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x(·) ∈ KC1(∆,Rn)
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u(·) ∈ KC(∆,Rr)
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KC1(∆,Rn)
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‖x(·)‖KC1(∆,Rn) ≡ ‖x(·)‖C(∆,Rn) ≡ max
1≤i≤n

(max
t∈∆

|xi(t)|),
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@ �����E,D"�����#�,D"��
�842�51���#�#�.I6�#��8�
"�����4�%:�

∆
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‖u(·)‖KC(∆,Rr) ≡ max
1≤i≤r

(sup
t∈∆

|ui(t)|).
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fν : R × R
n × R

r → R, 0 ≤ ν ≤ m+ k,
(fν
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#��7 �
1 + n+ r

�������2(���#�#�.I6
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ψν : R × R
n × R × R

n → R, 0 ≤ ν ≤ m+ k,
(ψν
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B0(x(·), u(·), t0, t1) → ����� �I,D�
�21A	�"
,c; %^���
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∫ t

t0

fi(t, x(t), u(t))dt ≡ xn+1+i(t), 0 ≤ i ≤ m+ k.

� ':*���"��E( ,- ��-1A':b�h=	!6m	�4ED�"��
J 42�
(���#�.p�������2(���#�#�.I6m�
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	:1A#�.I6
�����
��#�,D"���C

xn+1+i(t0) = 0
�
xn+1+i(t1) =

∫ t1
t0
fi(t, x(t), u(t))dt

��42�7&
1��5*���� V
� T � M�� V
� Y���,HN$':#�%�e�	��
#��7 A�
(�	 �j�� ��
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T0(x̃(·), u(·), t0, t1) → � ��� ; (1.0′)

˙̃x(t) − ϕ̃(t, x̃(t), u(t)) = 0 ∀t ∈ ∆0; (1.1′)

u(t) ∈ U(t) ⊆ R
r ∀t ∈ ∆; (1.2′)

Ti(x̃(·), u(·), t0, t1) = 0, 1 ≤ i ≤ m;
xn+1+i(t0) = 0, 0 ≤ i ≤ m+ k;

(1.3′)

Tm+j(x̃(·), u(·), t0, t1) ≤ 0, 1 ≤ j ≤ k; (1.4′)

c1A�

Tν(x̃(·), u(·), t0, t1) ≡ xn+1+ν(t1) + ψν(t0, x(t0); t1, x(t1)),

0 ≤ ν ≤ m+ k
�

x̃(·) ≡ (x1(·), ·, ·, ·, xn(·); 0, 0, ·, ·, ·, 0)T +

+(0, ·, ·, ·, 0;xn+1(·), ·, ·, ·, xn+1+m+k(·))T ;

ϕ̃ ≡ (ϕ1(·), ·, ·, ·, ϕn(·); 0, 0, ·, ·, ·, 0)T +

+(0, ·, ·, ·, 0; f0, f1, ·, ·, ·, fm+k)T .
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ξ̂ ≡ (x̂(·), û(·), t̂0, t̂1)
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ξ ≡ (x(·), u(·), t0, t1)
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‖(x(·), (t0, t1))−(x̂(·), (t̂0, t̂1))‖C(∆,Rn)×R2 ≡

≡ max( max
1≤i≤n

(max
t∈∆

|xi(t)−x̂i(t)|),
√

(t0 − t̂0)2 + (t1 − t̂1)2
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L ≡ L(x(·), u(·), t0, t1, p(·), λ, λ0) ≡
∫ t1

t0

Ldt+ l.
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L ≡ L(t, x, ẋ, u, p, λ, λ0) ≡
≡∑m+k

i=0 λifi(t, x, u) + 〈p, ẋ− ϕ(t, x, u)〉 ≡ 〈p, ẋ〉 −H ;

N$':#�%�e�	!;
H
#���4�.R�E����"
,c; �;(%$�K%Y��#,.NSA]��$��`)*/-&'��$#�7C

H ≡ H(t, x, u, p, λ, λ0) ≡ 〈p, ϕ(t, x, u)〉 −
m+k∑

i=0

λifi(t, x, u);
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l
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l ≡ l(t0, x(t0); t1, x(t1)) ≡
m+k∑

i=0

λiψi(t0, x(t0); t1, x(t1)).
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ϕ̂(t) ≡ ϕ(t, x̂(t), û(t));

ϕ̂x(t) ≡ ∂ϕ(t, x, u)

∂x

∣∣∣∣ x = x̂(t)
u = û(t)

;

L̂x(t) ≡ ∂L(t, x, ẋ, u, p, λ, λ0)

∂x

∣∣∣∣ x = x̂(t)
. . .

λ0 = λ̂0

;

L̂ẋ(t) ≡ ∂L(t, x, ẋ, u, p, λ, λ0)

∂ẋ

∣∣∣∣ x = x̂(t)
. . .

λ0 = λ̂0

;

Ĥ(t) ≡ H(t, x̂(t), û(t), p̂(t), λ̂, λ̂0);

∂Ĥ(t)

∂x
≡ ∂H(t, x, u, p, λ, λ0)

∂x

∣∣∣∣ x = x̂(t)
. . .

λ0 = λ̂0

;
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dL̂
dtk

≡ dL(x, u, t0, t1, p, λ, λ0)

dtk

∣∣∣∣ x = x̂(t)
. . .

λ0 = λ̂0

, k = 0, 1;

∂l̂

∂x(tk)
≡ ∂l(t0, x(t0); t1, x(t1))

∂x(tk)

∣∣∣∣ t0 = t̂0
. . .
x(t1) = x̂(t̂1)

, k = 0, 1;

∂l̂

∂tk
≡ ∂l(t0, x(t0); t1, x(t1))

∂tk

∣∣∣∣ t0 = t̂0
. . .
x(t1) = x̂(t̂1)

, k = 0, 1;

f̂(t) ≡ f(t, x̂(t), û(t)) ≡∑m+k
i=0 λ̂ifi(t, x̂(t), û(t));	L"5� 1��
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ξ̂ ≡ (x̂(·), û(·), t̂0, t̂1)
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V (t) ≡
{
(t, x)

∣∣∣ |x− x̂(t)| < ε, ε > 0, t ∈ [t̂0, t̂1]
}
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− d

dt
L̂ẋ(t) + L̂x(t) = 0;

− �����
#�"��E;�
�	�#�,D%:�
JLN$�
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C

˙̂p(t) = −∂Ĥ(t)

∂x
;
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L̂ẋ(t̂k) = (−1)k ∂l̂

∂x(tk)
, k = 0, 1;

− �����
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p̂(t̂k) = (−1)k ∂l̂

∂x(tk)
, k = 0, 1;
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û(t) = arg abs min
u(t)∈U(t)

L(t, x̂(t), ˙̂x(t), u(t), p̂(t), λ̂, λ̂0)

∀t ∈ ∆0;
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û(t) = arg abs max
u(t)∈U(t)

H(t, x̂(t), u(t), p̂(t), λ̂, λ̂0)

∀t ∈ ∆0;
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arg abs min
u(t)∈U(t)

L(t, x̂(t), ˙̂x(t), u(t), p̂(t), λ̂, λ̂0)
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arg abs max
u(t)∈U(t)

H(t, x̂(t), u(t), p̂(t), λ̂, λ̂0)
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d L̂
d tk

= 0, k = 0, 1;
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Ĥ(t̂k) = (−1)k+1 ∂l̂

∂tk
, k = 0, 1;
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λ̂m+j · Bm+j(x̂(·), û(·), t̂0, t̂1) = 0, 1 ≤ j ≤ k;
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λ̂0 ≥ 0, λ̂m+j ≥ 0, 1 ≤ j ≤ k.
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f̂x(t) ≡ fx(t, x̂(t), û(t)) =

m+k∑

i=0

λ̂ifix(t, x̂(t), û(t)).
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absmin
u(t)∈U(t)

L(t, x̂(t), ˙̂x(t), u(t), p̂(t), λ̂, λ̂0) =

= L(t, x̂(t), ˙̂x(t), û(t), p̂(t), λ̂, λ̂0)
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H(u(t))
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absmax
u(t)∈U(t)
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L(t, x, ẋ, u, p, λ, λ0) = 〈p, ẋ〉 −H(t, x, u, p, λ, λ0),
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û(t) = arg abs min
u(t)∈U(t)

L(u(t)) ≡ arg abs max
u(t)∈U(t)

H(u(t)) ∀t ∈ ∆0,
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L(u(t)) ≡ L(t, x̂(t), ˙̂x(t), u(t), p̂(t), λ̂, λ̂0) ∀t ∈ ∆0,

H(u(t)) ≡ H(t, x̂(t), u(t), p̂(t), λ̂, λ̂0) ∀t ∈ ∆0.
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�I1���b�" 4�#��5*���#�	!;3����
�'!(���#�"��
�

N$':#�%�e�	�J
L(u(t))

�
H(u(t))

� ����	 %:�
"��
��.I6�1A�E,D"�	�
D����"
,c;m	!6 � � J.���
 � ��$�9 NH(�	�#�	�(�'!(I��,D�
�
"��
��"
,D"��
��#�#�����(9��%!,D	�(�'!(d��� u(t) ��"��H�2,D"��

arg abs min
u(t)∈U(t)

L(u(t)) =

= {û(t) ∈ U(t)|L(u(t)) ≥ L(û(t)) ∀u(t) ∈ U(t) ∀t ∈ ∆0},
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arg abs max
u(t)∈U(t)

H(u(t)) =

= {û(t) ∈ U(t)|H(u(t)) ≤ H(û(t)) ∀u(t) ∈ U(t) ∀t ∈ ∆0}.
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û(t) = arg abs max
u(t)∈U(t)

H(t, x̂(t), u(t), p̂(t), λ̂, λ̂0) ∀t ∈ ∆0
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û(t) = u(t, x̂(t), p̂(t), λ̂, λ̂0)
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H(t, x̂(t), u(t), p̂(t), λ̂, λ̂0) → max, u(t) ∈ U(t) ∀t∈∆0.
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Ĥ(t̂k) = (−1)k+1∂l̂/∂tk (k = 0, 1)
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dL̂/dtk = 0 ⇔ (−1)k+1L̂(t̂k) + dl̂/dtk = 0 ⇔
⇔ (−1)k+1

(∑m+k
i=o λ̂if̂i(t̂k) + 〈p̂(t̂k), ˙̂x(t̂k) − ϕ̂(t̂k)〉

)
+

+∂l̂/∂tk + ∂l̂/∂x(tk) ˙̂x(t̂k) = 0
(1.1)⇔

⇔ (−1)k+1
∑m+k

i=0 λ̂if̂i(t̂k) + 〈p̂(tk), 0〉+
+∂l̂/∂tk + ∂l̂/∂x(tk)ϕ̂(tk) = 0 � )⇔
⇔ (−1)k+1

∑m+k
i=0 λ̂if̂i(t̂k) + ∂l̂/∂tk + (−1)kp̂(t̂k)ϕ̂(t̂k) = 0 ⇔

⇔ ∂l̂/∂tk = (−1)k+1p̂(t̂k)ϕ̂(t̂k) − (−1)k+1
∑m+k

i=0 λ̂if̂i(t̂k) ⇔
⇔ p̂(t̂k)ϕ̂(t̂k) −

∑m+k
i=0 λ̂if̂i(t̂k) = (−1)k+1∂l̂/∂tk ⇔

⇔ Ĥ(t̂k) = (−1)k+1∂l̂/∂tk.
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Ĥ(t) ≡ H(x̂(t), û(t), p̂(t), λ̂, λ̂0) = C,
�
4�#��5*���b�h=	�J����E,D"��5;�#�,D"��
�PN$':#�%�e�	�	

H
#��$�
��"�	�(9�7 ��
#��
JH"�������%�"���&

��	�	��E�$��	PD�"��E(+1� �;H#��76E�5kZ1A��#�	!;Z���E,D"��5;�#�#��
J
C
1A�E,D"7��"��
*�#��$�
�����D&

1A�D �	�"��O4�#��5*���#�	��LN$':#�%�e�	�	
H
�O%!��%:�
J!& #�	�[
'�1A�`�21A#��
Jn"��
*�%:�L�
�!&

"�	�(9�7 ��
#��
J+"�������%�"��
��	�	���i *��
,D"�#��E,D"�	��A�2,- �	a6E�
"2;a[
.3�21A	�#a	�4Z(���&
(���#�"��
�a�
���2(���#�	

tk
�
k = 0, 1

��#��2N$	�%!,D	����
�E��#8	
∂l̂/∂tk = w�� � ��� ����E,D"��5;�#�#��7;

C
(��5kZ��"n[
.R"��n�
�����-1A�D ���#��n	�4`'E,- ��
�
	!; 
 �K,D"7��e�	���&

#�����#��E,D"�	0���
tk
C
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� {�� {$Z\[`a�cok�[�m ]Bl�]�j�a`_Aa`g�k ix^	fDwxf [�k��hk�l`a�z
l�] fDixl�fDrDk d`[`a`l��`a`d�] co]B^	ixa�c9b	co]
t�]B[�]B^`_�k�[`l�m�t s ]Ap&]Mg ^�j�]Diqixa`g�k ix^	fDwxf
rD]B[`a�] �`a�fBl`l�fDwxf a�ixg`a�iHj�k�l`a�z�� s ]Ap&]Mg
� ]DwH[�]Bl��h] a s ]Ap&]Mg fBd`_Aa�co]�j�vBl�fDwxf
b'd`[�]Dr�j�k�l`a�z
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	�> �~> TDU.�BU��AE �MW�U~����E �AJ ����GHF*G?KHU�CAEAU +AEAGHYAYAGHF*G�E�� �
�AE��*W�J.YAE��

�	� ����� � � # AB)-��J.�P,.N�OP�!/I��� � ���*� K� -��J!J.���*,!J.K%��&'� +�� )-�#��Y�����$�$���&'��#J.���#J  -,.$���/
� ��� � ���*��J �;��KQJ.��)-��+���$�$�9C�:�T$#���*�! #"%$�9C� �5K%��$#,.���
$�9C����$#���*,.$���/��:� �2� ����+���N7�#, )M, ��,.$�$���NE�7+ )M, ��,.$��-\

I(x(·)) ≡
∫ 1

0

(ẋ2(t) − 12tx(t)) dt→ inf , x(0) = x(1) = 0.

� ��� �! "���
T � �?�
��(9�7 �	�42��e�	!;�C!�
[
�
4�#��5*�	�(

ẋ(t) = u(t)
��"��

c1��

B0(x(·), u(·)) ≡
∫ 1

0

(u2(t) − 12tx(t)) dt → inf;
� V
� ���

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];
� V
� U �

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];

� V
� X��

x(0) = 0, x(1) = 0.
� V
� ���

� 
�����#�	�*���#�	!; � V
� Y�� "�	����Z#��������
��#�,D"��Z��42�51��5*��o�
"
,D':"
,D"��
':b�"5�

V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

(λ0(u
2(t)−12tx(t))+p(t)(ẋ(t)−u(t))) dt+

+λ1x(0)+λ2x(1) ≡
∫ 1

0

L(t) dt+l;

! T



 A��
�����#!kH	���#�C

L ≡ λ0(u
2 − 12tx) + p(ẋ− u) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ pu− λ0(u
2 − 12tx);

"�����(�	�#���#�"�C

l ≡ λ1x(0) + λ2x(1);

λ0
�
λ1
�
λ2
�
p ≡ p(t)

@ *�	�,- ��
�
.R�$	aN$':#�%�e�	��
#��7 ��
#�.RJ\(�#���&
kH	�"��D �	Lf?��
�����#!k����

S �a� 	�,D"��2(9�0'E,- ��
�
	�J ����	�#�e�	����r(9��%!,D	�(�'!(9�)�q42�51��5*�� � V
� ��� M
� V
� ���-C

���K':�����
#���#�	��]1 J! ������5M:f?��
�����#!k���C

− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)

⇒ ˙̂p(t) = −12λ̂0t;

[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t0 = 0

�
k = 1

�

t1 = 1
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)

⇒ p̂(0) = λ̂1, p̂(1) = −λ̂2;

���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���
u
C

t���%a%!��%
L(u) = λ̂0u

2 − p̂u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂0u
2 − p̂(t)u),

!�V



	! �	

û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂0u
2).

t���% %!��%
U ≡ R

1 ≡ (−∞,+∞)
�9"�������	

λ̂0 = 0
 �	!&

[
�=#��$,D':h=�2,D"��
'
��"=�
��"�	�(9�7 ��
#��
��':�������� ���#�	��
û(t)

�: �	�[
�
#��`�
.R���� �#!;���"
,c; 'E,- ��
�
	�� � u s � � � ,�(I�j#�	!kZ� �-�I������	

λ̂0 6= 0
�
��"�	�(9�7 ��
#��
��':�������� ���#�	��

û(t)
(��5kZ��" [
.R"��

�
�����-1A�D ���#��?	�4/'E,- ��
�
	�J
∂L̂/∂u = 0

�
∂2L̂/∂u2 > 0

� 	! �	

∂Ĥ/∂u = 0
�
∂2Ĥ/∂u2 < 0

�-C

2λ̂0û(t) − p̂(t) = 0, λ̂0 > 0

(
	! �	

p̂(t) − 2λ̂0û(t) = 0, λ̂0 > 0).
u ,- �	

λ̂0 = 0
��"��

V ������	
p̂(t) 6≡ 0

�
t ∈ [0, 1]

N$':#�%�e�	!;
H(u) ≡ p̂u

 �	�#���J�#��
���

u
�:	\���E,D%:�� ��
%�'

u ∈ R
1 ≡ (−∞,+∞)

�:�
��"�	�(9�7 ��
#��
�
':�������� ���#�	��

û(t)
#���,D':h=�2,D"��
'
��"�C

û(t) = ±∞ �
t ∈ [0, 1]

�

S ������	
p̂(t) ≡ 0

�
t ∈ [0, 1]

#��+�
.R���� �#!;���"
,c; 'E,- ��
�
	��
� u s � � �����E,D%:�� ��
%�'K� D�"��E( ,- �':*����P	�4?'E,- ��
�
	�J\[��R,- ��D&
1A'
��"

λ̂1 = 0
�
λ̂2 = 0

�2	P���
"��E(�'o�E,D� (�#��5kH	�"��D �	?f?��
�����#!&
k��L�
[
����hZ��b�"
,c;O�a#��� ���C

λ̂0 = 0
�
p̂(t) ≡ 0

�
t ∈ [0, 1]

�

λ̂1 = 0
�
λ̂2 = 0

�


 �K'E,- ��
�
	!;�,D"7��e�	��
#�����#��E,D"�	Z���
t0
�
t1
�$42�51��5*��I�
"
,D':"
,D"��
'E&

b�"5��"7��%\%!��%
t0
�
t1
@ N$	�%!,D	����
�E��#�. �

t0 = 0
�
t1 = 1

���
1��G'E,- ��
�
	!;�1A�
���� �#!;�b�h=��JG#��DkZ�2,D"�%:�E,D"�	G�
"
,D':"
,D"��
':b�"5��"7��%
%!��%\��42�51��5*��$#���"�'E,- ��
�
	�J � V
� Y��j"�	�����#��������
��#�,D"�� �

� �K'E,- ��
�
	��o#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�

k �G'E,- ��
�
	��?#��������
��#�,D"��E�H#�'2 �br�E,D�D6a(�#��5kH	�"��D ���J`f?��
�����#!&
k��Z�21A#��
�
���2(���#�#��	� 'E,- ��
�
	�� � u s � � ���

4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!��\t���%8%!��%O��#��
��(9�7 ��
#�.RJ8,- �':*���J
λ̂0 = 0

�L���
,�,�(9��"���	��E���2(��
J
42�51��5*��\#����
�
42(��5kZ��# � ,�(I� �
.R_=�a��#��7 �	�4\'E,- ��
�
	!;d��� �-� "��O���
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'E,- ��
�
	�b3� �
λ̂0 > 0

��i^%!�5*��2,D"��
�
λ̂0
(��5kH#����
4D;�"��� �b�[
�
�$����&

 ��5kH	�"��D ��
#��
�Z*�	�,- ������L*��
,D"�#��E,D"�	��
λ̂0 = 1/2

� 'E,- ��
�
	��Z#��
�!&
(�	����
�
%�	
�-���E,- ��-1�,D"��
	��Z*���
��G�\'E,- ��
�
	�	+���

û(t) = p̂(t)
���$�21�&

,D"7���
	��
û(t) = p̂(t)

�+':�����
#���#�	�� � V
� U �$	
λ̂0 = 1/2

�+':������&
#���#�	��+���-�9�������
[
����4�'
�2(0'E,- ��
�
	!; � V
� U �-� ���-� � V
� ���Z�O%��������
':b
42�51��5*�' � %��������
':b342�51��5*�'H����	�#�e�	����H(9��%!,D	�(�'!(9���-C

{
˙̂x(t) = p̂(t),
˙̂p(t) = −6t; x̂(0) = 0, x̂(1) = 0.

� V
� V T �

i�D�"��
J�%��������
�
JO42�51��5*��H#���	�4��
�2,D"�#�.q1A�
�K���E,D"��5;�#�#�.R�H	�#�"��D&

���	����
�E��#�	!;+����,D	�,D"��2(�.31A	�NPN$������#�e�	��7 ��
#�.I6a':�����
#���#�	�J��A	
1� �;O	!68�
�����-1A�D ���#�	!;8	�(�����"
,c;`1A�E�L%��������
.I6+'E,- ��
�
	!;���Q ,- ���&
�
	!;\[��-C

p̂(0) = λ̂1
�
p̂(1) = −λ̂2

�!��%��������
':b342�51��5*�'H#��P�
%! �b/&
*���b�"
,c;���"7��%�%!��%��
#�	K,- �'Ek���"�1� �;H�
�����-1A�D ���#�	!;H(�#��5kH	�"��D ���J

λ̂1
�
λ̂2
��%:�
"��
��.R�9����	��
#��E,c;�"
,c;o�/42�51��5*�'�(���"��21A�E(G���9����_=��#�	!;��

#�������_=��#�	��P%��������
�
J\42�51��5*�	L#��?�� �	!;�b�"5��	L���
"��E(�'\	!6\�
�����D&
1A�D �;�"���#��P"�����[
'
��"
,c;���i^����4�'2 ��7"7��"��$����_=��#�	!;\%��������
�
J\42�51��7&
*�	 �
�����-1A�D �	�"
,c;��9'�1A�
�� ���"��
�
�E;�b�hZ�7;d#����
[56E�21A	�(�./()'E,- ��
�
	!&
;�( �������
�

��K���
�E;:1A%!�� ��
%!�7 ��
#��
JL�
��"�	�(9�7 ��
#��E,D"�	�� 'E,- ��
�
	!;�(
����	�#�e�	����=(9��%!,D	�(�'!(9���-�:	�,D%:�E(9�7;K�=42�51��5*���� V
� ��� M�� V
� ���-�71A�
��'E&
,D"�	�(9�7; D�%!,D"����2(9�7 ����8D�%!,D"����2(9�7 ��8�$�
#�"��E;�
�	�#����-��s���_=	��ID�"�'
%��������
':b]42�51��5*�'�C

p̂(t) = −3t2 + c1, x̂(t) = −t3 + c1t+ c2;
x̂(0) = 0 ⇒ c2 = 0; x̂(1) = 0 ⇒ c1 = 1;

���� �':*�	�(^1A�
��'E,D"�	�(�':b D�%!,D"����2(9�7 ����8D�%!,D"����2(9�7 ��`�$�
#�"��E;�
�	!&
#����-C

x̂(t) = −t3 + t ∀t ∈ [0, 1]
�

Y��\�P,�,- ��-1A'
�2( ���� �':*���#�#�':b D�%!,D"����2(9�7 ��
x̂(·) #�� ��[E,D�� �b�"�#�':b�
��"�	�(9�7 ��
#��E,D"���� � �����E,D���-1�,D"��
��#�#��
J �����
�
����%:�
J ���
%!�7kZ�2(I�

*�"��
x̂(·) 1A�E,D"7���� �;���"\N$':#�%�e�	��
#��7 �'a��[E,D�� �b�"�#�.RJ8(�	�#�	�(�'!(I�<? �;7D�"��

��\�
�
42(�':"�	�(

x̂(·) ���E,D���-1�,D"��
�E(^N$':#�%�e�	�	 x(·) ��"7��%*�"��
[
.pN$':#�%�e�	!;
x̂(·) + x(·) �E,D"7�7 A�
,D�+1A�
��'E,D"�	�(��
J�� il���
,-&

,�(9��"���	��E���2(��
J`42�51��5*���N$':#�%�e�	!;
x̂(·) + x(·) [
'�1A��"K1A�
��'E,D"�	!&(��
J����2,- �	

x(·) ∈ C1([0, 1])
�
x̂(0)+x(0) = 0

�
x̂(1)+x(1) = 0

�
� ���E,D%:�� ��
%�' ��� 'E,- ��
�
	�b � V
� ���

x̂(0) = 0
�
x̂(1) = 0

�/"��

x(0) = 0
�
x(1) = 0

� � �����-1A�D �	�(q,\���E(��
h=�
bp���� �':*���#�#�.I6

!&!



'E,- ��
�
	�JG4�#���%\����	�����h=��#�	!;aN$':#�%�e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·)) − I(x̂(·)) ≡
≡
∫ 1

0
[( ˙̂x + ẋ)2 − 12t(x̂+ x)] dt−

∫ 1

0
( ˙̂x2 − 12tx̂) dt ≡

≡
∫ 1

0
(2 ˙̂xẋ− 12tx) dt+

∫ 1

0
ẋ2 dt ≥

≥
∫ 1

0 2 ˙̂x dx−
∫ 1

0 12tx dt ≡
≡ 2 ˙̂x(t)x(t)

∣∣∣
1

0
−
∫ 1

0 2¨̂xx dt−
∫ 1

0 12tx dt ≡
≡ 2 ˙̂x(1) · 0 − 2 ˙̂x(0) · 0 +

∫ 1

0 12tx dt−
∫ 1

0 12tx dt ≡ 0.

t���%0%!��%)����	) �b�[
.I6 1A�
��'E,D"�	�(�.I6)�
�
42(�':h=��#�	!;!6
x(·) ���D&

_=��#�	!; �8D�%!,D"����2(9�7 �	
�
x̂(·) �8���� �':*���#�#��

��"� & �
J
�)#��W�E,D#���&

�
� #����
[56E�21A	�(�.I6 'E,- ��
�
	�J �������
�

�� ���
�E;:1A%!�  ��
%!�7 ��
#���&

�� D�%!,D"����2(�'!(9� N$':#�%�e�	��
#��7 A�%� 'E,- ��
�
	�J ����	�#�e�	���� (9��%!&
,D	�(�'!(9� �$�
#�"��E;�
�	�#����-�]N$':#�%�e�	��
#��7 

I(x(·)) #�� ':[
.R�E�7&
��"�C

∆I ≥ 0
�W"�� D�%!,D"����2(9�7 ��

x̂(t) = −t3 + t
∀t =∈ [0, 1]

1A�E,D"7���� �;���"n�2(�' ��[E,D�� �b�"�#�.RJ^(�	�#�	�(�'!(I�/�$��	
D�"��E(

inf I(x(·)) ≡ abs min I(x(·)) ≡ I(x̂(·)) = −0, 8
�

�	� ����� � � # �M� � ���*�7K� -��J!J.���*,!J.K%��&'�7+�� )-�#��Y�����$�$���&'�I�#J.���#J  -,.�
$���/7J $#, �;��KQJ.��)-��+���$�$�9C�:� K%��$#,.��$�9C�:�S��$#���*,.$���/��:�S+ )M, ��,.$��

T
�

�2� ����+���NG�#, )M, ��,.$�$���N
x(T )

\

I(x(·), T ) ≡
∫ T

0

ẋ2(t) dt → inf ,

x(0) = 0, T + x(T ) + 1 = 0, T > 0.
� ��� �! "���

T � �?�
��(9�7 �	�42��e�	!;�C!�
[
�
4�#��5*�	�(
ẋ(t) = u(t)

��"��

c1��

B0(x(·), u(·), T ) ≡
∫ T

0

u2(t) dt→ inf;
� V
� V
V �

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, T ];
� V
� V S �

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, T ];

� V
� V�!��

x(0) = 0, T + x(T ) + 1 = 0;
� V
� V�Y��

−T < 0.
� V
� V #&�

!�Y



V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ T

0

(λ0u
2(t)+p(t)(ẋ(t)−u(t))) dt+

+λ1x(0)+λ(T+x(T )+1)+µ(−T ) ≡
∫ T

0

L(t) dt+l;

 A��
�����#!kH	���#�C

L ≡ λ0u
2 + p(ẋ− u) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ pu− λ0u
2;

"�����(�	�#���#�"�C

l ≡ λ1x(0) + λ(T + x(T ) + 1) + µ(−T );

λ0
�
λ1
�
λ
�
µ
�
p ≡ p(t)

@ *�	�,- ��
�
.R�L	 N$':#�%�e�	��
#��7 ��
#�.RJ
(�#��5kH	�"��D �	Lf?��
�����#!k����

S �a� 	�,D"��2(9� 'E,- ��
�
	�J]����	�#�e�	���� (9��%!,D	�(�'!(9� � 42�51��5*�� � V
� V
V � M
� V
� V #&�-C

���K':�����
#���#�	��]1 J! ������5M:f?��
�����#!k���C

− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒ ˙̂p(t) = 0;

[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t̂0 = 0

�
k = 1

�

t̂1 = T̂
�-C

L̂ẋ(t̂k) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(t̂k) = (−1)k ∂l̂

∂x(tk)

)
⇒ p̂(0) = λ̂1, p̂(T̂ ) = −λ̂;

���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���
u
C

t���%a%!��%
L(u) = λ̂0u

2 − p̂u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂0u
2 − p̂(t)u),

!�#



	! �	

û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂0u
2).

t���%3%!��% �m���
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J 42�51��5*��8,- �':*���J
λ̂0 = 0#����
�
42(��5kZ��# � ,�(I����#��7 �	�4K'E,- ��
�
	!;����$�`�$��	�(������`V �-��	

U ≡ R
1 ≡ (−∞,+∞)

�I"��d�
��"�	�(9�7 ��
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�`':�������� ���#�	��

û(t)
(��5kZ��"\[
.R"��\�
�����-1A�D ���#��\	�4Z'E,- ��
�
	�J

∂L̂/∂u = 0
�

∂2L̂/∂u2 > 0
� 	! �	

∂Ĥ/∂u = 0
�
∂2Ĥ/∂u2 < 0

�-C

2λ̂0û(t) − p̂(t) = 0, λ̂0 > 0

(
	! �	

p̂(t) − 2λ̂0û(t) = 0, λ̂0 > 0);
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�+42�51��5*��K�
"
,D':"
,D"��
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t0
@WN$	�%!,D	����
�E��#�� �

t0 = 0
����'E,- ��
�
	��?,D"7��e�	���&

#�����#��E,D"�	L���
T

� ,$':*���"��E(d'E,- ��
�
	�J � V
� V S �-�![�� �-C

dL̂
dT

= 0 ⇔ L̂(T̂ ) +
dl̂

dT
= 0 ⇔

λ̂0
˙̂x(T̂ ) + p̂(T̂ ) · 0 + λ̂(1 + ˙̂x(T̂ )) − µ̂ = 0

(1.12)⇔
λ̂0û

2(T̂ ) + λ̂+ λ̂û(T̂ ) − µ̂ = 0 � )⇔
λ̂0û

2(T̂ ) − p̂(T̂ )û(T̂ ) + λ̂− µ̂ = 0,
	! �	

Ĥ(T̂ ) =
∂l̂

∂T
⇔ p̂(T̂ )û(T̂ ) − λ̂0û

2(T̂ ) = λ̂− µ̂;

1��G'E,- ��
�
	��/1A�
���� �#!;�b�h=��JL#��DkZ�2,D"�%:�E,D"�	�C
µ̂ · (−T̂ ) = 0

�

� �K'E,- ��
�
	!;G#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�
µ̂ ≥ 0

�

k �G'E,- ��
�
	�� � u s � � �
4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!��\t���%H%!��%H���?'E,- ��
�
	�b � V
� V #&�
(−T̂ ) < 0

�
"��?	�4/'E,- ��
�
	!;=1�� ,- ��D&
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��"

µ̂ = 0
� � ���E,D%:�� ��
%�'`��#��
��(9�7 ��
#�.RJO,- �':*���J

λ̂0 = 0
�
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,�,�(9��"���	��E���2(��
J842�51��5*��H#����
�
42(��5kZ��# � ,�(I��'E,- ��
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	�b � �
λ̂0 > 0

	��`%!�5*��2,D"��
�
λ̂0

(��5kH#��+�
4D;�"��L �b/&
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�
������ ��5kH	�"��D ��
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�o*�	�,- ����:�Z*��
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λ̂0 = 1/2
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��(�	����
�
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û(t) = p̂(t)

�
�$�21�,D"7���
	��

û(t) = p̂(t)
�O':�����
#���#�	�� � V
� V S �Z	

λ̂0 = 1/2
�

'E,- ��
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 �-���������
[
����4�'
�2(d'E,- ��
�
	!;�� V
� V S �-��� V
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



˙̂x(t) = p̂(t),
˙̂p(t) = 0; x̂(0) = 0, T̂ + x̂(T̂ ) + 1 = 0,

p̂(T̂ ) = −λ̂; p̂2(T̂ ) = 2λ̂.
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i D�"��
J0%��������
�
J)42�51��5*��d#���	�4��
�2,D"�#�. 1A�
�d���E,D"��5;�#�#�.R�d	�#!&
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T̂
	Z(�#��5kH	�"��D ��

λ̂
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�2,D"�#�.I6 �-�5	P1� �;=	!6?�
�����-1A�D&
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.I6L'E,- ��
�
	!;���Q ,- ��
�
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p̂(0) = λ̂1

�
�=%��������
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λ̂1
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�
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42�51��5*�	G#��P�� �	!;���"5��	\���%D�"��E(�'G��
����
�����-1A�D �;�"���#��P"�����[
'
��"
,c;��
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p̂(t) = c, x̂(t) = ct+ c1; x̂(0) = 0 ⇒ c1 = 0;

p̂(T̂ ) = −λ̂⇒ c = −λ̂, x̂(t) = −λ̂t;
p̂2(T̂ ) = 2λ̂⇒ λ̂2 = 2λ̂, λ̂(λ̂− 2) = 0 :

1) λ̂ = 0, x̂(t) ≡ 0, T̂ + 0 + 1 = 0, T̂ = −1@l�����
"�	��
�
����*�	�"Z'E,- ��
�
	�b
T̂ > 0;

2) λ̂ = 2, x̂(t) = −2t, T̂ − 2T̂ + 1 = 0 ⇒ T̂ = 1;

���� �':*�	�( �
���2(�;
T̂ = 1

	L1A�
��'E,D"�	�(�':b�D�%!,D"����2(9�7 �� �8D�%!,D"����D&
(9�7 ��H�$�
#�"��E;�
�	�#����

x̂(t) = −2t ∀t ∈ [0, 1]
�

Y��\�P,�,- ��-1A'
�2(G���� �':*���#�#��
� ����_=��#�	��
x̂(·) � T̂ #��/��[E,D�� �b�"�#�':bn�
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#��E,D"���� � �����E,D���-1�,D"��
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%!�7kZ�2(I��*�"��

x̂(·) � T̂ 1A�E,D"7���� �;�b�"+N$':#�%�e�	��
#��7 �'8��[E,D�� �b�"�#�.RJ�(�	�#�	�(�'!(I�
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x̂(·) 	 T̂
���E,D���-1�,D"��
�E( N$':#�%�e�	�	

x(·)	
∆T

�
"7��%�*�"��
[
. N$':#�%�e�	!;
x̂(·)+x(·) 	H�
���2(�; T ≡ T̂ +∆T�E,D"7�7 �	�,D�=1A�
��'E,D"�	�(�./(�	��Ai ���
,�,�(9��"���	��E���2(��
JL42�51��5*��PN$':#�%!&

e�	!;
x̂(·) + x(·) 	W�
���2(�;

T
[
'�1A':"r1A�
��'E,D"�	�(�./(�	��G�2,- �	

x(·) ∈ C1([0, T ])
�
x̂(0) + x(0) = 0

�
T + x̂(T ) + x(T ) + 1 = 0

�

! U



T > 0
� � ���E,D%:�� ��
%�'

x̂(0) = 0
	
x̂(T ) = −2T

��"��
x(0) = 0

�

x(T ) = T − 1
� � �����-1A�D �	�(3,K':*���"��E(]���� �':*���#�#�.I6O'E,- ��
�
	�J

4�#���%\����	�����h=��#�	!;LN$':#�%�e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·), T ) − I(x̂(·), T̂ ) ≡
≡
∫ T

0
( ˙̂x+ ẋ)2 dt−

∫ T̂

0
˙̂x2 dt ≡

≡
∫ T

0
˙̂x2 dt+

∫ T

0
2 ˙̂xẋ dt+

∫ T

0
ẋ2 dt−

∫ 1

0
4 dt ≥

≥
∫ T

0
4 dt+

∫ T

0
(−4)ẋ dt− 4 ≡

≡ 4T − 4x(t)
∣∣∣
T

0
− 4 ≡ 4T − 4x(T ) + 4x(0) − 4 ≡

≡ 4T − 4(T − 1) + 0 − 4 ≡ 0.
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I(x(·), T )
#��+':[
.I&

�E����"�C
∆I ≥ 0

�]"�� �
���2(�;
T̂ = 1

	 D�%!,D"����2(9�7 ��
x̂(t) = −2t

1A�E,D"7���� �;�b�"��2(�' ��[E,D�� �b�"�#�.RJ^(�	�#�	�(�'!(I�R�$��	
D�"��E(

inf I(x(·), T ) ≡ abs min I(x(·), T ) ≡ I(x̂(·), T̂ ) = 4
�

�	� ����� ���.# �M� � ���*�7K� -��J!J.���*,!J.K%��&'�7+�� )-�#��Y�����$�$���&'�I�#J.���#J  -,.�
$���/	J.�IJ.�P� )-O����:� ��)-������+�� � $�9C�:� � �;��KQJ.��)-��+���$�$�9C�:� $#���*�! #"%$�9 �
�:�T�5K%��$#,.��$�9C�:� ��$#���*,.$���/��:�	+ )M, ��,.$�� � �2� ����+���N5�#, )M, ��,.$�$���N	�
,!,:��)-������+�� � $�9��-\

I(x(·)) ≡
∫ 1

0

� � �
x 2(t) dt → inf ,

x(0) = ẋ(0) = ẍ(0) = 0, x(1) = 1, ẋ(1) = 4, ẍ(1) = 12.

� ��� �! "���
T � �?�
��(9�7 �	�42��e�	!;�CP�
[
�
4�#��5*�	�(

x(t) = x1(t)
�
ẋ(t) = x2(t)

�

ẍ(t) = x3(t)
� � � �
x (t) = u(t)

��"��

c1��

B0(x1(·), x2(·), x3(·), u(·)) ≡
∫ 1

0

u2(t) dt → inf;
� V
� V U �

ẋ1(t) − x2(t) = 0, ẋ2(t) − x3(t) = 0,
ẋ3(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];

� V
� V2X��

!
X



u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];

� V
� V����

x1(0) = 0, x2(0) = 0, x3(0) = 0,
x1(1) − 1 = 0, x2(1) − 4 = 0, x3(1) − 12 = 0.
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L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0u
2 + p1(ẋ1 − x2) + p2(ẋ2 − x3) + p3(ẋ3 − u) ≡

≡ p1ẋ1 + p2ẋ2 + p3ẋ3 −H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ p1x2 + p2x3 + p3u− λ0u
2;

"�����(�	�#���#�"�C

l ≡ λ10x1(0) + λ20x2(0) + λ30x3(0)+
+ λ11(x1(1) − 1) + λ21(x2(1) − 4) + λ31(x3(1) − 12);

λ0
�
λi0
�
λi1

�
pi ≡ pi(t)

�
i = 1, 2, 3
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���K':�����
#���#�	!;I1 J! ������5M:f?��
�����#!k��
(i = 1, 2, 3)

C

− d
dt L̂ẋi

(t) + L̂xi
(t) = 0

(
⇔ ˙̂

ip(t) = −∂Ĥ(t)
∂xi

)
⇒

˙̂p1(t) = 0, ˙̂p2(t) = −p̂1(t), ˙̂p3(t) = −p̂2(t);

[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t0 = 0

�
k = 1

�

t1 = 1
�
i = 1, 2, 3

�-C

L̂ẋi
(tk) = (−1)k ∂l̂

∂xi(tk)

(
⇔ p̂i(tk) = (−1)k ∂l̂

∂xi(tk)

)
⇒

⇒ p̂i(0) = λ̂i0, p̂i(1) = −λ̂i1;
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t���%a%!��%
L(u) = λ̂0u

2 − p̂3u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂0u
2 − p̂3(t)u),

	! �	

û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂3(t)u− λ̂0u
2).
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U ≡ R
1 ≡ (−∞,+∞)
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û(t)
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∂L̂/∂u = 0
�

∂2L̂/∂u2 > 0
� 	! �	

∂Ĥ/∂u = 0
�
∂2Ĥ/∂u2 < 0

�-C

2λ̂0û(t) − p̂3(t) = 0, λ̂0 > 0

(
	! �	

p̂3(t) − 2λ̂0û(t) = 0, λ̂0 > 0);
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û(t) = p̂3(t)
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


˙̂x1(t) = x̂2(t),
˙̂x2(t) = x̂3(t),
˙̂x3(t) = p̂3(t);
˙̂p1(t) = 0,
˙̂p2(t) = −p̂1(t),
˙̂p3(t) = −p̂2(t);
x̂1(0) = 0, x̂2(0) = 0, x̂3(0) = 0;
x̂1(1) = 1, x̂2(1) = 4, x̂3(1) = 12.
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	!;O[��-C

p̂i(0) = λ̂i0
�
p̂i(1) = −λ̂i

�
i = 1, 2, 3

�-���a%��������
':b
42�51��5*�'n#��`�
%! �b�*�����"
,c;�� "7��% %!��% �
#�	^,- �'Ek���"81� �; �
�����-1A�D&
 ���#�	!;+(�#��5kH	�"��D ���J

λ̂i0
�
λ̂i1
�A%:�
"��
��.R�P#��H����_=��#�	��=%��������
�
J

42�51��5*�	`#����� �	!;�b�"5��	O���
"��E(�'+	!6`�
�����-1A�D �;�"��a#���"�����[
'
��"
,c;��
s���_=	�(WD�"�'K%��������
':b342�51��5*�'
�
t���%L%!��%

p̂1(t) = c1
��"��

p̂2(t) = −c1t+ c2
�

p̂3(t) = c1t
2/2 − c2t+ c3

�

x̂3(t) = c1t
3/6− c2t

2/2 + c3t+ c4
�

x̂2(t) = c1t
4/24− c2t

3/6 + c3t
2/2 + c4t+ c5

�

x̂1(t) = c1t
5/120− c2t

4/24 + c3t
3/6 + c4t

2/2 + c5t+ c6
�

�$�������
.R��'E,- ��
�
	!; � V
� S�T �A���
4��
�� �;�b�"I�
�����-1A�D �	�"��R���E,D"��5;�#�#�.R�

ci
�
i = 1, 6

�-C
c1 = 0

�
c2 = −24

�
cj = 0

�
j = 3, 4, 5, 6

�-� � ����&
,D%:�� ��
%�'

x̂(t) = x̂1(t)
�A"��K	�,D%:�E(9�7;ED�%!,D"����2(9�7 �� �8D�%!,D"����2(9�7 ��

�$�
#�"��E;�
�	�#���� 	�(�����"��
	:1�C
x̂(t) = t4 ∀t ∈ [0, 1]

�

Y��\�P,�,- ��-1A'
�2( ���� �':*���#�#�':b D�%!,D"����2(9�7 ��
x̂(·) #�� ��[E,D�� �b�"�#�':b�
��"�	�(9�7 ��
#��E,D"���� � �����E,D���-1�,D"��
��#�#��
J �����
�
����%:�
J ���
%!�7kZ�2(I�

*�"��
x̂(·) 1A�E,D"7���� �;���"\N$':#�%�e�	��
#��7 �'a��[E,D�� �b�"�#�.RJ8(�	�#�	�(�'!(I�<? �;7D�"��

��\�
�
42(�':"�	�(

x̂(·) ���E,D���-1�,D"��
�E(^N$':#�%�e�	�	 x(·) ��"7��%*�"��
[
.pN$':#�%�e�	!;
x̂(·) + x(·) �E,D"7�7 A�
,D�+1A�
��'E,D"�	�(��
J�� il���
,-&

,�(9��"���	��E���2(��
J`42�51��5*���N$':#�%�e�	!;
x̂(·) + x(·) [
'�1A��"K1A�
��'E,D"�	!&(��
J����2,- �	

x(·) ∈ C3([0, 1])
�
x̂(0)+x(0) = 0

� ˙̂x(0)+ ẋ(0) = 0
�

¨̂x(0) + ẍ(0) = 0
�
x̂(1) + x(1) = 1

� ˙̂x(1) + ẋ(1) = 4
�

Y�V



¨̂x(1) + ẍ(1) = 12
� � ���E,D%:�� ��
%�'a���L'E,- ��
�
	�b 42�51��5*�	8%:�
#�e�.

N$	�%!,D	����
�E��#�.PC

x̂(0) = ˙̂x(0) = ¨̂x(0) = 0, x̂(1) = 1, ˙̂x(1) = 4, ¨̂x(1) = 12,

"��
x(0) = ẋ(0) = ẍ(0) = 0

�
x(1) = ẋ(1) = ẍ(1) = 0

� � �����-1A�D&
 �	�(L,�':*���"��E(\���� �':*���#�#�.I6o'E,- ��
�
	�Jo4�#���%P����	�����h=��#�	!;PN$':#�%!&
e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·)) − I(x̂(·)) ≡
≡

∫ 1

0 (

� � �
x̂ +

� � �
x )2 dt−

∫ 1

0

� � �
x̂

2
dt ≡

≡
∫ 1

0
2

� � �
x̂

� � �
x dt+

∫ 1

0

� � �
x̂

2
dt ≥

∫ 1

0
2

� � �
x̂

� � �
x dt ≡

≡
∫ 1

0
2 · 24t

� � �
x dt ≡

∫ 1

0
48t d(ẍ) ≡

≡ 48tẍ(t)
∣∣∣
1

0
−
∫ 1

0
48ẍdt ≡

≡ 48 · 1 · 0− 48 · 0 · 0 −
∫ 1

0
48 d(ẋ) ≡

≡ −48ẋ(t)
∣∣∣
1

0
+
∫ 1

0
48ẋ dt = 0 + 48x(t)

∣∣∣
1

0
= 0.

t���%)%!��%)����	3 �b�[
.I6 1A�
��'E,D"�	�(�.I63�
�
42(�':h=��#�	!;!6
x(·) ����&

 �':*���#�#��
J�D�%!,D"����2(9�7 �	
x̂(·) N$':#�%�e�	��
#��7 

I
#��q':[
.R�E����"�C

∆I ≥ 0
��"��aN$':#�%�e�	!;

x̂(t) = t4 ∀t ∈ [0, 1]
1A�E,D"7���� �;���"G�2(�'

��[E,D�� �b�"�#�.RJL(�	�#�	�(�'!(I�A�$��	SD�"��E(

inf I(x(·)) ≡ abs min I(x(·)) ≡ I(x̂(·)) = 192.

�	� ����� ��� # �M� � ���*�7K� -��J!J.���*,!J.K%��&'�7+�� )-�#��Y�����$�$���&'�I�#J.���#J  -,.�
$���/ J �;��KQJ.��)-��+���$�$�9C�:� $#���*�! #"%$�9C� � K%��$#,.��$�9C�Z��$#���*,.$���/��:�
�2���
����+���N �#, )M, ��,.$�$���NG� + )M, ��,.$���� �������#, )-����,.�`)-���*,!J.K%��� (QJ  #��+��#, �
�����#�
)*��+�,.$#J.�P+��%\

I(x(·)) ≡
∫ 1

0

(ẋ2(t) + 24t2x(t)) dt → inf ,

x(0) = 1, x(1) = 5,

∫ 1

0

tx(t) dt = 1.

Y S



� ��� �! "���
T � �?�
��(9�7 �	�42��e�	!;�C!�
[
�
4�#��5*�	�(

ẋ(t) = u(t)
��"��

c1��

B0(x(·), u(·)) ≡
∫ 1

0

(u2(t) + 24t2x(t)) dt → inf;
� V
� S
S �

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];
� V
� S !��

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];

� V
� S Y��

x(0) − 1 = 0, x(1) − 5 = 0,

∫ 1

0

tx(t) dt− 1 = 0.
� V
� S #&�

� 
�����#�	�*���#�	!; � V
� Y�� "�	����Z#��������
��#�,D"��Z��42�51��5*��o�
"
,D':"
,D"��
':b�"5�

V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0(u
2 + 24t2x) + p(ẋ− u) + λtx ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ pu− λ0(u
2 + 24t2x) − λtx;

"�����(�	�#���#�"�C

l ≡ λ1(x(0) − 1) + λ2(x(1) − 5) − λ;

λ0
�
λ1
�
λ2
�
λ
�
p ≡ p(t)

@ *�	�,- ��
�
.R�K	dN$':#�%�e�	��
#��7 ��
#�.RJ
(�#��5kH	�"��D �	Lf?��
�����#!k����

S �a� 	�,D"��2(9�0'E,- ��
�
	�J ����	�#�e�	����r(9��%!,D	�(�'!(9�)�q42�51��5*�� � V
� T � M
� V
� !��-C

���K':�����
#���#�	��]1 J! ������5M:f?��
�����#!k���C

− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = 24λ̂0t
2 + λ̂t;

Y�!



[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t0 = 0

�
k = 1

�

t1 = 1
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)

⇒ p̂(0) = λ̂1, p̂(1) = −λ̂2;

���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���
u
C

t���%a%!��%
L(u) = λ̂0u

2 − p̂u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂0u
2 − p̂(t)u),

	! �	

û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂0u
2).

t���%3%!��% �m���
,�,�(9��"���	��E���2(��
J 42�51��5*��8,- �':*���J
λ̂0 = 0#����
�
42(��5kZ��# � ,�(I� ��#��7 �	�4L'E,- ��
�
	!;d���=���$��	�(�������V �=	

U ≡ R
1 ≡ (−∞,+∞)

�I"��d�
��"�	�(9�7 ��
#��
�`':�������� ���#�	��

û(t)
(��5kZ��"\[
.R"��\�
�����-1A�D ���#��\	�4Z'E,- ��
�
	�J

∂L̂/∂u = 0
�

∂2L̂/∂u2 > 0
� 	! �	

∂Ĥ/∂u = 0
�
∂2Ĥ/∂u2 < 0

�-C

2λ̂0û(t) − p̂(t) = 0, λ̂0 > 0

(
	! �	

p̂(t) − 2λ̂0û(t) = 0, λ̂0 > 0);


 �K'E,- ��
�
	!;�,D"7��e�	��
#�����#��E,D"�	Z���
t0
�
t1
�$42�51��5*��I�
"
,D':"
,D"��
'E&

b�"5��"7��%\%!��%
t0
�
t1
@ N$	�%!,D	����
�E��#�. �

t0 = 0
�
t1 = 1

���
1��G'E,- ��
�
	!;�1A�
���� �#!;�b�h=��JG#��DkZ�2,D"�%:�E,D"�	G�
"
,D':"
,D"��
':b�"5��"7��%
%!��%\��42�51��5*��$#���"�'E,- ��
�
	�J � V
� Y��j"�	�����#��������
��#�,D"�� �

� �K'E,- ��
�
	��o#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�

k �G'E,- ��
�
	�� � u s � � �
4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!��\t���%8%!��%O��#��
��(9�7 ��
#�.RJ8,- �':*���J
λ̂0 = 0

�L���
,�,�(9��"���	��E���2(��
J
42�51��5*��9#����
�
42(��5kZ��# � ,�(I�2�
.R_=� 'E,- ��
�
	�� ��� �-�2"������/'E,- ��
�
	�bn� �

λ̂0 > 0
	Z�$%!�5*��2,D"��
�

λ̂0
(��5kH#��$�
4D;�"��� �b�[
�
�I���� ��5kH	�"��D ��
#��
�
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*�	�,- ����D�R*��
,D"�#��E,D"�	��
λ̂0 = 1/2

� 'E,- ��
�
	��9#��
��(�	����
�
%�	
�-�D�E,- ��-1�&
,D"��
	��P*���
����H'E,- ��
�
	�	\���

û(t) = p̂(t)
�A�$�21�,D"7���
	��

û(t) = p̂(t)��':�����
#���#�	�� � V
� V �j	
λ̂0 = 1/2

�H':�����
#���#�	��P���-���������
[
����4�'
�2(
'E,- ��
�
	!; � V
� V �-�����-� � V
� !��j��%��������
':b)42�51��5*�' � %��������
':b)42�51��5*�'
����	�#�e�	����H(9��%!,D	�(�'!(9���-C

{
˙̂x(t) = p̂(t),
˙̂p(t) = 12t2 + λ̂t; x̂(0) = 1, x̂(1) = 5;

∫ 1

0
tx̂(t) dt = 1.� V
� S ���

i�D�"��
J�%��������
�
JO42�51��5*��H#���	�4��
�2,D"�#�.q1A�
�K���E,D"��5;�#�#�.R�H	�#�"��D&

���	����
�E��#�	!;����L,D	�,D"��2(�. 1A	�NPN$������#�e�	��7 ��
#�.I6O':�����
#���#�	�Jn	
(�#��5kH	�"��D ��

λ
�I	 1� �;^	!6^�
�����-1A�D ���#�	!; 	�(�����"
,c; 1A�E��%������D&

�
.I6P	Z	�4��
������	�(���"���	�*��2,D%:�
�j'E,- ��
�
	!;��2Q ,- ��
�
	!;?[��-C
p̂(0) = λ̂1

�

p̂(1) = −λ̂2
� �n%��������
':b 42�51��5*�'d#��`�
%! �b�*���b�"
,c;��j"7��% %!��%

�
#�	 ,- �'Ek���"`1� �; �
�����-1A�D ���#�	!; (�#��5kH	�"��D ���J
λ̂1
�
λ̂2
� %:�
"���&

��.R������	��
#��E,c;�"
,c;`�\42�51��5*�'+(���"��21A�E(^��������_=��#�	!;���#��\����_=�D&
#�	��/%��������
�
J�42�51��5*�	�#����� �	!;�b�"5�E	H���
"��E(�'Z	!6��
�����-1A�D �;�"��?#��
"�����[
'
��"
,c;��!s���_=	��PD�"�'G%��������
':b342�51��5*�'�C

p̂(t) = 4t3 + λ̂t2/2 + c1, x̂(t) = t4 + λ̂t3/6 + c1t+ c2;

x̂(0) = 1 ⇒ c2 = 1; x̂(1) = 5 ⇒

⇒ λ̂/6 + c1 = 3 (∗);
∫ 1

0

tx̂(t) dt = 1 ⇒ λ̂+ 10c1 = 10 (∗∗);

(∗)(∗∗) ⇒ λ̂ = 30, c1 = −2,
���� �':*�	�(^1A�
��'E,D"�	�(�':b D�%!,D"����2(9�7 ����8D�%!,D"����2(9�7 ��`�$�
#�"��E;�
�	!&
#����-C

x̂(t) = t4 + 5t3 − 2t+ 1 ∀t ∈ [0, 1]
�

Y��\�P,�,- ��-1A'
�2( ���� �':*���#�#�':b D�%!,D"����2(9�7 ��
x̂(·) #�� ��[E,D�� �b�"�#�':b�
��"�	�(9�7 ��
#��E,D"���� � �����E,D���-1�,D"��
��#�#��
J �����
�
����%:�
J ���
%!�7kZ�2(I�

*�"��
x̂(·) 1A�E,D"7���� �;���"\N$':#�%�e�	��
#��7 �'a��[E,D�� �b�"�#�.RJ8(�	�#�	�(�'!(I�<? �; D�"��

��B�
�
42(�':"�	�(

x̂(·) ���E,D���-1�,D"��
�E( N$':#�%�e�	�	
x(·) �"7��% *�"��
[
. N$':#�%�e�	!;

x̂(·) + x(·) �E,D"7�7 A�
,D�l1A�
��'E,D"�	�(��
J��
i ���
,�,�(9��"���	��E���2(��
JW42�51��5*��0N$':#�%�e�	!;

x̂(·) + x(·) [
'�1A��"
1A�
��'E,D"�	�(��
J��H�2,- �	

x(·) ∈ C1([0, 1])
�
x̂(0) + x(0) = 1

�

Y�#



x̂(1)+x(1) = 5
� ∫ 1

0
t(x̂(t)+x(t)) dt=1

� � ���E,D%:�� ��
%�'P���P'E,- ���&
�
	�b � V
� !��

x̂(0) = 1
�
x̂(1) = 5

� ∫ 1

0
tx̂(t) dt = 1

��"��
x(0) = 0

�

x(1) = 0
� ∫ 1

0 tx(t) dt = 0
� � �����-1A�D �	�(O,R':*���"��E(O���� �':*���#�#�.I6

'E,- ��
�
	�JG4�#���%\����	�����h=��#�	!;aN$':#�%�e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·)) − I(x̂(·)) ≡

≡
∫ 1

0

[( ˙̂x+ ẋ)2 + 24t2(x̂+ x)] dt−
∫ 1

0

( ˙̂x2 + 24t2x̂) dt ≡

≡
∫ 1

0

2 ˙̂xẋ dt+

∫ 1

0

ẋ2 dt+

∫ 1

0

24t2x dt ≥

≥
∫ 1

0

2 ˙̂xẋ dt+

∫ 1

0

24t2x dt ≡

≡
∫ 1

0

2 ˙̂x dx+

∫ 1

0

24t2x dt ≡

≡ 2 ˙̂x(t)x(t)
∣∣∣
1

0
−
∫ 1

0

2¨̂xx dt+

∫ 1

0

24t2x dt ≡

≡ 2 ˙̂x(1) · 0 − 2 ˙̂x(0) · 0 −−
∫ 1

0

(2¨̂x− 24t2)x dt ≡

≡ −60 ·
∫ 1

0

tx dt ≡ 0.

t���%0%!��%)����	) �b�[
.I6 1A�
��'E,D"�	�(�.I6)�
�
42(�':h=��#�	!;!6
x(·) ���D&

_=��#�	!; �8D�%!,D"����2(9�7 �	
�
x̂(·) N$':#�%�e�	��
#��7 

I
#��B':[
.R�E����"�C

∆I ≥ 0
�^"�� N$':#�%�e�	!;

x̂(t) = t4 + 5t3 − 2t + 1
∀t ∈ [0, 1]

1A�E,D"7���� �;���"��2(�'=��[E,D�� �b�"�#�.RJ�(�	�#�	�(�'!(I�
�$��	]D�"��E(
inf I(x(·)) ≡ abs min I(x(·)) ≡ I(x̂(·)) = 66

5

7

�

���
(���*���#�	��
�
�$4��
������	�(���"���	�*��2,D%:�
�`'E,- ��
�
	�� ∫ 1

0 tx(t) dt = 1
����	 ����_=��#�	�	

42�51��5*�	H(��5kH#��P':*��2,D"��?	H	�#�./(I�
�
"2 �	�*�#�./(O�
"P���
,�,�(��
"�����#�#��

��$�
.I&
_=�
��,D���E,D�
[
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y(t) =
∫ t

0 tx(t) dt
�9i
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JK42�
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ẏ(t) = tx(t)
�
y(0) = 0

�
y(1) = 1

��i5D�"��
JL42�51��5*��
C

L ≡ λ0(u
2 + 24t2x) + p(ẋ− u) + q(ẏ − tx) ≡ pẋ+ qẏ −H ;

H ≡ pu+ qtx− λ0(u
2 + 24t2x);

l ≡ λ1(x(0) − 1) + λ2(x(1) − 5) + µ1y(0) + µ2(y(1) − 1);

λ1
�
λ2
�
µ1
�
µ2
�
p ≡ p(t)

�
q ≡ q(t)
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� �
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�
	�J���� M:� �$����	�#�e�	����`(9��%!,D	�(�'!(9�+�+�������
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����4��
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JG42�51��5*��o	�(�����"��
	:1�C

��� ˙̂p(t) = −∂Ĥ(t)

∂x
≡ 24λ̂0t

2 − q̂(t)t, ˙̂q(t) = −∂Ĥ(t)

∂y
≡ 0;

[��
p̂(0) =

∂l̂

∂x(0)
≡ λ̂1, p̂(1) = − ∂l̂

∂x(1)
≡ −λ̂2;

q̂(0) =
∂l̂

∂y(0)
≡ µ̂1, q̂(1) = − ∂l̂

∂y(1)
≡ µ̂2;

���
p̂(t) − 2λ̂0û(t) = 0;
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;
� �
λ̂0 ≥ 0.

t���%GkZ�
�:%!��%G	G�Z42�51��5*��o,�	�4��
������	�(���"���	�*��2,D%�	�(d'E,- ��
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����4��
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λ̂0 6= 0
�j�$�� ��5kH	��

λ̂0 = 1/2
� 'E,- ��
�
	��R#��
��(�	����
�
%�	
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û(t) = p̂(t)
�E	K%��������E�7;

42�51��5*��=����	�(���"H�
	:1�C





˙̂x(t) = p̂(t),
˙̂y(t) = tx̂(t),
˙̂p(t) = 12t2 − q̂(t)t,
˙̂q(t) = 0; x̂(0) = 1, x̂(1) = 5, ŷ(0) = 0, ŷ(1) = 1.

s���_=��#�	��2(WD�"��
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x̂(t) = t4 + 5t3 − 2t+ 1, ŷ(t) =
1

6
t6 + t5 − 2

3 t
3 + 1

2 t
2;

p̂(t) = 4t3 + 15t2 − 2, q̂(t) = −30.
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T (x(·), T ) ≡ T → inf ,

∫ T

0

ẋ2(t) dt = 1, x(0) = 0, x(T ) = 1, T > 0.

� ��� �! "���
T � �?�
��(9�7 �	�42��e�	!;�C!�
[
�
4�#��5*�	�(

ẋ(t) = u(t)
��"��

c1��

B0(x(·), u(·), T ) ≡ T → inf , T > 0;
� V
� SEU �

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, T ];
� V
� S X��

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, T ];

� V
� S ���

∫ T

0

u2(t) dt− 1 = 0, x(0) = 0, x(T ) − 1 = 0.
� V
� ! T �

� 
�����#�	�*���#�	!; � V
� Y�� "�	����=#��������
��#�,D"��=�=42�51��5*����
"
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'E,- ��
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	��

T > 0
�=N$�
��(��o,D"����
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� V
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':b�h=��
��Z�2(�'G'E,- ��
�
	!;K1A�
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�� �	!;���" � ,�(I�I�
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L ≡
∫ T

0

p(t)(ẋ(t) − u(t)) dt+ λu2 ≡
∫ T

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ p(ẋ− u) + λu2 ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ pu− λu2;

YEX
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l ≡ λ0T + λ1x(0) + λ2(x(T ) − 1);

λ0
�
λ1
�
λ2
�
p ≡ p(t)

@ *�	�,- ��
�
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#��7 ��
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = 0;
[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �

k = 0
�
t̂0 = 0

�
k = 1

�

t̂1 = T̂
�-C

L̂ẋ(t̂k) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(t̂k) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(T̂ ) = −λ̂2;
���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���

u
C

"7��%L%!��%
L(u) = λ̂u2 − p̂u

	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂u2 − p̂(t)u),

	! �	

û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂u2).

�$�E,D%:�� ��
%�'H�����
,�,�(9��"���	��E���2(��
JG42�51��5*��

U ≡ R
1 ≡ (−∞,+∞),

"��n����	
λ̂ 6= 0

�
��"�	�(9�7 ��
#��
�a':�������� ���#�	��
û(t)

(��5kZ��"
[
.R"����
�����-1A�D ���#���	�4P'E,- ��
�
	�J

∂L̂/∂u = 0, ∂2L̂/∂u2 > 0

(
	! �	

∂Ĥ/∂u = 0, ∂2Ĥ/∂u2 < 0) :
Y��



2λ̂û(t) − p̂(t) = 0, λ̂ > 0

(
	! �	

p̂(t) − 2λ̂û(t) = 0, λ̂ > 0),

� V
� !�V �

�\����	
λ̂ = 0

�
��"�	�(9�7 ��
#��
�Z':�������� ���#�	��
û(t)

[
'�1A��"\42�7&
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�
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p̂(t)
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��P�
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 �K'E,- ��
�
	��G,D"7��e�	��
#�����#��E,D"�	n���

t0
�
"
,D':"
,D"��
':b�"5�9"7��%n%!��%

t0
@WN$	�%!,D	����
�E��#�� �

t0 = 0
����'E,- ��
�
	��Z,D"7��e�	��
#�����#��E,D"�	

���
T
C

dL̂
dT

= 0
(
⇔ Ĥ(T̂ ) =

∂l̂

∂T

)
⇒

p̂(T̂ )û(T̂ ) − λ̂û2(T̂ ) = λ̂0;
1��G'E,- ��
�
	!;�1A�
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T̂ > 0
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�
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λ̂0 ≥ 0
�

k �G'E,- ��
�
	�� � u s � � �
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


˙̂x(t) = û(t), û(t) = arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂u2),

˙̂p(t) = 0;

x̂(0) = 0, x̂(T̂ ) = 1; p̂(T̂ )û(T̂ ) − λ̂û2(T̂ ) = λ̂0;∫ T̂

0 û2(t) dt = 1; T̂ > 0;'E,- ��
�
	�� � u s � � �!'E,- ��
�
	��$#��
��(�	����
�
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. � V
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�
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T̂
	8(�#��5kH	�"��D �	8f?��
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λ̂0
�
λ̂
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	�J
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�
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p̂(0) = λ̂1
�
p̂(T̂ ) = −λ̂2
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':b342�51��7&
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(�#��5kH	�"��D ���J
λ̂1
�
λ̂2
��%:�
"��
��.R�=#��G����_=��#�	��Z%��������
�
J+42�51��5*�	

#����� �	!;�b�"5��	8���
"��E(�'+	!6`�
�����-1A�D �;�"��L#���"�����[
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��"
,c;���s���_=	�(
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':b]42�51��5*�'
�
t���%a%!��% ˙̂p(t) = 0

��"��
p̂(t) = c

	a�
�
42(��5kH#�.^1A�E�����21�,- �':*��7;�C

c = 0
	
c 6= 0

�
u ,- �	

c = 0
��"��

p̂(t) ≡ 0
�
t ∈ [0, T ]

�7	H	�4R'E,- ��
�
	!;Z[���,- ��-1A'
��"�C

λ̂1 = 0
�
λ̂2 = 0

��u ,- �	d����	 D�"��E(
λ̂ = 0

��"��+	�4G'E,- ��
�
	!;O
 �
,- ��-1A'
��"

λ̂0 = 0
� i ����4�'2 ��7"7��"��\�E,D�L(�#��5kH	�"��D �	mf?��
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�
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,c;=�����
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�
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� u s � � �:	G���
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c = 0
�
λ̂ = 0

%��������E�7;K42�51��5*��P����	�#!&
e�	����`(9��%!,D	�(�'!(9�`����_=��#�	!;d#��\	�(�����"5�9u ,- �	

c = 0
�
λ̂ 6= 0

�
"�� ��� 'E,- ��
�
	�b �
��"�	�(9�7 ��
#��E,D"�	 � V
� !�V �

λ̂ > 0
�
û(t) ≡ 0

�

t ∈ [0, T ]
� � �`����		D�"��E()#��L	�(�����"8����_=��#�	!;d%��������E�7;n42�51��7&

*��P1� �;
x̂(t)

C ˙̂x(t) = û(t) ≡ 0
�
x̂(0) = 0

�
x̂(T̂ ) = 1

�!�Z���
"��E(�'
����	

c = 0
�
λ̂ 6= 0
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c 6= 0
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λ̂ = 0
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û(t) = ±∞ ∀t ∈ [0, T̂ ]
�9u ,- �	

c 6= 0
�
λ̂ 6= 0
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λ̂ > 0
�

2λ̂û(t) = c
� �$�� ��5kH	��

λ̂ = 1/2
� 'E,- ��
�
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�
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û(t) = c

� �$�21�,D"7���
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û(T̂ ) = c
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#�����#��E,D"�	��9���� �':*�	�(IC

c2 = 2λ̂0 > 0
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λ̂0 = 0
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1��7 ����=':�����
#���#�	�� ˙̂x(t) = û(t) ≡ c
������ �':*�	�(IC

x̂(t) = ct + B
�

	de������
*�%�'�,- ��-1�,D"��
	�J�C
x̂(0) = 0 ⇒ B = 0

�
x̂(T̂ ) = 1 ⇒

cT̂ = 1
�
c = 1/T̂

� ∫ T̂

0 û2(t) dt = 1 ⇒ c2T̂ = 1
�
T̂ = 1

�

c = 1
�
û(t) = 1

�
x̂(t) = t
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x̂(t) = t ∀t ∈ [0, 1]
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x̂(·) 	 T̂
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x(·)	
∆T
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���2(�; T = T̂ +∆T�E,D"7�7 �	�,D�=1A�
��'E,D"�	�(�./(�	��Ai ���
,�,�(9��"���	��E���2(��
JL42�51��5*��PN$':#�%!&

e�	!;
x̂(·) + x(·) 	W�
���2(�;

T
[
'�1A':"r1A�
��'E,D"�	�(�./(�	��G�2,- �	

#!V



x(·) ∈ C1([0, T ])
�
x̂(0) + x(0) = 0

�
x̂(T ) + x(T ) = 1

�
∫ T

0 ( ˙̂x(t) + ẋ(t))2 dt = 1
�
T > 0

� � ���E,D%:�� ��
%�' ˙̂x(t) = 1
�

x̂(T ) = T
	 ���d'E,- ��
�
	�b � V
� ! T �

x̂(0) = 0
�I"��

x(0) = 0
�

x(T ) = 1 − T
� ∫ T

0 (1 + ẋ)2 dt = 1
�A�$�����
[
����4��
�E���Z���E,- ��-1A#����

�����
��#�,D"��
���:���� �':*�	�(IC

T + 2x(t)
∣∣∣
T

0
+
∫ T

0
ẋ2(t) dt = 1 ⇒

T + 2(x(T ) − x(0)) +
∫ T

0
ẋ2(t) dt = 1 ⇒

T + 2(1 − T − 0) +
∫ T

0
ẋ2(t) dt = 1 ⇒

1 − T +
∫ T

0
ẋ2(t) dt = 0.

� V
� !&!��

�$�E,D%:�� ��
%�'
T > 0

	 ∫ T

0 ẋ2(t) dt ≥ 0
��"��8�����
��#�,D"��
��� V
� !&!��

�
�
42(��5kH#��� �	�_=�K����	
1 − T ≤ 0

��"��G�2,D"��G����	
T ≥ 1

� � D�"��
�
4�#��5*�����"5�E*�"��Z����	G �b�[
.I6�1A�
��'E,D"�	�(�.I6K�
�
42(�':h=��#�	!;!6H����_=�D&
#�	!; �8D�%!,D"����2(9�7 �	

x̂(·) 	=�
���2(���#�	 T̂ ��N$':#�%�e�	��
#��7 T (x(·), T )#��$':[
.R�E����"�C

∆T ≡ T (x(·), T ) − T (x̂(·), T̂ ) ≡ T − T̂ ≡ T − 1 ≥ 0.

�$�%D�"��E(�'O�
���2(�;
T̂ = 1

	WD�%!,D"����2(9�7 ��
x̂(t) = t ∀t ∈ [0, 1]1A�E,D"7���� �;�b�"Z�2(�'G��[E,D�� �b�"�#�.RJa(�	�#�	�(�'!(I���$��	 D�"��E(

inf T (x(·), T ) ≡ abs min T (x(·), T ) ≡ T (x̂(·), T̂ ) ≡ T̂ = 1.

�	� ����� � � # �M� � ���*�7K� -��J!J.���*,!J.K%��&'�7+�� )-�#��Y�����$�$���&'�I�#J.���#J  -,.�
$���/GJ �;(%$�K%Y�����$#�! #�'� �B�' #"%Y#���4$#, �;��KQJ.��)-��+���$�$�9C� K%��$#,.��$�9C� + )M,.�
��,.$#, � �IK@)*��,!+�9C� (QJ  #��+��#, � �����#��$#, )*��+�,.$#J.�P+��%\

B(x(·), T ) ≡
∫ T

0

ẋ2(t) dt+x2(0) → inf , x(T )+T+3 ≤ 0, T > 0.

� ��� �! "���
T � �?�
��(9�7 �	�42��e�	!;�C!�
[
�
4�#��5*�	�(

ẋ(t) = u(t)
��"��

c1��

B0(x(·), u(·), T ) ≡
∫ T

0

u2(t) dt+ x2(0) → inf;
� V
� !�Y��

# S



ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, T ];
� V
� !�#&�

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, T ];

� V
� !&���

x(T ) + T + 3 ≤ 0, −T < 0.
� V
� ! U �

� 
�����#�	�*���#�	!;�� V
� !�� "�	����������
��#�,D"�����42�51��5*��o�
"
,D':"
,D"��
':b�"5�

V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ T

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0u
2 + p(ẋ− u) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ pu− λ0u
2;

"�����(�	�#���#�"�C

l ≡ λ0x
2(0) + λ(x(T ) + T + 3) + µ(−T );

λ0
�
λ
�
µ
�
p ≡ p(t)

@ *�	�,- ��
�
.R�H	nN$':#�%�e�	��
#��7 ��
#�.RJ�(�#���&
kH	�"��D �	Lf?��
�����#!k����

S �a� 	�,D"��2(9� 'E,- ��
�
	�J]����	�#�e�	���� (9��%!,D	�(�'!(9� � 42�51��5*�� � V
� !�Y�� M
� V
� ! U �-C

���K':�����
#���#�	��]1 J! ������5M:f?��
�����#!k���C

− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = 0;
[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �

k = 0
�
t0 = 0

�
k = 1

�

t1 = T
�-C

L̂ẋ(t̂k) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(t̂k) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = 2λ̂0x̂(0), p̂(T̂ ) = −λ̂;
#�!



���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���
u
C

t���%a%!��%
L(u) = λ̂0u

2 − p̂u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂0u
2 − p̂(t)u),

	! �	

û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂0u
2).

t���%3%!��% �m���
,�,�(9��"���	��E���2(��
J 42�51��5*��8,- �':*���J
λ̂0 = 0#����
�
42(��5kZ��# � ,�(I� ��#��7 �	�4L'E,- ��
�
	!;d���=���$��	�(�������V �=	

U ≡ R
1 ≡ (−∞,+∞)

�I"��d�
��"�	�(9�7 ��
#��
�`':�������� ���#�	��

û(t)
(��5kZ��"\[
.R"��\�
�����-1A�D ���#��\	�4Z'E,- ��
�
	�J

∂L̂/∂u = 0
�

∂2L̂/∂u2 > 0
� 	! �	

∂Ĥ/∂u = 0
�
∂2Ĥ/∂u2 < 0

�-C

2λ̂0û(t) − p̂(t) = 0, λ̂0 > 0

(
	! �	

p̂(t) − 2λ̂0û(t) = 0, λ̂0 > 0);


 �K'E,- ��
�
	��G,D"7��e�	��
#�����#��E,D"�	����
t0
�+42�51��5*��K�
"
,D':"
,D"��
'
��"5�

"7��%+%!��%
t0
@WN$	�%!,D	����
�E��#�� �

t0 = 0
����'E,- ��
�
	��?,D"7��e�	���&

#�����#��E,D"�	L���
T
C

dL̂
dT

= 0
(
⇔ Ĥ(T̂ ) =

∂l̂

∂T

)
⇒

p̂(T̂ )û(T̂ ) − λ̂0û
2(T̂ ) = λ̂− µ̂;

1��G'E,- ��
�
	!;H1A�
���� �#!;�b�h=��JL#��DkZ�2,D"�%:�E,D"�	�C

λ̂ · (x̂(T̂ ) + T̂ + 3) = 0, µ̂ · (−T̂ ) = 0;

� �K'E,- ��
�
	!;G#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�
λ̂ ≥ 0

�
µ̂ ≥ 0

�

k �G'E,- ��
�
	�� � u s � � �
4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!��\t���%H%!��%H���?'E,- ��
�
	�b � V
� ! U �
(−T̂ ) < 0

�
"��?	�4/'E,- ��
�
	!;=1�� ,- ��D&
1A'
��"�C

µ̂ = 0
� � ���E,D%:�� ��
%�'d��#��
��(9�7 ��
#�.RJ ,- �':*���J

λ̂0 = 0�m���
,�,�(9��"���	��E���2(��
J 42�51��5*��`#����
�
42(��5kZ��#^	]��� 'E,- ��
�
	�b � �

#7Y



λ̂0 > 0
�R"��m� %!�5*��2,D"��
�

λ̂0
(��5kH#��m�
4D;�"��m �b�[
�
�8���� ��5kH	!&

"��D ��
#��
�P*�	�,- ������K*��
,D"�#��E,D"�	��
λ̂0 = 1/2

� 'E,- ��
�
	��$#��
��(�	����
��&
%�	
�-��iI,- ��-1�,D"��
	�� D�"��

��Z�Z'E,- ��
�
	�	G���

û(t) = p̂(t)
���$�21�,D"7���
	��

û(t) = p̂(t)
�o':�����
#���#�	���� V
� !�#&�-�5�

λ̂0 = 1/2
��'E,- ��
�
	!;?[���	=
 �-�

�������
[
����4�'
�2(8'E,- ��
�
	!; � V
� !�#&�-�!���-�:[��-�:
 � M:� � �Z%��������
':b]42�51��5*�'
� %��������
':b342�51��5*�'H����	�#�e�	����H(9��%!,D	�(�'!(9���-C





˙̂x(t) = p̂(t),
˙̂p(t) = 0;

p̂(0) = x̂(0), p̂(T̂ ) = −λ̂;
p̂2(T̂ ) = 2λ̂; λ̂ · (x̂(T̂ ) + T̂ + 3) = 0;

λ̂ ≥ 0; T̂ > 0.

� V
� !
X��

i D�"��
J0%��������
�
J)42�51��5*��d#���	�4��
�2,D"�#�. 1A�
�d���E,D"��5;�#�#�.R�d	�#!&
"���
���	����
�E��#�	!;+���Z,D	�,D"��2(�.)1A	�NPN$������#�e�	��7 ��
#�.I6L':�����
#���#�	�J��
�
���2(�;

T̂
	+(�#��5kH	�"��D ��

λ̂
� YK#���	�4��
�2,D"�#�.I6 �-�A	\1� �;+	!6L�
�����D&

1A�D ���#�	!;]	�(�����"
,c; S %��������
.I6 'E,- ��
�
	!;��R,- ��-1�,D"��
	���'E,- ��
�
	!;
,D"7��e�	��
#�����#��E,D"�	 	 'E,- ��
�
	��G1A�
���� �#!;�b�h=��J #��DkZ�2,D"�%:�E,D"�	 � Y
'E,- ��
�
	!;
�-�
t���%�%!��%�%��������E�7;O42�51��5*��L,D�21A���EkH	�"a'E,- ��
�
	��Z1A�
���� �#!;�b�h=��J
#��DkZ�2,D"�%:�E,D"�	���"��R��,D�
�
"��
��"
,D"��
	�	P, �$�����
	! ��E(G����_=��#�	!;P42�51��5*
, "7��%�	�(�	�'E,- ��
�
	!;�(�	 � ,�(I�7��� !$�$�����
	! ��#����
[56E�21A	�(��/���
,�,�(��
"7&
����"��=1A�E�Z���21�,- �':*��7;�C

λ̂ = 0
	
λ̂ > 0

�
�$��	

λ̂ = 0
%��������E�7;G42�51��5*��=����	�(���"H�
	:1�C

{
˙̂x(t) = p̂(t),
˙̂p(t) = 0; p̂(0) = x̂(0), p̂(T̂ ) = 0, T̂ > 0.

� V
� !&���

iTD�"��
JG%��������
�
JK42�51��5*���!?#���	�4��
�2,D"�#�.I6�C
1A�
�o���E,D"��5;�#�#�.R�o	�#!&
"���
���	����
�E��#�	!;n���a,D	�,D"��2(�. 1A	�NPN$������#�e�	��7 ��
#�.I6�':�����
#���#�	�J
	G�
���2(�;

T̂
�:	K �	�_=�?1A�E�?'E,- ��
�
	!;�1� �;\	!6K�
�����-1A�D ���#�	!; � %����7&

���E�7;Z42�51��5*��o�
%!��42�7 A�
,D���
.R���5kZ1A��#�#��
J
�-��s���_=	�(GD�"�'=%��������
':b
42�51��5*�'�C

p̂(t) = c1
�
x̂(t) = c1t+ c2

�
p̂(0) = x̂(0) ⇒ c1 = c2

�

p̂(T̂ ) = 0 ⇒ c1 = 0 ⇒ x̂(t) ≡ 0
�
t ∈ [0, T̂ ]

��<Z�7 ����=�\,D�
�
"7&
�
��"
,D"��
	�	G,o�$�����
	! ��E(8����_=��#�	!;K42�51��5*G,/�

�����#�	�*���#�	��2(O"�	����
#��������
��#�,D"��=�Z,- �':*����

λ̂0 = 0
#����
[56E�21A	�(��P�����
�
����	�"��Z�
.R���� �&

#���#�	��o	�,c6E�21A#��

��?#��������
��#�,D"��E�
x̂(T̂ ) + T̂ + 3 ≤ 0

�!�$�21�,D"7���
	��

#&#



x̂(t) ≡ 0
�ID�"��+#��������
��#�,D"��
�������� �':*�	�(IC

T̂ + 3 ≤ 0
� � �ID�"��

�����
"�	��
�
����*�	�"n"�����[
�
�E��#�	�b
T̂ > 0

�j	^���
"��E(�' ����	
λ̂ = 0%��������E�7;G42�51��5*��=����_=��#�	!;\#��P	�(�����"5�

�$��	
λ̂ > 0

	�4K�������
�

��a'E,- ��
�
	!;`1���1A�
���� �#!;�b�h=��J�#��DkZ�2,D"7&
%:�E,D"�	m,- ��-1A'
��"�C

x̂(T̂ ) + T̂+3=0
��	m%��������E�7;n42�51��5*��a����	�(���"

�
	:1�C





˙̂x(t) = p̂(t),
˙̂p(t) = 0;

p̂(0) = x̂(0), p̂(T̂ ) = −λ̂;
p̂2(T̂ ) = 2λ̂; x̂(T̂ ) + T̂ + 3 = 0; T̂ > 0.

� V
� Y T �

i D�"��
J`%��������
�
J+42�51��5*��=*���"�.R����#���	�4��
�2,D"�#�.I6�C�1A�
�Z���E,D"��5;�#!&
#�.R� 	�#�"���
���	����
�E��#�	!;=���I,D	�,D"��2(�.O1A	�NPN$������#�e�	��7 ��
#�.I6P':������&
#���#�	�J����
���2(�;

T̂
	=(�#��5kH	�"��D ��

λ̂
�2	P	�(�����"
,c;?*���"�.R��� %��������
.I6

'E,- ��
�
	!;K1� �;a	!6L�
�����-1A�D ���#�	!;���s���_=	�(	D�"�'L%��������
':b)42�51��5*�'�C
p̂(t) = A1

�
x̂(t) = A1t + A2

�
p̂(0) = x̂(0) ⇒ A1 = A2

�

	�,D%! �b�*�	�� (�#��5kH	�"��D ��
λ̂
	�48�
"��
���

��n	 "�����"��
��
��m%��������
.I6

'E,- ��
�
	�J��!���� �':*�	�(
p̂2(T̂ ) = −2p̂(T̂ ) ⇔ p̂(T̂ )(p̂(T̂ ) + 2) = 0

�

�2,- �	
p̂(T̂ ) = 0

��"��
A1 = 0 = A2

�
x̂(t) ≡ 0

�
t ∈ [0, T̂ ]

��*�"��
�����
"�	��
�
����*�	�"P1A�
'!(����E,- ��-1A#�	�(n%��������
./(�'E,- ��
�
	!;�(O42�51��5*�	�C

0 + T̂ + 3 = 0
�
T̂ > 0

���2,- �	
p̂(T̂ ) = −2

��"��
A1 = A2 = −2

�

x̂(t) = −2t− 2
�
x̂(T̂ ) + T̂ + 3 = 0 ⇒ −2T̂ − 2 + T̂ + 3 = 0

⇒ T̂ = 1
�Rip	�"��

��8���� �':*����2( �
���2(�;

T̂ = 1
	 1A�
��'E,D"�	!&

(�':b�D�%!,D"����2(9�7 �� �8D�%!,D"����2(9�7 ��\�$�
#�"��E;�
�	�#����
x̂(t) = −2t− 2

∀t ∈ [0, 1]
�

Y��\�P,�,- ��-1A'
�2(q���� �':*���#�#��
�a����_=��#�	��
x̂(·) #�����[E,D�� �b�"�#�':b �
�!&

"�	�(9�7 ��
#��E,D"���� � �����E,D���-1�,D"��
��#�#��
J8�����
�
����%:�
J8���
%!�7kZ�2(I��*�"��

x̂(·) � T̂ 1A�E,D"7���� �;�b�"+N$':#�%�e�	��
#��7 �'8��[E,D�� �b�"�#�.RJ�(�	�#�	�(�'!(I�
<? �;GD�"��

��\�
�
42(�':"�	�(

x̂(·) 	 T̂
���E,D���-1�,D"��
�E( N$':#�%�e�	�	

x(·)	
∆T

�
"7��%�*�"��
[
. N$':#�%�e�	!;
x̂(·)+x(·) 	H�
���2(�; T ≡ T̂ +∆T�E,D"7�7 �	�,D�=1A�
��'E,D"�	�(�./(�	��Ai ���
,�,�(9��"���	��E���2(��
JL42�51��5*��PN$':#�%!&

e�	!;
x̂(·) + x(·) 	W�
���2(�;

T
[
'�1A':"r1A�
��'E,D"�	�(�./(�	��G�2,- �	

x(·) ∈ C1([0, 1])
�
x̂(T )+x(T )+T+3 ≤ 0

�
T > 0

� � ���E,D%:�� ���&
%�'

x̂(T ) = −2T−2
�7"�� −2T−2+x(T )+T+3 ≤ 0

�7	����
"��E(�'

x(T ) − T + 1 ≤ 0
� � �����-1A�D �	�( ,P':*���"��E(TD�"��

��K#��������
��#�,D"��E�

#��



4�#���%\����	�����h=��#�	!;LN$':#�%�e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·), T ) − I(x̂(·), T̂ ) ≡
≡

∫ T

0
( ˙̂x+ ẋ)2 dt−

∫ T̂

0
˙̂x2 dt+

+ (x̂(0) + x(0))2 − x̂2(0) ≡
≡

∫ T

0
˙̂x2 dt+

∫ T

0 2 ˙̂xẋ dt+
∫ T

0 ẋ2 dt−
∫ 1

0 4 dt+
+ 2x̂(0)x(0) + x2(0) ≡
≡

∫ T

0
4 dt+

∫ T

0
(−4)ẋ dt−

∫ 1

0
4 dt+ 2 · (−2)x(0)+

+
(∫ T

0 ẋ2 dt+ x2(0)
)
≥

≥ 4T − 4x(t)
∣∣∣
T

0
− 4 − 4x(0) ≡

≡ 4T − 4x(T ) + 4x(0) − 4 − 4x(0) ≡
≡ −4 · (x(T ) − T + 1) ≥ 0.
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x̂(·) 	`�
���2(���#�	 T̂ ��N$':#�%�e�	��
#��7 
I(x(·), T )

#��
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.R�E����"�C

∆I ≥ 0
�2"����
���2(�;

T̂=1
	�D�%!,D"����2(9�7 ��

x̂(t)=−2t−2
∀t ∈ [0, 1]

1A�E,D"7���� �;�b�"^�2(�'3��[E,D�� �b�"�#�.RJq(�	�#�	�(�'!(I�P�$��	
D�"��E(

inf I(x(·), T ) ≡ abs min I(x(·), T ) ≡ I(x̂(·), T̂ ) = 8
�

�	� ����� ����# �M� � ���*�7K� -��J!J.���*,!J.K%��&'�7+�� )-�#��Y�����$�$���&'�I�#J.���#J  -,.�
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�*��, � ��)-�

λ̂0 = 0
\

I(x(·), u(·)) ≡
∫ 1

0

(u(t) + x2(t)) dt → inf;
� V
� Y�V �

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];
� V
� Y S �

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];

� V
� Y�!��
∫ 1

0

(u2(t) − 2u(t)) dt+ 1 = 0, x(0) − 1 = 0.
� V
� Y
Y��
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V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0(u+ x2) + p(ẋ− u) + λ(u2 − 2u) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ pu− λ0(u+ x2) − λ(u2 − 2u);

"�����(�	�#���#�"�C

l ≡ λ1(x(0) − 1);

λ0
�
λ1
�
λ
�
p ≡ p(t)

@p*�	�,- ��
�
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#��7 ��
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = 2λ̂0x̂;

[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t0 = 0

�
k = 1

�

t1 = 1
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(1) = 0;

���K'E,- ��
�
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��"�	�(9�7 ��
#��E,D"�	L���
u
C

t���%�%!��%
L(u) = λ̂0u− p̂u+λ(u2−2u)

	
H(u) = −L(u)

�
"��

û(t) = arg abs min
u∈U

L(u) ≡
#�X



≡ arg abs min
u∈(−∞,+∞)

(λ̂u2+(λ̂0−p̂(t)−2λ̂)u),

	! �	

û(t) = arg abs max
u∈U

H(u) ≡

≡ arg abs max
u∈(−∞,+∞)

(−λ̂u2−(λ̂0−p̂(t)−2λ̂)u);
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t0
�
t1
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t0=0
�
t1 = 1
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λ̂0 ≥ 0
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



˙̂x(t) = û(t),
û(t) = arg abs min

u∈U
L(u) ≡ arg abs max

u∈U
H(u),

˙̂p(t) = 2λ̂0x̂;
x̂(0) = 1, p̂(1) = 0;∫ 1

0 (û2(t) − 2û(t)) dt+ 1 = 0; λ̂0 ≥ 0;'E,- ��
�
	�� � u s � � �!'E,- ��
�
	��$#��
��(�	����
�
%�	
.
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p̂(0) = λ̂1
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u ,- �	
λ̂ = 0

��"��
L(u) = (λ̂0 − p̂(t))u ≡ −H(u)

	

û = arg abs min
u∈U

[(λ̂0 − p̂)u].

�$��	
λ̂0 − p̂(t) 6= 0

�
��"�	�(9�7 ��
#��
�Z':�������� ���#�	��Z#��H,D':h=�2,D"��
'E&
��"�CjN$':#�%�e�	!;

L(u)
� D�"��E( ,- �':*����a �	�#���J�#������

u
�j(�#��5kZ�D&

,D"��
�
U ≡ R

1 ≡ (−∞,+∞)
@ #����

�����#�	�*���#����/	)���
"��E(�'

û(t) = ±∞ ∀t ∈ [0, 1]
���$�21�,- �':*���J

λ̂0 − p̂(t) = 0
#����
�
42(���&

kZ��#���"7��%a%!��%
p̂(1) = 0

	a	�4?�����
��#�,D"��E�
p̂(t) = λ̂0 ∀t ∈ [0, 1],- ��-1A'
��"�C

λ̂0 = 0
�
p̂(t) = 0 ∀t ∈ [0, 1]
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'E,- ��
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[�&
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λ̂ = 0
�
λ̂0 = 0

�
λ̂1 = 0

�
p̂(t) ≡ 0

�

t ∈ [0, 1]
�-�Ii 	�"��

��`���� �':*����2(I� *�"��m,- �':*���J

λ̂ = 0
#����
�
4D&

(��5kZ��#��
u ,- �	

λ̂ 6= 0
�!"��H�
��"�	�(9�7 ��
#��
�$':�������� ���#�	��

û(t)
(��5kZ��"�[
.R"��

�
�����-1A�D ���#��m	�48'E,- ��
�
	�J
∂L̂/∂u = 0

�
∂2L̂/∂u2 > 0

� 	! �	

∂Ĥ/∂u = 0
�
∂2Ĥ/∂u2 < 0

�-C

2λ̂û(t) + λ̂0 − p̂(t) − 2λ̂ = 0, λ̂ > 0

(
	! �	 − 2λ̂û(t) − λ̂0 + p̂(t) + 2λ̂ = 0, λ̂ > 0).

�$4 D�"�	!6\':�����
#���#�	�JL,- ��-1A'
��"�C

û(t) = 1 +
p̂(t) − λ̂0

2λ̂
, λ̂ > 0.

�$�21�,D"7���
	��
û(t)

�H	�4��
������	�(���"���	�*��2,D%:�
�?'E,- ��
�
	��$	a�������
[
���7&
4��
�E���=��
��H,$':*���"��E(n�����
��#�,D"��E�

1 =
∫ 1

0
4t3 dt

C

0 =
∫ 1

0 (û2(t) − 2û(t) + 4t3) dt ≡
≡

∫ 1

0 ((1 + p̂(t)−λ̂0

2λ̂
)2 − 2 − 2 p̂(t)−λ̂0

2λ̂
+ 4t3) dt ≡

≡
∫ 1

0
( p̂(t)−λ̂0

2λ̂
)2 dt,

���� �':*�	�(IC
p̂(t) = λ̂0 ∀t ∈ [0, 1]

�
u ,- �	

λ̂0 6= 0
��"��

p̂(t) = λ̂0 6= 0 ∀t ∈ [0, 1]
� � � D�"��H�����
"�	��
��&

����*�	�"H'E,- ��
�
	�b
p̂(1) = 0

��	a���
"��E(�'
λ̂0 = 0

�A�$��	
λ̂0 = 0

	�4
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':�����
#���#�	!; ˙̂p(t) = 2λ̂0x̂(t) = 0
	�'E,- ��
�
	!;

p̂(1) = 0
���� �':*�	�(IC

p̂(t) ≡ 0
�
t ∈ [0, 1]

���E,- ��-1�,D"��
	��?*���
���C
û(t) = 1 ∀t ∈ [0, 1]

� �
"��

c1��

x̂(t) = t + 1 ∀t ∈ [0, 1]
� ���E,D%:�� ��
%�' ˙̂x(t) = û(t) ≡ 1	

x̂(0) = 1
�-�IQ ,- ��
�
	�� � u s � � ����	 D�"��E(l���
"��E(9��"�	�*��2,D%�	

�
.R���� �#!;���"
,c;�C
λ̂0 = 0

�
p̂(t) = 0 ∀t ∈ [0, 1]

�
λ̂ 6= 0
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λ̂0 = 0
�
x̂(t) = t + 1

�
û(t) = 1

�
p̂(t) = 0

∀t ∈ [0, 1]
�
λ̂ 6= 0

���$�E,D%:�� ��
%�'
λ̂0 = 0

��N$':#�%�e�	��
#��7 `#��SD�"��
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�2(����� �':*���#�#�':b D�%!,D"����2(9�7 ��H�$�
#�"��E;�
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x̂(t) = t+ 1, t ∈ [0, 1]
#��a��[E,D�� �b�"�#�':b �
��"�	�(9�7 ��
#��E,D"�����<? �;�D�"��

��a�
�
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x̂(·)���E,D���-1�,D"��
�E(ON$':#�%�e�	�	
x(·) �!"7��%K*�"��
[
.^N$':#�%�e�	!; x̂(·) +x(·)�E,D"7�7 A�
,D� 1A�
��'E,D"�	�(��
J��m	 �
�����-1A�D �	�( 4�#���% ����	�����h=��#�	!;

N$':#�%�e�	��
#��7 A�
∆I ≡ I(x̂(·) + x(·)) − I(x̂(·)) �

iO���
,�,�(9��"���	��E���2(��
J?42�51��5*��IN$':#�%�e�	!;
x̂(·)+x(·) [
'�1A��"/1A�
��'E&,D"�	�(��
J��
�2,- �	

x(·) ∈ C1([0, 1])
�
x̂(0)+x(0) = 1

	��
���E,D%:�� ��
%�'

u(t) = ẋ(t)
� ∫ 1

0
[( ˙̂x(t) + ẋ(t))2 − 2( ˙̂x(t) + ẋ(t)) + 4t3] dt = 0

�
t���% %!��%

x̂(t) = t + 1
�
x̂(0) = 1

� ˙̂x(t) = 1
��"��

x(0) = 0
� ∫ 1

0
[(1 + ẋ(t))2 − 2(1 + ẋ(t)) + 4t3] dt = 0 ⇔∫ 1

0
(1 − 2 + 4t3) dt +

∫ 1

0
(2ẋ(t) − 2ẋ(t)) dt +

∫ 1

0
ẋ2(t) = 0 ⇔

0 + 0 +
∫ 1

0 ẋ
2(t) = 0 ⇒ ẋ(t) ≡ 0

�
t ∈ [0, 1]

�/�$4�D�"��

��
"��5kZ1A�2,D"��E�\,=':*���"��E(^'E,- ��
�
	!;

x(0) = 0
,- ��-1A'
��"G"��5kZ1A�2,D"��
�

x(t) ≡ 0
�
t ∈ [0, 1]
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%:�H�21A#��?1A�
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x̂(t) = t + 1 ∀t ∈ [0, 1]
��	

���91A�
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∆I = 0
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�H����_=��#�	��
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λ̂0 = 0

�
x̂(t) = t+ 1 ∀t ∈ [0, 1]

���$��	 D�"��E(

inf I(x(·)) ≡ abs min I(x(·)) ≡ I(x̂(·)) ≡

≡
∫ 1

0

( ˙̂x(t)+x̂2(t)) dt ≡
∫ 1

0

(1+(t+1)2) dt ≡ 3
1

3
.
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I(x(·)) ≡
∫ 1

0

(x(t) − 1)2 dt→ inf;
� V
� Y����

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];
� V
� Y U �

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];

� V
� YEX��

x(0) − 1 = 0, x(1) − 1 = 0.
� V
� Y����
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C

x̂(t) ≡ 1
�
û(t) ≡ 0

�
t ∈ [0, 1]
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%!�7kZ�2(I�
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,c;L#��Z�E,D#��
�
�o����	�#�e�	����H(9��%!,D	�(�'!(9���

T � �?�
��(9�7 �	�42��e�	!;�C!42�51��5*��='EkZ�PN$�
��(9�7 �	�4��
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L ≡
∫ 1

0

L(t) dt+ l;

 A��
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L ≡ λ0(x− 1)2 + p(ẋ− u) ≡ pẋ−H ;
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#�"��E;�
�	�#���C

H ≡ pu− λ0(x− 1)2;

"�����(�	�#���#�"�C

l ≡ λ1(x(0) − 1) + λ2(x(1) − 1);

λ0
�
λ1
�
λ2
�
p ≡ p(t)
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = 2λ̂0(x̂(t) − 1);
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�
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k = 0
�
t0 = 0

�
k = 1

�

t1 = 1
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(1) = −λ̂2;
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u
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t���%a%!��%
L(u) = −p̂u 	 H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡

≡ arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u);
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t0 = 0
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t1 = 1
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p̂(t) = const ∀t ∈ [0, 1]
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α
�
p̂(t) = const < 0 ∀t ∈ [0, 1]
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#��
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#�	��

û
#��P,D':h=�2,D"��
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û = −∞ ∀t ∈ [0, 1]
�

β
�
p̂(t) = const > 0 ∀t ∈ [0, 1]
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û
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û = +∞ ∀t ∈ [0, 1]
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γ
�
p̂(t) = const ≡ 0

�
t ∈ [0, 1] � )⇒ λ̂1 = 0

�
λ̂2 = 0
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

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˙̂x(t) = û(t), û(t) = arg abs max
u∈(−∞,+∞)

(p̂(t)u),

˙̂p(t) = x̂(t) − 1; x̂(0) = 1, x̂(1) = 1.
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û(t) = ±∞ ∀t ∈ [0, 1]
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p̂(t) ≡ 0
�
t ∈ [0, 1]
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û
�]D�"��E(d,- �':*�����#��=�E,D�2(��
"�����4�%:�

[0, 1]
���Z�
�����-1A�D ���#�	�b][
'E&

1A��"7��J.� � 9C�P�21 "��\':�������� ���#�	��=	`�21A#��
�
���2(���#�#��G����_=��#�	��=42�7&
1��5*�	 �ne��D ��E( #���J:1A�2(IC�V �����21�,D"7���
	��

p̂(t) ≡ 0
� ˙̂p(t) ≡ 0

�

t ∈ [0, 1]
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x̂(t) ≡ 1
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t ∈ [0, 1]
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x̂(t) ≡ 1
�
t ∈ [0, 1]

�H�������
�
�o1A	�NPN$������#�e�	��7 ��
#��
�$':�����
#���#�	��
%��������
�
J+42�51��5*�	+	8�
�����-1A�D �	��

û(t) ≡ 0
�
t ∈ [0, 1]
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x̂(0) = 1
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x̂(1) = 1
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x̂(t) ≡ 1
�
û(t) ≡ 0

�
p̂(t) ≡ 0

�
t ∈ [0, 1]
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û(t)
#��Z�E,D��J\�
��"�	�(9�7 ��
#��
J\"�������%�"��
��	�	

x̂(t)
@l�E,D�
[
�
�
�

��Y



Y�� � *����
	:1A#�����*�"�� D�%!,D"����2(9�7 ��
x̂(t) ≡ 1

�
t ∈ [0, 1]

1A�E,D"7���� �;���"
N$':#�%�e�	��
#��7 �'

I(x(·)) ��[E,D�� �b�"�#�.RJL(�	�#�	�(�'!(I�A�$��	SD�"��E(

inf I(x(·)) ≡ abs min I(x(·)) ≡ I(x̂(·)) = 0.
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T (x(·), T ) ≡ T → inf , T > 0;

x(0) = x(T ) = 0;

∫ T

0

(ẋ2(t) − 4x(t)) dt ≤ −1

3
.

� ��� �! "���
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��(9�7 �	�42��e�	!;�C!�
[
�
4�#��5*�	�(

ẋ(t) = u(t)
��"��

c1��

B0(x(·), u(·), T ) ≡ T → inf , T > 0;
� V
� #!V �

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, T ];
� V
� # S �

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, T ];

� V
� #�!��

x(0) = 0, x(T ) = 0;
� V
� #7Y��

∫ T

0

(u2(t) − 4x(t)) dt+
1

3
≤ 0.
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L ≡
∫ T

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ p(ẋ− u) + λ(u2 − 4x) ≡ pẋ−H ;

��#
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H ≡ pu− λ(u2 − 4x);
"�����(�	�#���#�"�C

l ≡ λ0T + λ1x(0) + λ2x(T );

λ
�
λ0
�
λ1
�
λ2
�
p ≡ p(t)
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = −4λ̂;
[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �

k = 0
�
t0 = 0

�
k = 1

�

t1 = T
�-C

L̂ẋ(t̂k) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(t̂k) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(T̂ ) = −λ̂2;
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u
C

t���%a%!��%
L(u) = λ̂u2 − p̂u

	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂u2 − p̂(t)u),

	! �	���*�"��H"���kZ�P,��
(��
�
�

û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂u2);
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T

� ,$':*���"��E(d'E,- ��
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x̂(T̂ ) = 0

�-C

dL̂
dT

= 0
(
⇔ Ĥ(T̂ ) =

∂l̂

∂T

)
⇒

p̂(T̂ )û(T̂ ) − λ̂(û2(T̂ ) − 4 · 0) = λ̂0;
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λ̂ ·
(∫ T̂

0

(û2(t) − 4x̂(t)) dt+
1

3

)
= 0;
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λ̂0 ≥ 0
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˙̂x(t) = û(t),
˙̂p(t) = −4λ̂;

û(t) = arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂u2),

x̂(0) = 0, x̂(T̂ ) = 0;

p̂(0) = λ̂1, p̂(T̂ ) = −λ̂2;

p̂(T̂ )û(T̂ ) − λ̂û2(T̂ ) = λ̂0;

λ̂ ·
(∫ T̂

0 (û2(t) − 4x̂(t)) dt + 1
3

)
= 0;
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û(t) = p(t)
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ṗ(t) = −2
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λ̂0 = p2(T̂ )/2
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˙̂x(t) = p̂(t),
˙̂p(t) = −2,
˙̂y(t) = p̂2(t) − 4x̂(t),

x̂(0) = 0, x̂(T̂ ) = 0,

ŷ(0) = 0, ŷ(T̂ ) = −1/3;

T̂ > 0.
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x(0) = 0
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8c3/3 − 4c3 + c3 = −1/3
�
c3 = 1
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c = T̂ = 1
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T̂ = 1
�
x̂(t) = −t2 + t

�

p̂(t) = −2t+ 1 ∀t ∈ [0, 1]
�
λ̂1 = 1
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λ̂0 = 1/2
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x(·) ∈ C1([0, T ])
�
x̂(0) + x(0) = 0

�
x̂(T ) + x(T ) = 0

�
∫ T

0

(
( ˙̂x(t) + ẋ(t))2 − 4(x̂(t) + x(t))

)
dt ≤ −1/3

�
T > 0
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I(x(·), u(·)) ≡
∫ 1

0

(u2(t) − 2x(t)) dt→ inf ,

ẋ(t) + x(t) = u(t), u(t) ∈ R
1 ∀t ∈ [0, 1],

x(0) = 1, x(1) + 1/e = 1 + e.
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B0(x(·), u(·)) ≡
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(u2(t) − 2x(t)) dt → inf;
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ẋ(t) + x(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];
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u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];
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x(0) − 1 = 0, x(1) + 1/e− 1 − e = 0.
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L ≡
∫ 1

0

L(t) dt+ l;
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L ≡ λ0(u
2 − 2x) + p(ẋ+ x− u) ≡ pẋ−H ;
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H ≡ p(−x+ u) − λ0(u
2 − 2x);
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l ≡ λ1(x(0) − 1) + λ2(x(1) + 1/e− 1 − e);
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�
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p ≡ p(t)
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = p̂(t) − 2λ̂0;
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L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(1) = −λ̂2;
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2 − p̂u
	
H(u) = −L(u)
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û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂0u
2 − p̂(t)u),
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û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂0u
2).
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∂L̂/∂u = 0
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∂2L̂/∂u2 > 0
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∂Ĥ/∂u = 0
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2λ̂0û(t) − p̂(t) = 0, λ̂0 > 0

(
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p̂(t) − 2λ̂0û(t) = 0, λ̂0 > 0);
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û(t) = p̂(t)
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˙̂x(t) + x̂(t) = p̂(t),
˙̂p(t) − p̂(t) = −1;
x̂(0) = 1, x̂(1) = 1 + e− 1/e.
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p̂(0) = λ̂1
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p̂(1) = −λ̂2
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˙̂p(t) = p̂(t) − 1, dp̂(t)/(p̂(t) − 1) = dt,

ln |p̂(t) − 1| = t+A, p̂(t) = 1 + c1e
t (c1 = eA);

˙̂x(t) + x̂(t) = 1 + c1e
t, x̂(t) = 1 +

1

2
c1e

t + c2e
−t;

x̂(0) = 1, x̂(1) = 1 + e− 1/e⇒
⇒ c1 = 2, c2 = −1,
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x̂(t) = 1 + et − e−t ∀t ∈ [0, 1]
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û(t) = 1 + 2et ∀t ∈ [0, 1]
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x(·) ∈ C1([0, 1])
�
u(·) ∈ C([0, 1])

�
x̂(0) + x(0) = 1

�

x̂(1)+x(1) = 1+e−1/e
� ˙̂x(t)+ẋ(t)+(x̂(t)+x(t)) = û(t)+u(t)
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x̂(0) = 1
�
x̂(1) = 1+e−1/e	 ˙̂x(t)+x̂(t) = û(t)
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x(0) = 0

�
x(1) = 0

�
ẋ(t)+x(t) = u(t)
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∆I ≡ I(x̂(·) + x(·), û(·) + u(·)) − I(x̂(·), û(·)) ≡
≡

∫ 1

0 [(û+ u)2 − 2(x̂+ x)] dt−
∫ 1

0 (û2 − 2x̂) dt ≡
≡

∫ 1

0 2ûu dt+
∫ 1

0 u
2 dt−

∫ 1

0 2x dt =

=
∫ 1

0
2û(ẋ+ x) dt −

∫ 1

0
2x dt+

∫ 1

0
u2 dt ≥

≥
∫ 1

0 2ûẋ dt+
∫ 1

0 2ûx dt−
∫ 1

0 2x dt ≡
≡

∫ 1

0 2û dx+
∫ 1

0 2(û− 1)x dt ≡

≡ 2û(t)x(t)
∣∣∣
1

0
−
∫ 1

0 2 ˙̂ux dt+
∫ 1

0 2(û− 1)x dt ≡
≡ 2û(1) · 0 − 2û(0) · 0 +

∫ 1

0 2(û− ˙̂u− 1)x dt ≡
≡

∫ 1

0
2 · 0 · x dt ≡ 0.
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inf I(x(·), u(·)) ≡ abs min I(x(·), u(·)) ≡ I(x̂(·), û(·)) =

= 2e2 +2e−2/e−3.
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�	� ����� � � # �M� � ���*�P[���&H)*��$�� � J � �����>, )M,.$�Y��#�! #"%$���NGJ!+!/*��" �+����L)-��&'� ���L)*/ � KQ� ���;��KQJ.��)-��+���$�$�9C�:�I$#���*�! #"%$�9C�:� �7K%��$#,.��$�9C�:�
��$#���*,.$���/��:�E+ )M, ��,.$��E���2� ����+���N7�#, )M, ��,.$�$���N-\

I(x(·), u(·)) ≡
∫ 1

0

(u2(t) + 2x(t)) dt→ inf ,

ẍ(t) − ẋ(t) = u(t), u(t) ∈ R ∀t ∈ [0, 1],

x(0) = 0, x(1) = 0.� ��� �! "���
T � �?�
��(9�7 �	�42��e�	!;�CD�
[
�
4�#��5*�	�(

x(t) = x1(t)
�
ẋ(t) = x2(t)

��"��

c1��

B0(x1(·), x2(·), u(·)) ≡
∫ 1

0

(u2(t) + 2x1(t)) dt → inf;
� V
� �&!��

ẋ1(t) − x2(t) = 0,
ẋ2(t) − x2(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];

� V
� ��Y��

u(t) ∈ R
1 ≡ U ≡ (−∞,+∞) ∀t ∈ [0, 1];

� V
� ��#&�

x1(0) = 0, x1(1) = 0.
� V
� �&���

� 
�����#�	�*���#�	!; � V
� Y�� "�	����Z#��������
��#�,D"��Z��42�51��5*��o�
"
,D':"
,D"��
':b�"5�

V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0(u
2 + 2x1) + p1(ẋ1 − x2) + p2(ẋ2 − x2 − u)

≡ p1ẋ1 + p2ẋ2 −H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ p1x2 + p2(x2 + u) − λ0(u
2 + 2x1);

"�����(�	�#���#�"�C

l ≡ λ1x1(0) + λ2x1(1);

λ0
�
λ1
�
λ2
�
p1 ≡ p1(t)

�
p2 ≡ p2(t)

@ *�	�,- ��
�
.R�o	\N$':#�%�e�	���&
#��7 ��
#�.R�$(�#��5kH	�"��D �	af?��
�����#!k����

U !



S �a� 	�,D"��2(9� 'E,- ��
�
	�J]����	�#�e�	���� (9��%!,D	�(�'!(9� � 42�51��5*�� � V
� �&!�� M
� V
� �&���-C

���K':�����
#���#�	!;I1 J! ������5M:f?��
�����#!k�� �
i = 1, 2

�-C

− d

dt
L̂ẋi

(t) + L̂xi
(t) = 0

(
⇔ ˙̂pi(t) = −∂Ĥ(t)

∂xi

)
⇒

˙̂p1(t) = 2λ̂0; ˙̂p2(t) = −p̂1(t) − p̂2(t);

[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t0 = 0

�
k = 1

�

t1 = 1
�
i = 1, 2

�-C

L̂ẋi
(tk) = (−1)k ∂l̂

∂xi(tk)

(
⇔ p̂i(tk) = (−1)k ∂l̂

∂xi(tk)

)
⇒

p̂1(0) = λ̂1, p̂1(1) = −λ̂2; p̂2(0) = 0, p̂2(1) = 0;

���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���
u
C

"7��%L%!��%
L(u) = λ̂0u

2 − p̂2u
	
H(u) = −L(u)

��"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂0u
2 − p̂2(t)u),

	! �	

û(t) = arg abs max
u∈U

Ĥ(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂2(t)u− λ̂0u
2).

t���%3%!��% �m���
,�,�(9��"���	��E���2(��
J 42�51��5*��8,- �':*���J
λ̂0 = 0#����
�
42(��5kZ��#�� ,�(I���
.R_=�Z�a�$��	�(������aV?1� �;O42�51��5*`%! A�
,-&

,D	�*��2,D%:�

��q�E����	���e�	��
#�#��

��0	�,D*�	�,- ���#�	!;B��#��7 �	�4]'E,- ���&
�
	!;r��� �-�$	

U ≡ R ≡ (−∞,+∞)
�P"��]�
��"�	�(9�7 ��
#��
�

':�������� ���#�	��
û(t)

(��5kZ��"q[
.R"��q�
�����-1A�D ���#��q	�4]'E,- ���&
�
	�J

∂L̂/∂u = 0
�
∂2L̂/∂u2 > 0

� 	! �	
∂Ĥ/∂u = 0

�

∂2Ĥ/∂u2 < 0
�-C

2λ̂0û(t) − p̂2(t) = 0, λ̂0 > 0

(
	! �	

p̂2(t) − 2λ̂0û(t) = 0, λ̂0 > 0);

U Y




 �K'E,- ��
�
	!;�,D"7��e�	��
#�����#��E,D"�	Z���
t0
�
t1
�$42�51��5*��I�
"
,D':"
,D"��
'E&

b�"5��"7��%\%!��%
t0
�
t1
@ N$	�%!,D	����
�E��#�. �

t0 = 0
�
t1 = 1

���
1��G'E,- ��
�
	!;�1A�
���� �#!;�b�h=��JG#��DkZ�2,D"�%:�E,D"�	G�
"
,D':"
,D"��
':b�"5��"7��%
%!��%\��42�51��5*��$#���"�'E,- ��
�
	�J � V
� Y��j"�	�����#��������
��#�,D"�� �

� �K'E,- ��
�
	��o#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�

k �G'E,- ��
�
	�� � u s � � �
4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!��\t���%8%!��%O��#��
��(9�7 ��
#�.RJ8,- �':*���J
λ̂0 = 0

�L���
,�,�(9��"���	��E���2(��
J
42�51��5*���#����
�
42(��5kZ��# � ,�(I��'E,- ��
�
	������ ��	$���/'E,- ��
�
	�bO� �

λ̂0 > 0
�

"��R�R%!�5*��2,D"��
�
λ̂0
(��5kH#��R�
4D;�"��I �b�[
�
������ ��5kH	�"��D ��
#��
�9*�	�,- ����

�K*��
,D"�#��E,D"�	��
λ̂0 = 1/2

� 'E,- ��
�
	��?#��
��(�	����
�
%�	
�-��iI,- ��-1�,D"��
	��
D�"��

��G�\'E,- ��
�
	�	+���

û(t) = p̂2(t)
���$�21�,D"7���
	��

û(t) = p̂2(t)
�

':�����
#���#�	!; � V
� ��Y��I	
λ̂0 = 1/2

�H':�����
#���#�	!;+���-���������
[
����4�'
�2(
'E,- ��
�
	!; � V
� ��Y��-� � V
� �&���-�9���-� [��=�O%��������
':bp42�51��5*�' � %��������
':b
42�51��5*�'H����	�#�e�	����H(9��%!,D	�(�'!(9���-C





˙̂x1(t) = x̂2(t),
˙̂x2(t) = x̂2(t) + p̂2(t),
˙̂p1(t) = 1,
˙̂p2(t) = −p̂1(t) − p̂2(t);
x̂1(0) = 0, x̂1(1) = 0; p̂2(0) = 0, p̂2(1) = 0.

� V
� � U �

iWD�"��
JK%��������
�
JH42�51��5*��/#���	�4��
�2,D"�#�. *���"�.R�������E,D"��5;�#�#�.R��	�#!&
"���
���	����
�E��#�	!;+���Z,D	�,D"��2(�.)1A	�NPN$������#�e�	��7 ��
#�.I6L':�����
#���#�	�J��
	�1� �;d	!6n�
�����-1A�D ���#�	!;m	�(�����"
,c;d*���"�.R���L%��������
.I6�'E,- ��
�
	!;��
Q ,- ��
�
	!;G[��-C

p̂1(0) = λ̂1
�
p̂1(1) = −λ̂2

�!��%��������
':b]42�51��5*�'�#��
�
%! �b�*���b�"
,c;��9"7��%m%!��%m�
#�	 ,- �'Ek���"+1� �; �
�����-1A�D ���#�	!; (�#���&
kH	�"��D ���J

λ̂1
�
λ̂2
��%:�
"��
��.R�K#��a����_=��#�	��K%��������
�
JO42�51��5*�	O#��

�� �	!;�b�"5�!	\���
"��E(�'K	!6G�
�����-1A�D �;�"���#��$"�����[
'
��"
,c;��!s���_=	�( D�"�'
%��������
':b]42�51��5*�'
�
t���%K%!��% ˙̂p1(t) = 1

�E"��
p̂1(t) = t+ c1

� ˙̂p2(t)+ p̂2(t) = −t− c1
�

� [
h=	�(`����_=��#�	��2(O�21A#��
���21A#��

��o':�����
#���#�	!; ˙̂p2(t)+ p̂2(t) = 0[
'�1A��"nN$':#�%�e�	!;
p̂2 � (t) = ce−t �IvP�
,D"�#��
�a����_=��#�	��`#����21A#���&

���21A#��

���':�����
#���#�	!;a[
'�1A�2(m	�,D%!��"��K�K�
	:1A�
C
p̂2 � (t) = At + B

�
�$�21�,D"7���
	��

p̂2 � (t)
� #����21A#��
���21A#��
�]':�����
#���#�	��
�K���� �':*�	�(IC

A = −1
�
B = 1 − c1

� � "��

c1��
p̂2(t) = ce−t − t + 1 − c1

U #



@ �
[
h=���8����_=��#�	���#����21A#��
���21A#��

��m':�����
#���#�	!;�� � �����-1A�D �	��

c
�
c1
	�4L'E,- ��
�
	�J

p̂2(0) = 0
�
p̂2(1) = 0

C
c = −e/(e − 1)

�

c1 = −1/(e− 1)
��#���J:1A�2(mN$':#�%�e�	�	

p̂2(t)
�
û(t)

C

p̂2(t) = û(t) = −t+ e

e− 1
(1 − e−t).

�$�21�,D"7���
	��
û(t)

�G	�,c6E�21A#��
�$1A	�NPN$������#�e�	��7 ��
#��
�?':�����
#���#�	��
1� �;

x̂(t)
������ �':*�	�(IC

¨̂x(t) − ˙̂x(t) = −t+ e

e− 1
(1 − e−t).

� V
� �
X��

� [
h=	�( ����_=��#�	��2( ':�����
#���#�	!; � V
� �
X��8[
'�1A��"q,D'!(9(9�0�
[
h=�D&

�������_=��#�	!; �21A#��
���21A#��

��8':�����
#���#�	!; 	 *��
,D"�#��

��n����_=��#�	!;
#����21A#��
���21A#��

���� � [
h=	�(m����_=��#�	��2(m�21A#��
���21A#��

��Z':�����
#���#�	!;
¨̂x(t)− ˙̂x(t) = 0

[
'�1A��"$N$':#�%�e�	!;
x̂ � � (t) = M+Net �

k2−k = 0@ 6:������%�"�����	�,D"�	�*��2,D%�	�Jp(�#��

��
*! ���#l':�����
#���#�	!; �
k1 = 0

�

k2 = 1
@p%:�
��#�	+(�#��

��
*! ���#����-�A�$�E,D%:�� ��
%�'

k1 = 0
�A"��G*��
,D"7&

#��
�?����_=��#�	��Z#����21A#��
���21A#��

���':�����
#���#�	!;
x̂ � � (t)

,- ��-1A'
��"G	�,-&
%!��"��P�?�
	:1A�
C

x̂ � � (t) = Pe−t + t(Lt+Q)
�
�$�%D2NPN$	�e�	���#�"�.

P
�

L
�
Q
�
�����-1A�D �	�(I�����21�,D"7���
	��

x̂ � � (t)
�H':�����
#���#�	�� � V
� �
X��-C

P = − e

2(e− 1)
, L =

1

2
, Q = − 1

e− 1
.

� "��

c1��

x̂(t) = M +Net − e

2(e− 1)
e−t +

1

2
t2 − 1

e− 1
t

@W�
[
h=���=����_=��#�	���#����21A#��
���21A#��

��G':�����
#���#�	!;�� V
� �
X��-� � �����D&
1A�D �	��

M
	
N
	�4L%��������
.I6�'E,- ��
�
	�J

x̂(0) = 0
�
x̂(1) = 0

�
���� �':*�	�(n	�,D%:�E(�':b D�%!,D"����2(9�7 ��$�8D�%!,D"����2(9�7 ��H�$�
#�"��E;�
�	�#����-C

x̂(t) =
e2 + e− 4

2(e− 1)2
− e− 2

(e− 1)2
et − e

2(e− 1)
e−t +

1

2
t2 − 1

e− 1
t.

Y��\�P,�,- ��-1A'
�2( ���� �':*���#�#��
�^����_=��#�	��
x̂(·) � û(·) #��q��[E,D�� �b�"7&

#�':b �
��"�	�(9�7 ��
#��E,D"���� � �����E,D���-1�,D"��
��#�#��
J3�����
�
����%:�
J3���
%!�7&
kZ�2(I�o*�"��

x̂(·) � û(·) 1A�E,D"7���� �;�b�"^N$':#�%�e�	��
#��7 �')��[E,D�� �b�"7&
#�.RJ (�	�#�	�(�'!(I�Z<? �; D�"��

��q�
�
42(�':"�	�(

x̂(·) � û(·) ���E,D���-1�&
,D"��
�E(dN$':#�%�e�	�J

x(·) � u(·) ��"7��%\*�"��
[
.]N$':#�%�e�	�	 x̂(·) + x(·) �

U �



û(·) + u(·) �E,D"7�7 �	�,D�?1A�
��'E,D"�	�(�./(�	���i ���
,�,�(9��"���	��E���2(��
JK42�7&1��5*��PN$':#�%�e�	�	
x̂(·) + x(·) � û(·) + u(·) [
'�1A':"=1A�
��'E,D"�	�(�./(�	���2,- �	

x(·) ∈ C2([0, 1])
�
u(·) ∈ C([0, 1])

� ¨̂x+ẍ−( ˙̂x+ẋ) = û+u
�

x̂(0) + x(0) = 0
�
x̂(1) + x(1) = 0

� � ���E,D%:�� ��
%�'K���K'E,- ��
�
	�b
42�51��5*�	

x̂(0) = 0
�
x̂(1) = 0

� ¨̂x− ˙̂x = û
�2"��

x(0) = 0
�
x(1) = 0

�

ẍ− ẋ = u
� � �����-1A�D �	�(d,o':*���"��E(d���� �':*���#�#�.I6G'E,- ��
�
	�JG4�#���%

����	�����h=��#�	!;LN$':#�%�e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·), û(·) + u(·)) − I(x̂(·), û(·)) ≡
≡

∫ 1

0 [(û+ u)2 + 2(x̂+ x)] dt−
∫ 1

0 (û2 + 2x̂) dt ≡
≡

∫ 1

0
2ûu dt+

∫ 1

0
u2 dt+

∫ 1

0
2x dt ≥

≥
∫ 1

0
2û(ẍ − ẋ) dt+

∫ 1

0
2x dt ≡

≡
∫ 1

0 2û dẋ−
∫ 1

0 2û dx+
∫ 1

0 2x dt ≡
≡ 2û(t)ẋ(t)

∣∣∣
1

0
−
∫ 1

0
2ẋ · ˙̂u dt−

− 2û(t)x(t)
∣∣∣
1

0
+
∫ 1

0 2x ˙̂u dt+
∫ 1

0 2x dt ≡
≡ 0 −

∫ 1

0 2 ˙̂u dx− 0 +
∫ 1

0 2 ˙̂ux dt+
∫ 1

0 2x dt ≡
≡ −2 ˙̂u(t)x(t)

∣∣∣
1

0
+
∫ 1

0 2¨̂ux dt+
∫ 1

0 2 ˙̂ux dt+
∫ 1

0 2x dt ≡
≡ 0 +

∫ 1

0 2 (¨̂u+ ˙̂u+ 1)x dt ≡
≡

∫ 1

0
2 · 0 · x dt ≡ 0.

t���%m%!��%d����	d �b�[
.I6O1A�
��'E,D"�	�(�.I6d�
�
42(�':h=��#�	!;!6
x(·) � u(·)���� �':*���#�#��

��K����_=��#�	!;

x̂(·) � û(·) N$':#�%�e�	��
#��7 I #��Z':[
.R�E�7&��"�C
∆I ≥ 0

��"��+N$':#�%�e�	�	
x̂(·) � û(·) 1A�E,D"7���� �;�b�"\�2(�'8��[E,D��& �b�"�#�.RJa(�	�#�	�(�'!(I�A�$��	 D�"��E(

inf I(x(·), u(·)) ≡ abs min I(x(·), u(·)) ≡ I(x̂(·), û(·)) =

= 3(2e−3)/(e−1)2−7.

�	� ����� ���.# �M� � ���*� [���&H)*��$�� � J �;(%$�K%Y�����$#�! #�'� �B�' #"%Y#���
�;��KQJ.��)-��+���$�$�9C�:�7$#���*�! #"%$�9C� �GK%��$#,.��$�9C� ��$#���*,.$���/��:�I+ )M, ��,.$��
�IK@)*��,!+�9C� (QJ  #��+��#, � �����#�P$#, )*��+�,.$#J.�P+��%\

B0(x(·), u(·)) ≡
∫ 2

1
u2(t) dt+ x2(1) → inf ,

ẋ(t) = 1
tx(t) + u(t), u(t) ∈ R

1 ≡ (−∞,+∞) ∀t ∈ [1, 2],
x(2) ≤ 3.

U
U



� ��� �! "���
i D�"��
Ja42�51��5*��?��[E,D�� �b�"�#�.RJ+(�	�#�	�(�'!(^N$':#�%�e�	��
#��7 A�=1A�E,D"�	�
D�7&

��"
,c;����
*����
	:1A#����!����	
x̂(t) ≡ 0

�
û(t) ≡ 0

�
t ∈ [1, 2]

���$�
%!�7kZ�2(I�!%!��%
D�"��H����_=��#�	��$���� �':*�����"
,c;\#��Z�E,D#��
�
�o����	�#�e�	����H(9��%!,D	�(�'!(9���
T � �?�
��(9�7 �	�42��e�	!;�C

B0(x(·), u(·)) ≡
∫ 2

1

u2(t) dt+ x2(1) → inf;
� V
� �&���

ẋ(t) − 1

t
x(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [1, 2];

� V
� U7T �

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [1, 2];

� V
� U V �

x(2) − 3 ≤ 0.
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L ≡
∫ 2

1

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0u
2 + p(ẋ− 1

t
x− u) ≡ pẋ−H ;
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#�"��E;�
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H ≡ pu− λ0u
2 + p

x

t
;

"�����(�	�#���#�"�C

l ≡ λ0x
2(1) + λ(x(2) − 3);

λ0
�
λ
�
p ≡ p(t)
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = −1

t
p̂(t);
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k = 0

�
t0 = 1

�
k = 1

�

t1 = 2
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(1) = 2λ̂0x̂(1), p̂(2) = −λ̂;
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u
C

"7��%L%!��%
L(u) = λ̂0u

2 − p̂u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs min
u∈(−∞,+∞)

(λ̂0u
2 − p̂(t)u),

	! �	

û(t) = arg abs max
u∈U

H(u) ≡ arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂0u
2).

t���%\%!��%\,- �':*���J
λ̂0 = 0
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U ≡ R
1 ≡ (−∞,+∞)
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û(t)
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∂L̂/∂u = 0

�
∂2L̂/∂u2 > 0

� 	! �	
∂Ĥ/∂u = 0

�

∂2Ĥ/∂u2 < 0
�-C

2λ̂0û(t) − p̂(t) = 0, λ̂0 > 0

(
	! �	

p̂(t) − 2λ̂0û(t) = 0, λ̂0 > 0);
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λ̂ · (x̂(2) − 3) = 0;
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û(t) = p̂(t)
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û(t) = p̂(t)
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



˙̂x(t) = 1
t x̂(t) + p̂(t), û(t) = p̂(t),

˙̂p(t) = − 1
t p̂(t);

p̂(1) = x̂(1), p̂(2) = −λ̂; λ̂ · (x̂(2) − 3) = 0.
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p̂(1) = x̂(1)
������ �':*�	�(IC

p̂(t) = c
t ;

˙̂x(t) = x̂(t)+c
t ⇒ x̂(t) = c1t− c;

p̂(1) = x̂(1) ⇒ c1 = 2c⇒ x̂(t) = 2ct− c.
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λ̂ = 0
	
λ̂ > 0
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λ̂ = 0
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p̂(2) = 0
�

� "��

c1��
c = 0

�
x̂(t) ≡ 0

�
û(t) ≡ 0

�
t ∈ [1, 2]
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λ̂ > 0

	�4$'E,- ��
�
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���� �#!;�b�h=��J\#��DkZ�2,D"�%:�E,D"�	L,- ��-1A'
��"
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�

x̂(2)− 3 = 0
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c
C
c = 1

��i^	�"��

��$���� �':*����2(n����_=��#�	��
C

x̂(t) = 2t− 1, û(t) =
1

t
= p̂(t) ∀t ∈ [1, 2].

� 
�����#�	�*���#�	��
1/2 = p̂(2) = −λ ≤ 0
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x̂(t) ≡ 0

�
t ∈ [1, 2]

	=':�������� ���#�	��

û(t) ≡ 0
�
t ∈ [1, 2]
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#��7 �'a��[E,D�� �b�"�#�.RJ
(�	�#�	�(�'!(I���$��	 D�"��E(

inf I(x(·), u(·)) ≡ abs min I(x(·), u(·)) ≡ I(x̂(·), û(·)) = 0.
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����+���N7�#, )M, ��,.$�$���N-\

T (x(·), u(·), T ) ≡ T → inf , T > 0;
� V
� U Y��

ẋ(t) − x(t) + tu(t) = 0 ∀t ∈ ∆0 ≡ ∆ ≡ [0, T ];
� V
� U #&�

u(t) ∈ U ≡ {u(t) | 0 < u(t) < 2} ∀t ∈ [0, T ];
� V
� U ���

∫ T

0

sin2 u(t) dt− 1 = 0, x(0) − 1 = 0.
� V
� U
U �
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L ≡
∫ T

0

L(t) dt+ l;

X�V
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L ≡ p(ẋ− x+ tu) + λ · sin2 u ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ p(x− tu) − λ · sin2 u;

"�����(�	�#���#�"�C

l ≡ λ0T + λ1(x(0) − 1);

λ0
�
λ1
�
λ
�
p ≡ p(t)
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = −p̂(t);
[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �

k = 0
�
t0 = 0

�
k = 1

�

t1 = T
�-C

L̂ẋ(t̂k) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(t̂k) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(T̂ ) = 0;
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u
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t���%a%!��%
L(u) = p̂tu+ λ̂ sin2 u

	
H(u) = −L(u)

��"��

û(t) = arg abs min
u∈(0,2)

(λ̂ sin2 u+ p̂(t)tu)

	! �	

û(t) = arg abs max
u∈(0,2)

(−λ̂ sin2 u− p̂(t)tu);
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t0 = 1
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T
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dL̂
dT = 0 (⇔ Ĥ(T̂ ) = ∂l̂

∂T ) ⇒
p̂(T̂ )(x̂(T̂ ) − T̂ û(T̂ )) − λ̂ sin2 û(T̂ ) = λ̂0;
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λ̂0 ≥ 0
�
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�
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

˙̂x(t) = x̂(t) − tû(t),
˙̂p(t) = −p̂(t),
û(t) = arg abs min

u∈(0,2)

(λ̂ sin2 u+ p̂(t)tu);

x̂(0) = 1; p̂(T̂ ) = 0;

p̂(T̂ )(x̂(T̂ ) − T̂ û(T̂ )) − λ̂ sin2 û(T̂ ) = λ̂0;
∫ T̂

0 sin2 û(t) dt = 1;

T̂ > 0; λ̂0 ≥ 0;'E,- ��
�
	�� � u s � � �\'E,- ��
�
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��(�	����
�
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.
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p̂(0) = λ̂1
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t���%d%!��% ˙̂p(t) = −p̂(t) � p̂(T̂ ) = 0
��"��

p̂(t) ≡ 0
�
t ∈ [0, T̂ ]

�

û(t) = arg abs min
u∈(0,2)

(λ̂ sin2 u)
� −λ̂ sin2 û(T̂ ) = λ̂0
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���E,- ��-1A#��2(n�����
��#�,D"��
�
λ̂0 ≥ 0

�
sin2 û(T̂ ) ≥ 0

��"��
λ̂ ≤ 0

�
u ,- �	

λ̂ = 0
�E"��

λ̂0 = 0
� � ���E,D%:�� ��
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p̂(t) ≡ 0
�
t ∈ [0, T̂ ]

�E"��

λ̂1 = 0
�!	L#��P�
.R���� �#!;���"
,c;\'E,- ��
�
	�� � u s � � �

u ,- �	
λ̂ < 0

��"��
û(t) = π/2 ∀t ∈ [0, T̂ ]

� −λ̂ · 1 = λ̂0
���E,- ��-1�&

,D"��
	�� *���
��
λ̂0 > 0

�7�$�� ��5kH	��
λ̂0 = 1

� 'E,- ��
�
	�� #��
��(�	����
�
%�	
�-�
���� �':*�	�(IC ∫ T̂

0 1 dt = 1
�
T̂ = 1

��s���_=	��H1��7 ����Z42�51��5*�'L�$�
_=	�C
˙̂x(t) = x̂(t) − tπ/2

�
x̂(0) = 1

������ �':*�	�(IC
x̂(t) = et − πt2/4

∀t ∈ [0, T̂ ]
�

i ����4�'2 ��7"7��"��)����_=��#�	!;W%��������
�
JB42�51��5*�	B����	�#�e�	���� (9��%!&
,D	�(�'!(9�^���� �':*����2(ICo�
���2(�;

T̂=1
�o':�������� ���#�	��

û(t) = π/2
∀t ∈ [0, T̂ ]

	 D�%!,D"����2(9�7 �� �$�
#�"��E;�
�	�#��
x̂(t) = et − πt2/4

∀t ∈ [0, T̂ ]
�

Y��\�P,�,- ��-1A'
�2(+���� �':*���#�#��
�I����_=��#�	��R#��P��[E,D�� �b�"�#�':b �
��"�	�(9�7 ���&
#��E,D"������$���-1A���� ��5kH	�(I�A*�"��a,D':h=�2,D"��
'
��"

T
� 4�#��5*���#�	��ZN$':#�%!&

e�	��
#��7 A���-� 1� �; %:�
"��
���

��
T ≤ T̂ = 1

� � *����
	:1A#��n�
e���#�%!��C

T ≡
∫ T

0 1 dt ≥
∫ T

0 sin2 u(t) dt = 1
�/	�4�%:�
"��
���
J3,- ��-1A'
��"�C

T ≥ 1
� � ���E,D%:�� ��
%�'O���O�����-1A���� ��5kZ��#�	�b

T ≤ T̂ = 1
��"��

T = 1 = T̂
��	d,- ��-1A�
�E��"��D ��
#������`���
,�,�(9��"���	��E���2(��
Jn42�51��5*��

T̂ = 1
@l��[E,D�� �b�"�#��H(�	�#�	�(9�7 ��
#��
�$4�#��5*���#�	��

T
�

i 	�"��

��P���� �':*����2(IC

inf T (x(·), u(·), T ) ≡ abs minT (x(·), u(·), T ) ≡
≡ T (x̂(·), û(·), T̂ ) ≡ T̂ = 1,

x̂(t) = et − πt2/4, û(t) = π/2 ∀t ∈ [0, T̂ ].

�	� ����� ����# �M� � ���*��[���&H)*��$�� ����+ K%�����L)-��N )M,.OP,.$��#,EJ.( �P,.�
J.�P+�(Q,.�  #��O�" + ��$��L)����! #"%$��'� J  #(%�*��, � ��)-�

λ̂0 = 0
�

B0(x(·), u(·)) ≡
∫ 1

0

(u2(t) + u(t)) dt→ inf;
� V
� X T �

ẋ(t) − x(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];
� V
� X�V �

X�Y



u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];

� V
� X S �
∫ 1

0

(x2(t) + 2tx(t)) dt+
1

3
= 0, x(1) + 1 = 0.

� V
� X&!��

� 
�����#�	�*���#�	!;�� V
� Y�� "�	�����#��������
��#�,D"�����42�51��5*��$�
"
,D':"
,D"��
':b�"5�
� ��� �! "���

T � �?�
��(9�7 �	�42��e�	!;�C!42�51��5*��='EkZ�PN$�
��(9�7 �	�4��
�E��#����
V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0(u
2 + u) + p(ẋ− x− u) + λ(x2 + 2tx) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ p(x+ u) − λ0(u
2 + u) − λ(x2 + 2tx);

"�����(�	�#���#�"�C

l ≡ λ1(x(1) + 1);

λ0
�
λ1
�
λ
�
p ≡ p(t)

@p*�	�,- ��
�
.R�=	8N$':#�%�e�	��
#��7 ��
#�.RJ`(�#���&
kH	�"��D �	Lf?��
�����#!k����

S �a� 	�,D"��2(9� 'E,- ��
�
	�J]����	�#�e�	���� (9��%!,D	�(�'!(9� � 42�51��5*�� � V
� X T � M
� V
� X&!��-C

���K':�����
#���#�	��]1 J! ������5M:f?��
�����#!k���C

− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = −p̂(t) + 2λ̂(x̂(t) + t);
[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �

k = 0
�
t0 = 0

�
k = 1

�

t1 = 1
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = 0, p̂(1) = −λ̂1;

X�#



���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���
u
C

"7��%L%!��%
L(u) = λ̂0(u

2 + u) − p̂u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈(−∞,+∞)

(λ̂0(u
2 + u) − p̂(t)u),

	! �	

û(t) = arg abs max
u∈(−∞,+∞)

(p̂(t)u− λ̂0(u
2 + u));


 �K'E,- ��
�
	!;�,D"7��e�	��
#�����#��E,D"�	Z���
t0
�
t1
�$42�51��5*��I�
"
,D':"
,D"��
'E&

b�"5��"7��%\%!��%
t0
�
t1
@ N$	�%!,D	����
�E��#�. �

t0 = 0
�
t1 = 1
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"
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,D"��
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�
	�J � V
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��#�,D"�� �

� �K'E,- ��
�
	��o#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�

k �G'E,- ��
�
	�� � u s � � �
4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!��L������	�_=�2(n	�4��
������	�(���"���	�*��2,D%:�
�$'E,- ��
�
	��o�H�
	:1A�
C

0 =

∫ 1

0

(x̂2(t) + 2tx̂(t)) dt +
1

3
≡

≡
∫ 1

0

(x̂2(t) + 2tx̂(t) + t2) dt ≡
∫ 1

0

(x̂(t) + t)2 dt,

	?�������
[
����4�'
�2(\'E,- ��
�
	!; � V
� X�V �-�5��� M:���-�2� � M:4 �-��� V
� X&!�����%��������
':b
42�51��5*�' � %��������
':b342�51��5*�'H����	�#�e�	����H(9��%!,D	�(�'!(9���-C





˙̂x(t) = x̂(t) + û(t),
˙̂p(t) = −p̂(t) + 2λ̂(x̂(t) + t),

û(t) = arg abs max
u∈U

(p̂(t)u− λ̂0(u
2 + u));

x̂(1) = −1; p̂(0) = 0;
∫ 1

0
(x̂(t) + t)2 dt = 0;

λ̂0 ≥ 0;'E,- ��
�
	�� � u s � � �!'E,- ��
�
	��o#��
��(�	����
�
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λ̂0
�
λ̂

� YK#���	�4��
�2,D"�#�.I6 �-�A	\1� �;+	!6a�
�����-1A�D ���#�	!;
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�
	!;
�-�Eij"��
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p̂(1) = −λ̂1
�K%��������
':b)42�51��5*�'K#��?�
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#��
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�
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�$4q��6E�21�;�h=��
��l�p%��������
':b 42�51��5*�'B	�4��
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�
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x̂(t) = −t ∀t ∈ [0, 1]
���$��	GD�"��E( %��������
�
�

'E,- ��
�
	��
x̂(1) = −1

���
"��E(9��"�	�*��2,D%�	8�
.R���� �#!;���"
,c;���t���%�%!��%
����	

x̂(t) = −t ∀t ∈ [0, 1]
	�(����2(IC ˙̂p(t) = −p̂(t) �2	 p̂(0) = 0

�D"��

p̂(t) ≡ 0
�
t ∈ [0, 1]

� � "��

c1��
û(t) = arg abs max

u∈(−∞,+∞)

(−λ̂0(u
2+u))

�

λ̂0 ≥ 0
�

u ,- �	
λ̂0 > 0

��"���������	�#!;��
λ̂0 = 1

� 'E,- ��
�
	��G#��
��(�	����
�
%�	
�-�
���� �':*�	�(IC

û(t) = −1/2 ∀t ∈ [0, 1]
� ˙̂x(t) = x̂(t) − 1/2

� � ����&
,D%:�� ��
%�'

x̂(1) = −1
��"��

x̂(t) = (1 − 3et−1)/2 ∀t ∈ [0, 1]
� � �

D�"7�/N$':#�%�e�	!;P#�� '�1A�
�� ���"��
�
�E;���"I	�4��
������	�(���"���	�*��2,D%:�E(�'$'E,- ���&
�
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λ̂0 > 0
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�
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�E��"��D ��
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�����#!k��P#��$,D':h=�2,D"��
'
��"5�
u ,- �	

λ̂0 = 0
�
"����E���E,D%:�� ��
%�'

p̂(t) ≡ 0
�
t ∈ [0, 1]

�
':�������� ���#�	��

û(t)
	�4�'E,- ��
�
	!;��
��"�	�(9�7 ��
#��E,D"�	H���

u
�
�����-1A�D �	�"��?#��D ��
4D;��
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"��E(�'$����	
λ̂0 = 0

D�"���':�������� ���#�	�� [
'�1A��"]��J.� � 9C�P�5u 
��o(��5k�&
#��\�
�����-1A�D �	�"��L	�4�':�����
#���#�	!; ˙̂x(t) = x̂(t) + û(t)

�
t ∈ [0, 1]

�
���21�,D"7���
	��H�G#���
��

x̂(t) = −t ���$�E,- ��?���21�,D"7��#��
�
%�	L���� �':*�	�(IC

û(t) = t− 1 ∀t ∈ [0, 1]
�A���
(���"�	�(I��*�"��H'E,- ��
�
	�� � u s � � ����	

D�"��E(]�
.R���� �#!;���"
,c;�C
λ̂0 = 0

�
p̂(t) = 0

� ∀t ∈ [0, 1]
�
λ̂1 = 0

�

λ̂
@  �b�[
�
�
���O*��
,D"�#��E,D"�	��

λ̂ 6= 0
�9*�"��O,- ��-1A'
��"8	�4G1A	�NPN$�D&

����#�e�	��7 ��
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��H':�����
#���#�	!;\1� �;
p̂(t)

C
0 = 0 + 2λ̂ · 0 ��i]	�"��

������ �':*����2(I�
*�"��=����_=��#�	��2(O%��������
�
JH42�51��5*�	H����	�#�e�	����=(9��%!,D	!&

(�'!(9�K	���,- ��-1A�
�E��"��D ��
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'�1A��"
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λ̂0 = 0
�
x̂(t) = −t ∀t ∈ [0, 1]

, ��J.���
� 9C� (%��)*��+! -,.$��#, �

û(t) = t− 1 ∀t ∈ [0, 1]
�:����	�*��2(

p̂(t) ≡ 0
�

t ∈ [0, 1]
�
λ̂1 = 0

�
λ̂
@  �b�[
�
�
��#��=�����
#��
�P#�'2 �b=���$�E,D%:�� ��
%�'

λ̂0 = 0
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Y��\�P,�,- ��-1A'
�2(3���� �':*���#�#�':b D�%!,D"����2(9�7 �� �8D�%!,D"����2(9�7 ��O�$�
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�	�#����
x̂(t) = −t ∀t ∈ [0, 1]

#��Z��[E,D�� �b�"�#�':b]�
��"�	�(9�7 ��
#��E,D"����
<? �;7D�"��

��\�
�
42(�':"�	�(

x̂(·) ���E,D���-1�,D"��
�E(^N$':#�%�e�	�	 x(·) ��"7��%*�"��
[
.pN$':#�%�e�	!;
x̂(·) + x(·) �E,D"7�7 A�
,D�+1A�
��'E,D"�	�(��
J�� il���
,-&

,�(9��"���	��E���2(��
J`42�51��5*���N$':#�%�e�	!;
x̂(·) + x(·) [
'�1A��"K1A�
��'E,D"�	!&(��
J��!�2,- �	

x(·) ∈ C1([0, 1])
�
x̂(1) + x(1) = −1

�

∫ 1

0

[(x̂(t) + x(t))2 + 2t(x̂(t) + x(t))] dt + 1/3 = 0.

t���%L%!��%
x̂(t) = −t � x̂(1) = −1

�!"��
x(1) = 0

�

∫ 1

0

(x̂2(t)+2tx̂(t)) dt+

∫ 1

0

(2x̂(t)x(t)+2tx(t)) dt+

+

∫ 1

0

x2(t) dt+1/3 = 0

⇔ −1/3 + 0 +
∫ 1

0 x
2(t) dt + 1/3 = 0 ⇔

∫ 1

0 x
2(t) dt = 0 ⇔

x(t) ≡ 0
�
t ∈ [0, 1]

���$4]D�"��

��\"��5kZ1A�2,D"��E�G,- ��-1A'
��"5�A*�"��\�G42�7&
1��5*��=�2,D"��L"��� ��
%:�G�21A#���1A�
��'E,D"�	�(9�7;7D�%!,D"����2(9�7 ���C

x̂(t) = −t
∀t ∈ [0, 1]

� 	 ���\1A�
��'E,D"�	�(�.R�a�E����	���e�	�	m	�� ,- ��-1A�
�E��"��D ��
#����
1A�
��'E,D"�	�(�.R�R�E����	���e�	�	HN$':#�%�e�	��
#��7 A�o#����
�
42(��5kH#�.P��t���%H%!��%
˙̂x(t)+ẋ(t)−x̂(t)−x(t) = û(t)+u(t)

�7"��
u(t) = ẋ(t)−x(t) ≡ 0

�

t ∈ [0, 1]
��	n���
"��E(�'

û(t) = t − 1 ∀t ∈ [0, 1]
@ �-1A	�#�,D"��
��#!&

#��7;L1A�
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��Z���� �':*��7&
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�K����_=��#�	��
��#��ED�"��E(3���D&
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,c;K��[E,D�� �b�"�#�.RJK(�	�#�	�(�'!(nN$':#�%�e�	��
#��7 A����	
D�"���@ ��$��L)����! #"%$���,�����_=��#�	�� JB��J.� � 9C� (%��)*��+! -,.$��#, �

λ̂0 = 0
�

x̂(t) = −t � û(t) = t− 1 ∀t ∈ [0, 1]
���$��	SD�"��E(

inf B0(x(·), u(·)) ≡ abs minB0(x(·), u(·)) ≡

≡ B0(x̂(·), û(·)) = −1/6.

�	� ����� � � # �M� � ���*�Z[���&H)*��$�� ���S+ K%�����L)-��N �����������! #"%$#�!/
�`)*��,.K%���L)-��/GJ.� � , ) � ��� (%�*��J.����KSJ���J.� � 9C� (%��)*��+! -,.$��#, �]\

I(x(·), u(·)) ≡
∫ 2

0

(tu(t) − 1)2(2x(t) − t2 + 1)2 dt→ inf;
� V
� X�#&�

X
X



ẋ(t) − tu(t) = 0 ∀t ∈ ∆0 ≡ ∆ ≡ [0, 2];
� V
� X&���

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 2];

� V
� X U �

x(0) +
1

2
= 0, x(2) − 1 = 0.
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� X
X��
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,D"��
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L ≡
∫ T

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0(tu− 1)2(2x− t2 + 1)2 + p(ẋ− tu) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
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H ≡ ptu− λ0(tu− 1)2(2x− t2 + 1)2;

"�����(�	�#���#�"�C

l ≡ λ1(x(0) +
1

2
) + λ2(x(2) − 1);

λ0
�
λ1
�
λ2
�
p ≡ p(t)
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = 4λ̂0(tû− 1)2(2x̂(t) − t2 + 1);
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k = 0

�
t0 = 0

�
k = 1

�

t1 = 2
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(2) = −λ2;
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H(u) = p̂tu−λ̂0(tu−1)2(2x̂−t2+1)2 = −L(u)

�
"��

û(t) = arg abs max
u∈U

[p̂(t)tu− λ̂0(tu−1)2(2x̂(t)− t2 +1)2];
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

˙̂x(t) = tû(t),
˙̂p(t) = 4λ̂0(tû− 1)2(2x̂(t) − t2 + 1),

û(t) = arg abs max
u∈U

[p̂(t)tu− λ̂0(tu− 1)2(2x̂(t) − t2 + 1)2];

x̂(0) = −1/2, x(2) = 1; p̂(0) = λ̂1, p̂(2) = −λ̂2;
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p̂(0) = λ̂1
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p̂(2) = −λ̂2
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�-�/ �	�[
� #��m,D':h=�2,D"��
'E&
��"O�
��"�	�(9�7 ��
#��
�L':�������� ���#�	�� �

û(t) = ±∞ ∀t ∈ [0, 2]
����	

˙̂p(t) = const 6= 0
�
t ∈ [0, 2]
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λ̂0 > 0
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λ̂0 = 1/2� 'E,- ��
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H(u)
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∂Ĥ

∂u
= 0 ⇒ p̂(t)− (tû(t)− 1)(2x̂(t)− t2 +1)2 = 0 ∀t ∈ [0, 2].
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tû(t) = 1
�� �	�[
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2x̂(t) = t2−1
�2�$��	�D�"��E(L	�4 'E,- ��
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� V
� � T � ,- ��-1A'
��"�C
p̂(t) ≡ 0

�
t ∈ [0, 2]

�
u ,- �	

2x̂(t) = t2 − 1
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x̂(t) = (t2 − 1)/2
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û(t) = 1
�
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x̂(0) = −1/2

	
x̂(2) 6= 1
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x̂(t)
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x̂(t) = (t2 − 1)/2
�

u ,- �	
tû(t) = 1
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� X&���O����	 ':�������� ��D&
#�	�	

û(t) = 1/t
	 %��������
�E( 'E,- ��
�
	�	

x̂(2) = 1
�j���� �':*�	�(IC

x̂(t) = t− 1
�
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� �����-1A�D �	�(d(��E(���#�"
t∗
,D"�.R%:�
�
%�	SD�"�	!6\����_=��#�	�J�C

(t∗2 − 1)/2 = t∗ − 1 ⇒ t∗ = 1.

i 	�"��

��P���� �':*�	�(IC

û(t) =





1, t ∈ [0, 1],

1

t
, t ∈ [1, 2];

x̂(t) =





1

2
t2 − 1

2
, t ∈ [0, 1],

t− 1, t ∈ [1, 2].

u h=�\����4L���21A*�����%�#��2(I��*�"��O':�������� ���#�	��
û(t)

����	
t ∈ [0, 1][
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inf I(x(·), u(·)) ≡ abs min I(x(·), u(·)) ≡ I(x̂(·), û(·)) = 0.
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I(x(·)) ≡
∫ 1

0

(ẋ2(t) − 4x(t)) dt→ inf ,

t ≤ ẋ(t) ≤ 2t ∀t ∈ [0, 1], x(0) = 0.
� ��� �! "���

T � �?�
��(9�7 �	�42��e�	!;�C!�
[
�
4�#��5*�	�(
ẋ(t) = u(t)

��"��

c1��

B0(x(·), u(·)) ≡
∫ 1

0

(u2(t) − 4x(t)) dt → inf;
� V
� ��V �

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 ⊆ ∆ ≡ [0, 1];
� V
� � S �

u(t) ∈ U(t) ≡ {u(t)|t ≤ u(t) ≤ 2t} ∀t ∈ [0, 1];
� V
� �&!��

x(0) = 0.
� V
� ��Y��
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V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0(u
2 − 4x) + p(ẋ− u) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ pu− λ0(u
2 − 4x);

"�����(�	�#���#�"�C

l ≡ λx(0);

λ0
�
λ
�
p ≡ p(t)
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = −4λ̂0;
[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �

k = 0
�
t0 = 0

�
k = 1

�

t1 = 1
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂, p̂(1) = 0;
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#��E,D"�	L���

u
C

"7��%L%!��%
L(u) = λ̂0u

2 − p̂u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs max
u∈U

H(u) ≡

≡ arg abs min
t≤u≤2t

(λ̂0u
2 − p̂(t)u) ≡

≡ arg abs max
t≤u≤2t

(p̂(t)u− λ̂0u
2).
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∂L̂/∂u = 0

�
∂2L̂/∂u2 > 0
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∂Ĥ/∂u = 0
�
∂2Ĥ/∂u2 < 0
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U(t)

∀t ∈ [0, 1]
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H(u) ≡ p̂u − λ̂0u
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p̂(t) = const
�

p̂(1) = 0 ⇒ p̂(t) ≡ 0
�
t ∈ [0, 1]
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˙̂x(t) = û(t), û(t) = arg abs max
t≤u≤2t

(p̂(t)u− u2),

˙̂p(t) = −4; x̂(0) = 0; p̂(1) = 0.
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�����-1A�D ���#�	!;P	�(�����"
,c;o1A�E�I%��������
.I6o'E,- ��
�
	!;��DQ ,- ��
�
	��
[��-C

p̂(0) = λ̂
�
�P%��������
':b 42�51��5*�'?#��R�
%! �b�*�����"
,c;���"7��%H%!��%Z�
#��

,- �'EkH	�"$1� �;H�
�����-1A�D ���#�	!;G(�#��5kH	�"��D �;
λ̂
�E%:�
"��
��.RJH#��P����_=�D&

#�	��/%��������
�
J�42�51��5*�	�#����� �	!;���"5�
	K���
"��E(�'Z��
��P�
�����-1A�D �;�"��?#��
"�����[
'
��"
,c;��!s���_=	�(WD�"�'G%��������
':b]42�51��5*�'
�
t���%P%!��% ˙̂p(t) = −4

�
p̂(1) = 0

��"��
p̂(t) = 4−4t ≥ 0 ∀t ∈ [0, 1]

�
�$��	5D�"��E(I� #�����	�,D�
�E���`1� �; #���
g �;:1A#��E,D"�	 
����
N$	�%^N$':#�%�e�	�	

��Y



H(u) ≡ p̂u− u2 ����	 u ∈ [t, 2t]
�!���� �':*�	�(IC

û(t) =





2t, p̂(t)/2 ≥ 2t
p̂(t)/2, t ≤ p̂(t)/2 ≤ 2t
t, p̂(t)/2 ≤ t

≡

≡





2t, 2 − 2t ≥ 2t
2 − 2t, t ≤ 2 − 2t ≤ 2t
t, 2 − 2t ≤ t

≡

≡





2t, 0 ≤ t ≤ 1/2
2 − 2t, 1/2 ≤ t ≤ 2/3
t, 2/3 ≤ t ≤ 1

.

�$�21�,D"7���
	��
û(t)

��':�����
#���#�	�� � V
� � S �-�!���� �':*�	�(IC

x̂(t) =

∫ t

0

û(t) dt ≡





t2 + C1, 0 ≤ t ≤ 1/2
2t− t2 + C2, 1/2 ≤ t ≤ 2/3
t2/2 + C3, 2/3 ≤ t ≤ 1

.

t���%O%!��%
x̂(0) = 0

��"��
C1 = 0

���L���E,D%:�� ��
%�'+N$':#�%�e�	!;
x̂(t)#�����������.R�
#��$�

x̂(·) ∈ KC1([0, 1])
�-�A"��K	�4?'E,- ��
�
	�JL#�����������.R��&

#��E,D"�	L����	
t = 1/2

�
1/4 + 0 = 1 − 1/4 + C2

�I	L����	
t = 2/3�

4/3−4/9+C2 = 2/9+C3
�9,- ��-1A'
��"�C

C2 = −1/2
�
C3 = 1/6

�
iO����4�'2 ��7"7��"�� ���� �':*�	�(+�
��"�	�(9�7 ��
#��
� ':�������� ���#�	��

û(t)
	]D�%!,-&

"����2(9�7 ��H�$�
#�"��E;�
�	�#��
x̂(t)

C

û(t) =





2t, 0 ≤ t ≤ 1/2
2 − 2t, 1/2 ≤ t ≤ 2/3
t, 2/3 ≤ t ≤ 1

,

x̂(t) =





t2, 0 ≤ t ≤ 1/2
2t− t2 − 1/2, 1/2 ≤ t ≤ 2/3
t2/2 + 1/6, 2/3 ≤ t ≤ 1

.

Y��\�P,�,- ��-1A'
�2( ���� �':*���#�#�':b D�%!,D"����2(9�7 ��
x̂(·) #�� ��[E,D�� �b�"�#�':b�
��"�	�(9�7 ��
#��E,D"���� � �����E,D���-1�,D"��
��#�#��
J �����
�
����%:�
J ���
%!�7kZ�2(I�

*�"��
x̂(·) 1A�E,D"7���� �;���"\N$':#�%�e�	��
#��7 �'a��[E,D�� �b�"�#�.RJ8(�	�#�	�(�'!(I�<? �; D�"��

��B�
�
42(�':"�	�(

x̂(·) ���E,D���-1�,D"��
�E( N$':#�%�e�	�	
x(·) �"7��% *�"��
[
. N$':#�%�e�	!;

x̂(·) + x(·) �E,D"7�7 A�
,D��1A�
��'E,D"�	�(��
J��/i���
,�,�(9��"���	��E���2(��
J)42�51��5*��mN$':#�%�e�	!;
x̂(·) + x(·) [
'�1A��" 1A��&

��'E,D"�	�(��
J��G�2,- �	
x(·) ∈ KC1([0, 1])

�
x̂(0) + x(0) = 0

�

��#



t ≤ ˙̂x(t) + ẋ(t) ≤ 2t ∀t ∈ [0, 1]
� � ���E,D%:�� ��
%�'d���n'E,- ���&

�
	�b042�51��5*�	
x̂(0) = 0

�A"��
x(0) = 0

���$��	ED�"��E( �

�����#�	�*���#�	��
#��Z�����
	�4��
�21A#�':b]���
,D���51�����"
,c;\#��Z"���	L'E,- ��
�
	!;�C

t ≤ 2t+ ẋ(t) ≤ 2t ∀t ∈ [0, 1/2] ⇔

−t ≤ ẋ(t) ≤ 0 ∀t ∈ [0, 1/2];

t ≤ 2 − 2t+ ẋ(t) ≤ 2t ∀t ∈ [1/2, 2/3] ⇔
3t− 2 ≤ ẋ(t) ≤ 4t− 2 ∀t ∈ [1/2, 2/3];

t ≤ t+ ẋ(t) ≤ 2t ∀t ∈ [2/3, 1] ⇔
0 ≤ ẋ(t) ≤ t ∀t ∈ [2/3, 1].

� �����-1A�D �	�( ,=':*���"��E( ���� �':*���#�#�.I6+'E,- ��
�
	�J`4�#���%`����	�����h=�D&
#�	!;LN$':#�%�e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·)) − I(x̂(·)) ≡
≡

∫ 1

0 [( ˙̂x+ ẋ)2 − 4(x̂+ x)] dt−
∫ 1

0 ( ˙̂x2 − 4x̂) dt ≡
≡ 2

∫ 1

0
˙̂xẋ dt+

∫ 1

0 ẋ
2 dt− 4

∫ 1

0 x dt ≥
≥ 2

∫ 1

0
˙̂xẋ dt− 4

∫ 1

0
x dt ≡

≡ 2
∫ 1

0
˙̂xẋ dt− 4

∫ 1

0
x d(t− 1) ≡

≡ 2
∫ 1

0
˙̂xẋ dt− 4x(t)(t− 1)

∣∣∣∣
1

0

+ 4
∫ 1

0
(t− 1)ẋ dt =

=
∫ 1

0
(2 ˙̂x+ 4t− 4)ẋ dt− 0 ≡

≡
∫ 1/2

0 (8t− 4)ẋ dt+
∫ 2/3

1/2 0 · ẋ dt+
∫ 1

2/3(6t− 4)ẋ dt.

t���% %!��%
8t − 4 ≤ 0

� −t ≤ ẋ(t) ≤ 0 ∀t ∈ [0, 1/2]
�

"��
(8t − 4)ẋ ≥ 0 ∀t ∈ [0, 1/2]

	 ∫ 1/2

0
(8t − 4)ẋ dt ≥ 0

�
t���% %!��%

6t − 4 ≥ 0
�

0 ≤ ẋ(t) ∀t ∈ [2/3, 1]
�G"��

(6t − 4)ẋ ≥ 0 ∀t ∈ [2/3, 1]
	 ∫ 1

2/3(6t − 4)ẋ dt ≥ 0
�

i 	�"��

��
∆I ≥ 0

� � D�"�� �
4�#��5*�����"5�o*�"��]����	0 �b�[
.I6]1A��&
��'E,D"�	�(�.I6q�
�
42(�':h=��#�	!;!6

x(·) ���� �':*���#�#��

��]����_=��#�	!;
x̂(·)N$':#�%�e�	��
#��7 

I
#��P':[
.R�E����"5��	+,- ��-1A�
�E��"��D ��
#����!#��PD�%!,D"����2(9�7&

 �	
x̂(·) 1A�E,D"�	�
D����"
,c;8��
��a��[E,D�� �b�"�#�.RJ�(�	�#�	�(�'!(I���$��	GD�"��E(

inf I(x(·)) ≡ abs min I(x(·)) ≡ I(x̂(·)) = −2
2

9

�
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�	� ����� � � # �M� � ���*� �����������! #"%$���&'� (%��)*��+! -,.$���/ J4����+��#J /������
��� + )M, ��,.$�� ��&H)*��$����*,.$��#, � $#�	+����L)-( � ��)-������+�� � $�( � �H��� � ���*�W�
����KQJ.�����! #"%$���N5�� #���P� � �	��,�� � (W&H)*���;��K%�'� K@)-�#+���NZ�Z��J." � OX��)-�I��&H)*��$����*,.$�$���NI+����L)-��N7��)-������+�� � $���N�
%\

I(x(·)) ≡
∫ 1

0

x(t) dt → sup,

−6t ≤ ẍ(t) ≤ 1 ∀t ∈ [0, 1], x(0) = x(1) = 0.
� ��� �! "���

T � �?�
��(9�7 �	�42��e�	!;�CP�
[
�
4�#��5*�	�(
x(t) = x1(t)

�
ẋ(t) = x2(t)

�

ẍ(t) = u(t)
��"��

c1��

B0(x1(·), x2(·), u(·)) ≡ −
∫ 1

0

x1(t) dt→ inf;
� V
� �&���

ẋ1(t) − x2(t) = 0, ẋ2(t) − u(t) = 0 ∀t ∈ ∆0 ⊆ ∆ ≡ [0, 1];� V
� � U �

u(t) ∈ U(t) ≡ {u(t)| − 6t ≤ u(t) ≤ 1} ∀t ∈ [0, 1];
� V
� �
X��

x1(0) = 0, x1(1) = 0.
� V
� �&���

� 
�����#�	�*���#�	!; � V
� Y�� "�	����Z#��������
��#�,D"��Z��42�51��5*��o�
"
,D':"
,D"��
':b�"5�

V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ −λ0x1 + p1(ẋ1 − x2) + p2(ẋ2 − u) ≡ p1ẋ1 + p2ẋ2 −H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ p1x2 + p2u+ λ0x1;

"�����(�	�#���#�"�C

l ≡ λ1x1(0) + λ2x1(1);

λ0
�
λ1
�
λ2
�
p1 ≡ p1(t)

�
p2 ≡ p2(t)

@ *�	�,- ��
�
.R�o	\N$':#�%�e�	���&
#��7 ��
#�.R�$(�#��5kH	�"��D �	af?��
�����#!k����

� U



S �a� 	�,D"��2(9� 'E,- ��
�
	�J]����	�#�e�	���� (9��%!,D	�(�'!(9� � 42�51��5*�� � V
� �&��� M
� V
� �&���-C

���G,D	�,D"��2(9��':�����
#���#�	�JI1 J! ������5M:f?��
�����#!k�� �
i = 1

�
2
�-C

− d

dt
L̂ẋi

(t) + L̂xi
(t) = 0

(
⇔ ˙̂pi(t) = −∂Ĥ(t)

∂xi

)
⇒

˙̂p1(t) = −λ̂0, ˙̂p2(t) = −p̂1(t);

[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t0 = 0

�
k = 1

�

t1 = 1
�
i = 1

�
2
�-C

L̂ẋi
(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂i(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂1(0) = λ̂1, p̂1(1) = −λ̂2, p̂2(0) = 0, p̂2(1) = 0;

���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���
u
C

"7��%L%!��%
L(u) = −p̂2u

	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs max
u∈U

H(u) =

=





−6t, p̂2(t) < 0,
1, p̂2(t) > 0,
∀u ∈ U, p̂2(t) = 0.

�$��	
p̂2(t) = 0

�
��"�	�(9�7 ��
#��
�$':�������� ���#�	��
û(t)

#��$�
�����D&
1A�D ���#�����u ,- �	�����	�D�"��E(

p̂2(t) = 0
 �	�_=�a�a�21A#��
J8"��
*!&

%:�
�E"��=':�������� ���#�	��
û(t)

(��5kZ��"P[
.R"��=�����21A�� �kZ��#��P��D�"�'
"��
*�%�'P���o#�����������.R�
#��E,D"�	P@),- ����E�/	! �	Z,D�������E����u ,- �	=kZ�

p̂2(t) ≡ 0
$#�7Y#,  #�'� ���`)M,'��KQ,D�9"��8"7��%:�
�7��J.� � ��,Z':��������&

 ���#�	��
û(t)

(��5kZ��"+���
"�����[
�
�E��"��L1� �;d,D�
�
��
��a�
�����-1A�D ��D&
#�	!;^�
.I6E�21�;�h=	!6m42�����
(�%�	^����	�#�e�	����m(9��%!,D	�(�'!(9�81A��&
���� �#�	�"��D ��
#�.I6`	�,�,- ��-1A�
�E��#�	�J�� �?':#�%�e�	!;

p̂2(t)
�
�����-1A�D&

 �;���"Z"��
*�%�	\��������%! �b�*���#�	!;L':�������� ���#�	!;
û(t)

	G;��� �;���"7&
,c;G�PD�"��
JG42�51��5*��
�;(%$�K%Y��#,.NI�#, )M,.K� � �*,.$���/ (%��)*��+! -,.$���/
û(t)

�

 �K'E,- ��
�
	!; ,D"7��e�	��
#�����#��E,D"�	m���

t0
�
t1
�
"
,D':"
,D"��
':b�"5� "7��%

%!��%
t0
�
t1
@ N$	�%!,D	����
�E��#�. �

t0 = 0
�
t1 = 1

���

�
X



1��G'E,- ��
�
	!;�1A�
���� �#!;�b�h=��JG#��DkZ�2,D"�%:�E,D"�	G�
"
,D':"
,D"��
':b�"5��"7��%
%!��%\��42�51��5*��$#���"�'E,- ��
�
	�J � V
� Y��j"�	�����#��������
��#�,D"�� �

� �K'E,- ��
�
	��o#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�

k �G'E,- ��
�
	�� � u s � � �
4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!�� � #��
��(9�7 ��
#�.RJ ,- �':*���J
λ̂0 = 0

��42�51��5*��a#����
�
42(��5kZ��#��9"7��%
%!��%a����	

λ̂0 = 0
	�4='E,- ��
�
	!;+���/,- ��-1A'
��"�C

p̂2(t) = −Ct + C1
�

p̂2(0) = 0
�
p̂2(1) = 0 ⇒ C1 = C = 0 ⇒ p̂2(t) ≡ 0

�
t ∈ [0, 1]

�
�

�

=⇒ p̂1(t) ≡ 0
�
t ∈ [0, 1]

� �
�

=⇒ λ̂1 = 0
�
λ̂2 = 0 ;

� u s � � �
�$��	

λ̂0 > 0
� ,�(I�9'E,- ��
�
	��\� � �-�9���� ��5kH	��

λ̂0 = 2
� 'E,- ��
�
	��

#��
��(�	����
�
%�	
�-���������
[
����4�'
�2(3'E,- ��
�
	!; � V
� � U �-� � V
� �&���-�9��� M:���?�
%��������
':b]42�51��5*�' � %��������
':b342�51��5*�'H����	�#�e�	����H(9��%!,D	�(�'!(9���-C





˙̂x1(t) = x̂2(t),
˙̂x2(t) = û(t),

û(t) =





−6t, p̂2(t) < 0,
1, p̂2(t) > 0,
∀u ∈ U, p̂2(t) = 0,

˙̂p1(t) = −2,
˙̂p2(t) = −p̂1(t);
x̂1(0) = 0, x̂1(1) = 0; p̂2(0) = 0, p̂2(1) = 0.� V
� V T
T �

iWD�"��
JK%��������
�
JH42�51��5*��/#���	�4��
�2,D"�#�. *���"�.R�������E,D"��5;�#�#�.R��	�#!&
"���
���	����
�E��#�	!;+���Z,D	�,D"��2(�.)1A	�NPN$������#�e�	��7 ��
#�.I6L':�����
#���#�	�J��
	�1� �;d	!6n�
�����-1A�D ���#�	!;m	�(�����"
,c;d*���"�.R���L%��������
.I6�'E,- ��
�
	!;��
Q ,- ��
�
	!;^[��-C

p̂1(0) = λ̂1
�
p̂1(1) = −λ̂2

�j�m%��������
':b 42�51��7&
*�'+#����
%! �b�*���b�"
,c;���"7��%8%!��%8�
#�	O,- �'Ek���"K1� �;O�
�����-1A�D ���#�	!;
(�#��5kH	�"��D ���J

λ̂1
�
λ̂2
��%:�
"��
��.R�=#��G����_=��#�	��Z%��������
�
J+42�51��5*�	

#����� �	!;�b�"5��	8���
"��E(�'+	!6`�
�����-1A�D �;�"��L#���"�����[
'
��"
,c;���s���_=	�(
%��������
':b]42�51��5*�'
�
t���% %!��%

p̂1(t) = −2t + α
�j"��

p̂2(t) = t2 − αt + β
�R�$��	

D�"��E(r	�4`'E,- ��
�
	�J
p̂2(0) = 0

�
p̂2(1) = 0

,- ��-1A'
��"�C
α = 1

�

β = 0
� � "��

c1��

p̂2(t) = t2 − t < 0 ∀t ∈ (0, 1)
��	a	�4?'E,- ��
�
	!;

�
��"�	�(9�7 ��
#��E,D"�	L���� �':*�	�(IC
û(t) = −6t ∀t ∈ [0, 1]

� � "7��%L%!��%
¨̂x(t) = −6t

�
x̂(0) = 0

�
x̂(1) = 0

�7"��
x̂(t) = −t3+t ∀t ∈ [0, 1]

�

�&�



Y��\�P,�,- ��-1A'
�2( ���� �':*���#�#�':b D�%!,D"����2(9�7 �� �$�
#�"��E;�
�	�#��
x̂(·) #��

��[E,D�� �b�"�#�':bm�
��"�	�(9�7 ��
#��E,D"���� � �����E,D���-1�,D"��
��#�#��
J=�����
�
����%:�
J
���
%!�7kZ�2(I��*�"��

x̂(·) 1A�E,D"7���� �;���"+N$':#�%�e�	��
#��7 �'O��[E,D�� �b�"�#�.RJ(9��%!,D	�(�'!(I��ij�
42(�':"�	�(pN$':#�%�e�	�b
x̂(·) ���E,D���-1�,D"��
�E( N$':#�%!&

e�	�	
x(·) �:"7��%�*�"��
[
. N$':#�%�e�	!; x̂(·)+x(·) �E,D"7�7 A�
,D��1A�
��'E,D"�	!&(��
J�� i ���
,�,�(9��"���	��E���2(��
Jd42�51��5*��LN$':#�%�e�	!;

x̂(·) + x(·) [
'E&1A��"K1A�
��'E,D"�	�(��
J����2,- �	
x(·) ∈ KC2([0, 1])

�
x̂(0) + x(0) = 0

�

x̂(1)+x(1) = 0
� −6t ≤ ¨̂x(t)+ẍ(t) ≤ 1 ∀t ∈ [0, 1]

��t���%Z%!��%Z���
'E,- ��
�
	�bd42�51��5*�	

x̂(0) = 0
�
x̂(1) = 0

	 ¨̂x(t) = −6t ∀t ∈ [0, 1]
�

"��
x(0) = 0

�
x(1) = 0

�
0 ≤ ẍ(t) ≤ 1 + 6t ∀t ∈ [0, 1]

�
� �����-1A�D �	�( ,=':*���"��E( ���� �':*���#�#�.I6+'E,- ��
�
	�J`4�#���%`����	�����h=�D&
#�	!;LN$':#�%�e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·)) − I(x̂(·)) ≡
≡

∫ 1

0
x(t) dt ≡

∫ 1

0
x(t) d(t− 1

2 ) ≡

≡ x(t)(t − 1
2 )

∣∣∣∣
1

0

−
∫ 1

0 (t− 1
2 )ẋ(t) dt ≡

≡ 0 −
∫ 1

0
ẋ(t) d( t2

2 − t
2 ) ≡

≡ −ẋ(t) 1
2 (t2 − t)

∣∣∣∣
1

0

+ 1
2

∫ 1

0
(t2 − t)ẍ(t) dt ≡

≡ 0 + 1
2

∫ 1

0
(t2 − t)ẍ(t) dt.

t���%a%!��%
t2 − t ≤ 0

�
ẍ(t) ≥ 0 ∀t ∈ [0, 1]

��"��
(t2 − t)ẍ(t) ≤ 0

∀t ∈ [0, 1]
	

∆I ≤ 0
� � D�"��^�
4�#��5*�����"5�R*�"�� ����	3 �b�[
.I6

1A�
��'E,D"�	�(�.I6L�
�
42(�':h=��#�	!;!6
x(·) ���� �':*���#�#��

��K����_=��#�	!; x̂(·)N$':#�%�e�	��
#��7 

I
#��P':[
.R�E����"5��	+,- ��-1A�
�E��"��D ��
#����!#��PD�%!,D"����2(9�7&

 �	
x̂(t) = −t3 + t

1A�E,D"�	�
D����"
,c;a��
��K��[E,D�� �b�"�#�.RJa(9��%!,D	�(�'!(I�
�$��	SD�"��E(

sup I(x(·)) ≡ abs max I(x(·)) ≡ I(x̂(·)) = 0, 25
�

�	� ����� ���.# �M� � ���*� �����������! #"%$���&'� (%��)*��+! -,.$���/ JGK@)*��,!+�9C�
(QJ  #��+��#, � �����#�P$#, )*��+�,.$#J.�P+��%\

I(x(·)) ≡
∫ 1

0

(ẋ2(t) + 4x(t)) dt→ inf ,

−1 ≤ ẋ(t) ≤ 0 ∀t ∈ [0, 1], x(0) = 0, x(1) + 3/4 ≤ 0.

V T
T



� ��� �! "���
T � �?�
��(9�7 �	�42��e�	!;�C!�
[
�
4�#��5*�	�(

ẋ(t) = u(t)
��"��

c1��

B0(x(·), u(·)) ≡
∫ 1

0

(u2(t) + 4x(t)) dt → inf;
� V
� V T V �

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 ⊆ ∆ ≡ [0, 1];
� V
� V TES �

u(t) ∈ U(t) ≡ {u(t)| − 1 ≤ u(t) ≤ 0} ∀t ∈ [0, 1];
� V
� V T !��

x(0) = 0;
� V
� V T Y��

x(1) + 3/4 ≤ 0.
� V
� V T #&�

V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ λ0(u
2 + 4x) + p(ẋ− u) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ pu− λ0(u
2 + 4x);

"�����(�	�#���#�"�C

l ≡ λ1x(0) + λ(x(1) + 3/4);

λ0
�
λ1
�
λ
�
p ≡ p(t)

@p*�	�,- ��
�
.R�=	8N$':#�%�e�	��
#��7 ��
#�.RJ`(�#���&
kH	�"��D �	Lf?��
�����#!k����

S �a� 	�,D"��2(9�`'E,- ��
�
	�Jn����	�#�e�	����8(9��%!,D	�(�'!(9�`�842�51��5*�� � V
� V T V � M
� V
� V T #&�-C

���K':�����
#���#�	��]1 J! ������5M:f?��
�����#!k���C

− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = 4λ̂0;

V T V



[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t0 = 0

�
k = 1

�

t1 = 1
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(1) = −λ̂;
���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���

u
C

"7��%L%!��%
L(u) = λ̂0u

2 − p̂u
	
H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs max
u∈U

H(u) ≡

≡ arg abs max
−1≤u≤0

(p̂(t)u− λ̂0u
2).

t���%3%!��%](�#��5kZ�2,D"��
�
U(t) ∀t ∈ [0, 1]

@ ���!�:K%$�(%����,D�
"�� �
��"�	�(9�7 ��
#��
� ':�������� ���#�	�� #����
[56E�21A	�(�� #��76E�21A	�"��
%!��% 4�#��5*���#�	��^����
�'!(���#�"7�

u
�=����	 %:�
"��
���E( N$':#�%�e�	!;

H(u) ≡ p̂u − λ̂0u
2 ����	�#�	�(9����"n#���	�[
�� ��
_=���\4�#��5*���#�	��

#�� ���!�:K%$�(%���'���:$�� � ,!J.�P+�, @l�
"�����4�%:� −1 ≤ u ≤ 0
�


 �K'E,- ��
�
	!; ,D"7��e�	��
#�����#��E,D"�	m���
t0
�
t1
�
"
,D':"
,D"��
':b�"5� "7��%

%!��%
t0
�
t1
@ N$	�%!,D	����
�E��#�. �

t0=0
�
t1 = 1

���
1��G'E,- ��
�
	��/1A�
���� �#!;�b�h=��JL#��DkZ�2,D"�%:�E,D"�	�C

λ̂ · (x̂(1) + 15/16) = 0
�

� �K'E,- ��
�
	!;G#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�
λ̂ ≥ 0

�

k �G'E,- ��
�
	�� � u s � � �
4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!��Gs9�
,�,�(��
"���	�()�
�
42(��5kH#��E,D"��`�842�51��5*��\��#��
��(9�7 ��
#��

��`,- �':*��7;

λ̂0 = 0
�!�$��	

λ̂0 = 0
	�4o'E,- ��
�
	�JK���-�:[��-C ˙̂p(t) = 0

�
p̂(1) = −λ̂ �,- ��-1A'
��"

p̂(t) = −λ̂ ∀t ∈ [0, 1]
�9	m���O�
"��
���E(�'n'E,- ��
�
	�bp� �

�
�
42(��5kH#�. S ,- �':*��7;�C
λ̂ = 0

	
λ̂ > 0

�
u ,- �	

λ̂ = 0
�5"��

p̂(t) = 0 ∀t ∈ [0, 1]
	Z���o�������
�E(�'$'E,- ��
�
	�bm[��

λ̂1 = 0
@0�E,D�/(�#��5kH	�"��D �	Hf?��
�����#!k��o�
[
����"�	! �	�,D�$�P#��� ���� � �

D�"��K�����
"�	��
�
����*�	�"K'E,- ��
�
	�b � u s � � ��	+���%D�"��E(�'\����	
λ̂ = 042�51��5*��=����_=��#�	!;\#��P	�(�����"5�

V TES



u ,- �	
λ̂ > 0

��"��
p̂(t) = −λ̂ ∀t ∈ [0, 1]

�
H(u) = p̂u ≡ −λ̂u ��	����'E,- ��
�
	�b]���-C

û(t) = arg abs max
−1≤u≤0

(−λ̂u) ≡ −1.

� "��

c1��G	�4�'E,- ��
�
	�J�� V
� V TES �-� � V
� V T Y��-C ˙̂x(t) = −1
�
x̂(0) = 0

�
���� �':*�	�(IC

x̂(t) = −t ∀t ∈ [0, 1]
� � ��D�"7�=N$':#�%�e�	!;G#��o'�1A�
�� ��D&

"��
�
�E;���"H,- ��-1A':b�h=�2(�'G����	
λ̂ > 0

	�4?'E,- ��
�
	!;K1A�
���� �#!;�b�h=��J
#��DkZ�2,D"�%:�E,D"�	O'E,- ��
�
	�b

x̂(1) + 3/4 = 0
��i0	�"��

��K���� �':*����2(I�

*�"��=,- �':*���J
λ̂0 = 0

�P���
,�,�(9��"���	��E���2(��
J�42�51��5*��R#����
�
42(��5kZ��#��
�$��	

λ̂0 > 0
� ,�(I�2'E,- ��
�
	�� � � �-�2���� ��5kH	��

λ̂0 = 1
� 'E,- ��
�
	�� #��
�!&

(�	����
�
%�	
�-�
�������
[
����4�'
�2(+'E,- ��
�
	!;$� V
� V TES �-� � V
� V T Y��-�
��� M:���-�51��9�
%��������
':b]42�51��5*�' � %��������
':b342�51��5*�'H����	�#�e�	����H(9��%!,D	�(�'!(9���-C





˙̂x = û,
˙̂p = 4,
û = arg abs max

−1≤u≤0
(p̂u− u2);

x̂(0) = 0, p̂(1) = −λ̂; λ̂ · (x̂(1) + 3/4) = 0;

λ̂ ≥ 0.

� V
� V T ���

i�D�"��
J�%��������
�
JO42�51��5*��H#���	�4��
�2,D"�#�.q1A�
�K���E,D"��5;�#�#�.R�H	�#�"��D&

���	����
�E��#�	!;����L,D	�,D"��2(�. 1A	�NPN$������#�e�	��7 ��
#�.I6O':�����
#���#�	�Jn	
(�#��5kH	�"��D ��

λ̂
�E	H1� �;G	!6H�
�����-1A�D ���#�	!;K	�(�����"
,c;H1A�E�?%��������
.I6

'E,- ��
�
	!;Z	H'E,- ��
�
	�� 1A�
���� �#!;�b�h=��JH#��DkZ�2,D"�%:�E,D"�	���Q ,- ��
�
	��/[��-C

p̂(0) = λ̂1
���L%��������
':b 42�51��5*�'a#����
%! �b�*�����"
,c;���"7��%8%!��%8�
#��

,- �'EkH	�"\1� �;��
�����-1A�D ���#�	!;n(�#��5kH	�"��D �;
λ̂1
��%:�
"��
��.RJO#��a���D&

_=��#�	��/%��������
�
JH42�51��5*�	�#����� �	!;���"5�E	K���
"��E(�'���
��?�
�����-1A�D �;�"��
#��$"�����[
'
��"
,c;��!s���_=	�(WD�"�'G%��������
':b342�51��5*�'
�
t���%�%!��% ˙̂p(t) = 4

�
p̂(1) = −λ̂ ��"�� p̂(t) = 4t−4− λ̂ ∀t ∈ [0, 1]

�
i ,D�
�
"��
��"
,D"��
	�	a,P�$�����
	! ��E(n����_=��#�	!;a42�51��5*\�
��"�	�(9�7 ��
#��

��
':�������� ���#�	!;=, 'E,- ��
�
	��2(G1A�
���� �#!;�b�h=��J=#��DkZ�2,D"�%:�E,D"�	=#����
[56E��&
1A	�(������
,�,�(��
"�����"��Z1A�E�=���21�,- �':*��7;�C

λ̂ = 0
	
λ̂ > 0

�
�$��	

λ̂ = 0
'E,- ��
�
	��=1A�
���� �#!;�b�h=��J8#��DkZ�2,D"�%:�E,D"�	��
.R���� �#!;!&

��"
,c;3���
"��E(9��"�	�*��2,D%�	�� � 1A#���%:� �TD�"��E(p,- �':*��������E,- ��O�
�����D&
1A�D ���#�	!;

x̂(·) �n,D�
�
"��
��"
,D"��
	�	 ,a�$�����
	! ��E(0"�����[
'
��"
,c;m������&�
����%!��	�,c6E�21A#��

��n#��������
��#�,D"��E�
x̂(1) + 3/4 ≤ 0

��� ':*���"��E(

V T !



p̂(t) = 4t− 4 ≤ 0 ∀t ∈ [0, 1]
��	�4?'E,- ��
�
	!;\�
��"�	�(9�7 ��
#��E,D"�	a���

u
�
�����-1A�D �	�(

û(t)
C

û(t) =

{
−1, p̂(t)/2 ≤ −1
p̂(t)/2, −1 ≤ p̂(t)/2 ≤ 0

≡

≡
{

−1, 2t− 2 ≤ −1
2t− 2, −1 ≤ 2t− 2 ≤ 0

≡

≡
{

−1, 0 ≤ t ≤ 1/2,
2t− 2, 1/2 ≤ t ≤ 1.

� "��

c1��

x̂(t) =

∫ t

0

û(t) dt ≡
{

−t+ C1, 0 ≤ t ≤ 1/2,
t2 − 2t+ C2, 1/2 ≤ t ≤ 1.

t���%O%!��%
x̂(0) = 0

��"��
C1 = 0

���L���E,D%:�� ��
%�'+N$':#�%�e�	!;
x̂(t)#�����������.R�
#�� �

x̂(·) ∈ KC1([0, 1])
� ,�(I�I�
.R_=���8V
�j��� V � �-�j"��

	�4O'E,- ��
�
	!;^#�����������.R�
#��E,D"�	 D�"��
J3N$':#�%�e�	�	]����	
t = 1/2

C

−1/2 = 1/4 − 1 + C2
�I,- ��-1A'
��"�C

C2 = 1/4
� i ����4�'2 ��7"7��"��

����	
λ̂ = 0

D�%!,D"����2(9�7 ��
b0�$�
#�"��E;�
�	�#��Z[
'�1A��"HN$':#�%�e�	!;

x̂(t) =

{
−t, 0 ≤ t ≤ 1/2,
t2 − 2t+ 1/4, 1/2 ≤ t ≤ 1.

� V
� V T:U �

�$���
�
����%!�a#��8���� �':*���#�#��
JWD�%!,D"����2(9�7 �	m	�,c6E�21A#��

��`#��������
��#!&
,D"��E�

x̂(1) + 3/4 ≤ 0
���
%!��4�.R�E����"5�:*�"����
#����
.R���� �#!;���"
,c;��

�$��	
λ̂ > 0

	�4R'E,- ��
�
	!;P1A�
���� �#!;�b�h=��J�#��DkZ�2,D"�%:�E,D"�	�,- ��-1A'
��"�C

x̂(1) + 3/4 = 0
�!t���%\%!��%

p̂(t) = 4t− 4− λ̂ ≤ 0 ∀t ∈ [0, 1]
�:"��

���G��#��7 ��

�	�	a,D�G,- �':*����2(
λ̂ = 0

	�4='E,- ��
�
	!;L�
��"�	�(9�7 ��
#��E,D"�	
���

u
���� �':*�	�(IC

û(t) =

{
−1, p̂(t)/2 ≤ −1
p̂(t)/2, −1 ≤ p̂(t)/2 ≤ 0

≡

≡
{

−1, 2t− 2 − λ̂/2 ≤ −1

2t− 2 − λ̂/2, −1 ≤ 2t− 2 − λ̂/2 ≤ 0
≡

≡
{

−1, 0 ≤ t ≤ 1/2 + λ̂/4,

2t− 2 − λ̂/2, 1/2 + λ̂/4 ≤ t ≤ 1 + λ̂/4.
� "��

c1��

x̂(t) =

{
−t+A1, 0 ≤ t ≤ 1/2 + λ̂/4,

t2 − 2t− λ̂t/2 +A2, 1/2 + λ̂/4 ≤ t ≤ 1 + λ̂/4.
V T Y



t���% %!��%
x̂(0) = 0

� "��
A1 = 0

� � "7��%m%!��%
x̂(1) = −3/4

�
"��

1 − 2 − λ̂/2 + A2 = −3/4
�
A2 = λ̂/2 + 1/4

�A�$4='E,- ��
�
	!;
#�����������.R�
#��E,D"�	LN$':#�%�e�	�	

x̂(t)
����	

t = 1/2 + λ̂/4
,- ��-1A'
��"�C

−1/2− λ̂/4 =

= (1/2+λ̂/4)2−2(1/2+λ̂/4)−(λ̂/2)·(1/2+λ̂/4)+λ̂/2+1/4,

λ̂(λ̂− 4) = 0
�

�  �':*���J
λ̂ = 0

���
,�,�(��
"�����# �
.R_=�
�Lu ,- �	
λ̂ = 4

�L"��

1/2 + λ̂/4 ≡ 3/2 > 1
	
x̂(t) = −t � 0 ≤ t ≤ 1

� t���% %!��%
'E,- ��
�
	��

x̂(1) = −3/4
����	 D�"��E(d#��$�
.R���� �#!;���"
,c;��!"��K,- �':*���J

λ̂ = 4
#����
�
42(��5kZ��#��

Y��\�P,�,- ��-1A'
�2(q���� �':*���#�#�':b�D�%!,D"����2(9�7 ��
x̂(·) � V
� V T:U �Z#�����[E,D��&

 �b�"�#�':b0�
��"�	�(9�7 ��
#��E,D"���� � �����E,D���-1�,D"��
��#�#��
J\�����
�
����%:�
J\����&
%!�7kZ�2(I�5*�"��

x̂(·) 1A�E,D"7���� �;���"$N$':#�%�e�	��
#��7 �'?��[E,D�� �b�"�#�.RJZ(�	!&#�	�(�'!(I�I<? �; D�"��

�� �
�
42(�':"�	�(
x̂(·) ���E,D���-1�,D"��
�E( N$':#�%�e�	�	

x(·) �P"7��%q*�"��
[
. N$':#�%�e�	!;
x̂(·) + x(·) �E,D"7�7 A�
,D� 1A�
��'E,D"�	!&

(��
J�� i ���
,�,�(9��"���	��E���2(��
Jd42�51��5*��LN$':#�%�e�	!;
x̂(·) + x(·) [
'E&1A��"K1A�
��'E,D"�	�(��
J����2,- �	

x(·) ∈ KC1([0, 1])
�
x̂(0) + x(0) = 0

�

x̂(1) + x(1) + 3/4 ≤ 0
� −1 ≤ ˙̂x(t) + ẋ(t) ≤ 0 ∀t ∈ [0, 1]

�
t���%d%!��%

x̂(0) = 0
�
x̂(1) = −3/4

��"��
x(0) = 0

�
x(1) ≤ 0

�
�$��	�D�"��E(L�

�����#�	�*���#�	�� #��/�����
	�4��
�21A#�':bn���
,D���51�����"
,c;$#��I1A�E�
'E,- ��
�
	!;�C

−1 ≤ −1 + ẋ(t) ≤ 0 ∀t ∈ [0, 1/2] ⇔
0 ≤ ẋ(t) ≤ 1 ∀t ∈ [0, 1/2];
−1 ≤ 2t− 2 + ẋ(t) ≤ 0 ∀t ∈ [1/2, 1] ⇔
1 − 2t ≤ ẋ(t) ≤ 2 − 2t ∀t ∈ [1/2, 1].

� �����-1A�D �	�( ,=':*���"��E( ���� �':*���#�#�.I6+'E,- ��
�
	�J`4�#���%`����	�����h=�D&

V T #



#�	!;LN$':#�%�e�	��
#��7 A��C

∆I ≡ I(x̂(·) + x(·)) − I(x̂(·)) ≡
≡

∫ 1

0 [( ˙̂x+ ẋ)2 + 4(x̂+ x)] dt−
∫ 1

0 ( ˙̂x2 + 4x̂) dt ≡
≡ 2

∫ 1

0
˙̂xẋ dt+

∫ 1

0
ẋ2 dt+ 4

∫ 1

0
x dt ≥

≥ 2
∫ 1

0
˙̂xẋ dt+ 4

∫ 1

0 x(t) dt ≡
≡ 2

∫ 1

0
˙̂xẋ dt+ 4

∫ 1

0 x(t) d(t − 1) ≡

≡ 2
∫ 1

0
˙̂xẋ dt+ 4x(t) · (t− 1)

∣∣∣∣
1

0

− 4
∫ 1

0 (t− 1)ẋ dt ≡

≡
∫ 1

0 2 ˙̂xẋ dt+ 0 −
∫ 1

0 4(t− 1)ẋ dt ≡
≡

∫ 1

0
(2 ˙̂x− 4t+ 4)ẋ dt ≡

≡
∫ 1/2

0
(2 − 4t)ẋ dt+

∫ 1

1/2
0 · ẋ dt ≡

≡
∫ 1/2

0
(2 − 4t)ẋ dt.

t���%r%!��%
2 − 4t ≥ 0

�
0 ≤ ẋ(t) ≤ 1 ∀t ∈ [0, 1/2]

�o"��

(2 − 4t)ẋ(t) ≥ 0 ∀t ∈ [0, 1/2]
� ∫ 1/2

0 (2 − 4t)ẋ dt ≥ 0
��	

���
"��E(�'
∆I ≥ 0

� � D�"��0�
4�#��5*�����"5�?*�"��0����	  �b�[
.I601A��&
��'E,D"�	�(�.I6q�
�
42(�':h=��#�	!;!6

x(·) ���� �':*���#�#��

��]����_=��#�	!;
x̂(·)N$':#�%�e�	��
#��7 

I
#��P':[
.R�E����"5��	+,- ��-1A�
�E��"��D ��
#����!#��PD�%!,D"����2(9�7&

 �	
x̂(·) 1A�E,D"�	�
D����"
,c;8��
��a��[E,D�� �b�"�#�.RJ�(�	�#�	�(�'!(I���$��	GD�"��E(

inf I(x(·)) ≡ abs min I(x(·)) ≡ I(x̂(·)) = −7/6
�

�	� ����� ��� # �M� � ���*� �����������! #"%$���&'� (%��)*��+! -,.$���/ � ��� � ���*�
� 9;J.�`)-� � ,.N#J.�P+���/EJ
�������#, )-����,.�`)-���*,!J.K%��� (QJ  #��+��#, � �����#� )*��+�,.$��
J.�P+���� J �;��KQJ.��)-��+���$�$�9C��$#���*�! #"%$�9C� �E$#, �;��KQJ.��)-��+���$�$�9C� K%��$#,.���
$�9C����$#���*,.$���/��:� �2� ����+���N7�#, )M, ��,.$�$���N-\

T (x(·), u(·), T ) ≡ T → inf , T > 0;
� V
� V T X��

ẋ(t) + x(t) − tu(t) = 0 ∀t ∈ ∆0 ⊆ ∆ ≡ [0, T ];
� V
� V T ���

u(t) ∈ U ≡ {u(t) | − 1 ≤ u(t) ≤ 2} ∀t ∈ [0, T ];
� V
� V
V T �

∫ T

0

cos2 u(t) dt− 1 = 0, x(0) − 1 = 0.
� V
� V
V
V �

� 
�����#�	�*���#�	�� � V
� Y�� "�	�����#��������
��#�,D"�����42�51��5*��o�
"
,D':"
,D"��
'
��"5�
� ��� �! "���

T � �?�
��(9�7 �	�42��e�	!;�C!42�51��5*��='EkZ�PN$�
��(9�7 �	�4��
�E��#����

V T �



V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ T

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ p(ẋ+ x− tu) + λ · cos2 u ≡ pẋ−H ;
N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ p(−x+ tu) − λ · cos2 u;
"�����(�	�#���#�"�C

l ≡ λ0T + λ1(x(0) − 1);

λ0
�
λ1
�
λ
�
p ≡ p(t)

@p*�	�,- ��
�
.R�=	8N$':#�%�e�	��
#��7 ��
#�.RJ`(�#���&
kH	�"��D �	Lf?��
�����#!k����

S �a� 	�,D"��2(9�`'E,- ��
�
	�Jn����	�#�e�	����8(9��%!,D	�(�'!(9�`�842�51��5*�� � V
� V T X�� M
� V
� V
V
V �-C

���K':�����
#���#�	��]1 J! ������5M:f?��
�����#!k���C

− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = p̂(t);
[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �

k = 0
�
t̂0 = 0

�
k = 1

�

t̂1 = T̂
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(T̂ ) = 0;
���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���

u
C

"7��%L%!��%
L(u) = −p̂tu+ λ̂ cos2 u

	
H(u) = −L(u)

��"��

û(t) = arg abs max
u∈U

H(u) = arg abs min
u∈U

L(u) =

= arg abs min
u∈[−1,2]

(λ̂ cos2 u− p̂(t)tu),

= arg abs max
u∈[−1,2]

(p̂(t)tu− λ̂ cos2 u),

V T:U




 �K'E,- ��
�
	��G,D"7��e�	��
#�����#��E,D"�	n���
t0
�
"
,D':"
,D"��
':b�"5�9"7��%n%!��%

t0
@WN$	�%!,D	����
�E��#�� �

t0 = 1
����'E,- ��
�
	��Z,D"7��e�	��
#�����#��E,D"�	

���
T
C

dL̂
dt

= 0 (⇔ Ĥ(T̂ ) =
∂l̂

∂T
) ⇒

p̂(T̂ )(−x̂(T̂ ) + T̂ û(T̂ ) − λ̂ cos2 û(T̂ )) = λ̂0;
1��G'E,- ��
�
	!;�1A�
���� �#!;�b�h=��JG#��DkZ�2,D"�%:�E,D"�	G�
"
,D':"
,D"��
':b�"5��"7��%
%!��%3�^42�51��5*��O#���" 'E,- ��
�
	�J � V
� Y��\"�	���� #��������
��#�,D"������
'E,- ��
�
	��

T̂ > 0
	�4o,D	�,D"��2(�.^'E,- ��
�
	�J � V
� Y��9	�,D%! �b�*���#��=	

,D*�	�"7����"
,c;L�����
�
�����
*�#�./( �
� �K'E,- ��
�
	��o#����
"���	�e���"��D ��
#��E,D"�	�C

λ̂0 ≥ 0
�

k �G'E,- ��
�
	�� � u s � � �
4 �K'E,- ��
�
	��o#��
��(�	����
�
%�	a(�#��5kH	�"��D ���JLf?��
�����#!k����

!��GQ ,- ��
�
	!; � V
� V T ���-� � V
� V
V
V �-����� M:
 �-��� � M:4 �P�����-1�,D"7���� �;�b�"8,D�
[
�
J
%��������
':b]42�51��5*�' � %��������
':b342�51��5*�'H����	�#�e�	����H(9��%!,D	�(�'!(9���-C





˙̂x = −x̂(t) + tû(t),
˙̂p(t) = p̂(t),

û(t) = arg abs min
u∈[−1,2]

(λ̂ cos2 u− p̂(t)tu);

p̂(T̂ )(−x̂(T̂ ) + T̂ û(T̂ )) − λ̂ cos2 û(T̂ ) = λ̂0,∫ T̂

0
cos2 û(t) dt = 1,

x̂(0) = 1, p̂(T̂ ) = 0;

T̂ > 0; λ̂0 ≥ 0,'E,- ��
�
	�� � u s � � ��'E,- ��
�
	��o#��
��(�	����
�
%�	
.

� V
� V
V S �

i D�"��
J0%��������
�
J)42�51��5*��d#���	�4��
�2,D"�#�. 1A�
�d���E,D"��5;�#�#�.R�d	�#!&
"���
���	����
�E��#�	!;+���Z,D	�,D"��2(�.)1A	�NPN$������#�e�	��7 ��
#�.I6L':�����
#���#�	�J��
�
���2(�;

T̂
	8(�#��5kH	�"��D �	8f?��
�����#!k��

λ̂0
�
λ̂

� #K#���	�4��
�2,D"�#�.I6 �-�
	L1� �;+	!6+�
�����-1A�D ���#�	!;+	�(�����"
,c;`,- ��-1�,D"��
	��Z'E,- ��
�
	!;a,D"7��e�	���&
#�����#��E,D"�	����

T
�
	�4��
������	�(���"���	�*��2,D%:�
�R'E,- ��
�
	��
�51A�E�$%��������
.I6

'E,- ��
�
	!;+	`'E,- ��
�
	��=#��
��(�	����
�
%�	�� #K'E,- ��
�
	�J
�-���$�����
�
�='E,- ���&
�
	��j[��-C

p̂(0) = λ̂1
�o%��������
':b 42�51��5*�'P#��I�
%! �b�*�����"
,c;��7"7��%Z%!��%

�
#��\,- �'EkH	�"K1� �;`�
�����-1A�D ���#�	!;O(�#��5kH	�"��D �;
λ̂1
��%:�
"��
��.RJ`#��

����_=��#�	���%��������
�
J842�51��5*�	`#��H�� �	!;���"5��	O���
"��E(�'+��
��L�
�����-1A�D&
 �;�"���#��P"�����[
'
��"
,c;��!s���_=	�(d%��������
':b342�51��5*�'
�

V T X



t���%8%!��% ˙̂p = p̂
�
p̂(T̂ ) = 0

��"��
p̂(t) ≡ 0

�
t ∈ [0, T̂ ]

� � "��

c1��

û(t) = arg abs min
u∈[−1,2]

(λ̂ cos2 u)
� −λ̂ cos2 û(T̂ ) = λ̂0

��t���%8%!��%`�

���E,- ��-1A#��2(n�����
��#�,D"��
�
λ̂0 ≥ 0

�
cos2 û(T̂ ) ≥ 0

��"��
λ̂ ≤ 0

�
u ,- �	

λ̂ = 0
��"��

λ̂0 = 0
� � ���E,D%:�� ��
%�'

p̂(t) ≡ 0
�
t ∈ [0, T̂ ]

�

λ̂1 = 0
�!"��H#��P�
.R���� �#!;���"
,c;\'E,- ��
�
	�� � u s � � �

u ,- �	
λ̂ < 0

�Z"��
û(t) = arg abs min

u∈[−1,2]

(λ̂ cos2 u) = 0 ⇒

û(t) ≡ 0
�
t ∈ [0, T̂ ]

� −λ̂ = λ̂0 > 0 ⇒ λ̂0 = 1
� 'E,- ��
�
	��P#��
�!&

(�	����
�
%�	
��� ∫ T̂

0 1 · dt = 1 ⇒ T̂ = 1
� ˙̂x(t) = −x̂(t) � x̂(0) = 1

⇒ x̂(t) = e−t ∀t ∈ [0, 1]
�

id����4�'2 ��7"7��"��R����_=��#�	!;H%��������
�
J�42�51��5*�	�����	�#�e�	����=(9��%!,D	�(�'E&
(9�P���� �':*����2(IC��
���2(�;

T̂ = 1
�E':�������� ���#�	��

û(t) ≡ 0
�
t ∈ [0, 1]

�

D�%!,D"����2(9�7 ��H�$�
#�"��E;�
�	�#��
x̂(t) = e−t ∀t ∈ [0, 1]

�

Y��\�P,�,- ��-1A'
�2(+���� �':*���#�#��
�I����_=��#�	��R#��P��[E,D�� �b�"�#�':b �
��"�	�(9�7 ���&
#��E,D"������$���-1A���� ��5kH	�(I�A*�"��a,D':h=�2,D"��
'
��"

T
� 4�#��5*���#�	��ZN$':#�%!&

e�	��
#��7 A���-� 1� �; %:�
"��
���

��
T ≤ T̂ = 1

� � *����
	:1A#��n�
e���#�%!��C

T ≡
∫ T

0 1 · dt ≥
∫ T

0 cos2 u(t) dt = 1
���$�E,D%:�� ��
%�'\���\�����-1A����&

 ��5kZ��#�	�b
T ≤ 1 = T̂

���\���\�
e���#�%:�
T ≥ 1

��"��
T = 1 = T̂

�
� D�"��`�
4�#��5*�����"5��*�"��`�`���
,�,�(9��"���	��E���2(��
J�42�51��5*��

T̂ = 1
@

��[E,D�� �b�"�#���(�	�#�	�(9�7 ��
#��
�$4�#��5*���#�	��
T
�

i 	�"��

��P���� �':*����2(IC

inf T (x(·), u(·), T ) ≡ abs min T (x(·), u(·), T ) ≡
≡ T (x̂(·), û(·), T̂ ) ≡ T̂ = 1,

û(t) ≡ 0, t ∈ [0, 1̂],
x̂(t) = e−t ∀t ∈ [0, 1].

�	� ����� ����# �M� � ���*� �����������! #"%$���&'� (%��)*��+! -,.$���/��G+ K%�������
)-��N7)M,.OP,.$��#,SJ.( �P,!J.�P+�(Q,.�� #��O�" +G��$��L)����! #"%$��'��J  #(%�*��, � ��)-�
λ̂0 = 0

\

T (x(·)) ≡ x(1) → inf ,

t− 1 ≤ ẋ(t) ≤ t+ 1 ∀t ∈ [0, 1], x(0) = 0,
∫ 1

0

(x2(t) − 2tx(t)) dt = −1/3.

V T �



� ��� �! "���
T � �?�
��(9�7 �	�42��e�	!;�Cr�
[
�
4�#��5*�	�(

ẋ(t) − t = u(t)
� "��

c1��

−1 ≤ u(t) ≤ 1 ∀t ∈ [0, 1]
��	n	�,c6E�21A#��7;�42�51��5*��L�������
[
����4�'E&

��"
,c;\��42�51��5*�'K�
��"�	�(9�7 ��
#��

��Z':�������� ���#�	!;�C

T (x(·), u(·)) ≡ x(1) → inf;
� V
� V
V�!��

ẋ(t) − u(t) − t = 0 ∀t ∈ ∆0 ⊆ ∆ ≡ [0, 1];
� V
� V
V�Y��

u(t) ∈ U(t) ≡ {u(t)| − 1 ≤ u(t) ≤ 1} ∀t ∈ [0, 1];
� V
� V
V #&�

x(0) = 0,

∫ 1

0

(x2(t) − 2tx(t)) dt+ 1/3 = 0.
� V
� V
V����

� 
�����#�	�*���#�	!; � V
� Y�� "�	����Z#��������
��#�,D"��Z��42�51��5*��o�
"
,D':"
,D"��
':b�"5�

V � �?':#�%�e�	!;Lf?��
�����#!k���C

L ≡
∫ 1

0

L(t) dt+ l;

 A��
�����#!kH	���#�C

L ≡ p(ẋ− u− t) + λ(x2 − 2tx) ≡ pẋ−H ;

N$':#�%�e�	!;L�$�
#�"��E;�
�	�#���C

H ≡ p(u+ t) − λ(x2 − 2tx);

"�����(�	�#���#�"�C

l ≡ λ0x(1) + λ1x(0);

λ0
�
λ
�
λ1
�
p ≡ p(t)

@p*�	�,- ��
�
.R�=	8N$':#�%�e�	��
#��7 ��
#�.RJ`(�#���&
kH	�"��D �	Lf?��
�����#!k����

S �a� 	�,D"��2(9�`'E,- ��
�
	�Jn����	�#�e�	����8(9��%!,D	�(�'!(9�`�842�51��5*�� � V
� V
V�!�� M
� V
� V
V����-C

���K':�����
#���#�	��]1 J! ������5M:f?��
�����#!k���C

− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p = 2λ̂(x̂(t) − t);

V
V T



[��K'E,- ��
�
	!;d"�����#�,D�
����,��7 ��
#��E,D"�	 �
k = 0

�
t0 = 0

�
k = 1

�

t1 = 1
�-C

L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(1) = −λ̂0;
���K'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	L���

u
C

"7��%L%!��%
L(u) = −p̂u 	 H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs max
u∈U

H(u) ≡

≡ arg abs max
−1≤u≤1

(p̂(t)u) ≡





−1, p̂(t) < 0,
+1, p̂(t) > 0,
∀u ∈ U, p̂(t) = 0.

u ,- �	
p̂(t) = 0

�
t ∈ [0, 1]

�d	�4��� �	����
�E��#�#�.I6m"��
*�%!�76��
�`*��
,D"�#��E,D"�	����8�21A#��
J�"��
*�%:�
��"��8':�������� ���#�	��

û(t)
(���&

kZ��"K[
.R"��K�����21A�� �kZ��#���� D�"�	+"��
*�%�	�� "��
*�%�' �R���K#��������D&
��.R�
#��E,D"�	]@ ,- ����E�m	! �	0,D�������E���Ru ,- �	3kZ�

p̂(t) = 0
�

t ∈ [0, 1]
��#��^e��D �.I63�
"�����4�%!�76 � �
"�����4�%:� �-C

p̂(t) ≡ 0
�

t ∈ [τ1i, τ2i]
�
τ1i < τ2i

�
1 ≤ i ≤ k

�
1 < k < ∞ �9"��

�
��"�	�(9�7 ��
#��
�L':�������� ���#�	��L	�4L'E,- ��
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0 =

∫ 1

0

(x̂2(t) − 2tx̂(t)) dt+
1

3
≡
∫ 1

0

(x̂(t) − t)2 dt,
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



˙̂x(t) = û(t) + t,
˙̂p(t) = 2λ̂(x̂(t) − t),

û(t) =





−1, p̂(t) < 0,
+1, p̂(t) > 0,
∀u ∈ U, p̂(t) = 0;

x̂(0) = 0; p̂(1) = −λ̂0;
∫ 1

0 (x̂(t) − t)2 dt = 0;

λ̂0 ≥ 0;
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x̂(t) − t = 0 ∀t ∈ [0, 1]
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x̂(t) − t = 0
	�(����2(IC ˙̂p(t) = 0 ∀t ∈ [0, 1]

��"��L,?':*��D&
"��E(3%��������
�

��L'E,- ��
�
	!;

p̂(1) = −λ̂0
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p̂(t) = −λ̂0

∀t ∈ [0, 1]
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λ̂0 > 0
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λ̂0 = 1
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p̂(t) = −1 < 0 ∀t ∈ [0, 1]
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û(t) = −1 ∀t ∈ [0, 1]
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˙̂x(t) = −1 + t
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x̂(0) = 0

� "��
x̂(t) = t2/2 − t

∀t ∈ [0, 1]
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û(t) = 1 − t ∀t ∈ [0, 1]
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λ̂0 = 0
�
x̂(t) = t

∀t ∈ [0, 1]
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û(t) = 1 − t ∀t ∈ [0, 1]
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p̂(t) = 0 ∀t ∈ [0, 1]
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x̂(t) = t ∀t ∈ [0, 1]
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x̂(·) + x(·) [
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��'E,D"�	�(��
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x(·) ∈ KC1([0, 1])

�

x̂(0) + x(0) = 0
�
t − 3 ≤ ˙̂x(t) + ẋ(t) ≤ t + 3 ∀t ∈ [0, 1]

�
∫ 1

0
[(x̂(t) + x(t))2 − 2t(x̂(t) + x(t))] dt = −1/3

� � "7��%^%!��%

x̂(t) = t
�
x̂(0) = 0

�!"��
x(0) = 0

�
t− 4 ≤ ẋ(t) ≤ t+ 2

�

∫ 1

0 (x̂2(t) − 2tx̂(t)) dt+
∫ 1

0 (2x̂(t)x(t) − 2tx(t)) dt+

+
∫ 1

0 x
2(t) dt = −1/3

⇔ −1/3 + 0 +
∫ 1

0 x
2(t) dt = −1/3 ⇔

∫ 1

0 x
2(t) dt = 0

⇔ x(t) ≡ 0
�
t ∈ [0, 1]
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û(t) = 1 − t ∀t ∈ [0, 1]
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λ̂0 = 0

�

x̂(t) = t ∀t ∈ [0, 1]
�
û(t) = 1 − t ∀t ∈ [0, 1]

�j�$��	5D�"��E(
inf T (x(·)) ≡ abs minT (x(·)) ≡ T (x̂(·)) = 1
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I(x(·), u(·)) ≡
∫ 2

0

x2(t) dt→ inf;
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ẋ(t) − u(t) = 0 ∀t ∈ ∆0 ⊆ ∆ ≡ [0, 2];
� V
� V
V����

u(t) ∈ U(t) ≡ {u(t)| − 1 ≤ u(t) ≤ 1} ∀t ∈ [0, 2];
� V
� V S�T �

x(0) − 1 = 0, x(2) = 0.
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L ≡
∫ 2

0

L(t) dt+ l;
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L ≡ λ0x
2 + p(ẋ− u) ≡ pẋ−H ;
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#�"��E;�
�	�#���C

H ≡ pu− λ0x
2;

"�����(�	�#���#�"�C

l ≡ λ1(x(1) − 1) + λ2x(2);

λ0
�
λ1
�
λ2
�
p ≡ p(t)
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− d

dt
L̂ẋ(t) + L̂x(t) = 0

(
⇔ ˙̂p(t) = −∂Ĥ(t)

∂x

)
⇒

˙̂p(t) = 2λ̂0x̂(t);
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k = 0

�
t0 = 0

�
k = 1

�

t1 = 2
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L̂ẋ(tk) = (−1)k ∂l̂

∂x(tk)

(
⇔ p̂(tk) = (−1)k ∂l̂

∂x(tk)

)
⇒

p̂(0) = λ̂1, p̂(2) = −λ̂2;
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L(u) = −p̂u 	 H(u) = −L(u)

�!"��

û(t) = arg abs min
u∈U

L(u) ≡ arg abs max
u∈U

H(u) ≡

≡ arg abs max
−1≤u≤1

(p̂(t)u) ≡

≡





−1, p̂(t) < 0,
+1, p̂(t) > 0,
∀u ∈ [−1, 1], p̂(t) = 0;
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α
�
p̂(t) = w�� � ��� < 0 ∀t ∈ [0, 2]

� )⇒ û(t) = −1 ∀t ∈ [0, 2]
(1.119)⇒ x̂(t) = −t + A ∀t ∈ [0, 2]
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x̂(0) = 1

�

x̂(2) = 0
��"��

A
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β
�
p̂(t) = w�� � ��� > 0 ∀t ∈ [0, 2]

� )⇒ û(t) = 1 ∀t ∈ [0, 2]
(1.119)⇒ x̂(t) = t + B ∀t ∈ [0, 2]
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γ
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p̂(t) = w�� � ��� ≡ 0
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λ̂2 = 0
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û(t)

�
p̂(t)

�
�$���
	�#�"���
���	����
�E���=':�����
#���#�	�� ˙̂p(t) = x̂(t)

������ �':*�	�(IC

p̂(t) =

{
t− 1

2 t
2 + a1, t ∈ [0, 1],

a2, t ∈ [1, 2],


c1A�
a1
�
a2

@ ���E,D"��5;�#�#�.R� 	�#�"���
���	����
�E��#�	!;�� t���% %!��%
N$':#�%�e�	!;

p̂(t)
#�����������.R�
#��B����	

t ∈ [0, 2]
� ���E,D%:�� ��
%�'

p̂(·) ∈ KC1([0, 2])
�-�P"��3	�4m'E,- ��
�
	!;0#�����������.R�
#��E,D"�	�D�"��
J

N$':#�%�e�	�	l����	
t = 1

���� �':*�	�( ,D��;�4��q(��DkZ1A'
a1

	
a2
C

a2 = a1 + 1/2
�

�$�����
�
�\':�����
#���#�	��\%��������
�
Jm42�51��5*�	d���
4��
�� �;���"8�
�����-1A�D �	�"��
':�������� ���#�	��
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0, t ∈ [1, 2].
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û(t) ≡ 0

�
t ∈ [1, 2]

��"��
p̂(t) ≡ 0

�

t ∈ [1, 2]
� � ���E,D%:�� ��
%�'d':�������� ���#�	��
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B0(ξ) → min,
Bi(ξ) ≤ 0, i = 1, . . . ,m′,
Bi(ξ) = 0, i = m′ + 1, . . . ,m,
ẋ(t) − ϕ(t, x(t), u(t)) = 0, u(t) ∈ U(t).
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f0(x) → min, fi(x) ≤ 0, 1 ≤ i ≤ m, F (x) = 0,
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ẍ = −6t
� � [
h=��� ����_=��#�	��

x(t, C1, C2) = t3+C1t+C2
�7iO,D	! �'$�
.R��':%! ��E,D"�	?42�51��5*�	��5N$':#�%�e�	!;��

'�1A�
�� ���"��
�
�E;�b�hZ�7;�%��������
./(8'E,- ��
�
	!;�(I��@r��[E,D�� �b�"�#�.RJK(�	�#�	�(�'!(I�
� "��
��"�C

x̂(t) = −t3 + t ∈ absmin
�

� #
J(x(·), T ) =

∫ T

0 ẋ2dt → min
�
x(0) = 0

�
T + x(T ) + 1 = 0�

T > 0
�-�
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�?fHC ∫ T

0 ẋ2dt + λ(T + x(T ))
��Q:1�C

ẍ = 0
���
[
h=��������_=��#�	��K��
�� � ,

':*���"��E(m%��������
�

���'E,- ��
�
	!;\#��� ����
�E(d%:�
#�e�� �-C
x(t, C) = Ct

�AQot]���

x
C

2ẋ(T ) = λ
��Qotr���

T
C
ẋ2(T ) + λ + ẋ(T ) = 0

���$4 D�"�	!681A�
'E6
':�����
#���#�	�J ���� �':*����2(q1A�E������_=��#�	!;�C

x1(t) = −2t
	
x2(t) = 0

�
ij"��
���
�j����_=��#�	��I�
"����51�����"5�7	�[
�o"��

c1��

T = −1
� � �����E,D���-1�,D"��
��#�#��
J

�����
�
����%:�
JG':[
�DkZ1����2(9,c;��!*�"��H�
"��
��"�C
x̂(t) = −2t

�
�.#

J(x(·)) =
∫ 1

0 (ẍ2dt → min
�
x(0) = ẋ(0) = ẍ(0) = 0

�

x(1) = 1
�
ẋ(1) = 4

�
ẍ(1) = 12

� ⇔
∫ 1

0
x2

3dt → min
�
ẋ1 = x2

�

ẋ2 = x3
�
x1(0) = x2(0) = x3(0) = 0

�
x1(1) = 1

�
x2(1) = 4

�

x3(1) = 12
�

�?fHC ∫ 1

0
(x2

3 + p1(ẋ1 − x2) + p2(ẋ2 − x3))dt
�\Q:1�C −ṗ1 = 0

�

−ṗ2 − p1 = 0
�

2ẍ3 = p2
� � "
,Dbj1�� ���� �':*����2(IC

x(6) = 0
�

� ':*���"��E( %��������
.I6q'E,- ��
�
	�Jq#��] ����
�E( %:�
#�e�� �
[
h=��� ����_=��#�	��
C

x(t, C1, C2, C3) = C1t
3 +C2t

4 +C3t
5 ��i ,D	! �'H�
.R��':%! ��E,D"�	G42�51��5*�	

N$':#�%�e�	!;��!'�1A�
�� ���"��
�
�E;�b�hZ�7;K%��������
./(�'E,- ��
�
	!;�(I�
@l��[E,D�� �b�"�#�.RJ
(�	�#�	�(�'!(I� � "��
��"�C

x̂(t) = t4 ∈ absmin
�

� #
J1(x(·)) =

∫ 1

0
(ẋ2 + 24t2x)dt → min

�
J2(x(·)) =

∫ 1

0
txdt = 1

�

x(0) = 1
�
x(1) = 5

�
�?fHC ∫

(ẋ2 + 24t2x + λtx)dt
�ZQ:1�C

2ẍ + 24t + λ = 0
� � [
h=���

����_=��#�	��
C
x(t, C1, C2, C3) = t4 + C1t

3 + C2t + C3
�/�$48
�����#�	�*!&

#�.I6 	^	�4��
������	�(���"���	�*��2,D%:�

��d'E,- ��
�
	!; ����	!6E�21A	�(r% �����
��#�,D"��E�
(IC

C3 = 1
�
C1 + C2 = 3

�
C1/5 + C2/3 = 1/3 ⇒ C1 = 5

�

C2 = −2
�\ij�
	:1A' �
.R��':%! ��E,D"�	W42�51��5*�	WN$':#�%�e�	!;��G'�1A�
�� ���"��
��&

�E;�b�hZ�7; %��������
./( 'E,- ��
�
	!;�(I�j@ ��[E,D�� �b�"�#�.RJ](�	�#�	�(�'!(I� � "��
��"�C

x̂(t) = t4 + 5t3 − 2t+ 1 ∈ absmin
�

��#
T → min

�
J(x(·)) =

∫ T

0
ẋ2dt = 1

�
x(0) = 0

�
x(T ) = 1

�
�
T > 0

�-�
�?fHC ∫ T

0
ẋ2dt + T + λx(T )

��Q:1�C
ẍ = 0

���3':*���"��E( %��������
�

��G'E,- ���&
�
	!; #��n ����
�E( %:�
#�e��8�
[
h=���`����_=��#�	��
C

x(t) = Ct
�RQot ���

x(·) C

2ẋ(T ) = −λ �!Qot ��� T C ẋ2(T ) + 1 + λẋ(T ) = 0
�:�
"�%�'�1��

ẋ(T ) = 1
�

�$�� �':*����2(d�-1A	�#�,D"��
��#�#��
�P����_=��#�	��
x(t) = t

	a	�4
x(T ) = 1

,- ��-1A'E&
��"5��*�"��

T = 1
� � �����E,D���-1�,D"��
��#�#��7;\�����
�
����%!�Z���
%!��4�.R�E����"5�!*�"�� D�"��

��[E,D�� �b�"�#�.RJL(�	�#�	�(�'!(I� � "��
��"�C
x̂(t) = t

�
T̂ = 1 ∈ absmin

�

io������tj	!6E�E(�	����
�
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� ��������� � ��� ��	�� ������� � ��� � � ��
����
� � �
��� ����������
�� � � �����!� 
������

s9�
,�,�(��
"���	�(^,D':h=�2,D"��
� ��,.��� � �SJ.�`)M,  #" � 9 � ��)-�#J.�`)M,  #K%��
$#��K����	!&
(������P42�51��5*�	G�
��"�	�(9�7 ��
#��

���':�������� ���#�	!;�C

I(x(·), u(·)) ≡
∫ t1

t0

f0(t, x(t), u(t)) dt → inf;
� S � T �

ẋ(t) − ϕ(t, x(t), u(t)) = 0 ∀t ∈ ∆0 ⊆ [t0, t1];
� S � V �

u(t) ∈ U(t) ∀t ∈ [t0, t1];
� S � S �

x(t0) − x0 = 0, x(t1) − x1 = 0.
� S � !��

���51��5*�� � S � T � M�� S � !��G@ *��
,D"�#�.RJ0,- �':*���J)	�,c6E�21A#��
J]42�51��5*�	 � V
� T � M
� V
� Y��-C��a#���JO�
�D �	�*�	�#�.

t0
�
x(t0)

�
t1
�
x(t1)

@ N$	�%!,D	����
�E��#�. ���
"7&
,D':"
,D"��
':b�"Z�

�����#�	�*���#�	!;�� V
� Y�� "�	����Z#��������
��#�,D"�� �:�
"
,D':"
,D"��
'
��"="����!&
(�	�#��7 ��
#��7;L,D�E,D"7���� �;�b�hZ�7;G�HN$':#�%�e�	��
#��7 ��
C

ψ0(t0, x(t0); t1, x(t1)) = 0,

�
"
,D':"
,D"��
':b�"�	�#�"���
����7 ��
#�.R�?,D�E,D"7���� �;�b�h=	��o��'E,- ��
�
	!;!6 � V
� !��-C

fν(t, x(t), u(t)) = 0, 1 ≤ ν ≤ m+ k,

�\"�����(�	�#��7 ��
#�.R�K,D�E,D"7���� �;�b�h=	��Z� � V
� !��o,D�
�
"��
��"
,D"��
':b�"\%��������
./(
'E,- ��
�
	!;�( � S � !��-C

ψ1(t0, x(t0); t1, x(t1)) ≡ x(t0) − x0 = 0,

ψ2(t0, x(t0); t1, x(t1)) ≡ x(t1) − x1 = 0;
"��H�2,D"����$� V
� !��

i = 1, 2, . . . ,m = 2n
�

V S �



s���_=��#�	�� 42�51��5*�	 � S � T � M�� S � !�� 42��%! �b�*�����"
,c; � �
�����-1A�D ���#�	�	
':�������� �;�b�h=��J=�
��%�"��
�:M!N$':#�%�e�	�	

û(t) ≡ (û1(t), . . . , ûr(t))T 	�,D�
�
"7&
�
��"
,D"��
':b�h=��JO��JO"�������%�"��
��	�	

x̂(t) ≡ (x̂1(t), . . . , x̂n(t))T "��
*�%�	
xNP��4��
�
�

��G�����E,D"�����#�,D"��E����1A�
	!kZ��#�	��H%:�
"��
���
JO�
��	�,D.R�E����"
,c;8,D	�,D"��D&

(��
Jn�
[
.R%�#��
�
��#�#�.I6+1A	�NPN$������#�e�	��7 ��
#�.I68':�����
#���#�	�J � S � V �-��	n%:��&
"��
���7;�42�a�
���2(�;

t1 − t0
��
c1A�

t0
�
t1
@ 42�51���#�.P��1A�� �kH#��a��������J�"�	

	�4aN$	�%!,D	����
�E��#�#��

��a#��5*��7 ��
#��

��+���� ��5kZ��#�	!;
x(t0) = x0

�ON$	�%!&
,D	����
�E��#�#��
�\%:�
#���*�#��
�\���� ��5kZ��#�	��

x(t1) = x1
����	 'E,- ��
�
	�	���*�"��

N$':#�%�e�	��
#��7 � S � T �/����	�#�	�(9����"L����	GD�"��E(](�	�#�	�(9�7 ��
#��
�Z4�#��5*���#�	��
�
�$#:1A��%!,BU

T
VP4-1A�2,D�Z	G1��7 ����$�
4�#��5*�����"Z"�����#�,D���
#�	����
�E��#�	��
�

�j'�1A�2(+����_Z��"��$42�51��5*�'P�$���
#�"��E;�
�	�#�,D%:�
J�N$�
��(���� ,j	�,D���� ��
4��
�E�7&
#�	��2(+N$':#�%�e�	�J

H
�
l
�-���  ��-1A'�;?�������
	! �'$����_=��#�	!;=42�51��5*P�
��"�	�(9�7 ���&

#��

���':�������� ���#�	!;�� ,�(I������V
� S �-�!42����	�_=�2(dN$':#�%�e�	�b0�$�
#�"��E;�
�	�#���C

H ≡ 〈p, ϕ(t, x, u)〉 − λ0f0(t, x, u),

"�����(�	�#���#�"�C

l ≡ 〈λ1, x(t0) − x0〉 + 〈λ2, x(t1) − x1〉,
	\���� �#�':b),D	�,D"��2(�'G'E,- ��
�
	�JG����	�#�e�	�����(9��%!,D	�(�'!(9�	� 'E,- ��
�
	!;\�5M:4 �-C

���\,D	�,D"��2(9�m':�����
#���#�	�J 1 J! ������5M:f?��
�����#!k�� � ,D�
���E;!kZ��#�#��7;3,D	!&
,D"��2(9���-C

˙̂p(t) = −∂Ĥ(t)

∂x
≡

≡ −〈p̂(t), ϕx(t, x̂(t), û(t))〉+λ̂0f0x(t, x̂(t), û(t));

[��G'E,- ��
�
	!;G"�����#�,D�
����,��7 ��
#��E,D"�	�C

p̂(t0) =
∂l̂

∂x(t0)
= λ̂1, p̂(t1) = − ∂l̂

∂x(t1)
= −λ̂2;

���G'E,- ��
�
	��o�
��"�	�(9�7 ��
#��E,D"�	\���
u
C

û(t) = arg abs max
u(t)∈U(t)

H(t, x̂(t), u(t), p̂(t), λ̂0) ≡ û(t, x̂(t), p̂(t), λ̂0)

∀t ∈ ∆0
�
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 �G'E,- ��
�
	!;=,D"7��e�	��
#�����#��E,D"�	=���
t0
�
t1
�
"
,D':"
,D"��
':b�"5��"7��%=%!��%

t0
�

t1
N$	�%!,D	����
�E��#�. �

1��G'E,- ��
�
	!;\1A�
���� �#!;�b�h=��J`#��DkZ�2,D"�%:�E,D"�	8�
"
,D':"
,D"��
':b�"5��"7��%`%!��%
��42�51��5*��o#���"�'E,- ��
�
	�J\"�	�����#��������
��#�,D"�� �

� �G'E,- ��
�
	��o#����
"���	�e���"��D ��
#��E,D"�	�C
λ̂0 ≥ 0

�

k �G'E,- ��
�
	�� � u s � � �

4 �G'E,- ��
�
	��o#��
��(�	����
�
%�	L(�#��5kH	�"��D ���JLf?��
�����#!k����

�$�E,- ��\���21�,D"7��#��
�
%�	n':�������� ���#�	!;
û(t) = u(t, x̂(t), p̂(t), λ̂0)

	�4
'E,- ��
�
	!;L���j�K':�����
#���#�	!; � S � V �j	+���I���� �':*�	�( ,D	�,D"��2(�'L�
[
.R%�#��
�
��#!&
#�.I6K1A	�NPN$������#�e�	��7 ��
#�.I6K':�����
#���#�	�JK1� �;aN$':#�%�e�	�J

x̂(t)
�
p̂(t)

C

˙̂x(t) =
∂Ĥ(t)

∂p
≡ ϕ(t, x̂(t), u(t, x̂(t), p̂(t), λ̂0)),

� S � Y��

˙̂p(t) = −∂Ĥ(t)

∂x
≡ −〈p̂(t), ϕx(t, x̂(t), u(t, x̂(t), p̂(t), λ̂0))〉 +

+λ̂0f0x(t, x̂(t), u(t, x̂(t), p̂(t), λ̂0)).

s���_=��#�	��8,D	�,D"��2(�.%� S � Y��Z1A�� �kH#��d'�1A�
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�
�E;�"��n%��������
./( 'E,- ���&
�
	!;�( � S � !��-�j'E,- ��
�
	!;�( "�����#�,D�
����,��7 ��
#��E,D"�	 [��H	^'E,- ��
�
	!;�( � � M:4 �-�
t���%+�E,D':h=�2,D"��� �;���"
,c;L�������D6E�21+�
"H	�,c6E�21A#��
JL42�51��5*�	L�
��"�	�(9�7 ��
#��
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':�������� ���#�	!; � S � T � M�� S � !��j%+%��������
�
J\42�51��5*�� � %��������
�
JL42�51��5*��P����	�#!&
e�	�����(9��%!,D	�(�'!(9����1� �;L,D	�,D"��2(�.

2n
�
[
.R%�#��
�
��#�#�.I6Z1A	�NPN$������#�e�	!&

�7 ��
#�.I6P':�����
#���#�	�J?�������
�

������
�E;:1A%!� � S � Y���,
4n
%��������
./(�	?'E,- ��
�
	!&

;�(�	�� S � !��R	+'E,- ��
�
	!;�(�	a"�����#�,D�
����,��7 ��
#��E,D"�	a[��/����	L1A�
���� �#�	�"��D ���&
#�.I6O'E,- ��
�
	!;!68� � M:4 �-��iq���� �':*���#�#��
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�
JO42�51��5*��H#���	�4��
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2n
���E,D"��5;�#�#�.I6G	�#�"���
���	����
�E��#�	!;L,D	�,D"��2(�. � S � Y�� 	

2n+ 1
(�#��5kH	!&

"��D ���Jmf?��
�����#!k��
λ̂0
�
λ̂1
�
λ̂2

� �E,D��
��
4n + 1
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λ̂0 = 1
� � ,�(I�
�
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����_=��#�	!;L42�51��5*
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�
J842�51��5*�������	
λ̂0 > 0
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I(x(·)) ≡
∫ 1

0

(ẋ2(t) − 12tx(t)) dt → inf , x(0) = x(1) = 0.
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{
˙̂x(t) = p̂(t),
˙̂p(t) = −6t; x̂(0) = 0, x̂(1) = 0.
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X(α) ≡ (x(1)(α)).
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x(t) = −t3 + αt, p(t) = −3t2 + α.
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x(T )

\

I(x(·), T ) ≡
∫ T

0

ẋ2(t) dt → inf ,

x(0) = 0, T + x(T ) + 1 = 0, T > 0.
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
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

˙̂x(t) = p̂(t),
˙̂p(t) = 0; x̂(0) = 0, T̂ + x̂(T̂ ) + 1 = 0,

p̂(T̂ ) = −λ̂; Ĥ(T̂ ) = λ̂.
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X(α) ≡ (H(T )[α] + p(T )[α], α2 + x(T )[α] + 1).

s���_=��#�	��q42�51��5*�	W�$�
_=	p1� �; #��5*��7 ��
#�.I6p'E,- ��
�
	�J
x(0) = 0

�

p(0) = α
	�(�����"��
	:1�C

x(t) = α1t, p(t) = α1.
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X1(α) = (α1)
2/2 + α1,

X2(α) = α2 + α1α2 + 1.
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I(x(·)) ≡
∫ 1

0

� � �
x 2(t) dt → inf ,

x(0) = ẋ(0) = ẍ(0) = 0, x(1) = 1, ẋ(1) = 4, ẍ(1) = 12.
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˙̂x1(t) = x̂2(t),
˙̂x2(t) = x̂3(t),
˙̂x3(t) = p̂3(t);
˙̂p1(t) = 0,
˙̂p2(t) = −p̂1(t),
˙̂p3(t) = −p̂2(t);
x̂1(0) = 0, x̂2(0) = 0, x̂3(0) = 0;
x̂1(1) = 1, x̂2(1) = 4, x̂3(1) = 12.
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α = (α1, α2, α3) ≡ (p1(0), p2(0), p3(0))
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x1(·)[α1, α2, α3], x2(·)[α1, α2, α3], x3(·)[α1, α2, α3],
p1(·)[α1, α2, α3], p2(·)[α1, α2, α3], p3(·)[α1, α2, α3].
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X(α) ≡ (x1(1)[α] − 1, x2(1)[α] − 4, x3(1)[α] − 12).
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x1(0) = 0
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x2(0) = 0
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�
p1(0) = α1

�
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p3(0) = α3
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x1(·)[α] = α1t
5/120− α2t

4/24 + α3t
3/6,

x2(·)[α] = α1t
4/24− α2t

3/6 + α3t
2/2,

x3(·)[α] = α1t
3/6 − α2t

2/2 + α3t,
p1(·)[α] = α1,
p2(·)[α] = −α1t+ α2,
p3(·)[α] = α1t

2/2− α2t+ α3.
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X1(α) = α1/120− α2/24 + α3/6− 1,
X2(α) = α1/24− α2/6 + α3/2− 4,
X3(α) = α1/6− α2/2 + α3 − 12.
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α0 C α1 = 0
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I(x(·)) ≡
∫ 1

0

(ẋ2(t) + 24t2x(t)) dt → inf ,
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x(0) = 1, x(1) = 5,

∫ 1

0

tx(t) dt = 1.
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˙̂x(t) = p̂(t),
˙̂y(t) = tx̂(t),
˙̂p(t) = 12t2 − λ̂t,
x̂(0) = 1, x̂(1) = 5, ŷ(0) = 0, ŷ(1) = 1.
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α = (α1, α2) ≡ (p(0), λ)
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x(·)[α1, α2], y(·)[α1, α2], p(·)[α1, α2].
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X(α) ≡ (x(1)[α] − 5, y(1)[α] − 1).
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x(0) = 1
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λ = α2
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x(t)[α] = t4 − α2t
3/6 + α1t+ 1,

y(t)[α] = t6/6− α2t
5/30 + α1t

3/3 + t2/2,
p(t)[α] = 4t3 − α2t

2/2 + α1.
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X1(α) = (1 − α2/6 + α1 + 1) − 5,
X2(α) = (1/6− α2/30 + α1/3 + 1/2) − 1.
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T (x(·), T ) ≡ T → inf ,

∫ T

0

ẋ2(t) dt = 1, x(0) = 0, x(T ) = 1, T > 0.
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˙̂x(t) = p̂(t),
˙̂y(t) = p̂2(t),
˙̂p(t) = 0;

x̂(0) = 0, x̂(T̂ ) = 1, ŷ(0) = 0, ŷ(T̂ ) = 1;

T̂ > 0.
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α = (α1, α2) ≡ (p(0), T )
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x(·)[α1, α2], y(·)[α1, α2], p(·)[α1, α2].
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X(α) ≡ (x(T )[α] − 1, y(T )[α] − 1).
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x(t)[α] = α1t,
y(t)[α] = α2

1t,
p(t)[α] = α1.
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X1(α) = α1α2 − 1 = 0,
X2(α) = α2

1α2 − 1 = 0.
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αk+1 = αk + ∆αk,

∆αk
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, ∆αk

2 = −αk
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x2(α2)[α]/y(α2)[α] − 1 = 0,
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y(α2)[α]/x(α2)[α] − 1 = 0
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B(x(·), T ) ≡
∫ T

0

ẋ2(t) dt+x2(0) → inf , x(T )+T+3 ≤ 0, T > 0.
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˙̂x(t) = p̂(t),
˙̂p(t) = 0;

p̂(0) = x̂(0), p̂(T̂ ) = −λ̂;
p̂2(T̂ ) = 2λ̂; λ̂ · (x̂(T̂ ) + T̂ + 3) = 0;

λ̂ ≥ 0; T̂ > 0.
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λ̂ = 0
	
λ̂ > 0
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λ = 0
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{
˙̂x(t) = p̂(t),
˙̂p(t) = 0; p̂(0) = x̂(0), p̂(T̂ ) = 0, T̂ > 0.
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x(t) = α(t+ 1), p(t) = α.
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X(α) ≡ p(T )[α] = 0.
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˙̂x(t) = p̂(t),
˙̂p(t) = 0;

p̂(0) = x̂(0), p̂(T̂ ) = −λ̂;
p̂2(T̂ ) = 2λ̂; x̂(T̂ ) + T̂ + 3 = 0; T̂ > 0, λ̂ > 0.
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α = (α1, α2) ≡ (p(0), T )
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x(·)[α1, α2], p(·)[α1, α2].

V�Y�#



s���_=��#�	��/42�51��5*�	��$�
_=	=1� �;H#��5*��7 ��
#�.I6='E,- ��
�
	�J
x(0) = p(0) = α1	�(�����"��
	:1�C

x(t)[α] = α1(t+ 1), p(t)[α] = α1.
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X(α) ≡ (x(T )[α] + T [α] + 3, p2(T ) + 2p(T )).
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X1(α) = α1(α2 + 1) + α2 + 3 = 0,
X2(α) = α1(α1 + 2) = 0.
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λ̂0 = 0
\

I(x(·), u(·)) ≡
∫ 1

0

(u(t) + x2(t)) dt → inf;

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];

∫ 1

0

(u2(t) − 2u(t)) dt+ 1 = 0, x(0) − 1 = 0.
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˙̂x(t) = û(t),
˙̂y(t) = û2(t) − 2û(t),
˙̂p(t) = 2λ̂0x̂,

û(t) = 1 + p̂(t)−λ̂0

2λ̂
;

x̂(0) = 1, ŷ(0) = 0, p̂(1) = 0, ŷ(1) + 1 = 0;
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α = (α1, α2) ≡ (p(0), λ0)
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x(0) = 1
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y(0) = 0
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x(t)[α] = (α1/2 + 1)t+ 1, p(t)[α] = α1, y(t)[α] = (α2
1/4 − 1)t;
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X(α) ≡ (y(1)[α] + 1; p(1)[α]) = (0; 0),
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X1(α) =
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I(x(·)) ≡
∫ 1

0

(x(t) − 1)2 dt→ inf;

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];
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x(0) − 1 = 0, x(1) − 1 = 0.
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˙̂x(t) = û(t), û(t) = arg abs max
u∈(−∞,+∞)

(p̂(t)u),

˙̂p(t) = x̂(t) − 1; x̂(0) = 1, x̂(1) = 1.
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T (x(·), T ) ≡ T → inf , T > 0;

x(0) = x(T ) = 0;

∫ T

0

(ẋ2(t) − 4x(t)) dt ≤ −1

3
.
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λ̂ = 0
	
λ̂ > 0
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λ̂ = 1/2
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

˙̂x(t) = p̂(t),
˙̂y(t) = p̂2(t) − 4x̂(t),
˙̂p(t) = −2,

x̂(0) = 0, x̂(T̂ ) = 0,

ŷ(0) = 0, ŷ(T̂ ) + 1/3 = 0;

T̂ > 0.
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α = (α1, α2) ≡ (p(0), T )
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t = 0
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x(·)[α], p(·)[α], y(·)[α].
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x(0) = 0
�

y(0) = 0
�
p(0) = α1
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x(t)[α] = −t2 + α1t,
p(t)[α] = −2t+ α1,

y(t)[α] =
8

3
t3 − 4α1t

2 + α2
1t.
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X(α) ≡ (x(T )[α], y(T )[α] + 1/3) = (0; 0).
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X1(α) = −α2
2 + α1α2,

X2(α) =
8

3
α3

2 − 4α1α
2
2 + α2

1α2 + 1/3.
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α1 = 1
�
α2 = T = 1
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	��E�7 ���#�"�#�':bl��Jn�`,D	! �'8'E,- ��
�
	!;

T > 0 x(T )[α]/T [α] = 04�#��5*�	�"��D ��
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I(x(·), u(·)) ≡
∫ 1

0

(u2(t) − 2x(t)) dt → inf ,

ẋ(t) + x(t) = u(t), u(t) ∈ R
1 ∀t ∈ [0, 1],

x(0) = 1, x(1) + 1/e = 1 + e.
�$�������E�7;K42�51��5*��=����	�#�e�	����H(9��%!,D	�(�'!(9�Z	�(�����"H�
	:1 � V
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



˙̂x(t) = −x̂(t) + p̂(t),
˙̂p(t) = p̂(t) − 1;
x̂(0) = 1, x̂(1) = 1 + e− 1/e.
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α = p(0)
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x(·)[α], p(·)[α].
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x(0) = 0

�

p(0) = α
	�(�����"��
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x(t)[α] = 1 +
α− 1

2
et − α− 1

2
e−t,

p(t)[α] = 1 + (α− 1)et.
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X(α) ≡ x(1)[α] − (1 + e− 1/e) = 0.

V #!V



s���_=��#�	��a%��������
�
Jd42�51��5*�	 (���"��21A�E(q,D"����D ��
[
.B,\"7��%:�
Jm�
.R*�	�,- �	!&
"��D ��
#��
J�,c6E�2(��
J�D�%��
	��E�7 ���#�"�#��o����_=��#�	�b ':�����
#���#�	!;P1� �;HN$':#�%�e�	�	
#�����;�4�%�	�C

X1(α) =

(
1 +

α− 1

2
e− α− 1

2
e−1

)
− (1 + e− 1/e) = 0.
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α = 3,
x(t)[α] = 1 + et − e−t,
p(t)[α] = 1 + 2et.
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I(x(·), u(·)) ≡
∫ 1

0

(u2(t) + 2x(t)) dt → inf ,

ẍ(t) − ẋ(t) = u(t), u(t) ∈ R ∀t ∈ [0, 1],

x(0) = 0, x(1) = 0.
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˙̂x1(t) = x̂2(t),
˙̂x2(t) = x̂2(t) + p̂2(t),
˙̂p1(t) = 1,
˙̂p2(t) = −p̂1(t) − p̂2(t);
x̂1(0) = 0, x̂1(1) = 0; p̂2(0) = 0, p̂2(1) = 0.
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α ≡ (α1;α2) = (x2(0); p1(0))
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x1(·)[α], x2(·)[α], p1(·)[α], p2(·)[α].
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x1(0) = 0

�

x2(0) = α1
�
p1(0) = α2

�
p2(0) = 0

	�(�����"��
	:1�C

x1(t)[α] =

(
α1 −

α2 + 1

2

)
et +

α2 − 1

2
e−t +

t2

2
+ α2t− α1 + 1,

x2(t)[α] =

(
α1 −

α2 + 1

2

)
et − α2 − 1

2
e−t + t+ α2,

p1(t)[α] = t+ α2,

p2(t)[α] = (α2 − 1)e−t − t+ 1 − α2.
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X(α) ≡ (x1(1)[α], p2(1)[α]) = (0, 0).
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X1(α) =

(
α1 −

α2 + 1

2

)
e+

α2 − 1

2
e−1 +

1

2
+ α2 − α1 + 1 = 0,

X2(α) = (α2 − 1)e−1 − α2 = 0.
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α1 =
e2 − 5e+ 6

2(e− 1)2
,

α2 = −1/(e− 1),

x̂1(t) =

(
α1 −

α2 + 1

2

)
et +

α2 − 1

2
e−t +

t2

2
+ α2t− α1 + 1,

x̂2(t) =

(
α1 −

α2 + 1

2

)
et − α2 − 1

2
e−t + t+ α2,

p̂1(t) = t+ α2,

p̂2(t) = (α2 − 1)e−t − t+ 1 − α2.
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B0(x(·), u(·)) ≡
∫ 2

1
u2(t) dt+ x2(1) → inf ,

ẋ(t) = 1
tx(t) + u(t), u(t) ∈ R

1 ≡ (−∞,+∞) ∀t ∈ [1, 2],
x(2) ≤ 3.
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
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˙̂x(t) = 1
t x̂(t) + p̂(t), û(t) = p̂(t),

˙̂p(t) = − 1
t p̂(t);

p̂(1) = x̂(1), p̂(2) = −λ̂; λ̂ · (x̂(2) − 3) = 0.
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λ̂ = 0
	
λ̂ > 0
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λ̂ = 0
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
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˙̂x(t) = 1
t x̂(t) + p̂(t),

˙̂p(t) = − 1
t p̂(t);

p̂(1) = x̂(1), p̂(2) = 0;
x̂(2) − 3 ≤ 0.
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λ̂ > 0
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
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˙̂x(t) = 1
t x̂(t) + p̂(t),

˙̂p(t) = − 1
t p̂(t);

p̂(1) = x̂(1), x̂(2) − 3 = 0; p̂(2) = −λ̂ ≤ 0.
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α
C
x(1) = α

�
p(1) = α
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x(·)[α], p(·)[α].
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x(t)[α] = α(2t− 1),
p(t)[α] = α/t.
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X(α) ≡ p(2)[α] = 0,

X(α) ≡ x(2)[α] − 3 = 0.
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.I6Z42�51��5*H(���"��21A�E(�,D"����D ��
[
.TD�%��
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_=��#�	�b)':�����
#���#�	!;�C

X(α) = α/2 = 0
1� �;L%��������
�
JG42�51��5*�	�� S � V U �-�

X(α) = α(2 · 2 − 1) − 3 = 0

1� �;L%��������
�
JG42�51��5*�	�� S � V2X��-�
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#��
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br(���"��21A'a����_=�D&
#�	!;K �	�#���J�#�.I6G�7 �
���[
����	�*��2,D%�	!6�':�����
#���#�	�J
� �
�����-1A�D �;���"?	!6K����_=�D&
#�	!;L42�Z�21A#�'K	�"�������e�	�b=C

α = 0,
x(t) = 0,
p(t) = 0

	
α = 1,

x(t) = 2t− 1,
p(t) = 1/t.

�$���
�
����%!�G'E,- ��
�
	�J
x(2) ≤ 3

�
p(2) ≤ 0

#��L���� �':*���#�#�.I68����_=��#�	!&
;!6?�E,D"7���� �;���"/"��� ��
%:�o�21A#�' D�%!,D"����2(9�7 ����5�
*����
	:1A#�����1A�E,D"7���� �;�b�h=':b
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#��7 �'H42�51��5*�	��

� [
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��O����	�(������8�
�
42(��5kH#��8	
#������E,D���-1�,D"��
��#�#��
� ����_=��#�	�� %��������
�
JP42�51��5*�	 � V
� U !���[
��4 ����4-1A�D ���#�	!;
#���,- �':*���	

λ = 0
	
λ > 0

���$��	L�
.R[
�
���$N$':#�%�e�	�	\#�����;�4�%�	

X(α) ≡ p(2)[α](x(2)[α] − 3) = 0
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�E��#�	��`(���"��21��
,D"����D ��
[
. ����	��
�21A	�"�%\%��E�51A����"�#��E(�'K':�����
#���#�	�b=C

c

2
(3c− 3) = 0.

�$��	n����_=��#�	�	 D�"��

��+':�����
#���#�	!;n(���"��21A�E( � �
b�"��
#������+42���
	�,D	�(���&
,D"�	+�
"H�
.R[
�
���Z#��5*��7 ��
#��
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,c;a�21A	�#L	�4
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'E6G�
�
42(��5kH#�.I6H%:�
��#���J�C

α = 0
� ����	

α0 < 1/2
� 	! �	

α = 1
� ����	

α0 > 1/2
�-���$��	

α0 = 1/2
�����
	�4��
�21A#��7;�N$':#�%�e�	�	�#�����;�4�%�	�������&

#��G#�'2 �b 	8(���"��21 � �
b�"��
#��K#�������	�(���#�	�(I� � #��7 ��

�	�*�#����������
�
����%!�
'E,- ��
�
	�J

x(2) ≤ 3
�
p(2) ≤ 0

#��Z���� �':*���#�#�.I6G����_=��#�	!;!6G�E,D"7���� �;���"
"��� ��
%:�?�21A#�'�D�%!,D"����2(9�7 ����
�
*����
	:1A#����51A�E,D"7���� �;�b�h=':b ��[E,D�� �b�"�#�.RJ
(�	�#�	�(�'!( N$':#�%�e�	��
#��7 �'H42�51��5*�	��

�	� ����� ��� # �M� � ���*�G[���&H)*��$�� � � ��� � ���*� � 9;J.�`)-� � ,.N#J.�P+���/
JB�������#, )-����,.�`)-���*,!J.K%���Z(QJ  #��+��#, � �����#�;)*��+�,.$#J.�P+���� �;��KQJ.��)-��+���$��
$�9C� $#���*�! #"%$�9C� � $#, �;��KQJ.��)-��+���$�$�9C� K%��$#,.��$�9C�Z��$#���*,.$���/��:� �2���
����+���N7�#, )M, ��,.$�$���N-\

T (x(·), u(·), T ) ≡ T → inf , T > 0;

ẋ(t) − x(t) + tu(t) = 0 ∀t ∈ ∆0 ≡ ∆ ≡ [0, T ];

u(t) ∈ U ≡ {u(t) | 0 < u(t) < 2} ∀t ∈ [0, T ];
∫ T

0

sin2 u(t) dt− 1 = 0, x(0) − 1 = 0.

�$���
�
�-1A�2(8��#��7 �	�4R'E,- ��
�
	!;��
��"�	�(9�7 ��
#��E,D"�	 � V
� U X��-�
�$��	K��#��7 �	!&
4��?42�51��5*�	L�H����V
� !�� S �
"
(���*��7 ��E,D����*�"��

λ̂ 6= 0
�
λ̂0 > 0

�A�$4?'E,- ��
�
	�J
,D"7��e�	��
#�����#��E,D"�	 −λ̂ sin2 u(T ) = λ̂0

,- ��-1A'
��"5�
*�"�� −λ̂ > 0
�Eij.R[
�����

��%!�5*��2,D"��
�$'E,- ��
�
	!;G#��
��(�	����
�
%�	 −λ̂ = 1
������ �':*�	�(IC

∂L

∂u
= 0 (⇔ ∂H

∂u
= 0) ⇒ sin 2û(t) = p(t)t,

û(t) =

{
(π − arcsin(p̂(t)t))/2,

����	
sin(π − 4) < p(t)t ≤ sinβ,#��?,D':h=�2,D"��
'
��"5�!����	

sinβ < p̂(t)t
	! �	

p̂(t)t ≤ sin(π − 4),

c1A�

β ≈ 1, 16556
@ (�	�#�	�(9�7 ��
#�.RJL���� ��5kH	�"��D ��
#�.RJ\%:�
����#���':������&

#���#�	!;
tg(β/2) = β

�
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p(t)t
�����-1�,D"7���� ���#�#��P��	�,�� S � V
� � �

��	�,D':#�%:�jkH	���#�./(`�
.j1A�D ���#�.n42���
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,D"��
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����7&
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p(t)t = sinβ
� #�	!kH#!;!;
�=	

p(t)t = sin(π − 4)� �
���E6!#!;!;
�-�$_="���	!6EM:��':#�%�"�	����E(B@ 42���
	�,D	�(��E,D"�� ����	
p(t)t = 0

�
��':#�%�"�	����E(n@l42���
	�,D	�(��E,D"��Z����	

p(t)t = 1 > sinβ
�

s 	�,�� S � VZ�����
	�,D	�(��E,D"��GN$':#�%�e�	�	+�$�
#�"��E;�
�	�#��H�
"K':�������� ���#�	!;a����	
����4D �	�*�#�.I6G4�#��5*���#�	!;!6

p(t)t
� ,D#��
�
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��a'E,- ��
�
	!;O����	�*�	�,- ���#�#��E(3����_=�D&

#�	�	`42�51��5*�	`,D�E,D"��
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��G#������� �#��
J+�
�����-1A�D ���#�#��E,D"�	���<=�
�
�����-1A�D&
 �	�(d�
��"�	�(9�7 ��
#��
�$':�������� ���#�	��$���H,- ��-1A':b�h=�2(�'G42��%:�
#�'�C

û(t) =





0,
����	

p(t)t > sinβ,

(π − arcsin(p̂(t)t))/2,
����	

sin(π − 4) < p(t)t ≤ sinβ,
2,

����	
p(t)t ≤ sin(π − 4). � S � S�T �

t���%:�
�31A�
�
�����-1A�D ���#�	�� D�%��
	��E�7 ���#�"�#�� 42�
(���#��)	�,c6E�21A#��
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,D"�	31A�
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[� A�
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U(t) ≡ [0; 2]
�

�$�������E�7;G42�51��5*�������	�#�e�	����K(9��%!,D	�(�'!(9�$� V
� U ���-��,P':*���"��E(m'E,- ���&
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�
	!;G#��
��(�	����
�
%�	
λ̂ = −1

	K1A�
�
�����-1A�D ���#�	!;G�
��"�	�(9�7 ��
#��

��=':��������&
 ���#�	!; � S � S�T �-�!	�(�����"��
	:1�C

˙̂x(t) = x̂(t) − tû(t),
˙̂y(t) = sin2 û(t),
˙̂p(t) = −p̂(t);

û(t) =





0,
����	

p(t)t > sinβ,
(π − arcsin(p̂(t)t))/2,

����	
sin(π − 4) < p(t)t ≤ sinβ,

2,
����	

p(t)t ≤ sin(π − 4);

x̂(0) = 1, ŷ(0) = 0, ŷ(T̂ ) = 1, p̂(T̂ ) = 0.
Q ,- ��
�
	!;

T > 0
	

sin(π − 4) < p(t)t ≤ sinβ
;��� �;�b�"
,c;a�����
�
�����
*!&
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Jd�
.R*�	�,- �	�"��D ��
#��
Jm,c6E�2(��
Jd(���"��21��O,D"����D ��
[
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*��2,D"��
�B�
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��� �������
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� ����	�,D"����D �%�	 �
.R[
�����2( �
�D �	�*�	�#�.

α ≡ (α1, α2) = (p(0), T )
� il%!�5*��2,D"��
�G1A�
'E6d%:�E(����
#���#�"O�
��%�"��
�:M

N$':#�%�e�	�	L#�����;�4��
%�C

X(α) ≡ (y(T )[α] − 1, p(T )[α]) = (0, 0).
���51����O4�#��5*���#�	!; �������
(���"����
�n����	�,D"����D �%�	^%!��%�	�(�ME �	�[
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���7&
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t = 0

1A�
t = α2

�E���� �':*�	�(O,D�
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��"7&
,D"��
':b�h=	��PN$':#�%�e�	�	�C

x(·)[α], y(·)[α], p(·)[α], u(·)[α].
s���_=��#�	��o42�51��5*�	G�$�
_=	�1� �;LN$':#�%�e�	�	

p(t)
#��$42���
	�,D	�"?�
"?1A��'E&


�	!6dN$':#�%�e�	�Jd	d	�(�����"8�
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p(t)[α] = α1e

−t � �����
	�,D	�(��E,D"�� te−t �
 �	�#���J�#��+,D��;�42��#�#��7;O,HN$':#�%�e�	���JO��������%! �b�*���#�	!;

p(t)t
�������-1�,D"7����&

 ���#��K#��G��	�,�� S � S � � "
(���"�	�( ,- ��-1A':b�h=	���,D�
�
J�,D"��E�KN$':#�%�e�	�	`�������D&
%! �b�*���#�	!;

p(t)t
C

V �o�
#��\�����
#��\#�'2 �b ����	
α1 = 0

��#����
"���	�e���"��D ��
#��\����	
α1 > 0

	
#������� ��5kH	�"��D ��
#��=����	

α1 < 0
�

S �=����	
α1 6= 0

N$':#�%�e�	!;m��������%! �b�*���#�	!;d1A�E,D"�	�
D����"7D�%!,D"����2(�'!(9�
α1e

−1 ����	 t = 1
�

!��
t ∈ [0; 1]

	
t ∈ [1;∞]
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#�#��E,D"�	8N$':#�%�e�	�	8���D&
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τ1
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#��D&
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p(t)t = sinβ

����	
α1 > 0

	
p(t)t = sin(π − 4)
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α1 < 0

�
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y(t)[α] =

∫

∆

1 +
√

1 − α1s2e−2s

2
ds+A,


c1A�
∆ = [0;T ] \ [τ1; τ2]

�

A = −min(0, sign α1) · (max(τ1,min(τ2, T )) − τ1) · sin2 2.

s���_=��#�	��P,D	�,D"��2(�.]#��D �	�#���J�#�.I6\':�����
#���#�	�JL(���"��21���,D"����D ��
[
.

X1(α) ≡
∫
∆

1+
√

1−α1s2e−2s

2 ds+A− 1 = 0,

X2(α) ≡ α1 exp(−α2) = 0
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b�"��
#��G���
4��
��&
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��#�#�.RJO,D':h=�2,D"��
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����#��

α1 = 0
�

α2 = 1
���
�����-1A�D �;�b�h=	�J\����_=��#�	��P	�,c6E�21A#��
JG42�51��5*�	��

s 	�,�� S � S � �����-1A�D ���#�	��P%:�
��#���J\':�����
#���#�	!;
p(t)t = 1

����	
α1 > 0

�

�	� ����� ����# �M� � ���*��[���&H)*��$�� ����+ K%�����L)-��N )M,.OP,.$��#,EJ.( �P,.�
J.�P+�(Q,.�  #��O�" + ��$��L)����! #"%$��'� J  #(%�*��, � ��)-�

λ̂0 = 0
\

B0(x(·), u(·)) ≡
∫ 1

0

(u2(t) + u(t)) dt → inf;
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ẋ(t) − x(t) − u(t) = 0 ∀t ∈ ∆0 = ∆ ≡ [0, 1];

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 1];

∫ 1

0

(x2(t) + 2tx(t)) dt+
1

3
= 0, x(1) + 1 = 0.

�$�������E�7;K42�51��5*��=����	�#�e�	����H(9��%!,D	�(�'!(9�	� V
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



˙̂x(t) = x̂(t) + û(t),
˙̂y(t) = x̂(t)2 + 2tx̂(t),
˙̂p(t) = −p̂(t) + 2λ̂(x̂(t) + t),

û(t) = arg abs max
u∈U

(p̂(t)u− λ̂0(u
2 + u));

ŷ(0) = 0, p̂(0) = 0, x̂(1) = −1, ŷ(1) = −1/3; λ̂0 ≥ 0;'E,- ��
�
	�� � u s � � �!'E,- ��
�
	��o#��
��(�	����
�
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λ0 = 0 p(t) 6≡ 0
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∃t ∈ [0, 1]
�
p(t) 6= 0

	��E,- ��-1A�
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#���� ∃(τ0, τ1) ⊂ [0, 1]
�
p(t) 6= 0
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p(t) ≡ 0
�A"��

ṗ(t) = 0 + 2λ(x(t) + t) = 0 ∀t ∈ [0, 1]
�

t��

c1������2,- �	
λ = 0
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�����#!k��L�����
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42(��5kH#������H�2,- �	

λ 6= 0
��"��

x(t) + t ≡ 0 ∀t ∈ [0, 1]
��	a�E,D�
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λ0 6= 0
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û(t) =
p̂(t)

2λ̂0

− 1

2
.

ij.R[
�����Z�H%!�5*��2,D"��
�$'E,- ��
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λ̂0 = 1/2

�!�������
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



˙̂x(t) = x̂(t) + p̂(t) − 1/2,
˙̂y(t) = x̂(t)2 + 2tx̂(t),
˙̂p(t) = −p̂(t) + 2λ̂(x̂(t) + t),
ŷ(0) = 0, p̂(0) = 0, x̂(1) = −1, ŷ(1) = −1/3.
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α ≡ (α1, α2) = (x(0), λ)
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x(·)[α], y(·)[α], p(·)[α].
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x(0) = α1

�

y(0) = 0
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p(0) = 0

	
λ = α2
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α2 < − 1
2

C

x(t)[α] = − 1

2α2 + 1

[(
α1β +

1 − 2α2

2β

)
sinβt+

(
α1β

2 +
1

2

)
cosβt+ 2α2t−

1

2

]
,

p(t)[α] =
1

β

(
2α1α2 +

2α2

β2

)
sinβt−α2

β2
cosβt−2

α2

β2
t+

α2

β2
.

�$��	
α2 = − 1

2

C

x(t)[α] = − t
3

6
− t

2

4
− t

2
+α1(t+1), p(t)[α] =

t3

6
− t

2

4
−α1t.

�$��	
α2 > − 1

2

C

x(t)[α] =
1

2α2 + 1

[(
α1β +

β2 − 2

2β

)
shβt+

(
α1β

2 − 1

2

)
chβt− 2α2t+

1

2

]
,

p(t)[α] =
α2

2α2 + 1

[
2

(
α1β − 1

β

)
shβt+ chβt+ 2t− 1

]
.

�

y(t)[α] =

∫ t

0

(x2(s)[α] + 2tx(t)[α])ds.
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X(α) ≡ (x(1)[α] + 1, y(1)[α] + 1/3) = (0, 0).
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I(x(·), u(·)) ≡
∫ 2

0

(tu(t) − 1)2(2x(t) − t2 + 1)2 dt→ inf;

ẋ(t) − tu(t) = 0 ∀t ∈ ∆0 ≡ ∆ ≡ [0, 2];

u(t) ∈ U ≡ R
1 ≡ (−∞,+∞) ∀t ∈ [0, 2];

x(0) +
1

2
= 0, x(2) − 1 = 0.
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λ̂0 = 1/2
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



˙̂x(t) = tû(t),
˙̂p(t) = 2(tû− 1)2(2x̂(t) − t2 + 1),
p̂(t) − (tû(t) − 1)(2x̂(t) − t2 + 1)2 = 0;
x̂(0) = −1/2, x(2) = 1.
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x(t) ≡ (t2 − 1)/2, p(t) ≡ 0, u(t) ≡ 1.
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τ = α.
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t = τ
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t = 2
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p(t) ≡ 0, u(t) = 1/t, ẋ(t) = t· 1
t

= 1, x(t) ≡ (t−τ)+(τ2−1)/2.
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t = 2
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X(α) ≡ x(2)[α] − 1 = (2 − α) + (α2 − 1)/2− 1 = (α− 1)2/2.
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I(x(·)) ≡
∫ 1

0

(ẋ2(t) − 4x(t)) dt → inf ,

t ≤ ẋ(t) ≤ 2t ∀t ∈ [0, 1], x(0) = 0.
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
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˙̂x(t) = û(t),
˙̂p(t) = −4;

û(t) =





2t, p̂(t) ≥ 4t
p̂(t)/2, 2t ≤ p̂(t) ≤ 4t
t, p̂(t) ≤ 2t

;

x̂(0) = 0, p̂(1) = 0.
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x(·)[α], p(·)[α].
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X(α) ≡ p(1)[α] = 0.
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x(0) = 0
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p(0) = α
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α ∈ (0, 6)
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p(t)[α] = α− 4t,

û(t)[α] =





2t, t ≤ α/8,
p̂(t)/2, α/8 ≤ t ≤ α/6,
t, α/6 ≤ t;

x(t)[α] =
∫ t

0 u(s)ds =





t2, t ≤ α/8,
α
2 t− t2 − α2

32 , α/8 ≤ t ≤ α/6,

t2

2 + α2

96 , α/6 ≤ t ≤ 1.
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X1(α) = (α− 4) = 0.
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α = 4,
p̂(t) = 4 − 4t,

û(t) =





2t, 0 ≤ t ≤ 1/2,
2 − 2t, 1/2 ≤ t ≤ 2/3,
t, 2/3 ≤ t ≤ 1;

x̂(t) =





t2, 0 ≤ t ≤ 1/2,
2t− t2 − 1/2, 1/2 ≤ t ≤ 2/3,
t2/2 + 1/6, 2/3 ≤ t ≤ 1.
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I(x(·)) ≡
∫ 1

0

x(t) dt → sup,

−6t ≤ ẍ(t) ≤ 1 ∀t ∈ [0, 1], x(0) = x(1) = 0.
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˙̂x1(t) = x̂2(t),
˙̂x2(t) = û(t),

û(t) =





−6t, p̂2(t) < 0,
1, p̂2(t) > 0,
∀u ∈ U, p̂2(t) = 0,

˙̂p1(t) = −2,
˙̂p2(t) = −p̂1(t);
x̂1(0) = 0, x̂1(1) = 0; p̂2(0) = 0, p̂2(1) = 0.
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α = (α1, α2) ≡ (x2(0), p1(0))
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x1(·)[α], x2(·)[α], p1(·)[α], p2(·)[α].
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X(α) ≡ (x1(1)[α], p2(1)[α]).
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x1(0) = 0

�

x2(0) = α1
�
p1(0) = α2

�
p2(0) = 0

	�(�����"H,- ��-1A':b�h=	�JL�
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p1(t)[α] = α2 − 2t,
p2(t)[α] = t2 − α2t.

�$��	
α2 ≤ 0

C

û(t)[α] = 1, x̂2(t)[α] = t+ α1, x̂1(t)[α] = t2/2 + α1t.

�$��	
0 < α2 < 1

C

û(t)[α] =

{
−6t, t ∈ [0, α2),
1, t ∈ (α2, 1],
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x̂2(t)[α] =

{
−3t2 + α1, t ∈ [0, α2),
t− 3α2

2 − α2 + α1, t ∈ (α2, 1],

x̂1(t)[α] =

{
−t3 + α1t, t ∈ [0, α2),
t2/2 + (α1 − 3α2

2 − α2)t+ (2α3
2 + α2

2/2), t ∈ (α2, 1].
�$��	

α2 ≥ 1
C

û(t)[α] = −6t, x̂2(t)[α] = −3t2 + α1, x̂1(t)[α] = −t3 + α1t.

s���_=��#�	�� %��������
�
JP42�51��5*�	?(���"��21A�E(a,D"����D ��
[
.�, "7��%:�
JP�
.R*�	�,- �	!&
"��D ��
#��
J\,c6E�2(��
J D�%��
	��E�7 ���#�"�#��?����_=��#�	�b),D	�,D"��2(�.^':�����
#���#�	�J�1� �;
�
��%�"��
�:M!N$':#�%�e�	�	\#�����;�4��
%�C

X1(α) =





1/2 + α1,
����	

α2 ≤ 0,
1/2 + 2α3

2 − 5
2α

2
2 − α2 + α1,

����	
0 < α2 < 1,

−1 + α1,
����	

α2 ≥ 1;
X2(α) = 1 − α2.
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I(x(·)) ≡
∫ 1

0

(ẋ2(t) + 4x(t)) dt→ inf ,

−1 ≤ ẋ(t) ≤ 0 ∀t ∈ [0, 1], x(0) = 0, x(1) + 3/4 ≤ 0.
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

˙̂x = û,
˙̂p = 4,

û(t) =





−1, p̂(t) ≤ −2,
p̂(t)/2, −2 ≤ p̂(t) ≤ 0,
0, p̂(t) ≥ 0,

x̂(0) = 0, p̂(1) = −λ̂; λ̂ · (x̂(1) + 3/4) = 0;

λ̂ ≥ 0.
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λ̂ = 0
	
λ̂ > 0
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α = p(0)
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x(·)[α], p(·)[α].
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X(α) ≡ x(1)[α] + 3/4
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x̂(1) + 3/4 = 0

�

λ ≥ 0
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X(α) ≡ p(1)[α]
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x̂(1) + 3/4 ≤ 0
�

λ = 0
�
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x(0) = 0

�

p(0) = α
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p̂(t)[α] = 4t+ α.

�$��	
α ≤ −6

C
û(t)[α] = −1

�
x̂(t)[α] = −t ��$��	 −6 < α ≤ −4

C

û(t)[α] =

{
−1, 0 ≤ t ≤ −(α+ 2)/4,
2t+ α/2, −(α+ 2)/4 ≤ t ≤ 1,

x̂(t)[α] =





−t, 0 ≤ t ≤ −(α+ 2)/4,

t2 +
α

2
t+

(
α+ 2

4

)2

, −(α+ 2)/4 ≤ t ≤ 1.
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�$��	 −4 < α ≤ −2
C

û(t)[α] =





−1, 0 ≤ t ≤ −(α+ 2)/4,
2t+ α/2, −(α+ 2)/4 ≤ t ≤ −α/4,
0, −α/4 ≤ t ≤ 1,

x̂(t)[α] =





−t, 0 ≤ t ≤ −(α+ 2)/4,

t2 +
α

2
t+

(
α+ 2

4

)2

, −(α+ 2)/4 ≤ t ≤ −α/4,
(α+ 1)/4, −α/4 ≤ t ≤ 1.

�$��	 −2 < α ≤ 0
C

û(t)[α] =

{
2t+ α/2, 0 ≤ t ≤ −α/4,
0, −α/4 ≤ t ≤ 1,

x̂(t)[α] =

{
t2 + αt/2, 0 ≤ t ≤ −α/4,
−α2/16, −α/4 ≤ t ≤ 1.

�$��	
α > 0

C
û(t)[α] = 0

�
x̂(t)[α] = 0
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X(α) =
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


−1,
����	

α ≤ −6,

1 +
α

2
+

(
α+ 2

4

)2

,
����	 − 6 < α ≤ −4,

(α + 1)/4,
����	 − 4 < α ≤ −2,

−α2/16,
����	 − 2 < α ≤ 0,

0,
����	

0 < α
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T (x(·), u(·), T ) ≡ T → inf , T > 0;

ẋ(t) + x(t) − tu(t) = 0 ∀t ∈ ∆0 ⊆ ∆ ≡ [0, T ];

u(t) ∈ U ≡ {u(t) | − 1 ≤ u(t) ≤ 2} ∀t ∈ [0, T ];
∫ T

0

cos2 u(t) dt− 1 = 0, x(0) − 1 = 0.
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˙̂x = −x̂(t) + tû(t),
˙̂p(t) = p̂(t),
˙̂y(t) = cos2 û(t),
û(t) = arg abs max

u∈[−1,2]

(cos2 u+ p̂(t)tu);

x̂(0) = 1, ŷ(0) = 0, ŷ(T̂ ) = 1, p̂(T̂ ) = 0;

T̂ > 0.
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λ̂0 = cos2 û(T̂ )
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α = (α1, α2) = (p(0), T )
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x(·)[α], y(·)[α], p(·)[α].

�$��	8����_=��#�	�	O42�51��5*�	8�$�
_=	8#����
[56E�21A	�(��G':*��2,D"��a�E,D�
[
��#�#��E,D"��
D�"��
Jm42�51��5*�	�C�#��GD�%!,D"����2(9�7 �	 (��

�':"`[
.R"��O"��
*�%�	m��������%! �b�*���#�	!;��
t��
*�%�	G��������%! �b�*���#�	!;G����	K*�	�,- ���#�#��E(�����_=��#�	�	K42�51��5*�	H#����
[56E�21A	!&
(����
�����-1A�D �	�"��o,j(9��%!,D	�(9�7 ��
#��/�
�
42(��5kH#��
J$"��
*�#��E,D"��
b � ���21A���
[
#����
�
[PD�"��E(m,�(I� = X�? �-�
ij��%�"��
�:M!N$':#�%�e�	!;G#�����;�4��
%\	�(�����"��
	:1�C

X(α) ≡ (X1(α), X2(α)) ≡ (p(T )[α], y(T )[α] − 1).
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x(0) = 0
�

y(0) = 0
�
p(0) = α1

���$��	 D�"��E(

p̂(t)[α] = α1e
t.
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X1(α) = α1e
α2 = 0,

X2(α) = y(T )[α] − 1 = 0.
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α1 = 0
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α2 = 1
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λ̂0 = 0

\

T (x(·)) ≡ x(1) → inf ,

t− 1 ≤ ẋ(t) ≤ t+ 1 ∀t ∈ [0, 1], x(0) = 0,
∫ 1

0

(x2(t) − 2tx(t)) dt = −1/3.
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



˙̂x(t) = û(t),
˙̂y(t) = x̂2(t) − 2tx̂(t),
˙̂p(t) = 2λ̂(x̂(t) − t),

û(t) =





t− 1, p̂(t) < 0,
t+ 1, p̂(t) > 0,
∀u ∈ [t− 1; t+ 1], p̂(t) = 0;

x̂(0) = 0, ŷ(0) = 0, p̂(1) = −λ̂0, ŷ(1) = −1/3;

λ̂0 ≥ 0;
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p̂(t) ≡ 0
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p(1) = −λ0 ≤ 0
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α = p(0)
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X(α) ≡ y(1)[α] +
1

3
= 0.

u ,- �	
p(t)[α] ≤ 0 ∀t ∈ [0; 1]

�!"��KN$':#�%�e�	�	

u(t)[α] = t− 1,

x(t)[α] = t2

2 − t,

y(t)[α] = t5

20 − t4

2 + t3

	?4�#��5*���#�	��
X(α) = 53/60
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λ = 0

�
λ = 1

	
α < 0

	! �	L����	
λ = −1

	
α ≤ −5/3

C

p(t)[α] = λ

(
t3

3
− 2t2

)
+ α.
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p(t)[α] ≥ 0 ∀t ∈ [0; 1]

�!"��KN$':#�%�e�	�	

u(t)[α] = t+ 1,

x(t)[α] = t2

2 + t,

y(t)[α] = t5

20 − t3

3

	L4�#��5*���#�	��
X(α) = 1/20
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α
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λ = 0

�
λ = 1

	
α > 0

	! �	m����	
λ = −1

	

α ≥ 1/3
C

p(t)[α] = λ
t3

3
+ α.
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λ = 0
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α = 0
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λ = 1
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α = 0
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λ = −1
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0 < α < 1/3
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τ = 3
√

3α
C





u(t)[α] = t+ 1,

x(t)[α] = t2

2 + t,

y(t)[α] = t5

20 − t3

3 ,

p(t)[α] = − t3

3 + α,
����	

t ∈ [0; τ ],





u(t)[α] = t− 1,

x(t)[α] = t2

2 − t+ 2τ,

y(t)[α] = t5

20 − t4

2 (1 + 2τ
3 )t3 − 4τt2 + 4τ2t− 4α− ατ

2 ,

p(t)[α] = − t3

3 + 2t2 − 2τt+ α,
����	

t ∈ [τ ; 1];

X(α) = −4α+ 4(
3
√

3α)2 −
(
α

2
+

11

3

)
3
√

3α+
53

60
.
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λ = −1

� −5/3 < α < 0
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u(t)[α]
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x(t)[α]
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y(t)[α]
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p(t)[α]

	
X(α)

����	GD�"��E(^�
%!��4�.R�E��b�"
,c;L1A�E,D"7��"��
*�#��G
�����&
(��
4-1A%�	�(�	�� � "
(���"�	�(m �	�_=����*�"��GN$':#�%�e�	!;L#�����;�4��
%L#�	a����	a%!��%:�E(
�
.R[
�
���

α
�H#��� ��H#��?�
[
����hZ����"
,c;��!	a���
"��E(�'G����_=	�"��K42�51��5*�'G,P	�,-&

���� ��
4��
�E��#�	��2(�"7��%:�
J\�
.R*�	�,- �	�"��D ��
#��
JL,c6E�2(�. #��$'�1�����"
,c;��

V U !



�	� ����� � � # �M� � ���*�I�����������! #"%$���&'�E(%��)*��+! -,.$���/��
+7K%�����L)-��N
�����������! #"%$#�!/ �`)*��,.K%���L)-��/EJ.� � , ) � ��� (%�*��J.����K J ��J.� � 9C� (%��)*��+��
 -,.$��#, �]\

I(x(·), u(·)) ≡
∫ 2

0

x2(t) dt→ inf;

ẋ(t) − u(t) = 0 ∀t ∈ ∆0 ⊆ ∆ ≡ [0, 2];

u(t) ∈ U(t) ≡ {u(t)| − 1 ≤ u(t) ≤ 1} ∀t ∈ [0, 2];

x(0) − 1 = 0, x(2) = 0.

�$��	
λ̂0 = 1
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

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˙̂x(t) = û(t) ≡





−1, p̂(t) < 0
+1, p̂(t) > 0
∀u ∈ [−1,+1], p̂(t) = 0

,

˙̂p(t) = 2x̂(t);
x̂(0) = 1, x̂(2) = 0.
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α = p(0)
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X(α) = x(2)[α].
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t = 0
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t = 2
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x(·)[α]
�
p(·)[α]

�
�$��	

α < −1
C

x(t)[α] = −t+ 1,
p(t)[α] = −(t− 1)2 + 1 + α,
u(t)[α] = −1.

�$��	 −1 < α < 0
C

x(t)[α] = −t+ 1,
p(t)[α] = −(t− 1)2 + 1 + α,
u(t)[α] = −1, t ∈ [0; 1 −

√
1 + α],
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x(t)[α] = t+ 2
√

1 + α− 1,
p(t)[α] = (t+ 1)2 − (2 −

√
1 + α)2,

u(t)[α] = 1, t ∈ [1 −
√

1 + α; 2].
�$��	

0 ≤ α
C

x(t)[α] = t+ 1,
p(t)[α] = (t+ 1)2 − 1 + α,
u(t)[α] = 1.
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α = −1
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x(t)[α] = −t+ 1,
p(t)[α] = −(t− 1)2,
u(t)[α] = −1, t ∈ [0; 1].
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u(1+) = 1

C

x(t)[α] = t− 1,
p(t)[α] = (t+ 1)2 − 4,
u(t)[α] = 1, t ∈ [1; 2].
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u(1+) = −1

x(t)[α] = −t+ 1,
p(t)[α] = −(t− 1)2,
u(t)[α] = −1, t ∈ [1; 2].
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x(t)[α] = 0,
p(t)[α] = 0,
u(t)[α] = 0.
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α = (p(0), τ1),
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X(α) ≡ (X1(α), X2(α)) ≡ (x(τ1)[α], p(τ1)[α]) = (0, 0).
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x(τ1) = 0
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p(τ1) = 0
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x(·)[α]
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p(·)[α]
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x(t)[α] = −t+ α,
p(t)[α] = −(t− α)2,
u(t)[α] = −1, t ∈ [0, α].
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X(α) ≡ x(0)[α] − 1 = 0.
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u(τ1−) = 1
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x(·)[α]
�
p(·)[α]

�
u(·)[α]
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x(t)[α] = t− α,
p(t)[α] = (t− α)2,
u(t)[α] = 1, t ∈ [0, α].
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� ∫ 10

0
(ẋ2 + αx3)dt → inf

�
x(0) = 0

�
x(10) = 0
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α ∈ [0, A]
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−B ≤ x(10) ≤ B
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S � ∫ 10

0 (ẋ2 + αẋ3)dt → inf
�
x(0) = 0

�
x(10) = 0

�
α ∈ [0, A]
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!�� ∫ 4

0

(
ẋ2 +

αx

1 + ẋ2

)
dt→ inf

�
x(0) = 0

�
x(4) = 0

�
α ∈ [0, A]
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x(4) = 0
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−B ≤ x(4) ≤ B
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(
ẋ2 + x2 +

αx

1 + ẋ2

)
dt → inf

�
x(0) = 0
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x(4) = 0
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α ∈ [0, A]
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#!� ∫ T

0

(
xs +

( |u+ α| + |u− α|
2

− α

)2
)

dt→ inf
�

x(0) = −1
�
x(T ) = 1
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ẋ = u
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ẍ = u
�
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ẍ+ x = u
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ẍ− x = u
�

α = {0, 1} � s = {1, 2, 3} � T = {1, 10, 20} @ �������
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

ẋ = vx,
ẏ = vy,

v̇x = −G(y, vx, vy)
vx

(v2
x + v2

y)1/2
+ ux,

v̇y = −g −G(y, vx, vy)
vy

(v2
x + v2

y)1/2
+ uy,

x
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y
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G(y, vx, vy) = α(v2
x +v2

y)e−µy @q,D�
�����
"�	��� ���#�	��/��"
(��E,�N$����.P�

µ ≥ 0
@ �������
(���"�� D�%!,D���
#���#�e�	��7 ��
#��
J\(��21A�D �	L��"
(��E,�N$����.P�

α ≥ 0
@ �������
(���"��n,D�
�����
"�	��� ���#�	!; � ����	

α = 0
1A�
	!kZ��#�	��

[
��4P,D�
�����
"�	��� ���#�	!; ⇒ ��#��7 �	�"�	�*��2,D%:�
�$����_=��#�	�� �-�
�$�������
.R�K'E,- ��
�
	!;�	mN$':#�%�e�	��
#��7 � �������D ���"8#��8(9��%!,D	�(9�7 ���&
#�':b 1��7 ��
#��E,D"����-C

x(0) = 0, y(0) = 0, vx(0) = 0, vy(0) = 0,
x(T ) → max, y(T ) = 0, vx(T ) = 0, vy(T ) = 0.
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(ku1|u| + ku2u
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0 f(t, x, u)dt = C
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f(t, x, u)dt ≤M
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ẋ(0) = 2

�
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ẋ(T ) = 0

���
U M
<PM:�-M:> M � � M S �

x(0) = 0
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