MOCKOBCKUI T'OCYJIAPCTBEHHBIN
VYHUBEPCUTET
nmesu M.B.JIOMOHOCOBA

MexaHuKo-maTeMaTu4decKuii hpakyIbTeT

K. I'. I'puropnes,
U. C. I'puropsen, M. Il. 3amierun

IIpakTukym mo 4ucJeHHBIM MeTOJiaM B
3aJavaX ONTUMAJIBHOTO YITPaBJIEHUS.

Jonostaenne 1.

Mocksa 2007 ron



‘K. TI". Tpuropswes |, U. C. I'puropses, M. II. Bamnerun, ITpak-
TUKYM 0 YUCJEHHBIM METOJAaM B 33/1a9aX ONTUMAJIHHOTO YIIPAB-
nernd. Jononunenne I. — M.: UznarennctBo lleHTpa mpuKIaHBIX
WCCJIeIOBAHUN IPU MEXaHUKO-MareMaTudeckoM dakynprere MI'Y,

2007. — 184 c.

Jannoe mocobre mMpuU3BaHO MOMOYD MPH BBITOJTHEHUN 33IaHWH
IIpakTuKy™Ma 1O YMCJIEHHBIM METO/IAM PeIleHns 3339 ONTUMAJIb-
HOTO yTIpaBjeHus. 3aJa9u ONTUMAJBHOTO yrnpasjenus B IIpakTu-
KyMe perraiTcs Ha ocHoBe mpuanuna makcumyma JI.C. ITouTps-
runa. Kpaesbie 3a/1a4u TpUHIIMIIA MAKCAMYMa PEITAI0TCS METOI0M
crpensOnl. Ilocobue cocront m3 AByx ryiaB. IlepBas riaBa cOCTOUT
73 TEOPETUIECKON 9acTh, BKIIOYIAIONIE B ce0s MOCTAHOBKY 33191
OTNITUMAJIFHOTO YIIPABJIEHUS U (DOPMYIUPOBKY OCHOBHOM TEOPEMBI,
AHAJIUTUYECKOTO PEIEHNsT CEPUN XaPAaKTEPHBIX MpUMepoB. Bropas
TJIaBa COIEP>KUT OIMHUCAHNE METOJA CTPEIbObI M MPUMEDHI TTPUME-
HEHUsI METOJA CTPEIbOBI K CEPUH 3334, AHAJIUTHIECKU PEITeHHbIX
B mepBoii rmase. IToagpobHO 00CYKIAETCS TMOHITHE BBIYUCIUTEb-
HO# CXEeMBI METO/Ia CTPEIHObI, TOKA3HIBAETCS PA3JIUINE TPYIHOCTH
peITeHus 331249 TPU BHIOOPE PA3HBIX BBHIYUCIUTEIBHBIX CXEM.

JIjist CTYIeHTOB, ACMUPAHTOB W IMTUPOKOTO KPYra CIENuaju-
CTOB, 3aHUMAIOIINXCS YUCJICHHBIM PEIIeHNeM 33/1a9 ONTUMATIHHOTO
yIpaBJIEHUS.

Penenszentor:
a.b.—m.u., mpod. B. M. Tuxomupos,
a.b.—m.u., mpod. E. B. UnxkoHKOB.

(©Mexanuko-maremarudeckuit dpakynbrer MI'Y, 2007 1.
@‘ K. T'. T'puropses |, . C. I'puropses, M. I1. Bammerun, 2007 r.




OriaBJ/ieHue

BBenenne
TsmaBa 1. KpaTkoe BBegeHHE B T€OPHIO

1.1
1.2

1.3

TlocTamoBKa 339 . . . . . . . . . ... ...
Heobxomnmbie yCa0BUS TEPBOTO TOPSIIKA CHIBHO-
ro JIOKaJIbHOrO MUHUMYyMa (byHKIMOHAIA (yCIOBUS
OPUHIMOA MaKCHUMyMa) B 3aJade ONTUMAJbHOIO
yopasyenus (1.0)—(1.4) . . ... ... ... ...
OCHOBHAY TEOPEMA . . . .. ... ... ... ..
KommenTapnii K yciaoBusiv a)—e) u paszzgeny 1.2 B
(<) (03
[IpaBusio perenns 33124 ONTUMATBHOTO YIIPABIEHUS
[Ipumepsbl aHAIMTUYECKOTO PEIeHUsi HA OCHOBE
MPUHIUNA MaKCHMyMa XapPaKTEPHBIX 337349 KJac-
CHYECKOTO BapHAIMOHHOTO WCYMCJeHus, 3a7a4 Jla-
FPaH’Xka U 33729 ONTUMAJIbHOTO YIPABIEHUS . . . . .
1.3.1 3Bazaum KJIACCHMYECKOIO BAPHAIMOHHOIO MC-
GUCTEHUS . « « o o v v e e e e e e e e
Ilpumep 1 . . . . . . . . .. oo oo
Ilpumep 2 . . . . . . . . ..o
Ilpumep 3 . . . . . . . . ..o
Ilpumep 4 . . . . . . . . ..o
Mpumep 5 . . . . . . . . oo o
Mpumep 6 . . . . . . . . ..o oL
Ilpumep 7 . . . . . . . . .o
Ilpumep 8 . . . . . . . . ..o
Ilpumep 9 . . . . . . . . ..o
1.3.2 Bagmauwm Jlarpasxka . . . . . ... ...
Ilpumep 1 . . . . . . . . .. .o oo
Ilpumep 2 . . . . . . . . .. o o
Ilpumep 3 . . . . . . . . .. oo
Ilpumep 4 . . . . . . . . ..o
Mpumep 5 . . . . . . . . ..o
MMpumep 6 . . . . . . . . ... oL
1.3.3 3azauu ONTUMAJIBHOTO yIPABIEHUS . . . . . .
Ilpumep 1 . . . . . . . . .. oo
Ilpumep 2 . . . . . . . . ..o

N=]

16
16

18
28



Mpumep 3 . . . . . . . . ..o o 100

Ilpumep 4 . . . . . . . . ..o 106

Ilpumep 5 . . . . . . . . . Lo 109

Ilpumep 6 . . . . . . . . .. oo 114

Kommenrtapwmit k pazmesy 1.3 . . . . . ... ... 119

Homnonuenne k rnase 1 (B. M. Tuxomupos) . . . .. . .. 120
TiaBa 2. Metoa cTpesibObI YHMCJIEHHOTO pemieHus

2.1

2.2

KpaeBbIX 33J[a4 IIPUHIIANA MaKCUMyMa B 3a-
Jadax OoNTHMAaJIbHOTO yIpaBJIEeHUA 126
AJITOpUTM YUCIIEHHOTO PEIEeHHsT METOIOM CTPEILOBI
KpPaeBoil 33J1a9¥ MPUHITAIIA, MAKCUMYyMa, JJIsl 333490
(2.0)=(2.3) « o o o 136
[Tpumeps TpuMeHeHNsT METOA CTPEIBOBI TIPHU Perire-
HUW Ha OCHOBE TIPUHIINTIA MaKCUMyMa 3a7a4 m. 1.3 . 138
2.2.1 3amaum KJIACCHYECKOTO BAPHUAIMOHHOTO WC-

YUCTIEHMSA « « v v v v v v v e e e e e e 138
IMpumep 1 . . . . . . . oo o o 138
Mpumep 2 . . . . . . . oo oo 139
Ilpumep 3 . . . . . . . . ..o 140
Ilpumep 4 . . . . . . . . ..o 141
IMpumep 5 . . . . . . . . oo o 142
MMpumep 6 . . . . . . . . ..o oL 144
Mpumep 7 . . . . . . . . oo o 146
Ilpumep 8 . . . . . . . . ..o 148
Ilpumep 9 . . . . . . . . ..o 149
2.2.2 3Bagauwm Jlarpamxka . . . . . ... ... 151
IMpumep 1 . . . . . . . oo oo 151
Mpumep 2 . . . . . . .. oo 152
Ilpumep 3 . . . . . . . . .. oo 154
Ilpumep 4 . . . . . . . . ..o 156
Ilpumep 5 . . . . . . . . . Lo 159
MMpumep 6 . . . . . . . . ..o oL 162
2.2.3 3ajauym ONTUMAIBHOrO YIPABJIEHUS . . . . . . 163
IMpumep 1 . . . . . . . oo oo 163
Ilpumep 2 . . . . . . . . ..o 165
Ilpumep 3 . . . . . . . . ..o 167
Mpumep 4 . . . . . . . .o oo 170
IMMpumep 5 . . . . . . . . oo 171



Bagaum ... ...
JIureparypa



BBenenue

Paccmarpusaembie B nanaoM y4ue6uom nocobun (Ilpakrtukywme) sa-
dauU  ONMUMANDHOZ0 YNPABAEHUA TPEICTABIAIOT cOOOH 3amaduu
onpeiesieHns Ta06aabHOr0 (aGCOMIOTHOIO) WU JIOKAJIBHOTO (OTHO-
CHUTEJILHOTO) MWHWMyMa (MakcnMyMma) (byHKIHOHAJIA HA MHOXKE-
CTBE PEIIeHUil yInpaBadeMOil TUHAMUYECKON CUCTEMBI, YIOBJIETBO-
PAIONIAX HEKOTOPO# cOBOKynHOCTH ycaoBuii. B TIpakTukyme Takn-
MU YCJIOBUSIMU SIBJISIOTCS T€PMUHAJIbHbIE (KPaeBble, UM IPAHUY-
HbIE), U30IEPUMETPUUECKUE U TEPMUHAJIbLHO-U30IIEPUMETPUUECKHUE
YCJIOBHSI TUTIA, PABEHCTB W HEPABEHCTB.

3amaun ONTUMAIHHOTO YIPABJIEHUS TAHAMAYECKAMA CHCTEMA-
MU BO3HWKAIOT B CAMBIX PA3IAYHBIX 00JACTAX HAYKHA W TPAKTAKA 1
Cpey 3a/1a49 ONITHMU3AIHAN 3aHAMAIOT 110 0OObeMy W BAXKHOCTH 3HA-
YUTENHHOE MECTO. DTH 33/1a49u, KAK IPABUIO, CJIOXKHBIE, 6OIbIIAs
9aCTh UX HE MOJJAETCA AHAJUTUICCKOMY DEIIeHUI0 U TpeOyeT s
CBOETO PEIICHUST TIPUMEHEHWS] YUCJIEHHBIX METOIOB C MCHOIh30Ba-
nuem 9BM.

YnceHHbIe METOIBI PEIIEHUs 33,1849 ONITHMU3AIMN, B TOM IHUC-
JIe 337189 ONTUMAJIBHOTO yIIPABJICHAS TUHAMUIECKAMU CHCTEMAMHU,
[OPUHSATO YCJIOBHO Pa3essaTh HA “npsamovie” u “nenpsmovie” [1].

“IIpamvimu” METOTAMU DEIIEHNS 33739 ONTUMUBAINNA HA3HIBA~
IOTCsI METO/IbI, HE UCIOJIb3YIOIINE TPYU PEIICHUN UCXOJHON 9KCTpe-
MAaJIbHOl 3a/1a4u HEOOXOAMMbBIE U /UK JOCTATOYHBIE YCJIOBUS IKC-
Tpemyma. K HUM OTHOCATCS, B IEPBYIO O9ePEeb, 2PadueHmHbie me-
MOdbl, HAIPUMED MeMO0d HAUCKOPETUWE2O CNYCKa.

“Henpamvimu” METOIAMU pPEIIEHNsT 3a7a9 ONTHMHW3AINA Ha-
3BIBAIOTCA METOIbI, OCHOBAHHBIE HA MCTOIH30BAHUN HEOOXOIUMBIX
U /WM TOCTaTOYHBIX YCJIOBHUI SKCTPEMyMa.

B IIpaktukyme [1] u3 “HenpsiMbix” METONOB PACCMOTPEH Me-
TOJI IMCJEHHOTO PEINEHHs 38,189 ONTHMAJIbHOTO yIPABJICHHUS, WC-
HOJIB3YIOMUA HEOOXOIMMBIE YCJIOBUS TEPBOTO MOPSIKA CHIHLHOTO
JIOKAJIbHOTO 3KCTpeMyMa (DYHKIMOHANIA — NPUHUUT MAKCUMYMA
JI.C. Iowmpsazuna [2, 3, 17]. Meroq npuMeHeH K 3ajadaM ONTH-
MAJILHOTO YIPABJIEHUS C TEPMUHAIBLHBIMA, H30MEPUMETPUIECKIMHE



U TEPMUHATBHO—U30MEPUMETPUICCKUMU 02PAHUMEHUAMU MUNG Pa-
eencms. II0CKOIBbKY NpuHyun Maxcumyma c600um pewerue A1o-
601 3ada4u ONMUMAABEHOZ0 YNPABAEHUA JUHAMUYECKOT CUCTEMOT
K DEWEHUI KPAEsotl 3a0a4U i cucmems. 00vkHOBERHOIL Judgde-
PEHUUANLHHLT YPasHeHull (Kpaesoll 3a0asu NPUHYUNG MAKCUMYMA)
[1,2,3,17, 8], T0 ocno6H0w Npobaemoti pewserus 3a0a4U ONMUMAND-
HO20 YNPAEAEHUA HA OCHOBE NPUHUUNG MAKCUMYMA ABAALMCH TPO-
baema pewenus smot xpaesoti 3adavwu. B TIpaktukywme [1] pacemor-
PEHBI IBa METO/Ia YUCJIEHHOTO PEIeHNsT KPAEBOil 331a91 TTPUHITUATIA
MaKCUMyMa — Memod cmpeabhv, (NPucmpesru) u umepayuorHvii
memod U.A. Kpwaosa—®@.JI. epnoycvro. N3 “npsambix” MeToa0B
YUCJIEHHOTO PEIeHus 3aa9 ONTUMAJIBHOTO ynpasyeHus B IIpak-
TuKyMe [1] paccMoTpen memod 2paduenmmozo cnycka.

OnwiT ncnonk3oBanus B yuaebHoM mporiecce [Ipakrukyma [1] mo-
Kaz3aJjl, 970 YaCTb €r0 Pa3/esioB MOJIE3HO HECKOJIBKO JONOJHUTH.
Hekoropbie gonosiHeHns, OTHOCSIIMECS K OCHOBAHHOMY Ha TTPWHIIA-
e MakKCUMyMa “HEMpsAMOMY’ METOY PeIeHus 331a9 ONTHMAJTbHO-
TO yTpaBJeHus, cojepxkarcsa B npeanaraemom Jlomomnennn 1. Pac-
CMAaTPUBAETCS CJIy4ail, B KOTOPOM KpAaeBas 33/1a9a MPUHIINITA, MaK-
CHMyMa PeIaeTcsi MeTogoM CTpenbObl. Clienyer HAMOMHUTH, 9TO
Bocxozsanuii K Hptotony memod cmpeavbol peutenus kpaesvs 3aday
0Ast cucmemvt 00bKHOBEHHBIL JUPPEPEHUUANOHVLT YPASHEHUT A6-
AAEMCA 8 HACNOAUEE 8PEMSA O0HUM U3 OCHOBHBLL MEMOO0E UL HUC-
AEHHO20 PeweHUus. ECTECTBEHHO, UTO TTPU YNCIEHHOM DEIIEHNH KPa-
€BBIX 33141 TPUHITUIIA MAKCUMYMa 3TOMY METOY YIEJISIeTCs 0C000e
puuManne. B omomaenun I pacimmpsiercss o6/1acTh permaeMbIx B
[1] Ha ocHoBe npuHNIUIIA MAKCUMYMA 33/1a9 ONTUMAJIBLHOIO YIDPaB-
JIEHUS 3a CYeT BKIIOYEHUs B Hee 337a4 C TEPMUHAJIbHBIMHU, H30-
MEPUMETPUIECKUMY U TEPMUHAJIbHO-N30TIEPUMETPUIECKIMHU OTPa~
HUYEHUSIMU MUNG HEPABEHCNE, HAYAALHOE U KOHEYHOE 8PEMENA 6
KOMOPHLT MO2Yym Obimb 3apanee Kax GUKECUPOSAHHBLMU, MAK U He
Purcuposannvimu. TIpu 3TOM BHOCSATCS JTOTOTHEHUS] B T€OPETAYE-
CKHe OCHOBBI YUCJIEHHOTO PENIeHNs] PACCMATPUBAEMBIX 33144, YBe-
JIMYWBAETCS YUCJIO U PACITUPSAETCS KPYT PEIEHHBIX aHAJTUTUIECKHT
TUNIMYHBIX 3389 ONTUMAJILHOTO YIpaBjeHus (B TOM YHUC/Ie, 331349
KJIACCMYECKOr0 BAPUAIMOHHOTO MCYMCJICHUs U 3aja4 Jlarpamka),
PA3BUBAETCS W COBEPIIEHCTBYETCS METOJIMKA YUCIEHHOTO PEIeHUs]
KPAEBbIX 3a/[a4 MPUHIUNA MAKCHAMyMa METOIOM CTPeJbObl. 3Ha-



YUTETFHOE BHUMAHUE Y/IEISeTCs MOHSITHIO BBIYUCIUTENBHON CxXe-
MBI METOMA CTPehObl. [IpOBOAUTCS CpaBHEHWE CJIOKHOCTHU peIlie-
HUS 33029 TTPU UCTIOJIH30BAHUN PA3JIMIHBIX BHIYUCIATEHHBIX CXEM
MeTOa CTPEIbOBI, B TOM YUCJIE, CKOPOCTH CXOJAUMOCTH U PASIUIUIO
obstacTel XOpOIINX HAYAJIbLHBIX MPAOIHKEHNH.



T'smasa 1.

KpaTtkoe BBeJieH1I€ B TEOPUIO

B sTom maparpade paccmMaTpuBaroTCs TEOPETUYUECKWE OCHOBBI Pe-
MeHNs 33729 ONTUMAJILHOTO YIPABJEHUA JIUHAMUYECKUMHU CUCTeE-
MaMU ¢ TEPMUHAJIbHBIMU, U30TIEPUMETPUYECKUMHU U TEPMUHAIHHO—
U30MEePUMETPUYECKUMU OIPDAHUYEHUAMHU THUIIA DPABEHCTB U Hepa-
BEHCTB: JIAETCs MOCTAHOBKa 3ajaun, dopmyaupyercs OcHoBHast
TeopeMa (MPUHIMI MAKCUMyMa), TOAPOOHO KOMMEHTUPYIOTCS CO-
CTaBJISIIONINE TPWHINI MAKCAMYMa, YCJIOBUS U (DOPMYJIUPYETCS
Ipasuno (anropur™) pereHus 3aJa9 HA OCHOBE TPUHIIUTA MaK-
cuMyMa.

1.1. IlocranoBKa 3aga4n

Bajadeil ONTUMAJIBHOIO yNpPaBJIEHUs JIUHAMUYIECKON cucreMoii (B
HOHTPATUHCKON (hOpMe) ¢ TePMUHAIbHO-U30IEPUMETPUIECKUMHE, U
B YaCTHOCTH, TEPMUHAJIBHBIMA 1 N30NEPUMETPUYECKUMH OrpAHNYe-
HusaMu (yCJIOBUSAME) TUIA PABEHCTB U HEPABEHCTE Oy1eM HA3BIBATDH
3amaqy (2, 3]:

Bo(x(-), u(-), to, t1) — inf; (1.0)
i) — ot z(t),u(t)) =0 Ve AgClte,t1]CA;  (1.1)
u(t) eU(t) CR" Vit € A, (1.2)
Bi(a(),u(),to, 1) =0, 1 < i <m; (1.3)
Bptj(@(),u(-),to,t1) <0, 1 <j < k; (1.4)

rae

0<v<m-+k.
Oyuknuonansl B,, 0 < v < m + k, comepxxkarme KaK uHme-
2PANbHYI, TAK U MEPMUHAALHYI TACTH, HABBIBAIOTCST BYHKUUOHA-
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aamu Boavya. YactabiMu ciydaavu gyrkinonata bonbna ssis-
oTcst pyHrkyuoHaas, Jlazpanoca n Matepa. @yukimonan Jlarpamxka
COJIEPKUT TOJILKO WHTETPAJIHHYIO YACTh:

t1
Iu(x(-),u(-),to,tl)z/ Fo(t, 2(t), u(t))dt,
to
a dynknmonas Maiiepa — TOJBKO TEPMUHAIBHYIO:

I/(m(’)vu(')at()atl) = wu(t07x(t0);t17x(tl))-

Yenosus (1.3) HA3BIBAIOTCS MEPMUHAALHO-USONEPUMETNPUBECKUMU
oepanuvenuAMY Muna pasercms, ycnosus (1.4) — mepmunanvro-
USONEPUMEMPUHECKUMY 02PEHUNEHUAMY MUNaG Hepasercms. Ecom
cpenn yeaosuii (1.3) (wmm (1.4)) ecrp ycaoBusi, ¥ KOTOPBIX OT-
CYTCTBYIOT WHTETrpDAJbHBIE YACTH, TO €CTh YCJIOBHSI MMEIOT BUI;
Yo (to, x(to);t1, 2(t1)) = 0 (wmm vy, (to, z(to);t1,2(t1)) < 0), To
OHU HA3BIBAIOTCS MEPMUHAALHUMU (MITH KPAEGHIMU, WITH 2PaAHUY-
HOLMU) YCIOBUSAME (ONDAHUYEHUSIME) TUIA PABEHCTB (MM HEpa-
Bercrs). Ecmm cpenu ycnosuit (1.3) (mwmm (1.4)) ects ycioBus,
Yy KOTODBIX TEePMUHAJbHbIE YACTH — KOHCTAHTHI, TO €CTh 3TH
YCJIOBUSI WMEIOT BWI: ftzl fot,z(t),u(t))dt = const = ¢, (wmm
:01 fo(t, z(t),u(t))dt < ¢, ), nnu MOryT OBITH CBEJEHLI K 9TOMY BU-
[y, TO OHH HA3BIBAIOTCS U3ONEPUMEMPULECKUMY yCIOBUAME (Orpa-
HUYEHWSIMA) TUIA PDABEHCTB (MJIN HEPABEHCTB).

B (1.1), (1.2) A — 3anaHHbIi %KoHewHvill OTPE3OK, ¢t
— He3aBWCWMas TepeMeHHasi, WHTepIpeTupyeMasi Kak BpeMs,
—00 < tg < t1 < 00. Oboznavenns z(-), u(-) B (1.0)—(1.4) noxuep-
KHBAIOT, 9TO T, U — OTOOpazkenus (37eMeHThbl (DYHKIMOHATIbHBIX
MPOCTPAHCTB — (DYHKIMHU B 1IEJIOM, PACCMATPUBaEMble BO Beeil 06-
JIACTH CBOErO ompefiesiennst (37ech Ha orpeske A)); 0603HAUEHWs
x(t), u(t) coorBercTByIOT 3HaYeHWsIM DYHKIMH Z, 4 B MOMEHT
BpeMeHu t.

B (1.0)-(14) z() € KC'(AR"), u(-) € KC(A,R"), rae
KCY(A,R™) — mpoCcTpaHCTBO 3aJaHHBIX Ha OTpeske A kycoumo—
2A60KUT N-MEPHBIX BEKTOP—MYHKIUI ¢ HOPMOIi:

lz() ket are) = ll2()llc@are = llg%xn(ltrggdxi(tﬂ),
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KC(A,R") — npocTpaHCcTBO 3aJIaHHBIX HA OTPe3Ke A KYcowHo—
HENPEPBIEHBIL T-MEPHBIX BEKTOP—(MYHKIHI ¢ HOPMOii:

lu()llxe@ar) = lrél?;_(ngpm(t)D.

HamomuuMm, 9TO KyCOYHO-TIQAKON n-MepHON BeKTOp—hyHKIHEH
HAa OTpe3ke A Ha3BIBAETCA HENMPEpPLIBHAS BEKTOP—(yHKIUS
z(-) : A = R™, npon3BojiHast Kay 0 COCTABIAIONIE KOTOPOI nMe-
eT Ha orpeske A He 60Jee KOHEUH020 YUCAG MOuEX PA3PbI6a nep-
6020 P00a; KyCOYHO—HEIIPEPLIBHON 7"-MepPHOI BeKTOP—(pyHKIHEH HA
orpe3ke A HasbiBaercs BekTop—byHKuusa u(-) : A — R", xaxgas
COCTABJISIONIAS KOTOPOit mMeeT Ha OTpe3ke A He 6osee KoHewHo20
wUCAa movex pazpuea nepsozo poda. (Touka paspsiBa byuaknuu Oy-
JIET MOuKOTl Pa3pwiea Nepeozo poda, €CJN TPEIEbI CIEBA | CIIPABA
B HEjl CyILECTBYIOT, ABJSAIOTCH KOHEYHbIMU U HE COBIAJIAIOT).

B (1.1) nocpencreom Ay 0603HAYEHO MHOZKECTBO TOYEK OTPE3KA
A, B KOTOPBIX BeKTOp—yHKIWs u(-) HenpepbiBHa. B (1.2) MHOKe-
crso U(t) Vt € A — npouseoavnoe MHOKeCTBO U3 R" (B 1acTHO-
ctu, damrnymoe). Bxonsgmue B B, dbyukiuu f,, ¥, u BXoasdias
B (1.1) BekTOp—yHKIMUS ¢ TPEACTABIAAIOT COO0I OTOOPAKEHHUSL:

f, RxR"xR" R, 0<v<m+k,
(f, — dyukumsa (byrkunonan) 1 + n + r mepeMeHHbIX );
Y, RxR"XRxR*" >R, 0<v<m+k,
(v, — dyukuusa (bynruuonasn) 2n + 2 nepeMeHHbIX );
p RxR"xR"— R"
(¢ — n-mepHasi BeKTOp—DyHKIWsE cToI6eI]
1+ n + r TepeMEHHBIX).

DyHKIMM, cocraBismme BeKTOp—byHKINIO crosibern z(-), Ha-
3BIBAIOTCS (PA30GHIMU NEPEMEHHBIMU, & (PYHKIUU, COCTABJISIONINE
BeKTOp—byHKIMIO cronben u(-), — Ynpasasowumy GyHKUUAMU,
unu ynpasaenusamu. Ypasuenue (1.1), nazpiBaemoe dugpepeniyu-
aAvHoll C643b10, OIUCHIBAET PACCMATPUBAEMOE YIIPABJIAEMOE JIBH-
>keane B (pa30BOM TPOCTPAHCTBE W BBITIOTHAETCA BO BCEX TOYKAX
MHOXKeCTBa Ay, TJe yrnpapienne u(-) HeNpepbIBHO.

Bamaua (1.0)—(1.4) mpencraBisier coboil 3ajady MUHUMHU3A-
muu dyskuuonana Bo(x(-),u(-),to,t1) (1.0) Ha MHOXKecTBe perire-
Huil yupasJsisieMoil qunamuueckoii cucrembt (1.1) ¢ orpanuvenus-
mu (1.2) Ha ympaBjeHue U TePMUHAIbHO-U30IEPUMETPUIECKUMY (B
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YACTHOCTH, TEPMUHAJIBHBIMU U /UJIHA U30IEPUMETPUUECKUMHU) OTPa-
andennsivu (1.3), (1.4). Ormernmm, dro 3a7ada MAKCHMU3AINW
dynkimonana: Bo(z(-),u(-),to,t1) — sup, CBOIUTCS K paccMar-
puBaemoit 3amade 3amenoit 3maka mepen dyukimonagom. Mcko-
mbiME B 337ade (1.0)—(1.4) sBrsorcst apryMeHTbl QyHKIMOHATA
Bo(x(+),u(+),to,t1) — Bekrop—dyukuuu (), u(-), HaAYaIBHBIA )
U KOHEUHBIH t; MOMeHTBI Bpemenu. IIpeanonaraercs, 4ro pemenue
samaun (1.0)—(1.4) cymecrByer.

Bamauy (1.0)—(1.4) ¢ dyuknmonanamu Bosiblia MOXKHO CBECTH K
3agade ¢ pyaknuonasamu Maiiepa, cienaB 3aMeHy IepeMeHHbBIX:

/t filt, 2(t),u(t))dt = xpi144(t), 0<i<m+k.
to

C yueToM clemyommx U3 3TOH 3aMEHBI IEPEMEHHBIX OYeBHIHBIX
paBeHcTs: Tpni14i(to) = 0, Tni14i(tt) = [0 filt, (t), u(t))dt, sa-
nava (1.0)—(1.4) ¢ dynkuuonanamu Boubiia nepeiizer B 3azady c
dyuknnonagamu Maiiepa:

%(f('),u('),to, tl) — lIlf7 (10’)

() — @t 2(t),u(t)) =0 Vt e Ag; (1.1)

u(t) e U(t) CR" Vte A; (1.2)
,Ti(‘%(')au(')at )t ) = 07 1 <0 <m; /
Eoaty) = 0. 0<i<mtk (1.3)

Ty (2(-),u(-), to,t1) <0, 1< 5 < k; (1.4

re
Z/(j(')au(’)atoatl) = ‘TnJrlJrV(tl) + ’%(to, I(to);tl, x(tl))a

0<v<m+k;
5:() = ($1(~), ERERE) xn()v 0,0,-,-, ’70)T+

+(Oa ERERS) O;.’I,‘n+1('), ) '7xn+1+m+k('))T;
(15 = (gpl()) ERERS) (1071()7 O7Oa ERERS) O)T+

+(O’ ) 07 f07 fla ERERE) le’H‘k)T'
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BamernM, dro npu nepexoze or 3agaqu (1.0)—(1.4) k 3azaqe (1.07)-
(1.4") BexkTOop—dyHKIWMs yrpaBieHuii u(-) ocTaercs HEM3MEHHOH,
a BeKTOp—yHKIMs (A30BBIX MEPEMEHHBIX YBEJIUYUBACT PA3ZMEpP-
HocTh HA m + k + 1. Bagaum onrumasbuoro ynpasienus (1.0)—
(1.4) u (1.0")—(1.4") sxBuBanentsl. (Ilox IKBUBATIEHTHOCTHIO 1O-
HEMAaEeTCd COBIIQJICHUE I 3TUX 3aJa4 KPACBBIX 3a/1a4 IIPUHIAIIA
makcumyma (cM. nuxke)). Jlasee 3aa9a ONTUMAJIBHOTO YIIPABJICHUS
paccMarpuBaercs B Buje 3azaqan (1.0)—(1.4).

Yersepra (z(-),u(-),t0,t1) = & HaA3BIBAETCH YNPABAAEMBIM
npoyeccom B 3ajade onrumasbuoro ynpasienus (1.0)—(1.4), eciu
z(:) € KCYA,R"), u(-) € KC(A,R"), spmonusiorcs audde-
pentmasnbias cBa3b (1.1) u orpanudenue (1.2) Tuna BKIIOYEHHUS.
Vupas/igemblii TpOLECC HA3BIBAETCS JONYCMUMBLM, €CITH, KPOME TO-
ro, BRINOJHAIOTCA orpanndenus (1.3), (1.4).

Ecin MHOXKECTBO JOIyCTUMBIX yIIPABJIAEMBIX IIPOIECCOB HE IIy-
CTO, TO BOZHHKAET 3318494 BbIIEJCHNA U3 3TOTO MHOMKECTBA ONMU-
MAADHO20 YIPABJIAEMOrO IIPOIECCa, JOCTABJIMIONIEr0 MUHAMAIBHOE
sHadeHne QyHKIHOHATLY By . R

JomycTumbiii ynpasisemsrii mponece £ = (Z(-),4(-), to, 1) ma-
3BIBAETCS AOKAALHO ONIMUMANLHOM 6 CUABHOM CMBICAE YNPACA-
eMbM NPOYEccom, nocTaBidonmM Gyukiuuonany Bo(£) cuibHbLil
AOKAADHHT MAHAMYM (WA A0KGALHO ONMUMAGADHbLM, WITH ONMU-
MANBHBLM TPOUECCOM), €CIIU CyIecTBYeT ¢ > 0 Takoe, 9To [ BCs-
KOTO JIONMYCTUMOTO yrpasisiemoro nporecca & = (z(-), u(:),to,t1),
JIIS KOTOPOT'O

1€z (), (to,t1) = (@), (fo, 1)) llc(amn) xr2 =

= max(lrg%xn(anezzx |; (£) =25 (2)]), \/(to —10)2 + (t1 —11)?) <6,
BBITIOJIHSIETCST yCaoBue By (EA) < By(§). Obparum BHUMaHHE, YTO
B OIIPe/Ie/IeHHH JIOKAIbHOM ONTUMAIBHOCTH yIPAB/IAEMOrO IIPOIeC-
ca & paccMaTpHBAIOTCA JOIYCTUMBIE YIpaBJgeMble IPONECChl &,
6am3kne no dbazopoii epemenHoit z(-) W BpemeHaMm tg, ti, HO He
[0 YIPaBJIEHUIO U(-).

Dynryueti Jazpansca 3anaau (1.0)—(1.4) nassisaercs GyHKIMs

t1

£ = L), u(), to, t1, p(-): A Do) E/ Ldt +1.

to
13



Oyuknusa L HA3BIBACTCS AG2PAHHCUGHOM:

L =Ltz &,u,p, A\ o) =
= Zj:(;k )‘ifi(taajau) + <p,x - (P(t7.’1,‘7u)> = <pa $> - H7

byukuusa H naswbiBaercs gyuxyuet Ilonmpazuna:

m-+k
H= H(t,x,u,p,)\, A0) = <p,(,0(t,f£,u)> - Z Atfl(taxau)v
=0

dbyHrImsa | HA3BIBAECTCS MEPMUHAHIMOM:

m+k
= l(to,I(tQ);tl,I(tl)) = Z )\iwi(to,x(to);tl,x(tl)).
=0
Yucao g € R, unciosoit BekTop A = (A1, -+, Amtk) U BEKTOP—

bynkmua p(-) € KCY(A,R™) maspaiotcs mmnoscumenamu Jla-
epanoica. Apudmernyeckoe n—mepHoe npocrpanctso R™ ) compsi-
kennoe ¢ R™, mpeacrasiisier cobo# TpOCTPAHCTBO N— MEPHBIX BEK-
TOpoB cTpok. IToaromy p(-) € R™ — n—wmepHas BeKTOp—yHKIMs
crpoka (z(-) € R™ — n—wmepHasi BeKTOp—hYHKIHUS CTOJIOEI), 1

(p,x)y =Y I | piw; Ans mobeix p € R™, z € R™.
B manpmeiiniem OyayT HCIOIB30BATHCS OO03HAYEHUSI:

o) = g(tzi"(t)’ g(t)),

R _ Op(t,z,u )

Pa(t) = Oz z=a()

OL(t,x, i . :Aﬂ(;) )

~ bl x7 x; u7 p7 » A0

L.(t) = o @ = (1) ;
)\o = XO

~ 8[/ t,x,-’i/‘;u7p7 )\7)\0

Li(t) = ( o ) @ = (1) i
)\o = XO

H(t) = H(t,&(t),a(t), p(t), A, Ao);
aﬁ(t) — 8H(t,x,u,p, /\7>\0)
ox o ox

z=a&(t) >

o = Ao
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dC  dL(z,u,to, t1,p, A Ao)

= &(t) > k=0,1;

dt dt
R o = Ao
ol _ g alto)itua(t)| o
Ox(ty) Ox(ty) fo = o ’ Y

R .1.(%1) = 2(f1)
ﬁ _ 6l(t0,$(t0);t1,$(t1))

oty Oty

k=0,1;

tg:fg ’

a(t) = &(61)

F@) = Ft20),a0t) = ST N filt, &(t), 4(t));



1.2. HeobxoamMble ycJIOBUsS ITIEPBOTO TIO-
pAJKa CWJIBbHOIO JIOKAJIBHOTO MWHU-
myma dyHknmonasa (ycaoBus TpUH-
Ua MakKCUMyMa) B 3ajatde ONTH-
MaJibHOTO ynpasienus (1.0)—(1.4)

OCHOBHA4A TEOPEMA

(npuHIUD MakcuMyma)

Iycrs € = (2(-),6(-), fo, f1) — JOKATBHO ONTHMATHHBI B CHILHOM
CMBICJIE YIPABJIAEMbIH MPOLECC B 33/1a9€ ONTUMATBHOTO yIIPaBJIE-
aust (1.0)—(1.4), nocrasnsionmit byakunonany Bo(§) cunbHbIil 10-
KasibHbl MunuMyM, Gyakuuu f;(t, z,u) (0 < i< m+k), o(t,x,u)
W WX YACTHBIE MTPOU3BOJHBIE TI0 X HENPEPBIBHBI 0 COBOKYTHOCTH
BXOJSIINX B HAX MEPEMEHHBIX (110 ¢, X, %) B HEKOTOPOI OKPECTHO-
CTH ONTUMAJIbHON TpaekTopuu (Ha MHOXKECTBE)

V(t) = {(t,x)‘ lz—2(t)] <& e>0,te [50,1?1]}

upu Yu(t) € U(t), t € [to,t1] (wiu mo-apyromy, HempepbIBHLI HA
JEKAPTOBOM TIpomsBeiennn MHoxects V() x U(t), t € [to,11]),
a byskuun P, (to, z(to), t1,2(t1)) (0 < i < m + k) HempepbIBHO
mndepeHpyeMbl B OKPECTHOCTH TOYEK (%\0, /.f(%\o)), (1, 5(?1))
Toraa maiigyrcs MHOXKUTE N Jlarpanzxka XO, A= {Xl, . Xerk},
p(-) € KC([to, t1],R™), HE Pasubie Oanospemenno Hymo, nm,
unaue, ynosjersopsiomue ycaosuio HEPOH (aG6pesuarypa, co-
OTBETCTBYIONIAsI BBHIJEIEHHBIM OYKBAM ), JIJis KOTOPBIX BBITOJIHATCSA
ycaoBus a)—e). [lpu 970M ycI0Bus a)—€) MOTYT OBbITh 3aIUCAHDI JIU-
60 B sazpansicesoti gopme — c ucnonb3oBanmeM Gyurumit L, L, [,
b0 B nowmpsaunckoll gopme — ¢ ucnoab3opanuem GyHkuui H ,

l:

a) Yycaosue CMAYUOHAPHOCTU 1o Pa3060l nepemennoti T — cu-
crema ypapuenuii Jitjepa—Jlarpanxka (ConpsKeHHAs CUCTE-
Ma) —
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— B JlarpaHzKeBoii popme:

d

— 4 La() + La(t) = 0;
— B MOHTPATUHCKOIT popme:
OH(t)
p( ) - a’l: )

6) Ycao8us MPAHCEEPCANBHOCTIU —

— B JIarpaHxkeBoit popme:

A al
Li(ty) = (—1)k =0,1;
JC( k‘) ( ) ax(tk)7 )
— B IMOHTPATUHCKOIT popme:
B ol
p(tk) = (71)k k= 07 ]-v

B) ycaosue onmumanvrocmu no u(t) —
— B JIarpaHKeBoit popme:

u(t)eU(t)
YVt € Ag;

— B MOHTPATHHCKOH opme:

u(t)eU(t)
YVt € Ag;

oapobHOe TTOSICHEHNE CMBICTAa 0003HATEHUS

argabs min L(t, Z(t), Z(t), u(t), p(t), X, Ao)
u(t)eU(t)

1 0003HAYEHUA

arg abs max H (t, 2(t), u(t), p(t), A, Ao)
u(t)eU(t)

cM. Hmke B paszene “Kommenrapmii K yciaousiM a)—e)...”

0. B);
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I) YCca06us CMAYUOHAPHOCTIU NO t, —

— B JIarpaHzKeBoil popme:
dL
— =0, k=0,1;
dty

— B MOHTPATUHCKOI (popme:

ol
H) = (—DM1 2 k=0,1;
(tr) = (=1) s L1

) Yeao6us 00NoNHAOULET HENHCECTNKOCTU —

— B JIATPAHKEBOU M TOHTPATUHCKON (hOpPMAX BUI ITUX
YCJIOBUIT OJIMHAKOB:

)\mJFj Ber](aE()?a()a%\Oﬂ%\l) :07 1 S] < kv
e) YCA08UA HEOMPUUATNEADHOCTNUY —

— B JIATPAHKEBOI M TOHTPATUHCKON (hOpPMAX BUI ITUX
YCJIOBUIT OJIMHAKOB:
Mo >0, Apyy >0, 1<j<k

Vreep:kaenre OCHOBHON TEOPEMBI O CYIIECTBOBAHUN MHOKHUTE-
sieii JlarpansxKa, yJI0BJIETBOPSIONIMX COBOKYITHOCTH YCJIOBHUil &)—€)
u yciosuto HEPOH, kparko HazbiBaercs npunyunom Jlazpausica
IUIs 3a7ia9d ontuMasnbaoro yupasienud (1.0)—(1.4), wiu npunyu-
nom maxcumyma Ilonmpszuna Njs 9ToM 3a1a49u, W HAXOIUTCA B
MOJIHOM COOTBETCTBHH C 0OImuM mpuHnumnoMm Jlarpamxa [3].

KommenTapuii kK yciaoBusim a)—e) u paszgeny 1.2 B
1[eJI0M

a) Tlepemennble p(t) HA3BIBAIOTCS CONPANCEHHBLMU NEPEMEHHBLMU,
a cncrema ypasuenuit p(t) = —OH(t)/0x — conpasicennoti cucme-
Mmoti. B pazBepHyTOM BHIE 9TA CUCTEMA MPUHUMAET (DOPMY JIMHE-
HOIt 110 P(t) cucrembl OOLIKHOBEHHBIX AUMDdEPEHIMAILHBIX YPaB-
HEHUIA:

Plt) + (B(1), Bu(t)) = Ful(t) VYt € A,

18



e
m-+k

fa:(tvf(t)aa(t)) - Z l)\\zfzz(tvf(t)va(t))
=0

fa(t)

B paccmarpuBaembix B IIpakTuKyMe 337a49aX ONTHMAJIBHOTO
YIDPABJIEHUs] MHOKECTBO U, KOTOPOMY TIPHHA/UIEXKHUT yIIPABJICHHE
U, B OTIMYHE OT MOJABJSIONIETO GONBIIMHCTBA PAGOT, TTOCBIIIEH-
HBIX TIPUHIMIY MaKCHMyMa, MoxeT 3amucerb or t: u(t) € U(¢)
vVt € A (cm. yenosue (1.1)), u 370 HaXOAUT OTpaxKeHue B hOpPMY-
smposke OcHorHO# Teopembr 1. 1.2. TTonxpoGree 06 3ToM cM. [4].

6) IIpu duxcupoBanuom x(ty) oTBeyYaloIIee MHIEKCY Kk KpaeBoe
YCJIOBHE MOXKHO B TEDMUHAHT | HE BKJIIOYATH, MOCKOJIBKY COOTBET-
CTBYIOIIIEE MY YCIIOBHE TPAHCBEPCATIBHOCTH B 3TOM CJIyUae CIIY KHUT
ISt OTIpeJiesieHnst MHOXKUTesist Jlarpanka npu x(ty ), KOTOPbIii TIpH
PEIIeHNN 3a71a49¥ ONPEIENISATh HeoOI3aTeThHO.

B) YcroBue onrumanbHocTd 1m0 u(t) B obmeM (Heocobom) ciry-
9ae MO3BOJIAET HAWTH ONTUMANILHOE yripasyenue u(t) Vi € [to,t1] —
apryment u(t) dyuxmuu L(u(t)) (unm byakuuu H(u(t))), upu Ko-
TOPOM JIOCTHTACTCS abcoaomubid MuHuMyM dbyukmun L(u(t)) (unu
abconrrommoi maxcumym byuxmun H(u(t))). Ecau xe ynpasienne
4(t) U3 ycioBUsl ONTUMAJILHOCTH B) WJIM COBCEM HE OIPEIENIsAeTCs,
WM ONPEJENsAeTcs HEOTHO3HAYHO, TO HaxOokieHue U(t) B TakoMm
0c060M CTyHdae MOXKET TOTPeGOBATH BBIXOAAINMX 33 PAMKH HPHH-
Mna MaKCUMyMa JOTOJHUTEIBHBIX uccaenoBannii. CooTBeTCTBY-
fo1ree 0cobOMy CIIydaro yrpasiienue (t) Ha3bIBaeTCs 0cobviM.

B narpanzkesoii (hopme yCIOBUIO B) COOTBETCTBYET YCJIOBUE a0-
comorHoro MmunuMmyma yukuuu L(u(t)):

bsmin L(t, 2(t), 2(t), u(t), p(t), X, No) =
absmin (t,2(t),z(t), u(t), p(t), A, Xo)

= L(ta ?ﬁ(t)v :.L'A(t)v a(t)vﬁ(t)a Xa 3\\0)
vVt € Ay,

njin

Yu(t) € U(t) Vt € Ag;
B TOHTPATWHCKON (hopMe — ycjIoBHE AOCOJIOTHOTO MAKCHMYMA
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byukuuu H(u(t)):

a(l?)srr[lja(%H(t, Z(t),u(t), p(t), N, Xo) = H(t, Z(t),a(t), p(t), X, Ao)
u S

vVt € Ag,

njin

Yu(t) e U(t) Yt € Ag.

VesoBust Munumyma L o u u makcumyma H 10 u SKBUBAJIEHTHBI,
MOCKOJIbKY Jiarpamykuad L u dbyaknus [loutpsaruna H cBa3aHbI
COOTHOITIEHUEM:

L(t,x,j:,u,p,)\, )‘0) = <p7 .’I}> - H(t,x,u,p,)\,)\o),

B KOTOPOM TIEPBOE CJlIaraeMoe B TPaBO# YacTH OT u He 3aBUCHT,
u noromy L n H xak GyHKIUU apryMeHTa U OTJINYAIOTCS JIUIIh
3HaKOM. B ¢BA3UM ¢ 3TNM

@(t) = arg abs min L(u(t)) = arg abs max H(u(t)) Vt € Ay,
u(t)eU(t) u(t)eU(t)

rae

L(u(t))
H{(u(t))

H(t,&(t), u(t),p(t),\, Ao) Vt € Ag.

B kauecrse L(u(t)), H(u(t)) moxuo 6parb (dpyHKIUM, COIEPKAIIUE
TOJIBKO Te cJiaraemble (byHKIui

L(t, (1), 2(), u(t), p(t), A, Xo),  H(t.2(t), ult), p(1), X, ho),

L(t, (1), 2(t), u(t), p(t), A, ho) ¥t € Ao,
)

KOTOpBIE 3aBUCAT OT u(t). POPMYNBI B yCIOBUAX ONTHMATBHOCTH
B), onpejensiiomue 4(t) Vi € Ag, #alT 3HAYEHUS APIYyMEHTOB
dbyuxumit L(u(t)), H(u(t)), Ipu KOTOPBIX JOCTHUraeTcs UX abco-
AOMHLT MUHAMYM, COOTBETCTBEHHO, MAKCUMYM TI0 u(t), TO €cTh

arg abs min L(u(t)) =
u(t)eU(t)

= {a(t) e U®)|L(u(t)) = L(a(t)) Vu(t) €U(t) Vte Ao},
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arg abs max H (u(t)) =
u(t)eU(t)

= {a(t) € UM H(u(t)) < H(a(t)) Vu(t) € U(t) Vte Ag}.

VYenorue onTHMAIKHOCTH B) ompejensier 4(t) Kak QyHKIMIO Ipy-
X nepeMeHHbIX. Tak, HalpuMmep, U3 yCAOBUs

a(t) = arg abs max H(t, &(t), u(t), p(t), A, Ao) Vi € Ag
u(t)eU(t)

dbyukuus 4(t) B obriem ciydae onpeuessercs Kak (byHKuHﬂ epe-
Mennbix t, 2(t), p(t), X, Aot @(t) = u(t, #(t), p(t), A, Ao).

Banaua onpeesienus 4(t) — 310, BOOOIIE rOBOPs, 331a4a HeJIk-
HEHHOTO TPOTPAMMUPOBAHUS:

H(t, (), u(t),p(t), A\, \o) — max, u(t) € U(t) VieA,.

B pesynpraTe ee perennst Mpu KayKJI0M 3HAYUEHUN TTEPEMEHHBIX ¢,
Z(t), p(t), A, Ao B HEocoBOM cirywae ompezessiercst pyHKIWs

at) = u(t, &), p(1), A, Ao). (1.5)

Omnpeznenenne 4(t) B ocoboM ciydae (CM. BbIle) MOXKET HOTpe-
6oBaTh crenuasbHoro paccmorpenus (cm. auxke 1. 1.3 “IIpumepsr
).

r) ITepexom OT yCIOBUS CTAIIMOHAPHOCTH TIO tf B JIATPAHIKEBOM
dopwme: dﬁ/dtk =0 (k =0,1), K yCJIOBUIO CTAIIMOHAPHOCTH TIO
tr B nomTpsruackoit bopme: H(fy) = (=1)F1al/dt, (k = 0,1),
OTIUCHIBAETCS TIETIOYKONH PABEHCTB:

dL/dty, = 0 < (1)L L(#) + di/dt, = 0 <

& (1M (SR A fil) + (B(E), () — (E)) ) +
+01/0t + 1/ 0x(t1)i (i) = 0 &

& (DY A fuld) + < (tr), 0)+

+01/0t + 01/0x(t)p (1) = 0 &

& (-t POHUPY fz( i) + 01/ 0t + (= 1)Fp(Er)p (1) = 0 &
& 0l/0ty, = (1) p(ir)p(ir) — (~1) SEE N filEn) <

& pER)p(te) — 1" Mifilhe) = (—1)F 10/ ot <

o H(iy) = (—1)k+1az/at .

k
t
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s bukcupoBaHHbIX by, yciaoBus cranuonapuoctu 1o ty (k= 0,1)
OTCYTCTBYIOT.

1) YCI0BUS JTOTNOJHAIONIEH HEKECTKOCTU COOTBETCTBYIOT YCJIO-
BusM (1.4) Tuna wnepasencrB. Muoxkurenu Jlarpanxka S\mﬂ-,
1 < j < k B 3TUX yCIOBUAX HEOTPHUIATETHHBI: 5\m+j >0 (CM.
ycaosue e)). Ipu 5\m+j > (0 U3 yCJIOBUSI JIOTIOJTHSIONIEH HEKECTKO-
cTu caeayer paBeHcTBO By, j(#(+),4(:), to,t1) = 0 (ycmosme mo-
MOJIHSAIONIEH HEXKECTKOCTU B 3TOM CJIy4ae CyHIECTBEHHO, WJIH TIO
JIpyroit TepmuHOsIOruM, akrusHo). IIpu 5\m+j = 0 ycnoBume mo0-
HOJIHAOMIEH HEKECTKOCTU BBIMOJHIETCA TOXKIECTBEHHO (HECyIie-
cTBenno, miu Heaktnnno). Ha pemewmwn 2(-), 4(-), fo, £ Kpa-
€BOH 3aJauu TpH S\mﬂ- = 0 Heo6xoauMa IPOBEPKA YCJIOBUS
Bm+j(.f3('),’&(~),fo,£1) < O, a IIpu Bm+j(.f3('),’&(~),£0,£1) =0 —
MPOBEPKA YCJIOBHS 5\m+j > 0. BameTuMm, 9TO KpaeBas 3a1a9a MPUH-
IUIIa MAKCUMYyMa, [IPH 5\m+j = 0 MOXKET OKa3aThCs BBIPOKIECHHOI
u noTpebOBATh NPU PEINEHNN JTOTOJHUTETbHBIX HCCIEI0OBAHUIA.

e) B ycioBus meorpunaresbHocTH: 5\0 >0, S\mﬂ- > 0, Bxomdar
JIUITb MHOKHTENb Jlarpanska Ao IpH ByHKIMOHATE W BXOJIAIIME B
YCITOBMSI TOTIOTHSIONIEH HEIKECTKOCTH MHOKITE M JIarpanska Ay, 4 j
(1 <j <k) npu orpannyenusx (1.4) Tuna HepaBeHCTB.

ZKemasg momuepkuyTh 0cobyio 3aaunmocthb yciaosus HEPOH B
cucTeMe yCJIOBHUil NPUHIAIA MAKCUMYyMa, BKJIIOYHM €ro B 9Ty CH-
CTeMY KakK yCJIOBHE K).

Veaosus (1.1)-(1.3), a)-oc) npedcmasanom coboti xpaesyio 3a-
dany das cucmemovt 2N 00bIKHOBEHHBIL OUPPEPEHUUAAOHUL YPA6-
Henull (Kpaesyro 3a0auy NPUHYUNG MAKCUMYME) — UCTOOHOT CU-
cmemuv, (1.1) u cucmemor ypasnenuti diaepa—Jlazpansica (conps-
otrcennoti cucmemnt). B nonrpsirunckoit popme cucrema auddepen-
MAJIbHBIX YPaBHEHMWIT KPaeBOH 337a9M MMeeT BHUJ KAHOHWYECKOU
FaMUJIBTOHOBOM CUCTEMBI:

: H

) = T = (), i),

s OH()
rne H(t) = H(t,2(t),a(t), p(t), X\, Xo), a @(t) onpesensiercs ycio-
BUEM OITHMAJIBHOCTU B) Kak (pyHKUus nepemenubix ¢, &(t), p(t),
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X, do: a(t) = u(t, #(t), p(t), A, Ao) (1.5), 4T0 MO3BOISET yCTPAHUTH
HEOIPEJIeIEeHHOCTh, CBSI3aHHYIO0 ¢ NMpUCyTCTBUeM YHKImH 4(t) B
cucreme qudGepeHnnaNIbHbIX yPaBHEHUN KPaeBoil 3a1a4u.
HewsBecTHhIME B KpaeBoil 3ajade SBIASIOTCS 21 TTPOU3BOJIb-
HbIX IOCTOAHHDBIX HHTEIPHPOBAHUS €e CHCTeMbl Auddepeniyab-
HBIX YDABHEHHH, BpeMeHa to, t1 , ecain OHK HeDUKCHPOBAHDI, U MHO-
skuTesn Jlarpamka Ao, A = ()\1, )\m+k) —Beero 2n+m—+k+3
Hem3BecTHBIX. Tak kKak Gyukuus Jlarpanxka £ — oguoposHas (nep-
BOil crenenn) dyHKIMs MHOKUTENEH p(-), Ag, A, TO TH MHOKH-
TeTM MOXKHO 33J]aTh ¢ TOYHOCTBIO JI0 MOJIOKUTEJTHHOTO COMHOXKH-
resisi (mpoHopMupoBaTh ux). Ecim B pesysbrare aHanusa ycJoBuii
NPUHIAIIA MAKCUMYMAa yJAAeTCsl TTOKA3aTh, YTO AHOPMAJIBLHBIHA CJTIy-
waii A\g = 0 HEBO3MOXKEH, TO B COOTBETCTBUN C YCJIOBHEM €) HOD-
MUPOBKY MHOXKUTEJeH Jlarpan:ka MOMKHO OCYIIECTBUTH, TIOJIOKUB
Ao PABHBIM KaKOfi-HHOYIb yI0OHO! IpU PELICHIH 33,1391 00K~
TenbHOI KoHcTanTe. HopMupoBky mHOXKUTENEH Jlarpan:ka MOXKHO
ocyuiecTBuTb U Apyrumu crnocobamu (cm. Huxke n. 1.3 “IIpumepsr
7). Tlocsie HOpMUPOBKY MHOKUTEJIEH Jlarpan:ka B KpaeBoii 3a1a-
qe Oyzmer 2n+m-+k-+2 HenzBecTHbIX. /1 UX ONIpeIe/IeHrsT HMEETCs
2n yCJIOBUI TPAHCBEPCATHHOCTH 0), 2 YCIOBUS CTAIMOHAPHOCTH T),
k ycnosuit mononHsiomeil HexkecTkocTH 1) U m ycaosuit (1.3) —
Bcero 2n +m + k + 2 ycnosmuii. Takum o6pa3oM, mocie HOPMUAPOB-
KU MHOXKHTeJeH Jlarpanska 9ucio HEM3BECTHBIX B KPAEBOI 3a/1ate
COBTIQIAET C YMUCJIOM YCJOBUil JjIsi WX ompejenenus. Pazymeercs,
YTO PA3PEITMMOCTH WMEIOIENCsT CHCTEeMBI YCIOBUI ISt OTpeIeie-
HUSI HEM3BECTHBIX WM €JMHCTBEHHOCTH PENIeHHsl TaKas ee “ToJi-
HOoTa” He rapanTupyer. B ciyuae \g = 0 (aHopMaJsIbHBII CJydaii)
dyukuusa Jlarpanxa 6yzer ogaoposanoii (1epsoit crenenn) QyHK-
nyedi MHOKUTENeR p(-), A, M 9TH MHOXKHUTEJN TOXKe MOXKHO 3a/1aTh
€ TOYHOCTBIO JI0 MOJIOXKUTETHLHOTO COMHOXKUTESA (IPOHOPMUPOBATE
x). ITockosibKy nocJjie HOpMUPOBKY YUCJIO HEM3BECTHBIX B KPAEBOii
3a7a4€e OyIeT MEHBINE YUCIa YCJOBHIA I UX ONPEIEIEHNs], TO Pe-
IIeHNE KPAEBOH 331491 MOYKET CYIIECTBOBATH B 3TOM CJIyqae JIUIIb
MIPU HAJIMYUHU 3aBUCUMOCTH MEXKIy STUMU yCJIOBUsME. Ecim Takoi
3aBUCHMOCTH HET, TO PEIICHNe Kpaesoii 3a1adu pn Ao = 0 He Cy-
IIECTBYET.
Bratounm B cucTeMy yCIOBWIT NPUHIMANA MaKCUMyMa yCJIOBHE
HOPMUPOBKH MHOXKUTesel Jlarpan:ka Kak ycjioBue 3), u 6ydem Ha-
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3616amb NOAHOT cucmemoti Yeao6uli NPUHUUNG MAKCUMYME COE0-
KYNHOCTN® Ycaosud a)-3). Tloce BKIIOYeHNs YCJIOBUS HOPMUAPOBKI
B CHCTEMY YCJIOBW MpuHIMNa Mmakcnumyma yeaosus (1.1)—(1.3), a)-
3) OyayT TpeACTaBIATh COOO0H KpaeByio 3a/a4y (KpaeByio 3aiady
OPUHIUIA MAKCUMyMa) C TOAHbBM HGOOPOM HEOOXOIUMBbIX JJisd €e
pelienua yCIoBUi.

Ecan muoxecrBo U (t) He 3aBucur or Bpemenu U(t) = U u cu-
crema auddepeHImaiIbHbIX YPABHEHUN KPAECBOI 334U 468MOHOM-
Ha, T0 ectb pynkuua H (unmm Gyukuusa L) He 3aBUCUT OT BpEeMeHU
t ABHO, WJIM, 9TO TO K€ CaMoe, He 3aBUCAT ABHO OT t (PYyHKIMHU
W fi (0<i<mtk) = o)), fi = filz(t),u(t), 1
cucreMa g depeHnuaTbHbIX YPABHCHHNA KPAeBOl 3a/1a4d MMeeT
nepesvili unmezpans [3, 17]:

H(t) = H(&(t), a(t), (), \, do) = C,

03HAYAIONINH TTOCTOAHCTBO (PYyHKIMN H Ha ONTHMAIBLHON TPAEKTO-
pun. Ilpu 3TOM [j1g HAXOXK IeHUA NOCTOAHHON C' TOCTATOYHO OIpe-
JeMuTh 3Hadenne pyHKmu H B KaKOH-HUOYIb OTHON TOYKE OIl-
THMAaJbHON TPaeKTOpHH. B wacTHOCTH, €My XOTd OBbI OMUH U3 MO-
MenToB Bpemenu ty (k = 0,1) nedukrcuposan u ol /Ot = const,
nocrosiiaas C' MOKET OBbITh ONMpeeSIeHa U3 YCJIOBHS T') CTAIUO-
mapuoctn 1o ty: H(f) = (=1)*101/0t, (wm dL/dt, = 0),
nockonsky C = (=1)¥191/0t, (k = 0,1). Ecin B paccmar-
puBaemom cayudae dynkuuu ¢; (0 < i < m + k) He 3aBu-
caT aBHO OT to, t1: ¥; = Wi(x(to),x(t1)), u xors 66l OTHO T
nedukcnpoBano, 10 H (t) = 0 Vt € Jto,t1], TIOCKOIBKY B Ta-
KAX 33Ja9aX TEPMUHAHT [ HE 3aBUCAT ABHO OT f; W TIOTOMY
C = (=1)¥19l/8t;, = 0. B 3amauax GbICTPOAEHCTBUA C MHHEMII-
supyembiM yskimonanom Bo(z(-),u(:),to,t1) = t1 — to u GyHK-
musvu ; (1 <4 < m+ k), He 3aBucdimumu siBHO OT to, t1, TE€P-
MUHAHT | umeer Buz: | = A\o(t1 — to) + Zf:l_k Xithi(z(to), z(t1)), m
cnenosarensno, C' = (=1)*191/0t, = Xo (k = 0,1), H(t) = Ao
vVt € [to, tl] .

Hammume B cucreme mudpdepennmanbHbIX ypaBHEHHH KpaeBoit
3aJa9M TIEPBOTO MWHTErPaJa MO3BOJIAECT 3aMEHUTh OMHO M3 audde-
PEHIMAJbHBIX YPABHEHUI CUCTEMbl [EePBbIM uHTErpasoM (Heaud-
depeHnuaIbHbIM COOTHOLIEHNEM) U TEM CAMbBIM IIOHU3UTH HA €U~
HUILYy TIOPAZOK CUCTEMBI I DepeHInaIbHbIX YPABHEHWH KPaeBOii
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zagaqn. [Ipu dmcieHHOM peIneHnn KpaeBoil 3a7a4dy IMEPBBIA WH-
Terpajl MOKHO HCIOJIB30BATD JJIsi KOHTPOJISI TTPOBOIMMBIX BBIYMC-
Jienuit (KOHTPOJIMPYsl HA ONTUMAJIBHON TPAEKTOPUH MOCTOSHCTBO
bynxmmm H (t)), a npm n3BecTHOl ocTosiHHON C' — W JJIst OTIpeie-
JIEHUsI OJIHOI M3 HEM3BECTHBIX COCTABJAIOIMX «; = p;(tp) BEKTOpA
HapaMeTpoOB HPUCTPEJIKU (CM. HUKE).

Ecan U(t) Vt € [tg,t1] — oTKpbITOE MHOXKecTBO B R, ympas-
astomast BekTop-byukiws u(-) wempepbieHa: u(-) € C(A,R"), un
HEITPEPBIBHBI TI0 U YACTHDIE TIPOU3BOIHBIE 0y, fin (0 < i < m+k),
TO paccMarpuBaeMas 3aga4a (1.0)—(1.4) 6yzner sadavet Jazpansica
(B nonrpsarunckoii dpopme) [3, 17]. HacrubiM cayyuaem 3azaquu Jla-
rpamKka OyIeT 3a0a4a KAGCCUMECKO20 BAPUGUUOHHOZ0 UCHUCAEHUS
(B monTpsruHCKOl hopme), B kKoTopoit muddepeHnuanbias CBa3b
(1.1) mmeer Buga: @(t) = wu(t). Bamernm, uto B 3amavax Jlarpas-
2Ka H, CJIEJOBATENBHO, B 33/1a9aX KJIACCHYECKOTO BaPHAIMOHHOTO
ucuncnenus Ag = [to,t1] (1.1). Tak gak B 31HX 3amadax U(t)
Yt € [to, 1] — orkpbIiTOE MHOXKeCTBO B R”, dynkuus u(t) — Hempe-
pbiBHA, U (QyHKIUU @, , fi, — HEMPEPBIBHBI MO U, TO (OYHKIWH
L(u) n H(u) — nenpepbiBro muddepentmpyemsr o w. Ecan mpn
sroM dyurims L(u) (wam H(u)) muddepenimpyema npn v = 4
JIOJIZKHOE 9HCJIO0 Pas3, TO MPU HAXOXKJIEHUH ONITHMAJIBHOTO yIPaBJIe-
Hust G(t) MOryT ObITh UCHOJIH30BAHBI HEOOXOAUMBIE U JIOCTATOYHbIE
YCJIOBHS BBICIIUX MOPSIIKOB JIOKAJIBHOTO MUHUMYMa, (MJIM MAaKCH-
MyMa) [ KoHeunoMmepHoit muddepentupyemoii dyukuun (aud-
depennupyemoit HyHKIME MHOTUX HE3ABUCUMBIX TIEPEMEHHBIX), B
YaCTHOCTH, YCJIOBUs BTOPOro nopsizka. B ciyuae, ecom L(u) (uim
H(u)) — aBax bl HenpepbiBao auddepeniupyemast byHKIMs 0/
HOIl He3aBUCUMOII epeMeHHOM (U — He BEKTOP), YCJIOBUs BTOPOIO
NOpSIKA 17151 9T0i DyHKIMK HMeIoT Bu: 0L JOu=0, 02L Jou? >0
(umu OH /Ou = 0, 82H /0u® < 0) — neobrodumvie ycro8us a0kaib-
Ho20 MmunuMyMma (uau maxcumyma); OL/Ou = 0, 92L/ou® > 0
(uau OH JOu = 0, 82°H/0u? < 0) — docmamounvie ycroeus 1o-
KAADHO20 MUHUMYME (UAU MAKCUMYMA).

Hanomuum, 9T0 MCTOPUYECKW TPUHIAT MAKCUMYMA TOSBHICS
KaK OTBET HA TpeOOBaHWE TPAKTUKY CHOPMYJIUPOBATH HEOOXOIU-
MbI€ YCJIOBUS JIOKAJHLHOTO 3KCTpeMyMa (DYHKIMOHAIA I 33134
ONTHMAJILHOTO YIPABJIEHHUS C 3GMKHYMbLM MHOKECTBOM yIPABJIe-
auii U B R”. Jlo mosiBjeHUs NPWHIWIE MaKCAMyMa PacCMaTPH-
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BAJIMCh 3a/1a9M ONTUMAJBHOTO yNPABAEHUsS — 331a4u Jlarpanzxa
M 3371a49¥ KJIACCHYECKOTO BAPHAIMOHHOTO MCUNCIIEHWsI, B KOTOPBIX
U — omxpwumoe muOX)ecTBO B R™. B cBa3m ¢ 3TuM 331a4um om-
TUMAJILHOTO YIPABJIEHUS C 3AMKHYMbIM MHOKECTBOM yTIDABJICHNUH
MOXKHO YCJIOBHO HA3BATbh 3aa9aMH COGCMBEHHO ONMUMAALHOZO
ynpasaenus. Ilosromy, ecnu B 3aa4e (1.0)—(1.4) muoxkecrso U ()
YVt € [to,t1] (mmm U) — samxnymoe B R™, To 3amava (1.0)—(1.4)
Oyzer 3amadeit cobemeenno onmumasvhozo ynpasasenud. CaoBom,
samrnymocms muooicecmasa U(t) Vit € [to,t1] (uau U) ecmo do-
cmamounoe ycaosue npunadaedcnocmu 3adavwu (1.0)-(1.4) % 3ada-
wam COBCMEEHHO ONMUMAALHO20 Ynpasienus. IIpu perennn 3a1a4
B cilydae 3aMKHyTOro MHOXKectBa U(t) Vit € [to,t1] onTumanbHOe
yupasienne 4(t) HEOOXOAUMO HAXOAUTL KAK 3HAUCHHE APryMEH-
ra u(t) dysakmun L(u(t)) (mnm dynkuun H(u(t))), mpu KoTopoM
dyukuusa L(u(t)) npunumaer nanmenbiiee (wiu dbyuxius H (u(t))
— naubouibliiee) 3Hadenue 1o u(t) Ha 3aMKHYMOM MHOKECTBE (CM.
Huzke 1. 1.3.3 “3azayu onruManabHOro yupasienus’).

JJ1st 33191 ONTUMAJIBHOTO YIPABJIEHWs JUHAMUYECKOH CHCTe-
moit (B mamaom Ilpaktukyme miuga samauu (1.0)—(1.4)) npunyu-
NOM  MAKCUMYMG HA3BBACTNCA 6CA COBOKYNHOCTL HEOOLOOUMBLE
YCA06uli A0KAALHOT onmumasbhocmy (6 IIpaxmuryme — cosokyn-
HOCMYL YCA08Ul a)-3)), B TO BpeMsl Kak W3HA4anbHO [17] mpuHim-
MOM MaKCHMyMa Ha3bIBAJIOCH JIWIb YCJIOBHE ONMTHMAIBHOCTH 10 U

B TIOHTPSTHHCKOMN opme: 4 = arg abs maxH (u).
eU

u

B nocranoske ucxoguoit 3agaau (1.0)—(1.4), a Takxke B mocra-
HOBKAX BCEX 3a/1a4, PEIIEHHbIX B KAYECTBE NMPUMEPOB B Pa3IeIax
1.3 u 2.2 [IpakTtukyma, Tpebyercsi OMpeaeasaTh TOUYHYI0 HUZKHIOKO
rpanb dynkimonana By({(-)) — inf Ha momycTuMbIX ympasiisie-
Merx mporeccax §(-) = (x(-),u(-),t),t1), Xora npapuIbHEE TpeGO-
BaTh onpeseneHus abCOMIOTHOrO MUHEMyMa (DYHKIIMOHAIA U TIH-
carb: By(§(+)) — absmin (wmm, xparko, Bo(£(-)) — min). 1o
cBsi3aHO ¢ TeM, 4ro 3amnch Bo(¢(-)) — inf He mckmouaer BO3-
MOKHOCTH CYIIIECTBOBAHUS DEIICHNUs 331a49l B BUJIE MUHUMHU3UDY-
IOIIEH TTOC/IeI0BATEILHOCTH JOIYCTUMBIX YTIPABJISEMBIX MIPOIECCOB
{€()}, 1 kotopoft lim Bo(¢.(+) = inf Bo(¢(-)). Caeyer, oma-
KO, 3aMETHUTh, YTO BO BCEX PACCMATPUBAEMBIX 3aa4ax IIpakTuKy-
Ma PEIIeHne 33Ja9U B BUJE MUHUMU3UPYIOIIEH MOCIeI0BATEIbHO
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ctu &,(-) orcyrcrByer, a 3amuch Bo(£(-)) — inf Bmecro 3anmcu
By(&(+)) — min, coxpaHsieTcst Kak HeKast TPAIUIAS 3aMUCH TIOCTa-
HOBOK 3KCTPEMAJIHLHBIX 3aa9.

Ilpn pemennm 3ama9 ONTUMATHLHOTO YTPABICHUS HAa OCHOBE
NPUHIUIIA MAKCHUMyMa HeAb3A YNYyckamsv u3 6uda, 4mo npuH-
yun makcumyma Ilowmpszuna Ors HeauneldnvT 3aday onmu-
MaALHO20 Ynpasrenud obutezo euda npedcmasasem coboli AuWs
HEOOTOOUMbBLE YCAOBUA TEPE020 NOPAIKA AOKAALHOU ONMUMAND-
HOCTNU  PYHKYUOHGAG, U CACJOBAMEALHO, TOAYUEHHDIE 6 DPE3YAL-
mame €20 NPUMEHEHUA FKCMPEMANLHBE YNPABAAEMbBLE NPOUELCCH
E=(2(-),a(),to, 1) (omempemanu Monmpazuna i(-), ynpasienua
a(-) u epemena to, t1) 6 obwem cayuae nodredcam UCHHIMANHUI
HA ONMUMAALHOCTNL C UCTIOABIOBAHUEM HEOOTOOUMBLE YCA08UTE AO-
KaAbHOT ONMUMAALHOCTIU GHICUUT NOPAJKOS (6 HACTMOoAWEE 6Pe-
MA OAA 36004 ONMUMANDHOZ0 YNPABAEHUS 6 NOAHOTE MEPE HE Pas-
pabomannwz [14]) u/uau docmamounus Yycaosutl A0KaALHOT UAU
abeoatomuoti onmumanvrocmu [3, 10], aubo, npu 603moorcnocmu,
00AIHCHDL NOOEEP2AMBCA HENOCPEICTNEEHHOT UAU KOCBEHHOT NPOGeEP-
Ke HA AOKANDHYIO UAU GOCOAOMHYIO ONMUMAALHOCTD, 6 %ACTIHO-
cmu, nocpedcmeom PeweHus UcLodnol 3a0ayu UHBMU METodaMU,
HAMPUMED, NPAMbBLMU, HE UCTOALIYIOUWUMU HEOOToduMbBLE U/ UAU
doCMamowHvle YCA08UA ONMUMANLHOCTNU, U 8 UL YUCAE 2PAOUEHI-
HOLMU MEModamu. 3aMeTUM, 9TO [ 3a/1a49 ONTUMAILHOTO YIPaB-
JIEHVs], JIMHENHBIX 10 (HA30BbIM MepeMeHHbIM [3], JIATYHOBCKHX 3a-
nad [3] u auHeitHO-KBaJApATHUHBIX 33124 [5, 11] pernenne 3amaun,
MOJIy9E€HHOE HA OCHOBE TPHHIMIIA MAKCHMYyMa, JOCTaBIsAET (PyHK-
HMOHAJLY abCOMIOTHDBI MUHUMYM (MJIM MAKCHUMYM).

VMECTHO OTMETUTBH, 9TO, HECMOTPS HA TPYJHOCTH HPOBEPKH
srcrpemasieii IlouTpsruHa Ha JIOKAJIBHYI0O W aOCOJIOTHYIO OIITH-
MAJILHOCTh, a TAKYKe Ha, OTCYTCTBUE 151 GOJIBITAHCTBA HEJTAMHEHHBIX
38109 ONTUMAIBHOTO YIIPABJICHUS TUHAMAYECKAME CHCTEMAMHE TEO-
PEM CyNIECTBOBAHMSA W €IWHCTBEHHOCTH PEIEeHUsI, TEM He MEHee,
B TAKOW CHUTYaluu IIPOBOJMMBIE HA OCHOBE MPHWHIUIIA MAKCAMYMA
WCCIETOBAHNS 33089 ONTUMAIHLHOTO YIPABIECHUS TO3BOJSIOT, KaK
OPABUJIO, TIOJIyYaTh COAEPIKATEIbHBIE PE3YIBTATHI U JEJIATh MOJIe3-
HBIE JIJIST TPAKTAKN BBIBOIBI.

ITockobKy BCE MOmIEKAIIE YUCIEHHOMY DEIIEHHIO B JAHHOM
IIpakTuKyme 3a1a9n ONTUMATBHOTO YIPABJIECHHS COMEPZKAT MAPa-
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METp ¥ IPH HyJEBOM 3HAYEHUH 3TOTO IIapaMeTpa JOIyCKAIOT aHa-
JINTUYIECKOE PEIeHne, KOTOPOe TP YNCJIEHHOM PEITeHUN KPaeBoi
341097 TIPUHIIATIA MAKCAUMYMa METOIOM CTPEIhOBI UCTIONB3yeTCS B
KaveCTBEe MCXOIHOTO JIJIs TIOJyYeHNs PENeHnst 3491 TTPA HEHyJIe-
BOM 3HAYEHNH HAPAMETPa MEMOIOM NPOOOANCEHUA PEUEHUA TO Ta-
pamempy (cM., Hanpumep, [8]), To Bo3HUKaeT HeOOXOMMOCTb UMETh
00pasIbl AHATIMTUIECKOTO PEITICHAST OCHOBHBIX THUTIOB PACCMATPUBA-
embrx B [IpakTukyme 3amad. Ccopmyaupyem B CBA3U C STUM

HpaBI/I.TIO penieHud 3aJa4 OIITUMAJBbHOI'O YIIpaB-
JeHmn«da
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0)

1)

dopMmanM30BaTh 3a/1a4y, TO €cTh npusectu ee K suay (1.0)—
(1.4).

Cocrasuth dyuknun L, L, [, eciu 3ama4ua pemraercs B Ja-
rpamkeBoit ¢popme, wn Gyakmuu H, [, ecau 3a7ada perra-
eTCs B MMOHTPATHHCKON (popme.

Bamnucarb HeOOXOMMbIE YCJIOBUS a)—3) ONTUMAJILHOCTU IIPO-
necca €= (&(-), (), o, 1) (monmyio cucremy ycnosuit npun-
[UIa MaKCUMyMa Ui 339U ONTUMAJIBHOTO yIPABJICHUS
(1.1)—(1.4)). Paccmorperb BO3MOXKHOCTH AHOPMAJILHOIO CJIy-
qad 5\0 =0, u, ecmm 5\0 % 0, TOJIOKUB 5\0 PaBHBIM €/IMHU-
ue uim J060i Apyroii moJoKuTesbHON KoHcrante (dro 6y-
JeT COOTBETCTBOBATD OJHOU U3 PA3HOBU/IHOCTEN yCII0BUA HOP-
MUPOBKHU MHOXKHUTeNelH Jlarpan:ka), npeodpa3oBaTh yCIOBUs
(1.1)—(1.3), a)—3) B KpaeBy 3aJa49y TPUHIUIA MAKCHMYMA.
Vb6eauTbCsi, YTO YUCI0 HEM3BECTHBIX B KPAaEBOil 3a/a9€ COB-
[a/IaeT ¢ YUCOM YCJIOBUH [T UX OTPE/IeTeHuUs .

IIpoananu3upoBaB KpaeByio 3a7ady, HAUTH JAOMyCTHUMBIE
YIPABJISEMBIE TIPOLECCHI & = (&(),a(-), to, t1), aABAAOMIHE-
Cs peleHUAMH KpaeBoil 3amaun. Ilpm Hammawmm B KpaesBoit
3aJla4e yCJIOBUN JONOJIHAIOMIENH HEXKECTKOCTH ;[) IIJIS KazK-
JIOTO W3 3THUX YCJOBUN HEOOXOAWMO B COOTBETCTBUU C YCJIO-
BUSIMH €) PACCMOTDETh TOZCIYYan 5\m+j =0mn 5\m+j > 0
(1 < j < k), nupuyeM Ha pENIEHWHU, TOJYIEHHOM IIPU

Am4; = 0, HeoOXOIMMO TPOBEPWUTH BHITIONHEHNE YCIOBWit



Bm+j(£(~),ﬁ(~),fo,fl) < 0, a HA PEIIEeHUH, TOJTYI€HHOM TIPH

Bm+j(i‘(-),ﬂ('),t0,t1) = O, — yCJIOBI/Iﬁ )\m-i-j > 0, 1< j < k.

4) Cpeny HalJEHHBIX JOMYCTUMBIX YIPABJISIEMBIX MPOLECCOB
Hajitn perenne 3amaun (1.0)—(1.4) — onTumanbHBIH TpO-
IIECC, JOCTABJISIONINI JIOKAJIBHBIN UM TJI00AIBHBIN MUHUMYM
dbyukuuonasy (1.0), wiu nokazarh, YTO PEIEHUs HET.

Paccmorpum mpumepsl npumenenusi IlpaBumia K aHaJIuTHYe-
CKOMY DEIICHHIO 33/a4 ONTUMAJILHOIO ynpaBjeHus (B TOM d4u-
cie, 33729 KJIACCHYECKOrO BAPUAINMOHHOTO MCYUCJIECHUS U 33729
Jlarpanzka) Jyisi HEKOTODPBIX XapaKTePHbIX (DYHKIMOHAJIOB, TEpP-
MUHAJIBHBIX (KPAEBBIX, UM TPAHUYHDIX), U30NEPUMETPUUECKUX U
TEePMUHAIBHO-M30MIEPUMETPUIECKUX OTPAHUYEHUI THUIA DPABEHCTB
u HepaBeHCTB. OTMETHM, YTO TPUMEPHI MOJ0OPAHBI TAK, YTOOBI
CPaBHHUTEHHO IIPOCTOIT HEIOCPEICTBEHHOH ITPOBEPKOIT MOYKHO OBLIO
MIPOBECTH UCCJIEI0BAHKE ADCOTIOTHON ONTUMATBHOCTH TIOTY 9€HHBIX
permenuii. B 607pMMHCTBE 3a/1a49 TaK MPOCTO 3TO CJIEJIATh HE yIa-
ercsi. Bece paccmarpuBaembie B IIpakTrkyme B KadecTBe TPUMEPOB
3aJa9U B COOTBETCTBUM C Ha3BaHWeM lIpakTHKyMma TPUBOIATCS K
BHUJLy 3a/1a4 onTUMasbHOro ynpasienus (1.0)—(1.4) u pematorcs za
OCHOBE TMPHUHIMIA MAKCUMyMa O TpuBeJeHHOMY Bbimie [IpaBury
(asropuTMy) pellieHus: 33129 ONTUMAIBHOTO YIPABJIEHUS, HECMOT-
pst HA TO, ITO 3HAYUTEIbHAS TACTh ITUX 3371249 MOXKET ObITH pernieHa
o 6osiee mpocTomy aaropuTmy. OTMeTnM TaksKe, 9TO, XOTST KayKIast
n3 3a1a4 [IpakTukyma MOXKeT OBITH pellieHa JuO0 C UCIOJIb30BAHN-
em Tosbko dyukiuit L, L, | (B narpanxkesoii popme), aubo ¢ uc-
nosb3oBanueM Tosibko Gyukuuit H, [ (B nonrpsrunckoii dbopme),
B IIpakTukyme, Kak MpaBUiIO, 3TH 33/IaYU 110 METOINIECKNM COO00-
PaXKEHUAM PEIMAIOTCs B 00enX (POPMax 0JHOBPEMEHHO (Tapasiie/b-
HO) WJIH, €CIU 9TO YA00HO, PEIaloTCa B CMENIaHHON JIarpaHKeBO—
MIOHTPATHHCKOH popme.
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1.3. IIpumMepbl aHAJUTUYUECKOTO pellleHus
HA OCHOBE TIPUHIUIIA MAaKCUMyMa
XapaKTEPHBIX 33aJla4 KJACCUYIECKOTO
BAapPUAIIMOHHOIO WCYUCJIEHUd, 3a/a4
Jlarpanka u 3aJa49 ONTUMAJBHOTO
yHnpaBJieHud

1.3.1. 3agauym KJIaCcCU4Y€CKOro BapMAIMOHHOTO WMC-
qncJieHud

IIpumep 1. Ilpocmetiwas 3640646 KAGCCUMECKO20 BAPUAGUUOHHOZ0
UCHUCAEHUA — 300040 ¢ PUKCUPOSAHHVLMU HAYAALHOIM U KOHEU-
HOM 3HAYEHUAMY Pa30601 NEPEMEHHOT U BPEMEHU.

I(2()) E/O (2(t) — 12t(t)) dt — inf, 2(0) = 2(1) = 0.
Permrenne

0) Popmanuzarms: obo3HauuM Z(t) = u(t), Torma

Bo(z(+),u(") = A (u?(t) — 12tx(t)) dt — inf; (1.6)
() —u(t) = O Vie Ay =A=]0,1]; (1.7)
u(t) e U =R" = (—o0,+00) Vte|0,1]; (1.8)
z(0) =0, (1) =0. (1.9)

Orpannuenus (1.4) Tuna HEPABEHCTB B 3a/1a49€ OTCYTCTBYIOT.

1) ®yuxusa Jlarpanxka:

1

L= [ No(u?(t)—12tx(t))+p(t)(2(t)—u(t))) dt+

0

+A12(0) + A2z (1) = /01 L(t)dt+1;
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JIATDAHKUAH:
L = \o(u? — 12tx) + p(¢ — u) = pi — H;
dbynxunsa [MorTparuua:
H = pu — \o(u? — 12tz);

TEPMHWHAHT:

1= M\z(0) + Aox(1);

Aos A1, A2 p = p(t) — uncsioBbie U DYHKIMOHAIBHBIN MHO-
skutenan Jlarpamka.

2) Cucrtema ycjoBuWii TpuHOUIA Makcumyma B 3amade (1.6)—
(1.9):

a) ypasuenue Ditnepa—Jlarpanxa:

d . A
—EL;t(t) + Lo(t) =0
(- 242

= p(t) = —12Aot;

6) ycnosus tpancepcanbhoctu (kK = 0, to = 0; k = 1,

tl = ].) R
. o
L;(ty) = (—1)km
. ol
(&8(0) = (V¥ 505)

= p(0) = A1, p(1) = —Aa;
B) YCTOBHE ONTHMATBLHOCTH MO U
Tax kak L(u) = Au? — pu u H(u) = —L(u), 10

(t) = argabs min L(u) = argabs min (Aou? — p(t)u),
uelU w€(—o00,+00)

31



njin

a(t) = argabs max H(u) = argabs max (p(t)u — Aou?).
uelU w€(—o00,+00)

Tak kak U = R! = (—00,+00), T0o npu Ag = 0 m-
60 He CylecTBYeT OlTUMaJIbHOE yipasjenue 4(t), aubo
He BeinosHsieTcs: yeaosne HEPOH (cm. Huske), a mpw
Ao # 0 onrtmmansmoe yupasnenme @(t) Moxer GbITb
onpeseneno u3 ycaopuit dL/0u = 0, 02L/0u? > 0 (wm
OH/ou =0, 82H/ou® < 0):

2Xti(t) — p(t) = 0, Ao >0

(mmn p(t) — 2Xo0(t) = 0, Ag > 0).

Ecan 5\0 =0, T0

1) ipm p(t) Z 0, t € [0,1] bynkums H(u) = pu nuneiina
0 U, ¥ IMOCKOJIBKY U € R!' = (foo, +oo), OIITUMAaJILHOE
yupasienue 4(t) ne cymecrsyer: 4(t) = +oo, t € [0, 1];
2) mpu p(t) = 0, t € [0,1] He BBIIOIHAETCH yCIOBHE
HEPOH, nocko/ibKy B 3TOM CIy4ae u3 ycjaoBuii 6) cie-
ayer 5\1 =0, 5\2 = 0, u motroMmy Bce mHOKHUTEHU Jlarpan-
’Ka obparaioTcs B HOTb: Ao = 0, p(t) = 0, t € [0,1],
5\1 = 0, 5\2 = 0,

) yCJIOBHUS CTAIMOHAPHOCTH 1O tg, t1 B 3a7a49€ OTCYTCTBY-
10T, TaK Kak to, t1 — dbukcuposanbl (tg =0, t; = 1);

1) YCJIOBUS JOTIOJHAIONIEH HEXKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e HeT ycaosuii (1.4) Tuna HepaBeHCTB;

€) yCJIOBHE HEOTPUIATEJLHOCTH: Ao > 0]

JK) YCJIOBHE HEPABEHCTBA HYJIIO BCeX MHOxKuUTesel Jlarpan-
ska onHoBpemenHo (ycaosne HEPOH);

3) ycJOBUE HODMHUPOBKM MHOXKUTesell Jlarpanka.

3) Tak Kak aHOpMAaJbHBIH ciaydaii Ag = 0 B paccMaTpuBaeMoii
3a/1a¥e HEBO3MOYKEH (CM. BBINIE aHAJW3 YCJIOBHUS B)), TO TIO



YCJIOBUIO €) 5\0 > 0. B kauecrse 5\0 MOXKHO B3STh JIF00O€ I10-
JIO3KUTEIBHOE YUCI0, B YACTHOCTH, A\ = 1 /2 (ycmnoBue HOp-
MUPOBKH), Beieicrue dero B ycaosuu B) 4(t) = p(t). Iox-
craus (t) = p(t) B ypasmerme (1.7) u Ao = 1/2 B ypas-
Henue a), upeobpasyem ycaosus (1.7), a), (1.9) B kpaesyio
3aza4y (KpaeBylo 3a/1a4y HPUHIIUIA MAKCUMYyMa):

(t) = p(b),
{ ﬁ(t) = —6t; #(0)=0, #(1)=0. (1.10)

B s70i1 KpaeBoii 3a/1aue HEM3BECTHBI JBE MOCTOSHHbIE WHTE-
IPUPOBAHUS ee crucreMbl qud pepeHnnanbHbIX ypaBHeHuni, u
JUIST UX OTIPEeJIEIEHNsT UMEETCsl JIBA KPAeBbIX YCJIOBHUS. YCJIO-
Bug 6): p(0) = M, p(1) = —)2, B KPAeByIO 337141y He BKJIO-
Yal0TCs, TAK KaK OHM CIY2KAT JIJIsl OLPE/Ie/IeHIs] MHOXKHUTEIel
A1, A2, KOTOPBIE IPUBHOCATCS B 33,141y METOIOM €€ PElleHus,
Ha peIlleHre KPaeBoil 33/1a4i He BIIMSIOT, W MIOTOMY WX OTpe-
JesiATh He Tpebyercs. B pesysbrare pereHusi Kpaepoii 3a/1a-
YW ONPEJIEJINTCS, YIAOBJIETBOPSIONAsi HEOOXOANMBIM YCIOBH-
sIM TEPBOrO MOPsAIKA JOKATBHON ONTUMAIBHOCTH (YCIOBUAM
NPUHIMIIA MAKCHMyMa), HcKoMas B 3axade (1.6)—(1.9), momy-
cTuMasi KcTpeMasb (9Kcrpemasb IlonTpsirnna). Pemme sty
KDAaeByIO 3a7a4y:

p(t) = -3t? + ci, #(t) = —t3 + et + C2;
£0)=0=c=0; (1) =0=c1=1;

MOJIYIUM JOOYCTUMYIO 3KCTPEMAJIb (Z-)KCTpeMaJIb TlouTpsru-
na): &(t) = —t3 4+t Vvt € [0,1].

HUccnenyem TOTyUeHHYIO SKCTpeMaib @(-) Ha abCOJIOTHYIO
ONITUMAJILHOCTh. HemocpeacTBeHHON TPOBEPKOil TOKaXKeM,
y1o #(+) HocraBiser QyHKIMOHATLY aOCOMOTHBI MUHUMYM.
g sroro Bosmyrum &(+) nocpeacrsom dyskiuu x(-), TaKk
41066l pynkuusa Z(-) + x(-) ocramach momycrumoii. B pac-
cMarpuBaeMoit 3anade Gyukims Z(-) + z(-) Gymer gomycTu-
moit, ecn z(-) € C([0,1]), 2(0)+2(0) =0, #(1)+(1) = 0.
A mockonbky mo ycnosuio (1.9) #(0) = 0, #(1) = 0, 1o
z(0) = 0, z(1) = 0. OnpeseuM ¢ HOMOIIBIO MOy Y€HHBIX
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yCJIOBHWIi 3HAK TpUpaIneHus (HyHKINOHAIA!

Al *I(f()er())*I(f('))E
—fo[x—i-x —12t(2 + z)]d fo 12— 12t2) dt =
=/ (2m—12tm dt+f0 i dt>
> [o 2@ dm—fo 12tz dt =

1
= 20(t)a(t)| - Jy 2vdt - [; 12trdt =
= 23(1) -0 — 2&(0) - 0+ [ 12tz dt — [, 12t dt = 0.

Tak Kak TpH JIIOOBIX JOMYCTUMBIX BO3MYIIEHUSIX x(:) pe-
menusi (skcrpemanu) &(-), mosydeHHoro (-oif) Ha OCHO-
Be HeOOXONMUMBIX YCJOBHH TEPBOrO TOPSiAKa JIOKAJIhHO-
ro skcrpemyMa QyHKOmOHANMA (yCIOBMH NPWHIUIE MAaK-
cumyma Ilonrpsaruna), dbyunkuuonan I(z(-)) ne ybbiBa-
er: Al > 0, To »skctpemann #(t) = —t3 + t
Vt =€ [0,1] mocramisier emy abCOMOTHBIN MUHHUMYM. Ilpw
stoMm inf I(z(+)) = absmin I(z(-)) = I(Z(-)) = -0, 8.

IIpumep 2. 3adaua KAGCCUMECKO20 6APUALUOHHOZO UCHUCAE-
HUA € HEPUKCUPOBAHHBMYU KOHEUHUMU 3Havenuamu epemeny T u
dasosoti nepemennoti x(T).

I(2(-),T) = /O #(t)dt — inf,

z(0)=0, TH+zT)+1=0, T>0.

Permrenne

0) @opmanmuzarus: o6o3HaunM & (t) = u(t), Torma

Bo(z(-),u(),T) 5/0 u?(t) dt — inf; (1.11)
Bt)—u(t)=0 Vte Ag=A=[0,T]; (1.12)
u(t) €U =R = (—o0,+00) Vt e [0,T]; (1.13)
z(0)=0, T+z(T)+1=0; (1.14)
~-T <0 (1.15)
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1) ®yukuua Jlarpanxka:
L= / (Mot (1) +p(t) (& () —u(t))) di+
0

+Az2(0)+ XN T+ (T)+1)+u(-T) = /T L(t) dt+;
JIArpaHKUAH: ’
L = \ou? + p(i —u) = pi — H;
dyukiusa [oarparmma:
H = pu — \ou?;
TE€PMUHAHT:
l=Xz(0) + MT+2(T) + 1) + n(—T);

Aos A1, A, pu; p = p(t) — uncaoBble u YHKINOHAIBHBIH
MHOXKUTen Jlarpamxa.

2) Cucrema ycyioBuii mpuHIMNA MakcuMyma B 3amade (1.11)—
(1.15):

a) ypasuenue Ditnepa—Jlarpamnxa:

d . 5 B ;oo OH(t) s
— L)+ La(t) = 0 (& 5(0) = =57 ) = 5() = 0;
0) ycmosua tpamncsepcaibnoctu (k = 0, to=0; k=1,
tAl = T)
. ol
Li(ty) = (—=1)F
(1) = (1) 50

o ol . R
(& 8(0) = (-1 570 ) = 9(0) = Ao, B(T) = =X

B) yciaoBu€e ONITUMAJIBHOCTH TIO U :

Tax kak L(u) = Au? — pu u H(u) = —L(u), 10

(t) = argabs min L(u) = argabs min (Agu? — p(t)u),
uelU w€(—o00,+00)
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njin

a(t) = argabs max H(u) = argabs max (p(t)u — Aou?).
uelU w€(—o00,+00)

Tak kak B paccmarpuBaeMoil 3ajade Ciaydait 5\0 =0
HEBO3MOXKeH (CM. aHauu3 yciaosus B) B Ilpumepe 1), u
U =R! = (—00,+00), To onTuManbHOe yHpaB/eHue
(t) Moxer GbITh onpeseseno u3 ycaosuiit AL/Ou = 0,
92L/0u? >0 (wmm OH /Ou =0, 8>H/0u? < 0):

2\ot(t) — p(t) = 0, Ao >0
(mmn p(t) — 2Xo0(t) = 0, Ag > 0);
) yCJOBUE CTAIMOHAPHOCTHU TO fo B 3ajade OTCYyTCTBYET,

TaK Kak tg — ¢ukcuposano (tg = 0); ycjaoBue cramuo-
HapHocTu 1o T (¢ y4uerom ycnosuii (1.12), 6)):

dl i
d—T:O@L(T)er—T:O@

Md(T) + p(T) -0+ A1+ #(T) — =0 "2
M@ (T) + A+ 3a(l) —p=02

Mo@?(T) = p(T)a(T) + A — o =0,
P
H(T)_E)_T P(1)a(T) — Au*(T) = X — i

1) ycsaoBue jonosngmomieil nexxecrkocru: fi- (—1) = 0;

€) yC/IOBUdA HEOTPHUIATEeIbHOCTHU: 5\0 >0, p>0;

)
)

k) ycaoene HEPOH;
)

3) ycjaoBue HOPMHUPOBKH MHOXKHUTeseH Jlarpamxa.

3) Tak xak no yciosuio (1.15) (=7) < 0, To u3 ycioBus 1) cie-
ayer i = 0. A mOCKOIBKY aHOpMAJBHBIN cay4dait Ag = 0 B
paccMaTpuBaeMoil 3aJaue HeBO3MOXKEH (CM. yCJIOBHE B)), TO



0 yeaoBHIO €) Ag > 0 M B KAUECTBE A\ MOXKHO B3SITH JIIO-
60€ MOJI0KUTEIHHOE YUC/IO0, B YACTHOCTH, Ao = 1 /2 (ycnoBue
HOpMupOBKHM). Besepcrsue storo B ycanosuu B) 4(t) = p(t).
Moxcrasus 4(t) = p(t) B ypasmenne (1.12) u Ao = 1/2 B
ycsoBue 1), npeobpadyem ycaosus (1.12), (1.14), a), 6), r) B
KpaeByio 3a7a4dy (KpaeBylo 3aja4y NPUHIMIIA MAKCUMYMA):

() = p(t), -
pt)=0; #0)=0, T+#T)+1=0,  (L16)
P =—XA pA(T) =2\

B s7oit kpaesoil 3amaue HEM3BECTHHI JBE TIOCTOSTHHBIE WH-
TerpupoBaHus ee CUcTeMbI auddepeHInaIbHbIX yPABHEHMUI,
BpeMsd T u MHOXKHUTETD A (4 HEU3BECTHBIX), U JIJIs UX OIPe/Ie-
JleHus umeercs 4 KpaeBbIx ycsoBus. Ycsosue 0): p(0) = M,
B KPaeBYyIo 3a/ilauy He BKJIIOYAETCA, TaK KaK OHO CJIYKUT JIjid
onpeneneHus MHOXKUTEA 5\1, KOTOPBI Ha pellleHne KpPaeBou
3a/Ia9N HE BJIUSIET, U MOITOMY €r0 ONPEIeITh HE TpeOyeTcs.

Permus 3Ty KpaeByio 3amaty:

t)y=¢, &(t)=ct+c1; Z(0)=0=c =0
)= —A=c=—\ i) = —M;
(T)=27A=X2=2\, AMA—-2)=0:
A=0, #t)=0, T+0+1=0, T=-1
IIPOTUBOPEYUT yCJIOBUIO T > 0;

NA=2, &(t)=—2, T—-2T+1=0=T=1;

nosyanv Bpems T = 1 u JOMyCTHMYIO SKCTPeMab (IKCTpe-
maib Honrpsaruna) &(t) = —2t V¢ € [0,1].

Uccaenyem nosyuentoe perenue &(-), T Ha aBCONIOTHYIO OLI-
TUMAJIbHOCTEH. HemocpeacTBeHHO# MPOBEPKOi MOKaXKeM, ITO
#(-), T nocraBusior pYHKIMOHATY aGCOMOTHBI MEHIMYM.
Has aroro Boamytum &(-) u T nocpencTsom (yHKIHE x(+)
u AT, 1ax uro6sr byukius 2(-)+z(-) uspems T =T+ AT
OCTAJIICH JOMYyCTUMBIME. B paccmaTpuBaemoii 3amade pyHK-
uust &(-) + x(-) u Bpems T OyayT HOIYCTUMBIMHU, €CJIU
x(-) € CL([0,T)), 2(0) +2(0) =0, T+ 2(T)+2(T)+1=0,
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T > 0. A mockonbky Z(0) =0 u &(T) = —2T', 1o 2(0) =0,
2(T) =T — 1. Onpegeaum ¢ y9€TOM TOJIYIEHHBIX yCIOBHIL
3HAK TIpUpaIienus GyHKIMOHATA:

Al =1(&() +2(),T) = I(#(),T) =
= [V (@ +a)2dt— [ i*dt =
= [Fa2at+ [ 2%idt + [ @2dt - [, 4dt >
> [Fadt+ [ (~4)idt —4=
E4Tf4x(t)‘j74£4T74x(T)+4:17(0) 4=
=4T - 4(T—-1)+0—-4=0.

Tak Kak 0pH JHOOBIX JIOMYCTUMBIX BO3MYIIEHUSX Dellie-
mns (3xcrpemamn &(-) u Bpemenu 1), momyueHHOro(-bix)
HA OCHOBE HEOOXOIWMBIX YCJIOBHii TEpPBOTO MOpPSiIKa JIO-
KaJIbHOTO 3KCTpeMyMa (GyHKIMOHANA (yCIOBMH NPUHIUIIA
makcumyma Ilonrpsiruna), dyuxumonan I(z(-),T) e ybbI-
Baer: Al > 0, 1O Bpems T = 1 n 3KCTpPEMab
Z(t) = —2t nocrapasiror emy abCOSOTHBIN MUHUMYM. IIpu

stoMm inf I(x(-),T) = absmin I(z(:),T) = I(&(-),T) = 4.

H[!I/IMe[z 3. 3adaua wraccuneckozo 64PUAYUOHHO20 UCYHUCAE-
HUA CO CMapuumu npouseo@Humu, gﬁuncupoeannmmu HAYANDHDL-
MU U KOHEYHDIMU 3HAYEHUAMU GPEMEHU, gﬁasoeoﬂ ’Il(ipeM(i‘HHO'IZ u
ee TLpOUSGOaH?)LCE.

z(0) =2(0) =%(0) =0, z(1)=1, (1)=4, &(1)=12
Permmenne
0) @opmanmzarusi: oboznaunm x(t) = z1(t), @(t) = x2(t),

Z(t) = x3(t), T(t) =wu(t), Torga

Bo(ar (), 22(), 23(),u()) = / A1) dt —inf;  (117)

.fl(t) — xg(t) = 0, .’i?g(t) — $3(t) = 0,

da(t) —u(t)=0 Vte Ag=A=[0,1]; (1.18)
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u(t) € U =R = (=00, +00) Vit €[0,1]; (1.19)

Il(O) = 0, 3’52(0) = 0, 3’53(0) = 0,

(1) -1=0, m(1)-4=0, z5(1)—12=0. 120
Orpannderuns (1.4) THIA HEPABEHCTB B 33/a4€ OTCYTCTBYIOT.

1) ®yukius Jlarpanxka:

1
EE/ L(t)dt+1;
0
JIATPAHKAAH:

L Aou? + p1 (&1 — 2) + pa(da — 23) + p3(ds — u) =

DP1d1 + paiy + padsz — H;

dyuxmusa ITonTpsaruna:
H = pyao + paxs + pau — Aou?;
TepMI/IHaHT:

I = Xio1(0) + A20z2(0) + Azoz3(0)+
+ Au(@i(1) = 1) 4 Aaa(@2(1) — 4) + Asi(ws(1) — 12);

Aos Aios Ain; pi =pi(t) (i =1, 2, 3) — uucnosbie u GyHK-
MOHATBHBIE MHOKITEH Jlarpamzxa.

2) Cucrema ycioBuii npuHimna mMakcumyma B 3azade (1.17)—
(1.20):

a) ypasHenusi Jiinepa—Jlarpanxka (i =1, 2, 3):

SLa()+ L) =0 (& pn=-200) -
1(t) =

0, p2(t) = —pi(t), Pst) = —pa(t);

.

6) ycnosus tpanceepcanbhoctu (k = 0, to = 0; k = 1,
t1=1;i=1, 2, 3):

L, (tr) = (=1)F

) ol
i) (@ Pi(te) = (’1)ké)a:¢(tk)) -

= 5i(0) = Nio,  pi(1) = —Ai;
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40

B) YCJOBHE OITUMAIBHOCTH 110 U
Tak kak L(u) = Aou? — psu u H(u) = —L(u), 10

(t) = argabs min L(u) = argabs min (Aou? — ps(t)u),
uelU w€(—o00,+00)

njin

(t) = argabs max H(u) = arg abs max (ps(t)u — Aou?).
uelU u€(—00,+00)

Tak kak B paccmarpuBaeMoil 3ajade Ciaydait 5\0 =0
HeBO3MOXKeH (cM. aHasiu3 yciosus B) B IIpumepe 1), u
U =R! = (—00,+00), To onTuManbHOe yHpaB/eHue
4(t) MOXKeT OBITH ONMpPEIESICHO U3 YCJIOBUI 8[:/ ou =0,
92L/0u? >0 (wmu OH /Ou =0, 8>H/0u? < 0):

2\oa(t) — ps(t) =0, Ao >0
(mmm p3(t) — 2X0tu(t) = 0, Ao > 0);
') yCJOBUsS CTALIMOHAPHOCTH 1O tg, t1 B 3a7a4e OTCYyTCTBY-

10T, TaK Kak tg, t1 — dbukcuposanst (to =0, t; = 1);

M) YCJIOBHS JTOTOJHSAONIEH HEKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e Her yciaosuii (1.4) Tuna HepaBeHCTB;

€) YCIOBHE HEOTPHIATETBHOCTH: Ao > 0;
k) ycaosue HEPOH;

3) yCJIOBHE HOPMHUPOBKYU MHOXKHUTEJei Jlarpamnka.

3) Tak kak aHOpMAaJbHbIA Ciydail 5\0 = 0 B paccMmarpuBae-
MOl 3ajlaue HEBO3MOXKeH (CM. YCJIOBUE B)), TO 1O YCJIOBHIO
e) Ao > 0. Tomoxus \g = 1 /2 (ycioBUME HOPMWPOBKH), TO-
ayaum: 4(t) = ps(t). Honcrasus 4(t) = ps(t) B ypaBHeHue
(1.18), npeobpasyem yciosus (1.18), a), (1.20) B kpaeByo 3a-



nady (KpaeByio 3ajady NPUHIUIA MAKCUMYMA):

3?1(7?) = ‘,%Q(t)a

Ta(t) = 3(0),

T3(t) = ps(t);

pi(t) =0, (1.21)
Pa(t) = —p1(t),

p3(t) = —p2(t);

331(0) = O, i‘Q(O) = 0, i‘g(O) = O;

B1(1) =1, da(1) =4, #3(1)=12.

B sroit kpaeBoii 3a/1a4e HEM3BECTHBI MIECTH TOCTOSHHBIX WHTE-
TPUPOBAHUS €€ CUCTEMBI TudHEepeHInaTbHBIX YPABHEHW, 1
U711 X OTIPeJIeJIeHNsT UMEETCsT TITeCTh KPAEBhIX YCTIOBMIA. Yeao-
BUdA 6) ]31(0) = )\i07 ﬁz(l) = —)\,L' (Z = 1, 2, 3), B KPaeBYIO
3a/lady He BKJII0YaeTcd, TaK KaK OHU CJIyXKaT I OIpeje-
JIeHUs MHOXKHTeJIei 5\1-0, 5\1-1, KOTOPBIE Ha PelleHrue KpaeBoit
3a/1a9W He BJIASAIOT, U MOTOMY WX OINpPEIessaTh He Tpebyercs.
Permm 3Ty KpaeByio 3amady.

Tax xak p1(t) = c1, TO

pa(t) = —cit + ez,

ﬁg(t) = Clt2/2 — cot 4¢3,

.f?3(t) = 01t3/6 — Cgt2/2 +c3t + ¢4,

.f?g(t) = Clt4/24 — Cgt3/6 + C3t2/2 + cyt + c5,

21(t) = c1t°/120 — cot* /24 + c3t3 /6 + cst? /2 + c5t + c6.
Kpaesbie yciioBus (1.20) 1103B0JISIOT ONPEIEIUTH HOCTOTHHBIE
¢ (1=1,6):c1=0,c0=—-24,¢;,=0(j=3,4,5,6). Ano-
CKOJIBbKY Z(t) = 21(t), TO MCKOMasi SKCTpeMaib (IKCTpeMailb
[ouTtpsaruna) umeer sum: 2(t) =t Vt € [0,1].

HUccnenyem TOTyUeHHYIO SKCTpeMaib @(-) Ha abCOJIOTHYIO
ONTHMABHOCTh. HemocpeacTBeHHON TPOBEPKOI IMOKAXKEM,
y1o #(+) HocraBiser QyHKIMOHATLY aOCOMOTHBI MUHUMYM.
g sroro Bosmyrum &(+) nocpeacrsom dyskiuu x(-), TaKk
4106b1 dyHKIMs Z(-) + z(-) ocramack gomycrumoii. B pac-
cMarpuBaeMoit 3anade Gyukims &(-) + z(-) Gymer gomycTu-
woit, ecmm z(+) € C3([0,1]), £(0)+2(0) = 0, £(0)+#(0) =0,
z(0) + 2(0) = 0; z(1) + (1) = 1, z(1) + @(1) = 4,
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#(1) + Z(1) = 12. A HOCKOIBbKY 110 yCIOBUIO 33,124l KOHI[BI
bUKCUPOBAHBI:

#(0) = 2(0) = 2(0) = 0,2(1) = 1,2(1) = 4,2(1) = 12,

to x(0) = ©(0) = 4(0) =0, (1) = (1) = &(1) = 0. Onpeze-
JIIM € Y9€TOM TOJTY 9€HHbIX yCJIOBHiT 3HAK npuparenns QyHK-
IMOHATIA:

Al = 1(@() + () —1(@() =
= [J(F+@)2d- [ P =
= [leFwdt ) Fdt> [ 2Fwat=
= [ 2-24t% dt = [ 48td(i) =

1
48t:’v’(t)‘0 — [l a8 dt =
48-1-0—48-0-0— [ 48d(i) =

=0.

1 1
748$(t)‘0 + [ 48 dt =0+ 48x(t)‘0
Tak Kak TMpu JIHOOBIX JOMYCTHMBIX BO3MYIIEHUsX x(-) mo-
aydeHHON sKcrpemasm I(-) dyHkimonan I He yObIBaer:

Al > 0, o dynkuusa £(t) = t* Vt € [0,1] pocrasaser emy
abcomoTHbIit MuHuMyM. Ilpu 3ToMm

inf I(z(+)) = absmin I (z(-)) = I(&(+)) = 192.

H[!I/IMe[z 4. 3adaua KAGCCUYUECKO20 64PUAYUOHHO20 UCYHUCAE-
HUA C gﬁuncupoeannmmu HAYAADHBIM U KOHEYHDIM 3SHAYEHUAMU ¢a—
3080U nepeme%uoﬂ U BPEMEHU U U3OMEPUMEMPUUECKUM YCAOBUEM
muna pasercmea.
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Permrenne

0) Popmanuzarums: obozHauuM I (t) = u(t), Torma

Bo(a(), u() = /O (2(t) + 2422(1)) dt — inf;  (1.22)
B6)—ult) =0 VieDg=A=[0,1]; (1.23)
u(t) € U =R = (—o00,+00) Vt € [0,1]; (1.24)

20)—1=0, z(1)-5=0, /1 fe(t)dt—1=0. (1.25)
0

Orpannuenus (1.4) Tuna HEPABEHCTB B 3a/1a49€ OTCYTCTBYIOT.

1) ®yukuua Jlarpanxka:

1
L E/ L(t)dt+1I;
0

JIATPAHKAAH:

L = \o(u? + 24t%z) + p( — u) + Mz = pi — H;
dbynxumsa [MorTparuua:

H = pu — \o(u? + 24t%x) — Mx;
TEPMUHAHT:
I=MX(z(0) = 1)+ Aa(z(1) = 5) — X

Aos A1, A2, A p = p(t) — umcioBbie u BYHKINOHAIBHBIH
MHOKHTE N Jlarpanxka.

2) Cucrema ycjoBuWii TpuHOUIa Makcumyma B 3amade (1.0)—
(1.3):

a) ypasuenue Ditnepa—Jlarpamnxa:

—=Le®+ L) =0 (e50)=-
Pt) = 240012 + Mt;
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6) ycnosus tpancepcanbhoctu (kK = 0, to = 0; k = 1,
tl = 1):

. ol

B) YCJIOBHE ONTHMAJIbHOCTH MO U:
Tax kak L(u) = Au? — pu u H(u) = —L(u), 10
(t) = argabs min L(u) = arg abs min (Agu? — p(t)u),
uelU u€(—o00,+00)
i

a(t) = argabs max H(u) = arg abs max (p(t)u — Agu?).
uelU w€(—o00,+00)

Tak kKak B paccMaTpuBaeMOil 3aJade ciydait 5\0 =0
HeBO3MOXKeH (cM. aHamm3 ycyiosusi B) B IIpumepe 1) u
U =R! = (—00,+00), TO onTUMAIBHOE YIIPABICHHE
4(t) MoxkeT ObITb OIPEJEJIEHO U3 YCJIOBUI 8ﬁ/ ou =0,
OL/ou? >0 (mmm OH/Ou =0, 02H/0u? < 0):

22\ot(t) — p(t) = 0, Ao >0
(mmn p(t) — 2Xo0(t) = 0, Ag > 0);
') yCJOBUsS CTALMOHAPHOCTH 1O tg, t1 B 3a7a4e OTCYyTCTBY-

10T, TaK Kak tg, t1 — dbukcuposanbl (tg =0, t; = 1);

M) YCJIOBHS JOTOJHSAONIEH HEKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e HeT ycaosuii (1.4) Tuna HepaBeHCTB;

€) yCJIOBHE HEOTPUIATENLHOCTH: Ao > 0]
k) ycaoene HEPOH;
3) yCJIOBME HOPMUPOBKH MHOXKUTEJEH Jlarpamxka.
3) Tak kak aHOpMAaJbHBIA ciaydaii Ag = 0 B paccMaTpuBaeMoii

3a/1a9€ HEBO3MOYKEH (CM. BBIIIE YCJIOBHE B)), TO TI0 YCIOBHIO €)
Ao > 0 u B KauecTBe \g MOYKHO B34Th JII00O0O€ IMOJIOKUTEIEHOE



YHCIIO, B 4ACTHOCTH, \g = 1 /2 (ycioBue HOPMUDPOBKH ), BCJIE]I-
creue 1ero B yciosuu B) G(t) = p(t). Ioxcrasus 4(t) = p(t)
B ypasuenue (1.1) u o = 1/2 B ypaBHenue a), upeobpazyem
ycaosus (1.1), a), (1.3) B kpaeByto 3a1a4y (KpaeByio 3aJady
OPUHIIUTA MAKCUMYyMa):

{ 2(t) =p(t),
Bt) = 1262+ M\, 2(0) = 1, &(1) = 5; [, ta(t)dt = 1.
(1.26)

B s70i1 KpaeBoii 3a/1aue HEM3BECTHBI JBE MOCTOSHHbIE WHTE-
rpupoBaHus ee cuctemMbl auddepeHInaThbHBIX yPABHEHU 1
MHOKHATETh A, W JJIsl WX ONpPEJETICHUs WMEETCS B Kpae-
BbIX U M30LEPUMETPUIECKOe ycaoBus. Ycyosus 6): p(0) = M.,
p(l) = —)X2, B KDAeByIO 3aJady He BK/IIOUAIOTCS, TAK KAK
OHHU CIIyZKAT JJlsi OLPEIEeHUs] MHOKATEMEH A1, Ao, KOTO-
pbI€ TPUBHOCATCA B 3349y METOJOM €€ PEIeHnsi, Ha pere-
HUE KPaeBoil 341491 He BJIWSIOT, ¥ TIOTOMY UX OMPEIEIATh He
Tpebyercsi. PermmB 3Ty KpaeByio 3aaqy:

P(t) =483 + M2 /2 4+ ¢1, 2(t) = t* + M2 /6 + c1t + co;
20)=1=c=1; 2(1)=5=
= A/64c1 =3 (x);

1
/ ti(t)dt =1 = A+ 10c; = 10 (s%);
0

() (x%) = A= 30, ¢1 = =2,

IIOJIYYUM JIOIYCTUMYIO 3KCTPEMAJIb (3KCTpeMaJ'Ib TlouTpsiru-
Ha): #(t) =t*+5t3 -2t +1 Vvt € [0,1].

Uccaenyem nosydenHyio skcrpemasb I(-) Ha abCOIIOTHYIO
ONITUMAJILHOCTh. HemocpeacTBeHHON TPOBEPKOil TOKaXKeM,
910 Z(-) mocraBisier GYHKIMOHATY abOCOTIOTHBIH MUHUMYM.
Husg sroro Bosmyrum Z(-) mnocpexcrsom dyukuuu (),
rak 4robbl dynkuus () + x(-) ocrasach HOMyCTUMON.
B paccmarpuBaemoii 3amade dyukuusa Z(-) + () Oyumer
nonycrnmoit, ecin z(-) € C([0,1]), £(0) + z(0) = 1,
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(1) +=z(1) =5, fol t(Z(t)+x(t)) dt=1. A mockosbKy 10 yc0-
o (1.3) #(0) = 1, #(1) = 5, [, té(t)dt = 1, 10 2(0) = 0,
z(1) =0, fol tz(t) dt = 0. Ompenenum ¢ y4€TOM MOy Y€HHBIX
ycJioBmii 3HaK mpupanenns GhyHKIMOHAIA:

AT = I(@() + () — I(3()

= /1[(5: + )% 4 24t3(2 + )] dt — /1(:32 + 24t%3) dt =
0 0

1 1 1
= / 2§cj7dt+/ a'cht—i—/ 242z dt >
0 0 0
1 . 1
/ 2&4 dt + / 22z dt =
0 0

1 1
= / 295dx+/ 242z dt =
0 0

. 1 I, 1
250(7:)3:@)‘ - / 2%z dt + / 2% dt =
0 0

Y

0

22(1)-0—22(0)- 0 — — /1(252& — 24tz dt =
0

1
—60~/ tedt =0.
0

Tak Kak TpW JIIOOBIX JOMYCTUMBIX BO3MYIIEHUSX (:) pe-
menusi (9kcrpemanm) I(-) dynkimonan I He yObiBaer:
Al > 0, 1o dynkuma #(t) = t* + 5t3 — 2t + 1
Yt € [0, 1] nocrasisisier emy abconroTHbINH MunuMyM. IIpu 3mom

inf I(z(-)) = absmin I (z(-)) = I(&(-)) = 66%.

3amveuanue.

M3omepumeTprdeckoe yCaoBue fol tx(t)dt = 1 npwm pemennn
3a1a94 MO2KHO YYI€CTb U UHBIM, OTJIMIHBIM OT PAaCCMOTPEHHOI'O BbI-
nie, crnocoboM, cenaB 3aMeHy HepeMeHHbIX: y(t) = fot tx(t)dt. B
pe3yJbTaTe Tako# 3aMEHbI 331444 C U30MEePUMETPUUECKUM YCIOBY-
eM Hpe06p33yeTCH B 3aJa49y C 3KBUBAJICHTHBIMU €My YCJIOBUAMU:
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y(t) = tz(t), y(0) =0, y(1) = 1. B sroit 3a1a4e:

L = Mo(u? + 24t%x) + p(i — u) + q(y — tx) = pi + qy — H;
H =pu+qgte — \o(u? + 24t%2);
bo=2(@(0) = 1) + Az (2(1) = 5) 4+ p1y(0) + pa(y(1) — 1);

A1y A2, 1, p2; p=p(t), ¢ = q(t) — uucnoBble U QyHKIMOHAIb-
HbIE MHOKHUTeU Jlarpanzka.

COBOKYTIHOCTH YCJIOBUil a)—€) MPUHIMIA MAKCUMyMa B IPE0s-
Pa30BaHHON 3aj/1a4e UMEET BUJI;

OH(t)

—~

a) B(t) =~ 7 =2 — a0 i) =5 = =0;
) 0= gy =N A= gy = e
ol ol

10) = —— =1, (1) = ———— = jin;
B)  p(t) — 2 ot(t) =0
r) OTCYTCTBYeT; [) OTCyTCTBYeT; e€) Mo > 0.

b

Tax ke, KaK ¥ B 33J1a49€ € M30IEPUMETPHICCKHM yCIOBHEM, TI0-
Ka3bIBAETCs, UTO B MPEOOPA3OBAHHON 3amade o # 0. Iomoxus
Ao = 1/2 (ycmoBue HOpMUPOBKN), osnyunM 4 (t) = p(t), u Kpaepas
387298 TTPUMET BUI:

() = p(t),

g(t) = ta(),

p(t) =122 —4(t)e,

g(t) =0; #(0)=1, #(1)=5 §(0)=0, H(1)=1.

Pemennem 3Toit KpaeBoii 3amaun OygeT cucreMa QyHKITHIA:
. . 1
(t) =t*+53 -2t 41, H(t) = 6t6+t5 — 243 + 117
p(t) =42 +15t2 -2, 4(t) = —30.

Tleprasi dyHKIMS ITON CUCTEMBI COBIATAET C IKCTPEMaJIbio [loHT-
paruna &(t), moJy4eHHON Bblile B Pe3yJbTaTe PelleHus UCXOMHOI
3a/laun ¢ U30IE€PUMETPUYECKUM YCJIOBUEM.
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IIpumep 5. 3adaua Kraccuueckozo 6aPUAYUOHHOZ0 UCHUCAE-
HUA — 3adaua O6vlcmpodeticmeus ¢ U30NEPUMEMPUYECKUM YCAOBU-
eM MUNG PABEHCTNEA U PUKCUPOSAHHBLMU HAYAALHOM U KOHEULHBLM
3HAYEHUAMU Pa3060T NepemeHHOmU.

T(z(-),T) =T — inf,
T
/ P#t)dt =1, z(0)=0, z(T)=1, T>0.
0
Pemmenne

0) @opmanmuzarus: o6o3HaunM & (t) = u(t), Torma

Bo(z(-),u(:), T) =T — inf, T >0; (1.27)
i) —u(t) =0 VteAy=A=][0,T]; (1.28)
u(t) e U =R' = (=00, +00) V¢ €[0,T]; (1.29)

/T w?(t)dt —1=0, x(0)=0, z(T)—1=0. (1.30)
0

Orpannuenus (1.4) Tuna HEPABEHCTB B 337a9€ OTCYTCTBYIOT:
yciosue T > 0 B popMe CTPOroro HEPaBEHCTBA CJIEIyeT CUH-
TATh MPOBEPOYHBIM, TAK KAK €r0 BKJIIOYEHHE B OIPAHUYEHUS
(1.4) B clly COOTBETCTBYIOIIETO €MY YCJIOBUS JIOTNOTHAIONIEH
HEXKECTKOCTH HA PEIIeHNe 33349l He MOBJIUAET (CM. BBIIIE
Ipumep 2 u vuke Ipumep 6).

1) ®yukims Jlarpanxka:
T T
L= /O () () — ut)) dt + Au? = /O L(t) dt +1:
JIATPAHKUAH:
L=p(E—u)+\?=pi— H;
dbynxunsa [MorTparuua:
H = pu — \u?;
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TEPMHWHAHT:
1= XoT + M(0) + Ao(z(T) — 1);

Aos A1, A2 p = p(t) — uncsioBbie U DYHKIMOHAIBHBIN MHO-
skutenan Jlarpamka.

2) Cucrema ycioBuii npuHimna mMakcumyma B 3azade (1.27)—

(1.30):

a) ypasuenue Ditnepa—J/larpanxa:

d . o B ;o O0H(1)
—SL®+ L =0  (ep)=-"5=)=
p(t) = 0;
6) ycmosma TpamcsepcaibrocTn (k = 0, to=0; k=1,

tAl = T):

Leli) = (-1 g (9000 = (045 ) =

P0) =M, H(T)=—As;
B) yCHOBI/Ie OIITUMAJIBHOCTHA 110 U :

tak kKaK L(u) = Au? — pu u H(u) = —L(u), 10

4(t) = argabs min L(u) = argabs min (Au? — p(t)u),
uelU u€ (—00,+00)

njin

4(t) = argabs max H(u) = arg abs max (p(t)u — Au?).
uelU u€(—o0,+00)

ITockonbKy B paccMaTpUBaeMOil 3a1a4e
R
U=R" = (—o00,+00),

To pu A # 0 onTumanbHOe yrnpasienue (t) MOKeT
OBITH OIPEIESIEHO U3 YCIOBHUil

OL/Ou =0, 8*L/0u>0
(wmu  OH/Ou =0, 0?H/0u®<0):
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50

2\a(t) —p(t) =0, A >0

(mmm p(t) — 2Ma(t) =0, A > 0), (1.31)

a npn A = 0 onrumasbHOe ynpasienue 4(t) Gyner 3a-
BuceThb OT noBeenus Gyukuuu p(t), U ero onpeaeseHue
Tpebyer CHenuaibHOrO aHaamu3a (CM. HUXKE);

) yCJOBUE CTAIMOHAPHOCTU MO tg OTCYTCTBYIOT, TAK KaK
to — dukcuposano (to = 0); ycjoBUe CTAIMOHAPHOCTH
mo 71': . )

ar PN ol

— =0 (@ H(T) = —) =

dr (T) 9]
N N ~D /T N
BPYA(T) — 3aA(T) = doy

1) YCJIOBUS JOTIOJHAIONMIEH HEXKECTKOCTH OTCYTCTBYIOT, TaK
KaK B 3aJa9€ HeT YCJIOBHI THUIIa HEPABEHCTB, & YCJIOBHE
T > 0 u3 cucremsl ycnosuit (1.4) HCKIIOYEHO W CYUTa-
€TCA TPOBEPOYHBIM;

€) yCIOBHE HEOTPHIATENLHOCTH: Ao > 0;
k) ycaosue HEPOH;

3) yCJIOBHE HOPMHUPOBKYU MHOXKHUTEJei Jlarpamnka.

3) Vcnosusa (1.28), (1.30), a)-r), €) OpeACTaBAAIOT COOOH Kpae-
BYI0 33724y (KpaeByio 3aJady MPUHIANE, MAKCUMYMa):

i(t) = a(t), a(t) = argabsmax (p(t)u — Mu2),
) w€ (—o00,+00)

0)=0, #T)=1; pT)UT)—Aa*(T) = Ao;

[y @*t)ydt=1; T >0;

yeanosue HEPOH; ycnoBue HopMupoBKH.

(1.32)

B s7oit kpaesoil 3aavue HEM3BECTHHI JBE TOCTOSTHHBIE WH-
TerpupoBaHus ee CUcTeMbI auddDepeHInaIbHbIX yPABHEHMUIA,
Bpemst 1’ u MuOxuTenn Jlarpamka Ao, A (5 Heu3BeCTHDIX),
u Juid ux onpejesenus uMeerca 3 ycaosusg (1.30), caencrsue
YCJIOBHS CTAIMOHAPHOCTH T') U yCJIOBUE HOPMUPOBKH (5 yCJI0-
Buit). Yenosus 6): p(0) = Ay, p(T) = —Ag, B Kpaesyio 3a1a-
9y He BKJIIOYAIOTCS, TaK KaK OHM CJY¥KAT JJIs ONpeaeseHus



MHOXKHATEIEH A1, Ao, KOTOpbIE HA PEIIeHre KPaeBoil 3a1a4u
HE BJIUSIOT, ¥ TIOTOMY WX ONpEIeIaTh He Tpedyercs. Pemum
KPAaEBYIO 3a/1a1y.

Tax kak p(t) = 0, 10 p(t) = ¢ ¥ BO3MOIKHBI [BA TOC/TY YasL:
c=0muc#0.

Eciu ¢ =0, 10 p(t) =0, t € [0,T], u u3 yciosus 6) ciemyer:
M =0, Ao = 0. Ecain ipu 3toM A = 0, 10 u3 YCJIOBUSA T)
ciaemyer 5\0 = 0. B pesynbrate Bce MHOXKUTenn Jlarpanxka
OKa3bIBAIOTCS PABHBIMY HYJIIO. A 3T0O TPOTUBOPEYUT YCIOBUIO
HEPOH, u moromy mpu ¢ = 0, A=0 KpaeBast 33,/1a9a TTPUH-
nuna Makcmmyma perrenusi He nmeer. Eeim ¢ = 0, A £ 0,
10 10 ycnosuo onrumansroctn (1.31) A > 0, a(t) = 0,
t € [0,7]. Ho upu 3rom He umeer pelieHus KpaeBas 3aza-
wa s 2(t): #(t) = a(t) =0, 2(0) =0, (1) = 1, a noTomy
npu ¢ = 0, A # 0 He WMeeT pelleHUs W KpaeBas 337a4a
NpUHINTA Makcumyma. Ecan ¢ # 0, A= 0, TO omTUMAJIHFHOE
yhpasienue He cymecrsyer: ii(t) = +oo V¢ € [0,7]. Bcam
c # 0, A # 0, 10 u3 ycnopus (1.31) onrtumasnbHOCTH IO U
cremyer: A > 0, 2M\a(t) = c. Honoxus A = 1/2 (ycnosue
HopMupoBKy), nonyunm: (t) = c. Iogcrasus 4(T) = ¢ B
YCJIOBHE CTAIIMOHAPHOCTH, TIOJIYUUM: > = 25\0 > 0. A s10
03HAYAET, YTO BBINOJHIAETCS YCJIOBUE HEOTPUIATEILHOCTH €) U
AQHOPMAJIBHBIN Ciydait 5\0 = 0 B 3amaye HEBO3MOXKeH. Pernns
nanee ypasuenne &(t) = 4(t) = ¢, nonyunm: &(t) = ct + B,
u nenouxy cregcrsuii: £(0) =0 = B =0; #(T) =1 =
I =1,c=1T; [Ja*t)ydt =1 = 2T =1, T =1,
c=1, 4(t) =1, &(t) = t. B urore peienusi Kpaesoii 3a1a4u
IPHHIMIA MAKCAMYMa IosTydaeM Bpems 1’ = 1 u skeTpemann
TMourpsiruna: &(t) =t Vt € [0,1].

Uccremyem nomyuennoe perenne 2(-), T’ Ha abCOMOTHYIO OII-
TUMAILHOCTE. HernocpeacTBeHHON TPOBEPKOil MOKaXKeM, 9TO
#(-), T nocraBisior pyHKIMOHATY aGCOMOTHBIH MEHIMYM.
s sroro Bosmytum &(-) u T nocpenctsom dyHKIHE x(+)
u AT, tak uro6sr pynxius #(-)+2(-) u spems T =T + AT
OCTAJIICH JOMYyCTUMBIME. B paccmaTpuBaemoii 3amade pyHK-
mast &(-) + z(-) m Bpemss T OGyayT JONYyCTUMBIMH, €CIH
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z(t) + #(t)2dt = 1, T > 0. A nockombky Z(t) = 1
t(T) = T u no ycnosuio (1.30) #(0) = 0, ro z(0) = 0,
z2(T)=1-T, fOT(l + )2 dt = 1. IIpeobpazoBas moceHee
PaBEHCTBO, TIOJIYYHM:

T T .9
T+2m(t)‘0 + [l dt=1=

T +2(x(T) — x(0) + [o #2(t)dt =1= (1.33)
T+201-T-0)+ [ #*t)dt=1=
1—T+ [l #2(t)dt = 0.

Iockompky T > 0 m fOT i2(t)dt > 0, To pasencrso (1.33)
BO3MOXKHO Jiutith ipu 1 — T < 0, 10 ectb ipu T > 1. A 310
03HAYAET, YTO IIPH JIOObIX JOIYCTUMbBIX BO3MYIIEHUAX Dellie-
aust (sxcrpemann 2(-) u pemenn 1) dynxmumonan 7 (z(-),T)
He yObIBaeT:

AT =T (z(),T)-T(&(),T)=T-T=T-1>0.

Hosromy Bpemst T = 1 u sxcrpemans 2(t) = ¢ Vt € [0,1]
JOCTaBJISIOT €My abCOTIOTHBIN MuHUMYM. Ilpn 3TOM

inf 7(2(-),T) = absmin T (z(-), T) = T(&(-),T) =T = 1.

ITpumep 6. 3adaua Kaaccuueckozo 6aPUAYUOHHOZO UCHUCHE-
HUA ¢ Pynkyuonasom Boavya, nedurcuposannvm KoOHEUHBIM Epe-
MEHEM U KPAESVIM YCAOBUEM TMUNA HEPABEHCTEE.

B(z(-),T) = /OT #2(t) dt+22(0) — inf, 2(T)+T+3<0, T >0.

Perrenne

0) ®opmanuzanus: obo3uatum & (t) = u(t), Torma
T
Bo(x(),u(-),T) = / W28 dE+ 22(0) — inf;  (1.34)
0
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o(t) —ut) =0 Vte Ag=A=][0,T]; (1.35)
u(t) € U =R' = (—o00,+00) Vt € [0,T]; (1.36)
#(T)+T+3<0, —T<0. (1.37)

Orpannuenus (1.3) Tuna paBeHCTB B 337a9€ OTCYTCTBYIOT.

1) ®yukuua Jlarpanxka:

T
EE/ L(t)dt + I;
0
JIaTpAHKUAH:
L = \ou? + p(i —u) = pi — H;
dyukiusa [oarparmma:
H = pu — \ou?;
TEPMUHAHT:
= 202%(0) + A(@(T) + T+ 3) + p(=T);

Aos A, 15 p = p(t) — uucnosbie u GyHKIMOHAIBHBI MHO-
skutenan Jlarpamka.

2) Cucrema ycnoBuii IpuHIMIA MakcuMyMma B 3agade (1.34)-

(1.37):

a) ypasuenue Ditnepa—Jlarpamnxa:

d . - Lo aﬁ(t)
—SLi@+ L) =0 (ep0)=-"52) =
p(t) = 0;
6) ycnosus tpancepcanbhoctu (kK = 0, to = 0; k = 1,

tl = T)
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B) ycioBue ONITUMAJIBHOCTH IIO U .

Tax kak L(u) = Au2 — pu n H(u) = —L(u), 10

(t) = argabs min L(u) = arg abs min (Agu? — p(t)u),
uelU w€(—o00,+00)

njin

a(t) = argabs max H(u) = arg abs max (p(t)u — Aou?).
uelU u€(—o00,+00)

Tak kKak B paccMaTpuBaeMOil 3aJade ciydait 5\0 =0
HeBO3MOXKeH (cM. aHamm3 ycyiosusi B) B IIpumepe 1) u
U =R! = (—00,+00), TO onTuMambHOe yHpaB/eHue
(t) Moxer GbITh onpeseseno u3 ycaosuii AL/Ou = 0,
92L/0u? >0 (wmu OH /Ou =0, 8>H/0u? <0):

2\ot(t) — p(t) = 0, Ao >0
(mom p(t) — 25\011(75) =0, \o > 0);

') yCJOBUE CTALMOHAPHOCTU O Ty B 3aJiade OTCYTCTBYET,
Tak Kak tg — ¢ukcuposano (to = 0); ycioBue cramuo-
HapHOCTH 110 1':

dl . )
=0 (@H(T)——> N

PIYUT) — Aot (T) = A — fis
/:[) YCJIOBHSA JTONOJIHAIOMIEN HEXKECTKOCTHU:

N-@T)+T+3)=0, a-(-T)=0;

€) yCJOBUS HEOTPULATEJbHOCTH: 5\0 >0, A >0, p>0;
k) ycaoene HEPOH;

3) yCJIOBHE HOPMHUPOBKY MHOXKHUTEJe Jlarpamnka.

3) Tak kak o ycaosnio (1.37) (=T) < 0, To U3 ycoBus 1) cie-
ayer: 1 = 0. A mockonbKYy aHOpMAaIbHBIN ciaydait Ag = 0
B PACCMATPUBAEMOIl 33/a9€ HEBO3MOXKEH W 10 YCIOBHUIO €)



Ao > 0, To B KauecTBe Ao MOKHO B3ATh JI060€ TOJTOKH-
TeJIbHOE YHUCII0, B YACTHOCTH, A\ = 1 /2 (ycnoBue HOPMHUPOB-
k). Besencrsue sroro B yenosuu B) 4(t) = p(t). Iloncrasus
4(t) = p(t) B ypaBuenue (1.35), a o = 1/2 B ycioBus 6) ur),
npeoGpasyem yciosus (1.35), a), 6), T)—€) B KpaeByIo 3a1a9y
(kpaeBy10 33189y MPUHIIUAIIA, MAKCAMYMA,):

i(t) = p(t),

p(t) = 0; -

p(0) = #(0), H(T) = —A; (1.38)
ﬁQ( ): 205 A (@(T)+T+3)=0;

A>0; T>0.

B »s710it KpaeBoii 3a7ade HEM3BECTHBI JBE IMTOCTOSHHBIE HH-
TerPUPOBAHUs €€ CUCTeMBI au(depeHITnATbHBIX YPABHEHMIA,
BpeMsd T v MHOKUTE b A (4 Hem3BECTHDIX), U JJIs UX OIPE-
JeJIeHUsT mMeeTcs 2 KPAaeBBIX YCJIOBU, CJI€/ICTBUE YCIJIOBUS
CTAIMOHAPHOCTH U YCJOBHUE JOTOJHAIONEH HexkecTkocTu (4
YCJIOBUS ).

Tak kKak Kpaepas 3a1a4a CONECPKUT yCJIOBHE IOTOTHAIOIIEH
HEKECTKOCTH, TO B COOTBeTCTBIY ¢ [IpaBniom pemmenns 3amad
¢ rakumMu ycsoBusamu (cm. 1.3 IIpasui) Heob6xoaumMo paccMor-
peTh JBa MOACTydasd: A=0wu \>0.

IIpu A=0 KpaeBagd 3ajJa4da IpuMeT BHUJ:
2(t) = (1),
; . A 1.
{ 0; T . (1.39)

B s70it kpaeBoii 3a1ade 3 HEM3BECTHDIX: IB€ TMOCTOSIHHBIE WH-
TErpUPOBaHHSA €€ CHCTeMbI nudPepeHuaIbHbIX yPaBHeHHH
v BpeMsi 1, ¥ JINIIb JBA YCJIOBHS [T MX ONPEIEICHI (xpa-
eBad 33712498 OKa3aJ1aCh BBIPOKICHHOI ). PeruM 3Ty Kpaesyio
sagady: p(t) = c1, &(t) = cat + ca; P(0) = £(0) = ¢1 = ¢
PT)=0 = ¢, =0 = &(t) =0, t €[0,7]. Janee B coor-
BeTCcTBUH C IIpaBuiIoM pemenns 3a1a49 ¢ OrpaHAIeHIEM THUIIA,
HEPABEHCTB B c/1ydae \g = 0 HEOOGXOIMMO HPOBEPHTD BBIIIOJI-
HEHUE NCXOHOI0 HEPaBEHCTBA jr(T) + T +3 < 0. Hoxcrasus
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Z(t) = 0 B 970 HEPABEHCTBO, 0Ty 9HM: T +3 < 0. Ho s10
MIPOTUBOPEYUT TPEOOBAHUIO T > 0, u moromy mpu A=0
KpaeBas 3a7[a4a PEIeHUs HE UMEeT.

Ilpm A>0 us [EepPBOrO YCJIOBUS JI) JIOTOJIHSIONEH HesKecT-
koctu caeayer: &(T) + T+3=0, u kpaeBas 3a7a4a OPUMET
BHJI:

ﬂfcgt; = p(t),

p(t) = 0;

p(0) = 2(0), p(T) = -\ (1.40)
ATy =2\, #T)+T+3=0; T>0.

B 3710it KpaeBoit 3amade 4eTbipe HEM3BECTHBIX: JBE MOCTOSH-
HbIE MHTETPUPOBAHUS ee CUCTEMBI nuddepeHnnaIbHbIX yPaB-
Henuit, Bpemst T 1 MHOKITEIb \, i IMEETCS 9eThIPE KPACBBIX
YCJIOBHSA JJIs WX ONpeesieHns. PemunM 3Ty KpaeByio 3a7a9y:
p(t) = A1, 2(t) = At + Az; p(0) = 2(0) = A = Az
VICKITIOUNB MHOXKHATEIb A\ U3 BTOPOTO M TPETHETO KPAEBBIX
YCJIOBUiA, TIOJIY IHM ﬁQ(T) = —215(T) & ﬁ(T)(ﬁ(T) +2)=0;
ecm p(T) =0, 10 Ay =0 = Ay, &(t) =0, t € [0,7], uro
IPOTHBOPEYHUT JABYM IOC/IEIHUM KPAEBbIM yCIOBUAM 3a/an:
0+T+3=0,T>0;ecm p(T) = -2, 0 A; = Ay = -2,
Z(t) = =2t — 2; x(T)+T+3—O = —2T—2+T+3—0
= T = 1. B urore noJjiydaeM BpeMs T=1m JOIyCTH-

MyI0 9KCTpeMaiib (3KcTpemasts IonTpsiruna) Z(t) = —2t — 2
vt € [0,1].
Uccaenyem nosydennoe peinenue Z(-) Ha abBCOMIOTHYIO OIl-

TUMAJIbHOCTH. HemocpeacTBeHHO# MPOBEPKOi MOKAXKEM, ITO
z(), T HOCTABIAIOT PYHKITHOHATY AOCOTIOTHBI MUHUMYM.
Has aroro Boamytum &(-) u T nocpencTsoM yHKIHE x(+)
u AT, 1ax uro6sr byukius 2(-)+z(-) nspems T =T+ AT
OCTAJINCh JOMyCTUMbIME. B paccmarpuBaemoit 3amade GyHk-
uust &(-) + x(-) u Bpems T OyayT HOIYCTUMBIMHU, €CJIU
z(-) € CY([0,1]), &(T)+2(T)+T+3 <0, T > 0. A nockosn-
Ky #(T) = -2T—2, 10 —2T —2+2(T)+T+3 < 0, u motomy
2(T)—T +1 < 0. Onpenennm ¢ y4eTOM 3TOTO HEPABEHCTBA



3HAK Mpupaienus QyHKIMOHAIA:

Al

I(&() + (), T) = I(3(-), T) =
Sy @ +@)2dt — f) #*dt+

+  (2(0) + 2(0))2 — 2%(0) =

= [Fi2ar+ [ 2kidt+ [ i2dt — [, 4de+

+ 22(0)2(0) + 22(0) =

= [Tadt+ [ (—4)idt — [ 4dt +2- (—2)z(0)+
+ (fOT i? dt+:c2(0)> >

> 4T — 4x(t)‘0T 4 42(0) =

AT — 4a(T) + 42(0) — 4 — 42(0) =
4. (2(T) =T +1) >0.

Tax Kak mpu JTOOBIX JOIYCTUMBIX BO3MYIIEHHSIX PeEIeHHs
(sxcTpemamn #(-) u spemenn 1') byukumonan I(z(-),T) He
yosBaer: Al > 0, TO Bpems T=1n 9KCTpeMasb &(t)=—2t—2
vVt € [0,1] mocraBnsitor emy abcosOTHBIH MuHHMyM. Ilpw
stom inf I(z(-),T) = absmin I(z(-),T) = I(&(-),T) = 8.

Ilpumep 7. 3adaua KaacCUMECKO20 8APUAUUOHHOZ0 UCHUCAE-
HUA, 6 KOTNOPOTl PEUEHUE CYULLCTNEYEM AUUL 6 GHOPMANLHOM CAY-
yae — npu Ao = 0.

I(2(),ul)) = /O (u(t) + 22(0) dt — inf;  (1.41)

() —u(t) =0 VteAg=A=]0,1]; (1.42)

u(t) e U =R = (—o00,+00) Vt € [0,1]; (1.43)

/1(u2(t) —2u(t))dt+1=0, z(0)—1=0. (1.44)
0

Orpanuyenus (1.4) Tuna HEPaBEHCTB B 3a7a9€ OTCYTCTBYIOT.
Permtenne

0) ®opmanusanusa: dopManuzanuu 3a71a9u HE TPEOYeTCsl, Tak
KaK 3a/a4a yxke (hopMaIn30BaHA.
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1) ®yukuua Jlarpanxka:

1
EE/ L(t)dt +1;
0
JIATPAHIKHAH:
L= Xo(u+2?) +p(i —u) + \u? — 2u) = pi — H;
dyukiusa [oarparmma:
H = pu — Mo(u + 22) — Mu? — 2u);

TEPMHWHAHT:

=X (z(0)—1);

Aos A1y Ay p = p(t) — gucaosbie u GYHKIMOHAIBHBIA MHO-
xkutenn Jlarpanxa.

2) Cucrema ycnoBuil IpuHIMIA MakcuMyMma B 3agade (1.41)-

(1.44):

a) ypasuenue Ditnepa—Jlarpamnxa:

6) yCi10BU4d TPAaHCBEPCAJIBbHOCTH
tl = ].)

L(tr) = (-1)F

B) YCJIOBHE ONTHMAJIbHOCTH MO U:
Tax kak L(u) = Mou—pu+N(u?—2u) u H(u) = —L(u),
TO

4(t) = argabsmin L(u) =
uelU



= argabs min (Au+ (Ao —p(t) — 27\ )u),
u€(—o00,+00)

i
4(t) = argabs max H (u) =
uelU

= argabs max (—Au?— (Ao —p(t) —2A)u);
u€(—o0,+00)

') yCJIOBHUS CTAIMOHAPHOCTH TIO tg, t1 B 3a7a49€ OTCYTCTBY-
10T, TaK Kak tg, t; — dbukcuposanst (tp=0, t; = 1);

1) YCJIOBHS JTOTIOJHSAONIEH HEKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e HeT ycaosuii (1.4) Tuna HepaBeHCTB;

€) yCIOBHE HEOTPHIATENLHOCTH: Ao > 0;
k) ycaosue HEPOH;

3) yCJIOBHE HOPMHUPOBKYU MHOXKHUTEJe Jlarpamka.

3) IIpeo6pasyem ycaorus (1.42), (1.44), a)-8), €)—3) B KpaeByio
3aza4y (KpaeBylo 3a/1a4y HPUHIIUIA MAKCUMYyMa):

&(t) = a(t),

4(t) = argabs min L(u) = argabs max H (u),

. _ueU uelU

p(t) = 2Xo; (1.45)
2(0) =1, p(1)=0;

[ (@2(t) — 2a(t) dt +1=0; Ao > 0;

ycnosue HEPOH, yciioBue HOpMUDOBKH.

B s70i1 KpaeBoii 3a/aue HEM3BECTHBI JBE MOCTOSHHbIE WHTE-
rpupoBanus ee cuctembl auddepeHInaThbHbIX ypABHeHU 1
MHOKHTETH Mg, A (4 HEM3BECTHBIX), W JUIS UX ONPEICICHMs
HIMEETCd 1B KPAEBBIX yCJOBHUS, W30IEPUMETPHUIECKOE YCIIO-
Bue U ycsjoBue HopMupoBku (4 ycsosus). Ilepsoe yciosue 6):
p(0) = A1, B KPaeByIO 3349y He BKJIOIACTCS, TAK KAK OHO
CITYSKWUT J7Is OTPE/IEICHNs] MHOKATENS A1, KOTOPBIH HA pe-
IIeHNe KPaeBoil 3aa97 He BIMSET, U TIOTOMY €r0O OTPeIeIsaTh

He Tpebyercs. PermmM 3Ty KpaeByio 3amady.
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Eci A =0, 10 L(u) = (Ao — p(t))u = —H (u) u

@ = argabsmin [(\o — p)u).
uelU

TIpu Ao — p(t) # 0 onTuManbHOE yNpaBJeHUE HE CYILECTBY-
er: dyukius L(u) B 9TOM cilydae JmHelHA [0 U, MHOXKe-
ctBo U = R! = (—o0,+00) — HeOrpaHWHueHO, U TOTOMY

a(t) = +oo Vt € [0,1]. Moacayuaii Ao — p(t) = 0 neBo3MO-
e, Tak kak p(1) = 0 u u3 pasencrsa p(t) = Ao Vt € [0,1]
crenyer: Ao = 0, p(t) = 0 Vt € [0,1], uro mpornBOpeunT
YCJIOBHIO HEPOH (HOCKOJIbe BCe MHOXKHMTeJH Jlarpamika 06-
palaioTcsa B HOJIb: = 0, o = 0, N = 0, p(t) = 0,
t € [0,1]). B urore momyuaem, 410 cayuaii A = 0 HeBO3-
MOYKEH.

Eci ) # 0, To onTUManbHOE ynpasenne i(t) Moxer GbITh
onpesieneno u3 yenopuii dL/Ou = 0, 9*L/Ou® > 0 (mmm
OH/ou =0, 0*H/ou? < 0):
INA(t) + Ao — P(t) —2A =0, A >0
(mmn — 2Xa(t) — Ao + p(t) + 22 =0, A >0).
U3 51X ypaBHeHUil cliemyer:
P~

a(t) =14+ ———, A >0.
2\

Toncrasus 4(t) B M30HEPUMETPUYECKOE YCJIOBUE U IPEobpa-
1443
30BaB €ro ¢ yuerom paserctsa 1= [ 4t%dt:

0 = f01 a2 ( _2a()+4t3)dt5
(1) A
= [ +f”<t 2)2 — g — 2B-Re 4 43)dt =

fo ( (tgx)\o )2 dt,

nomyanm: p(t) = Ao Vit € [0,1].

Ecmu Ao # 0, 10 p(t) = Ao # 0 Vt € [0,1]. Ho s10 mpornso-
peunt yeaosuio p(1) = 0, n moromy Ag = 0. Ilpu A\g = 0 u3



ypasrenus p(t) = 2X0&(t) = 0 u ycosus p(1) = HOJ’Iy‘II/IM
p(t) =0, t € [0,1], Bcaeacreue wero: 4(t) =1 Ve € [0,1]. A
torma &(t) =t +1 Vt € [0,1] (mockombky #(t) = a(t) = 1

u #(0) = 1). Yeaorne HEPOH mnpm sToM aBTOMaTHYeCKH
BemosasieTcs: Ag = 0, p(t) = 0 V& € [0,1], A # 0. B uro-
re TIOJIy9aeM, 9TO €JMHCTBEHHBIM PEIeHueM KPAeBOH 3a1aw
NPUHIANA MAKCUMYMAa U, CJIEIOBATETBHO, UCXOMHOMN 3a1a9u
KJIACCHYECKOTO BAPUATIMOHHOTO UCIUCIEHUS OYIET GHOPMANL-
Hoe peuserue: Ao =0, &(t) =t+1, at) = 1, pt) = 0
vt € [0,1], A # 0. ITockonbKy Ao = 0, dyukmonan Ha 310
peIleHne He BJIUSET.

Wccnenyem nomygennyio skcTpemanb IlonTpsarnnaa
zt)=t+1, tel0,1]

Ha abCOJIFOTHYIO ONTHMAJIBbHOCTL. st 3moro BosmyTnm ()
nocpeactoM byHkuun z(-), Tak 9Tobsr GyHKIwusa &(-) + x(-)
ocTanach JOIYCTUMOW, W OIpENeJuM 3HAK IIPUPAICHHA

dyukumonana Al = I(Z(-) + x(+)) — I(z(+)).

B paccmarpusaemoii 3anave dyukuus &(-)+z(-) Gyner momy-
CTHMOIA, ecoin ai( )€ C’l([O 1]), (0 ) 2(0) = 1 u, HOCKOIBbKY
u(t) = a(t), [yl@(t) +(t)? — 2(x(t) + fﬂ())Jr 4t°]dt = 0.
Tak kak &(t) = t+ 1, #(0) = Z(t) = 1, 10
2(0) = 0, [51(1+ @) — 2(1 + d(t )) +4t3]dt =0 &
Ji (1 =2+ 43)at + [}(2a(t) — 2&(8) dt + [ i2(t) = 0 &

040+ fol i2(t) = 0 = i(t) = 0, t € [0, 1]. I/13 3TOTO
ToxecTBa ¢ yaeroM ycaosusi x(0) = 0 cieayer TOXIECTBO
x(t) =0, t € [0,1]. A 3To 03HaUaer, YTO B 3a/1aU€ €CTh TOJb-
KO OJJHA JIOIyCTHMAs 9KCTpeMaib: &(t) =t +1 Vt € [0,1], u
€ee JIOMyCTUMbIE BAPUAIMH U, CJIEIOBATEIBHO, IOy CTUMbIE Ba~
puanuu dynkuuonasna veso3moxkubl (Al = 0). 3axaua ume-
€T eIUHCTBEHHOE PEIICHUE, I 3TO — GHOPMAALHOE PEULEHUE:
Mo =0, #(t) =t+1 Vt e[0,1]. Ipu stom

inf I(z(-)) = absmin I (z(-)) = I(&(-)) =

_ a2 _ 2y gy — ol
:/O (3(t) +4 (t))dt:/o (14 (4+1)%) de = 35



IIpumep 8. 3adaua KaacCUMECKO020 BAPUAUUOHHOZ0 UCHUCAE-
HUA, 6 KOMOPOl Ha 6cell ONMUMAALHOT MPAEKMOPUY YNPABACHUE
ocoboe.

I(x(-))z/o (z(t) — 1)* dt — inf; (1.46)

z(t) —u(t) =0 Vite Ag=A=]0,1]; (1.47)
u(t) € U =R = (—o0,+00) Vt € [0,1]; (1.48)
z(0)—1=0, z(1)—1=0. (1.49)
Orpanuyenus (1.4) Tuna HEPaBEHCTB B 3a7a9€ OTCYTCTBYIOT.
Permmenne

9Ta 33/1a7a OTHOCUTCS K BHIPOXKICHHBIM 331aaM KJIACCHIECKO-
ro BapHAIMOHHOrO ucyucjaenusi. OHa MMeeT OYeBHIHOE DelleHHe:
Z(t) =1, u(t) =0, t € [0,1]. ITokaxkeM, Kak 9TO PeIIEHHE Oy Ya-
eTCcsl Ha OCHOBE TIPHHIINTIA MAKCUMYMa.

0) ®opmanuzanus: 3a0a9a yKe dopManiu3oBana.

1) ®yukuua Jlarpanxka:

1
EE/ L(t)dt +1;
0
JIaTpAHKUAAH:
L=X(zx—1)2+p(&—u)=pi— H;
dyukiusa [oarparmma:
H = pu— Nz —1)%
T€PMUHAHT:
1= X2(x(0) = 1) + Ao (x(1) — 1);

Aos A1, A2y p = p(t) — uncsioBbie U DYHKIMOHAIBHBIN MHO-
skutenan Jlarpamka.

2) Cucrema ycioBuii npuHimna mMakcumyma B 3azade (1.46)—
(1.49):
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a) ypasuenue Ditnepa—J/larpanxa:

6) ycnosus tpancepcasbhoctu (kK = 0, to = 0; k = 1,
tl = 1):
. al ol
Li(ty) = (-1)F —— h(ty) = (—1)*
) = (D' gy (0900 =1 505) =

Pp(0) = A1, (1) = —Ag;

B) YCJIOBHE ONTUMATBHOCTH TIO U :
Tak kak L(u) = —pu w H(u) = —L(u), T0

4(t) = argabsmin L(u) =
uelU

= arg abs max H (u) = arg abs max (p(t)u);
uelU u€(—00,+00)

') yCJOBUs CTALIMOHAPHOCTH 1O tg, t1 B 3a7a4e OTCYyTCTBY-
10T, TaK Kak tg, t1 — dbukcuposanbl (tg =0, t; = 1);

1) YCJIOBUS JOTIOJHAIONIEH HEXKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e HeT ycaosuii (1.4) Tuna HepaBeHCTB;

€) yCJIOBHE HEOTPUIATENbHOCTH: Ao > 0]
k) ycaoene HEPOH;
3) ycJOBUE HODMHUPOBKM MHOXKUTeseil Jlarpanka.
3) AnopmasibHblii ciyuailt \g = 0 B 3a7a9e HEBO3MOXKEH, TAK KaK

npu Ao = 0 u3 ycnosus a) caeayer p(t) = const Vi € [0,1] u
BO3MOXKHBI TPU HOJCITY9as:

a) p(t) = const < 0 V¢ € [0,1] 2 onrmvansioe yTpagJie-
HEE { He CymecTByeT: 4 = —oo Vi € [0,1];

B) p(t) = const > 0 Vt € [0,1] 2 onrmvansroe yTpasJie-
HEE { He CymecTByeT: 4 = +oo Vi € [0,1];
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6) = ~
~v) p(t) = const = 0, t € [0,1] :% A1 =0, Ao =0 (Bce
muOXkuTEH Jlarpanka o6palalTCs B HOJIb) = HE Bbl-
nosiasiercst yeiaosue HEPOH.

Tak kax Ao # 0, TO IO YCI0BUIO e) Ao > 0. Hpunss Ao = 1/2
(ycnoBue HopMupOBKH), ipeobpasyem ycaosus (1.47), a), B),
(1.49) B Kpaesyio 3aza4y (KpaeByio 3aady NPUHIMIA MaK-
cuMyMma):

&(t) = a(t), a(t) = argabs max (p(t)u),
. u€(—o00,+00) (1.50)
pt)=20t)—1; £0)=1, 2(1)=1

B sr10it kpaesoil 3a7ave HEM3BECTHBI JIBE TTOCTOSTHHBIE WHTE-
TPUPOBAHUS €€ CUCTEMBI TudHepeHnnaIbHBIX YPABHEHW, 1
JI7Isl UX OIpeJIeIeHUs UMEeTCs Ba KPAEBbIX YCJIOBHUs. YCJIO-
Bug 6): p(0) = M, p(1) = — X2 B KpaeByIo 3a/ady He BKJIO-
Yal0TCsd, TaK KaK OHU CJYZKaT JJId OTpeJiesIeHusT MHOKUTe el
5\1, 5\2, KOTOpBIE Ha peIeHne KPAaeBo# 33/1a4Un He BJIULAIOT, U
MOTOMY WX OTPEJeNIATh He Tpedyercs. Permmm 31y KpaeByro
3a/1a4y.

Tak kak u € (—00,+00), To mpu p(t) # 0 onrumanbHOE
yupasienue 4(t) ve cymecrsyer: 4(t) = oo Vit € [0,1]. Ilpu
p(t) =0, t € [0,1], onTumanbHoe yupasiaenue 4(f) u3 ycio-
BHUs ONTUMAJILHOCTH IO U ONPEEJUTh HEIb3s, U YIIPABICHIE
@ B 9TOM Ccilyuae Ha BceM orpeske [0, 1] mo onpenenennio Oy-
JIeT 0cobbiM. DTO YyIPABJICHAE W OJHOBPEMEHHO DEIIeHHE 3a-
jauu B nenom maiizem: 1) noxacrasus p(t) = 0, p(t) = 0,
t € [0,1] Bo BrOopoe mudpdepenmaIbHOE ypABHEHUE Kpae-
BO#t 3azaum u onpenenus &(t) = 1, ¢ € [0,1]; 2) moacrasus
Z(t) =1, t € [0,1] B nepsoe muddepentmaabHoe ypaBHeHHE
Kpaepoii 3amaun n onpenenans 4(t) = 0, t € [0, 1]. Kpaessle
yenosust £(0) = 1, #(1) = 1 Ha MOIYyYEHHOM DENIEHHH BbI-
HOJTHATOTCA.

B wurore pemenmem kKpaeBoil 3amaum OyayT (DyHKIINAH:
z(t) =1, a(t) =0, p(t) =0, t € [0,1]. IIpu srom yuco-
Bbre MHOZKHTE H JIarpamka IPUHMMAIOT 3HAYeHus: A, = 1,
A2 = 0. Eme pas mogaepkEeM, 4r0 ONTHMANLHOE yIIPABICHHe
@(t) Ha Bceit onTuManbHOM TpaekTopun &(t) — ocoboe.



4) Owuesmmno, uro sxcrpemans Z(t) = 1, ¢t € [0,1] nocrasnsier
dyuxunonany I(z(-)) abcomornslii muaumyM. IIpn sToM

inf I(z(+)) = absmin I (z(-)) = I(Z(-)) = 0.

ITpumep 9. 3adaua Kaaccuueckozo 6aPUAYUOHHOZ0 UCHUCHE-
HUA — 3adana 6blempodeticmeus ¢ U30NEPUMEMPUYECKUM YCAOBU-
eM MUNG HEPABEHCMEA, HUKECUPOBAHHDLMY HAYAALHHIM U KOHEU-
HOM 3HAYEHUAMY Pa30601 nepemeHHoT.

T(x(:), T)=T —inf, T >0;

2(0) = z(T) = 0; /O (22(t) — 4xz(t)) dt < f%.
Pemenne
0) ®opmammsamus: obosmauum &(t) = u(t), Torma
Bo(x(-),u(-),T) =T — inf, T > 0; (1.51)
E(t) —u(t) =0 VteAy=A=][0,T]; (1.52)
u(t) € U =R' = (—o00,+00) Vte€[0,T]; (1.53)
z(0) =0, x(T)=0; (1.54)
/OT(uQ(t) dz()dt + % <. (1.55)

HepasenctBo T' > (0 cumrTaercd TPOBEPOYHBIM, TaK Kak
(MOCKOIBKY OHO CTPOroe) ero BKJIIOYEHHE B OTPAHUYCHUS
(1.55) B cUJIy COOTBETCTBYIONIETO €MY YCJIOBUS JTOTOTHAIONIEH
HEKEeCTKOCTH Ha pPEIIEeHHE 3aJa4u He IMOBJINUAET (CM. BDbIIIIE
Ipumepsr 1.3.1, 1.3.1).

1) ®yukuua Jlarpanxka:

T
EE/ L(t)dt+1;
0
JarpaHKHAAH:
L=p(&—u)+ \u? —4z) = pi — H;
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dyukiusa [oarparmma:
H = pu — \u? — 4z);

TEPMUHAHT:
1= XT + Mz(0) + Xox(T);

A, Ao, A1, A2; p = p(t) — umcioBbie n bYHKINOHAIBHBIH
MHOXKUTeN Jlarpamxa.

2) Cucrema ycioBuii IpuHIMIA MakcuMyMma B 3agade (1.51)-

(1.55):

a) ypasuenue Ditnepa—Jlarpanxa:

d - - B Lo 78H(t)
—=L®+ L =0 (ep0)=-"7=)=
p(t) = —4X;
6) ycnosus tpanceepcanbhoctu (k = 0, to = 0; k = 1,
tl = T)

- ol : ol
, —(_1\k SN (1K

Lali) = (-0 g (#0600 = (1 5.05) =

P0) = X1, B(T) = —Ay;
B) yCJIOBHE ONTHMAJIBHOCTH MO U:
Tax kak L(u) = A2 — pu u H(u) = —L(u), 10
4(t) = argabs min L(u) = argabs min (Au? — p(t)u),
uelU u€ (—00,+00)
WJIH, 9TO TO K€ CaMoe,

4(t) = argabs max H(u) = arg abs max (p(t)u — Au?);
uelU u€(—o0,+00)

) yCJIOBWE CTAIMOHAPHOCTH TIO to B 33J1a9€ OTCYTCTBYET,
Tax Kak to — dukrcnposano (tg = 0); ycaosne crammo-
HapHoctu 1o T (¢ y4erom ycmosusi (T) =0):

L Nl
—:0(@HT=—J:
dr (T) oT

AT)UT) = Ma*(T) — 4-0) = Ao;



1) YCJIOBME JOIOJIHAIONIEH HEXKECTKOCTH:

i (/OT(fﬂ(t) A() dt + %) —0;

€) YCJIOBUSI HEOTPUIATELHOCTH: 5\0 >0, A > 0;
k) ycaosue HEPOH;

3) ycJOBUE HOPMHUPOBKM MHOXKUTesell Jlarpanka.

3) Venosus (1.52)—(1.54), a)-3) npeaCTaBIAIOT COOOH KPAEBYIO
3a7a4y (MCXONHYIO KPAEBYIO 3a/a4dy IPUHIUIA MAKCUMYMA):

3t) = i),
p(t) = —4X; A
@(t) = argabs max (p(t)u — Au?),
ue(foo,foo)
£(0) =0, #(T)=0;
pO) = A1, H(T) = A (1.56)
BT — NiP(T) = A
S (o @) - 43(t) dt + §) = 0;

T>0, XA>0, A\>0;
ycnosue HEPOH; ycioBre HOpMUDOBKH.

B s7oit kpaesoil 3amaue HEM3BECTHHI JBE TIOCTOSTHHBIE WH-
TerpupoBaHus ee CUcTeMbl auddepeHInaIbHbIX yPABHEHUI,
spema T’ n muoxurenu Jlarpanxa 5\, 5\0, 5\1, Aa (7 neus-
BECTHBIX), W JJI UX OIPEJEJICHUs MMEETCs JBa KDPAEBbIX
YCJIOBUSI WCXOMHON 3a/a4u, ABA CJIEICTBUS YCJIOBUS TPAHC-
BEepCaJIbHOCTH, CJIEICTBUE YCJIOBUS CTAIMOHAPHOCTH TO 1,
yCJIOBHE JTOTIOJIHSIONIEH HE2KECTKOCTH U yCJIOBAE HOPMUPOBKH
muoxureneii Jlarpamxa (7 ycnosuit). Yemosus p(0) = Aj,
P(T) = —Ay U3 KpaeBolt 33,1441 MOXKHO UCKIIIOUHTh, TAK KAK
OHU CJIY>KAT JJIs ONpEeIeeHus MHOKHUTE e A, Az, KOTO-
pble TPUBHOCATCS B 33149y METOIOM €€ DEIeHUs, Ha perle-
HUE KPAEBOU 33/1a4¥ HE BJIMSAIOT, W TMOTOMY UX ONPEIEJISThH
e Tpedyercs. Ilocie uckmoYeHns U3 KPAeBOH 3a1a9U ITUX
ycioBmit B Heil Oyner 5 HEW3BECTHBIX W O YCJOBHH [ WX
OTIpeIeJIeHN .
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Ipu A = 0 1u60 p(t) =0, u Torna Bce MHOXKUTEU Jlarpan-
JKa PaBHBI HYJIO, YTO HEBO3MOXKHO, 100 P(t) = ¢ # 0, u
TOTa ONTUMAJIbHOE YTIpaBJIeHne He cyuiecTByer: 4(t) = +oo
Vvt € [0,7]. Tlostomy cayuaaii A = 0 HEBO3MOZKEH.

IIpmu A = (0, yunTbiBas A > 0 ¥ BO3MOKHOCTD BBIOOPA MHOKH-
resieit Jlarpan:ka ¢ TOYHOCTBIO JI0 TIOJIOKUTETHHOTO COMHO-
JKUTEJIS, TOJOKAM \ = 1 /2 (BBIGpAIN YCIOBHE HOPMUPOBKH).
B srom cayuae 4(t) = p(t), p(t) = —2, Ao = p*(T))/2, u no-
TOMy yeoBHe A > () BBIIOIHSETCS ABTOMATHIECKH. BBeenne
JIOTIOJIHUTEJIBHON IepeMeHHoH y(t) mo3BoIsieT H36aBUTHCS OT
WHTErpaja W CBECTH MCXOIHYIO KPAEBYIO 334y K CJIEIYIO-
ieii:

(1.57)

Pemuv kpaesyio sajgaqy: p(t) = —2t + ¢, #(t) = —t> + ct
(Tax xak x(0) =0). U3 #(T)=0,T >0 crexyer ¢ = 1. U3
9(t) = (=2t +¢)? —4(—t2 + ct) = 82 — 8ct + %, y(0) = 0
cnenyer §j(t) = 8t3/3 — 4et? + *t. Yenosue §(T) = —1/3
3aMBIKaeT pelieHre KpaeBoil 3a71aui, TO3BO/IAA ONpeIeuTh
ocrapimecs nemspecTHbie: 8¢®/3 —4c® +¢* = —1/3, ¢* =1,
c=T=1.

Takum 06pa3oM OnpesiesIeHbl BCe HEM3BECTHBIE KDAeBOIl 3a-
naum npuHmmna Makcumyma: 1 o= 1, 2(t) = —t? + t,
p(t) = —=2t+1 Vte[0,1], A1 =1, Aa =1, Ao =1/2.

Uccaenyem nosyuentoe perenue &(-), T Ha aBCONIOTHYIO OLI-
TUMAILHOCTE. HernocpeacTBeHHON TPOBEPKOil MOKaXKeM, 9TO
#(-), T nocraBusior pyHKIMOHATY aGCOMOTHBI MEHIMYM.
Has aroro Boamytum &(-) u T nocpencTsoM (yHKIHE x(+)
u AT, tak uro6sr pynxmus #(-)+2(-) u spema T =T + AT
OCTAJIICH JOMYyCTUMBIME. B paccmaTpuBaemoii 3amade pyHK-
uust &(-) + x(-) u Bpemsa T OyayT HOIYCTUMBIMHU, €CJIU



#(T) + =(T) = 0,

x(-) € CX([0,T]), 2(0) + =(0) = 0,
2 dt < -1/3, T > 0.

Sy (@) +a(0) =46 + (1)

N——

1.3.2. 3agaum Jlarpam>ka

IIpumep 1. 3adaua Jazpansica ¢ dugdepenyuarvroti c6a3v10 nep-
6020 NOPAIKG U HUKCUPOSAHHDLMU HAUANDHBM U KOHEUWHDLM 3HAYE-
HUAMUYU BpeMeRY U Pa30601 nepemennot.

Ha()u() = [ (u20) = 20(0)dt — int,

(t) +2(t) = ut), ut)eR' Vte[0,1],
z(0)=1, z(1)+1/e=1+e.

Perrenne

0) Popmanuszarms:

Bo(m(-),u(-))z/o (W2(t) = 20(8) dt — inf;  (1.58)

() +x(t) —ult) =0 Vte Ao=A=][0,1]; (1.59)
u(t) € U =R = (=00, +00) Vit €[0,1]; (1.60)
z(0)—1=0, z(1)+1l/e—1—e=0. (1.61)

Orpannuenus (1.4) Tuna HEPABEHCTB B 3a/1a49€ OTCYTCTBYIOT.

1) ®yukims Jlarpanxka:

1
EE/ L(t)dt+1;
0
JIArpAHKUAH:
L= X\o(u? —2x) + p(& +x —u) = pi — H;
dyukiusa [oarparmma:
H=p(—x +u) — Mo(u? — 21);
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TEPMUHAHT:
I=X(2z(0) = 1)+ Aa(z(1) + 1/e — 1 —e);

Aos A1, A2 p = p(t) — uncsioBbie U QYHKIMOHAIBHBIN MHO-
skutenan Jlarpamka.

) Cucrema ycjaoBuMii NpuHIUNA MakcuMyMma B 3ajgade (1.58)—
(1.61):

a) ypasuenue Ditnepa—Jlarpanxa:

d . 5 - 0
L)+ La(t) = () = — 2
ZLi(t)+Lo(t) =0 (& 5(0) .
p(t) = p(t) — 2Xo;
6) ycnosus tpanceepcambhoctu (k = 0, to = 0; k = 1,
tl = 1):

ol
Oz (ty)
p0) = A1, p(1) = —hs;
B) YCJIOBHE ONTHMAJIbHOCTH MO U:
tak Kak L(u) = Au? —pu u H(u) = —L(u), 10

(+ p(t) = (-1)* o )=

Laftn) = (-1)* 5]

(t) = argabs min L(u) = arg abs min (Agu? — p(t)u),
uelU u€(—o00,+00)

TITH

4(t) = argabs max H (u) = arg abs max (p(t)u — \ou?).
uelU u€(—o00,+00)

Tak kak B paccMaTpwBaeMoil 3amade ciaydait Ag = 0

HEeBO3MOXKeH (cM. anayumu3 ycjaosus B) B Ilpumepe 1 mis

3a/1a4 KJIACCHMYECKOTO BAPUAIMOHHOIO MCUYMCJIEHUS ), U

U =R! = (—00,+00), TO OnTUMAIBHOE YIIPABICHHE

@(t) MoxKeT GBITH OTPEJIETIEHO U3 yCIIOBHil OL/ou =0,
0?L/ou? >0 (wmn OH/Ou =0, 0°H /0u® < 0):

2X0ti(t) — p(t) = 0, Ao >0
(mom p(t) — 25\011(75) =0, \o > 0);



') yCJOBUs CTALIMOHAPHOCTH 1O tg, t1 B 3a7a4e OTCYyTCTBY-
10T, TaK Kak tg, t1 — dbukcuposansl (tg =0, t; = 1);

1) YCJIOBUs JOTIOJHAIONMIEH HEXKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e HeT ycaosuii (1.4) Tuna HepaBeHCTB;

€) YCIOBHE HEOTPHIATETBHOCTH: A > 0;
k) ycaosue HEPOH;

3) ycJOBUE HOPMHUPOBKM MHOXKHUTesell Jlarpanka.

3) Tak Kak aHOPMAJILHBIH CITy4daii 5\0 = 0 B paccmaTpuBaeMoit
3a,/1a19€ HEBO3MOZKEH (CM. yCIIOBHE B)) 1 110 YCIOBHIO €) Ao > 0,
TO B Ka49eCTBe 5\0 MO2KHO B34Thb .TIIO60€ IIOJIOZKHUTEJIbHOE IUCJIO,
B 4aCTHOCTH, \o = 1 /2 (ycsioBue HopmupoBku). Besaeacrsue
storo B ycaosun B) G(t) = p(t). Honcrasus 4(t) = p(t) B
ypasuenue (1.59) u o = 1/2 B ypaBhenue a), nupeoGpasy-
em ycnosus (1.59), a), (1.61) B kpaeByio 3ama4dy (KpaeByio
3a/1a49y MPUHIANE, MAKCUMYMA):

z(t) +2(t) = p(t),
p(t) = pt) = —1; (1.62)
#(0)=1, #(1)=1+e—1/e.

B sr10it kpaesoil 3aave HEM3BECTHBI JIBE TTOCTOSTHHBIE WHTE-
IPUPOBAHUS €€ CUCTEMBI TudHepeHnnaIbHBIX yPABHEHW, 1
JUISE UX OTPEJIeJIeHNsS MMEETCs IBA KPAEBBIX YCJIOBHS. YCJIO-
Bisi 6): p(0) = A1, p(1) = — X2, B KpaeByio 3a1a4y He BKJIO-
YAIOTCS, TAK KAK OHU CJIYKAT JIJIst OTIPEIeJIEHUsT MHOXKUTE el
A1, A2, KOTOpbIE IPUBHOCATCS B 33199y METOIOM €€ pellre-
HUsl, HA PEIleHrne KPAeBOil 33/1a91 He BJIUSIIOT, U MO3TOMY WX
OIpenensaTh He TpedyeTcs.

Pemus 3Ty Kpaesyio 3amady:

p(t) = p(t) — 1, dp(t)/(p(t) — 1) = dt,

In|p(t) =1 =t + A, p(t) =1+ cie’ (e = e?);

. 1

)+ 2(t) =1+ciet, 2(t) =1+ §clet + coe™
#0)=1, #(1) = 1+e—1/e =

=c1 =2, cg =—1,
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NOJIyYUM JIONYCTUMYIO 3KCTpeMasb (IKerpemanns IonTpsaru-
na): £(t) = 1+et —e™t Vt € [0,1] n onTEMamBHOE yNpaBe-
mme: 4(t) =1+ 2t Vt € [0,1].

Uccnenyem momyuenHoe pemenwne &(-), 4(-) ®a abcomror-
HYI0 ONTHMAaJIbHOCTH. HemocpencTBeHHOMH MPOBEPKOH ITOKa-
xkeM, yro Z(-), 4(-) mocraBidT (QyHKIMOHATLY abCOJIOT-
HbIi MuHEMYM. Jlns sroro Bosmytum Z(-), 4(-) mocpen-
crBoM dbyrkumii (), u(-), Tak yrobsl Gynkumm () + (-),
@(-) + u(-) ocramucs momycTuMbIMu. B paccMaTpuBaeMoit 3a-
nave byuxmuu Z(+) + z(+), 4(-) + u(-) Gyayr AomycTUMbIMY,
ccan 2() € CH(0,1]), u) € C(0,1)), 3(0) +2(0) = 1.
(1) +z(1) = 14e—1/e, (t)+2(t)+(Z(t)+x(t)) = a(t)Fu(t).
A nockonbky 1o yesosuio (1.61) 2(0) =1, (1) =14+e—1/e
u Z(t)+2(t) = a(t), mo £(0) = 0, 2(1) = 0, &(t)+x(t) = u(t).
Ompenenum ¢ y9eTOM MOJTY9IE€HHBIX yCIOBUH 3HAK MPUPAIIIE-
Husg PYHKITHOHATIA:

Al = I(@() +a(),a0) +ul) = 1(2(),a() =
Jo (@ +u)? = 2(& + )] dt — [y (42 — 2) dt =

= f12uudt+f0 2dt7f02:cdt

oy 20 +z)dt — [ 20dt + [ u?dt >

fo 2uxdt+f0 20z dt — fo 2z dt =

f012adx+f01 (@ —1xdt =

v

20(t)a( ‘ — 2w dt+ [} 206 — 1)z dt =
= 2a(1)-0—2a(0) 0+f0 —1—1)zdt =
Jy2-0-zdt =0.

Tak Kak npu J0ObIX JonycTuMbiX Bo3mytuenusax (), wu(-)
nosyvensnoro perenus Z(-), 4(-) dbynxuuonan I ne ybbiBa-
er: AI > 0, to dyukuuu &(-), 4(-) mocrasisior emy abco-
JIOTHBIH MuauMYM. Ilpu 3TOM

inf I(z(-), u(-)) = absmin I (z(-), u(-)) = I(2(-), a(-)) =
=2¢?+2e—2/e—3.



IIpumep 2. 3adaua Jlazpansica ¢ dupdepenyuarvroti c6a3v10
6M0P020 NOPAIKG U HUKCUPOSGHHUMU HAUAALHUMUY U KOHEUHBLMU
SHAYEHUAMY BPEMENU U Pa3060T nepemernot.

I (), u() = / (w(t) + 22(t)) dt — inf,

() —&(t) = u(®), u(t) eR Vte€]0,1],
2(0)=0, z(1)=0.

Permrenne

0) @opmanmuzarus: obo3naunm x(t) = x1(t), ©(t) = x=2(t), Torna

Bl ()2, u() = [ (2(0) + 201 (6) dt — i (1.69

d1(t) — w2(t) = 0,
in(t) — () —ult) =0 Vie Ag=A=[o,1; (164
u(t) € R' = U = (—o00,+00) Vt € [0,1]; (1.65)
21(0) =0, 21(1)=0. (1.66)

Orpanunuenus (1.4) Tuna HepaBeHCTB B 3a/1a4€ OTCYTCTBYIOT.

1) ®yukuua Jlarpanxka:

1
EE/ L(t)dt +1;
0
JIATPAHKUAH:

L o(u? + 221) + p1 (1 — x2) + p2(i2 — T2 — u)

p1d1 + pay — H;

dyukiusa [oarparmma:
H = p122 + pa(wa + u) — Ao(u? + 221);

TEPMHWHAHT:

l=Mx (O) + )\2301(1);

Aos A1, A2; p1 =pi(t), p2 = pa(t) — uuciosbie u bynximo-
HaJbHBIE MHOXKUTEJIN .HarpaH)Ka.
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2) Cucrema ycioBuii npuHimna mMakcumyma B 3azade (1.63)—

(1.66):
a) ypasuenus itnepa—Jlarpanxa (i = 1,2):

~SEa )+ L) =0 (o hult) = -

Pr(t) = 2Xo; pa(t) = —p1(t) — pa(t);
6) ycnosus tpanceepcanbhoctu (k = 0, to = 0; k = 1,
t1=1;:1=1,2):
ol
0xi(tk)

L, (tr) = (—1)F

A ol

$1(0) = A1, pr(1) = —Ag;  Pa(0) =0, po(1) = 0;

B) yCJIOBWe ONTHMAIBHOCTH MO 1U:
tak kak L(u) = Au? — pou u H(u) = —L(u), To

(t) = argabs min L(u) = argabs min (Aou? — pa(t)u),
uelU w€(—o00,+00)

njin

a(t) = argabs max H(u) = arg abs max (p2 (t)u — Aou?).
uelU u€(—o0,+00)

Tak kak B paccMarpuBaeMoil 3ajade Ciaydait 5\0 =0
HeBo3MmoxkeH (cM. Boime B [Tpumepe 1 misa 3anau kiac-
CHYIECKOTO BAPHWAIMOHHOTO WCYHUCJIEHUS AHAJIN3 YCJIO-
Busi B)), u U = R = (—o0,+00), TO ONTHMAJIbHOE
ynpapyenne (t) MoxKeT OBITH OINPEIENEHO U3 yCJO-
suit L/Ou = 0, 0?L/0u® > 0 (wm OH/Ou = 0,
O*H/ou? <0 ):

2Noa(t) — pa(t) =0, Ao >0

(mam Po(t) — 2Xi(t) = 0, Ag > 0);



') yCJOBUs CTALIMOHAPHOCTH 1O tg, t1 B 3a7a4e OTCYyTCTBY-
10T, TaK Kak tg, t1 — dbukcuposansl (tg =0, t; = 1);

1) YCJIOBMs JOTIOJIHAIOIIEH HEXKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e Her yciaosuii (1.4) Tuna HepaBeHCTB;

€) yCIOBHE HEOTPHIATENLHOCTH: Ao > 0;
k) ycaosue HEPOH;

3) yCJIOBHE HOPMHUPOBKHU MHOXKHUTEJei Jlarpamnka.

3) Tak Kak aHOpMAJIbHbIHA Ciry4daii 5\0 = 0 B paccMaTpuBaeMoit
3a,1a€ HeBO3MO2KeEH (CM. YCIOBHE B) ) H 110 yCIOBHIO €) Ag > 0,
TO B KAUECTBE A\ MOMKHO B3ATh JI060€ MONOKHTETHHOE THCIIO,
B 9ACTHOCTH, \o = 1 /2 (ycsioBue HopmupoBku). Besaeacrsue
s1oro B ycaosuu B) 4(t) = pa(t). Houcrasus 4(t) = pa(t) B
ypasuenus (1.64) u Ao =1 /2 B ypaBHeHHs a), mpeobpasyeMm
ycaosus (1.64), (1.66), a), 6) B Kpaesyio 3amady (KpaeByio
3a/1a4y NPUHIKIA MAKCUMYMA):

T (t) = 22(t),

Ta(t) = Z2(t) + P2(1),

pult) = 1. (1.67
Pa(t) = —p1(t) — p2(t);

'jl(o):Oa jl(l :07 132(0):03 ﬁQ(]‘):O

B 3710it Kpaeroit 3a7a1ue HEM3BECTHBI IETHIPE TTOCTOTHHBIE WH-
TErpupoBaHus ee cucreMbl auddepeHInaIhbHBIX yPaBHEHNI,
U I MX OIPEJETCHHS MMEETCS 4YeThIPe KPAeBbIX YCJIOBHA.
VYeaoBus 6): p1(0) = M, (1) = — X2, B KPaeByIo 3aJa1dy He
BKJIIOYAIOTCA, TaK KaK OHM CJIY2KAT JJis ONpeJesIeHus MHO-
KuTeneli A1, A2, KOTOpPbIE HA PEIICHHe KPACBOH 3a,[aum He
BJIMSTIOT, ¥ TIOTOMY WX OMPEIENsTh He Tpebyercsa. Pemmm oy
KPaeByIo 3a7a4y.

Tak Kak ﬁl(t) =1,T0 ﬁl(t) =t+cy, ﬁQ(t)+p2(t) =—t—cy.
OO6mmmM perenreM OTHOPOJHOTO ypasHerus pa(t) + pa(t) = 0
Oyaer byHKImA Poo(t) = ce™ . YacTHOE pemenne HEOTHO-
pOzHOro ypaBHenusi OyieM UCKaTh B BUIe: Poy(t) = At + B.
ToncraBus poy(t) B HEOMHOPOIHOE yDABHEHHE, IOJLYYHUM:
A=—-1,B=1—-c. Arorma pao(t) = ce ! —t+1—¢;
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— oflee pelleHyre HEOJHOPOIHOro ypasHenuda. Onpenenus
¢, ¢; m3 yeaosuii p2(0) = 0, pao(l) = 0: ¢ = —e/(e — 1),
1 =—1/(e—1), naiinem dynxmn pa(t), 4(t):

Toncrasus 4(t) B ucxonnoe quddepeHnuanbHOe ypaBHEHHEe
st Z(t), mostydnm:

e

E(t) — 2(t) = —t + C(1- e7t). (1.68)

e —
O6mum pemenuem ypasuenus (1.68) Oyuzer cymma obuie-
ro PEeNIeHus OJHOPOJAHOTO YPABHEHHS W HYACTHOTO PEIeHWUs
HEOMHOPOAHOTO. OBIMM peIeHneM OJHOPOIHOTO yPABHEHNUS
#(t)—(t) = 0 Gymer byHKIHS Zoo(t) = M+Net (k2—k =0
— XapaKTEPUCTUYECKWH MHOroueH ypasuenus; ki = 0,
ko = 1 — xopuu muorowiena). Ilockonbky k1 = 0, To wact-
HOE PelIeHre HEOJHOPOAHOIO YPABHEHUS Ty (l) cienyer uc-
KaTh B BUJIE: Tuy(t) = Pe™t+t(Lt+ Q). Koadbdunuentn P,
L, Q onpenesnM, TOJICTABUB Ty (t) B ypaBHenue (1.68):

1
e—1"

1
Pp=———°%  L==Z,
20— 1) 2

Q:_

A Torma

e 1 1
B(t) = M+ Net — — et 4+ —¢2 —
B =M+ N —go—pe 3t~

t

— obiee perenue HeOAHOPOAHOrO ypasuenus (1.68). Oupe-
nemus M u N m3 xpaesbix ycaosuit £(0) = 0, #(1) = 0,
HOJIyYMM UCKOMYIO 9KCTpeMaJib (IKcTpeMasib IIoHTparuna):

2 —4 -2 1 1
e’ +e e : e et 12

2e— 12 (e—1)2° 2(e—1) SR

#(t) =

Uccnenyem momyuenHoe pemenwne &(-), 4(-) ®a abcomror-
HYI0O OnNTHUMaIbHOCTH. HemocpencTBenHO TpPOBEPKOH TOKAa-
xkeM, yro Z(-), 4(-) mocraBidT (QyHKIMOHATLY abCOJIOT-
Hbiii MubnumyMm. s sroro Bosmyrum &(-), 4(-) mnocpen-
crBoM dbyrkumii (), u(-), Tak yrobsl Gynkumn () + x(-),



4(+) + u(-) ocramucey monycrumbivmu. B paccmarpusaemoii 3a-
nmade dyuxmmu Z(-) + z(-), () + u(-) Gynyr momycTuMbIMH,
ecn z(-) € C2([0,1]), u(-) € C([0,1)), &4i—(2+F) = t+u,
Z(0) + 2(0) =0, Z(1) + z(1) = 0. A MOCKONBKY MO yCJIOBUIO
sagaan #(0) = 0, £(1) = 0, £—a = 4, 70 2(0) = 0, z(1) = 0,
& — & = u. OupesesuM ¢ y94eToM MOJy9eHHbIX YCIOBHUH 3HAK
npuparennst GyHKINOHATA:

Al = I(A()er() a(-) +u(-)) — (() a(-)) =
fo (4 + u)? +2(x+x dt—fo(a +22)dt =
fo 2uudt+f0u dt—l—fo 20 dt >

f 2a(i — ) dt—l—fOZxdt

Jo 2udx—f0 2udx+f0 2¢dt =

24(t)x( ‘ fo 2 - i dt—

v

— 20(O)0()| + fy 2widt+ [y 20t =
= 0 [y 2ade — 0+ [) 24adt + [ 20dt =
1
= —2a(t)z(t) ‘ +f0 2u:cdt+f0 2u:cdt+f0 2edt =

0+f0 (i+u+1)zdt =
= [l2-0-zdt=0.

Tak Kak npu J0ObIX JonycTuMbix Bo3mytuenusax (), wu(-)
nosiyuensoro perrennst &(-), 4(-) dbynkunonan I He yObiBa-
er: AI > 0, to dbyukumn Z(-), 4(-) mocraBasitor emy abco-
JOTHBIH MuHUMYM. IIpu sTOM

inf I(z(-),u(:)) = absmin I'(x(-), u(-)) = I(&(-),a(-)) =
=3(2e—3)/(e—1)2-T7.

Ilpumep 3. 3adaua Jazpanowca ¢ pynrxyuonasom Boavua,
PUKCUPOBAHHBIMYU HAYAADHUM U KOHEUWHDIM 3HAULEHUAMUYU PEMEHU
U KPALEBVM YCAOBUEM MUNG HEPAEEHCTNEA.

i(t) = a(t) + u(t), ( ) € Rl = (- oo,+oo) vt €[1,2],

7



Permrenne

B s10it 3ama4e abCOMOTHBIN MUHUMYM (DYHKIIHOHAIA JOCTHUTA~

ercs,

oweBnzHoO, ipu &(t) =0, 4(t) =0, ¢ € [1,2]. ITokaskem, Kax

9TO pemeHune moJIyIaeTCsd Ha OCHOBE TIPUHINUIIA MaKCUMYyMa.

0)

Popmaaus3anma:
BO(:C(-),U(-))E/1 () dE+22(1) — inf; (1.69)

() — %z(t) —u(t)=0 VteAg=A=[12; (1.70)

u(t) € U =R = (—o0, +00) Vit € [1,2]; (1.71)
z(2) =3 <0. (1.72)
Orpannuenus (1.3) Tuna paBeHCTB B 337a9€ OTCYTCTBYIOT.

Oyukius Jlarpamxka:

2
EE/ L(t)dt +1;
1
JlarpaHzKUAaH:
9 o1 .
L = \u +p(x—¥x—u)5px—H;
dynknusa [TonTparuHa:
H = pu — Mu? +p%;

TEPMHWHAHT:

1= Xox?(1) + Mz(2) — 3);

Aos A; p = p(t) — guciosbie U QYHKIMOHAIBHBIA MHOXKUTE-
s Jlarpanxa.

2) Cucrema ycioBuii npuHimna mMakcumyma B 3azade (1.69)—
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a) ypasuenue Ditnepa—J/larpanxa:

L+ L =0 (s50=-220),
5(6) = —0(0);

6) ycnosus tpanceepcanbhoctu (k = 0, to = 1; k = 1,
tl = 2):

ol

Le(t) = (-1 g

R ol
(e p(ts) = (-1)* ax@k)) =

p(1) = 2hod(1), H(2) = —X;

B) YCJIOBHE ONTUMATLHOCTH TIO U:
tak kak L(u) = Au? —pu u H(u) = —L(u), T0

(t) = argabs min L(u) = arg abs min (Aou? — p(t)u),
uelU u€(—00,+00)
wim

(t) = argabs max H(u) = argabs max (p(t)u — hou?).
uelU w€(—o00,+00)

Tax kak ciayuait Ao = 0 HEBO3MOKEH (cm. amasus ycio-
Bus B) B IIpumepe 1 /1 38189 KIACCAYECKOTO BAPAAITH-
onnoro ucuucienus) u U = R = (—o00, +00), TO onTu-
MajbHOe yipassienue 4(t) MoxkKeT ObITh OIPENEIeHO U3
yenosuit OL/Ou = 0, 92L/0u® > 0 (unu OH /Ou = 0,
O*H |ou? < 0):

2X0ti(t) — p(t) = 0, Ao >0
(mmm p(t) — 2Xoa(t) = 0, Ao > 0);

') yCJIOBHUS CTAIMOHAPHOCTH TIO tg, t1 B 3a7a49€ OTCYTCTBY-
10T, TaK Kak tg, t1 — dbukcuposansl (to = 1, t; = 2);
/:[) YCJIOBHE JIONOJIHAIOMIEA HEYKECTKOCTHU:

A (#(2) — 3) = 0;
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€) yCJOBUE HEOTPUIATEJbHOCTH: 5\0 >0, A > 0;
k) ycaosue HEPOH;

3) yCJIOBHE HOPMHUPOBKYU MHOXKHUTEJe Jlarpamka.

3) Tak Kak 110 yCJIOBUIO B) aHOPMaJIbHbIH ciaydait A\g = 0 B pac-

CMATPUBACMOIT 33,13 HEBO3MOYKEH, TO TI0 YCJIOBHIO €) Ao > 0
1 B Ka4yecCTBe 5\0 MO2KHO B34Thb .THO60€ IIOJIOZKHUTEJIbHOE YHUCIIO,
B 9ACTHOCTH, \o = 1 /2 (ycnoBue HOpMUPOBKH). Beasencreue
storo B ycaosun B) G(t) = p(t). Honcrasus 4(t) = p(t) B
ypasuenue (1.70), a Ao = 1/2 B mepBoe u3 ycioBwit 6), mpe-
obpasyem yciosus (1.70), a), 6), 1) B KpaeByio 3a1a4y (Kpa-
eBYIO 3a/1a49y MPUHIAIE, MAKCUMYMA):

a(t) = 12(t) + (1), at) = p(t),

Bt) = — () o (L.73)
p(1)=2(1), H2)=-XA A-(2(2)-3)=0.

B s70i1 KpaeBoii 3a/1aue HEM3BECTHBI JBE MOCTOSHHBIE WHTE-

TPUPOBAHUSA €€ CUCTEeMbI auddepeHnnaabHbIX YPABHEHUN U

MHOXKUTEIb 5\, " JJid UX ONpeJeIeHud NMeeTCsd JBa KPAEBbIX

YCJIOBUA U YCJIOBHUE JOMOJIHAIONIEH HEXKECTKOCTH.

IIpounTerpupoBas cucrteMmy auddpepeHImaaIbHbIX YPaBHEHTI
KpaeBoii 3a1a4n ¢ yuerom yciosust p(1) = (1), momyumm:

pt) =% @)= = i) = et — g
p(1) =2(1) = ¢1 =2¢= Z(t) = 2ct — c.

Hanee, crenys IlpaBuny perenns KpaeBbIX 33124 C yCJIOBHEM
nonosusomeil Hexkecrkocru (cMm. u. 3 IIpasui), Heob6xoaumMo
C Yy4eTOM BTOPOTO YCJIOBUsI €) PACCMOTDPETH JBA MOICILYdas:
A=0wu\>0.

IIpmu A=0mu3 BTOPOTO KPaeBoro yciaoBust moay4nm: p(2) = 0.
A rorma ¢ = 0, &(t) =0, u(t) =0, t € [1,2]. IIpu s1om
nojiezkallee npoBepke HepaBeHcTBO &(2) < 3 04YeBUHO BbI-
MOJTHSAETCSI.



IIpu A\ > 0 u3 ycioBust AOMOTHSIONIEH HE2KECTKOCTH CJIELYET
paBeHCTBO £(2) — 3 = 0, TO3BOJISAIOIIEE ONMPEIETUTh KOHCTAH-
Ty ¢: ¢ = 1. B urore nojxydaem pernieHue:

1
zt)=2t—1, at)= 7 =p(t) Vvtel[l,2].
Orpannuenne 1/2 = p(2) = —A < 0 HA STOM DeNIeHNH He

BBIIIOJIHAETCA, ¥ OHO HE dABJIAETCHA PellleHneM KPaeBoil 3a/1a9u
NIPUHIUIIA MAKCUMYyMa.

OueBuzHo, uTo skcrpemasb &(t) =0, t € [1,2] u yupaBienue
w(t) =0, t € [1,2] nocrapasor GYHKINOHATY abCOTIOTHBIH
vuaEMYM. IIpu sTom

inf I(z(-),u(-)) = absmin I(z(-), u(-)) = 1(2(-), a(-)) = 0

IIpumep 4. 3adaua Jazpansica — 3adaua 6v.empodeticmeus
€ UBONEPUMEMPUYECKUM YCAOBUEM MUNG PABEHCMEA, HUKCUPOBAH-
HOLM HAYANOHOM U HEPUKCUPOBAHHDILM KOHEUHBLM 3HAYEHUAMY Pa-
30601 nepemerHHomU.

T(z(-),u(-), T) =T —inf, T >0; (1.74)
() —z(t)+tut) =0 Vie Ag=A=][0,T]; (1.75)
u(t) e U={ut)| 0 <u(t) <2} Vte|0,T]; (1.76)
/T sin?u(t)dt —1=0, z(0)—1=0. (1.77)

0

Orpannuenus (1.4) Tuna HEPABEHCTB B 331a9€ OTCYTCTBYIOT.

Permtenne

0) ®opmanuzanus: 3a0a9a yKe dopManin3oBana.

1) ®yukms Jlarpanxka:

T
EE/ L(t)dt + I;
0
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JIArPaHKHAAH:
L=p(&—2x+tu)+ \-sin’u = pi — H;
dyukuusa MoaTpsaruna:
H = p(z — tu) — X - sin” u;

TEPMHWHAHT:

Aos A1, A3 p = p(t) — uncioBbie N GYHKIHOHAIBHBIA MHO-
skutenan Jlarpamka.

2) Cucrema ycyioBuii MpuHIMNA MakcuMyma B 3amade (1.74)—
(1.77):

a) ypasuenue Ditnepa—Jlarpanxa:

d . - B s OH (t)
—=L®+ L =0 (ep0)=-—7=)=
p(t) = —p(t);
6) ycnosus tpanceepcanbhoctu (k = 0, to = 0; k = 1,
tl = T):
. ol A [

$(0) = Ay, B(T) =0

B) YCJIOBHE ONTHMAJIbHOCTH MO U:
Tak xax L(u) = ptu + Asin®u u H(u) = —L(u), 10

@(t) = arg abs min (Asin® u 4 p(t)tu)
u€(0,2)
Win (1.78)
4(t) = arg abs max (—Asin? u — p(t)tu);
u€(0,2)
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') yCJOBHUE CTAIMOHAPHOCTH 10 t(y OTCYTCTBYET, Tak Kak &g
— ¢ukcuposano (tp = 1); ycioBue CTaIMOHAPHOCTH TI0
T:

e =0 (& HT)=42)=
P (&(T) = Ta(T)) — Asin? @(T) = Ao;

1) YCJIOBHS JTOTOJHSAONIEH HEKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3azade wer ycsosuil (1.4) Tuna HepaBeHCTB, a
yenosue T > 0 B cucremy ycaosuii (1.4) He BKmOUA-
€TCs ¥ CUUTAETCS TPOBEPOYUHBIM;

€) yCIOBHE HEOTPHIATENLHOCTH: Ao > 0;

k) ycaosue HEPOH;

3) ycJOBUE HODMHUPOBKM MHOXKUTesell Jlarpanka.

3) Yenosus (1.75), (1.77), a)-1), €)—3) npeacraBisior coboit Kpa-
eBYyI0 3a7a4y (KPaeByIo 3a7a4y MPUHIAIA MAKCUMyMa):

(1) = (1) — ta(t),

=),
(t) = argabs min (Asin® u + p(t)tu);
(
p(T

§> ’U> -

u6(02)
0 =1 D) =0
Nt Ty sty - O

fo sin? 4(t) dt = 1;
T > 0; 5\0 > 0;
ycnosue HEPOH; ycioBue HOpMUPOBKH.

<>

B s7oit kpaesoil 3aaue HEM3BECTHHI JIBE TIOCTOSTHHBIE WH-
TErpupoBaHus ee cucreMbl auddepeHInaIhbHBIX yPaBHEHNI,
BpeMsi 1 U MHOXKHTETH Ao, A (5 Heu3BeCTHDIX), U JJId UX
OIPEJIENIEHNs UMEETCsI CJIEJCTBHE YCJOBHSl CTAIIMOHAPHOCTH
no T', n30nepuMeTpPUIECKOe YCIOBUE, HCXOTHOE KPAEBOE yCIIO0-
BHE, CICJCTBUE YCIOBUII TPAHCBEPCATHLHOCTH W YCJIOBHE HOP-
vuposkn (5 yerosmit). Tlepsoe yeosue 6): p(0) = Ap, B Kpa-
€BYIO 337149y HE BKJIIOYAETCS, TAK KaK OHO CIIYKHUT JIJIs OTIpe-
JleJIeHnst MHOXKUTENs | , KOTOPbIil B KPAEBYIO 3311y He BXO-
JIAT, HA PEIIEHNE KPAEBOH 3a7a9M HE BJUAET, U MOTOMY €TO
onpenensaTh He TpebyeTcs. PemmM Kpaesyio 3amady.
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Tax xax p(t) = —p(t), p(T) = 0, 1o p(t) = 0, t € [0,7];
@(t) = argabsmin (Asin®u), —Asin? 4(T) = Ag. Tak xak B

u€(0,2)
MOCJIeJTHEM PABEHCTBE o > 0, sin? Q(T) >0, 10 A <0.
Ecim A =0, 10 Ao = 0. A nockonsky p(t) =0, t € [0,77, To

5\1 = 0, u ue BemoJHAeTCH ycaosue HEPOH.

Ecmu A < 0, To @(t) = /2 Vt € (0,77, =A-1 = A, Beaes-
crBue gero Ao > 0. [osoxkus A\g = 1 (ycsioBue HOpMUPOBKH),
HOJIy UM fOT 1dt =1, T = 1. Pemus pasnee 3amauy Komm:
i(t) = &(t) — tn/2, £(0) = 1, nonyunm: &(t) = e' — 7t?/4

vt € [0,7].
B pesynprate pemenms KpaeBo# 3ajavW TPUHIANA MakK-
cuMmyma rnosiydaem: Bpemst T=1, ynpasienue 4(t) = m/2
vt € [0,T] u sxcrpemans Honrpsruua &(t) = e — wt?/4
vt €[0,T7.

4) Hcciemyem nojy4eHHoe perenne Ha abCOMIOTHY IO ONTUMAIb-
HocTh. [Ipeanonoxkum, uro cymecrsyer T (3uadenue pyHK-
mronasa), g koroporo T < T = 1. OueBugHa OlEHKA:

T T .
T = [, 1dt > [, sin®u(t)dt = 1, us xoropoii ciexyer:
T > 1. A nockonbky no mpegnosioxkenuto 1T < T = 1, To
T =1 =T, u cnenoBareibHO, B PaccCMaTpUBaeMOil 3ajade

T =1 — abcoaoTHO MUHUMAJIbHOE 3HaYeHue 1 .

B urore monyaaem:

inf 7 (x(-),u(-),T) = abs min’]'(:c(;),u(q, T) =
= T(j( )77:L(')>T)ET:11
2(t) = et — wt?/4, wlt)==/2  vVtel0,T].

IIpumep 5. 3adaua Jlazpansica, 6 xomopoti pewenue cyue-
CMBYEM AUWD 8 GHOPMANLHOM cayywae — npu Ao = 0.

Bo(a(-), u()) = /O (W2(8) +u(t)) dt — inf:  (1.80)

B(t) —a(t) —u(t) =0 Vte Ag=A=0,1]; (1.81)
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u(t) €U =R' = (=00, +00) Vit € [0,1]; (1.82)
/l(ﬁ(t) T 2ta(t)) dt + % —0, a(1)+1=0. (1.83)
0

Orpanuvenus (1.4) Tuna HepaBeHCTB B 3a/a4€ OTCYTCTBYIOT.
Pemrenne

0) ®opmanuzanus: 3a0a9a yKe dopManin3oBana.

1) ®yukuua Jlarpanxka:

z:/lL(t)dtH;
JarpaHKuaH: ’
L= XW?+u)+p(@ —z—u) + \Na? + 2tz) = pi — H;
dbyurnus [HouTpsaruna:
H = p(z 4+ u) — Mo(u” + u) — A(z? + 2tz);

TEPMHWHAHT:

1= XM(z(1)+1);

Aos A1, A3 p = p(t) — uncioBbie N GYHKIHOHAIBHBIA MHO-
xkutenn Jlarpanxa.

2) Cucrema ycioBuii npunimna mMakcumyma B 3azade (1.80)—

(1.83):
a) ypasuenue Diinepa—J/larpanxa:

L)+ L) =0 (s50)=-

)=

p(t) = —p(t) + 2A(@ (1) + 1);

6) ycnosus tpancepcanbhoctu (kK = 0, to = 0; k = 1,
tl = ].)

ol
Ox(ty)

p(0) =0, p(1) = —As;

(& p(ta) = (=" o )=
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B) YCJIOBUE ONTUMATBHOCTH TI0 U:
tak Kak L(u) = A\o(u? +u) — pu u H(u) = —L(u), To

a(t) = argabs min (Ao (u? + u) — p(t)u),
u€(—00,+00)
U

(t) = argabs max (p(t)u — Ao(u? + u));
u€ (—00,+00)

') yCJIOBHUS CTAIMOHAPHOCTH 1O tg, t1 B 3a7a49€ OTCYTCTBY-
10T, TaK Kak tg, t1 — dbukcuposannl (to =0, t; = 1);

1) YCJIOBHE JOTOTHSIIOMENR HEKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e Her yciaosuii (1.4) Tuna HepaBeHCTB;

€) yCI0BHE HEOTPHIATENLHOCTH: Ao > 0;
k) ycaoene HEPOH;

3) yCJIOBHE HOPMHUPOBKYU MHOXKHUTEJe Jlarpamka.

3) Banuriem M30NEPUMETPUIECKOE YCIOBUE B BHUJIE:

0= /Ol(j:Q(t) + 2t2(t)) dt + %
/1(£2(t)+2t:%(t)+t2)dt = /1(:E(t)+t)2dt,
0 0

u npeobpasyem ycaosus (1.81), a)-B), €)—3), (1.83) B kpaesyio
3a7a4y (KpaeBylo 3a/1a4y NPUHIIUANA MAKCUMYyMa):

2(t) = &(t) + (1),
i(t) = —p(t) + 2>\(5c(t) +1),
x (p

t) = argabs max (p(t)u — Ao(u2 + u));
uGU

(t
P0) =0; [ (2(t) +1)>dt = 0;

S 3
H ||

(1.84)

(t)
(1)
0=

> R
=) H

yCJIOBI/Ie HEPOH; yCJIOBE HOPMUPOBKH.

B s70i1 KpaeBoii 3a/1aue HEM3BECTHBI JBE MOCTOSHHBIE WHTE-
rpUpOBaHus ee cucteMbl auddepeHnnaabHbIX YPABHEHUN U



MHOMKHTETH Ao, A (4 HEH3BECTHBIX), M JUIs HX ONPEIEICHHs
MMeeTCsi JIBa KPAaeBbIX YCJIOBWS, M30TEPUMETPHYECKOE YCIIO-
BHe U yCJIoBMe HOpMUPOBKH (4 ycioBust). Bropoe yciosne 6):
p(1) = —\1 B KpaeByIo 3a/a4y He BKJIIOYAETCsl, TaK KaK OHO
CILy?KUT JUTs ONPEICICHHs MHOKUTEAS A, KOTOPBI Ha pe-
IIeHne KPAEBOH 3a/Ia91 HE BJIUSIET, U TIOTOMY €T0O ONPEIeNATh
He Tpedyercs. PermmM 3Ty KpaeByio 3amady.

13 BxoAsmero B KPaeByl 3a/ady HM30NEPHMETPUYECKOTO

ycaoBus caenyer: Z(t) = —t Vt € [0,1]. Ilpu arom kpaesoe

ycnosne #(1) = —1 aBroMarmuecku BhIMONHsETCA. Tak Kak

mpn &(t) = —t Vt € [0,1] mveem: p(t) = —p(t), m H(0) = 0, 1o

p(t)=0,t€[0,1]. A rorma a(t) = argabs max (— Ao (u2+u)),
u€(—o00,+00)

o > 0.

Ecim A\ > 0, To, mpuss Ao = 1 (ycimoBue HOPMUPOBKHM),
nomyuanm: u(t) = —1/2 Vt € [0,1], &(t) = #(t) — 1/2. A mo-
ckonmbky #(1) = —1, 1o 2(t) = (1 — 3et~1)/2 Vt € [0,1]. Ho
3Ta (PyHKIUA HE yIOBICTBOPAET NU30NEPUMETPHYECKOMY YCI0-
Buio. IloaTomy B crytae 5\0 > () pemenue KpaeBoi 3a/1a4u u,
CJIEZI0OBATENIbHO, UCXOIHON 3a1a4n Jlarpanzka He CyIIeCTBYeT.

Eciu Ao = 0, TO, HOCKOMIBKY p(t) =0, t € [0,1], ynpasienue
@(t) M3 yCIOBUS ONITUMAIILHOCTH IO U OTIPEJIEJINTh HENb3s, 1
IOTOMY TIpA Mo = 0 310 yupassenue 0yzer ocobvim. Ero mox-
HO ompejenTh U3 ypasHenus Z(t) = &(t) + a(t), t € [0,1],
noxcraBus B Hero &(t) = —t. Ilocie moACTAHOBKY MOy YINM:
w(t) =t —1 Vt € [0,1]. Bamernm, uro yciorne HEPOH npu
sTOM BBIMOMHSETCs: A9 = 0, p(t) = 0, V& € [0,1], Ay = 0,
A — sm000e, B 9aCTHOCTH, A # 0, gro cnenyer u3 mudde-
PeHIMaIbHOro ypaBuenus aias p(t): 0 =0+ 2 - 0. B urore
HOJIy9aeM, 9TO PEeIleHueM KPaeBOH 3a/1a49u MPUHIIUIIE, MAKCH-
MyMa U, CJIeJIOBATELHO, UCXOMHOM 3amaqn Jlarpamnxka Oymer
anopmanvroe pewenue: Ng = 0, 2(t) = —t Vt € [0,1] ¢ oco-
ov.m ynpasaenuem u(t) =t —1 YVt € [0,1], nupuuem p(t) =0,

€ [0,1], A =0, A — m060e, He parOe HymO. [IOCKOIBbKY
Mo = 0, QYHKIHOHAT HA 3TO PelleHne He BIIHSET.

4) Hccuenyem 1osydeHHYIO 3KcTpeMaib (3Kcrpemasib IlonTps-
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ruHa) &(t) = —t Yt € [0,1] Ha aGCOMIOTHYIO ONTHMATBHOCTD.
Has aroro BoamyTum &(-) mocpeacTBoM dyHKImMN (), Tak
9100bl dyHKIMs Z(-) + z(-) ocramack gomycrumoii. B pac-
cMarpuBaeMoit 3anade Gyukims Z(-) + z(-) Gymer gomycTu-
moit, ecm z(+) € C1([0,1]), 2(1) + z(1) = -1,

/1[(@@) +z())? + 2t(2(t) + 2(t))] dt + 1/3 = 0.
0

Tak xak &(t) = —t, (1) = -1, To z(1) =0,

/ () 2ta(0)) di+ / (20 (1)a(t) +242(1)) di+

1
+/ 22 (t)dt+1/3=0
0

& 1340+ [[22(H)dt+1/3=0 & [22)dt =0 <
x(t) =0, t € [0,1]. I3 3T0T0 TOXKIECTBA CJEIYET, YTO B 3a-
Jlaue ecTh TOJBKO OJJHA JOMYCTUMAst IKCTpeMaib: I(t) = —t
Vt € [0,1], u ee momycTUMble BapHAlUK W, CJI€I0BATENIbHO,
JoIycTUMble Bapuanuu (yHKIMOHAIA HEBO3MOXKHBI. Tak Kak
() +z(t)—2(t)—=z(t) = a(t)+u(t), To u(t) = #(t)—=z(t) =0,
t € [0,1], u notomy u(t) =t —1 Vt € [0,1] — eauHCTBEH-
Has JomycTUMast ynpasJsiomnias GyHakius. B utore nomyda-
€M, UTO 33Ja9a UMeeT eJINHCTBEHHOEe PEIIeHne, Ha 3TOM pe-
IIEHUN JOCTHTAETCs AbCOMIOTHBI MUHIMYM (yHKIMOHANA, 1
3T0 — AHOPMAADBHOE PEIeHne ¢ 0cobbim ynpasienuem g = 0,
Z(t) =—t, a(t) =t —1 Vt € [0,1]. IIpu sTOM

inf Bo(z(:),u(:)) = absmin By (z(-),u(-)) =

= Bo(&(), () = ~1/6.

Ilpumep 6. 3adaua Jlazpanoca, 6 KOMOPol ONMUMAALHASL
MPAEKMOPUA COOEPAHCUM, YHACTNOK C OCOOBLM YNPABAEHUEM.

I(z(),u(") = /0 (tu(t) — 1)%(2z(t) — t* + 1)*dt — inf; (1.85)
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Z(t) —tu(t) =0 Vte Ag=A=]0,2]; (1.86)

u(t) €U =R' = (—o00, +00) Vit €[0,2]; (1.87)
1
x(0) + 3= 0, z(2)—1=0. (1.88)
Orpanuyenus (1.4) Tuna HEPaBEHCTB B 3a7a9€ OTCYTCTBYIOT.
Perrtenune

0) ®opmanuzanus: 3a0a9a yKe dopManin3oBana.

1) ®yukims Jlarpanxka:

T
EE/ L(t)dt + I;
0
JIaTpAHKUAH:
L= X(tu—1)*Q2x —t* +1)? 4+ p(i — tu) = pi — H;
dyukiusa [oarparmma:
H = ptu — Mo(tu — 1)2(2z — 2 +1)%;

TepMI/IHaHT:
1
| = )\1(1‘(0) + 5) + )\2(1‘(2) — 1);

Aos A1, A2 p = p(t) — uucnosbie u GYyHKIMOHAIBHbBIA MHO-
xkutenn Jlarpanxa.

2) Cucrema ycioBuii npuHimna mMakcumyma B 3azade (1.85)—

(1.88):

a) ypasuenue Ditnepa—J/larpanxa:
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6) ycnosus tpancepcanbhoctu (kK = 0, to = 0; k = 1,
tl = 2):

ol

Le(ts) = (1) g

(&5t = (D5 o )=

p(0) = A1, P(2) = —Az;
B) YCJIOBUE ONTUMATBHOCTH TI0 U:
tak Kak H (u) = ptu—\o(tu—1)2(22—12+1)? = —L(u),
TO

a(t) = argibesUmax[ D(t)tu— Ao (tu—1)% (22 (t) — 2 4+ 1));

') yCJIOBHUS CTAIMOHAPHOCTH TIO tg, t1 B 3a7a49€ OTCYTCTBY-
10T, TaK Kak tg, t1 — dbukcuposannl (to = 1, t; = 2);

1) YCJIOBHS JTOTIOJHSAONIEH HEXKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e HeT ycaosuii (1.4) Tuna HepaBeHCTB;

€) yCIOBHE HEOTPHIATENLHOCTH: Ao > 0;
k) ycaosue HEPOH;
3) yCJIOBHE HOPMHUPOBKHU MHOXKHUTEJei Jlarpamnka.
3) Vcnosus (1.86), (1.88), a)-B), €)—3) mpeACTABJISIOT COOOM Kpa-

eByI0 3a1a4y (UCXOJHYIO KPAEBYIO 33/1a4y IPUHIMUIA MAKCH-
MyMa) € HOJIHBIM HAaBGOPOM HEOOXOAMMBIX Jjisd €€ PelleHus:

YCJIOBHIA:
i(t) = ( );
pt) = 4ho(ta — 1)2(2&(t) — % + 1),
a(t) = arg a’t;sUmax [p(t)tu — Ao(tu — 1)2(28(t) — 2 + 1)2];
2(0)=-1/2, x(2)=1; pO0)=A, H(2)=—As;
Ao > 0;
ycnosue HEPOH; ycioBre HOpMUDOBKH.

(1.89)

B sT0i1 KpaeBoii 3a/1aue HEM3BECTHBI JBE MOCTOSHHbIE WHTE-
TPUPOBAHUSA €€ CUCTEeMbI auddepeHnnaabHbIX YPAaBHEHUN 1
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MHOzKHTEH JlarpamsKa Ao, A1, A2 (5 Heu3BECTHBIX), U I
WX OTIPEe/IeJIeHNsI IMEETCs JTBA KPAEBBIX YCJIIOBHUS NCXOTHOM 3a-
JlaYun, IBA CJIEJCTBUS YCIOBHH TPAHCBEPCATLHOCTH W YCJIOBHE
HOPMUPOBKH MHOXKUTesedi Jlarpauska (5 ycsouit). YcroBus
p(0) = M, p(2) = —X2 MOXKHO B KPAeBYIO 3321y He BKJIO-
YaTh, TaK KaK OHW CIYXKAT JJIsi ONpeIeseHus MHOYKHUTese
Jlarpamzka A1, A2, KOTOpbIE HA PEIIEHHE KPAEBOi 33441 He
BJIUSIIOT, W TIOTOMY WX OIpeaensaTh He Tpedyercs. Ilocue mc-
KJIIOYEHUA U3 KPaeBOH 3a/1a4y ITUX YCJIOBUU B 3aja4e OCTa-
HETCS TPU HEM3BECTHBIX U TPY YCIOBUS IJIs UX OMPEICTICHNS.
Permm xpaeBylo 3a7aty.

Ipu Ao = 0 KpaeBas 3aj]adua DEIICHHS HE HMMEET, TAK
KakK B 3TOM cjydae Jinbo He Bbinonasercs yciaosue HEPOH
(mpu p(t) = const = 0, t € [0,2]), ;mGo me cymecTy-
er omrmMmasbHOe yupasienue (4(t) = foo YVt € [0,2] mpu
p(t) = const £ 0, t €[0,2]). TIpu Ao > 0, momozkus Ag = 1/2
(ycoBrE HOPMUPOBKH), 3AMHUIIEM HEOOXOIMMOE YCIOBUE IKC-
tpemyma dbyuximn H(u):

E—ZO:ﬁ@—@Mﬂ%M%@—ﬁ+D%ﬂ vt € [0,2].
u

(1.90)
Janee OymeMm paccy»KIaTh HE BIIOJHE CTAHIAPTHO.

Bun dyuxnuonana I(z(-),u(-)) nokassiBaer, 4ro ero abco-
JIOTHBIN MUHUMYM DABEH HYJIO U JOCTUTAETCS TPU PABEHCTBE
HYJTIO XOTs1 OBI OJHOM CKOOKM IO/ WHTErPAJIOM, TO €CTh JIH00
npu ti(t) = 1, mbo npu 2&(t) = t2—1. Ilpu 3T0M U3 yCa0BHUS
(1.90) cnenyer: p(t) =0, t € [0,2].

Ecim 2%(t) = t* — 1, To ontumanbHOe ympasienue 4(t)
u3 ycqosusi ontumanbHoctu (1.90) mpuHIMIA MaKcHMyMa
OlIpeJIeJIUTh HeJib3sd. Yiupasienue (t) B 3TOM ciaydae 0O
onpejenenuio Gyner ocobvim. OupenenuM ero, TOJACTABUB
2(t) = (t> — 1)/2 B ypasuenme (1.86). Homyumm: a(t) = 1.
Tak xax #(0) = —1/2 u #(2) # 1, T0 onTUMAJbHAS TPAEK-
topus #(t) maumercs ¢ ocoboro yuactka: Z(t) = (t2 —1)/2.

Ecmu tu(t) = 1, vo u3 ypasuenus (1.86) mupu ynpasie-
wuu 4(t) = 1/t u xpaesom ycuoBuu Z(2) = 1, mosyunm:
Bty =t—1.
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Omnpenenum MOMEHT t* CTBIKOBKH 9TUX PeEITeHMUii:
t*?—1)/2=1t"—1=t"=1.

B urore nmomyumnwm:

1, telo,1] Lo 1
’ b 12— 2, telo,1],
o telL2l; t—1, tell,2.

Eme pas nomvepkuem, uro ynpasienue 4(t) npu t € [0, 1]
Oymer 0cobvim.

4) U3 ajgropurmMa NOCTPOEHUS PEIEHUS CJIELyeT:

inf I(z(-),u(:)) = absmin I'(x(-), u(-)) = I(&(-),a(-)) = 0.

1.3.3. 3agauym onTUMAJIBLHOTO YNIPABJIECHUSA

IIpumep 1. 3adava onmumarbro20 YnpasieHUus ¢ 3G6UCAULUM O
BPEMEHU 02PAHUYEHUEM HA NEPBYIO NPOU3BOOHYIO U HePUKCUPOBAH-
HOLM KOHEUHDIM 3HAYEHUEM Pa3080T nepemennot.

I(2()) E/O (#2(t) — da(t)) dt — in,

t<i(t)<2t vtelo,1], z(0)=0.

Permrenne

0) @opmanmuzarus: o6o3HaunM % (t) = u(t), Torma

Bo(m(-),u(-))z/o (W2(1) — dz(t) dt — inf;  (1.91)

#(t) —ult) =0 Vte Ao CA=[0,1]; (1.92)
ut) € Ut) = {u®)|t < u(t) <2t} Vte[0,1];  (1.93)
z(0) = 0. (1.94)

Orpanuuenus (1.4) Tuna HepaBEHCTB B 3a/1a4€ OTCYTCTBYIOT.
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1) ®yukuua Jlarpanxka:

EE/lL(t)dt—H;
JIArPAHKUAH: ’
L= X\(u? — 4z) + p(& — u) = pi — H;
dyukiusa [oarparmma:
H = pu — \o(u® — 4z);

TEPMHWHAHT:

1= Xz(0);

Aos A; p = p(t) — uncsorble N QYHKIMOHANBHBIN MHOXKHUTE-
mm Jlarpanxa.

2) Cucrema ycyioBumii MpuHIMNA MakcuMyma B 3amade (1.91)—
(1.94):

a) ypasuenue Ditnepa—J/larpanxa:

d - - B Lo 78H(t)
— L)+ Lo(t) = 0 (@p(t) == ) =
ﬁ(t) = —45\0;
6) ycnosus tpanceepcanbhoctu (k = 0, to = 0; k = 1,
tl = 1):
. al ol
k _(_1\k

La) = (- goes (2900 = (045 05) =

p0) =X, p(1) =0;
B) yCJIOBI/Ie OIITUMAJIBHOCTH 110 U

rak kak L(u) = Aou® — pu u H(u) = —L(u), To

@(t) = argabsminL(u) = argabsmax H(u) =
uelU uelU

arg abs min (Aou? — p(t)u) =
t<u<2t

arg abs max (p(t)u — Aou?).
t<u<2t
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O6paruM BHHMaHWE, YTO ONTAMAJBHOE YIPABIEHUE
4(t) B paccMaTpuBaeMoil 3ajade HeJIb3sl ONMPEIENAThH

W3 yCIOBMit 8[1/8u = 0, L/ > 0 (wm
OH/Ou = 0, 0°H /0u? < 0), Tak xax muokecTBO U (1)
vt € [0,1] — 3amrnymoe, a HEOOXOAUMO HAXOJMUTH €I0

KAK 3HAYEHWE apryMeHTa «, HOPH KOTOPOM (YyHKIUS
L(u) = Mu? — pu npurnmMaer naumenbinee (uin GyHK-
maa H(u) = pu — Au? — HamGosbimee) 3HAYCHEE HA
3amrnymom muoxkectse (orpeske t < u < 2t).

) YCJOBHUSI CTAIMOHAPHOCTH TI0 tg, t; OTCYTCTBYIOT, Tak
Kak tg, t1 — dukcuposannt (tg =0, t; = 1);

1) YCJIOBUs JOTIOJHAIONMIEH HEXKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e Her yciosuii (1.4) Tuna HepaBeHCTB;

€) yCJIOBHE HEOTPUIATEJLHOCTH: Ao > 0]

k) ycaoene HEPOH;

3) ycJOBUE HODMHUPOBKM MHOXKUTeseil Jlarpanka.

3) Anopmauibblil ciayuaii Ag = 0 B 3aja4e HEBO3MOXKEH, Tak

Kak mpn A9 = 0 u3 ycioBusi a) caexyer: p(t) = const;
1) =0= pt) =0, te 01, L A=0 » HEPOH.
Ilpu Ao > 0 (cm. ycnosue €)), mojmoxkuB A9 = 1 (ycaosue
HOPMUPOBKH), npeobpadyem yciosus (1.92), (1.94), a)-B) B
KpaeByio 3aja4dy (KpaeBylo 3aja4y NPUHIMIIA MAKCUMYMA):

z(t) = a(t), a(t) = argabsmax (p(t)u — u?),
: fsus2t (1.95)
p(t) = —4; #0)=0; p(1)=0.

B sr10it kpaesoil 3a7ave HEM3BECTHBI JIBE TTOCTOSTHHBIE WHTE-
rpUpOBaHusi ee cucTeMbl TudHepeHIraTbHbIX yPABHEHUH, 1
JITsI UX OTIPE/ICIEHUs] UMEETCsl JIBA KPAEBBIX YCJIOBUS. YCJIOBUE
6): p(0) = \, B KpaeByIo 3a/a1y He BKJIOUAETCs], TAK KAK OHO
CILY?KUT [1J151 OIpeIe/IeHUsT MHOKHTEsS \, KOTOPbIil Ha perie-
HHUE KPaeBoi 3a/1a49u He BIIUSET, W TIOTOMY €r0 OlpeIesisiTh He
Tpebyercs. Permmm 3Ty KpaeByio 3a1ady.

Tax kak p(t) = —4, p(1) = 0, 1o p(t) = 4—4t >0 Vt € [0,1].
IIpu sTOM, HapucoBaB I HATIASTHOCTH rpaduk QyHKIMH



H(u) = pu — u? mpu u € [t, 2t], momyqnm:

2, p(t)/2 > 2t
at) = P2, t<pt)/2<2t =
t, pt)/2<t
2t, 2 — 2t > 2t
= 2—-2t, t<2-2t<2t =
t, 2-2t<t
2t, 0<t<1/2
= 2-2t, 1/2<t<2/3
t, 2/3<t<1

Toxncraeus 4(t) B ypaBrenue (1.92), momyunm:

¢ t? + Ch, 0<t<1/2
33(75):/ at)dt =4 2t —t2+Cy, 1/2<t<2/3
0 t?/2 + Cs, 2/3<t<1

Tak kak #(0) = 0, To C; = 0, a mockonbky dbysxms Z(¢)
nenpepoisa (Z(-) € KC([0,1])), To u3 ycnosuii nenpepbis-
Hoctu ipu t =1/2 (1/4+0=1—-1/4+Cy) unpu t =2/3
(4/3—4/9+Cy =2/9+C3) crenyer: Co = —1/2, C3 =1/6.
B pesysbraTe moJydunM onTHMAaIbHOE yipasienue G(t) u aKc-
tpemasnb IlonTpsiruna &(t):

2t, 0<t<1/2

at) =14 2-2t, 1/2<t<2/3 |
t, 2/3<t<1

t2, 0<t<1/2

2)=<¢ 2t —t>—1/2, 1/2<t<2/3

t2/241/6, 2/3<t<1

Uccaenyem nosydenHyro skcrpemasib I(-) Ha abCOIIOTHYIO
ONITUMAJILHOCTh. HemocpeacTBeHHON TPOBEPKOil TOKaXKeM,
910 Z(-) mocraBisier GYHKIMOHATY abOCOTIOTHBIH MUHUMYM.
Has sroro Bosmytum Z(-) mocpemcrBoM dynkimu z(-),
rak 4robbl Gynkuusa Z(-) + x(-) ocranacp momycrumoii. B
paccmarpuBaemoii 3azade dyukuusa () + x(-) Gyxer mo-
nycrumoii, ectm z(-) € KC([0,1]), 2(0) + x(0) = 0,
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t < @t) +a(t) <2t ¥Vt e [0,1]. A mocKoIBKY 1O yCI0-
Buto 3amaun £(0) = 0, To x(0) = 0. IIpn sTOM OrpaHnUeHne
Ha TTPOM3BOJHYIO PACTIQIACTC Ha TPH YCJIOBUS:

t<2t+x(t) <2t Vtel0,1/2] <

—t<z(t)<0 Vie[0,1/2];
t<2-2+@(t) <2t Viel[l/2,2/3] <
3t—2<i(t)<4t—2 Vtell/2,2/3);
t<t+a(t) <2t Vie[2/3,1]<
0<i(t)<t Vtel2/3,1].
OmnpeenuM ¢ y9eToM TMOJIYYeHHBIX YCIOBUN 3HAK MPUPAIIe-
Hust QYHKITHOHAIIA:
A = I(@()+=()) - 1(2() =
= [0+ )2 —4E o)) dt — [ (32— 42)dt =
2 [ didt+ [} @At —4 [ xdt >
2 [ didt—4 [y xdt =

2 [ didt —4 [ xdit—1)=
1

2 [ didt —da(t)(t—1)| +4 [t —1)idt =
0

AV

= [J2i+4t—4)idt—0=
_ 1/2 i d 2/3 i d 1 i d
= Jo " Bt=4)idt+ [, 0-@dt+ [, (6t — )@ dt.

Tak kaxk 8 —4 < 0, -t < &(t) < 0 Vit € [0,1/2],
0 (8t —4)i >0 Vt € [0,1/2] u [)/3(8 — 4)zdt > 0.
Tak ®ak 6t —4 > 0, 0 < &(t) WVt € [2/3,1], To
(6t —4) > 0 ¥t € [2/3,1] m [,,(6t — 4)adt > 0.
B wrore Al > 0. A 310 o3Hadaer, 9T0 TpH JIOOBIX [10-
MyCTUMBIX BO3MYIIEHUAX Z(+) TOJTydYeHHOTO permenus Z(-)
dbyurumonas I He yObIBAeT, U CJI€IOBATEILHO, HA, YKCTPEMA-
au Z(-) mocruraercss ero abCcoOTHBIH MUHEUMYM. IIpn sTOM

inf I(2(-)) = abs min I(2(-)) = I(3()) = _23.



IIpumep 2. 3adaua oNMUMANDEHOZ0 YNPABAEHUA € 3GEUCAULUM
OM GPEMEHU 02PAHUNEHUEM HA 6MOPYI0 NPOU3codnyo (3adaua o
MAKCUMANABHOT NAOULGOU Medcdy epadurom kpusol u ocvro OX
npu ozparudennoti 6Mmopoti NPouseodHot).

() = [ a(t)dt — s,

—6t<i(t)<1 Vtel[o,1], z(0)=z(1)=0.

Permtenne

0) @opmanmzarusi: oboznaunm x(t) = z1(t), @(t) = x2(t),
Z(t) = u(t), Torma

%ummmmm»z—émerﬂﬂ; (1.96)

#1(t) —x2(t) =0, Z2(t) —u(t) =0 Vie Ay CA=][0,1];
(1.97)

u(t) e U(t) = {u(t)] — 6t <wu(t) <1} Vtel0,1]; (1.98)
X1 (O) = 0, 3’51(1) =0. (199)

Orpannuenus (1.4) Tuna HEPABEHCTB B 3a/1a49€ OTCYTCTBYIOT.

1) ®yukuua Jlarpanxka:

1
EE/ L(t)dt+1;
0
JlarpaHyKUAH:
L =—Xox1 + p1(d1 — x2) + p2(i2 — u) = p1d1 + paie — H;
dyukiusa [oarparmma:
H = piz2 + pou+ Aoxy;

TEPMHWHAHT:

l=Mx (O) + )\2301(1);

Aos A1, A2; p1 =pi(t), p2 = pa(t) — uuciosbie u bynximo-
HaJbHBIE MHOXKUTEJIN .HarpaH)Ka.
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2) Cucrema ycioBuii npuHimna mMakcumyma B 3azade (1.96)—

(1.99):
a) cucrema ypasHenuii diiiepa—Jlarpamxka (i =1, 2):

~SEa )+ L) =0 (o hult) = -

OH(t)
pi(t) = =X, P2(t) = —pa(t);
6) ycnosus tpanceepcanbhoctu (k = 0, to = 0; k = 1,
t1=1;1=1,2):
ol
Ox(ty)

Loy(t) = (~1)F (& 5it) = (-1 50 ) =

51(0) =X, pi(1) = —Xa, $2(0) =0, pa(1)=0;

B) YCJIOBHE ONTHMAJIbHOCTH MO U:
rak KaK L(u) = —pou u H(u) = —L(u), To

4(t) = argabsminL(u) = argabsmax H(u) =
uel uelU
76ta 132(t) < 07
= 1, ﬁQ(t) >0,
Yu e U, pa(t) =0.

ITpu po(t) = 0 onrumasbHOE yrparienue 4(t) He ompe-
nesieno. Ecom nipu stom po(t) = 0 snunts B onHOM TOY-
Ke, TO yupasJjenue (t) MOXKeT ObITb POJIOJIZKEHO B ITY
TOYKY 0 HEMPEPBIBHOCTH — CJIEBA WU CIIpaBa. Kcou xe
P2(t) = 0 na yeaom ompesxe, TO Takoe ocoboe yTpaB-
senve 4(t) MOXKeT MOTPEOOBATE JJIS CBOETO OIpPEIeTe-
HUSI BBIXOIAIINX 34 PAMKH TPUHIUTA MAKCHAMyMa II0-
HOJIHUTEJIbHBIX uccienoBanuii. Dyuxiusa po(t) onpese-
JisleT TOYKW II€PEKJI0YeHrsl yipaBjenus 4(t) u sBiser-
cs1 B 9TOH 3a7a9€e GYHKYUET NEPERAIOVEHUS YNPABACHUS
a(t).

) yCJOBUS CTAMOHAPHOCTH 110 tg, 1 OTCYTCTBYIOT, Tak
Kak tg, t1 — dbukcuposanbl (tg =0, t; = 1);
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M) YCJIOBHS JOTOJHSAONIEH HEKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e HeT ycaosuii (1.4) Tuna HepaBeHCTB;

€) yCIOBHE HEOTPHIATENLHOCTH: Ao > 0;
k) ycaosue HEPOH;

3) yCJIOBHE HOPMHUPOBKYU MHOXKHUTEJe Jlarpamnka.

3) AnopMauibHbBIH cory4daii 5\0 = 0 B 3a7a9e HEBO3MOXKEH, TaK
Kak npu A9 = 0 u3 ycuoBus a) caenyer: po(t) = —Ct + Ch;
p2(0) =0, p2(1) =0 = C1 =C =0 = po(t) =0, t €[0,1],

2 5 =0,te0,1], =% A\ =0, \s =0 » HEPOH.

Ilpu Ao > 0 (cm. yeosue e)), momoxus Ao = 2 (yciosue
HOPMUPOBKH), mpeobpasyeM ycnosus (1.97), (1.99), a)-B) B
KpaeByIo 3a7a4y (KpaeBylo 3a/1a9y MPUHIATIA MAKCUMYMA):

L1(t) Io(t),
/j:Q(t) (0 t)v
—6t, pg(t) <0,
a(t) = { 1, pa2(t) >0,
Yu e U, pat) =0,
Z?l (t) = 727
ﬁQ(t) = - (t)7
fl(O) = 0, 531(1) = O; ]52(0) = 0, ]52(1) =0.

(1.100)
B 3710it Kpaeroit 3a7a1ue HEM3BECTHBI IETHIPE TTOCTOSTHHBIE WH-
TerpupOBaHUA ee cucTeMbl JuddepeHInaIbHbIX YPaBHEHHIH,
U I MX OIPEJETCHHS MMEETCs 4eThIPE KPAeBbIX YCJIOBUA.
YeaoBus 6): p1(0) = A, p1(l) = —X2, B KDaeByIo 3aa-
49y He BKJIIOYAIOTCS, TaK KAK OHUM CJIyXKAT JJIs ONPEICIeHUs
MHOKHTENECH A1, A, KOTODBIC HA DEIIEHUe KPACBOH 331441
HE BJIUAIOT, ¥ TOTOMY UX ONpPEIeaTh He Tpebyercs. Permuwm
KPaeByIo 3a7a4y.
Tax xak pi(t) = —2t + a, 10 pa(t) = t2 — at + 3. Ilpu
sToM u3 yeaosuit po(0) = 0, pa(l) = 0 cuemyer: o = 1,
B=0.A rorma po(t) =t> —t <0 Vt € (0,1), u u3 ycnosus
onTuManbHOCTH nomyanM: 4(t) = —6t Vi € [0,1]. A Tak kax

i(t) = —6t, 2(0) =0, #(1) = 0, 10 &(t) = —t>+t ¥t € [0,1].
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4) Uccaenyem nosydennyo skcrpemans Ilonrpsiruna Z(-) Ha

a0COIIOTHYO ONITUMAJILHOCTh. HemocpeacTBeHHOi MpOBEpPKOii
nokakeM, 4ro Z(-) mocramisierT (hyHKIMOHATY aGCOTIOTHBIH
MakcuMyM. Bosmyrtum dynkimo #(-) mocpencrBoM dhyHK-
uuu x(-), Tak urobbl dynkuusa I(-) + x(-) ocranace gomnycru-
moit. B paccmarpusaemoit 3amave Gynkmus Z(-) + z(-) Oy-
ner pomycrumoit, ecmu z(-) € KC?([0,1]), 2(0) + x(0) = 0,
#(1)+xz(1) =0, —6t < #(t)+&(t) <1 Vt € [0, 1]. Tax xax 1o
yerosmio 3agaun #(0) =0, (1) = 0 u &(t) = —6t V¢ € [0,1],

To z(0) = 0, z(1) =0, 0 < &(t) < 1+ 6t Vt € [0,1].
Onpegennm ¢ y9eToM TIOJTy9eHHBIX YCJIOBUI 3HAK MPUPAIIE-
Husg PYHKITHOHATIA:

I(A() ()) (fﬁ(

fol fo (t)d(t *%)E

H(0)(t >\ - D=

0 f ot (s )=

=~ -0 +1 @ t)dt =
= 0+ )x(t)dt.

AT

~

Tax xax t2 —t <0, #(t) >0 Vt € [0,1], To (2 —t)#(t) <0
vt € [0,1] u AI < 0. A sr0 o3nagaer, 4T0 1PHU JHOOLIX
JIOTYCTUMBIX BO3MYIIEHNAX x(+) TOJy9IEHHOTO permenus Ii(-)
dbyurumonas I He yObIBAET, U CJI€IOBATEILHO, HA, YKCTPEMA-
m &(t) = —t3 +t goctHraercsa ero abCOTIOTHBIH MAKCHMYM.

Ipu srom sup I(z(+)) = absmax I(x(-)) = I(Z(:)) =0, 25.

IIpumep 3. 3adavwa ONMUMAABHO20 YNPABAEHUS C KPLESHIM
YCA0BUEM MUNG HEPGBEHCMEA.
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I(2() = /O (#2(1) + 42(£)) dt — in,

—1<i(t)<0 Vte[0,1], =(0)=0, =(1)+3/4<0.



Permrenne

0) Popmanuzarms: obozHauuM I (t) = u(t), Torma

By(z(-),u(:)) = /o (u?(t) + 4x(t)) dt — inf; (1.101)

#(t) —u(t) =0 Vte Ay C A=0,1]; (1.102)
u(t) € Ut) = {ult) — 1 <u(t) <0} Vte(0,1); (1.103)
2(0) = 0; (1.104)

z(1) +3/4<0. (1.105)

1) ®yukims Jlarpanxka:

1
EE/ L(t)dt+1;
0
JIATPAHKAAH:
L= M\o(u? +4z) + p(d — u) = pi — H;
dbynxumsa [MorTparuua:
H = pu — \o(u® + 4z);

TEPMHWHAHT:

1= \z(0) + Az(1) + 3/4);

Aos A1, A3 p = p(t) — uncioBbie N GYHKIHOHAIBHBIA MHO-
skutenan Jlarpamka.

2) Cucrema ycsoBuii puHIMNA MakcuMyMa B 3agade (1.101)—
(1.105):

a) ypasuenue Ditnepa—Jlarpanxa:

8ﬁ(t)> N

—= LW+ L) =0 (&5 =-—

ﬁ(t) = 45\0;
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6) ycnosus tpancepcanbhoctu (kK = 0, to = 0; k = 1,
ﬁ,z 1)
al
Ox(tx)

Lalts) = (-1 (& 800) = (-1 50=) =

p0) = A, p(1) ==X

B) YCJIOBUE ONTUMATIBHOCTH TI0 U:
tak Kak L(u) = Au? —pu u H(u) = —L(u), 10

4(t) = argabsmin L(u) = argabsmax H(u) =
uelU _ u€evu
= argabsmax (p(t)u — Aou?).
—1<u<0
Tak xax muoxkectso U(t) Vi € [0,1] — samrnymoe,

TO ONTHMAJLHOE YIIPAaBJIEHHE HEOOXOIUMO HAXOIWTD
KaK 3HaYeHHEe apryMeHTa U, HPU KOTOPOM (DyHKIHS
H(u) = pu — Aou? TUpuHEMaeT HaHOO/IbIIEE 3HAUCHHE
Ha 3aMKHYMOM MHoxcecmee — orpeske —1 < u < 0.

) yCJOBUS CTAMOHAPHOCTH 110 tg, 1 OTCYTCTBYIOT, Tak
Kak tg, t1 — dbukcuposanbl (tp=0, t; = 1);

1) YCJIOBHE JOIOJIHSAIONIEH HEKECTKOCTH:

A (2(1) +15/16) = 0;
€) yCJIOBUSI HEOTPUIATELHOCTH: 5\0 >0, A > 0;
k) ycaosue HEPOH;

3) yCJIOBHE HOPMHUPOBKY MHOXKHUTEJe Jlarpamnka.

3) PaccMoTpuM BO3MOXKHOCTBH B 3aJa4e aHOPMAJBLHOTO CJIydast
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Mo = 0. IIpu A\ = 0 u3 ycosmit a), 0): ﬁ(t) =0, p(1) = —,
crenyer p(t) = —A Vt € [0,1], u 1o Bropomy ycsioBHIO €)
BO3MOXKHBI 2 ciy4dast: A =0 u A > 0.

Ecim A =0, 10 p(t) = 0 Vt € [0,1] u o mepBoMy yc/1081I0 6)
A1 = 0 — Bce muOKuTeH Jlarpanka o6paruiuck B HOsb. Ho

970 mpotuBopeunt ycaosuio HEPOH, u mostomy mpu A = 0
331998 PEINIEeHUs HE UMEeT.



Eci A >0, 10 p(t) = —A Vi € [0,1], H(u) = pu= —u, n
M0 YCJIOBHIO B):

a(t) = argabs max (—\u) = —1.
—1<u<0

A Torma 3 yemosmit (1.102), (1.104): z(t) = —1, #(0) = 0,
nonyunm: &(t) = —t Vt € [0,1]. Ho sra dyHKIms He ymoBie-
TBOpSIET ClleIyiomeMy Tpi A > 0 U3 yCIOBHS JIOMOIHSIOMmEH
HexecTkocTH yenosnio Z(1) 4+ 3/4 = 0. B urore monyvaem,
qTO Caydai 5\0 = 0 B paccmaTpuBaeMoit 3a/7a9€ HEBO3MOYKEH.
Ipu Ao > 0 (cu. yeoue €)), momoxus Ao = 1 (ycaoBue HOp-
MUDPOBKH), peobpasdyem yciosust (1.102), (1.104), a)-8), 1) B
KpaeByio 3a7a4dy (KpaeBylo 3aja4y NPUHIMIIA MAKCUMYMA):

&=,
p=4,
@ = arg abs max (pu — u?);
gabsm, (b A )A (1.106)
2(0) =0, p(1)=-X A-(2(1)+3/4)=0;
A>0.

B sr10it kpaesoil 3a7ave HEM3BECTHBI JIBE TTOCTOSTHHBIE WHTE-
rpupoBanus ee cucteMbl auddepeHnnaabHbIX YPABHEHUN ©
MHOXKHUTETh 5\, U J1J1s UX ONPE/IEJIEHUS UMEETCS Ba KPAEBbIX
YCJIOBHS U YCJIOBHE JIOTIOIHSIONIEH HEXKECTKOCTH. YeoBue 6):
p(0) = A1, B KpaeByIlo 3a/ady He BKJIOUAETCs, TAK KAK OHO
CIIyKUT JIJIst OTIPEIEJICHUS MHOXKWUTEJIS A1, KOTOpBIH HA pe-
IIIeHNe KPAeBOi 33,1491 He BJIASET, U IOTOMY €r0 OIPEeIeITh
He Tpebyercs. Pemmm 3Ty KpaeByio 3amady.

Tak kak p(t) =4, p(1) = —\, 10 p(t) = 4t—4—\ Vt € [0,1].
B coorBercrum ¢ [IpaBunom perrenuns 33849 ONTHMAILHOTO
YIPABJIEHUS C YCIOBUEM JOMOTHSAIONMIEH HEKECTKOCTH HEOOXO0-
JUMO PACCMOTPETH /IBA TOACTyYasd: A=0u \>0.

Ipu A\ = 0 ycJaoBue TOMONHSIOMEH HEKECTKOCTH BBITOJHSI-
ercsa apromarmyecku. OJHAKO B 3TOM CIydae IMOCTE OIpe-
nesenust Z(-) B coorsercrBumu ¢ IlpaBusiom Tpebyercs mpo-
BepKa mcxonHoro mepasencrsa (1) + 3/4 < 0. C yuerom
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104

p(t) =4t —4 <0 ¥t € [0, 1], u3 yc0BUs ONTHMATBLHOCTH 110
u onpenenumM i(t):

W= py2 1< p)/2<0

_ ~1, 2%t —2< -1 7
=\ 2t—-2, -1<20-2<0
~1, 0<t<1/2,

2 -2, 1/2<t<1.

A Torna

(t) /Oﬁ(t)dt{ —t+Cy, 0<t<1/2,

t2—2t+Cy, 1/2<t<1,

Tak kak #(0) = 0, To C; = 0, a mockonbky dysxms Z(¢)
nenpepbisaa (2(-) € KC'([0,1]) (em. Bhime § 1. m.1)), To
U3 yCJIOBUS HEnpepbIBHOCTH 5TON (pyHKumu npu ¢t = 1/2:
—-1/2 = 1/4 — 1 + Cy, caeayer: Cy = 1/4. B pesyubrare
mpu A=0 srcTpemasbio IlouTpsaruna Oyner dyHKIUS

=7 0<t<1/2,
x(t){t2—2t+1/4, 1/2<t<1. (1.107)

IIpoBepka HA MOIYYEHHOI KCTPEMAH HCXOJHOTO HEPABEH-
crBa £(1) + 3/4 < 0 mOKa3bIBaET, YTO OHO BHITIOJIHSETCS.

Ilpu A> 0 us YCJIOBUSA JIOTIOJTHATOIIEH HEKECTKOCTH CIIe/[yeT:
#(1)+3/4=0. Tak kak p(t) =4t—4— A <0 Vt€[0,1], To

10 aHAJIOTUH CO ciaydaeM A = () U3 yC/IOBHS ONTUMAIHHOCTH
10 U TOJIYYINM:

ﬁ(t) _ {L p(t)/QS*]-
p(t)/2, —1<p(t)/2<0

~1, 2%—2-3/2< -1
2%—2-X/2, —1<2t—2-1/2<0

~1, 0<t<1/24 \/4,
- {27:—2—5\/2, 1/24+ M4 <t<1+)\/4

Il
—N

A Torma

a(t) = —t+ Ay, 0<t<1/2+A/4,
Sl -2t - AJ2+ Ay, 1/24+0/4<tE <1+ N/4



Tak kak £(0) = 0, To Ay = 0. A tak kak Z(1) = —3/4,
0 1—2—A/2+ Ay = —3/4, Ay = A\/2+1/4. I3 ycnosus
HenpepoiBHOCTH byukimu &(t) mpu t = 1/2 4+ A\/4 caeayer:

—1/2-\4=

= (1/242/4)2=2(1/24+A/4)—(N/2)-(1/24X/4)+A/2+1/4,

AMA—4)=0.

Cﬂyqaf{l A =0 paccmorpen Boimme. Ecin A = 4, 1O
1/24+A/4=3/2>1mn &) = —t, 0 <t < 1. Tak Kax
ycaosue Z(1) = —3/4 npu 5TOM He BBINOJIHAETCs, TO CJIydail

A = 4 HEBO3MOKEH.

Uccrenyem nonmydennyio skcrpemans Z(-) (1.107) na abeo-
JIIOTHYIO ONTHUMAaJIbHOCTH. HemocpeicTBeHHOH TTPOBEPKOIt 0-
KaxkeM, 4ro Z(-) mocrasisier PyHKIMOHATLY aOCONOTHDIA Mu-
HUMyM. [iis 3TOro BO3MYTHM &(-) mOCPeACTBOM (DYHKINH
x(+), Tak urober dbynkuus (-) + x(-) ocramack IOMyCTH-
moit. B paccmarpusaemoii 3anaue dyuxius Z(-) + z(-) 6y-
aet gponycrnmoii, ecm z(-) € KC'([0,1]), #(0) 4+ 2(0) = 0,
z(1) +z(1)+3/4 <0, -1 < &(t)+z(t) <0 Vt € [0,1].
Tak kak %(0) = 0, &(1) = —3/4, o z(0) = 0, z(1) < 0.
IIpu 3TOM OrpaHuyYeHne Ha TPOU3BOIHYIO PACIAIAETCS HA 1BA
YCJIOBUS:

—1<-14+42() <0 Vtel0,1/2] &
0<a(t)<1 Vtel0,1/2];
—1<2t—-24(t) <0 Vte[l/2,1] &
1-2t<a(t)<2-2t Vte[l/2,1].

OmpeniesinM ¢ y4eTOM TOJIy9eHHBIX YCJIOBHUIl 3HAK MpUpAIe-
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Husg PYHKITHOHATA:

Al = I(@() + () = I(2() =

fl[(a:—i-x) +4(m+x dt—fo 22 4 4)dt =
2f, @ 'dt+f0 2dt+4f0zdt2

2f0 'dt+4f0 t=

2f0 :ca:dt+4f0 t—ll)z

v 1l

2 [ didt +4x(t) - (t—1)| —4[(t—Didt=
0

fOQ:m:dtJrO fo (t—1Didt =

fo (22 — 4t + 4)i dt =

= f,P@-aidt+ [},0 pdt=

= [1?(2-4t)idt.

Tak kax 2 — 4t > 0, 0 < i(t) < 1 ¥t € [0,1/2],
(2 —4)&(t) > 0 ¥t € [0,1/2], [1/*(2 — 4t)idt > 0, u
moromy Al > 0. A 310 o3Hauwaer, 4TO TP JHOOBIX 10-
MYCTUMBIX BO3MYyIIeHUsiX «(-) TMOJydeHHOro perrenust ()
dyuknnonaa I He yObIBaeT, U CAeI0BATEIHHO, HA SKCTPEMa-

au &(-) pocruraercs ero abCoMOTHBIA MuHuMyM. IIpu 3mom

inf I(z(-)) = absmin I (z(-)) = I(2(-)) = —7/6.

Ilpumep 4. 3adaua ONMUMAALHOZ0 YNPABAEHUA — 3a6004G
OvLcmMPOdeticmeus ¢ U30NEPUMEMPULECKUM YCAOBUEM TNUNG PABEH-
€cmea, ¢ GUECUPOBAHHBIM HAUAALHILM U HEPUKCUPOBAHHDILM KOHEY~
HOM 3HAYEHUAMY Pa30601 nepemeHHoT.

T(z(-),u(-), T)=T — inf, T > 0; (1.108)

z(t)+z(t) —tu(t) =0 Vte Ay CA=10,T]; (1.109)

ut) e U={u(t)| —1<wu() <2} Vte|0,T];(1.110)

/Tcos u(t)dt—1=0, z(0)—1=0. (1.111)
0

Orpannuenue (1.4) Tumna HEPABEHCTB B 331a9€ OTCYTCTBYET.
Permrenne

0) ®opmanuzanus: 3a0a9a yKe dopManiu3oBana.
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1) ®yukuua Jlarpanxka:

L= /TL(t)dt+l;
JIArPaHKHAAH: ’
L=p(@+x—tu)+ X cos’u =pi — H;
dynxims [MorTparuna:
H = p(—x + tu) — X - cos® u;

TEPMHWHAHT:

1= XT 4+ A (2(0) — 1);

Aos A1y Ay p = p(t) — gucaosbie u GYHKIMOHAIBHBIA MHO-
xkutenn Jlarpanxa.

2) Cucrema ycioBuii npuHimuna Makcumyma B 3azade (1.108)—

(1.111):
a) ypasuenue Ditnepa—J/larpanxa:

~SL) + B =0 (=5 = -

OH (t)
Ox >:>
p(t) = p(b);
6) ycmosma Tpamcsepcaiproctn (k = 0, to=0; k=1,
tAl = T)

ol
Ox(ty)
p(0) = M, H(T) = 0;

B) yCHOBI/Ie OIITUMAJIBHOCTH IO U:
tak Kak L(u) = —ptu + Acos?u u H(u) = —L(u), To

Lg(ty) = (—1)F

) ol

@(t) = argabsmax H(u) = argabsmin L(u) =
uelU . uelU
= argabsmin (\cos? u — p(t)tu),
u€[—1,2] .
= argabsmax (p(t)tu — Acos® u),
u€[—1,2]
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) yCJOBUE CTALMOHAPHOCTU HO 1y OTCYTCTBYIOT, TAK KaK
to — dukcuposano (to = 1); ycioBue CTanmOHAPHOCTH
mo T':

s . ol
7 =0 (@H(T)—a—T):

D) (=&(T) + Ta(T) — Aeos® a(T')) = No;
1) YCJIOBHS JTOTIOJHSAONIEH HEXKECTKOCTH OTCYTCTBYIOT, TaK
KaKk B 3a7ade ner yciopuil (1.4) Tuma HepaBeHCTB, a

ycnosue T > 0 u3 cucrembl ycaopuii (1.4) HCKIIIOUEHO U
CUUTAETCS] TIPOBEPOUHBIM;

€) YCIOBHE HEOTPHIATETBHOCTH: Ao > 0;
k) ycaosue HEPOH;

3) yCJIOBHE HOPMHUPOBKHU MHOXKHUTEJei Jlarpamnka.

3) Vemosusa (1.109), (1.111), a)-r), €)-3) TpeACTABISIOT COOOM
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KpaeBy1o 3a7a4dy (KpaeBylo 3a/1a4y MPUHIUIA MAKCUMYMA):

&= —i(t) + ta(t),

B =),

@(t) = argabs min (A cos? u — p(t)tu);
u€[—1,2]

H(T)(=#(T) + Ta(T)) = Aeos a(T) = Xo,  (1.112)
fOT cos® u(t) dt =1,

2(0)=1, p(T)=0;

T>0; X >0,

ycnosue HEPOH, ycnoBue HOpMUDOBKH.

B s7oit kpaesoil 3aaue HEM3BECTHHI JBE TOCTOSTHHBIE WH-
TerpupoBaHus ee cucrembl aud epeHnaTbHbIX yPABHEHN,
Bpemst 1’ 1 MuOoxuTenn Jlarpamka Ao, A (5 Heu3BeCTHDIX),
U /ISl UX ONPEJIEJIEHUS] UMEETCSl CJIEICTBUE YCJIOBHS CTAIIUO-
HAPHOCTH TIO T, M30TIEPUMETPHYIECKOE YCJIOBHE, NBA KPACBHIX
YCJIOBUS W YCJIOBUE HOPpMUPOBKH (5 ycsoswmii). Ilepsoe ycio-
Bue 6): p(0) = A\l B KpaeByIo 3a/1a4y He BKJIIOUAETCH, TAK KAK
OHO CJIyKAT JUIst OIIPEJIeTEHHs] MHOKHTENS A1, KOTOPBI Ha
pelenne Kpaesoii 3a1a9l HE BJUSAET, U MOTOMY €ro ONpejIe-
JaTh He Tpebyercsa. Pemmm kpaesyio 3amaqy.



Tax kak p = p, p(1) =0, 1o p(t) = 0, ¢t € [0,7]. A Toraa

@(t) = argabsmin (Acos? u), —Acos? a(T) = Ag. Tak kKak B
u€e[—1,2]

MOCJIeJTHEM PABEHCTBE o > 0, cos® ﬁ(T) >0, 10 A<0.

Ecim A = 0, 10 Ao = 0. A mockombky p(t) = 0, ¢ € [0,7],

A1 = 0, To He BonosHseTcs yeaoue HEPOH.

Ecn A < 0, 10 @(t) = argabsmin(Acos?u) = 0 =
u€e[—1,2]

W(t) =0, t€[0,T]; =A =X >0 = Ao =1 (ycnosue HOp-

MUPOBKH ); fOT 1-dt=1 = T =1; &(t) = —2(t), #(0) =1

= 2(t)=e"t Vt€]0,1].

B pesyspraTe pemenns KpaeBoit 3a1a1 MPHHIATIA MAKCHMY-

Mma nostyuaem: Bpems T' = 1; yupasaenue 4(t) =0, ¢t € [0,1];

skcrpemanb [lonTpsaruna &(t) = e~ Vt € [0,1].

4) Hccaenyem nosydeHHoe perienue Ha aBCOTIOTHY O ONTUMAIIb-
Hoctb. [Ipeanonoxkum, uro cymecrsyer T (3uadenue yHK-
nmonasna), s kotoporo T < T = 1. QueBnana oreHKa:
T= fOT 1-dt > fOT CPSQ u(t) dt = 1. ITockoabKy 1Mo npemo-
aoxkennio T' < 1 =T,amooneake T'> 1,10 T =1=T.
A 5T0 03Ha"aeT, YTO B paCCMATPUBAEMON 3a1a4e T=1—
abCoMIOTHO MUHUMAJIBHOE 3HadYenue T .

B urore monyaaem:

inf 7 (z(-),u(-), T) = absminT(x(;),u()A,T)E
= T((),a(),T) =T =1,

at) = 0, telo i

2(t) = et Vte|o,1]

Ilpumep 5. 3adauwa onmumasbH020 YNPABAEHUA, 6 KOTO-
Ppoli pewerue CYuLecmeyem AUWs 6 AHOPMAADHOM CAYHAE — NPU
Mo =0.

T (z(+)) = «(1) — inf,
to1<at)<t+1 Wtel0,1], «(0)=0,

/l(ﬁ(t) ota(t))dt = —1/3.
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Permrenne

0) Popmanuzarnust: obosmaumm &(t) — t = wu(t), Torma
—1 < w(t) <1 Vtel01], nu ucxoguas 3amada npeobpasy-
eTcd B 3a7a9y ONTHMATLHOTO YIIPABJICHUS:

T(z(-),u(-)) = z(1) — inf; (1.113)

() —u(t)—t=0 Vte Ay CA=]0,1]; (1.114)

u(t) e U(t) = {u(t) — 1 <wu(t) <1} Vte[0,1]; (1.115)

z(0) =0, /1(332(15) — 2tz (t))dt +1/3 =0. (1.116)
0

Orpannuenus (1.4) Tuna HEPABEHCTB B 3a/1a49€ OTCYTCTBYIOT.

1) ®yukuua Jlarpanxka:

1
EE/ L(t)dt +1;
0
JIArPAHKUAH:
L=p(d—u—t)+\Nz? —2tz) = pi — H;
dyukiusa [oarparmma:
H=p(u+t) — \a? — 2tz);

TEPMHWHAHT:

I = Xox(1) + A1z(0);

Aos A, A1y p = p(t) — uncioBbie U GYHKIHOHAIBHBIA MHO-
xkutenn Jlarpanxa.

2) Cucrema yc/aoBuii IpuHIUMNA MakcumyMma B 3agade (1.113)—
(1.116):

a) ypasuenue Ditnepa—J/larpanxa:
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6)

r)
o)

e)

ycaoBusi Tpancsepcaiabnoctu (k= 0, to = 0; k = 1,
tl = 1):

al
Ox(tx)

A ol

La(tr) = (-1)*
p0) = A1, p(1) = =Xo;
YCJIOBHE ONTHMAJIBHOCTH 1O U
rak kKak L(u) = —pu u H(u) = —L(u), 10

4(t) = argabsmin L(u) = argabsmax H(u) =
uelU uelU
713 p(t) < Oa
= argabsmax (p(t)u) =< +1, p(t) > 0,
~1<us<l VueU, pt)=0.
Ecmu p(t) = 0, t € [0,1] B M30IMPOBAHHBIX TOYKAX,

B YACTHOCTH, B OJHOI TOUYKe, TO ympasyenue 4(t) Mo-
2KeT ObITb IPOJIOJKEHO B 9TH TOYKM (TOYKY) 1O Herpe-
pbIBHOCTH — cJjieBa uim cupasa. Eciau xe p(t) = 0,
t € [0,1], na membix orpeskax (orpeske): p(t) = 0,
t e [Tli,TQi], T < Toi, 1 <1 < k‘, 1< k< o0, TO
ONITUMAJIbHOE YIIPABJIEHUE W3 YCJIOBUSA ONTUMAJIBHOCTH
OIIPEJC/TATH HEJIb3s, U JJis OIPEJIEICHA TAKOTO 0c06020
yIPaBJIeHUs MOTYT HOTPEeOOBATHCH BLIXOIMIIHAE 34 PAM-
KM OPUHIAIA MAKCUMYyMa JIONOJHATEbHBIE HCCIEI0Ba-
HUSA.

YCJIOBUA CTAIMOHAPHOCTH MO tg, t1 OTCYTCTBYIOT, TaK
Kak tg, t1 — dukcuposannt (tg =0, t; = 1);

YCIIOBAS TOTIOJIHAIONIEH HEZKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e HeT ycaosuii (1.4) Tuna HepaBeHCTB;

yC0BHE HEOTPHUIIATENBHOCTH: Ao > 0;

k) ycaosue HEPOH;

3) ycJOBUE HODMHUPOBKM MHOXKUTeseil Jlarpanka.

3) Banuriem M30NEPUMETPUIECKOE YCIOBUE B BHUJIE:

0— /01(9%2(12) ota(t) dt + % E/Ol(fc(t) _#2dt,
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u npeobpadyem yciosus (1.114), (1.116), a)-B), €)-3) B Kpa-
eBYyI0 3a7a4y (KPaeByIo 3a7a4y MPUHIAIA MAKCUMYMa):

) = a(t)+t,
p(t) = 2A&(t) —1),

-1, ) <0,
at) = { +1,  p(t) >0,

20) = 0; p(1)=-Ao; [, (&(t) —t)2dt =0;
Ao > 0; ycnosue HEPOH; ycnoBue HOpMUPOBKH.
(1.117)

B sr10it kpaesoil 3a7ave HEM3BECTHBI JIBE TTOCTOSTHHBIE WHTE-
rpupoBaHus ee cucteMbl auddepeHnraabHbIX YPABHEHUN U
MHOKHATEH A, Ao (4 HEM3BECTHDIX), U JJI UX ONPEICTICHUS
UMeEeTCsl JIBA KPAEBBIX YCJIOBHUsI, U30IEPUMETPUIECKOE YCIIO-
Bue u ycjioBue HOpMupoBku (4 yciosus). Yeaosue p(0) = M
B KPaeByIo 3314y HE BKJIIOYAETCs, TAK KAK OHO CIYXKUT JIJIst
OTIPE/IETIEHNS] MHOSKHTENIS A1 , KOTOPBIH Ha PEIeHne KPaeBoil
33199 He BJIUSIET, W MOTOMY €r0 ONMpeIessaTh He TpebyeTcs.
Pemnm a1y KpaeByto 3amady.

U3 BXOAAMEr0 B KPAEBYK 34Ja9y HW30TIEPIMETPHYECKOTO
ycnosusi cenyer: &(t) —t = 0 V¢ € [0,1]. Ilpu atom Kpa-
eBoe ycioeue #(0) = 0 aBromMaTW4ecku BhImosHsieTcs. Tak
Kak npu &(t) —t = 0 mmeem: p(t) = 0 V¢ € [0,1], 10 ¢ yue-

ToM Kpaesoro yeaosus H(1) = —Xg momyuaem: p(t) = —Ag
vt € [0,1].

Eciu \g > 0, 10, npunsis Ao = 1 (ycioBue HOPMHPOBKHM),
nonyuum: p(t) = —1 < 0 V¢ € [0,1]. Ilpu srom u3 yciosusi
onTuMmanbHOCTH caenyer: 4(t) = —1 Vt € [0,1], m motomy
(t) = —1+t. A mak kak £(0) = 0, To Z(t) = t2/2 —t

Vt € [0,1]. Ho 910 permenue He yIOBJIETBODSIET H30TIEPUMET-
PUYECKOMY YCJIOBHIO fol (x(t) —t)2dt = 0. Iloatomy B caydae
Ao > 0 pemrenne Kpaepoil 33491 U, CII€I0BATENBHO, HCXOJ-
HOIl 3312491 ONTHMAJIHHOTO YTIPABJIEHUS HE CYIIECTBYET.

Ecin Ao = 0, T0 pt) = 0, t € [0,1], n ynpasnenne u(t)
W3 YCJIOBUSA ONTUMAIBHOCTH TIO U OMPEIEJUTh HEIb3sA. DTO



ynpasnenue mpu Ao = 0, p(t) = 0, t € [0,1], Gyzer oco-
6oim. Ero moxmo ompenenuts u3 yeaosusi &(t) = a(t) + t,
noxcraus B Hero Z(t) = t. ITocie mOACTAHOBKY MOJIyYNM:
w(t) =1—1t Vt €[0,1]. Bamernm, uro yciorne HEPOH npu
STOM BHITIONHsETCS, TaK Kak Ag = 0, p(t) = 0, ¢t € [0,1],
)\1 =0, a A — n1060€, B 9aCTHOCTH, A # 0, 9o caesyer us
muddepentmaabHoro ypastenns st pt): 0 = 2X-0. B uto-
re TIOJIy9aeM, YTO pellieHneM KPaeBoil 3a/1a4n MPUHIIATIA MaK-
CUMyMa W, CJIeJI0BATeIhbHO, MCXOTHON 3aa4¥ ONTHMAJIBHOTO
yIpapienus GyieT anopmaivnoe pelenne: Ao = 0, ()=t
Yt € [0,1] ¢ ocobvm ynpassenuem U(t) =1 —1t Vt € [0,1],
npuueM p(t) =0 Ve € [0,1], A =0, A — m060e, He paBHOE
nymo. TlockombKy Ag = 0, GYHKIHOHAT HA 3TO PelleHHe He
BJIVISIET.

Uccnenyem TOMYyUEHHYIO SKCTpeMaib (9KCTpeMaiah IIoHT-
paruma) Z(t) = ¢t Vt € [0,1] ma abcosrOTHYIO OI-
tumasnbHoCTh. g 3roro Bo3myTtum  Z(+) mOCpeacTBOM
dbyukuuu  z(-), tak uyrobbr ¢yukuus () + z(-) ocra-
Jack gomyctumoii. B paccmarpuBaemoil 3amade QyHKIHSA
&(-) + x(-) Gymer momycrmmoit, ecrm xz(-) € KC'([0,1]),
#0) 4+ x(0) = 0, t —3 < &(t) + &(t) < t+3 vt € [0,1],
Jo l@(0) + 2())? = 20(@(t) + x())]dt = —1/3. A max xax
t(t)=t, (0)=0,10 z(0) =0, t —4 < &(t) <t+2,

[ (@2(8) — 2t2(8)) At + [y (22(8)2(t) — 2ta(t)) di+
+ a2t dt = —1/3

& 1340+ [f22t)dt = —1/3 & [ja2t)dt = 0
< z(t) = 0, t € [0,1]. Tocaeanee TO)K,Z[eCTBO 03HaqaeT,
9TO B 33J1aU€ €CTb TOJbKO OJHA JOMYCTUMAsl SKCTPEMAJIb:
Z(t) =t Vt € [0,1], n ee gomycTUMBIE BapHalnM, KaK U JI0-
nycraMble Bapranuy byHKIHOHATA, HEBO3MOXKHEL Tak Kak
@) + z(t) — a(t) —u() —t = 0, To u(t) = &) = 0,

€ [0,1], m moromy 4(t) =1 —¢t V¢ € [0,1] — enmHCTBEH-
Has JOMycTUMas ynpasasiomas dbyHakmusa. B utore mosyda-
eM, 4TO 3a/a4a UMEeT eJMHCTBEHHOE DEIleHHe, Ha KOTOPOM
JOCTUTAeTCs: AOCOMIOTHBIA MUHAMYM (QYHKIMOHATA, U 3TO
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— aHOpMAAbHOE PerneHue ¢ 0cobbim ynpasenuem: Ao = 0,
Z(t) =t vt € [0,1], 4(t) = 1—1t V¢ € [0,1]. IIpn sTOM
inf 7 (z(-)) =absmin 7T (z(-)) = T (2(-)) = 1.

IIpumep 6. 3adaua oNMUMAABHO20 YNPABAEHUA, 8 KOMOPOT
ONMUMANDHAA MPAEKMOPUA COOEPHCUM, YHACMOK € 0COOBLM YNPas-
AEHUEM.

2
I(z(),u() = /O 2%(t) dt — inf; (1.118)
i(t) —u(t) =0 VteAgCA=]0,2] (1.119)
ut) eU) = {ut)| — 1 <u(t) <1} Vtel0,2; (1.120)
z(0)—1=0, z(2)=0. (1.121)

Orpanunuenus (1.4) Tuna HEpaBEHCTB B 33/1a4€ OTCYTCTBYIOT.
Perrtenue

0) ®opmanuzanus: 3a1a4a yxKe GopMasin3oBaHa.

1) ®yukuua Jlarpanxka:

2
EE/ L(t)dt +1;
0
JlarpaHyKUAH:
L = X2® +p(d —u) = pi — H;
dyukiusa [onrparmma:
H = pu — \oz?;

TEPMHWHAHT:

1= XM(z(1) — 1) + Aaz(2);

Aos A1, A2; p = p(t) — uucnosbie u GYyHKIMOHAIBHbBIA MHO-
xkutenn Jlarpanxa.

2) Cucrema ycioBuii npuHimMna Makcumyma B 3azade (1.118)—

(1.121):
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a) ypasuenue Ditnepa—J/larpanxa:

6) ycnosus tpancepcanbhoctu (kK = 0, to = 0; k = 1,
tl = 2)
al
8x(tk)

L(tr) = (-1)F

B) YCJIOBUE ONTUMATBHOCTH TI0 U:
rak kKak L(u) = —pu u H(u) = —L(u), 10

w(t) = argabsminL(u) = argabsmax H(u) =
uelU uelU
= argabsmax (p(t)u) =
—1<u<1
717 p(t) < Oa
= +1, p(t) > 0,
Vu € [*17 1]7 ﬁ(t) = 0;

') yCJOBUsS CTALMOHAPHOCTH 1O tg, t1 B 3a7a4e OTCYyTCTBY-
10T, TaK Kak tg, t1 — dbukcuposansl (to=0, t; = 2);

1) YCJIOBHS JTOTOJHSAONIEH HEKECTKOCTH OTCYTCTBYIOT, TaK
Kak B 3aja4e Her yciaosuii (1.4) Tuna HepaBeHCTB;

€) yCJIOBUE HEOTPHUIATEJbHOCTH: A9 > 0]
k) ycaoene HEPOH;
3) yCJIOBHE HOPMHUPOBKYU MHOXKHUTEJe Jlarpamnka.
3) AnopmasibHblii ciyuail \g = 0 B 3a7a9e HEBO3MOXKEH, TAK KaK

npn Ao = 0 u3 ycaosust a) cieayer p(t) = const Vt € [0,2] u
BO3MOXKHBI TPU TOAC/IyYadA:
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) p(t) = const < 0 Vi€ [0,2] 2 a(t) = —1 Vit € [0,2]
(149 —t+ A ¥t € [0,2]; Tak kak £(0) = 1,

29 a)
(2) =0, To A ue cyiiecrByer;
(1) = const > 0 Vt € [0,2] 2 a(t) =1 vt e [0,2]
YUY 54) = t+ BVt € [0,2]; tak xax 2(0) = 1,
Z(2) =0, o B He cyulecrByer;

<>

=
s

~v) p(t) = const =0, t € [0,2] 9 A =0, Ag =0 — Bce
muOxkuTenu Jlarpanzxka obpaiaTcs B HOJb (He BBIIOJI-
usiercst ycaopne HEPOH).

Tak Kak Ao # 0, T0 1O ycjaoBUIO e€) X > 0. IIpunsas
No = 1/2 (ycsoBue HOpMEPOBKM), npeobpasyem ycJOBUs
(1.119), (1.121), a), B), k) B Kpaesylo 3a1a4dy (KpaeByio 3a-
Jlavdy OPUHIUIA MAKCUMYyMa):

-1, p(t) <0
() =a(t) =4 +1, pt) >0 |

Yu € [~1,+1], p(t) =0 (1.122)
p(t) = (t);
2(0)=1, #(2)=0

B sr10it kpaesoil 3aave HEM3BECTHBI JIBE TTOCTOSTHHBIE WHTE-
TPUPOBAHUS €€ CUCTEMBI TudHepeHInaIbHBIX YPABHEHW, 1
JUTsl UX OIpeJIeSIeHIsT UMEETCsT JIBA KPAEBBIX YCJIOBUs. YCJIO-
Bug 6): p(0) = M, p(2) = —X2, B KPAaeByIo 3a/ady He BKJIO-
YalTCsd, TAK KAK OHU CJIy2KAT JJIs OIPeIe/IeHrs] MHOYKUTE e
A1, Az, KOTOpBIE HA PEIIEHHe KPACBOH 33/[aUn HE BIMSIOT, U
MOTOMY WX OTPEJENATh He Tpedyercs. Permmm 31y KpaeByro
3a71a9y.

Yrobbr m36ekaTh aHAIN3a BO3MOXKHBIX BAPHUAHTOB pelle-
HUS KpaeBo# 3amadm, “yragaeM” peleHne HCXOTHON 3a-
maun (1.118)—(1.121) omTWMAaJbHOTO YMpPABJIEHWUs, HA KO-
TOPOM JIOCTUTAETCS aOCOTIOTHBIN MUHUMYM (DYHKIIHOHAIA
I(x(-),u(-)), MOKayKeM, 9TO OHO SIBJISIETCSI DEIeHNEM Kpae-
BO# 3a/1a9¥, W HEIIOCPEJICTBEHHON IIPOBEPKOil ybeammMmcs, 9To
Ha “yragaHHOM’ pEIleHuu JOCTUTAeTCs abCOTOTHBIN MIHU-
MyM dyukimonana. CaenaeM 3To.



Crpykrypa dynkuuonana (1.118) nokasbiBaer, 4ro ero ab-
COJIIOTHBI MUHUMYM jgocTuraercs mpu z(t) = 0, t € [0,2].
Ho mpu sTOM He BbImosHsiercst Kpaesoe ycaosme x(0) = 1.
YT00bI BRIMIOJIHATH 3TO KPAEBOE yCJIOBUE, “monpaBuM’ (HyHK-
muio &(t) = 0, t € [0,2], u B KauecTBe peIleHUs BO3bMEM

GyHKIIHIO:
o 1=t te]0,1]
m“)_{ 0, tell,?]

3amaume. Ilocrpoiite rpacuk 3Toit (PyHKIHH H, 0OPATHB-
much K uexoaHoi mocranoBke (1.118)—(1.121) zanaydn, mnpn-
BEJHTE apPryMEHTHI, TIOYeMY HMEHHO 3Ta (DYHKIHS C YI€TOM
g depeHnnaapHOro ypaBHeH s, KPAEBbIX YCJIOBUI H yCJIO-
BUIf HA ympaBjeHHne OyaeT JOCTaBJSTH (DYHKIIHOHATIY abCco-
JIFOTHBIIf MAHIMYM.

)

Dynkuus () TO3BONSET ONMPEESUTH YAOBIETBOPSIOIIHE
yCJI0BUsAM KpaeBoil 3agauu dbyuxiuu 4(t), p(t).

IIpounTErpUpPOBaB ypaBHEHUE ﬁ(t) = Z(t), momyunm:

— 2 4 ay, telo,1]
A _ 2 ) s L]y
p(t) N { az, le [17 ]7

rme ay, G — TIOCTOSHHBIE WHTETPUpOBaHWA. Tak Kak
dynxmms p(t) mempepeisra mpm t € [0,2] (mockombKy
p(-) € KC'([0,2])), To 3 yciOBHSA HENPEPLIBHOCTH 3TOM
dyuximuu npu t = 1 TIOMyYEM CBA3b MEXKIY a1 U dg:
a2 = a1 + 1/2.

IlepBoe ypaBHeHHEe KpaeBO# 33724l MO3BOJISET OIPEIENUTD
yupasienue 4(t):

1
2

[0,
[1,
TToCKOMLKY W3 YCJIOBHS ONTUMAJBLHOCTH TIO YIMPABICHUIO U
crenyer, uro 4(t) = 0 Bo3mMoxHO Jwmmb mpu p(t) = 0, a B
paccMarpuBaemMoM ciaydae 4(t) =0, t € [1,2], To p(t) = 0,
t € [1,2]. A mockonbky ynpasnenme u(t) = 0, t € [1,2],
HeJIb35 OIPEJIEUTh U3 YCJIOBUs ONTHMAJILHOCTH 1O U (Tak
kKak p(t) = 0, t € [1,2]) (cMm. ycaoBue B)), TO ympaBjieHne

mwﬂo{&Lii ;L
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u(t) =0, t € [1,2] — ocoboe ynpasaenue. Tak kax p(t) =0,
t € [1,2], T0o az = 0, a Tak KaK QyHKIWMA p(t) HEmpephIBHA
mpu t=1,710 a3y =—1/2m

_2/9 _
ﬁ(t):{f), t2/2 —1/2, teﬁ:

1],
2].
3amernM, 9TO compsiKeHue Berweil rpaduka byHKuuM p(t)
npu t =1 — raagkoe.

Bagauue. Hapucyiire rpacuk ¢ynkmun p(t) n noxaxkure,
9TO COMPST>KEHHE BeTBel rpacguka npu t = 1 mponcxoanr ¢ co-
XpaHeHHeM MPOH3BOJAHOI (T/1aK0): ﬁ‘tzl =—(t— 1)|t:1 =0.

B urore nomydaem, 910 penieHreM KpaeBo 3, 1a9u IPUHITUIIA
makcumyma (sxcrpemadibio Ilonrpsaruna) Gyner dyunkums:

[ 1-t, telo1],
&(t) { 0, tell,2],

¢ ywacmrom 0cobozo ynpasaenus npu t € [1,2].

Uccaenyem nosydennyio skcrpemasb I(-) Ha abCOIIOTHYIO
ONTUMAJBHOCTh. HemocpeacTBeHHON TPOBEPKOI MOKAXKEM,
yro #(+) mocraBiser QyHKIMOHATLY abCOMIOTHBI MUHUMYM.
Has sroro Bosmytum Z(-) mocpemcrBoM dynkimu  z(-),
Tak 4Tobbl dyHKIMs Z(-) + x(-) ocramack momycrumoii. B
paccmarpuBaemoit 3amade dbyukuus I(-) + x(-) Oymer mo-
nycrumoii, eciu z(-) € KCY([0,2]), 2(0) + x(0) = 1,
£(2) 4+ 2(2) =0, =1 < &(t) +i(t) <1 ¥t € [0,2]. Hockoms-
Ky no ycmaosuio 3amaun £(0) = 1, #(2) = 0, To z(0) = 0,
x(2) = 0. Ilpum 3T0M OrpaHWuYEHWe Ha TPOU3BOIHYIO PaC-
najaercsa Ha gBa ycaosus: 0 < #(t) < 2 ¥Vt € [0,1] u
—1<i(t) <1 Vtell,2].

Omnpeenum ¢ y9eToM TOIYYeHHBIX YCIOBUIT 3HAK MPHUpAIIe-
Hust QYHKITHOHAIIA:

I@() —2() - 1(2()) =

fOQ(:Eerth [Za2dt =

2f0 a?xdt—l—fox dt>2f0 Frdt =

= 2f/(1—tadt+2 70 zdt=2 [ (1 - t)zdt.
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Tak kak z(0) = 0w 0 < @(t) < 2 Vit € [0,1], To z(t) > 0
vt € [0,1]. A mockompky 1—t >0, 10 2 [} (1—t)z(t)dt > 0,
u moromy Al > 0. A 310 o3HAYAET, YTO TPHU JIOOBIX J10-
HyCTUMbBIX BO3MyIeHusaX z(-) HOy4eHHOro pernenus Z(-)
dbyurumonas I we yObIBAET, U CJI€IOBATEILHO, HA, YKCTPEMA-

au Z(-) mocruraercss ero abcoOTHBIH MUHEMYM. Ilpn sTOM
inf I(z(-)) = absmin I (z(-)) = I(&(-)) = 1/3.

KommenTapmit k pazgeay 1.3

B paszmene 1.3 ma npumepax MOKA3aHO Kak B 3a7a9aX KJIACCHIe-
CKOTO BapUAIMOHHOTO UCYUCIEHUs, 3aa9axX Jlarpanxka u 3a1adax
ONTUMATBLHOTO YIPABJIEHUS IPUHITUT MAKCUMYMA MO3BOJISIET Oy~
9aTh KCTPEMAJIbHBIE perienus (IKcTpemanu [ToOHTparuHa), cBOIs
KaXK/IyI0 W3 3TUX 337a49 K KPAEBOH 3a/ad9e /i CUCTEMbI OOBIKHO-
BeHHBIX auddepennuanbHbIX ypaBHennit. PaccMoTpens! 3amaun ¢
ocHoBHbIMU THHAMK (DyHKIKOHAIOB (DyHKIMOHANAMU JlarpaniKa,
Maiiepa u Bousbiia), 3a1a4u co 3HAYUTEJLHOI 9aCTHI0 BO3MOXKHBIX
BapuaHTOB JuddepeHnaabHbIX CBA3€ll, OrPAHNYEHN HA YIIPaB-
JIeHVW€e, KPAEBBIX YCJIOBWIl THUITa, PABEHCTB W HEPABEHCTB, W30MEPU-
MeTPUYECKUX YCJIOBUil TUTIA PABEHCTB W HEPABEHCTB, a TAKIKe 33,13~
Y9Hd, B KOTOPBIX PEIEHUE CYIECTBYET JIUIIh B AHOPMAIBHOM CJIydae
(5\0 = 0), u 3312491, B KOTOPBIX PEILEHUE COAEPIKUT yIACTOK C OCO-
OBbIM yIIPABJICHUEM.
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dononuenue K raase 1 (B. M. Tuxomupos)

1. O mpuniune Jlarpan>ka

HpeﬂCTaBﬂﬂeTCH TIOJIE3HBIM O3HAKOMUTH YUTATEIA TTPAKTUKY-
Ma, C KOHIENIuei mpuHimnma Jlarpams:ka BHITUCHIBAHUS HEOOXOIHN-
MBIX YCJIOBUM IKCTPEMyMa B 33/1a4ax Ha IKCTPEMYM, B YaCTHOCTH,
B 3a/1a49aX OIITUMAJIbHOTO YIIDAaBJI€HUA.

B mpakTrkyme paccMaTpuBaeTcs CAEAYIONAs 3aa9a MAHUMU-
3anum (3T0 Ta e 3371a4a, 9ro u (1.0)—(1.4) ):

8o
(&) <0, i=1,...,m,

Bi(€) =0, i=m'+1,....m, (1.123)
@(t) — p(t,x(t),u(t) =0, u(t) €U(R).

Baecy E = {& = (z(),u(-), (to,t1))} — mpocrpancTBo
KCY(A,R") x KC(A,R") x R?

COCTOAIIEE W3 KyCOIHO—HENPEPBIBHO au(EepeHIupyeMblx n—
MepHbIX QyHKIui z(-), KyCOUHO—HENPEPBIBHBIX ©"—MEPHBIX (DYHK-
it w(-) mmap (to,t1), t; € R, A — 3a7aHHBIl KOHEYHBIH OTPE3OK,
to,t1 € int A, {U(t)} — cemeiicTBo mogMHOXKecTB 13 R,

B;(§) = :01 fi(t,x(t),u(t)) dt + i(to, 2(to), t1, 2(t1)),
fi :RxR" xR" — R,

P; : R X R™ xR x R™,

p:RxR"xR"— R",

1 =0,1,...,m.

Ecm U(t) = R", 1o (1.123) wnaswmBaior 3sadaued Jla-
2pamoica W PACCMATPUBAIOT €e B (6AHAXOBOM) MPOCTPAHCTBE
;. = COYA,R") x C(A,R") x R? (mempepnisro mudbde-
peHIupyeMbIx n-MepHbIX GbyHKmuiA x(-), HENPEPBIBHBIX T-
MepHbIX byHkumit u(-) w map (to,f1), t; € R ¢ HOpwmoii
I€llz, = maxlaC)ley + I2()lc) + [tol + 1] Barasy (1.123) na-
3BIBAIOT 3a0auell ONMUMAALHOZO YNPAGAEHUS (6 NOHMPALUHCKOT
popme). duement & HasbiBaeTCd JONyCTUMbIM (B 3aiade Jlarpan-
JKa WA 3a/1a9€ ONTUMATBHOTO yIIPABJIEHNUS ), €CITH OH JIEZKAT B PO~
CTPAHCTBE =] WJIM, COOTBETCTBEHHO, B = W YJOBJIETBOPSAET BCEM
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OrpaHMYEHHUAM. [ OBOPAT, 9TO 3JIEMEHT E = (E(~),ﬁ(~),tA0,f1) Io-
CTABJISET CUAbHOIT MUHUMYM 6 3adaue (1.123), ecau cywecmey-
em wucao € > 0 maxoe, wmo daa 4106020 donycmumozo sne-
menma £ = (x(-),u(-),to,tl)A, ydosaemeopaowsezo Hepasencmey
lz(-) = ZC)lle(to,t])) + [to — tol + [t1 — t1] < &, evinoaneno nepa-
sencmeo By(§) — Bo(g) > 0. Bagauy Jlarpanxa ucciaeayor u Ha
CAGOBLT MUHUMYM, T. €. JJOKATHHBI MUHUMYM B TIPOCTPAHCTBE =1 .

Wnero Jlarpamka, BBICKA3aHHYIO UM JIJIsT KOHETHOMEPHOM TJI1aI-
KO# 33/1a9um ¢ paBeHCTBaMHW B 1797 10Oy, MOKHO TIPUMEHSITH JIJIsS
BECbMa IIMPOKOr0 KJIACCa 3aa4 THIIA

fol) - min, fiz) <0, 1<i<m, F(z)=0, (1124)

r7e UMEeeTCS MUHUMHU3UPyeMblil (DYHKIMOHAJ, KOHEYHOE HYHUCJIIO
HEPABEHCTB M, BOOOILIE TOBOps, GeckoHeyHoe 4ducjo paseHcrs (F
0TOOpAarKaeT MPHU ITOM MCXOIHOE JHHEHHOe TPOCTPAHCTBO X B JApPY-
roe JuHelHOe pocTpancTBo Y ). B wactHocTH, 33maua Jlarpamnxka
OTHOCHUTCS K PACCMATPUBAEMOMY KJIacCy 3a/ad. 3a/1a9a OTTHMATb-
HOTO yIIPABJIEHUS HE OTHOCUTCH K HEMY, HO OKOHYATEIbHBIN PEe3yIib-
TaT COOTBETCTBYeT mieosoruu Jlarpamxa.

OBpuctrydecku, 6e3 TOYHOrO (hOPMYJIUPOBAHUS YCJIOBWIA, TIPU
KOTODBIX mjest Jlarpanzka ocyiecTBuMa, ee MOXKHO BBIPA3UTH TaK:
ecAU 66l TOMUME HATUMU AOKAALHOIT Munumym 6 sadaue (1.124),
cocmasvme Pynryuro Jlazpansica

L) =Y Nifile) + (', Flx)
=0

(2de nabop mmooicumenets Jlazpanoica A cocmoum u3 wucea \;,
0 < i < m u aunetinozo gynryuonara y' na Y ) u npumenu-
me neobzrodumoe ycaosue murumyma ¥ 3adave L(x,\) — min,
Kak OyaTo mepeMeHHbIe He3aBUCUMBI. IIpu smom Hado yuecms
ewe 06a 06CMOAMEABCMNEA, CEAZGHHBLL ¢ HEPAGEHCMEAMU: HUCAO-
6bLe MHONCUTNEAU JONHCHDL OBIMb HEOMPUYUATMEALHBL U BBLTOAHEHDL
pasencmea A;fi(x) =0, 1 < i < m (Ha3bIBaeMbIE YCA068UAMU 00-
noanaowet nescecmrocmu). Halizig Bce 3/1€MEHTBI, YI0BIETBODSI-
fOIIUE MIOJyYeHHBIM yPaBHEHHUAM, CJIeAyeT 0TOOpaTh TOT, 3HAYEHHUE
GYHKIMOHAJA HA KOTOPOM MHUHHMMAJILHO, U TOI/A 3a/a4a Oyaer uc-
cllefioBaHa 70 KOHIEA (€C/IH, BIPOYEM, U3BECTHO, U4TO 331498 MMEET
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permenne). ITokaxkem, KaK 3TO NPUMEHATH JIJIST NCCIEOBAHAS 38,14~
w (1.123).
®yuxnusa Jlarpanxa 3agaun (1.123) umeer Buz (310, pasyme-
eTcd, Ta e (DYHKIHUs, 9TO BHIMUCAHA HA CTP. 13 MpakTUKyMa):

LEN) = TLoNBIE) + [, p() - (5(8) = p(t, o(t), u(t))dt
= ;1 L(t,x(t),x'(t), ( ))‘)dt+l(t0a ( ),tl,l'(
L(t,’l},’i}, u, >‘) = ZZZO Aifl(ta x, u) +p( ) : (I - @(t,%,u)),
U(to, z(to), t1, x(t1),A) = Div o Nibi(to, x(to), t1, x(t1)).
Onement £ cocrout u3 Tpex cocrapisomux: z(-),u(-) u (to,t1), n

uzes Jlarpanzka npeanmuchBaeT paccMoTperb Tpu 3anaun (dbukcu-
Py /iBé KOMIIOHEHTbI U3 TPEX):

1), ),

L(z(-),u ()’@0@)) — min (mo z(-)); (1.125)
L(z(-),u(), (to,t1)) — min (1o u(+)); (1.126)
L(z(-),u()), (to,t1)) — min ( mo (tg,t1)). (1.127)

Banada (1.125) u 3amaga (1.126) B caydae, eciiu Ha U HET Orpa-
HUYEHWUH, OTHOCATCS K YUCTY 33/1a9 BaPHUAMOHHOTO WCYUCTIEHUS
6e3 orpannueHuii (ux HA3LIBAIOT 3adavamu Boavuya); 3ama9u TUNIA
(1.126) (c orpanmuenueM u(t) € U(t)) MBI Ha3BIBAEM npocmedusU-
MU 3a$00%AMYU ONMUMANLHO20 Ynpasaenus; 3aaa4u (1.127) — aaad-
xue 3adavwu 6e3 ozpanuvenuti B R?. Temepb OCTAIOCH JIHIIb BBIIN-
caTh HeOOXOMUMBbIE YCJIOBHUS IKCTPEMYMA JIJTsl IEPEUNCTEHHBIX TPEX
3a,/1a9.

1) Heo6xoaumsble yciioBusi MuHUMyMa byHKnyu () B
3ajjade BoJbiia

B () = [ L0, (0t +1(alio) () — min

to

) — La(t ) = 0 u ycaosul

~

COCTOAT U3 YpasHeHus JMsepa —dif (t
mpanceepcasvrocmu Li(t;) = (=1 )ZA y, & = 0,1 (rme, xak
obbramo, Lg(t) = L(t,Z(t), 2(1)dt, Lo,y = Lo (@(to), 2(t1)) u

T. 1),
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2) Heo6xomumpie yciaoBusi Muanmyma dyHKoun u(-) B
mpocreiirieii 3a7a4e oNTUMAJIBLHOTO yIIpaBJIeHUs

ot u(®)dt — min,  u(t) € U()

to

COCTOAT U3 CJIEAYIOIIEro YCA08UA MUHUMYMA:

min Y(t, u(t)) = P(t, u(t))

ueU(t)

(B TOUYKAX HENPEPHIBHOCTU KYCOYHO HenpepbiBHON GyHkumu U(t).
3) HeoGxoauMmble ycaoBUs MUHEMyMa mapbl (lo,t;) B
rIaaKoil 3amade 6e3 orpanmdenuit h(tp,t;) — min cocrosr
U3 Yeaosudl CMayuoHaPHOCTI: g—g)(tAo,a) =0, %(%7a) =0.
Ecnu tenepnr npunoxkuth 31U dopmysbl K 3agadam (1.125)—
(1.127), To mosyunm, 4TO HEOOXOAUMBIE yCIOBUA B 3ana4de (1.123)
COCTOAT U3

a) ypaszenus Jitnepa (mo z(-)):

d ~ ~
— = La(t) = La(t) =0, (1.128)

b) ycmoBmit TpaHCBEpCANTBHOCTH TO Z(-):
Li(ti) = (=1)'Laqr), i=0,1, (1.129)
¢) yciaoBuit Mmunumyma (1o u(-)):

Jmin L(1,5(0), 5(0),u) = (1), (1.130)

d) ycsioBuii TpaHCBEpCAIBHOCTH 11O t:

%(E,,\) =0, i=0,1. (1.131)

Ecsn uccnenyercs 3amaga Jlarpamrka na ciabbiit MUHAMYM, TO BMe-
cro (1.130) BeIMUCHIBaeTCS
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¢') ypasuenue Diinepa (no u(-)):
L, (t) = 0. (1.132)

Temepp MOKHO CPOPMYTUPOBATH TOIHBIN PE3yabTAT.

Teopema (o npuniume Jlarpanxka 1s 3amaun (1.123)).

a) Ilycrp E JOIyCTUMbII 31eMeHT B 3a1a4e Jlarpanxka (1.123)
a f, fz, fu, ©, O, pu_ HEINPEPBIBHbL B OKPECTHOCTH rpagpuka
{(t,Z(t),q(t)), t € [to,t1]}. Torma, ecm & gocrapaser cabbrii M-
HUMyM 3aJa4de JlarpaHxka, TO BbIIOJHEHbI coorHOmenus (1.128),
(1.129), (1.132) u (1.131).

b) Ilycrp € — gouycruupli saeMeHT B 3ajade (1.123) onru-
MAJIBHOTO YIPABICHNA, 1 [, fo, @, Py, HENPEPBIBHBI B OKPECTHOCTH
mmoxectsa {(t,Z(t), U(t)), t € [to, 11]}. Torma, ecam € gocrapaser
crIbHBIH MHHEMYM 3ajade (1.123), To BBITOJIHEHBI COOTHOIIECHHS

(1.128), (1.129), (1.130) u (1.131).

Pemennsa 3amaqa

Jlanee MBI ciieayeM eIWHOMY IJIAHY: BO—TIEPBBIX, COCTABJISIEM
dyukuumio Jlarpamxka (®JI), npu cocraBienun ®JI He BKIOYA-
eM cjaraembie 1Mo (PUKCHPOBAHHHBIM TPDAHUYHBIM YCIOBHSAM, UOO
COOTBeTCTBYyOINE MHOXKHUTen Jlarpanxka nenndopmarusabl. Bo—
BTODBIX, BBIIUCHIBaEM ypaBHenus itiepa (YD), yciaoBus Tpanc-
Bepcanbroctu (YT), yenoBus munumyma (YM) u pemaem mosty-
YEHHBIE COOTHOIEHUs. B—TpeThux, 006CyKaaeM, 4To HARIEHO — B
BBIMTYKJIOM CJIy4ae, KOrja (pyHKIIMOHAT BBITYKJIbIH, 8 OrpAHUYEHUs]
JIMHERHDI, cpa3y MOJIy9aeTCs, ITO HANIeH aOCOTIOTHBIA MUHUMYM.
U, nakorel, BBIUCHIBAEM OTBET. BBUy TOTO, 9TO MBI MOCTYIAEM
9BPUCTUYECKN, & B 3AKJIIOYATEHHON YaCTH OOCYKIAEM TIOJTYUEH-
Hble pernenus, Bcerma mojgaraem B OJI \g = 1. Ilepexoaum k pe-
IIIEHUSIM.

1. J(x fo — 12tx)dt — min, z(0) = z(1) = 0.
DJI COBHa,Z[aeT c J. YS & = —6t. O6mee pemenue
2(t,C1,Cq) = t3+C1t+Cy . B cuy BbimykocTH 3312491, DyHKIHS,
VIOBJIETBOPSIIOIIAS KPAECBBIM YCJIOBUSAM, — aOCOTIOTHBI MUHUMYM.
Otger: Zv\(t) = —t3 +t € absmin.

2. J(z = [/ i2dt — min, 2(0) =0, T+z(T)+1=0
(T >0).
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QJI: fOT #2dt + \(T + x(T)). ¥Y3: & = 0, obmee pemenue ero (c
y4Y€TOM KpPaeBoro yciosus Ha jesoM kouue): x(t,C) = Ct. YT no
z: 22(T) = X\, YT mo T: i*(T) + X\ + @(T) = 0. Uz stux asyx

ypaBHeHuil mosydaeM Apa pemrennsi: x1(f) = —2t u x2(t) = 0.
Bropoe pemenne ornamaer, no6o rorna T = —1. HemocpeacTeenmoit
MPOBEPKO#i yOexKJaeMcest, 9To oTBeT: Z(t) = —2¢.

3. J(z() = [)(#dt — min, 2(0) = #(0) = #0) = 0,

2(1) = 1, (1) = 4, @(1) = 12. & [y addt — min, & = o,
.fQ = X3, Il(O) = 1‘2(0) = 1‘3(0) = 0, 3’51(1) = 1, 31‘2(1) = 4,
z3(1) = 12.
DJI: fol(acg + pl(il — 372) + pg(ig — $3))dt. Va: —pp = 0,
—po —p1 = 0, 2&3 = po. Orcioma momyuaem: z(® = 0.
C yueToM KpaeBbIX YCJIOBHIl HA JIEBOM KOHIE OOIIee pelleHue:
2(t,Cy, Co, C3) = C1t2 + Cat* + Cst5. B cuity BBITYKIOCTH 331291
GyHKIUSA, yIOBIETBOPAIOIASA KPAEBBIM YCJIOBHAM, — abCOTIOTHDIIA
vuanvym. Oteer: Z(t) = t* € absmin.

4. Ji(z() = [y (2% + 24t%2)dt — min, Jo(z(-) = [ tadt =1,

z(0) =1, z(1) =5.
OJ: [(2% + 24t%x + Maz)dt. ¥VI: 23 + 24t + A = 0. Obuiee
pemenue: x(t,Cy,Cq,C3) = t* + C1t3 + Cot + C3. Uz Tpannu-
HBIX U U30MEPUMETPUYECKOTO YCJIOBUs MPUXOJUM K DPABEHCTBAM:
Cs =1, C; + Cy = 3, 01/5+02/3 = 1/3 = (C; = 5,
Cy = —2. BBuay BwimyksiocTu 3amauu (QYHKIHS, YIOBIETBO-
pAONIas KPAEBBIM YCJOBHAM, — abCOMOTHBIH MuHUMYyM. OTBeT:
Z(t) = t* + 5t3 — 2t + 1 € absmin.

5. T — min, J(z() = [} #%dt = 1, 2(0) = 0, «(T) = 1,
(T >0).
q)ﬂ:fOT i2dt + T + Az(T). ¥: & = 0. C y4eToMm KpaeBoro ycjo-
BUSI Ha JIeBOM KoHIe obmree pemrenne: x(t) = Ct. YT mo x(-):
22(T) = =X, YT o T: i#*(T)+ 1+ X&(T) = 0, orkyna @(T) = 1.
Tosuyuaem enuncrsennoe pemenue x(t) =t u uz x(T) =1 cuemy-
er, uro T' = 1. Henocpecreennas npoBepKa MOKa3bIBAET, YTO 3TO
abcomorHprit MuaMyM. OTBer: Z(t) =t, T =1 € absmin.

B. M. Tuxomupon
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T'smasa 2.

Metoa cTpebObl IMCJIEHHOTO
pelieHns KPaeBbIX 3a/1a4
IIPUHIINIIA MAaKCIMyMa B 3a/1a49aX
ONTUMAJILHOTO YIIPaBJICHIS

Paccmorpum cymiectBo memoda cmpeavbo, (npucmpenru) Ha 1pu-
Mepe 33712491 ONTUMAJIBHOIO YIIPABJICHUSA:

t1

I(x(),u(-) = t fo(t,x(t), u(t)) dt — inf; (2.0)
z(t) — o(t,z(t),u(t)) =0 Vte Ay C [to,t1]; (2.1)
u(t) € U(t) Vi € [to, t); (2.2)
l‘(to) — T = 0, IIZ(tl) — T = 0. (23)

Bagaga (2.0)-(2.3) — uacrHblil ciayvail ucxognoit 3amagun (1.0)-
(1.4): B meii Besmuunbl to, x(tg), t1, x(t1) — durcuposanbr; or-
CyTCTBYIOT Orpanndenus (1.4) Tuna HEPABEHCTB; OTCYTCTBYET TED-
MWHAJIbHAs COCTABISAONAs B byHKIHOHAE:

Yo(to, z(to);t1, z(t1)) = 0,
OTCYTCTBYIOT WHTErPAJbHBIE COCTABIAIONE B ycaoBusax (1.3):
fu(t,z(t),u(t)) =0, 1<v<m+k,

a TepMHHANIBHBIE cocraBisiomue B (1.3) cOOTBETCTBYIOT KPAEBBIM
ycnoBusim (2.3):

Y1 (to, x(to); t1, x(t1)) = z(to) — 20 = 0,
o (to, x(to); t1, x(t1)) = z(t1) — 21 = 0;

o ectb B (1.3) i =1,2,...,m = 2n.
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Perrenne 3azaun (2.0)—(2.3) 3akiiodaercss B ONpeeIeHUN
ynpasasiommeii Bekrop—ynxmun (t) = (4'(t),...,a"(t))T u coor-
BeTcTByIomeii efi Tpaekropun Z(t) = (2'(t),...,2"(t))T Toukm z
¢a30BOTO MPOCTPAHCTBA, JABUKEHHE KOTOPOH OMUCHIBAETCS CHCTE-
MOl 06bIKHOBeHHbIX auddepennmanbubix ypassenuii (2.1), u Ko-
TOpad 3a BpeMd t; — lg, e tg, 1 — 3aJaHbl, JOJI2KHA IlepeiTn
n3 UKCHPOBAHHOTO HAYAIBHOTO TIOJIOXKeHNst x(tg) = xog B HuK-
CHPOBAHHOE KOHEUTHOE IOojIokKeHue r(fy) = 7 IpPHU YCJIOBUU, UTO
dyukumonasn (2.0) IPpUHUMAET TPU 3TOM MUHUMAJBLHOE 3HAUCHUE.
Wunexc “T” 3mech n gajiee 03HAYAET TPAHCIIOHUPOBAHUE.

Byaewm pemars 3aia4y B 1oHTpsAruHcKoit popme (¢ UCIOIB30Ba-
uuem Gyukumit H, 1). Creays nupaBusy pemieHust 33124 OINTUMAI b
Horo ynpasjenus (cM. m. 1.2), 3amumem dyuxmuio [onTpsruna:

H = (p,o(t,z,u)) = Mofolt, x, u),
TEPMUHAHT:
1= (M,2(to) —xo) + (Ao, x(t1) — 1),
¥ MIOJIHYIO CHCTeMY YCJIOBUI IIPUHIANA MAKCUMyMa (yCJIOBUsS a—3):

a) cucreMa ypasHeHuil Diinepa—Jlarpanka (ConpsykeHHAs CH-
cremMa):

@
asfl
=

= —(p(t), u (t, (1), @(1))) +Ao fou (¢, 2 (1), 8(2));
0) yCJIOBHUS TPAHCBEPCATHLHOCTH:

oo o Al
p(to) - ax(to) - )‘1) p(tl) - - )‘27

B) ycioBu€ ONITUMAJIBHOCTH IIO U .
ﬁ‘(t) = arg abs maXH(tv j(t)v u(t)vﬁ(t)a 5‘0) = ﬁ(tv j(t)af)(t)a 5\0)
u(t)eU(t)
Vt € AQ;
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I') YCJIOBHsl CTALIMOHAPHOCTH 110 Lo, {1 OTCYTCTBYIOT, TaK KaK to,
t1 bukcupoBaHbI;

1) YCJIOBUsI JOTOJIHSIOINIEH HEKECTKOCTH OTCYTCTBYIOT, TaK KAK
B 33jla9e HeT yCAOBUil TUIIA HEPABEHCTB;

€) ycroBue HeoTpHIATENHLHOCTH: Ao > 0
k) ycaoene HEPOH;

3) ycJioBHE HODMUPOBKHM MHOXKHTesell Jlarpan:ka.

ocae noacranosku ynpasnenus G(t) = wu(t, #(t), p(t), Ao) u3
ycioBus B) B ypaBHenus (2.1) u a) nosydum cucremy OObIKHOBEH-
Hbix Auddepernnanbabx ypapuenuit aua Gyukuuit &(t), pt):

i) = 25 = o080, 000,50, 30), (2.4
_OH(t)

*<ﬁ(t), P (ta ‘%(t)v u(tv j(t)aﬁ(t% 5‘0))> +
+5\0f0x(ta ‘%(t)a u(ta j(t)af)(t ) 5\0))

) = -2t

Pemenue cucrembr (2.4) DOIKHO yIOBIETBOPATH KPAEBBIM YCJIO-
BUsAM (2.3), yCIOBHSM TPAHCBEPCATIBHOCTH 0) W YCIOBHAM €)-3).
Tak OCyIIECTBIAETCA MEPEXO OT MCXOJHON 347491 ONTHMATBHOTO
yupasyernus (2.0)—(2.3) x KpaeBoit 3aa4e (KpaeBoii 3ajade IpUH-
[ANa MAKCUMYMa) JJIsi CUCTEMbI 27 00BIKHOBEHHBIX Juddepennn-
AJIbHBIX YPABHEHUIT TIEPBOro TOpsiika (2.4) ¢ 4n KpaeBbIME YCJIOBU-
M (2.3) ¥ YCJIOBUSIMH TPAHCBEPCAIBHOCTH 6) MPU JIOMOJHUTE b
HBIX yCJOBU#AX €)—3). B nosydenuoii Kpaepoii 3ajaue HEU3BECTHbI
2n NOCTOSIHHBIX MHTErpupoBanus cucrembl (2.4) u 2n + 1 MHOKU-
reneii Jlarpanxa Ao, A1, Ao (Bcero 4n + 1 Hemspectubix). s
UX OIpeJieJIeHns UMeeTCs 2n KpaeBbix yciosuit (2.3), 2n ycioBuit
TPAHCBEPCAIBHOCTU 0) U yCJIOBUE HOPMUPOBKU MHOxKuUTeJel Jla-
rpanxka (Bcero 4n + 1 yciaoBue), TO €CThb YHCJIO HEM3BECTHBIX B
KpPAaeBoii 3a/1a4e PABHO YUCJy YCJIOBUA JJisl UX ONPEIEICHHUS.
3amerum, 9To:

1) ycioBus TpancsepcasbiocTu 6) U3 IAHHOM KPaeBoil 3a/1a49u MOXK-
HO MCKJIFOYUTH, TIOCKOJBKY OHH CJIyZKAT JJIsl ONPEJIEIEHNUs MHOXKH-
Teneii Jlarpamxka A1, A2, KOTOpBIE B CHCTEMY (2.4) He BXOIAT, HA
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pellieHne KpaeBoil 3a1aun He BIUSIOT, ¥ IOITOMY WX OMPEIeIsaTh HEe
TpedyeTcs;

2) MHOXKUTETH Jlarpanka Ao B CHIIy YCIIOBHS HEOTPHIATEILHOCTH
e) aubo paBeH HyIIO (AHOPMAJILHBIA Ciydail, BO3MOXKHOCTH KOTO-
poro Tpebyer OTIeJbLHOrO aHAIKU3a), MO0 GOJIbINe HYJIs U € YIeTOM
YCJIOBHsI HODMUDPOBKU 3) MOXKET ObITh KOHKPETU3UPOBAH (MOXKHO,
HALIPEMED, IPHHATD Ao = 1) (cM. BbIIIE IPUMEPHI AHAJIUTUYECKOTO
peliieHus 3a7a4).

B urore nocsie uckinouenus ycjaoBuii TpancBepcaibHocTu 6) B
KpaeBoil 3a1a4e Ipu Ao > 0 (B wacTHOCTH, TIPU Mo = 1) ocraer-
Csl 2N HEU3BECTHBIX MOCTOSHHBIX MHTErPUPOBaHus cucreMbl (2.4), u
umeercs 2n ycaosuii (2.3) 1y1s uX OnpeieNeHus; mpu Ao =0 (anop-
MaJbHbI ciaydail) KpaeBas 3a7ada TpeOyeT JONOJHUTEJbHBIX HC-
ciieioBanumii (CM. Bbliie 06Cy2KI€Hre 3TOro ciy4as B paszuese “Kowm-
MEHTApUil K yCJIOBUSM a)—€)...” W NPUMEpPbl aHAJTUTHIECKOTO Pe-
LIEHUs] 3324 [IPU No=08m 1.3).

WreparmoHublit MPOIECC IUCIEHHOTO PelleHus 2100601 KpaeBoit
3aJ1aYN TPUHIMIA MAKCUMyMa METOJIOM CTPEILOBI, B YaCTHOCTH,
MOJIyYeHHO# KPaeBO# 3aatH, 3aKJIOYAETCsS B MOCIEI0BATETHHOM
pemenun cepun 3ama4d Kommm. nsa pemennsa 3amaqn Komm ¢ Ha-
YAJIbHBIMU YCJIOBUAME Tpu ¢ = g HEOOXOJAWMO 3HATH HAYATHHBIE
ycaoBus & (o), p(tog) u BXOAsiIUE B IpaBble yacTu cucreMbl qudde-
PEHIMAILHBIX YPABHEHUH KPaeBoi 3a1aun MHOKUTEIH JlarpaHka.
HemussecTHast 4acTh HAYAIBHBIX YCJIOBUH U MHOXKUTENeH Jlarpan-
2Ka, KOTOpas TOJJIeKUT OTPEIEJIEHNI0 B MPOIIECCe PEITIeHusT Kpae-
BOiI 3a7au, 00beuHsIeTCS B BEKTOp o = (a1,...,04,. .., Qp), Ha-
3bIBAEMBIIl 8ekmopom napamempos npucmpeary (o, 1 < i < p,
— napamempv, npucmpearu). VlrepannoHHblii IPOLECC YUCIEHHO-
ro pemenusi 3ama4un Korm npoozkaercs 10 oOpalienusi B HOJb
BEKTOP-(DYHKIUN, HA3BIBAEMOI 6exmop-Pynryuet neessox (CM. HU-
xke). O6cyaum 310 noapobHee HA IPUMEpPe PACCMAaTPUBAEMON 33,1~
qn.

Hna pemennst 3amagun Komm ¢ HAYaIbHBIMU YCJIOBUSME TIPU
t = to B paccMaTpmMBaeMoil 3a1ade HEOOXOIMMO OTNPEIeJUTh Ha-
JasbHble yeJaoBus P(ty) (HavaabHbIe yeaoBus I (ty) = xg — U3BECT-
HbI (2.3)). 3a1aB Kak-mo 3TN HAYAIbHBIE YCIIOBUS — N YWCEJ, TIPE/T-
CTABJIAIONINX B PACCMATPUBAEMON 3a/]a4e BEKTOP TAPAMETPOB TIPH-
crpenku p(to) = a = (a1,...,Qp), U DEIIUB YUCIEHHO HA OTPE3KE
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[to, 1] ¢ HavambubIMU ycanoBusmu E(tg) = xo, P(tp) = « 3amady
Komu ays cucremsr (2.4) (npeamoaraercsi, 9To perieHue 3a/1a49u
Kommn cymiecrByer), Haitaem mist 3agansoro o dyHkimn Z(t), p(t),
u(t) Yt € [to,t1] n, cemoBarensHo, 3HaYeHNe E(t1) = &1 . Ecaw mpn
9TOM KpaeBble ycsioBus I(t1) = 1 yuoBJjerBopsTcs (4TO MasioBe-
POSITHO, MOCKOJIbKY BEKTOD « 3ajaH “Kak-10”), 1O 3ajada Oyuier
pemena. Eciu ke KpaeBble yCIOBUs HE YIOBIETBOPATCS (1 # X1 ),
TO PaACCMATPUBAETCS BEKTOP:

XE’i’lf:Cl s X = (Xl,...,Xn)TE (:i’nfxn,...,’i‘nlfxnl)T,

Has3bIBaeMblil 6exmopom HeeA30k. IIOCKONbKY BEKTOpP I 3aBUCHT
OT HAYANBHBIX 3HAUEHUH o T1 = Z1(), TO OT o BymeT 3aBuCeTh u
BEKTOP HEBA30K X , TO €CTh 3TOT BEKTOP OyAET BEKTOP-(YyHKIINE:

X=X(a)= (XY ar,...,00), ..., X (a1, ...,a0))T. (2.5)

Ora BeKTOP-QYHKIIUs HA3BIBACTCH 6eKMOp-Pynryuels neesasox 1,
5, 7,8, 15, 16].

s perieHnst KpaeBoii 3a/1a4u HEOOXOIMMO HAWTH TAKOH BEKTOPD
a, ayist kKotoporo X («) = 0, 9T0 S5KBUBAJIEHTHO DPEIIEHNIO CHCTEMbI
n ajareOpanvecKux ypaBHEHWH IJId 7 HEM3BECTHBIX oy, 1 < i < n:

Xia) = X"a1,...,a,) =0, 1<i<n. (2.6)

Buauenust Bekrop-pyHkuuu X () s KaxkI0ro (GUKCMPOBAHHO-
ro (v ONPEJENATCA B PE3YJIbTATE YUCJIEHHOTO PEIEHHUs] HA OTPE3KE
[to, t1] 3amaum Komm st cucreMbl 0ObIKHOBEHHBIX nuddepentm-
aJbHBIX ypaBHeHwit (2.4) mopsigka 2n ¢ 2n HAYAJIBHBIMHU YCJIOBH-
avn x(tg) = o, p(to) = po = «. U3MeHsis « ¥ TeM CaMbIM Ha-
yasbhble ycaoBus ptg) = a, Heobxomumo “crpesnars’ (“npucrpe-
JquBarbes’), penias 3aza4dy Ko 10 Tex nop, noka xe npousoiiner
MOTIaIaHNe ¢ 3a/IaHHON TOYHOCTHIO B KOHEYHOE 3HaueHne x(t1) = a1
(mosHas aHAIOTHSA CO CTPEIBOOI U3 OPYAUs: NPUCTPEIUBASICD, TIOJI-
Oupas yroJ BbLIETa CHAPSAIA U3 CTBOJIA Opyaus (Yyroj BbuieTa — ma-
pameTp IPUCTPEJIKK ), HeOOXOJUMO JI00UThCs IONAIAHNS CHAPIA B
3aJIAHHYIO 1I€/Tb; 9T AHAJOTHS TOSCHAET IIPOUCXOXKIEHHE HCIIOJb-
3yeMoro repmuna ‘“memod cmpeavbn” (“npucmpenru)”).

JIns KaskIoro MOMEHTA ¢ TIpW YWCJIEHHOM WHTETPUPOBAHWN CH-
cTembl (2.4) ynpassgionias BeKTOp-hyHKIHsI

a(t) = (@' (t),...,a" ()"
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olpeJieJideTcs U3 yCJaoBus B) Makcumyma no u Gyukuuu H(u):
w — H(...,u,...), TO eCTh B pe3yJbTaTe DEIeHNs, BOOOIIE To-
BOPsI, HEKOTOPO#i 34497 HEJTMHEITHOTO MTPOTPAMMUPOBAHNUS. 3aMe-
THM, 9TO B PACCMATPUBAEMBIX B TIPAKTHKYME 3a1a49aX, KakK, BIIPO-
4eM, U B OOJBIINHCTEE MPHUKJIAIHBIX 33,189 ONTUMAIBHOTO YIIPaB-
JIEHWsI, PEMIAaeMbIX Ha OCHOBE NPHHIMIIA MAaKCHUMyMa, CTPYKTypa
dyukimn H (u) n maoxkecTBa U (t) MO3BOMSAIOT, KAK MTPABNIIO, OTIPE-
nesnth Gynkumo u(t) = u(t, z(t), p(t), o) B pesyabrare mpeaBa-
PAIONIETO YNCJEHHOE PEIICHUE 3a1a491 HECJIOKHOTO aHAJI34.

ITockombKy, 9TO ClemyeT u3 BHINECKA3AHHOTO, METO, CTPEThObBI
IPEICTABIAET COOOI NTEPATTMOHHBIN TPOIECC, PE3YIBTATOM KOTOPO-
ro JIOJ2KHO OBITH BBINOJHEHUE C 3aJAHHOM TOYHOCTHIO € HA HEKO-
Topom k-—owm Tare storo mporecca (pu a = of = (ak, ..., ak))
crcrembl yeaorwuit (2.6), HeoOXomnMo uMeTh (BBeCTH) (hyHKIHIO OT-
JINYHS HA KaXKJIOM k—OM IIare UTePanuOHHOrO MPOouecca npubim-
JKEHHOTI'O PEeIlleHus] CUCTeMbl ypaBHeHuil (2.6) oT ee TOYHOrO peiie-
nusa. B kagecTBe Takoit (pyHKIIMKM MOXKET ObITH B3dATa, HAIIPUMED,
craJisipHas QyHKIWS

S(a*) = Z(%iXi(a’“))Q (2.7)

— CYMMa K6adPamos HOPMUPOSAHHOLE HEE6A30K, WM WHAS HEOT-
PHUIIATEIBHO ONpeJeSIeHHAs, O0PAIIAIONIAACA B HOJMb TOJBKO IPH
X(a) = 0 dyskuusa. B kauecrBe HOPMUPOBOUYHBIX MHOXKUTEJIEH
3 MOKHO B3#Tb, HAIIPHMED, BEJINYUHbI, Ipeioxkennble P.II. ®e-
nopenxo [18, 19]. ®ynxmmsa S(a¥) mozsonser 3ammcats ycaosue
CXOMMOCTH WTEPAIMOHHOTO TIPOIIECCA:

S(aM Ty < S(a®), (2.8)

U yCJO0BHE OKOHYIAHWS HTEPAIIMOHHOIO IPponecca (ycJaoBue OKOHYA-
HUsl CUeTa):

S(a®) <e. (2.9)

IIpu perenny KOHKPETHBIX 33144 YCIOBUE OKOHYAHUS CIETA MOYKET
ObITH 3aMUCAHO U B MHOM, OTJIMYHOM OT (2.9), HO SKBUBAJIEHTHOM
eMy BH/JIe, YIUTHIBAIOIIEM ClenuduKy perraeMbix 33/1a49.

s aucneHHoro perenns 3aaa9u Ko MOryT OBITh HCITOJTb-
30BAHBI M3BECTHBIE METOMbI, HANPUMEp, METOH PAmoB Teiiysopa,
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KaKOH—1ru00 3 MHOTO3HAYHBIX METOI0B Wi MeTo10B PyHre-KyTTh
[6, 9, 20].

JLj1st oTIpeiesieHnst KOPHEH CUCTEMBI aredpaniecKux ypaBHeHui
(2.6) mMeeTcst MHOTO Pa3HOOODPA3HBIX MeToNOB [6, 7, 8, 9, 12, 13].
OnumieM ofMH U3 HUX — MOUPUUUPOSaHHbLlE memod Huromona
(nepBoOro 1opsijika) PeIleHus: CUCTEMbI are0pandecKux ypaBHeHuil
X(a) =0 (& X%(a) =0, 1 <i < n), — B NPEANOIOKEHNH,
gro X : R™ — R"™ — menpepoisao—auddepennupyemas (raaakas)
byHRIMSA.

Bosbmem B kadectse o B HagambHOM yeaosun p(ty) = a mexo-

topeiit Bektop o’ = (af,...,al)T. Pemms zamaay Komm s cu-

crempr (2.4) ¢ magampHBIME yenosuamu z(tg) = zo, plty) = aP,

TIOJIyIUM BeKTOp—(byHKL[I/IIO HEBA30K

X(ao) = (Xl(ao)v S 7Xn(a0))T,

0

rme X'(a®) = X(af,...,a2), 1 <i < n. Bo3bmem 3aTem BeKTOp
at=a’+Aat, tme ol = (al,...,al)T, Aot = (Aad, ..., Aal)T
U [OTOMY a} = a? + Aa;, 1 < j < n. Cuurasi, 970 TpUpPAIEHUS
A MaIBI ¥ BO3MOYKHO TpeJicTaBienue BekTop-bymrximn X (o) B
BHIE:

X(a) EX(OzO—i-Aal)%X(aO)—f—a—X

Aol
oo o5

a=al

onpesienm BekTop npupamenuit Aal uz ycaosus X (a) = 0, To
€CTb U3 yCJIOBHA:

X(a®) + ox

Aot =0.
Oa @

0

=
9TO yCIOBUE MPECTABIISIET CO00M MATPUYHYIO 3AMKUCh CUCTEMBI 7

JIMHEWHBIX HEOTHOPOIHBIX ajreOpamdecKux ypPaBHEHUl [Jis OIpe-
JIeJIeHUs 1 COCTABJIAIONUX BeKTopa Al :

0X
— ‘Aa' = —X(a?). 2.10
S| el = X() (2.10)
B paseepHyToM BHjie 3amuch cucrembl (2.10) Takosa:
— (0X(a") 1 i, 0 ;
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0X ;
O603HAYNB MATPUILY o la=a0 = HMTEO‘O)H (mampuyy Srobu)
o la=a j
nocpencteom X'(a), zamumenm cuctemsr (2.10), (2.11) B Buse:
X'(a%) - Aot = =X (). (2.12)

B pesynbrare pemennst cuCTeMbl TUHEHHBIX anrebpandecKnx ypas-
nenuii (2.10) (wm (2.11), wim (2.12)) onpenemurcs sektop Aal
HEN3BECTHBIX Aa]l, 1 < j < n. Cucrema JuHeiHBIX ajredpande-
CKUX YPABHEHW MOYXKET OBITH PElleHa U3BECTHLIMU MeTodaMu (Me-
rogom laycca, METOIOM OTpayKeHuii, METOJIOM TIOBOPOTOB U T.II.)
[6, 13]. ®opmarnbHO pertenne cucreMbl (2.12) MOXKHO 3anmcaTh B
BH/IE:
Aa' = —(X'(a%)"! - X(a0),

rme (X'(a%))”! — marpuma, o6parmas matpume X'(al).

Omnpegenus BekTop Aol = (..., Aa;, ...), 1 <j < n, naiigem

Bektop o = (...,qf,...), tae o = o) + Aaj, 1 < j < n.
Pemue panee 3amavy Komm mns cucrembr (2.4) ¢ HadaIbHBIME
yerosuamu x(ty) = xo, p(to) = al, HOMyYEM BEKTOP HEBAZOK
X(a') = (X(al),..., X"(a'))T u npoBepum ycroBre OKOHUAHHS

cuera (ycnosue (2.9) win 3KBUBasieHTHOE eMy ycsosue). Eciu ono
BBITIOJTHUTCS, TO BEJIMIUHBI oz]l, 1 < j < n, OyayT UCKOMBIMU TIPU-
GIIMKEeHHBIMY 3HAUEHUSIMY KODHeii cucrembl ypaBaernuii X (a) = 0,
a ecyid He BBIIOJHUTCH, TO 06pa3yeM BekTop o = ol + Aa? u mo-
BTOPUM BbIYMC/IeHUsA. B pesy/ibraTe MOSyYUM UmMepayuontyto @gop-
MYAY KAGCCUMECK020 memoda Hvromona:

Pt =aof 4 Ak E=0,1,2,.... (2.13)

Jomnoymaus dopmyiry (2.13) 9UCIOBBIM MHOXKHUTEIEM i , TIOJIYIUM
UMEPAUUOHHYIW POPMYAY MOOUPUUUPO8aHHo20 memoda Huromona
[1, 6, 7]:

APl = oF 4y AT, 0< <1, k=0,1,2,...,v. (2.14)

Bektop Ac*T! B (2.13), (2.14) bopMambHO MOKET GBITH TTPEICTAB-
JIeH B BUJIE:

Aokt = (X' (a®) 7L X(aF). (2.15)
B (2.13)-(2.15)
af = (o/f, o) X(ak) = (Xl(ak), . ,X”(ozk))T7

n
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X'(a*) — maTtpuna, i-ag cTpoka KOTOpOil paBHA
(X(a®) = (0X (o) )0k, ..., 0X (aF)/0ak),

(X' (a*))~1) — obpaTHas marpuma.

Yucao v, B dopmyne (2.14) peryaupyer BbIOOD Iuara mpu Ie-
pexoze ot k-oii k k 4 1-0if urepanuu ¢ UCIOJb30BAHUEM YCIOBUS
(2.8) CXOAMMOCTH WUTEPAIMOHHOTO MPOIECcCa. VIMeeTcs HeCKOIbKO
Pa3IMYHBIX CIIOCOOOB BHIOOPA BeIUYUH Yk . B KiraccmaeckoMm MeTo-
ne Hotorona v, = 1. B merone Heiorona-Padcona Bemumuuna
olpeJieJidercs Kak MuHuMyM (DyHKImK cpasHenus (2.7):

v, = min S(a* "1 4~ Aak).
Bt

OmnpeeieHne MUHIMYMa OCYIIECTBJISETCS B PE3YIbTATE TIPUMEHE-
HAS KAKOro—TubO MeTO[a OJHOMEPHOTO MoucKa. IIpm mcmoman3o-
Bauuu wmodupurayuy Hcaesa—Conuna Ha KaXKJIOW WTEpPALAU Vi
BBIOWPAETCS W3 YHUCJIA JIEMEHTOB KOHEYHOM MOCJIeJ0BATETbHOCTH
{1, 271 272 ... 27N} mpuuem vo = 1, 4% = min{l, 2y5_1}.
Ecnu ycnoBue (2.8) BBINOIHSETCS, TO JEJAETCS CIELYIOAs UT€Pa-
[Usl, €CJM HE BBIMOJTHAETCA, TO MHOXKHUTEIb 7Y MOCIEI0BATETHHO
YMEHbIIIAETCs BABOE 0 BbIIOJIHEHUs: ycsoBus (2.8), u 3arem je-
JlaeTca mepexos K caenytomeit k + 1-oit mreparun. Ecau Beibpars
TOIXOISIIEE Vg HE YAAETCS, TO CANTAETCS YTO METOI HE COIIEJICS
¥ UTEPAIMOHHBIN MPOIECC 3aKAHINBAETCS.

[TpusHaKOM yIAIHOTO OKOHYAHUS UTEPAITHNOHHOTO MPOIIECCA BhI-
YUCIIeHUH SBJISETCs BBINOJIHEHNE Ha V-0l urepanuu yciaosus (2.9)
WU JIPYrOro, 9KBUBAJIEHTHOTO €My, YCJIOBUS OKOHYAHUS cueTa. Be-
guuuHa € > (0 B yCJIOBUM OKOHYAHWS CY€Ta — 33J[aHHAST TOYHOCTD
BBITIOJTHEHNUS STOTO YCIOBHUS.

Meton HbioToHA Ha3bIBAIOT TaKKe MEMOJOM KACAMENLHOIL,
uMest B BUJLY €r0 U3BECTHYIO '€OMETPHYECKYI0 HHTepuperanuio [6].
Eciu naganbnoe mpubmmkenne o [OCTATOYHO GJIH3KO K 3HAUE-
HUIO KODHsI, TO JJIs MHOIHX 3aJ[@4 B 3TOM ciaydae meroj HeioTo-
HA CXOAWTCS OYeHb ObICTPO. B mpotuBHOM ciaydae meron HeroTona
MOYKET PACXOAUTHCA. B CBsi3u ¢ 3TuM BBIOOD (3a/1aHUE) XOPOIIEro
HAYAILHOrO NpubImKenus a ABISETCS OTHUM U3 OTPEIeISIONTIX
00CTOSTETECTB YCIIEITHOTO TTpuMeHeHust MeToga HeroToHa.

B GonbimmHCTBE mpeaaraeMbIx s pelnenns 3amad I[IpakTu-
KyMa HauajbHOoe mpuOimkenue ol ompenendeTca B pe3ylbTaTe
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AHATTATHYIECKOTO PEIICHAs PACCMATPUBAEMON 33491 ONTHMAILHO-
ro yIpaBJieHus TIPU HYJIE€BOM 3HAYEHUU BXOIAIIErO B 3a/1a4y Mapa-
Mmerpa (mapamerpa 3ama4u 3).

DJIeMeHTBI BXOAIIEH B UTEPAIMOHHBIN MTPOLECC MATPUIIBI TIPO-
uzBonubix X'(a) (Marpunbl ZdKo6u) MOIYT BBIYUCIATHCS HO IIPHU-
OMKEHHBIM KOHEYHO-PA3HOCTHBIM (DOPMYyTaM:

IX'(a") .
S ~ X0k ak ek 4 dak g )
J
. 1
—Xi(ak, .. .7a§?71,a§?,a§+1, coak)]- Sk

(2.16)

rae dal — manoe npupamenue cocrapsomed of 3 1< j,k <n.

Jnst soraucaenust 0X(a¥)/daj, 1 <i,j < n, tpebyercsa n+ 1
pa3 pemuth 3azady Komu mius cucrembr (2.4): cHavasa pemiuTh
ee ana sekTopa of = (af,...,af)T | a zatem eme n pas, ma-
Basl MOOYEPE/THO BCEM KOMIIOHEHTaM BeKTopa of mpuparenns 6045?,
1 <j < n.Yncna 6a§ TP 3TOM JIOJIPKHBI OBITH TOCTATOYHO MAJIBI-
MU, 4TO0BI TOYHOCTD hopMyibl (2.16) Obla BHICOKOM, HO HE JOJIK-
HBI OBITH MEHbIIE, YeM IOPAI0K BeJUINHBI IOTPEITHOCTH BHIYHACTE-
HUsl KOMIIOHEHT BeKTOP—(yHKIMK HeBA30K (2.5) [6, ru. 2, § 16].

Tax pemaemast Ha OCHOBE TPWHIATIA MAKCAMyMa WCXOTHAS
38714498 ONTUMAJILHOTO yIPAaBJIEHUsA (B PACCMATPUBAEMOM CJIydae
samada (2.0)—(2.3)) cBomuTcs K Kpaesoii 3amade (Kpaesoil 3aa-
Y€ MPUHIUNA MAKCIMYyMa), & PeIeHne KPAeBOH 3aJa9y METOIOM
CTpeabObl CBOIUTCS, B CBOIO 04Yepelb, K PEIIEHUIO CHCTEMbI aare6-
pParYeCKUX ypPaBHEHHH JIJI COCTABJIAIONMINX BEKTOP—(DyHKINHA HEBS-
30K.
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2.1. AaropuTtM 4YHMCJIEHHOTO peIleHus Me-
TOJIOM CTPeJIbObI KpaeBOil 3aja4u
IIpyuHOUAIIa MaKCHMyMa OJid 3adaYdu
(2.0)—(2.3)

1. Bajarorcsa BekTop HadasbHOTO MpubmKerna o’ = (af, ..., a2)

W TOYHOCTH & BBITIOJHEHUS YCJIOBUS OKOHUYAHUS WTEPAITHOHHOTO

nporecca (yCaOBUS OKOHYAHUS CYUETA), IKBUBAJEHTHOTO YCJIOBUIO

(2.9) Wi COBIAIAIOIIETO C HUM.

2. To mawampEbIM yeoBuaM x(tg) = xg, p(ty) = o zamyckaer-

Cs1 OMCAHHBIN BBIIIE HTEPAIMOHHBIN MTPOIECC YUCIEHHOTO PEIIEHNUsT

METOJIOM CTPeJibObI HA OTpe3Ke [to,t1] KpaeBoil 3a/a4u IPUHIUIA

MakcuMyMma. VITepalrmoHHbIil TPOIECC TPOIOIAKAETCS JI0 BBIMOJIHE-

HUST YCJIOBHUSI OKOHYAHNUs cueTa. B pe3ysbraTe pereHus ompeIessi-

forcst: yupasienue 4(-) u daszosas Tpaekropus Z(-).

Bxogsimee B cuctemy (2.4) ynpasienue i(t) = a(t, 2(t), p(t), Ao)
b0 ONpeNeNsieTcs aHAJIUTUYECKH U3 YCJIOBUS B), JIUOO BBIYUCIIA-
€TCsl Ha, OCHOBE 3TOTO YCJIOBHS HA KAsKJOM IIAre PereHus 331391
Kormm. Bo3aMoKHOCTE aHOPMATBLHOTO CJTydast (5\0 = 0) uccuemyer-
cs1 3apanee. [Tpu 5\0 # 0 MHOXWTEJTH 5\0 MOYKeT OBIThH MCITOJIb30BAH
JUist HOpMUPOBKY MHOkuTesieit Jlarpamxka. Hanpumep, Ao mosara-
€TCs PABHBIM €IMHUIE WU KAKON-HUOYIb APYTOi MOTOKUTETHHOM
KoHCTaHTe. Ecm HEBO3MOXKHOCTL aHOPMAJBLHOTO CJIydast 5\0 =0
B pE3yJIbTATE TEOPETHUYECKOTO AHAIM3A JI0KA3ATh HE YIAeTCs, TO
KpaeBas 3a71a9a PEINaeTcs B ABYX BAPHAHTAX: IPH Ao = 0 u Tpu
Mo > 0, 38,1aBa€MOM € y4eTOM yCJIOBHS HOPMUPOBKH. Eciu kpae-
BBIE 33JIa9M B 3THX JIByX BAPHUAHTAX yJAETCS PEIIUThH, TO COOTBET-
CTBYOIIME 3TUM BAPUAHTAM PEIICHUS CPABHUBAIOTCA 110 3HAYEHHU-
M (DYHKIIMOHAJIA U TO W3 ITUX PEIeHNnit, /Ijis KOTOPOTO 3HAYEHUE
dbyHKIMOHAIA OOJIBITE, OTCenBaeTCsi. IHBIMU CJI0BaMU, TTPOBOIUTCS
cenapanust pemenuii. B nporusHom ciyuae (6e3 ananusa BapuaH-
Ta Ao = 0) perenne Kpaesoii 3a1a41 1, CJI€I0BATEIHHO, PEIIEHHE
MCXO/THON 33/Ia9¥ OTITHMAJIBHOTO YIPABIEHNsT OYIyT HETOJTHBIMU.

PaccMOTpeHHBIH BBIIIE /171 9ACTHOTO CJIy9ast 38491 O THMAJIb-
Horo yupasienus (2.0)—(2.3) Meroq crpenb0Obl YHCIEHHOTO perle-
HUSI KPAeBOH 3318491 NPHUHIANA MAKCHMyMa MOCJIe HEKOTOPBIX J0-
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MOJIHEHUH MOYKeT ObITh NPUMEHEH MU YHUCIEHHOM PEIIeHUU Kpa-
€BOM 3aJ[auM MPWHITNTIA MAKCUMyMa It OOINEro Ciaydast 3aa9u
ontumasbHoro ynpasyennus (1.0)—(1.4). CymiecTBo MeTo1a CTpesTh-
ObI TIpM TIEpexojie OT YACTHOTO Cydasi K OOIIeMy, pasyMeercs,
COXPAHUTCS: HEOOXOAUMO (POPMHUPOBATH BEKTOP MapaMeTpPOB IIPH-
CTPEJIKA ¥ BEKTOP-(PYHKIMIO HEBS30K; YHCIEHHO CTPOUTH MATPH-
my Axobwu, pemas st 3TOr0 cepuio 337aa49 Koru; permars urepa-
[IHOHHBIM METOIOM CHUCTEMY ajre0panvecKuX ypaBHEHWH IJIs CO-
CTABJISIIOIINX BEKTOP-(DYHKIMK HEBS30K W T.n. JIOMOJHEHUs Tpu
epexo/ie OT YaCTHOTO Cydas K oOmeMy OyayT CBsS3aHbl, B Iep-
BYIO OUY€pe/ib, C U3MEHEHHEM CTPYKTYPbl BEKTOPA TAPAMETPOB TIPHU-
CTPEJIKA U BEKTOP-(DYHKIINU HEBS30K, & Takxke ¢ (hpopMUpOBAHUEM
B 3a/a9ax ¢ HeDUKCUPOBAHHBIMY lg, t1 YCIOBHUIl HAYAIA W OCTA-
HOBa cyera. B obmem ciyudae 3amaun (1.0)—(1.4) B BekTOp mapa-
METPOB TPUCTPETKH (¢ TIOMAMO HEU3BECTHBIX KOMIIOHEHT BEKTOPOB
z(to), a = p(tg), MOryT BOWTH HeM3BECTHBIE MHOXKHUTEM JlarpaH-
x®a Ao, A = (A1,-.., Amtk), npucyrcrBytonme B uddepenim-
aJIbHBIX YPABHEHUAX KpaeBoit 3amaun. Ocoboe BHUMAHUE PU ITOM
caenyer oOpaTUTh Ha 33Ja4Yd C OTPAHUYEHUSIMU THUIA HEPABEHCTH
(cm. mmke). Crleayer MOAYEPKHYThH, U4TO OMpeeasomum hakTo-
POM YCIENTHOTO MPUMEHEHUsI METO/IA CTPEThObI TPU PEIIEHUU Kpa-
eBoil 331241 gBJIsieTCs BHIOOD (3a/1aHUe) HAYAIBHOTO IPUOJINKEHU S
JIIS BEKTOPA MAapaMeTPOB MPUCTPEJIKE ¢ (OT yAa4HOTO BIOOPA Ha-
YAJILHOTO TIPUOJINIKEHNS [T BEKTOPA (v, B TIEPBYIO0 OY€PeTb, 3aBU-
CUT CXOaUMOCTL MeToa Hbiorona). IT0CKONbKY TOIeKAIMe Yrc-
JIEHHOMY DEIeHHI0 B JaHHOM [IpakTukyme 3a1adu ONTUMAIBHOTO
YIPABJIEHUS COIEPKAT MAPAMETD U MPHU HYJIEBOM 3HAYECHUH ITOTO
napamerpa MOryT ObITh PEIeHbl AHAJUTUYECKU, ITO AHATUTUIE-
CKOE PEIeHne MOXKET OBbITh UCTIOIB30BAHO TTPY TIOJIYyYeHUN HAYAIb-
HOTO MPUOJIMIKEHUS JJIsT BEKTOPA TTapaMETPOB TIPUCTPEIKY TIPH Pe-
IIEHUN KPaeBOil 3a/ladd ¢ HEHYJIEBbIMYM 3HAYEHUSIMU [apamerpa.
Tlocsie onpesieieHnst BEKTOpa (v TIPY HYJIEBOM 3HAYEHUH MTapaMeTpa
33/1a49U JIJIs PEIeHusl KPaeBoil 3aJa4u PU HEHYJIEBBIX 3HAYEHUAX
napameTpa B [IpakTukyme TpUMEHSIETCS METOJT NpodosrHcerus pe-
wenus no napamempy [8].

PaccmorpumM mpuMephl MOJIyYeHUs] HAYAJBHOTO MPUOJINKEHUS
JIJIsT BEKTOPA (v TIPU PEIIEHUN KOHKPETHBIX 331249 U MOILY THO PEIuM
HEKOTOPbIE TUIIBI 33/1a4, HE PACCMATPUBABIINUECS PaHee.

137



2.2. IIpumepsr NpUMEHEHUdA METO1a
CTpeJbObl NPHU peleHun HA OCHOBE
NPUHIMNA MakKcuMyMa 3aja4 o. 1.3

2.2.1. 3agaum KJIaCCMYECKOTO BAapPWAIIMOHHOTO WC-
qncJieHud

HOpumep 1. IIpocmetiwas 3a0aua KAGCCUNECKO20 BAPUALUOHHO20
UCHUCAEHUA — 300040 ¢ PUKCUPOBAHHDLMY HAYAALHDM U KOHEY-
HOLM 3HAYEHUAMU PA3060T NEePeEMEHHOT U BDEMEHU.

I(2() = /O (2(t) — 12t2()) dt — inf, 2(0) = 2(1) = 0.
Kpaepasg 3apaua npunumna makcumyma umeer suz (1.10):
{ #(1) = o(0),
p(t) = —6t; z(0)=0, z(1)=0.

s permennsa KpaeBO# 33a7a9W BOCTOJIb3YEMCS KJIACCUIECKOM
BBIYHMCIINTEHHON CXeMOi MeTo/a CTpesbObl. BeKTop mapameTpos
OPUCTPEJIKU COCTOUT U3 0iHOM KomioHenTol @ = (p(0)). Bekrop—
hyHKIMSA HEBA30K MMEET BU;

X() = (2(1)(@))-

Pemenne 3amaun Komm mns wavaneebix yeaoewit z(0) = 0,
p(0) = a umeer Buz:

x(t) = —t + at, p(t) = =3t2 + a.

OyHKIMSA HEBI30K

X(a)=-1+a«

JIMHeHa 10 «, u anrebpandeckoe ypasHenne X (o) = 0 pemaer-
ca MeTomoMm HBIOTOHA 3a OIHY MTEpAIMIO TMPH JH0O0M HAYATHHOM
npubmmxkennn o: o = 1.

o(t)=—t3+t,  p(t)= -3t +1.
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IIpumep 2. 3adaua KAGCCUMECKO20 6APUAUUOHHOZ0 UCHUCAE-
HUA € HePUKCUPOBAHHBMU KOHEUHOLMU 3HA%EHUAMUY 8pemeny T u
dasosot nepemennoti x(T).

I(2(),T) = /O #2(t) dt — inf,

2(0)=0, T+a(T)+1=0, T>0.

Kpaepasg 3apaua npunumna makcumyma umeer suz (1.16):

(1)
() =0; #(0)=0, T+2T)+1=0,
(T)=—-X; H(T)= X\

&)

p(t);
0;

=3 ’E>

s permenna KpaeBO# 3aJa9W BOCTOJIb3YEMCS KJIACCUIECKOM
BBIUMCJIUTEIHHOM CXeMO MeToma cTpennObl. BekTop mapamerpos
IPUCTPEJIKU COCTOUT U3 ABYX KoMuoneHT « = (a1, an) = (p(0),T).
BekTop—dyHKIHMs HEBA30K UMEET BUI:

X(a) = (H(T)[e] +p(T)a], ag + x(T)[e] +1).

Pemenne 3amaun Komm mas wavaneebix ycaoewit z(0) = 0,
p(0) = a umeer Buz:

z(t) = ait, p(t) = a.

Pemenne kpaepoii 3a1a91 METOIOM CTPEJIHOBI SKBUBAJIEHTHO PeITie-
HUIO CUCTEMBI YDaBHEHUN:

Xi(a) = (1)?/2+ o,
Xo(a) = ag + ajag + 1.

IIpu pemrennn cuctembl ypaBuennit MmerogoM HbioToHA mTepamon-
HBIN poIecc
i+1 = i % )
fe% o} Ao

Aot \ [ of+1 0 ! (a’i/?ﬂ—l)a’i B
AN ay ol +1 ab +aiab+1 )
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_ (@1/2+1)aj /(a1 +1)
(05((a1)?/2+ i +1) +ai +1)/(ef +1)°
MOJKET CONTHCH K OJHOMY M3 JIBYX CyIIECTBYIOIIUX KOPHEH W CXO-
JAMOCTH METONA K OJHOMY W3 9THX KOPHEH 3aBUCHT OT BHIOOPA
HavaabHOTO TPUOAMYKEHuA: mpu of > —1 mpomecc CXOaUTCA K
Hejgonycrumomy B cuity yeaosus T > 0 xopuio p(0) = a3 = 0,

T =a = —1,mpu of < —1 — x kopuio p(0) = a3 = —2,

T = ap = 1, ApagromeMycs perenreM 3aa49u, npa af = —1 MaT-
puna fxobu BhIpOKAeHA, U MeTOH HBIOTOHA OKA3HIBAETCS HEPU-
MEHUMBIM.

Kak ormeuanioch pamee, BHIOOP APYTOH BBIYUCIATETLHON CXe-
MBI MOXKET YJIyUIUTh CXOAMMOCTH MeToja ctpenbOnl. Hampumep,
€C/IM B Pe3yJIbTaTe aHAIU3a KPAeBO# 3a/1aM NPUHIUIA MAKCUMY-

Ma obocHoBaTh, uTo P(T') # 0, TO 3aMeHa TMEpPBOIl KOMIOHEHTHI
BEKTOP—(YHKIINN HEBSA30K HA,

H(T)/p(T) +1=af /241

MPUBOJIUT K CHCTEME yPABHEHWI, IMHCTBEHHOE PEIeHne KOTOPOii
omnpenensercs meroaoM HbioroHa He OoJiee ¥eM 3a ABE UTEPAINN
JI7IsT JTIOO0T0 HAYATBHOTO TPUOTHKEHHSI.

IIpumep 3. 3adaua Kraccuueckozo 6aPUAYUOHHOZ0 UCHUCAE-
HUA CO CMAPULUMU NPOU3BOOHBLMU, PUKCUPOBAHHBLMYU HAYANDHDL-
MU U KOHEUHBLMU 3HAYEHUAMY 6pement, $a3080l nepemennots u
ee NPou3eodHvLL.

1
I(2(-) E/O #2(t) dt — inf,
2(0) = #(0) = #(0) =0, «(1)=1, @(1)=4, &(1)=12.

Kpaepasg 3ajaua npunumna makcumyma umeer suz (1.21):
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st pemenusi KPaeBOil 3a7a9¥  BOCIOJIB3YEMCS KJIACCHYE-
CKO#l BBIYHCIUTEILHON CXeMOW MeToza CTpeabObl. B KagecTse
BEKTOpa MMapaMeTpoB MPHUCTPEJIKN BbIOEPDEM TPH KOMIIOHEHTHI
a = (aq,a0,a3) = (p1(0),p2(0),p3(0)). Bamas 3Th 3HAUEHWUS
KaknM—in00 obpasom u pemwus 331a4y Komm or ¢t =0 mo ¢t = 1,
[IOJIy9MM COOTBETCTBYIOIINE UM (DYHKIUH

r1(-)[on, a2, as],  wa()[on, o, as],  w3(-)[an, a9, as),
p1(')[a1,a2,a3], p2(')[061,062,063]7 p3(-)[a1,a2,a3].

BekTop—dyHKIHMsI HEBA30K UMEET BUI:
X(a) = (x1(1)[a] = 1,z2(1)[a] — 4, 23(1)[a] — 12).

Pemenue 3amaun Koumm muig waganpubix ycsosuit z1(0) = 0,
z2(0) = 0, 23(0) =0, p1(0) = a1, p2(0) = a2, p3(0) = a3 mmeer
BUI:

o] = a1t /120 — ot /24 + a3t /6,

Va] = art?/24 — aat® /6 + ast? /2,

Vo] = a1t3/6 — aat? /2 + ast,

[ ] = a1,

Ia] = —aqt + ag,

)

Pemmenne kpaesoit 3a7a4uu MeTOIOM CTPETHOBI IKBUBAJIEHTHO PeIlie-
HUIO CUCTEMBbI YPABHEHUH /111 BEKTOP—(YHKIINU HEBI30K

Xl(a) :a1/120—a2/24+a3/6— 1,
XQ(O&) :a1/24—a2/6+a3/2—4,
Xs(a) = a1/6 —as/2 + a3 — 12.

Tak kak cucrtema ypaBHEHW JWHENHA 10 v M HEBBIPOKIEHA, TO
oHa pernaercs MeToJoM Hbi0TOHA 3a OAHY MTEPAINIO TIPU JII0OOM
nauanbaoMm npubmmkennn ol: oy =0, ag = —24, ag = 0.

ITpumep 4. 3adaua Kaaccuueckozo 6aPUAYUOHHOZ0 UCHUCHE-
HUA € PUKCUPOBAHHDLMYU HALANDHBLM U KOHEUHLM 3HAYEHUAMY Pa-
30601 nepemenHoti U 8PEMEHU U USONEPUMEMPUYECKUM YCAOBUEM
MUNG PaBeHcmaa.

I(z()) E/O (22 (t) + 24t%x(t)) dt — inf,
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20)=1, (1) =5, /11:30(7:) dt = 1.
0

Kpaepasg 3apaua npunumna makcumyma umeer suz (1.26):

0)=1, #1)=5 §0)=0, ¢(1)=1

s pemenuss KpaeBo#l 3aJ1auM  BOCTOJIL3YEMCH  KJIACCHYe-
CKO#l BBIYHCIATEIHLHON CXeMO# Merona crpenbObl. B kKagecTse
BEKTOpA [MapaMeTpPOB MPHUCTPEJKH BBHIOEPEM JBE KOMIIOHEHTHI
a = (a1,a2) = (p(0),A). Bagas >Tu 3HaYEHNS KAKUM—JIHG0 06-
pazom u permmB 3amavy Komm ot ¢t = 0 10 ¢ = 1, moIyIum coOT-
BeTCTByOMEe UM (DYHKIUN

z()ar, 2], y( )|, az],  p(-)[oa, az).
BekTop—dyHKINS HEBA3Z0K UMEET BUIL:
X(a) = (z(1)[o] = 5,y(1)[a] - 1).

Pemenue 3anaun Kommm gy waganpubix ycaosuwit z(0) = 1,
y(0) =0, p(0) = a1 n X\ = ay umeeT BU:

~~
o

| =t* — a3 /6 + art + 1,
t5/6 — ast®/30 + a1t3/3 + t2/2,
p(t)[a] = 4¢3 — aat?/2 + as.

Permmenne kpaeBoit 3a1a4u METOIOM CTPEIBOBI IKBUBAJIEHTHO PeIlie-
HUIO CHCTEMBI YPABHEHUH [JIT BEKTOP—(YHKIIMH HEBI30K

Xl(a) = (1 — a2/6+a1 + 1) — 9,
Xo(o) = (1/6 — a2/30 4+ a1/3+1/2) — 1.

Tak kKak cucrema ypaBHEHWiIl JWHEHHA 10 « W HEBBIPOXKIEHA, TO

OHA pernaeTcs MeromoM HbIoTOHA 3a OAHY WTEpaIHio MPH JTI000M
HAYATHLHOM PUOTHKEHUN al: g = —2, ag = —30.

IIpumep 5. 3adaua Kraccuueckozo 6aPUAYUOHHOZ0 UCHUCLE-
HUA — 3adana 6vlempodeticmeus ¢ U30NEPUMEMPUYECKUM YCAOBU-
eM MUNG PABEHCTNEA U PUKCUPOSAHHBMU HAYAALHOM U KOHEUHBLM
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3HaverusMU $aso60tl nepemerHotl.
T(z(-),T) =T — inf,
T
/ P2t)dt =1, z(0)=0, =(T)=1, T >0.
0
Kpaepas 3amgaua npuniuna makcumyma (1.32), ¢ yuerom ycso-

BUs HOPMUPOBKU A = 1/2 u 3amenbl unrerpasa JuddepeHnuaib-
HOW CBSI3bI0, CBOJUTCS K BUY:

)

y(t) = p*(

p(t) =0; A A

j(o) =0, #(T)=1, g(()) =0, Q(T) =1
T>0

Jnsa peieHusi KpaeBo#l 3aadd  BOCIOJIb3YEMCS KJIACCHYe-
CKO#l BBIYHCIUTENBHON CXeMoii Meroma cTpenbObl. B kaue-
CTBE BEKTOPA MAPaMETPOB TPHUCTPEJIKU BBHIOEPEM JIBE BEJIUIUHBI
a = (a1,a2) = (p(0),T). Banar stn 3HaYEHNsT KaKUM—IHO0 06-
pazom u permuB 337a4y Ko or t = 0 go t = T = ag, moayunm
COOTBETCTBYIOITHE UM (DYHKIHH

z()ar, a2],  y()len, az],  p()[ar, az).
BekTop—dyHKIHMs HEBA30K UMEET BUI:

X(a) = (@(T)[o] = Ly(T)[a] = 1).

Pemenue 3amaun Komwm jyis Hauanbubix yeaosuit 2(0) = 0,
y(0) =0, p(0) = oy umeer BHUI:
z(t)[a] = aqt,
y(t)[a] = adt,
p(t)la] = a1.
Pemenne KpaeBoii 3a1a491 METOIOM CTPEILOBI SKBUBAJICHTHO PeEIIIe-
HUIO CHCTEMBI YPABHEHUH 71 BEKTOP—(DYHKIIMA HEBA30K

Xl(Oé) = 10 — 1= O,
Xo(a) = a?az —1=0.
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IIpu pemnrenuu cucremsl ypasuenuii meronom HeroTona urepannon-
HBII TIpOllecC nMeeT BUJ:

oM = af + Adk,
1 /1 2 1
Aa’f—<—1), Ak = —af + = — —.
oy \af af  (af)?

3amMeHa mepBOil KOMTIOHEHTHI BEKTOP—(DYHKIINN HEBS30K HA
a®(az)[a]/y(az)la] =1 =0,

a BTOpOit HA
y(az)[a]/z(az)la] =1 =0

3HAYUTENBHO YJAyYIIAeT CXOOUMOCTH Meroma Hproroma. Ilpm
al #0, af # 0, meron HpioToHa B 3TOM ¢JTydae CXOIUTCS K perie-
o a1 = 1, ag = 1 3a ogHYy UTEpaIuio.

IIpumep 6. 3adaua Kraccuueckozo 6aPUAYUOHHOZ0 UCHUCAE-
HUA ¢ Pynkyuonasom Boavya, Hedurcuposantvm KOHEWHBIM Epe-
MEHEM U KPAESVIM YCAOBUEM TMUNA HEPABEHCTEE.

B(z(-),T) = /OT #2(t) dt+2°%(0) — inf, 2(T)+T4+3<0, T >0.

Kpaepasg 3apaua npunumna makcumyma (1.38) umeer Buj:

(t) = p(t),

ﬁ(t)zo, R .

p(0) = £(0), ?(T):A*A,A

PAT) =20 A+ (2(T) + T +3) = 0
A>0; 7T >0.

B coorBercTBUN C AJITOPUTMOM DPENICHUA 3aJa9n HeO6XO,HI/IMO

paccmorpers aBa caydas: A =0 u A > 0.
B cnygae A = 0 kpaeBas 3amaga umeer Buz (1.39):

{ (t) = p(t), A A
p(t) =0; p0)=2(0), p(T)=0, T>0.
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Kak Bcerma B momoOHBIX CJIy4asiX, YHCJIO HEM3BECTHBLIX B TAKOI
KpaeBoii 3a/ade OOJIbINe YnUCIa YCJIOBU [JIst UX OmpejesieHus. B
obIieM ciydae s PeIeHus KpaeBoil 33Ja9u MOXKHO BOCIIOJIB30-
BAThCSA KAKUM—JIIOO CTIOCOOOM PEryIsspU3alliy 33,1a91 — YPABHATH
YHCJIO HEU3BECTHDIX M YUCJI0 YCJIOBUM 115 uX onpenenenus. Hanpu-
Mep, B pacCMaTpPUBAaEMOl 3a/ja4e HEM3BECTHYIO Benuduny 1 MOxK-
HO BBIJEJUTH B YNUCJIO MapaMeTpoB 3agadn. [Ipu pernennn Kpaesoi
3aa49u Tpu (PUKCUPOBAHHOM T METOIOM CTPEILOBI B KAUECTBE Ma-
paMeTpa TPHUCTPEIKN BhIOEPEM BEJUYUHY (v, OMPEIESISIONIyI0 Ha-
vasbhble yciaosud 1o gopmynam: z(0) = «, p(0) = «. Peuenne
3asaun Koy npu Takux HadasbHBIX YCJIOBHSAX MMEET BUJL:

x(t) =at+1), pt)=a.
DYHKIMSA HEBA3OK OMDEJEAETCST YCIOBUEM HA MPABOM KOHIIE:
X(a) = p(T)[a] = 0.

Meton HrioToHa ompeesisieT KOpeHb 3TOTO JUHEHHOTO ypaBHEHUS
a = 0 3a oxgHy UTepanuio. AHAIN3 TAPAMETPUIECKOH 3aBUCHMOCTH
f(T) =2(T)+ T+ 3 =T + 3 nokasplBaeT, 4TO OHA JHHEHHA 110
T w npu nonoxkutenbHbIX ' yemoBue T 4 3 < 0 He BBITOTHAETCH.
TTosTomMy momycTmMOro perneHust KpaeBas 3amada mpu A = 0 He
nMeer.

B cnygae A > 0 kpaesast 3amaga umeet Bux (1.40):

i1) = (o),

B(t) = 0; o

p0) = #(0), H(T) = X A A
pQ(T) =2\, z(T)+T+3=0; T>0, A>0.

Ucknrounm u3 9TOi KpaeBo#l 337a9u MHOXKUTEIb A W BOCIOJIb3Y-
eMCd 114 ee PelIeHNd KJIACCUYeCKON BBIYUCIUTE/IBHON CXeMO# Me-
Tofa cTpesbObl. B KayecTBe BEKTOPA MapaMeTpoB MPUCTPETIKU BbI-
Gepem aBe Besmuubbl o = (a1, a2) = (p(0),T). 3azas 3tu 3Ha-
JeHns KakuM—an0o obpa3om u permuB 3aga4uy Kommm ot ¢ = 0 10
t =T = g, TOIYYNM COOTBETCTBYIOIINE UM (DYHKITHH

z(-)[on, az),  p(-)[oa, az).
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Pemmenne 3amaun Kommn s sagansusix yeaosuii 2(0) = p(0) = oy
nUMeeT BUJ:

z(t)|a] = a1 (t+1), p(t)a] =a.

BekTop—dyHKINs HEBA30K MOXKET UMETh BUI:
X(a) = (x(T)[a] + Tla] + 3,p*(T) + 2p(T)).

Pemenne xkpaepoit 3a1aum METOIOM CTPEIBOBI C TAKOW BBHIYMCJIH-
TeJIbHOI CXeMOIl 3KBUBAJIEHTHO PEIIEHUI0 CUCTEMBI YPABHEHUH 1714
BEKTOP—(YHKIMHU HEBSI30K:

Xi(a)=a1(ae+ 1)+ a2 +3=0,
Xo(a) = a1(aq +2) =0.

IIpu pemenun nosyvyennoi cucrembl ypasuenuii meroom Heotona
WUTEPAINOHHBIN MPOIEeCC MOXKET COUTHUCH K OJHOMY M3 JBYX MMEIO-
muxcst Kopueit: a1 = 0, ag = T = —3 (HemonyCTUMBIH KOPEHb B
CUJIy HapyIIeHusl TPOBEPOIHOro ycaosus T > 0) wom «p = —2,
a1 =T =1 (BepHoe pelenue 3a1a4u).

3amMeTuM, YTO APYroe HUCKIIOYEHWe W3 3aJa9d MHOXKUTEIs
A > 0, SKBHBAJIEHTHOE 3aMEHE BTODPOIl KOMIIOHEHTHI BEKTOD—
GbYHKINHT HEBSI30K HA

3HAYUTEHHO YAYUIaeT CXOAMMOCTh MeToa HeioToHa 1 mo3Bosster
JUIS TIOYTH BCEX HAYAIbHBIX TPUOMKeHuil (npu a? # —1) ompe-
JIeTATH €IMHCTBEHHOE JIOMYCTHMOE PEIeHne 3aa9u He 0oJiee 9eM
3a JIBe UTEePAINN.

ITpumep 7. 3adaua kaaccuueckozo 6aPUAYUOHHOZO UCHUCHE-
HUA, 8 KOMOPOTl PEULEHUE CYULLCTNEYEM AUULL 8 GHOPMANLHOM CAY-
yae — npu Ao = 0.

() = | (o) +a%(0) de — int

() —u(t) =0 Vite Ag=A=][0,1];
u(t) € U =R' = (—o00,400) Vt € [0,1];

/1(u2(t) —2u(t))dt+1=0, 2(0)—1=0.
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Kpaepasg 3agaua npuniuna makcumyma (1.45), ¢ yuerom 3ame-
HBI WHTErpasa andQepeHnuanbaoli CBA3HI0, NMEET BUI:

L(t) = aft),

y(t) = a*(t) — 2a(t),

p(t) = 2X\o,

- p(t)—X

aft) =1+ 2o

#0)=1, §(0)=0, p(1)=0, §(1)+1=0
A>0; A >0

yeanosue HEPOH, ycnoBue HopMupoBKH.

st perienust KpaeBoi 3a1a4u HEOOXOIUMO BBHIOPATH YCIOBUE
HopMupoBKU. [IpoBeIeHHbBIN aHAIIN3 TTOKA3aJI, 9TO A > 0, n motTomy
B KAMeCTBe yCJIOBHs HOPMUPOBKH BbIOUPAETCs ycaoBue A = 1.

st pemenusi KPaeBOil 3a7a9¥  BOCIOJIB3YEMCS KJIACCHYE-
CKO#l BBIYHCIUTEIBHON CXeMoii Meroma cTpenbObl. B kaue-
CTBE BEKTOPA MApaMETPOB TPUCTPEJIKU BBHIOEPEM JIBE BEJIUINHBI
a = (a,a2) = (p(0),\o). 3azap 3TH 3HAUEHUST KAKUM—JIHNOO 06-
pazom u permuB 33a9y Kormm ot ¢ = 0 10 ¢t = 1 A9 HAYATbHBIX
yeaosuii 2(0) =1, y(0) =0, p(0) = a1, noayuum npu ag = 0:

z(t)fo] = (ar/2+ Dt +1, pt)la] =01, yb)lo] = (af/4-1)t;

npu ag > 0:

©(f)la] = Csh(yagt)+ ch(y/azt),

p(t)a] = 2C/azch(\/azt)+ 2 /azsh(\/azt) + az — 2,

y(t)a] = ¥Y2(C2+1)sh(2/agt) + Y220 ch(2/azt)+
+  %(C? — 1)t — 2C sh(/azt) — 2 ch(y/azt)+
+ 2-¥EC;

npu oo < 0:

z(t)[a] = Csin(y/—aat) + cos(v/—ast),

p(t)[a] = 20/—agcos(v/—azgt) — 2¢/—ag sin(y/—ast)+
+ ag —2,

y(Mla] = Y52(C? - 1)sin(2y/=azt)+
+ Y5220 cos(2y/—ant) — 2 (C* + 1)t—

2C sin(y/—agt) — 2 cos(y/—aat) +2 — _\/?Ca
rme C' = (2+ a1 — a2)/(2y/|zl).
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B BexTOp—(dyHKIINIO HEBSI30K BKJIOYNAM JIB€ COCTABJISIIOIIAE:

X(a) = (y(Da] + L p(1)[a]) = (0;0),
a%/47 npu ap = 0,

YE(C? 4 1) sh(2,/az)+
+Y22 0 ch(2y/a7) + 9 (C? — 1)~
—2Csh(\/ag) — 2 ch(y/az) + 3—

Xi(o) = 7\/;7207 opu as > 0,

Yo22(0? - 1) sin(2y/=az)+
+¥522C cos(2y/—az) — 2 (C? +1)—
—2C'sin(y/—az) — 2 cos(y/—ag) + 3—

—¥5=2C, mpu as < 0,
Qaq, npu ag = 0,
2C /& ch(,/a3) + 2\/az sh(y/az)+

Xo(a) = ¢ +az —2, npu as > 0,

2C\/—ag cos(v/—ag)—
—2¢/—agsin(y/—ag) + az — 2, npu as < 0.

[Ipu perieHnn TOMYIEHHOW CHCTEMBI HEJUHEHHBIX aJrebpan-
YeCKUX ypaBHEHUN MOauduIMpOBaHHBIM MeToaoM HbroTona wte-
PAIMOHHBIN TTPOIECC CXOAUTCH K €JUHCTBEHHOMY CYIIECTBYIOIIEMY
KopHIO 1 = 0, ap = 0, onpeengomeMy pellieHne UCXOTHON 3a-
JTa9H.

IIpumep 8. 3adaua KAaGCCUMECKO20 BAPUAUUOHHOZ0 UCHUCAE-
HUA, 6 KOMOPOTl Ha 6Celi ONMUMAALHOT MPAEKMOPUU YNPAEACHUE
ocoboe.

I(z()) = /o (z(t) — 1)? dt — inf;
z(t) —u(t) =0 Vite Ag=A=][0,1];
u(t) €U =R' = (—o00, +00) Vit € [0,1];
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2(0)—1=0, z(1)—1=0.
Kpaesas 3amaua npunnuna makcumyma (1.50) umeer Bu:
Z(t) = a(t), a(t) = argabs max (p(t)u),

u€(—00,+00)
) —1; 20)=1, 2(1)=1.

=

—
~

=
I

I[Ipy wammuum HA SKCTPEMATN YIaCTKOB OCOOOTO yIpaBJje-
HUSI WCIIOIh30BAHNE KJIACCUYECKON BBIYUCIUTEIHLHON CXEMBbI METO-
Jla CTPesibObI IPUBECTH K YCIEXy HE MOXKeT (CXxeMa HPUHIUIHAIb-
HO HenpuMmeHnuMa). B paccmarpuBaemom cirydae BbIGOD Pa3IuIHbIX
HAYAJIBHBIX YCJOBUI 0e3 yduera HAXOXKIEHWS HA y4acTKe 0co60-
TO yIpaBJjIeHWs TPUBOJUT K HEBO3MOXKHOCTH [IJIsi TIOYTH BCEX Ha-
YabHBIX YCJIOBWi pemuTh 33mady Komm mis cucremsr audde-
PeHLMAJIbHBIX ypaBHEHUi KpaeBoii 3asa4yu (tak Kak npu p(t) # 0
u = +00). [TonbiTKa yuecTsb ycaoBus HAXOXKJIEHUs HA YIaCTKe 0CO-
60ro ympaBJieHUsI TPUBOIUT K PEIIEeHUI0 3a/1a49u 0e3 HCIOJIb30Ba-
HUSI METOJA CTPENbOBI (MOBEPXHOCTH OCOOOTO YIPABJIEHUS COCTO-
UT U3 €IUHCTBEHHOH BO3MOYKHON SKCTPEMAJIN), 9TO U MPOJIEJIAHO B
m. 1.3.1.

Yucnmennoe MOCTpOEHHE 3KCTpeMajeil ¢ yJacTKaMH 0COOOro
YIPABJIEHUS TIEPBOTO MOPSIIKA BO3MOYXKHO € HCIIOJIb30BAHUEM CIIEIIH-
AJIbHO TIOJI0OOPAHHDBIX BLIYUCIATEHLHBIX CXeM (HEKJIACCAIECKUX BbI-
YUCUTEIBHBIX CXEM METOA CTPEIbObI). IIpuMepsl TaKUX pereHuii
NPUBOJSTCS, HApUMep, B [8, 18].

ITpumep 9. 3adaua Kaaccuueckozo 6aPUAYUOHHOZO UCHUCHE-
HUA — 3adaua O6vlcmpodeticmeusd ¢ U30NEPUMEMPUYECKUM YCAOBU-
eM MUNG HEPABEHCMEA, HUKECUPOBAHHBLMY HAYAALHHIM U KOHEY-
HOM 3HAYEHUAMY $a30601 nepemeHHoT.

T(x(:), T)=T —inf, T >0;

2(0) = 2(T) = 0; /O (2(t) — da(t)) dt < —%.

B coorBercTBHHM € AMTOPUTMOM pEITEeHHUS 331a9d HEOOXOINMO
paccmorpers jBa caydasi: A = 0 u A > 0. Anajgurudeckoe uccie-
JIOBaHUE MTOKA3bIBAET, uTO mpu A = () pernenus 3aJa9u HET.
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Kpaepas 3a1a49a npuHIMna MaKCUMyMa, ¢ y9€TOM yCJIOBHS HOD-
MupOBKH A = 1/2 (1.57), numeer Bu:

T(t) = p(t),

y(t) = p*(t) — 4a(t),

ﬁ(t) = -2, R

z(0)=0, z(T)=0,

§0) =0, §(I)+1/3=0;
T>0

Yeaosne T > 0 B Kpaesoii 3a1a4e sIBISETCS TIPOBEPOTHBIM.

Jnsa peieHusi KpaeBo#l 3aadd  BOCIOJIb3YEMCS KJIACCHYe-
CKO#l BBIYHCIUTENBHON CXeMoii Meroma cTpenbObl. B kaue-
CTBE BEKTOpPA MapaMeTPOB MPHUCTPEJKH BbIOEPEM JIB€ BEJIMIMHDI
a = (a1,a2) = (p(0),T). 3anar stn 3HaYEeHNUsT KaKUM—IHUO0 06-

pazom u pemmuB 3aadqy Komm ot ¢ =0 10 t = o, TOTYYIUM COOT-
BeTCTBYIOINE UM (PYHKIIAN

z()[a], pC)lal, y()a].
Pemenne 3amaun Komm mas wavaneebix ycaoewit z(0) = 0,
y(0) =0, p(0) = oy umeer BHUI:

z(t)[a] = -2 + at,
p(t)[a] = =2t +au,

y(t)[a] = §t3 — daqt? + aft.

BekTop—dyHKINA HEBA30K UMeeT BUI:
X(a) = (2(T)lel, y(T)[a] +1/3) = (0;0).
Pemenne kpaepoit 3amaum METOIOM CTPEIBOBI C TAKOW BBHIUYMCJIH-
TeJbHON CXEeMOW 3KBUBAJEHTHO PEIIEHUI0 CUCTEMbI yPaBHEHUN 1
BEKTOP—(YHKIINU HEBA3OK:
Xi(a) = —a3 + ajas,
8
Xo(a) = gag —40q03 + a3ag +1/3.
IIpu periernn mosiyYeHHON CUCTEMbI ypaBHEHU MOAUMPUTIADO-

BaHHBIM MeTo0M HbIOTOHA WTEPAIMOHHBIN TPOIECC CXOAUTCH K
€ITMHCTBEHHOMY KOPHIO o1 = 1, ao =T = 1.
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O6parumM BHEMaHUe, 910 3ameHa HeBa3kn X1 (o) = z(T)[a] =0
Ha SKBUBaJIEHTHYIO eii B cuiy ycaosuss T > 0 z(T)[a]/T[a] = 0
3HAYUTESHFHO YIYUIIaeT CXOAUMOCTh Meroga HeioroHa (mepmoe
YDABHEHWE CTAHOBUTCSI JIMHEHAHBIM).

2.2.2. Bamaun Jlarpan>ka

IIpumep 1. 3adaua Jlazparoca ¢ dudpdeperyuanvroli c643610 nep-
6020 NOPAIKA U PUKCUPOBAHHBMU HAYAABHBIM U KOHEWHDBIM 3HAYE-
HUAMYU BPEMEHU U (Pa30601 NepemerHoT.

I(z()),u()) = /0 (u?(t) — 2x(t)) dt — inf,

() +x(t) = u(t), wu()eR' Vtelo,1],
z(0)=1, z(1)+1/e=1+e.
Kpaepasg 3apaua npunumna makcumyma umeer suz (1.62):

B(1) = —a(t) + B(0),
B(t) = (t) — 1
20)=1, 21)=14e—1/e.

s permenusa KpaeBO# 33aJa9W BOCTOJIb3YEMCS KJIACCUIECKOM
BBIYUCUTEIBHON cxeMoit MeToia cTpesbbbl. B KadecTBe mapamerpa
npuctpesiku Boibepem Beauuuny « = p(0). 3azaB 310 3HaYEHUE
KaknM—in00 obpasom u pemwus 331a4y Komm or ¢t =0 mo ¢t = 1,
MOJIy9UM COOTBETCTBYIOIINE (DYHKIUH:

z(-)a],  p()[a]
Pemenne 3amaun Komm pns wavanpebix yeaoewit z(0) = 0,
p(0) = a umeer Buz:
—1 -1
z(t)[a] =1+ S et

2
p(t)[a] =1+ (o —1)et.

DyHKIMS HEBS30K NMEeT BUJI:
X(@)=z(D)[a] —(14+e—1/e)=0.
151



Pemenne xpaepoit 3amadm METOIOM CTPETBbObI C TAKON BBIYHCIH-

TEJIbHOM CXeMOil SKBUBAJIEHTHO PEITIEHNIO YPABHEHUS /1151 (DY HKITUH

HEBSA3KU:

a—1 a—1
e —

2 2

Xi(a) = <1+ el) —(1+e—-1/e)=0.

Tak Kak 3TO ypaBHeHHUe JmHeiHoe, Meros Hborona (3KBUBa-
JICHTHBIHA B 9TOM CJIy¥ae BXOAAIIEMY B HETO COCTABHON YaCThIO Me-
TOJy DPellleHUs JUHEHHBIX yPABHEHUIT) OUPEIeIsieT PellleHue Kpae-
BOW 3a/1a4U 32 OJIHY UTEPAIUIO:

a = 3,
z(t)a] = 1+et—e
p(t)a] = 1+ 2€.

IIpumep 2. 3adaua Jlazpansica ¢ dupdepenyuarvroti c6a3v10
6MoPo2o NoPAdKa U GUKCUPOSAHHUMU HAMAALHUMU U KOHEUHBLMU
SHAYEHUAMY BPEMENU U Pa30601T nepemernod.

I(x(-),u(-))z/o (W2(t) + 22(t)) dt — inf,

Z(t) —&(t) = u(®), u(t) eR Vte€0,1],
2(0)=0, =z(1)=0.

Kpaesas 3amaua npunnuna makcumyma umeer sui (1.67):

&1(t) = 22(1),

To(t) = @2(t) + pa(t),

pt) =1,

p2(t) = —p1(t) — p2(t);

£1(0) =0, 21(1) =0; p2(0) =0, P2(1) =0

s pemennss KpaeBoil 3a1add  BOCIOJIB3YEMCS KJIACCHYE-
CKOl BBIYHCINTEILHONW CXeMOil MeToma cTpeanObl. B Kaue-
CTBE BEKTOpA TApPaMETPOB TMPUCTPEJKHA BbIOEPEM BEJIUYUHBI
a = (ag;02) = (22(0);p1(0)). 3amaB 31 3HAYEHHS KAKHM—IHOO
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obpazom u pemmuB 3amady Komu or t = 0 mo t = 1, mosydum
COOTBETCTBYOIINE UM (DYHKIUH:

z1()le],  z2()lal, piO)lel,  p2()ld-

Pemenue 3amaun Koumm g waganpubix ycsosuit z1(0) = 0,
22(0) = a1, p1(0) = az, p2(0) =0 umeer Buz:

ag +1 ag —1 12
()] = {1 — 22 el + 22 e+ rat—ar+1,
1 -1
za(t)la] = (@1 = 22 ) e - 2t b,

pi(t)]a] =t + as,
pa(t)[a] = (g — et —t+ 1 — as.

BekTop—dyHKIUns HEBA30K WMEET BU:
X(a) = (z1(De], p2(1)[a]) = (0,0).

Pemmenne kpaesoit 3aaun MeTOIOM CTPEIHOBI C TAKON BBIYUCIIHU-
TeJbHON CXE€MOW 3KBUBAJEHTHO PEIEHUI0 CUCTEMbI yPaBHEHUN 1
KOMIIOHEHT BEKTOP—(DyHKINU HEBA3OK:

1 —1 1
Xi(a) = <0410622Jr )e+a22 e*1+§+a27041+1:0,

Xo(a) = (ag — 1)e™t —ag = 0.

Tak KaK cucrema ypaBHeHuii juneitna, 7o Mmeron Hbiorona (9K-
BUBAJICHTHBIH B 9TOM CJIydae BXOJAIIEMY B HETO COCTABHOM 9aCThIO
METO/Ly PEIIeHNs CUCTEMbI JIMHEHHBIX alre0pandecKux ypaBHEeHuil)
OlIpe/ieJIsieT PellleHre KPAaeBoil 33/1a4u 3a OJIHY UTEPAIUIO:

€2 —5e+6
o = ——
! 2e—1)2
ay = —=1/(e—1),
1 —1 12
Z1(t) = al—a2+ et+a2 et — +aot—oag +1,
2 2 2
1 -1
.f?g(t) = (al—a22+ )et—a22 e_t+t+a2,
pi(t) = t+ag,
Pa(t) = (aa—1De ' —t+1—as.
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IIpumep 3. 3adaua Jlazpanoca ¢ pynryuonarom Boavya,
PUKCUPOBAHHBIMYU HAYAADHUM U KOHEUWHDIM 3HAUEHUAMU SPEMEHU
U KPALEBVM YCAOBUEM MUNG HEPAEEHCTNEA.

Bo(a(-),u(-)) = [{ u?(t)dt +2*(1) — inf,
z(t) = %:c(t) +u(t), wu(t) € R = (—o0,+00) Vte|[l,2],
x(2) < 3.

Kpaesas 3amaua npunnuna makcumyma umeer sui (1.73):

2(t) = $2(t) +p(t), a(t) = p(t),
p(t) = —3p(t); o
p(1)=2(1), p2)=-X X-(&(2)—3)=0.

IIpu pemennn KpaeBoii 3agaun, caenys [Ipasuiry perenns Kpa-
eBBIX 337144 C YCJIOBUEM JIONOJHAIONIEH Hexkectkoctu (cm. . 3 Tlpa-
BUJI), HEOOXOAMMO PACCMOTPETD JIBA CJIydast: A=0u\>0.

IIpu A=0 KpaeBas 33/1a9a MPUHUMAET BUJ;

ﬁ(t), . (2_17)

Yenorwe #(2) — 3 < 0 B Kpaepoii 3amaue (2.17) sBiserTcss mpoBe-
POYHBIM.
IIpu X\ > 0 kpaeBas 3a7a49a IPUHUMAET BU/I:

(1) = L () + (o),
(1) = —1p(t); A (2.18)
() =#(1), #2)-3=0; p2)=-A<0.

(2.1

Yenorme p(2) < 0 B Kpaepoii 3asave
HBIM.

Hus pemennsi kpaesbix 3azad (2.17), (2.18) Bocmosb3yemcst
KJIACCUYIECKO} BBIYUCIUTENHHOM CXeMOit MeTo1a cTpeibobl. B Kaue-
CTBE TMapaMeTpa MPUCTPEKH B 00X KPAEBBIX 33/1a9aX BbIOEpEM
Bemmanay «: x(1l) = «, p(l) = «. 3a1aB 3T0 3HAYMEHHE KAKHM—
b0 obpaszom u peruB 3aa4uy Komm or ¢ = 1 10 ¢ = 2, nogyunm
COOTBETCTBYOIINE (DYHKITH:

z(-)[ad,  p()[e]-

'U> =
I
IS

.18) aBnsiercss mpoBepoY-
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Pemenne 3amaan Komm 11 Takux HAYAIBHBIX YCJIOBUI IMEET BH/I:

z(t)[o] =
p(t)[a]

q)yHKHI/II/I HEBA30K B 3THUX JABYX CJIy4YadX UMEIOT BHI:

2% — 1),

o
ot (2.19)

X(a) =z(2)[a] —3=0.

Perienne kpaeBbix 3a/1a9 METOIOM CTPEIbOBI SKBUBAJIEHTHO Pe-
ITeHNI0 YPABHEHUS:

JU1sl Kpaesoii 3aauun (2.17),
X(a)=a(2-2-1)—-3=0

ISt Kpaepoii 3agaqn (2.18).

OTu ypaBHeHus JWHeNRHBI 1 MeTo HpioTOHA (IKBUBAJIEHTHBIH B
9TOM CJIydae BXO/AMEMY B HETO COCTABHON YaCTBIO METOAY Delre-
HUS JIMHEHHBIX anrefpanvecKux ypPaBHEHNUI) ONPEJENsIeT X pelre-
HUS 32 OZHY MTEPAIUIO:

a = 0,

z(t) = 0,

p(t) = 0

! a = 1,
a(t) = 2w—1,

p(t) = 1/t

ITpoeepka ycaopuit 2(2) < 3, p(2) < 0 Ha MOJIYYEHHBIX DEIIEHNU-
SIX OCTABJISIET TOJBKO OJHY 9KCTPEMAJIb, OUEBUIHO, JOCTABJISIONLY 0
abCOMOTHBIN MUHUMYM (DYHKITHOHATY 33,/Ia9H.

O6parnM BHWMaHWE, 9TO /I JAHHOTO MPUMEpPa BO3MOXKHO H
HEMOCPEICTBEHHOE perienne Kpaesoii 3aaaun (1.73) 6e3 pasaenenus
Ha caydan A =0 u A > 0. IIpu Beibope dyHKIINY HEBI3KU

X(@) = p2)[e](z(2)[e] —3) =0

155



¢ yuetoM pernenns 3agaun Komm (2.19) mcnonb3oBanme merona
CTpPesBOBI MPUBOANT K KBAJIPATHOMY yDABHEHUIO:

gwc—s)zo

IIpu pemenun 3Toro ypapHeHnsi MeToaoM HbioTOHA, B 3aBUCHMO-
CTH OT BBIOOPA HAYAJIHHOTO MPUOJIUKEHUS, ONPEIEJSIeTCs OJUH U3
JIBYX BO3MOXKHBIX KopHeii: o = 0 (mpu o’ < 1/2) wim o =1 (npm
a® > 1/2). Tlpu o = 1/2 mpomssoamas byHKINN HEBAZKH PaB-
Ha Hym0 n Meron Hpoorona HenpuMmeHnM. AHAJIOTHYIHO, MPOBEPKA
yeaosuii 2(2) < 3, p(2) <0 Ha NOJIyYEHHbIX PENIEHUAX OCTABJIIET
TOJILKO OJIHY 9KCTPEMAJIb, OYEBUTHO, JOCTABJISIONIYIO a0COMIOTHDITH
MUHAMYM (HYHKINOHAIY 3aJIa40.

IIpumep 4. 3adaua Jazpansica — 3adaua 6v.empodeticmeus
€ UBONEPUMEMPUYECKUM YCAOBUEM MUNG PAGEHCTNEA, HUKCUPOBAH-
HBM HAYAADHOM U HEPUKCUPOBAHHBIM KOHEUHBIM 3HAYEHUAMY, Pa-
30801 nepemeHHo.

T(z(-),u(-), T)=T — inf, T > 0;

z(t) —xz(t) +tu(t) =0 Vte Ao =A=1[0,T);
u(t) e U ={ut)| 0 <u(t) <2} Vtel0,T];

T
/ sinfu(t)dt —1=0, x(0)—1=0.
0

ITposenem ananus yciaosug onrumasnbuoctu (1.78). Ilpu anasnu-
3e 33/1a4u B 1. 1.3.2 0TMe4asoch, 4TO A #0, Ao > 0. U3 yCaoBUi
CTAIMOHAPHOCTH — A\ Sin’ u(T) = Ao caenyer, uto —A > 0. BeiGpas
B KAMECTBE YCJIOBHS HOPMUPOBKH —\ = 1, MmOy <dmm:

g_i —0 (o OH _ 0) = sin2a(t) = p(t)t,

F
() = (m — arcsin(p(t)t))/2, npum sin(m —4) < p(t)t <sin g,
YT we cymecrByer, npu sin 8 < p(t)t uam p(t)t < sin(m — 4),

rae §~ 1,16556 — MUHUMAJIHHBII MOJIOKUTEIbHBII KOPEHD yPaB-

nenus tg(6/2) = f.
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O6uwmit Bus 3asucumoctu ¢yukiuu [louTpsiruaa oT ynpasiie-
HUS TIPU Pa3IUYHbIX 3HaYenuax p(t)t npeacrasien na puc. 2.1. Ha
PHUCYHKE YKUPHBIM BBIJIEJIEHBI 3aBUCAMOCTH, COOTBETCTBYIOLIHE IPa-
HUYHBIM caydasm: p(t)t = sin 8 (amxkuas) u p(t)t = sin(r — 4)
(BepxHsist), IITPUX—IIYHKTUPOM — 3aBucumocTb mpu p(t)t = 0,
HYHKTUPOM — 3aBUCHMOCTb npu p(t)t =1 > sin 3.

2.5}H(u)
2
1.5

1

Puc. 2.1 BaBucumocts ¢yukiun [ToHTpsAruHa OT yopaBieHus IpU
Pa3IVYHBIX 3HAUEHUsAX p(t)t

OCHOBHO# HEIOCTATOK TAKOTO YCJIOBUS TIPYW YUCJEHHOM perire-
HUW 331491 COCTOWT B €r0 HETOJIHOW ompeeennocTn. Jloompee-
JIUM OINITUMAJIbHOE YIIPABJIEHUE TI0 CJAEIYIONEMY 3aKOHY:

0, npu p(t)t > sin G,
a(t) = q (7 — arcsin(p(t)t))/2, mpm sin(m —4) < p(t)t < sin 3,
2, upu p(t)t < sin(m — 4).

(2.20)

Taxoe moompeje/ieHHe SKBHBAJICHTHO 3aMEHE HCXOIHOH OTKPBI-

TOf 06JACTH JOIYCTHMOTO YIPaBIcHAA HAa 3aMKHYTyIO0 00JacTb
U(t) =10; 2].

Kpaesas 3amaua npuniuna makcumyma (1.79), ¢ yuerom ycjo-

157



BUs HODMUPOBKU A = —1 ¥ JI00IPEeAeIeHns ONTUMAILHOTO yIIPAB-
senusi (2.20), nmeer BHUI:

3(t) = (1) — ta(t),

§(t) = sin®a(t),

p(t) = —p(t);
0, upu p(t)t > sin G,

a(t) = (m—arcsin(p(¢)t))/2, mnpm sin(m —4) < p(¢)t < sin G,
2, npu p(t)t < sin(m — 4);

2(0)=1, y(0)=0, y(T)=1, H(T)=0.
Yenosusa T > 0 u sin(m —4) < p(t)t < sinf sABastoTCA IPOBEPOU-
HBIMH.

Jns perieHusi TONYYEHHON KpaeBOH 3aa4l BOCIOIB3YEMCs
KJIACCUYECKON BBIUYUCIUTENBHON CXEMO MeToma CTpeanObl. B ka-
YeCTBE BEKTOPA TMapaMeTPOB MPUCTPENKN BBIOEPEM BEJTUUNHBI
a = (ag,a2) = (p(0),T). B kadecTBe AByX KOMIIOHEHT BEKTOD—
GYHKIINT HEBS30K:

X(a) = (y(T)le] =1, p(T)[a]) = (0, 0).

3a1aB 3HAUEHUS TAPAMETPOB MPUCTPEJKHA KAKUM—JI00 oOpa-
3oM u peruB 331a9y Kormm ot £ = 0 10 £ = qo, TOIyYUM COOTBET-
cTByIONMe DyHKINNI:

z()le],  y(Olal, p()lal,  ul)e].

Pemmenue 3agaun Komu mis Gyakuuu p(t) me 3aBucur ot Apy-
rux bynkuuii u nuveer Bug p(t)[a] = aje~!. BaBucumocts te !,
JMHEHO cBa3aHHas ¢ dyHKpeil nepeknodenus p(t)t, nupeacras-
Jiena Ha puc. 2.2. OT™MeTnM CleAyIonme CBOWCTBa, (MyHKIUU Tepe-
Kyouenus p(t)e:

1) ona paBua uymio upu a7 = 0, HeorpunaresbHa npu o1 > 0 u
HEeMOJIoKUTeNbHA Tipu v < 0

2) upu a1 # 0 QyHKUMS NEPEKIIOYEHUs] JOCTUTAET FKCTPEMYMa
aje”! mpu t=1;

3) t €[0;1] m t € [1;00] — y9acTKN MOHOTOHHOCTH (DYHKIIMH Tie-
PEKJIIOYEHUS.

Takum ob6pa3oM, Ha SKCTPEMAJH MOXKET OBITH He Oojiee IByX
MOMEHTOB TIEPEKJTIOUEHHs] T1, To, ABIAOIINXCA KOPHAMU ypaBHE-
Hust p(t)t = sin mpu aq > 0 u p(t)t = sin(r —4) npn a; < 0.
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ITpoBeaennsblii ananu3 ycnosus ontuMasnbHocTd (2.20) mo3Bossier
OIpe/IeIUTh!

1 \/1_72—25
ywmzf VL e s
A

b
e A =[0;T]\ [r1;72],
A = —min(0, sign aq) - (max(ry, min(re, 7)) — 71) - sin? 2.
Pemenuve cucrembl HeJMHEHHBIX ypaBHEHUH MeTO/a CTPeIbObLI
_ 1+4/1—ays2e28 .
Xi(a) = [ EV It ® qo LA —1 =0,
Xo(a) = agexp(—a2) =0
¢ ucnojb3oBanueM MoauduIuposanHoro Merosa HboToHa mozso-
JIIeT OTMpEeJe/INTh €IUHCTBEHHDIH CyIIeCTBYIOMMi KOperb a1 = 0,
a9 = 1, onpemendiomuil perenue NCXOTHON 33 Ia4n.

04
1/04

03

0.2

0.1

0 T1 1 T2 2 3 A

Puc. 2.2 Oupenenenue kopueii ypasuenus p(t)t =1 npu aq > 0.

Ilpumep 5. 3adaua Jlazpanorca, 6 Komopotll pewerHue cyue-
CMBYEM AUUD 8 GHOPMAALHOM CAY“ae — npu Ag = 0.

&umw»zéwmwwmmem;
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@(t) —z(t) —u(t) =0 Yte Ag=A=]0,1];
u(t) €U =R' = (=00, +00) Vit € [0,1];

/l(ﬁ(t) ot (t)) dt + % —0, a(l)+1=0.
0

Kpaesas 3amaua npunnuna makcumyma (1.84) umeer Bu:

2(t) = 2(t) +a(t),

§() = a(t)? + 2 (t),

Blt) = —p(t) + 2M(#(t) + 1),

0(t) = argabs max (p(t)u — Ao (u? + u));

9(0) =0, p0)=0, 2(1)=-1, §(1)=—-1/3; X >0;
yeanosue HEPOH; ycnoBue HopMupoBKH.

Okcrpemans npu Ao = 0 Hosydaercs B pe3ysbrare aHAJIUTH-
9ecKoro pemtenus 3agaun. Ecom npu Ao = 0 p(t) # 0 (10 ectb
3t € [0, 1], p(t) # 0 u, cnemoBarensuo, 3(m,71) C [0,1], p(t) # 0),
TO ONITHMAJbHOE yTpasienne Ha orpeske [0,1] (nam Ha ero yacTn)
HE CyIIECTBYET, U MOTOMY HE CYIIeCTBYET pelleHue KPAaeBOil 3a/1a-
qu. Ecom xe p(t) = 0, o p(t) = 0+ 2\ (x(t) +¢) =0 Vi € [0,1].
Torga, ectu A = 0, To Bce MHONKHTE M Jlarpanzka paBHBI HYJIIO,
9TO HEBO3MOXKHO, a ecitt A # 0, 10 z(t) +¢t =0 Vt € [0,1], u Bce
YCJIOBHSI KPAEBOH 334491 BBITIOTHEHBI.

IIpn Ao # 0 U3 ycJI0BUS ONTUMATIBLHOCTH TIOJYYaeTCs:
pt) 1

A O
a(t) 2y 2

Bribpas B KadecTBe yCJIOBUS HOPMUPOBKY 5\0 = 1/2, mpeobpasyem
KPaeBYIO 3aJ1a9y K BUJLY:

0)=0, p(0)=0, &(1)=-1, g(1)=-1/3.

s pelrennsi TOMyYeHHOW KPaeBO# 3a7a9M BOCIOJb3YEeMCS
KJIACCUYIECKOM BBIYUCIUTETILHON CXeMOo# MeToma cTpenbObl. B Ka-
YeCTBE BEKTOPA MMapaMeTPOB TPUCTPEJKH BbIOEPEM BEJIUINHBI
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a = (a,a2) = (2(0),\). 3anaB stu 3HAYEHUA KAKHUM—IHOO 00-
pazom u pemmB 3amavy Komm ot ¢t = 0 10 ¢ = 1, moIyIum €oOT-
BeTCTByIONHE DYHKINN:

Pemenne 3amaun Komm mis HavanbHbIX yeioeuit z(0) = ag,
y(0) =0, p(0) =0 u A = ae umeer cieryomuii BUI.
IIpu as < f%:

1 1—-2a2 .
z(t)][a] = a1 Koqﬁ—i— % > sin Bt+
5 1 1
a1+ = | cos Bt + 2ant — = |,
2 2
1 200\ . o Qg , O3
p(t) [Oé] = B 20[1042 —+ F Sin 6t*@ COSs 6t*2?t+?
IIpn ap = —%
o2t 3 2
z(t)[a] = *5*1*5+0¢1(t+1)7 p(t)[a] = 5 1 Mt

IIpn g > —%:

B2 —2
z(t)][a] = Sy 1 1 [(Oqﬁ-i- % )shﬁt—i—
<a152 - %) ch Bt — 200t + ﬂ :
p(t)[a] = 20;;1 . [2 (alﬁ - %) sh Bt + ch Bt + 2t — 1} )
n

y(t)[e] :/O (@*(s)[a] + 2ta(t)]a])ds.
B npusenennbix dopmynax 8= 4/|2aq2 + 1.

BekTop—dyHKIUs HEBA30K WMEET BU:
X(a) = (z(D)]e] +1,y(1)[e] + 1/3) = (0,0).
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Hu npu xakux HaYaIbHBIX YCJIOBUIX BTOPAs KOMIIOHEHTA (DyHK-
MY HEBS30K B HOJIb He obOpamaercsa. Tak Kak cucremMa ypaBHEHWU
pereHns He UMeeT, TO MeToJ HhI0TOHa He MOYXKET ero OnpeaenTh,
¥ TIOTIBITKY PEIEHNs 331a91U METOIOM CTPEIhObI K YCIeXy He TPU-
BOJISAT.

Ilpumep 6. 3adaua Jlazpanoca, 6 KOMOPol ONMUMAALHASL
MPAEKMOPUA COOEPAHCUM, YHACTNOK C OCOOBLM YNPABAEHUEM.

(), u(-) E/O (tu(t) — 1)2(2a(t) — £ + 1) dt — inf;

z(t) —tu(t) =0 Vte Ag=A=]0,2];
u(t) € U =R' = (o0, +00) ¥t € [0,2];
1
x(0)+§=0, z(2) —1=0.
Kpaesas 3amaua npuniuna makcumyma (1.89), ¢ yueTom ycjo-
BUs HOPMUPOBKHU Ag = 1/2, umeer Buz:

a(t) = ta(t),

i(t) = 2(ta — 1)%(22(t) — t* + 1),

() — (talt) — 1)(2&(t) — > + 1)2 = 0;
(0)=—-1/2, 2(2)=1.

2D -

Ormerum ocobennocth 3aiaun: upu ¢t = 0 yunpasienue u(0)
MOKeT OBITH BEIOpPaHO Ji00bIM. Ha anHanuTrdeckoe pelrenne 3a1a9u
3HAYEHNE YIPABJIEHNS B OJHON TOYKE HE BJIMSAET, & TPU UUCJICHHOM
PEIeHNY YIIPABJIEHNE BhIONPAETCsI 110 HETTPEPHIBHOCTHU CIIPABA.

Tlosmbrit anasu3 3amadu gocrarodHo ciaoxkeH. Kilaccumdeckas
BBIUHCJIATEIHHASA CXEMA METOA CTPEIbOBI P IIOCTPOSHUH IKCTPE-
MaJed ¢ y9acTKaMu 0CO00r0 yIpaBjeHus K yCIexy MPUHITAITAATHHO
npuBecTu He MOXKeT. [103TOMy TIpm pereHnn 330a9u PACCMOTPUM
TOJIBKO CJIydYail BHIOOPA BHIYUCIUTEILHON CXEMbI METOA CTPEIHOBI
JIJIST TIOCTPOEHWST IKCTPEMAJIU, COAEPIKAIIel peskuM 0co00r0 yIpas-
senus (cm. 1. 1.3.2). IIpu BoiGope BHIYUCIUTENLHON CXEMbI TIPe/i-
[IOJIATAeTCs, YTO IKCTPEMAJIb COCTOUT U3 JABYX y94acTKOB. IlepBbrit
Y4aCTOK COOTBETCTBYET PEKUMY OCODOTO yIIPABJICHUS:

x(t)=(t*—1)/2, pt)=0, wut)=1.
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MowmenT T OKOHYaHWSI ydacTKa OCOOOrO YIIPABJIEHUS SBJISIETCS
HEM3BECTHBIM MMapaMeTPOM TIPUCTPEJIKH:

T = Q.

Ha BTopoMm ydacTke ympaB/ieHHE OTIPEENIsSeTCs U3 YCIOBUS MAKCHU-
myma ¢pyuknun [lonrpsarunaa n pemenne 3aga4dn Komm ot ¢ = 7 10
t = 2 uMeeT BUI:

p(t) =0, wu(t)=1/t, z(t)= t% =1, z(t)=({t-1)+(r>=1)/2.

VYupasnenne u(t) B TOUKe T MOXKET UMETh Pa3pbiB. I109TOMY BME-
cro oxuoit 3amadn Ko ot ¢t = 0 10 © = 2 pemaroTcs aBe 331a9n
Komu: or t=0m0ot=7umort=7 mot=2.

st onpenenednss UCKOMOR SKCTPeMaJid KCIOJb3yeTcst (pyHK-
[IWsT HEBSI3KN

X@)=zQ2)a]-1=2-a)+(a®>-1)/2—1=(a—1)?/2.

Oo6paienne B HOJb (GYHKINYA HEBA3KU 33a€T KBAIPATHOE yPaB-
HEHUe C eIUHCTBEHHbIM KopHeM. OTMeTuM, 4TO IOJIy4YeHHOe B pe-
3yJIbTaTE DEIleHus 334a49u yupasjenue 4(t) OKa3blBAETCs HEIpe-
PBIBHBIM.

Perienne ypasuenusi merogom Hbi0TOHA BO3MOXKHO, HO TaK KaK
KOPEHb KPATHBIN, TO CKOPOCTh CXOIUMOCTH MeToqa HeroToHa OKa-
3BIBAETCS HEBBICOKOIT [13].

2.2.3. 3amaum ONTUMAJIBHOTO YIIPABJIEHUS

IIpumep 1. 3adana onmumarbHo20 YNpasieHUA ¢ 3G6UCAULUM O,
BPEMEHU 02PAHUYEHUEM HA NEPBYIO NPOU3BOOHYIO U HePUKCUPOBAH-
HBLM KOHEUHBIM 3HAYEHUEM Pa3080U nepemennot.

I(2() = /O (#2(t) — da(t)) dt — inf,

t<i(t)<2t vtel0,1], z(0)=0.
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Kpaepasg 3apaua npunumna makcumyma umeer suz (1.95):

2, p(t) > 4t

ait) = § p)/2, 20<p(t) <4t ;
t, p(t) < 2t

#0) = 0, p(1)=0.

s permenna KpaeBO# 3aJa9W BOCTOJIb3YEMCS KJIACCUIECKOM
BBIYUCUTEIBHON cxeMoit MeTosia cTpesbdbl. B KadecTBe mapamerpa
npuctpesiku Boibepem Beauuuny « = p(0). 3azas 310 3HaUEHUE
KaknM—in00 obpasom u pemwus 331a4y Komm or t =0 mo ¢t = 1,
MOJIy9UM COOTBETCTBYIOIINE eMy (hyHKITUH:

IIpu pemrennn 3amaun Kormm He06X0UMO yIeCTh 0COOEHHOCTD ITOM
3a/1a4M: HA IKCTPEMAJM MOTYT ObITb TOYKHU IepeKJIoYeHus (1 Ha
caMoM JeJie ecTb, cM. m. 1.3.3), Tak Kak npaBas 4acTb CHUCTEMbI
quddepeHInanbHbIX YPABHEHUN SIBJISETCS HEMPEPBIBHOW, HO HE
nenpepbiBHO—Iud depertupyemoit pynkmnueir Bpemenu. Touku me-
PEKJTIOUEHNUS TIPU YUCJIEHHOM PEIIeHNH 33,Ia91 HEOOXOINMO OTIpeIe-
JIUTh ¢ MAKCHMAJIbHO BO3MOXKHON TOYHOCTHIO (110pobHee 06 3TOM
cum. [8]).

OyHKIINSA HEBSI30K UMEET BHU/I:

Permrenne 3amaun Komm gys HavambHbIX yeaoruit 2(0) = 0,
p(0) =« upu « € (0,6) umeer Bu;

2t, t<afs,
at)[a] = pt)/2, a/8<t<al6,
t, a6 <t
2, t<a/s,
2
z(t)a] = [yu(s)ds = §t—1*— %5, o/8<t<af6,
gy a/6<t<1.
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Perienne kpaeBoii 331241 METOIOM CTPETHOBI C TAKON BHIYUCIIU-
TEJIbHOM CXeMOil SKBUBAJIEHTHO PEITIEHNIO YPABHEHUS /1151 (DY HKITUH
HEBA3KM:

Xi(a) =(a—4)=0.

Tak Kak 310 ypaBHeHue JmHeiiHoe, meros Hpiorona (sxBuBa-
JIEHTHBIH B 9TOM CJIy4ae BXOZAINIEMY B HETO COCTABHON YaCThIO Me-
TOJLy PEIleHUsl TUHEHHBIX YPABHEHUIT) ONPEIEIAeT PEllleHne Kpae-
BOI 33/1a4M 34 OJIHY UTEPAaIuIo:

a = 4,
plt) = 4-—4,
2t, 0<t<1/2,
at) = 22t 1/2<t<2/3,
t, 2/3<t<1;
12, 0<t<1/2,
() = 2t — 12 —1/2, 1/2<t<2/3,

t2/2+1/6, 2/3<t<1.

ITpumep 2. 3adava onmMumasbH020 YNPasAEHUA € 3GEUCAULUM
OM GPEMEHU 02PAHUNEHUEM HA 6MOPYI0 NPOU3codnyto (3adaua o
MAKCUMAADHOT NAOUAIU MeHcOY epadurom kpueol u ocvro OX
nPu 0zparuenHotl 6Mmopoti NPouseodHot).

Ia() = [ a(t)dt — su.

—6t<i(t)<1 Vtel[0,1], z(0)=z(1)=0.

Kpaesas 3amaua npunnuna makcumyma umeer ug (1.100):

Ta(t) at),
—6t, pg(t) <0,
a(t) = 1, pa2(t) > 0,
Yu e U, paft) =0,
Z?l (t) 727
ﬁQ(t) = - (t)7
AI(O) = Oa :%1(1) = 07 ﬁQ(O) = 03 ﬁQ(]‘) =0
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Pexxum ocoboro ympapieHnss B pacCMAaTPUBAEMOIT 3ajade Orl-
TUMaJIbHOTO YTIpaBJIEHUsT HEBO3MOXKeH. B camoMm jere, eciu cyiiie-
creyer [r1,72] C [0,1] Takoit, uro pa(t) = 0 Vt € [r1,72], TO I
p1(t) =0 Vit € [r1, 7], 9r0 MpoTHBOpPEUNT ypaBHenmIo pi(t) = —2.
Dyukiys nepekiodenus pPo(t) dBiIsSETCH MHOTOYJIEHOM U IIOTOMY
MOXKeT OOpAIATHCS B HOJIb TOJHKO B KOHEYHOM YHCJIE TOYEK, TOY-
Hee, He 6oJlee YeM B JIByX To4Kax orpeska [0;1].

Jns pemenusi KpaeBo#l 337U BOCTIOIB3YEMCs KJIacChde-
CKOl BBIYHCINTEILHOW CXeMOil MeToma CTpeanObl. B Kaue-
CTBE BEKTOpa [apaMeTPOB MPHUCTPEJKH BbIOEDEM BETUYHHDI
a = (aq,a2) = (22(0),p1(0)). 3amaB 311 3HAYEHHS KAKHM—IHOO
obpazom u pemmmB 3amady Komu or t = 0 mo t = 1, mosyduum
COOTBETCTBYIOIIHE UM (DYHKITHH:

z1()la],  2z2()la), pi()le],  p2()[a].

IIpu pemrennn 3amaun Kormm He06X0UMO yIeCTh OCOOEHHOCTD ITOM
3aJa91: Ha IKCTpEMaJn MOTYT 6LITB TOYKHU TIEPEKIJIIOICHUA (Ha Cca-
MOM gzesie ux He Oymer, cM. 1. 1.3.3), Tak KaK IpaBas 4acTb CHU-
creMbl auddepeHInaATbHBIX YPABHEHHUH He sIBISeTCsS HeIPePbIBHOM
dyukimei Bpemenn. TOUKN MEPEKTIOUEHNS TPH TUCTEHHOM pPeIrie-
HAW 33Ja91 HEOOXOIUMO OMPEIeINTh ¢ MAKCHMAJILHO BO3MOXKHOIM
TOYHOCTBIO (HOIpoGHee 06 3TOM M. [8]).
OyHKIINSA HEBSI30K UMEET B/

X() = (z1(Ded, p2(D)]al).

Pemenue 3anaun Komu mis Hauanbubix yciosuit 1(0) = 0,
22(0) = a1, p1(0) = ag, p2(0) =0 umeer caexyromuii Bu:

p1(t)[a] = ag — 2t,
pa(t)[a] = 12 — ast.

IIpu oy < 0:

W] =1, @a(b)a] =t+a1, @1(t)a] = t2/2 + art.
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b0l = { ¥ )
2 Tl t—-3a3—axtaq, teE(agl]

)

#1(0)a] = —t3 + ant, t €[0,as),
! T t2/2 4 (a1 — 303 — a2)t + (203 + a3/2), t € (ag,1].

IIpn ag > 1:
W(t)a] = —6t, @o(t)[a] = =3t> + a1, @1(t)[e] = —t° + aut.

Pemenne kpaeBoii 33,1841 METOIOM CTPETBLOBI C TAKOHN BBHIUHCIIN-
TeJIbHOI CXeMOIl 3KBUBAJIEHTHO PEIIEHUI0 CUCTEMBI YPABHEHUH 1714
BEKTOP—(YHKIINN HEBSA30K:

1/2 + aq, mpu as < 0,
Xi(a)=1¢ 1/2+4+2a3 - 20} —as+a;, npul<az<l,

-1+ a, mpu ag > 1;
Xg(Oé) =1- Q9.

Omnpenesiervie e MHCTBEHHOTO CYIIECTBYIOIIETO KOPHS METO/IOM
Hsrorona tpebyer me 607ee AByX WTEpAITAii.

H[!I/IMe[z 3. 3adaua onmumMarbHO20 YynpasaecHuA € Kpaesvim
YCA0BUEM TMUNG HEPABEHCMEA.

I(2() = /O (#2(1) + 4a(8)) dt — int,

—1<i(t)<0 Vte[0,1], =(0)=0, =(1)+3/4<0.

Kpaesas 3amaua npunnuna makcumyma umeer sug (1.106):

p = 4,
-1, p(t) < -2,
a(t) = p(t)/2, —2<p(t) <0,
0, p(t) >0,
#2(0) = 0, p(1)=-X X (2(1)+3/4)=0;
A > 0.

B coorBercTBUM € AITOPUTMOM pEITEeHHS 331a9U HEOOXOINMO
paccmoTperh aBa caydas: A=0u A > 0.
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s permerns KpaeBoO# 337a9M BOCIOIb3YEMCs KJIACCHIECKOM
BBIYUCINTEILHON CXeMOit MeTOIa CTpehObl. B KauecTBe mapaMeTpa
npucTpesku Bbibepem Besmunay « = p(0). 3azae 310 3HaUeHMEe
KaKnM—1u00 obpa3om u pemwus 33ma4y Komm or ¢t =0 mo ¢t = 1,
[IOJIy9MM COOTBETCTBYIOINE eMy (pyHKIUu:

Ilpu pemennn 3amaun Komm HEOOXOIAMMO yUeCTbh OCOOEHHOCTH
9TON 3aJaud: Ha HKCTPEMAIN MOTYT OBITH TOUKH TIEPEKIOYEHHUST
(cm. m. 1.3.3), Tak Kak mpaBas 4YacTb cucreMmbl auddepeHim-
AJIbHBIX YPABHEHUI SBJISETCS HENPEPBIBHOW, HO HE HEIPEPbIBHO—
nuddepennupyemoit GpyHKImeH BpeMenn. TOYKH TEPeKTIOTeHHs
[PU YUCJIEHHOM PEIeHUH 33291 HEOOXOAMMO OIPEIETUTh ¢ MAaK-
CHMAJIbHO BO3MOXKHOM TOTHOCTLIO (mOmpobHee 06 9ToM cM. [8]).
DyHKINN HEBSI30K UMEIOT BUI:

X(a)=2z(1)[a] +3/4

B KpaeBoil 3azave, coorsercrByoieil ycaopuam &(1) + 3/4 = 0,
A>0;
X(a) =p(1)[d]
B KpaeBoil 3a1ade, coorsercrByiomeii yeaopusm (1) + 3/4 < 0,
A=0.
Perrenne 3anaun Kounm mia navampebix yeaosuit z(0) = 0,
p(0) = a umeer Buz:

B(t)a] = 4t + a.

Ipn o < —6: 4(t)[a] = —1, &(t)[a] = —t.
IIpn —6 < a < —4:

X -1, 0<t<—(a+2)/4,
“(t)[o‘]{ o2t + /2, —(a+2)/4<t<1,
—t, 0<t<—(a+2)/4,
R _ 2
#(t)[o] = ter%tJr <O‘12) , —(a+2)/4<t<l
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IIpn -4 < a < —2:

~1, 0<t<—(a+2)/4,
at)a] =< 26+ /2, —(a+2)/4<t< —a/4,
0, —afa<t<l1,
—t, 0<t<—(a+2)/4,
2 2
#0le] = P+ St () —a+2)a<t< a4,

(a+1)/4, —a/4<t<1.
IIpu —2 < a<0:

. | 2t+a/2, 0<t< —a/4,
i(t)la] = { 0, —afd<t<1,

[ B4 at/2, 0<t< —a/4,
(B)le] = { —a?/16, —a/4<t<l.

Ipu o > 0: 4(t)[a] =0, z(t)[a] = 0.

Pemenne KpaeBbIX 3a7a9 METOJOM CTPEJbOBI C TAKUMHU BBI-
YUCJIUTETBHBIME CXeMAaMU SKBUBAJICHTHO PEIIECHUIO YPABHEHUH /171
GYHKINYT HEBI30K:

-1, mpu o < —6,
2
2
1+g+<a+ , mpu —6 < a< —4,
X(a) = 2 4 (2.21)
(a+1)/4, mpn —4 < a < -2,
—a?/16, mpu — 2 < a <0,
0, mpu 0 < «

B KpaeBoil 3azave, coorsercrByoieil ycaopuam &(1) + 3/4 = 0,
A>0;
X(a)=4+a=0 (2.22)

B KpaeBoil 3a1ade, coorsercrByiomeii ycaopusm (1) + 3/4 < 0,
A=0.

Tax kak nepsasa GyHKIMs HeBA30K (2.21) HenpepbisHO—qubdhE-
PEHIUPyeMa U MOHOTOHHA, TO MOARpUIMPOBaHHBIN MeTox, HeioTo-
HA ONPEJIENSAET €IMHCTBEHHBIH CyIECTBYOINA KOPEHD 3TOTO yPaB-
wernns pu —6 < ¥ < 0. Tax xax Bropas byHKINA HeBAZOK (2.22)
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JIMHelHa, TO KOPeHb BTOPOIrO YpaBHEeHUsS « = —4 onpejesseTcs 3a
onny muteparmio Metoga Huiorona.

TTocne onpeneneHnss KCKOMBIX KOpHEH B 00€MX KPAEBBIX 3a0a-
9ax MpOBEPSIOTCS TpebyeMble HEPABEHCTBA. B cilyuae ux BBITOJIHE-
HUSA HalIeHHOe pelrenne OyIeT perneHneM NCXOIHON 3a1a9u, nHaTe
HaliJeHHOE pellleHne BCIIOMOTaTeJbHOI KPAaeBOH 3a/1a4U pelleHneM
HCXOIHON 3a1a9u He OyIer.

IIpumep 4. 3adaua onMUMAALHO20 YNPaBAEHUA — 300044
ObLCMPOOETICMBUA ¢ USONEPUMEMPUNECKUM YCAOBUEM MUNG PAEEH-
CM6a, ¢ GUKECUPOSAHHBIM HAUGALHYM U HEPUKCUPOBAHHBIM KOHEW-
HOLM BHAYEHUAMUY Pa3060T nepemernot.

T(z(-),u(-), T)=T — inf, T > 0;
+a(t) —tu(t) =0 Vte Ay CA=[0,T];
ceU={ult)] —1<ut) <2} Vtel0,T];

T
/ cos®u(t)dt —1 =0, z(0)—1=0.
0
B KauecTBe yC/I0BHS HOPMUPOBKHU BHIOEDEM BeTHUnHYy A = —1.

B sTtom cnydae kpaeBad 33/a9a MPWHITATIA, MAKCUMyMa, UMeeT BU]T
(1.112):

&= —&(t) + ta(t),

p(t) = p(t),

(t) = cos? (1),

a(t) = arg 2})s1n21]ax (cos® u + p(t)tu);

‘%(O) =1, Q(O) =0, Q(T) =1, ﬁ(T) =0
T>0

13 cnencTBust yCIOBUST CTAIIMOHAPHOCTH OTPEIEJIACTCS BEJIUINHA
Ao = cos? ﬂ(T), YCJIOBUE HEOTPHIATENBHOCTH Ao > ( HpH 3TOM
BBITIOJIHSIETCS] ABTOMATHYECKH.

Jnsa peieHusi KpaeBo#l 3aJadd  BOCIOJIb3YEMCS KJIaCCHYe-
CKO#l BBIYHCIUTEIBLHON CXeMoii Meroma cTpenbObl. B kaue-
CTBE BEKTOpa [apaMeTPOB MPHUCTPEJKH BbIOEPEM BEJTUYHHDI

a = (a1,a2) = (p(0),T). Banar 5tn 3HaYEHNsT KaKUM—JIHUO0 06-
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pasom u peruB 33na4y Komwu or t =0 10 ¢ = o, TOJIyIUM COOT-
BeTCTByOMMEe UM (DYHKIUN:

ITpu pemenun 3amaun Komu HEOOXOIMMO yuecTh 0COOEHHOCTH
9TOH 3a7a49M: HA HKCTPEMATHA MOTYT OBITh TOUKH MEPEKJTIOUCHHUS.
Touku mepekI0deHns IPKU YNCTEHHOM PEIeHnn 3aa9u He0OX0 -
MO OTIPEJIEIUTH ¢ MAKCUMAJIBHO BO3ZMOKHON TOUHOCTHIO (110 1pobHee
06 sToMm cuM. [§]).

BekTop—dyHKIns HEBA30K WMEET BU:

X(e) = (Xi(a), Xo(a)) = (p(T)a), y(T)la] - 1).

IIpu permenne KpaeBoil 3a1a9u METOIOM CTPEIbOBI OIpeIes-
ercs perenue 3anauu Komwm s Havanbubix yeaosuit x(0) = 0,
y(0) =0, p(0) = ;. IIpu srom

. t
p(t)a] = aze’.
KoMmmorenTsI BeKTOp—(YHKIANA HEBS30K UMEIOT BHI:

Xi(a) = age* =0,
Xala) = y(T)a]—1=0.

AHanuTuyeckas 3aldChb BTOPOH KOMIIOHEHTBI BEKTOP—(YyHKIMH
HEBA30K JIOCTATOYHO TPOMO3JIKA U MIOTOMY He ITPUBOIUTCH.

Wcnons3oBanne MoaudunupoOBaHHOTO MeTO1a HbI0TOHA MO3BO-
JIF€eT ONpeIeTNTh eIMHCTBEHHBIN CYIIeCTBYIONNi Kopeab a1 = 0,
a9 = 1, aBagionIuiica pemenneM UCXOTHON 3aIa .

Ilpumep 5. 3adauwa 0onmMuMasbH020 YNPABAEHUA, 6 KOTO-

poﬂ pewerue cywecmeyem AUWb 6 GHOPMAADBHOM CAYHaAE — NPU
Ao =0.

T (z(+)) = «(1) — inf,
t—1<z(t)<t+1 Viel0,1], =(0)=0,

/l(mQ(t) —2tz(t))dt = —1/3.
0
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Kpaepag 3agaua npuniuna makcumyma (1.117) umeer Buz:

i = al),
yt)y = a2(t) —2ta(t),
plt) = 2M2(t) —1),
t—1, p(t) <0,
i) = 4 t+1, B(t) > 0,
Yue[t—1; t+1], pt) =0;
#0) = 0, §0)=0, H(1)=—Ao, §(1)=—1/3;
A > 0; ycaosue HEPOH;  ycioBue HOpMUPOBKH.

Ananurnyeckoe perenne 3a1a9u pu Ag = 0 COOTBETCTBYET pe-
JKUMY 0co6oro ympasienus: p(t) = 0. YueT BO3MOKHOCTH PEKIMA
0Cc0o0Or0 yNpaBJieHUs, COOCTBEHHO, W TPUBOJUT K AHAJIUTHIECKOMY
PEIEHnTIO 33191,

ITokazkeMm, 9TO MONBITKU MMOCTPOEHHS JAPYTOH BBIYUCIATETHHOM
CXeMBbI K YCIIEXy HE MPUBOIAT. BO-TIEPBBIX, HCKIYAM U3 KPaeBOii
3a/1a9M MHOXKHUTENb Ag. Yciaorue p(l) = —Xg < 0 mpu 3TOoM yun-
THIBAETCS KAK MPOBEPOYHOE (IPOBEPSAETCs TOJIHKO HA MOCTPOEHHO
sKcTpemMasn). MHOXKUTETh A MOKET IPUHAMATH OJIHO U3 TPEX 3Ha-
gennii: -1, 1 u 0. Beibop mepBbIX AByX 3HAYEHWIT COOTBETCTBYET
3aJIAHUIO JIBYX PA3JMIHBIX BO3MOXKHBIX HOPMUPOBOK MHOKHTEJIEH
Jlarpamxka. B kauecTBe mapamMerpa NpUCTPEIKY TTPH 3TOM BHIOWPA-
erca BemunHa o = p(0). PYHKINSA HEBSI3KU ONPEIENIETCS YCIIO-
BHEM:

X (o) =y(1)[a] + % =0.

Ecau p(t)[a] <0 Vt € [0;1], To dynkmun

u(t)[a] = t; 1,
#(t)o] = & 1,
y(t)o] = &5 — & +1°

u 3Hadenne X () = 53/60 He 3aBUCAT OT BEJTMIMHBL (¢. DTO BBIIOJ-
Hierca mpu A=0, A=1wmw a<O0wmwmnmpu A=—-1n a < -5/3:

t3

p(t)[a] = A <§ - 2t2) + o
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Ecau p(t)[a] > 0 Vt € [0;1], To dynkun

u(t)[a] =t +1,
2
z(t)a] = 5 +t,
5 3
yle] =5 -5
n 3Havenne X () = 1/20 Takke He 3aBUCAT OT BEJIWYMHBI . DTO
BomosHseTrca mpu A = 0, A=1uw o > 0 win pu A = —1 u
a>1/3:
t3

p(t)[a] = )\5 + a.

Cayuait A =0, a = 0 HeBo3moxken B cuity ycaosus HEPOH, a
caygait A =1, o = 0 cBOAWTCH K ONHOMY U3 ABYX IIPEIbIIYIIHUX,
B 3aBUCHMOCTH OT BBIOOPA BEJIMYWHBI YIPABJIEHUS B HAYAJIHHBIN
MOMEHT BPEMEHH.

ITIpn A = —1, 0 < a < 1/3 Ha 9KCTpEMAN UMEETCs OJIHA TOUKA
IepeKIoYenHns T = v/3a:

u(t)[a] =t +1,
z(t)o] = & +1,
_t° t3
y()a] =35 — 5
3
(o] =t — 1,
z(t)a] = £ —t + 27,
y(t)[a] = L& — L1+ Z)t® — 4rt® + 473t — da — %,
p(t)a] = —& + 212 — 27t + o, npu ¢ € [;1];
11
X(a) =~ +4(VBa) — (24 5 ) VBa+ 20,
2 3 60
IIpn A = —1, —5/3 < a < 0 Ha 3KCTPEMAJIN MOYKET OKA3ATh-

sl HECKOJIBKO TOYeK TepekJouennus. 3apucumoctn u(t)[a], z(t)[a],
y(t)[a], p(t)[a] m X(«) npu 3TOM OKA3BIBAIOTCS JOCTATOYHO I'PO-
Moz3aKAMA. OTMETHM JIHIIb, 9T0 DYHKIMA HEBA30K HU IPU KAKOM
BBIOOpPE (' B HOJIb HE OOPAITAETCs, ¥ TIOTOMY PEIIUTDb 3a7a49y C UC-
MOJIb30BAHNEM TAKON BBIYMCINTEIBHON CXEMbI HE YIAeTCs.
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IIpumep 6. 3adaua oNMUMANBHO20 YNPABAEHUA, 8 KOMOPOT
ONMUMANBHAA MPAEKTMOPUSA COOEPAHCUM YHACNOK ¢ 0COOBIM YNpPas-
AEHUEM.

~

o) = [ a0 de—

(
() —u(t) =0 Vte Ay CA=]0,2];
u(t) e U(t) = {u(t)| — 1 <wu(t) <1} Vte0,2];
z(0)—1=0, xz(2)=0.

IIpn 5\0 = 1 KpaeBad 3ajJa49a TPUHIIANA MAKCUMyMa UMeEET BU/
(1.122):

-1, p(t) <0
z(t) =a(t) = { +1, p(t) >0,
Vu e [—1,+1], pt)=0

Pemenne kpaeBoii 3a1a491 ¢ HCIIOTB30BAHIEM KJIACCHIECKO BbI-
YUCIUTEbHON CXeMbl METO/Ia CTPEIbObI, KAK W CJEI0BAJIO OXKU-
J1aTh, K yCIeXy He mpuBoauT. B camom jese, BbiOepeM B KadecTBe
napamerpa npucrpesku seananny o = p(0), a B kadecTBe HyHK-
NN HEBA30K BEJININHY

X(a) = z(2)[a].

BagaB o kakuM—iub0 obpasom u perus 3a0a4dy Kormm ot ¢ = 0 10
t = 2, nonyunm coorsercTBytoime byukunn z(-)[a], p(-)[a].
IIpn a < —1:

P(Oa] = —t+1,
pH)le] =—(t-1)*+1+a,
u(t)[a] = —1.
IIpn —1 < a <0:
w(Ofa] = —t+1,
pH)la] = =(t =1 +1+a,
u(t)[a] = —1, te[0;1—+1+al,
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z(t)o] =t+2v/14+a—1,
p(H)[a] = (t+1)2 - (2 -1+ a)?,
)

—~

u(t)lo] =1, te[l—vV1+a;2].
IIpu 0 < a:
x(t)[a] =t + 1,
pt)lo] = (t+1)* = 1+a,
u(t)[a] = 1.
IIpn o = —1 cymecTByeT HECKOJBKO pernennit 3amadn Kormm.

OHU HAUMHAIOTCS OJJHUM W T€M K€ YIaCTKOM:

x(t)[a] = =t + 1,
p(t)a] = —(t - 1)
u(t)[a] = -1, t € [0;1].

3areM 3KCTpeMajn pa3aessioTCs B 3aBUCUMOCTH OT CIOc00a BHIOO-
pa yInpaBJieHus B IIPABON OKpeCTHOCTH TOYKH ¢ = 1.
IIpu BeiGope 3navenus u(ly) = 1:

w(Bla] =t -1,
p(t)le] = (t+1)* -4,
u(t)[a] =1, te[l;2].
ITpwu BBIGOPE 3HAueHust u(ly) = —1

s(Bfa] = —t+1,
p(t)[e] = —(t — 1),
u(t)[a] = —1, tel;2]

ITpu BBIGOpe 3HaveHnss u(ly) = 0, COOTBETCTBYIOIIETO DEXKUMY
0CcO00TO yIIPABIEHUSI:

(t)[a] = 0,
p(t)la] =0,
u(t)[a] = 0.
YdacTok 0co00T0 yIpaBIeHUs MOYXKET OBITh 3aBEPITIEH B JIIOO0H MO-
MeHT T3 € [1;2), W B 3aBUCHMOCTH OT BHIOODA BEJIMYUHBI YIIPAB-
JeHnsi u(7T24) TPH CXOZE € YYACTKA MOJIYYAIOTCS JIBE PA3INIHBIE
9KCTPEMAJIH.
HcnonbsoBanue kiraccu4eckoil BBIYMUCIUTENbHON CXEMbI MeETOJa
CTpeHL6LI TaKOil BO3MO>KHOCTU HE YYUTBIBAET, I UMEHHO TTO3TOMY
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MOCTPOUTH MCKOMYTO SKCTPEMAJIb € yIACTKOM 0COOOTO yIpaBIEHUs]
He TTO3BOJISET.

Jljist permnieHus 3a/Ja9W UCTOJB3YEM BBIYUCIUTEIBHYIO CXEMY,
YUIUTHIBAIOIIY IO CTPYKTYPY UCKOMOI SKCTpemasu. Vickomas sKcTpe-
MaJib COCTOUT W3 HAYAJIHHOIO HEOCOHOTO YyIACTKA U KOHEIHOTO 0CO-
6oro. B kauecTBe mapaMeTpoB NPUCTPETKH BbIOEPEM JIBE BETUINHDI:

Q= (p(o)aTl)a

rme T, 0003HAYaeT MOMEHT BBIXOIAa Ha 0C000e MHOrooOpaswue.
BekTop—dyHKIMs HEBA30K UMEET BUI:

(X1(a), Xa(a)) = (z(m1)[e], p(m1)[e]) = (0,0).

Oo6paienne B HOJb BeKTOp—dyHKINN HEBs30K mpu 0 < 77 < 2
rapaHTUPYeT BO3MOYXKHOCTH MPOIOJIYKEHUS PEIIeHUsT Ha OTPE3KE
t € [11,2] 0cOBBIM yUaCTKOM U, CJIEIOBATENLHO, BIIOIHEHUE KPae-
Boro yciaous x(2) = 0.

Boi0op apyroit BEIYHCIATETLHON CXeMbI METOIa CTPETBOBI ¢ pe-
menueM 3a1a4u Kormm B 00paTHOM BpEMEHU CBOJUT PEIeHUe Kpae-
BOIi 33,144 K OJIHOMY JIMHEHHOMY ypaBHeHUIO. [Ipu 3TOM B KauecTBe
napamerpa MPUCTPEJIKYA BHIOMPAETCS BeJIMYNHA @ = T1 . B MOMEHT
T{ M3BECTHBI J[BA YCJOBHs HAXOXKIEHUs HA 0COOOM MHOTOOOpasuu
x(m) =0, p(m1) = 0. Oupenenus ycjaoBus €xo4a ¢ 0c060r0 MHOIO-
ob6pasmusi u(r—) = —1 u pemms 3amavy Komw or t =71 mo t =0,
Beruncanm dyuxmmn z(-)[a], p(-)[a], u(-)[a]:

X(a)

z(t)|a] = =t + a,

p(t)la] = —(t — a)?,

u(t)[a] = —1, te€0,al.
DyHKIMSA HEBA3KH NMEET BUI:

X(a) = 2(0)fa] —1=0. (2.23)

Ilpu ompenesnenun yCaIOBUS C€XOma € OCODOTO MHOTOOOpa3wsi
u(m—) =1 byuxkuuu z(-)[a], p(-)[a], u(-)[a] umeror Bua:
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Dyukius HeBasku (2.23) HA TAKUX PEIIEHUAX B HOJIb HE OOpala-

€TCHd.

Jlpyrue mpuMephl TPUMEHEHNST METOIa CTPEILOBI TIPU PEIIeHNH
3311 C PEKUMAMH 0COOOTO YIPABIEHUS CM. B [8].

Sagaun

IIpeamaraembie /1 CAMOCTOSATETBHOTO PEIIeHHS 33N COAEPKAT
HECKOJIbKO BAPUAHTOB MTOCTAHOBOK.

L [1%(#2 + aa®)dt — inf, 2(0) =0, 2(10) =0, a € [0, A].
BapuanTor:

6e3 JOMOTHUTETbHHHBIX OTPDAHUYEHM,
|z <1,
2| <1,

ycnone x(10) = 0 3ameHsieTcsi OrpaHWYEHHEM
-B < x(lO) < B wu pgomonHseTcs JI00bIM U3 YCJIOBUi

a‘)fB)a

o — mapamerp 3agaun, A € Ry, B € R, — mHexkoropbie
KOHCTAQHTBI 33JA4N.

9. f010(5c2 +ai®)dt — inf, 2(0) =0, 2(10) =0, a € [0, 4].

BapuanTor:

0e3 JOMOTHUTETLHHHBIX OTDAHUYEHH,
2] <1,
|7 <1,

ycimone x(10) = 0 3ameHsieTcsi OrpaHWUYEHHEM
-B < x(lO) < B wu pgomonHseTcs JTIOOBIM U3 yCJIOBUi

a)fB)a

o — mapamerp 3agaun, A € Ry, B € R} — HekoTopbe
KOHCTAHTHhI 3a/1a4HU.

axr

3 Jo <i2+ 1+a.Tg)dt—w'nf, 2(0) =0, z(4) =0, a € [0, 4],
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BapuanTor:

a) 03 JIOMOJTHATEIbHLHBIX OTPAHUYEHUIA,

6) [&] <1,
B) [#] <1,
r) ycrosue x(4) = 0 3amMeHsieTcs OrpaHUYEHHEM

—B < z(4) < B u pononusercs J00bIM U3 yCJIOBH
a‘)fB)a

o — mapamerp 3agaun, A € Ry, B € R} — HekoTopble
KOHCTAHTHI 3a/1a49N.

a (. oz )

4. [, <$2+x2+1+¢2)dt — inf, z(0) = 0, z(4) = 0,
a€[0,4].
BapuanTor:

a) 0e3 JIOMOJTHATEbHLHBIX OTPAHUYEHUIA,

6) [#] <1,
B) [#] <1,
r) ycrosue x(10) = 0 3aMeHsieTcssi OrpPaHHYEHHEM

—B < z(4) < B u pononusercs J00bIM U3 yCJIOBH
a)fB)a

o — mapamerp 3azaun, A € Ry, B € R, — HekoTopbe
KOHCTAHTHhI 3a/1a4HU.

2
5 [ <z5+<|u+o¢|+|ua| a) )dmmf,
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z(0) = -1, =(T) = 1.

Bapuantsr auddepennuanabHoil cBI3u:

a) ©=u,
6) &=u,
B) &+x=u,
r) &—x=u,

a = {0,1}, s = {1,2,3}, T = {1,10,20} — napamerpsi
3ajgaun, u € R — ymnpasjenmue.



6. Cucrema muddepeHnuanbHbIX yPABHEHUI:

T = Uy,
Y = Uy,

Vg
Vy = —G(ya Uzavy) (’U2 + ’()2)1/2
T Y

, Uy
Uy =—9g— G(y,vz,vy)W + Uy,

+uza

Z, Yy — JAJbHOCTH U BBICOTA, Uy, Uy — KOMIIOHEHTHI BEK-
TOPA CKOPOCTH, Uy, Uy — YCKOPEHUs! (KOMIIOHEHTHI BEKTOPA
yTIpABJICHNS );

¢ — T'PaBUTAIMOHHOE YCKOpeHHE (mapaMeTp 3a/a4u);

G(y, vz, vy) = av? +v§)e’“y — COIPOTHBJIEHAE aTMOCQEPHI,
@ > 0 — mapameTp 3KCIOHEHIIMATBHON MOmesn arMocdepbl,
a > 0 — napamerp conporussienus (npu « = 0 JBUKEHHE
0€3 COMPOTHUB/ICHUS = AHAJUTUYIECKOE PEICHUE).

Kpaesbie ycioBus u yHKIMOHAN (MIEPEEeT HA MaKCUMAJIb-
HYIO JaJbHOCTD):

BapuanTor:

a) T > 0 — napamerp 3anauu (bUKCUPOBAHHOE YHCIIO),
u2 + ui < w2, (orpanwyenue Ha YIPABIEHUA) Umax —

napamMerp 3a/a4n;

6) T > 0 — cBoboxuast (onTUMHU3UpyeMasi) BeIWYHHA,
fOT \Ju2 +uidt < Viap, Viap > 0 — xapaxrtepuctire-
CKasl CKOPOCTb (Iapamerp 3a1auu);

B) T > 0 — cBoGomHasi (onTMMU3WpyeMasi) BeJIWYWHA,

fOT uZ 4+ uldt < C, C >0 — napamerp 3a1a4u.

7. IlocranoBka 3a/a4m ONPEIEISETCS B Pe3yJibTare BbIOOPA IO
OJTHOMY U3 MPeJICTABJIEHHBIX BADUAHTOB (DYHKITHOHAIA, Aud-
depeHnmMaTbHON CBA31, OTPAHWYEHUST HA YIPABJIEHUs, KPae-
BBIX YCJIOBUI 1, BO3MOXKHO, JOTOJTHUTEIHHBIX OTPDAHUIEHUN.
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O yHKIMOHA:

A

T — inf (3amava GbicTpomeiicTBus),

B fo |u|dt — inf (MuHMMU3aLMs 3aTpaT ylUpaBJeHus),

)

)
B) fOT u?dt — inf (MuHMME3AIMS 3aTPAT yHpaBIeHus),
) fOT xdt — inf (“naomazas nos rpadukom”),
) x(T) — extr (“repMuHATIBbHOE 3HAYEHWE BEJUYUHBI"),
E) krT + kora(T) + [ (kuilu] + kuou? + kyx)dt — inf,

kr >0, kxr >0, ky1 >0, ky2 >0, k; > 0 — mapa-
MeTPhI KOMIIPOMHUCCHOTO (hYHKIIHMOHAIIA.

HuddepennuanbHas CBA3b:

a) 4 = u (CKOpOCTh),

6) & = wu (yckopenue),

B) &+ x =u (MagTHUK),

r) &—x=u,

n) i+ at+wr=u,

e) i+ wili| =wu (Tpenue).
YnpajeHnus:

I) u e RJ’_,

Il) |ul <1.

Kpaesbre ycioBust:

i) ®ukcupoBaHHbIe 3HaYeHUs (HA3OBLIX EPEMEHHBIX B Ha-
4Jajie U B KOHIIE,

ii) Yacruuno—cBobosuHbie 3HaYeHUsi (HPA30BBIX I€PEMEHHbBIX
B HaYaJjie U B KOHIIE,

JIOmOTHATE TbHbIe OrPAHTIeHMASI:
fo ft,z,u)dt = C,
2) m < fo f(taxau)dt <M,
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rue f(t,x,u) coorBercTByeT KakoMy—subo (pyHKIUOHATLY 3a-
nauu (mampumep, B, B unu T') unm z cost, xsint.

IIpumeps! 3a1aHMiL:
1-6;
4-1-0;
6-a(T =10, Umax = 1);
T-A—-1II- (2(0) =5, ©(0) =2, =(T) =0, &(T) =0);

7- e T-i-2 (2(0) = 0, #(0) = 0, [, u?dt <4).
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