We
take Y = V1212 7 = Ly(Ry; V=Y2)x VY2, W(y) = (Qy+ Ary+ B(y), voy)- As
was shown in the very end of previous subsection this map satisfies all conditions of
aforementioned theorem and therefore for each v° € ©,(V1/2) there exists unique
solution y € V12(=1/2) of problem (1.23). Moreover, by (1.28)

Hy||v1.2<71/z> < (5(p) — 0 as P — 0. (1.29)

Note that by definition (1.9) of V* ellipsoid (1.19) with @ = 1/2 can be rewritten
as follows:

EU? = {0 e Vi ||vfliyz < p} = ©,(V2) nV? (1.30)
and therefore we have proved that for each v* € El,l/ ? there exists unique solution

y € V12(1/2) of problem (1.23). To finish the proof of Theorem 1.1 we have to show
that y € V129 and v linked with y by relation (1.21) satisfies inequality (1.20).

1.5. The main estimate. First of all we note that Lemma 1.1 implies the inequal-
ity

1B(y, 2)llo < cllyllillzlls/2 (1.31)
Bound (1.31), (1.12) imply estimate

1By WllLa s voy < ellyllw @ vyl vary) < cllyllvazonllyllyiecimy.
(1.32)

Inverting operator (1.25) in problem (1.23) we get that solution y of (1.23) sat-
isfies the equality

t
y(t,) =e Mt */ e~ MU B(y(r, ), (T, ) dr (1.33)
0

Using boundedness of operator (1.25) and inequalities (1.32),(1.29) we estimate y
by right side of (1.33):

9171200 < ex(W°lva + 1B, )l Layive)) < ca(llo® v +cd(p)llyllvree). (1.34)
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At last assuming that p is so small that 1 —c1ed(p) > 0 we get from (1.34) the final

estimate for each ¢t > 0:

C1C2

ly(t, e < eallyllvizo < 7— [o® s (1.35)

ccrd(p)

After substitution into (1.35) expression (1.21) of y by v we obtain desired estimate
(1.20).

2. STABLE INVARIANT MANIFOLD

In this section we recall certain notion connected with stable invariant manifolds
for Navier-Stokes equations.

2.1. Input system. Instead of (1.1)-(1.4) we consider the problem for 3D Navier-
Stokes system with right side f(z) € V°(Q):

o(t,z) — Av(t,z) + (v, Vo) + Vp(t,z) = f(x), divu(t,z) =0, (2.1)

v(t, ) |scon =0, v(t,)|=0 = v°(x) (2.2)
Similarly to reduction of problem (1.1)-(1.4) to (1.14) we reduce problem (2.1) to
the following one applying to both sides of the first equation in (2.1) operator =
from (1.13):
ow(t,) + Av + B(v,v) = f(-), v(t,")|=o = 0° (2.3)
where A, B are operators (1.15). To solve this problem we introduce the space
similar to (1.11) but composed from vector fields defined on cylinder Q7 = (0,7) x
bounded in time:

V2 (Qp) = {u(t,) € Ly(0,T; V2 1 oo(t,-) € Lo(0,T; VY (2.4)
Since f € VO(Q),v° € V1(Q), natural space for solutions of problem (2.1), (2.2) is
V1:200(Qr) and natural phase space for corresponding dynamical system is V'1(€2).
Let steady-state solution 9(z) € V?(Q) of (2.1), i.e. solution of problem
Av+ B(0,v) = f (2.5)
be given.
To study the structure of the dynamical system (2.3) in a neighborhood of ¥(x)
we make the change of unknown functions in (2.3):

v(t,z) =v(x) + y(t, z) (2.6)
After substitution (2.6) into (2.3) and taking into account (2.5) we get:
Owy(t.x) + Ay(t,2) + Bly(t, x), y(t,2)) =0, (2.7)
y(t,z)|i=o0 = yo(z) = °(x) — (), (2.8)
where R
Ay = Ay + B(v,y) + B(y, ). (2.9)

Let us consider operator A : V0 () — VO(Q) and its adjoint operator A*. These
operators are closed and and their domains of definition are D(A\) = D(zzl\*) =V?
(see (1.7)). The spectrum E(A\), E(A\*) of operators A, A* are discrete subsets of C
consisting of eigenvalues only, that belong to a sector symmetric with respect to R
and containing R;. Moreover Z(ﬁ) = Z(ﬁ*) (see [F5]).
The linearization of problem (2.7), (2.8) at zero has the form
Duy(t,x) + Ay(t,x) = 0, y(t,2)lm0 = vo(x) (210)
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For each yo € V° the solution y(t, -) of (2.10) is defined by equality y(t,-) = e~ 4tyq

where =A% is the resolving semigroup of problem (2.10).
Let o > 0 satisfy:

S(A)N{AeC:0<ReA <o} =0 (2.11)

The case when there are certain points of % (A) which are located in the left side
of the set {0 < ReA < o} will be interesting for us because the contrary case is
similar to the situation considered in previous section.

Denote by Vf(g) the subspace of V°(€2) generated by all eigenfunctions and

associated functions of operator A corresponding to all eigenvalues of A placed in
the set {\ € C : ReA < 0}. By V{(A*) we denote analogous subspace corresponding

to operator A*. We denote the orthogonal complement to VE(A\*) in V9(Q) by
VO(A) = Vo

VO =VO(Q) e VoA (2.12)
For each s € R we set

VeE=vVonVvsifs>o0; V* = closure of V¥ in V¥(Q) for s < 0 (2.13)

Let Vi = VJ?(E), s € R, i.e. finite-dimensional space V} as set does not depend on
s. It is convenient for us to set on each V¥ a norm || - ||+ common for every s € R.
We can do it because on finite-dimensional space all norms are equivalent. (Norm
Il - |+ will be chosen by more concrete way in Appendix II (see (5.11)). Thus

Ve =VA), seR supplied with |-, (2.14)

One can show (see [F 5]) that subspaces V{7,V are invariant with respect to the
action of semigroup e~4* and

VEQ)=V+Vi VseR (2.15)

We change definition (1.9) assuming now that norm in V*®, s € R is defined as
follows:

|v[lve = llo=[lve + |lv]l+, where v=wv_+vy, v_ eV vy eVy (2.16)
and || - |lvs = - ||s where || - ||s is defined in (1.9).

2.2. Definition of stable invariant manifold. As we note in previous subsec-
tion, natural space for solution of problem (2.7), (2.8) is V12(0)(Qr) (see (2.4)),
and in virtue of (1.12) natural phase space for corresponding dynamical system is
V=vYQ) (2.17)
It is well-known (see [LS], [BV]), that for each yo € V there exists a unique solution
y(t,x) € VI2O(Qr,4,)) of problem (2.7),(2.8), where 0 < Tjj,, — 00 as [[vo] =
|lvollv — 0. We denote by S(t,y0) the solution operator of the boundary value
problem (2.7),(2.8):
S(t,y0) = y(t,) (2.18)
where y(t, x) is the solution of (2.7),(2.8).
Recall now some commonly used definitions of stable invariant manifold (see
Chapter V in [BV]) adopted for our case.
The origin of the phase space V, i.e. the function y(z) = 0, is, evidently, a

steady-state solution of problem (2.7),(2.8).
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Definition 2.1. The set M_ C V defined in a neighborhood of the origin is called
the stable invariant manifold if for each yo € M_ the solution S(t,yo) is well-defined
and belongs to M_ for each t > 0, and

ISt yo)llv < cllyollve™" as t— o0 (2.19)
where quantities ¢ > 0,0 > 0 does not depend on yo € M_.
In accordance with (2.15), (2.16), (2.17) the following decomposition is true:
V=V_+V, where V_=V! V,=V! (2.20)

The stable invariant manifold can be defined as a graph in the phase space
V =V, + V_ by the formula

M_={yeV:y=y_ +g(y-), y- € O(V_)} (2.21)
where O(V_) is a neighborhood of the origin in the subspace V_, and
g:0(V_) =V, (2.22)

is a certain map satisfying
g +/lly-llv-. =0 as [ly—[lv. — 0. (2.23)

2.3. Existence of invariant manifold M_. Let us define the metric space where
we look for the map ¢ that defines stable invariant manifold M_ by formula (2.21).
We assume that g(y_) is defined on the ball

0,(V2) = {y— € V_: lly_|lv_ < p} (2.24)

Definition 2.2. The metric space G, , = G,(0,(V_)) is the space of maps g :
©,(V_) — Vi that are Frechet differentiable for each y_ € ©,(V_) and their deriva-
tives g'(y_) satisfy Lipschitz condition

19" (y1) — ¢"(w2) || < pllyr — vallv. Vyi,y2 € ©,(V2). (2.25)

where Lipschitz constant p is unique for all g € G, ;. Moreover, g € G, ,, satisfy
conditions

4(0) = 0, ¢/(0) =0. (2.26)
The metric d(g1,g2) in G, is defined as follows:
d(gl 92) — sup ”gl(y) - 92(y>H+ (227)
’ y€O,(V_)\{0} yllv_

Theorem 2.1. The metric space G, , is complete with respect to metric (2.27).

This theorem has been proved in Appendix II below.
Now we are in position to formulate existence theorem for invariant manifold
M_:

Theorem 2.2. There exists unique map g € G, ,, where > 0 is sufficiently large
and p > 0 is sufficiently small * such that the set M_ defined by formula (2.21) is
stable invariant manifold for family of maps S(t,-) defined in (2.18). Moreover,

—ot
1S yo)llv < ce”llyolly  as t— o0 (2.28)
where constants ¢ > 0,0 > 0 do not depend on yo € M_
Iprecise conditions imposed on p and p are written below, in Theorem 5.2 formulation (see

(5.19))
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This theorem as well as method of its proof is well-known (see [LS], [MM], [Hen],
[BV] and references there in). It is proved below in Appendix II (see Theorem 5.2
and Remark 5.1) in a form more convenient for our aims than known for us proofs
in literature.

3. UNBOUNDEDNESS OF STABLE INVARIANT MANIFOLD M _

We extend domain ©,(V_) of functions belonging to metric space G, , up to the
following set:
EU/*(V_) = El}*nV._ (3.1)
where El,l)/2 is ellipsoid (1.18) with @ = 1/2 and V_ = V! is the space (2.13)
with s = 1. Now we determine the space G, (El;/Q(V,)) of functions defined on
El};m(V_) similarly to G, , = G,(0,(V-)): new metric space differs from G, , only
with domain of definition of composing functions. Theorem 2.2 can be strengthen
by the following way.

Theorem 3.1. There exists unique map g € G“(El},m(v_)) where p > 0 is suffi-
ciently large, p > 0 is sufficiently small, and pp < 1 % such that the set M_ defined
by formula (2.21) is stable invariant manifold for family of maps S(t,-) defined in
(2.17). Moreover

ISt yo)llv < ce™[lyollv as t— o0 (3.2)
where constants ¢ > 0,0 > 0 do not depend on yo € M_.

Proof. Theorem 2.2 is formulated in the case when phase space of family S(t, ) is
V = V1. Opportunity to prove Theorem 2.2 with such choice of phase space is based
on the fact that the the corresponding space V2(9)(Q;) of solutions for (2.7),(2.8)
satisfies the property: the nonlinear part B of equation (2.7) is continuous in the
spaces where its linear part establishes isomorphism:

(B,0) : VI2O0(Qr) — Ly(0,T;V0) x V?

(0 + A,70) : VI2O(Qr) — Ly(0,T5VO) x V1

This allows to prove local existence theorem for (2.7),(2.8) in V12 (Qr) and after
that to prove Theorem 2.2 (see [LS], [BV], and Appendix II below). But as was
mentioned in (1.26) not only the space V120 (Qr) but also spaces V12(=*)(Qr),
for each s € [0,1/2] possess this property. That is why Theorem 2.2 can be proved
when phase space for S(t,-) is V = V/2 which is connected with solutions space
V12(=1/2)(Qr) (see Appendix IT below).

So invariant manifold can be defined with a certain map g € GH(QP(VE/Q)). But
in virtue of (1.18),(3.1)

B2y =0,V vt (3.3)
Therefore a map g € GM(EZ;/ %(V_)) that defines the stable invariant manifold M_

by formula (2.21) has been constructed. Moreover by Theorem 2.2 with phase space
V = V12 the inequality

ISt yo)llvire < ce”llyollvie  as t— o0 (3-4)

2Bound pp < 1 follows from condition (5.19) that actually are imposed on u, p in Theorems
2.2 and 3.1
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for each yy € M_ is also established. To finish the proof of Theorem 3.1 we have
to prove bound (3.2) where V = V1.
Let introduce the projection operators

Ve —=V: I V=V seR (3.5)

Definition of V*, V¥ (see (2.12)(2.16) and few lines around these relations) implies
that IT_,II; does not depend on s.  Let denote

iy = ys, HeS(t, ) = Si(t,-), UeA= AL, LB = By (3.6)

Using definition (2.14)-(2.16) of V7, V* and inclusion Sy (t,y0) € V,s =1,1/2 for
all ¢ > 0 we have taking into account (3.4) that

1S4t yo)lva = 1S+ (t,yo) llvrr2 < [IS(t yo)llvirz < ce™ lyollvare (3.7)
That is why in virtue of inequality
1S(t, yo)llvr < [1S+(t, yo)lve + (1S (£, yo) [l

in order to prove (3.2) it is enough to estimate ||S_(t, yo)|v:-
We can rewrite (2.7) as follows:

Oy~ (1) + A_y—(£) + B (y—(t) + v+ (1), y— (1) + 5+ (1)) = 0,

Oy (1) + Avyy () + By (y— (1) + y4 (), - (1) + y1. (1)) = 0,
where y1 (t) = ITLy(t) = S+ (t,y0). Invariance of manifold (2.21) means that
y+(t) =g(y-@t)) Vt>0 if y,=g(y-) at t=0 (3.9)

Relations (3.8),(3.9) give closed equation for y_(t) that describes solution y(t) be-
longing to M_ of problem (2.7), (2.8):

(3.8)

Oy~ (1) + A_y—(t) + B-(y-(t) + 9y (1)), y- (1) + g(y-(1))) = 0, (3.10)
v (t)le=o =y € BIY(V.) (3.11)

We make change in equation (3.10) (compare with (1.21)):
2(t) = ey _(t)  with oy € (0,0) (3.12)

Then problem (3.10), (3.11) transforms to the following one:
Oz(t) + A z(t) + e M B_(w(t),w(t)) =0, w(t) = 2(t)+ e tg(e "2(t)) (3.13)

2(t)i=0 = Y- (3.14)
where
Aiz=A_z—012 (3.15)
Let
VIR Z e (3.16)

where TI_, V12() are defined in (3.5), (1.11) correspondingly. Recall that the
space V* is defined in (2.13). The following theorem holds.

3More precisely, II_ I can be expressed by explicit formulas constructed only with help of
duality between V'S and V ~¢ generated by scalar product in L2(€2) and using fixed basis functions
of spaces V£ (A) and V£ (A*)
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Theorem 3.2. Let s € [—-1/2,0]. Operator
0 + A1, y0) : V2 S Ly(R, V) x VTS (3.17)

is reversible, and its inverse operator is defined by the formula

R t
(O + A7) " Hy—, ) = e My +/ e~ MU f(r,.) dr (3.18)
0

The proof of this theorem is given below, in Appendix I.
Inverting operator (3.17) in problem (3.13), (3.14)we get

~ t ~
2(t) = e Aty — / e~ M= nT B (w(r),w(r)) dr, (3.19)
0
where
w(t) = z(t) + e gle 7" 2(t)) (3.20)
We will use

Lemma 3.1. Let f : X — Y be differentiable map in Banach spaces X,Y with
derivative f'(x) satisfying Lipschitz condition

1" (x) = £ W)l < lle = ylx (3.21)

with Lipschitz constant v independent on x € X. Suppose that f(0) =0, f'(0) = 0.
Then

17 @l <Alallx,  IF@I < 2% (3.22)

Proof. The first inequality in (3.22) follows from (3.21) with y = 0 and relation
f'(0) = 0. It is easy to see that

/f)\;z: d)\_lgnooz f< >[]

- lenooi % 5 (1 (o) - () )

N kel k- k—j—1
. ! !
@iy < gin S5 S| (A5 2e) - o (507 ol
k=1 7=0
N k—1
<1\;in Z;N] NHCCHX:W]\}EHOOTH ||X—*||x||x

O

Let us show that if g € G,(0,(V. 1/2)) [2()]l},1/2 < p ¥Vt > 0 then the function
w(t) defined in (3.20) can be estimated as follows

lwo®lls < (1+ 3 L0, with s=
11

oW

(3.23)

DN | =



where A; is the first eigenvalue from problem (1.8). Indeed, using Lemma 3.1,
inclusion g € G,L(@p(Vl/Q)), and relation pup <1 we get

Y 5 ppAy 1,1/
5 12Ol < =@l | 1+ =—— | < A+5A0 D)=l

e
lw @)l < [l2lli+

2

Bounds (3.23) with s = 1/2 and s = 3/2 are proved similarly.
Using boundedness of inverse operator for (3.17), Lemma 1.1, and relations (3.4),
(3.12), (3.23) with s =1/2,s = 3/2 we get for z(¢) from (3.19)

l2llvi2c-12 < e(lly-ll1/2 + [1B(w, w)l L, @ 5v-1/2))

<clp+alwlli, @ viellwli,e,vee)

301 —1/2 3.24
< elp+ 2@+ A el priviim 12 o, o) (3.24)
< clp+ casup e " |y_|ly jollzllyrac-rm) < clp+ capllzllvrac)
t>0
Assuming that p is so small that 1 — ccop > 0 we obtain from (3.24)
cp
2(— < — 3.25
Izllvr2car < 5 — (3.25)
Similarly to (3.24) using (1.31), (3.23) with s =1 and s = 3/2 we get
12l rzo < e(lly-Il + 1 B(w, w)|[ Loy ivo))
<cllly-lh + allwllie@®ov ol @, vee)
c1 —1/4 —1/2
<ellly-lh + @+ AN el vl ves)  (320)
CQC
< cllly-ll + e2llzllvrzozlyiec) <yl + %Hzﬂvm(—m)
Assuming that p is so small that c?cop < (1 — ccap) we obtain from (3.26)
2 —1
Ol < clelyian < cea(1- 722 ) v G2)
Relations (3.27), (3.12), (3.7) imply (3.2). O

4. APPENDIX I. PROOF OF THEOREM 3.2

The proof of operator (3.17) reversibility is, evidently, reduced to establishing of
operator (3.18) boundedness. We first estimate the second term in the right side of
(3.18).

4.1. Estimate of the last term in (3.18). First of all we bound resolvent for
operator —Aj.

Lemma 4.1. Let s € [-1/2,0]. * There exists a constant ¢ > 0 such that for each
el
(€T + A1)~ /]

yore + E[|(iET + A1) f]

where Ay is operator (3.15), and I is identity operator.

ve < df|f]

2. (4.1)

4Restriction on s in this Lemma is connected with smoothness condition imposed on &(x) from
definition (3.15),(2.9) of operator A;. In fact for & € V2 assertion of Lemma 4.1 holds for less
restriction on s than s € [—1/2,0].

12



Proof. Instead of A; we consider first the operator A = —rA. Since |- |

ve = -,

by definition (1.9) of the norm || - ||s of the space V* we get:
IS + A2 = 3 li€+ APX I = 9l + €l (42)
j=1
In virtue of (3.15), (2.9), (1.15)
Avy — Ay = B(B,y) + B(y,9) — o1y, (4.3)
Applying Lemma 1.1 we get
141y — Aylls = [|B@,) + B(y,8) — o1ylls < cl|yllsss/2 (4.4)

with ¢ > 0 independent of y. Then (4.4) implies
G+ A)y (12 < (1+ ANyl +] Ary—Ayllo)* < 20/(6+A1)y )1 34+2¢ [yl|2 5 /0- (4.5)
Since by definition (1.9) of || - ||s

3/2 270
CllylZ s < Syl Iyl < == lyl2 + mmﬁ

we obtain from (4.5), (4.2) that

. T2 2 2 SR 2
g+ Al > 21GE + AWlE - iRy = Thles + (& - 25 Iyl

> 1(||y||§+2 +&lI2) i g > V2Tt
(4.6)
Since by definition of operator A the set {IANeC: )= €€ [—V27ch, V2Tct}
belongs to resolvent set of —A; there exists a constant ¢; > 0 such that
(i€ + Ayl|2 > eallyllZ, i [¢] < V27t (4.7)

By definition (1.9) ||v||s4+2 > A1||v||s where A; is the minimal eigenvalue of problem
(1.8). That is why

.1 .
Iyll34e > 2(Hy||g+z+27 8£2||y|| ) 2 min{z, = }(Ilyll Syl i ¢ < V2T
(4.8)
Inequalities (4.6), (4.7), (4.8) imply (4.1) O
Lemma 4.2. For operator
t .
(R0 = [ e f) dar (49
0
the following estimate holds:
“Rf||vi72(s) < C||fHL2(R+;Vf)a s € [_1/270] (410)

where ¢ > 0 does not depend on f.

Proof. Let R
oAt
F@{ﬁmgjg; E@{ =Y
Then by (4.9)
Rf(t) = (ExF)(t) (4.11)



Applying to both parts of (4.11) Fourier transform g(§) = [, e""¢g(t) dt we get:

(R)() = (E+F)(€) = B()F(€) = (i€l + A) " F(¢), (4.12)

since E(€) = (i€I + Ay)~'. 5 Then in virtue of (4.11), (4.12), Parseval equality,
and Lemma 4.1 we get

IRf 1.2 = / (MGeT + A) T P22 + €21 GET + A) T F ()22 de

—00

o0
<o / 12 de < ellfI12, v

— 00

d

4.2. Estimate of the first term in r.s.of (3.18). Operator e=A1t can be deter-
mined by the formula (see [Hen], [F5], p. 275):

e~ Mt = (2m) 7t /(AI + Ay)7teM dA (4.13)
vy

where ~ is a contour belonging to resolvent set p(—;{l) of —121\1 VP - Ve s e
[—1/2,0] such that arg A = £6 for A € v,|A| > N for certain 0 € (7/2,7) and for
sufficiently large N. Moreover, v C {A € C: Re A < 0} and ~ surrounds spectrum
S(—Ay) of —A; : VS — V* from the right.

Lemma 4.3. Let s € [—1,0]. For resolvent of operator —A; 1 VS S VS the
following estimate holds:

~ | _ C
I + A1) T fly e

< s A 4.14

where 7y is the contour from (4.13), and constant ¢ > 0 does not depend on f € V1!
and on X\ € 7.

For s = —1 this lemma has been proved in [F5], p.289-290. This proof can be
easily generalized on the case s € [—1,0] with help of arguments of Lemma 4.1.

Lemma 4.4. Let Ay : VO — VO be operator defined in (3.15), (2.9), (1.15). Then
for s € [-1/2,0]
||e_A1tUO||Vi’2(S) < CH'U()HV_H—S (415)

where ¢ does not depend on vy € VST1

Proof. Let v be the contour from (4.13) defined before Lemma 4.3 formulation.
Then v = v U2 U~s where
m={A=—-p(l+iw):u>N}, y={A=-pl-iv):u>N}

. 4.16
v =7 NH{Al < N1 +iv[} 19

where v € (0,1) is a fixed number as well as sufficiently large N > 0. Then

3
e~ M1t = "I;(t), where I(t) = (2m')—1/ (M + A reMd), j=1,2,3 (4.17)
j=1

Vi

5Derivation of this formula is based on equality %e*‘alt = —Are~ M1t and the property that
spectrum of operator Al (VO o belongs to the set {A € C: Re A > 0}.
14



Using (4.17), (4.14) we get

[e%e) e’} [e%s) 2
/ ||Il(t)vo||§+2dt§c/ (/ ll(—u<1+w>I+A1>—1vo|s+ze"”d“) o
0 0

N

00 0o —ut 2
2 et
SC1Hvo||3+1/O (/N T a du) dt
<CU§ / 7/ / 62Ntdt7<cv§
< etlloolless N A3 Iy Jo (L4 )t/ = zlfoolls+2

Similarly we obtain

(4.18)

| el d < el (4.19)
0

Since contour 3 is compact and we can choose A\g > 0 such that Re A < —)\q for
each \ € 73, the following bound is true by (4.14):

o] 00 2
| itz de< e [Tt ([ 10 ) tunllaa ad]) - de < .,
0 0 3

(4.20)
Relations (4.18)-(4.20) imply
oo ~
| et g e < ey, (421)
Since %e*‘altvg = —Ae A1ty we get by (4.3),(4.21):
© g ~ 0o . ~
| oige iz ar<e [ (A Mo+ e w2,y d
0 e (4.22)
<c [ el dt < cluly
0
The bound (4.15) follows from (4.21), (4.22). O

Now Theorem 3.2 follows from Lemmas 4.2, 4.4.

5. APPENDIX II. EXISTENCE OF STABLE INVARIANT MANIFOLD

Here we prove existence of stable invariant manifold in such phase spaces that are
more convenient for proof of the main Theorem 3.1 than spaces used in literature,
for instance in [BV].

5.1. Completeness of metric space G, ,. Recall that spaces V*,V? V* are
defined in (2.13) - (2.16) correspondingly. We suppose that V = VstL V.
Vet v, = Vf“ with arbitrary fixed s € [-1/2,0], and in particular G, , =
G, (0,(V_)), where V_ = V5! (See Definition 2.2)

Lemma 5.1. For each g € G,

lgtu+h) = g(u) = ' @RIl < SRR Vuuthe®,(0)  (5.1)

15



Proof. Evidently

Lrd
g(u+h) —g(u) —g'(u)[h] = —~g(u+ Ah) — g'(u)[h] | dX
/0 <dA ) (5.2)

1
= [ g Al - ¢ () [h) i
0
Estimate of (5.2) with help of (2.25) yields (5.1) O
Proof. of Theorem 2.1. Suppose that {gi} is a Cauchy sequence in G, , with
respect of metric (2.27). Then there exists unique g € C(©,(V-); V,) satisfying

lg —grllco,voyvey = sup |lg—gklly =0 as k — oo, (5.3)
00, (V)

and g(0) = 0 since gx(0) = 0 for each k. Let UJ be a countable dense subset of
0,(V_). Since by Lemma 3.1 ||g;, (u)|| cv_;v,) < pllullv. < pp for u € ©,(V_) one
can choose subsequence {n} C {k} such that

gn(uj)h] — G(uj)[h] inVy asn—oo0 VYu; eUJ,VheV_ k— oo, (5.4)

where g(u;) : Vo — V4 is bounded linear operator satisfying by (2.25) Lipschitz
condition for each u;,u; € UJ:

19(wi) — guj)lcovoivey < pllus —ugllv. (5.5)

By (5.5) g can be uniquely extended in to continuous operator-function g(u) €
C(O,(V_); L(V_;V,)) that satisfies (5.5) for every u;,u; € ©,(V_-). Relations
(5.4) and ¢/,(0) = 0 imply g(0) = 0. By (5.3), (5.4), (5.5), and Lemma 5.1 for each
u,u+h € 0,(V_) and for arbitrary small § > 0

lg(u+h) = g(u) = g(u)[A]l+ < llg(u+h) = gn(u+ )+ + llg(u) = gn(u)ll+

Hlg(w)[h] — g (W)l 4 + llgn(u+ ) = gn(u) — g'(Wn[A]ll+ <6+ %Ilh\l?/,-

if n is sufficiently large. Hence g(u) is differentiable and ¢'(u) = g(u). In virtue of
(2.27), (5.3), and Lemma 3.1 for arbitrary 0 < ¢ < p

(Ll ol | o, sl

sup
full ull s<llull<p [

d(g,gr) < sup
0<lul <8

<6+ 6" g = grllee, v v,y — ud as k— oo
Hence limy o d(g, gx) = 0. O

5.2. Preliminaries. We begin with formulation of the following existence theorem
for problem (2.7)-(2.9).

Theorem 5.1. Let s € [=1/2,0]. For any T > 0 there exists py such that for
each yo € ©,, (V1) there exists unique solution y(t,z) € V126 (Qr) of problem

(2.7)-(2.9).

The proof of this (local) theorem consists of reduction to Inverse Map Theorem
(see, for example [LS]).
The shift operator corresponding to problem (2.7)-(2.9) we denote as follows:

S(t,y0) = y(t, ) (5.6)

where y(t, x) is solution of (2.7)-(2.9).
16



Let V = V**! with fixed s € [~1/2,0] be the phase space for S(t,-) : ©,,(V) —
V. Inverse Map Theorem implies that for each ¢t € (0,7),yo € ©,,(V) operator
S(t,yo) possesses differential Frchet with respect to yo (moreover, S(t, yo) is analytic
in yo). Let

S(t,yo) = e yo + N(t, o) (5.7)
where e‘gtyo is solution of (2.10), and N(t,yo) is defined by (5.7). Recall that
subspaces V and V_ are invariant with respect of A, and by (3.15) (4.15)

le™ M ully_ < ce™ ullv. (5.8)

with ¢ > 0 independent of u € V_. Therefore for each a € (0, 1) there exists T > 0
such that

le™*Tully_ < affulv_. (5.9)
Thus, for a given a € (0,1) we choose T satisfying (5.9), and after that we choose
po satisfying conditions of Theorem 5.1. We set

el =L, ey, =Ly, e T=L=L_+L,  (510)

Note that dim V} < oo and finite-dimensional operator L : Vi — V. is invertible.
In virtue of Theoreml1 in Section 2 of Chapter IV in [BV] we can choose in V; such
norm | - ||+ that

L3 ol < 2llogll+ (5.11)

Everywhere below we use only this norm || - ||+ on V which is concrete definition
of the norm (2.14). By (2.12)-(2.16) on V = V1*¢ the following norm is defined:

lollv = llv=|lv_ + |lv+ll+, where V3v=v_+4vy, v_€V_, vy €Vy (512)

Then norms of projection operators (3.5) satisfy relations

<1, L)<t (5.13)
Recall that (5.9), (5.10) imply
IL—yollv- < allyollv-- (5.14)
We set
S(yo) = S(T', o), N(yo) = N(T,yo) (5.15)
where S(T, o), N(T,yo) are defined in (5.6), (5.7). Then (5.15) implies
N@©0)=0, N'(0)=0 (5.16)

At last, denote by b > 0 the Lipschitz constant for N'(v):
IN(v1) = N'(v2)l| < bllox = w2l V01,02 € Oy (V). (5.17)
5.3. The main result. Remind that a set M_ containing {0} is called stable

invariant manifold for the map S : O(V) — V if inclusion yo € M_ implies S(yp) €
M_ and

157 (wo)ll < v llyoll as j—oo withy <1 — Vyge M- (5.18)

We construct stable invariant manifold for map S in a form (2.21)-(2.23) where
9(u) € Gup = Gu(O,(V-))
17



Theorem 5.2. Suppose that constant o from (5.14) and indexes p, p of G, , satisfy
conditions

a<1/3, w>10b, pp<1/5, p<po (5.19)
where b is the constant from (5.17), and po is determined in Theorem 5.1 formu-
lation. Then there exists unique g(u) € G, such that the set (2.21) is stable
invariant manifold for the map S. Moreover, estimate (5.18) holds with ¢ =1, <
3a/2 4+ 1/100 under additional assumption || Ly | pup < a.

First of all we derive equation for the map g forming M_ with help of invariance
assumption for M_. We will use notations:

S_=1II_S5, S;=II,5, N_=II_N, N;=IL.N (5.20)
Relations (5.7), (5.10), (5.15), (5.20) imply
S=L+N, S=S8.+5, S_.=L_+N_, Sy=L,+Ny (5.21)
Invariance of M_ from (2.21) with respect to S means that
if M_>v=u+g(u) then M_>S(w)=5_(v)+g(S-(v)) (5.22)

where u € ©,(V_). In virtue of (5.21), (5.10)
S_(utg(u)) = Lout+N_(utg(u)); Sy(utg(u)) = Lig(u)+Ny(utg(u)) (5.23)

By (5.21), (5.22) S;(v) = g(S—(v)). After substitution into this equation relations
(5.22), (5.23) and applying to obtained equality operator L;l we get the desired
equation for g:

g(u) = LT (L u+ N_(u+ g(u))) - LT Ny (u+ g(u)) = Flg(w)  (5.24)
where the last equality is definition of the map F.

Lemma 5.2. Let parameters «,pu, b, p satisfy conditions (5.19). Then for each
g € G, inclusion uw € O,(V_) implies L_u+ N_(u+ g(u)) € ©,(V_).

Proof. Using (5.13), (5.14), (5.17), (5.19) and Lemma 3.1 we get

b b 2
|Eu N-(u+ g(u)llv- < ap+ 5 |lu+ g(w)|* < p <a+ " (1422 ) <,

O

Lemma 5.3. Let parameters «, u,b,p satisfy (5.19). Then inclusion g € G, ,
implies F'(g) € G, where F is map (5.24).

Proof. If g € G5, u € ©,(V_) then by Lemma 5.2 g(L_u + N_(u + g(u))) is
well-defined and hence F(g(u)) is also well-defined. We intend to calculate Holder
constant for derivative F(g(u)),[h]. By (5.24) we have
F(g(w))'[h] = I(u)[h] + J(u)[h] where J(u)[h] = LI*N' (u+ g(w))[h+ g'(u)[h]
(5.25)

and

I(w)[h] = L3¢ (L—u+ N_(u+ g(u))[L-h + N (u + g(u))[h + ¢'(u)[R]] (5.26)
The following equality is true:

I(ur)[h] = I(ug)[h] = I (ux, uz)[h] + I2(ur, uz)[h] + I3 (us, ug)[h] (5.27)
18



where
I (uy,up)[h] = L' g (Luy + N_(uy + g(u1)))[L_h]

- (5.28)
— L7 g (L-uz + N_(u2 + g(u2)))[L_h]
I (u1,u)[h] = I (u1, ug) [N” (uy + g(ua))[R]] (5.20)
+L7 g (L_ug + N_(u + g(u2))) [N (ur + g(u1))[h] — N (uz + g(u2))[R]] ~
I3 (u1, u)[h] = Ia(u1,ug)[g (u1)[h]] (5.30)

+LT g (Loug + N—(uz + g(u2))) [N (uz + g(u2))[g' (ur) [h] — g' (uz)[h]]]
All estimates of this lemma obtained below are based on Lemmas 5.2, 3.1, and

on Lagrange Theorem.® We begin from calculation of Holder constant for map .J
defined in (5.25). We get using (5.11), (5.20), (5.13) and inclusion g € G, ,:

[T (u1) = J(u2)|| < 2b([Jur — ur ]| + [lg(ur) — g(uz)[)(1 + [lg"(u1)]))
+ 2|V (uz + g(u2)) 19" (u1) = g' (u2)[| < 2bflus — ua|[(1 + pp(1 + pp))  (5.31)
+2b(p + pp? /2)plfur — us| < pllur — ual| B

where
2b(1 2
g= 20RO o, (1+ %) (5.32)
Using similar reasons as above and Lemma 5.2 we get from (5.28):
pp*
11 (1, ua)ll < 2ap(aflur—uz || +b(p+==) (lus —uzll+ppllur —uzl))) < pllus—uzl| 61
(5.33)
where
B = 2a(a+bp(1 + pup/2)(1 + pp)) (5.34)

Using (5.33), (5.31) we obtain as above from (5.29):

2
1o, ua) | < 122 (s, uz) [b(p + =) + 242001 + o) s = ial] < pllus = wzl| B

(5.35)
where
B = Brbp(1 + pp/2) + 2pb(1 + pp) (5.36)
At last using (5.35) we get from (5.30)
2
(s, o) | < o, uz) o + 2papbp + Eoullur = wal] < plhus — uallBs (5.37)

where
Bs = Papip + 2upbp(1 + pp/2) (5.38)

The map F'(g(u)) belongs to G, , if Holder constant for F'(g(u));, is not more than
. This condition satisfies if

B+p1+0P2+8<1 (5.39)
where 3,01, 82, 83 are constants (5.32), (5.34), (5.36), (5.38). Condition (5.39)
follows from (5.19). O

6L.e. on the following estimate: ||f(u1) — f(uz2)| < SUPwelug uo] If (W)l[lu1 — uz]|.
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Lemma 5.4. Let a, pu, b, p satisfy (5.19). Then operator F defined in (5.24) satis-
fies inequality

d(F(g1), F(g1)) < cd(g1,92) (5.40)
with ¢ < 1 where metric d is defined in (2.27).

Proof. Using definition (5.24) of map F', Lagrange Theorem, and Lemmas 3.1, 5.2
we get:

[1F(g1(u)) — F(g2(u))]l+
2[[ullv_
< |91(LU+N(U+91(U))|)| —|91(LU+N(U+92(U)))|+
ully_
N lg1(L—u+ N_(u+ ga(u))) — g2(L—u+ N_(u+ g2(w)))ll+
[ L—u+ N_(u+ ga(u))llv
[L-u+ N_(u+ ga(u))llv.

[ellv-

IV (g1 () = Ny (u + g2(w)lv. < upb (p+ /~L/02> ||91(U|)|U—Hi2(U)II+

lullv- 2

g (1 2 (1 2 (e 22 L) ol

(5.41)

Taking supremum in (5.41) over u € ©,(V_)\ {0} we get inequality (5.40) with the
following constant c:

2 b 2 2
cQupb<p+Mg>+2<a+2’)(1+’”;p) )+2b<p+“§>

Conditions (5.19) imply inequality ¢ < 1 O

Proof. of Theorem 5.2. In virtue of Lemma 5.3 operator F defined in (5.24) maps
G,,p into G, ,. Lemma 5.4 implies that the map F' : G, , — G, , is contraction.
By Contraction Mapping Principle there exists unique g € G, satisfying equation
(5.24). Hence, the set M_ defined in (2.21) by this g is invariant with respect of
the map S defined in (5.15), (5.6).

Note that by Lemma 3.1 and (5.19)

9
lo + gl 2 llgll(X = np/2) = 15 110]
If w € M_ then u = v + g(v) with v € V_, and using (5.14), (5.17), Lemma 3.1,
(5.19), and assumption || L ||up < a we get
[Su)ll = [[IL-v+ Lig(v) + N(v+ g(v))]

< (a+ | Lyllup/2)v]l + b(p + pp®/2)[[v + g(v)]| < (5a/3 +11/500)][v + g(v)]
Several iterations of this inequality imply bound (5.18) with ¢ = 1,7 < 5a/3 +
11/500 < 1. m
Remark 5.1. Theorem 2.2 follows from Theorem 5.2 with help of simple repeating
the proof of Theorem 4 from Section 2 in Chapter V of [BV].
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