ANALYTICITY OF STABLE INVARIANT MANIFOLDS FOR
GINZBURG-LANDAU EQUATION

A. V. FURSIKOV

ABSTRACT. This paper is devoted to prove analyticity of stable invariant man-
ifold in a neighbourhood of an unstable steady-state solution for Ginzburg-
Landau equation defined in a bounded domain of dimension not more than
three. This investigation is made for possible applications in stabilization the-
ory for semilinear parabolic equation.

INTRODUCTION

In this paper we prove analyticity of stable invariant manifold M_ near unstable
steady-state solution of Ginzburg-Landau equation. This result can be used in
stabilization theory for semilinear parabolic PDE defined in a bounded domain §2
with feedback Dirichlet control given on the boundary 92 or on its open part.

This theory for general quasilinear parabolic equation and for Navier-Stokes sys-
tem was built in [F1], [F2], [F3]. We have to emphasize that the main reason to
develop stabilization theory is to provide reliable stable algorithms for numerical
stabilization. To construct such algorithms it is very desirable to have a simple
description for infinite-dimensional invariant manifold M_ allowing to calculate it
easily in arbitrary point. Just such description gives functional-analytic decompo-
sition of M_.

Using classical description of M_ by means of a map F(y_) (see [BV], [Hen]),
one can look for this map as a serie

Fly-)=>_ Fuly)
k=2

where Fj(y_) are maps k-linear in y_. Using special differential equation in vari-
ational derivatives for map F' it is possible to obtain recurrent formulae for Fj.
These recurrent formulae allow us to prove convergence of serie for F'(y_).

First step in realization of this plan has been made in [F4] where analyticity of
stable invariant manifold in a neghborhood of zero steady state solution was proven
in the case of one-dimensional semilinear parabolic equation. Moreover, obtained
recourrence relations were succesfully used in [K] for numerical calculations.
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Note that under assumptions of [F4] the linearization near steady state solution
of the space part of semilinear equation is ordinary differential equation with con-
stant coefficients. Therefore its eigenfunctions are sin kx. This circumstance were
used essentially in [F4]. The methods of present paper do not use explicit form
of eigenfunctions and therefore can be applied to situation when aforementioned
linearization is an elliptic operator with variable coefficients defined in arbitrary
bounded domain.

1. STABLE INVARIANT MANIFOLD

In these section we recall certain notions connected with stable invariant mani-
folds for Ginzburg-Landau equation.

1.1. Ginzburg-Landau equation. Let G C R",n = 1,2,3 be a bounded domain
with C°°-boundary 0G. We consider Ginzburg-Landau equation
dw(t,xz) —vAu(t,x) —v(t,z) +v3(t,z) = f(z), 2€G,t>0 (1.1)
with boundary and initial conditions
v(t,")|zeoc =0, (1.2
v(t, x)|t=0 = vo(x), =€ G, (1.3
where 0;v = Ov/dt, v > 0 is a parameter, f(z) € La(G),vo(x) € H3(G) N HY(G
are given functions. Recall that H*(G) is the Sobolev space of functions belonging
to La(G) together with all their derivaties up to the order k, H}(G) = {u(z) €
Hl(G) : u|aG = 0}
As a phase space of the dynamical system generated by (1.1), (1.2) we take the
functional space

)
)
)

V=V(G) = H*(G)NH(G) (1.4)
Let v(z) € V be a steady-state solution of (1.1), (1.2), i.e. a solution of the
problem

“UAB(t,x) — Bt 2) + 3t a) = f(z), z€G, Dlog =0 (1.5)

To study the structure of the dynamical system (1.1), (1.2) in a neighborhood of
v(z) we make the change of unknown functions in (1.1), (1.2):

v(t, z) = 0(x) + y(t, ) (1.6)
After substitution (1.6) into (1.1)—(1.3) and taking into account (1.5) we get:
Owy(t,z) — vAy(t,z) — q(z)y(t,z) + B(z,y(t,z)) =0, z€G,t>0 (1.7)

y(t,)|zeoc =0, (1.8)
y(t, z)|t=0 = yo(x) = vo(z) —0(z), =€ G, (1.9)
where
q(z) =30%(x) — 1,  B(z,y) = ¢° + 30(z)y? (1.10)
Let
{er(2), A}, M <A< < )\, =00 as k— o0 (1.11)
be the eigenfunctions and the eigenvalues of the spectral problem
Ae = —vAe(z) + q(x)e(z) = Ae(x), x € G €|0G = 0. (1.12)

We assume that eigenvalues Ay of the spectral problem (1.12) satisfy the condition:

M SAN <0< A << A (1.13)
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Since operator A is symmetric in Lo(G), the set (1.11) of its eigenfunctions {ey }
forms orthogonal basis in Ly(G). We can assume (have done normalization) that
{er} is orthonormal basis in Ly(G). It is well-known that usual Sobolev H?-norm
in V= H?*G)N H}(G) is equivalent to the norm

vl = Z/\?|vj|2’ where v; = /Gv(x)ej(:r)d:c, andv(z) = Zvjej(:c) (1.14)

j=1 j=1

Evidently, {e;} forms orthogonal basis in V' with respect to scalar product defined
by norm (1.14). Below we suppose that the phase space V is supplied with the

norm (1.14).
In virtue of (1.13) the solutions e~ *’ey(x) of the linear equation
dy
—+ Ay =0 1.15
5 T4 (1.15)
tend to infinity as ¢ — oo for k =1,..., N, and tend to zero as t — oo for k > N.
We introduce the subspaces
Vi =Vi(G)=le1,...,en], Vo=V_(G)=ent1,ent2---] (1.16)

of unstable and stable modes for equation (1.15). Since eigenfunctions (1.11) form
orthogonal basis in the phase space (1.4), the following relation is true:

Vi(G) e V_(G) =V(G) (1.17)
1.2. Stable invariant manifold. It is well-known, that for each yg € V there
exists a unique solution y(t,z) € C(0,T;V(G)) of problem (1.7)-(1.10), where T >

0 is arbitrary fixed number. We denote by S(¢,y) the solution operator of the
boundary value problem (1.7)-(1.10):

S(t,y0) = y(t,-) (1.18)

where y(t, x) is the solution of (1.7)-(1.10).

Recall now some commonly used definitions of stable invariant manifold (see
Chapter V in [BV]) adopted for our case.

The origin of the phase space V, i.e. the function y(z) = 0, is, evidently, a
steady-state solution of problem (1.7)-(1.10).

Definition 1.1. The set M_ C H defined in a neighborhood of the origin is called
the stable invariant manifold if for each yo € M_ the solution S(t,yo) is well-defined
and belongs to M_ for each t > 0, and

1S(t,y0)|lv < ce™™ as t— o0 (1.19)
where 0 < 17 < An41.

The stable invariant manifold can be defined as a graph in the phase space
V =V, ® V_ by the formula

M_={y-+F(y-), y- € 0O(V-)} (1.20)
where O(V_) is a neighborhood of the origin in the subspace V_, and
F:OV.) -V, (1.21)

is a certain map satisfying

IEy)lv, /lly-llv. — 0 as fly—lv. — 0. (1.22)
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So, in order to construct the invariant manifold M_ we have to calculate the
map (1.21), (1.22).

2. PRELIMINARIES

To get functional-analytic decompozition of the map F' that defines stable in-
variant manifold, we have to derive differential equation for F’

2.1. Equation for F. First of all we recall derivation of well-known equation for
map (1.21) that determines invariant manifold M_. After that we recall definitions
of certain notions that we use later.

Let us introduce several notations. We rewrite equations (1.7),(1.10) using defi-
nition (1.12) of operator A as follows:

Oy(t) + Ay(t) + B(,y(t)) =0 (2.1)
Define the orthoprojectors
P,:V—-Vy,, P :V->V_ (2.2)

and introduce notations
Per:er, P*y:y*a PJrS(tayO) :S+(t7y0)7 P,S(t,y()) :S,(t,yo) (23)

Taking into account that the spaces V., V_ are invariant with respect to acting of
operator A and using notations (2.3) we can rewrite (2.1) as follows:

Oy+(t) + Ay (1) + Py B(,y+(t) +y-(t)) =0
Oy (t) + Ay_(t) + P_B(-,y4+(t) +y-(1)) = 0

Let yo € M_. Then by (1.20) it has the form yo = y— + F(y_). By definition of an
invariant manifold for each t € Ry S(¢,y0) € M_ or, what is equivalent

Sty + Fly-)) = F(S-(t,y- + F(y-)))
We differentiate this equation with respect to ¢ and express t-derivatives with help
of equations (2.4). As a result we get:

AS+(t7y* + F(y*)) + P+B('7S(tay* + F(y*)))
=(F'(S_(t,y- + F(y-))), AS_(t,y— + F(y-)) (2.5)
+P_B(+, S4(t,y— + F(y-)) + S—(t,y- + F(y-))))

where by (F”(z), h) we denote the value of derivative F”(z) on vector h. Passing to
limit in (2.5) as t — 0 we get the desired equation for F":

AF(y-) + Py B(-,y— + F(y-)) = (F'(y-),Ay- + P_B(-,y—- + F(y-)))  (2:6)
2.2. Analytic maps. Let H; be Hilbert spaces with the scalar products (-,-);

and the norms || - ||; where i = 1,2. We denote by (Hy)*¥ = Hy; x --- x Hy (k
times) the direct product of k copies of H; and define by Fy : (Hy)* — Hy a k-

(2.4)

linear operator Fy(hi,...,h), i.e. the operator that is linear with respect to each
variable h;,2 =1,...,k. Then
1Fell = sup [Fr(ha, .o hae) |2 (2.7)
[hilli=1,i=1,...k
Restriction of k-linear operator Fy(hi,...,hy) to diagonal hy = -+ = hy = h is
called power operator of order k:
Fy(h) = Fy(h,...,h) (2.8)
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Using derivatives one can restore k-linear operator Fy(hq, ..., hi) by power operator
Denote by O(H7) a neighbourhood of origin in the space H;. The map

is called analytic if it can be decomposed in the serie
oo
F(h)=Fo+ Y _ Fi(h) (2.10)
k=1
where Fy € Hy and Fy(h) are power operators of order k. Serie (2.10) converges if
the numerical serie || Fy2 + Y pe; [|Fi(h)||2 converges.
Proposition 2.1. Let norms (2.7) of power operator Fy,(h) from (2.10) satisfy
[l <vp* (2.11)

where v > 0,p > 0 do not depend on k. Then serie (2.10) converges for each h
belonging to the ball B,(Hy) = {h € Hy : ||h|j1 < p}.

Proof. There exists € > 0 such that ||h|jy < p —e. Then using (2.7), (2.11) we get

IFB)ll2 < [Follz + D IFRNIRIT <7D ( 5 ) <00
k=1 k=1

O

2.3. Operators from equation for F and their kernels. We consider here
operators from equation (2.6).

2.3.1. Subspapces Vi and projectors Py. Subcpaces Vi, V_ of V are defined in
(1.16), and projectors Py are defined in (2.2). Orthogonality of decomposition
(1.16) as well as orthogonality of projectors (2.2) take place with respect to the
scalar product corresponding to norm (1.14).Therefore

IPelf <1, [Pl <1 (2.12)

Kernels ]Si of operators Py, i.e. distributions on G x G such that

(Piv)(x) = /G By(e, u(e)de Vul€) € V (2.13)

are defined as follows:
R N R N
P+($7£) = Zek(x)ek(§)7 P,(.I',f) :(5(1‘—5) _Zek(‘r)ek(f)7 (214)
k=1 k=1

where §(x — £) is Dirac 6-function. Note that integral in (2.13) in the case P_(x,¢)
is understood (at each fixed x) as value of distribution é(x — &) — Zszl ex(x)er(§)
on the test function v(z). Such notation for values of distributions will be often
used below without additional expleinations.
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2.3.2. Analyticity of the map B(-,y). We intend to decompose operator B(-,y)

defined in (1.10) in series (2.10). For this we use that the phase space V is the

algebra, i.e. in this space the operation of multiplcation of functions is well-defined.
Define the operator of multiplcation I'y, as follows:

I:VFh—V, Tr(vi,...,vp)(x) =vi(x) -+ o) (2.15)
where VE =V x --- x V (k times),

Lemma 2.1. Let V = H?(G) N H}(G), G C R", n = 1,2,3. Then operator T,
defined in (2.15) is k-linear bounded operator. Moreover, there exists a constatnt
~v > 0 such that for each k

Ik (or, - ve)llv < A5 ol - Jloklly (2.16)

Proof. Since norm (1.14) is equivalent to the norm of Sobolev space H?(G), we can
use H2-norm. Taking into account that embeddings H?(G) C C(G) and H*(G) C
Wi (G) are continious we get:

Jor-walsiey = ([ 107 (oo )2
llef<2
< orllmzllvalie + [lorllellvallme + 2llorllw lv2llws < llvillmellvz | e
Using this inequality we obtain (2.15) by induction in & O
It follows from Lemma 2.1 and (1.10) that for y € V'

Therefore operator B is analytic, and relation (2.17) is its decomposition in series
(2.10). The kernels of operators from (2.17) are as follows:

T3 (w; €1, &, wig) = 6(z — £1)0(x — £)8(x — &) (2.18)
30(2)Ta (2361, &) = 30(x)d(x — &)d(x — &) (2.19)
2.4. Series for operator F. Let us consider the special case when H; = V_, Hy =

V., with Hilbert spaces V_,V, defined in(1.16). In this case analytic map (2.9),
(2.10) can be rewritten as follows:

F:0(V.)—=Vy, Fly-)=Y Fuly) (2:20)
k=2

We asume that Fy = 0, F; = 0 because by (1.22) the map F defining stable
invariant manifold M_ has just this form.
Since F(y_) € V4, it is a function depending on argument x:

F(y-) = F(z;y-)
Now we define kernels ﬁk(x;fl, ..., &) of k-linear operator Fy(:;41,...,Yk),y; €
V_,j=1,...,k. Let

V C Ly(G) c V' (2.21)
where V' is the space dual to V' with respect to duality generated by scalar product
in Lo(G). Define

V! ={u(z)eV': /u(x)@(m)dm =0 VpeVi}=V{ (2.22)
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Below we use the following notation:
&k = &1y oy &)y dek = dgy ... d&y, where§; € G, j=1,...,k (2.23)

y- () =y (&) -y (), ") =y (&) -y (&) (2.24)
The kernel ﬁk(x,g), reGFeG=Gx---xG (k times) belongs to the space

k k ~ J—
Vi®(@V!)where @ V! =V'®--- @V’ (k times), i.e. Fj(x;&*) is a distribution
on G* with values in V., such that for each y; € V,j = 1,...,k the value

Fu@syn, o ye) = / B (s €Yy (7% €5 (2.25)

of distribution Fj(z;&F) on test function y(&1) - - - - y(&) is well-defined. More-
over, if y; € Vi at least for one j € {1,...,k} then right hand side of equal-
ity (2.25) equals zero. Moreover, since Fi(-,y1,...,yr) is symmetric with re-
spect to (y1,...,yk), i.e. Fr(,y1,...,yk) = Fr(-, 45, ,yjk) for each permutation
(J1,---,Jk) of (1,...,k), we can assume that the distribution B, (; %) is symmetric
with respect to (&1,...,&)

Now using (2.25) and (2.24) we can rewrite the series from (2.20) in the form:

B R (2.26)
k=2

PO k
In accordance with (2.7) we define the norm ||Fy|| of Fy(z;&F) € Vi @ (® V')
by the following way:

||Fk|| = sup ||1;‘k:('7y1a"'7yk:)||V4r
yJ”V =1
j=1,..., k
S (2.27)
= sup sup /y+(x)Fk(z;§k)y(jk;§k) dz d&k
lly+ vy =1 lly;[lv_=1
j=1,...k
For each function or distribution K (71,...,n,) defined on G” we determine the
function o7=K (m,...,n,) which is simmetric with respect to arbitrary permutation
(Mjys- -+, mj,.) of variables (m1,...,n,) by the formula:
1
S U S T SR I (228)
(J1y-ee0dr)
where the sum in the r.h.s. of (2.28) performs over all permutations (ji,...,j) of

the set (1,...,7).

Lemma 2.2. Let K(ny,...,n,) be defined on G". Then
(a) The following equality is true:

[ GG i = [ (oK ) 1T i (229)

for any h(j7;17) such that the serie in the Lh.s. converges,

(b) For any function G(n1,...,n,) simmelric in its arguments
G")ogK (") = o3 [G (") K (7)] (2.30)
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(¢) If all distributions Fy(x;n*) € Vi ® (® V) from (2.26) are symmetric in
their arguments n* then these distributions are defined uniquely by values
of analytic functions F(y_), y € V_ from (2.26).

The proof of this Lemma is evident.

3. FORMAL CONSTRUCTION OF THE MAP F'

We look for the map defining stable invariant manifold in the form of a series
(2.26).In this section we find recurrence relations for kernals Fj,(x; £F).

3.1. Calculation of ﬁg(x,?) Below using k-linear operators Fy(x;y,...,y) =
Fi(x;y) (k times) we omitt sometimes variable z writing Fj(y). After substitution
(2.26) into (2.6) we get taking into account (1.10) that for each y = y_ € V_

o] 3 k
STAF () + Py | ary  CLF(y
q=2 k=2 7=0

N , . (3.1)
=> qF Yoy Ay+ P | an Y CLF (y)yt
q=2 k=2 j=0
where C’i =k!/(jY(k —j)!) and
az =az(x) =1, ag =asx(x) = 30(x) (3.2)

Let us equate the terms from (3.1) of the second order with respect to y:
AF(y,y) + 3P+ (Uy?) = 2F3(y, Ay)

Using kernels of bilinear operator Fs(y,y) we can rewrite this relation as follows:

/ [Fo(2;€2)(Ag, + Ag,)y(€2)) — Ay Fa(2;E2)y(€2)]d€2 = 3P, (0y?)(x)  (3.3)

where subscript of operator A indicates independent variable of a function to that
this operator A is applied. We will use notation:

k
A = _Z Ag, (3.4)

Carrying operator Ag from y(€2) to Fg( ;€2) and using operator (2.15) in right
side of (3.3) we get:

[~ A Falas @@ =3 [ Pl )o P E @) ndE  (3.5)

Since y € V_ and subspaces V.,V are invariant with respect of operator A, we
obtain from (3.5) the relation determining Fj:

~

Fo(ei®) = 34— )7 [ Pl Ean OP- G ET (30)

Note that operator (A — A,) ™! is well-defined. Moreover, the following asser-

3
k

tion hold (recall that we define the norm of the space Vi ® (® V') by (2.27)):
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Lemma 3.1. Operator

k k
ZT-A) TV, e@ V) — ViR @ V) (3.7)

(4,

is well-defined and bounded, and for its norm the following estimate holds:
(g — A2~ < bk +1) (3.8)
with certain constant b > 0

The proof of this Lemma will be presented in some other place.
At last we write down the recurrence relation for the kernel F'(x;&3) that can be
obtained similarly to the formula (3.6)

By &) = (g — W[ﬁam (1) P (&5 ) dndc®
%/ﬂmeB(OW )P (& ) dnd (3.9)

=2 [ Fa(si )P o, €0) P (e, 9)5(5) P50 P (C: )Pl

3.2. Calculation of ﬁq(:c;?‘l). Let us rewrite equality (3.1) as follows:

%) 3
ZAFq(y)+P+ Zakyk +1;
- = \ (3.10)
=) aFy (y,---7y,Ay+P > ay” >+Ig
q=2 k=2
where
B[SO S Fuw) S )
k=2 j=1 mi=2 m;=2
[e%s} 3 k ) ) e’} [e%s}
L=S"0F (v P [ O S Fa) - S F ()
q=2 k=2 j=1 my=2 my=
(3.11)

Writing operators with help of their kernels we get

3 3
(&Zaky’“) -3 [ Prla R EE) a0
k=2 k=2
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where, recall, we use notations (2.23), (2.24). Similarly we obtain:

o0

3k
I = I(x) :ZZ Z Z cl

k=2 j=1p=2j mi+--+m,;=p
< [ Prls)an(s) By 5:°) - Fon 55Ty (50 (@75 (@77) ds drs
(doing change of variables (k,j,p) — (¢,45,p): q=k—7j+Dp)

:i Z Z C; p+i

4=3 (4,9)€Qq M1+--+m;=p

~

[ P51y 5) B (557 - Fo 550yl (€0(E) ds o
(3.13)

where

Qe ={(,p) eEN?:12<q—p+j<3,1<j<q—p+ip>2j}
=(ifg>4){(j,p) eN*: (1,¢—2),(1,g — 1), (2,9 — 1),(2,9), (3,9), 3, ¢ + 1)},
Qs ={(j.p) € N*: (1,2),(2,2),(2,3),(3,3),(3,4)}

(3.14)

Besides, we get
> qF, (xiy, ...y, Ay) :Z/ﬁq ; €7) Agzy (§9) dE7
q=2 q=2
=Y [ Aghy (e der
q=2

(3.15)

Using notation

EE@%@ﬂZ/EAW%@%ﬁWJW

we can write

00 3
Zqu <x§y7-~7y7PZakyk>
q=2

—ZZ/MmeM>@mﬁm@@MWw@jWT

n=2m=2

-y zj/ﬁ% J(FuP- (23 5,)Ton (53 ) (ED)y(E7) ds dET
=3 ety

(3.16)
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At last

co 3 k 0
P NICD VD SR R TR
r=2k=2j=1 p=2j mi+---+m;=p

(Fyny (557) « - Py (50T (53 ) (€PFF=0 )y (CT=T )y (€pFE=7) ds dCT=T dgp+h=i
(changing variables  (k,r,j,p) — (¢,7,j,p): q¢=p+r+k—j—1)

:Z Z Z Cg—p—r+j+1/aq—P—T+j+1(S)

4 (r,p,j)ERg M1t tm;=p

x r(ﬁp\_ (28, ) Fony (53) - B, (55 )0 g—prgn (55)) (€0)y (€9) ds dEa
(3.17)

where

Ry={(r,p,j) eEN*:1<q-—p-r+j<2,1<j<q—p—r+j+1,p>2jr>2}

(3.18)
After substitution (3.12),(3.15)(3.16) into (3.10) and doing some simple transfor-
mation we get

Z / (: E0)y(E7) dET = Z / By (z, 5)an ()T (5 €y (EF) dsde™

SDS / e (5) (B P (a8, )Py (s5.) E)(E0) ds d7 + Iy () — ()

q=3 n+m=q+1
n>2m=2,3

(3.19)
where I (x), Ir(z) are defined in (3.13),(3.17). In order to derive from (3.19) re-
currence relation for F, o (75 &%) we 1) make the change y(£7) = P_(€9;C9)2(C7) with
arbitrary z(¢) € V where we use the notation

P_(CF€F) = Po(G1,€0) -+ P-(Grs &) (3.20)

for kernel of tensor product P— ® --- ® P_ (k times) for projection operator P_;
ii) apply symmetrization operator o and avoid 2(¢%); and iii) using Lemma 3.1
invert operator A?q— Az. As aresult (renaming coordinates) we get the recurrence
relation for ﬁq(x;g) with ¢ > 4:

Fy(w;€9) = (Age — Ax) togg(J1(569) — Ja(w;€9) — J3(2;€9)) (3:21)
where
Ji(x;€7) = Z Z C; —p+j X
(.0 €Qq M-+ Fm;=p (3.22)

/ Py (5, 8)ag 15 (5)(Fons () .- Fon, (53 )T (53 ))(CT) P (CT; E0) dis dCa

(@) = 3 [ nan () FP w55 () PG €7) ds T (3.23)

n+m=q+1
n>2,m=2,3
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ETEND SN DI I P

(rp.g) € Ry M+ =p (3.24)
x r(F.P_(x;s, ')F\ml (837) .. ﬁmj (s; ')qupfﬂrl(s? ))(@)ﬁf (C%;€9) ds dCe
Thus we have proven the following Theorem:
Theorem 3.1. The kernels ﬁq(x; £9) from decopmposition (2.26) of the map F(z;y)

defining stable invariant manifold are defined in (3.6) (for ¢ = 2), in recurrence
relation (3.9) (for ¢=3) and in (3.21)-(3.24) (for ¢ > 4).

4. ANALYTICITY OF THE MAP F

In this section we prove convergence of serie (2.26) for map F(z;y) defining
stable invariant manifold.

4.1. Estimate of norm for ﬁq(m; £4). First of all we have to recall that the norm

k
of the space Vi ® (® V') is defined by relation (2.27)) In virtue of (3.21) and
Lemmas 2.2, 3.1
IE N = 1ol < 0lg + D)7 (Il + 1 Jall + ([ Ja]l)  for g >4 (4.1)

where kernels Jp, Ja, J3 are defined in (3.22), (3.23), (3.24). Let us estimate now
these kernels. Using that Pry; = yy, for yy € V4, Py_ =y_, fory_ € V_, and
taking into accout Lemmas 2.1, 2.2 we get from (3.22)

Inll= swp_osup > D Oy

g+ llvy =1 Hyrl\lv, =L (.0 €Qq mit-+m;=p
r=1,...,q

/y+(‘r)aq—P+j(I)Fm1 (x;yh s ) s ij (ZZE, sy yp)yp+1(l') s yq(x) dx (42)

< Yo Copisllag IV IEm - | Fony Iy

(4,9)€EQq M1+ +m;=p

Similarly, we get from (3.23)

IRl = swp > /y+(w)nFn(sc;y17--.,ynfl,P,(amyn ) do
ly+lve =1y pm—g+1
lyrllv_=1n>2,m=2,3

r=1,..., q (43)

< > alFdlanllvy™

nt+m=q+1
n>2,m=2,3

At last we obtain from (3.24)

= s Y Y Gy [Py

llvy =1 (. p e Ry mat-Fm;=p

llyrllv_=1
r=1,...,q
X Qg—p—r+j+1Emy (3 Yg—p—rt2,- ) o Foy (5o Ygort1))s Yg—r42, - - Yg )y (2)d
< > O iarlag e A IVIEFy Il | Foy [P 44
('f,p,j)ERq

mi+---+m;=p
(4.4)
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Let
||ak||V§b0/b k=2,3

Then summarizing (4.1)—(4.4) we obtain the following estimate for || Fy|| for ¢ > 4:

bo ; o
[1Fqll < ] > > O Emll [ Fy P
(4,)€EQq M1+ +m;=p
(4.5)
+ > allE Y Yo CrlEAEm - Fy Iy
n+m=q+1 (r,p,j)ERg Mm1++-+m;=p
n>2,m=2,3
where k = g — p —r + j + 1. Similarly we get from (3.6), (3.9):
12|l < 0on?/3  |IF5] < bo(v + 497 Fl) /4 (4.6)

Thus, we have proven the following Lemma

Lemma 4.1. The norms ||Es|, || F5|| satisfy inequality (4.6), and the norms || F,||
for q > 4 satisfy estimate (4.5)

4.2. Convergence of series for F(x,y). Define coeflicients ¢? of the series

P(A) =Y oA (4.7)
q=2
by the relations
P2 =b07?/3 3 =bo(7} +4yPp2) /4, (4.8)
and for ¢ > 4
$q = bo(q + 1)71 Z Z C(Z—p-&-j(pml o 'mej'yqiﬁj
(J,0)€Qq M1t +m;=p
(4.9)
+ Y e+ > > Cirerom . mY"
n+m=q+1 (r,p,j)ERg m1+---+mj=p
n>2,m=2,3
with Kk =q—p — 7+ 7+ 1. Evidently,
1]l < ¢q for each ¢ >2 (4.10)

and therefore to prove convergence of series (2.26) we have to prove convergence of
series (4.7).

Theorem 4.1. The series (4.7) with coefficients ¢, defined in (4.8), (4.9) con-
verges for sufficiently small |\|.

Proof. Multiplying both parts of equality (4.9) on (¢g+1)\?, and both parts of equal-
ities (4.8) on the same multiplier with ¢ = 2,3, and summing obtained equalities
over g from 2 to oo we get the equality:

13



where

S1(\) = Zw\ +ZX1 > o em e m YT, (412)
k=2

(4,9)€Qq M1t +m;=p

oo

q=3 n+m=q+1
n>2,m=2,3
= Z AT Z Z Cg*pfr+j+lrsp7‘(pml pm T (414)

(rp,j)ERg M1t +m;=p
Taking into account definition (3.14) of the set (), and doing change of variables
(q,7,p) = (k,J,p): k=q+j—pin (4.12) we get:

Si(A) = Zv)\ +Zv)\ ZCJZ TN Lo

p=2j mi+---+m;=p

o) Z w’“ici; (“’f) Sy (1+ “’(j))k (4.15)
k=2 j k=2

I
x>
w |l Mw

YA+ o(A)*
=2

e

Changing order of summation in (4.13) we obtain:

0o 3 3
N =D ey AT =0 () D ()™ (4.16)

n=2m=2 m=2

Changing variables (k,r,j,p) — (q¢,7,4,p) : k=q—p—r+j+1in (4.14) with
help of definition (3.18) of the set R, we get:

o 3 k
S5 (A=) > > Z Yo AT e oy Pm 7

r=2k=2j=1 p=2j mi+---+m;=p

0o 3 00 J
= 1oAY () Z cl (Z @mxn> JN (4.17)
r=2 k=2 j=1 m=1
3 k j
/ J (p()\) ’
P> (A

Relations (4.16), (4.17) imply:

2 P(A :
200 + 500 = ¢ ) () (1+A) NS A (e (418)

k=2
Therefore we get from (4.11), (4.15), (4.18):

3
aa)\()\go()\) bo <1+<,0 Z’yk)\—l—go ) (4.19)
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Doing in (4.19) change of functions

P(A) = A+ () (4.20)
we obtain the equality
D ) - 20 =2 (302 (421)
O CoN \ =kt 1 '

Since in (4.21) both expressions under sign of derivative equal zero at A = 0, we
derive that

3 k
32 v k+1
Mp(A) = A% = bo <kz_2 71 () ) (4.22)
Doing in (4.22) change

PY(A) = Az(N) (4.23)
we obtain the relation
3 Ak AR

P, ) .

2(\) =1 — by ( z()\)k+1> =0 (4.24)
k=2

where the first equality is definition of the function F(z,A). Since (4.20), (4.23)
imply that z(0) = 1, we get from definition (4.24) that function F(z, \) satisfies:

F(z,A\)|:=1 =0 Fl(z,\)],=1 =1
(2 )5zt =0, {5\ =

Therefore by Implicite Function Theorem there exists a function z(A) analytic in
a neighborhood of origin such that z(0) =1 and F(z(\),\) = 0. Hence, by (4.20),
(4.23) the function p(A) = A(z(\) — 1) defined in (4.7) is also analytic. O

Theorem 4.1 and inequalities (4.10) imply

Theorem 4.2. Let F(-,y_) be the map (1.21), (1.22) that defines the stable in-
variant manifold (1.20). Then decomposition of this map in series (2.25) converges
in a neighborhood of origin of the space V_
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