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A (right) Hilbert c-module over a c+-algebra A is a right
A-module X equipped with an .A-valued inner product (:|-)
which is A-linear in the second and x-conjugate linear in the
first variable such that X' is a Banach space with the norm
||l = ||<x|x>||%. X is a full Hilbert A-module if A = (X|X)
where (X|X) is the closed linear span of all elements in the
underlying c+-algebra A of the form (x|y), x,y € X.
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The main objects and tools in this presentation are related to
the extensions of Hilbert modules on which Prof. Damir Baki¢
and | worked about fifteen years ago.

First of all let’s note that throughout A is a c+-algebra with an
essential closed two-sided ideal Z and X is a Hilbert .A-module.
We prefer that the ideal is the proper ideal because otherwise
our results coincide with the already known results on the
characterization of Hilbert modules over c+-algebras of
compact operators.
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@ The first object ideal submodule X7 of X’ associated to T is
Xr=XT={xeX:(X|x)eZ} ={xeX;{x|y) e I,Vy € X}.
If X is full module, then X7 is full as a Hilbert Z-module.
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Xr=XT={xeX:(X|x)eZ} ={xeX;{x|y) e I,Vy € X}.
If X is full module, then X7 is full as a Hilbert Z-module.

® Also we have so called multiplier module M(X7) of X7 that is
(not necessarily full) Hilbert c*-module over the multiplier
algebra M(Z) and contains X.

® Besides the norm topology, M(X7) is also endowed with the
strict topology induced by Xz. This is the topology induced by
two families of seminorms: v — [[(v|y)|, (y € A7), and

v — ||vb||, (b € Z). The strict topology is Hausdorff since Z is
an essential ideal in A.

A net (vy) in M(X7) converges strictly to v € M(Xz), which is

denoted by v = st-limy vy, if and only if (v|y) = limy(v,a|y),
Yy € Xz, and vb = limy v\b, Vb € 7.
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It is known that A’z is strictly dense in M(X7); moreover, it turns
out that M(X7) is the strict completion of X7. Also, if Xz is a full
Z-module, we can look at M(X7) as a largest Hilbert c+-module
over c+-algebra containing Z as an essential ideal such that Xz
is its ideal submodule with respect to 7.
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It is known that A’z is strictly dense in M(X7); moreover, it turns
out that M(X7) is the strict completion of X7. Also, if Xz is a full
Z-module, we can look at M(X7) as a largest Hilbert c+-module
over c+-algebra containing Z as an essential ideal such that Xz
is its ideal submodule with respect to 7.

® For a submodule F of M(X7), X and X7 we denote by F*,
Flx = FL nx and F**z = FL 0 X7 the orthogonal
complement of F in M(Xz), X and Xz, respectively.

® We denote by c/(F) the closure of F in M(X7) with respect
to the norm topology.

For a submodule F of M(Xz), X and X7 we denote by c/S!(F),
clSH(F) = cts(F)n X and ¢t (F) = cfS'(F) N Az the
(relative) strict closure of F in M(X7), X and Xz, respectively.
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® The hereditary c-subalgebras of some c+-algebra B is a
c*-subalgebra A having the property that if for 0 < b € B there
exists 0 < a € A such that b < athen b € A. The useful
characterization of hereditary c=-subalgebras A is ABA = A.
By ha(B) we denote the set of all such algebras. For nonempty
set S C B we denote by hag(B) the set of all c+-algebras from
ha(B) containing S.
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c*-subalgebra A having the property that if for 0 < b € B there
exists 0 < a € A such that b < athen b € A. The useful
characterization of hereditary c=-subalgebras A is ABA = A.
By ha(B) we denote the set of all such algebras. For nonempty
set S C B we denote by hag(B) the set of all c+-algebras from
ha(B) containing S.

® The hereditary .A-module of a full Hiloert B-module X,
where A € ha(B),is Xy = XA ={xe X: (x|x) € A} =

{x € X;|{y|x)| € A,Vy € X}. We note that hereditary
A-module of a Hilbert B-module is its submodule iff it is a full
module over some ideal in B what is generally not the case with
its hereditarry subalgebras. We denote by hm(X') the set of all
hereditary c*-modules of the Hilbert ¢~-module X and for
nonempty set S C X we denote by hmg(X) the set of all
c*-modules in hm(X’) containing S.
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® |f X and ) are Hilbert A-modules, we denote by B(X',)),
Ba(X,Y) and K(X', ) the Banach space of all bounded,
adjointable and "compact" operators from X to ), respectively,
and B(X') = B(X, X'). The Banach space of all "compact"
operators is generated by elementary "compact" operators
Oy, forallx € X,y € Y acting as ©, xz = y(x|z), for all

ze X.
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® Let (B, | - |j)jes be afamily of Banach spaces. For any
closed ideal C of C.(J) containing Co we denote the outer
direct sum

¢- Bjeg Bj = {x=(X))jes €Mjes B (IXllj)jes€Ct (1)

The set c- ©jc 7 B, is a Banach space with the norm
[[X]|co =supje 7 [1Xj]l; and componentwise operations.
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In what follows, for simplicity, we call compact like c+-algebra
any c+-algebra which is isomorphic to a c+-algebra of not
necessarily all compact operators on a Hilbert space.
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The main results

First we give characterizations and description of a class of full
Hilbert cx-modules over c*-algebras containing an essential
compact like ideal.
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(i) Z is a compact like c--algebra.
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Theorem 1

Let A be c+-algebra with an essential ideal Z and let X be a full
Hilbert A-module. The following statements are equivalent:

(i) Z is a compact like c--algebra.
(if) There is a strict orthogonal bases for X .

(i) For every relatively strictly closed submodule F in X
submodule F & F1x is relatively strictly dense in X, i.e.
X = clS(F @ Flx).

(iv) Each relatively strictly closed submodule in X is
orthogonally closed.
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Modules over algebra with compact like ideal

Theorem 1

Let A be c+-algebra with an essential ideal Z and let X be a full
Hilbert A-module. The following statements are equivalent:

(v) There are families of Hilbert spaces (H;)jc7, (Gj)je
a family of c+-algebras A = (A))jc7,

K(H)) CA; CB(H),j€ T, (1)
and a family of Banach spaces of bounded linear operators
X = (Xj)je ,

such that T is isomorphic to c,- ©; K(H;), ideal submodule
Xz is isomorphic to ¢,- ©; K(H;, Gj) and A-module X is
isomorphic to A-module X.
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In the following theorem we characterize and describe the class
of all full Hilbert c*-modules which have the complementing
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Modules with complementing property

In the following theorem we characterize and describe the class
of all full Hilbert c=-modules which have the complementing
property.

In what follows we say that Hilbert’s cx-module has the
complementing property if each of its relatively strictly closed
submodules is complemented.
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Modules with complementing property

Let A be a c+-algebra with an essential compact like ideal K
and let X be a full Hilbert A-module. The following statements
are equivalent:

(i) Hilbert A-module X has the complementing property.
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orthogonal sum F @ F1x is relatively strictly closed in X.
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Modules with complementing property

Theorem 2

Let A be a c+-algebra with an essential compact like ideal K
and let X be a full Hilbert A-module. The following statements
are equivalent:
(i) Hilbert A-module X has the complementing property.
(if) For each relatively strictly closed submodule F C X the
orthogonal sum F & F+~ is relatively strictly closed in X .

(i) For every relatively strictly closed submodules
F,GC X, F LG, the orthogonal sum F @ G is relatively
strictly closed inX.

(iv) c+-algebras Ba(X) and Ba(Xx) of all adjointable operators
on X and Xy are isomorphic by isomorphism acting as
restriction.
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Modules with complementing property

In the following corollary we characterize one class of
c+-algebras by generic categorical property of some class of
Hilbert c*-modules over them.
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Modules with complementing property

Corollary 3

Let A be a c*-algebra with an essential ideal Z. Then A is a
hereditary subalgebra of M(Z) if and only if for any c+-Hilbert
module of the form X = M(Xz).A the mapping

B : Ba(X) — Ba(Xz) which acts as restriction is an
isomorphism.
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Theorem 3

Let A be c+-algebra with an essential ideal Z and let X be a full
Hilbert A-module. The following statements are equivalent:
(i) Hilbert A-module X has the complementing property.

(if) Z is compact like c+-algebra, A € bar(M(Z)) and
X = M(X1)A € hmy (M(X7)).
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Modules with complementing property

Theorem 3

Let A be c+-algebra with an essential ideal Z and let X be a full
Hilbert A-module. The following statements are equivalent:

(/) Hilbert A-module X has the complementing property.

(if) Z is compact like c+-algebra, A € bar(M(Z)) and
X = M(X1)A € hmy (M(X7)).

(iif) There are families of Hilbert spaces (H)jc 7, (Gj)jcs,
c--algebra A = (A))jcs € bax(M(K)) and A-module
X = (X))jes € hmyx, (M(Xk)), such that K = ¢,- ©; K(H;),
ideal submodule Xk = ¢,- ®; K(H;, G;), T is isomorphic to K
and A-module X is isomorphic to A-module X.
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Modules with complementing property

Finally, we give an important hereditary property of Hilbert
c+-modules having the complementing property. Namely we
claim that any relatively strictly closed submodule of such
module possess the complementing property.
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Modules with complementing property

Proposition 4

Let X = (&X))jcs be a full hereditary Hilbert A-module of M(Xx)
and A = (Aj)jes € bax(M(K)), were K = ¢o- ®je 7 Kj and K; is
isomorphic to c+-algebra of all compact operators on some
Hilbert space H;, j € J. Then every relatively strictly closed
submodule Y in X is a hereditary (not necessarily full)
A-submodule of M(Yx).
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Modules with complementing property

Proposition 4

Let X = (&X))jcs be a full hereditary Hilbert A-module of M(Xx)
and A = (Aj)jes € bax(M(K)), were K = ¢o- ®jc s Kj and K; is
isomorphic to c+-algebra of all compact operators on some
Hilbert space H;, j € J. Then every relatively strictly closed
submodule Y in X is a hereditary (not necessarily full)
A-submodule of M(Yx).

Ifp = (p))jes € Ba(M(Xx)) is a projection such that Y = pX,
then for all j € J we have ();|Y;); = I;, where 1, is an ideal of
Aj containing K, if and only if Y; = Yz, if and only if

p; € Kz, (X)) = cl(span({Oxy: X, ¥ € Xjz,})) = {T € Ba(X));

TX; C Xz} ~ K(Xjz)). If H; is separable Hilbert space then
<y]|y/>/ = .Aj or <y/|yj>/ = ]Cj, for a”j eJ.
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Example

In the following example we discuss some basic c*-algebras
and Hilbert c*-modules with the complementing property and
those without it.
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Example

Let H be infinite-dimensional separable Hilbert space, let B be
a c+-algebra of all bounded operators on H and let K be a
c+-algebra of all compact operators on H.

Then for c+-algebra A, where K ¢ A C B, K is an unique
essential ideal in A and B. In B we define inner product

Vx,y € B, (x|y) = x*y with which K, A and B are full right
Hilbert cx-modules over K, A and B respectively. Strict topology
in this modules is standard strict topology in B generated by K.
Submodules in this Hilbert modules are right ideals in
corresponding algebras and ideal submodule of A and B is K.
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As for Hilbert modules in which each relatively strictly closed
submodule is orthogonally complemented in this example we
have basic cases A = K, X =K and A = B, X = B. Also, for
any projection p € B with infinite rank and kernel A = pBp + K
is hereditary c*-subalgebra of B containing K, and associated
hereditary module is X = BA = Bp + K. By the way, the
multiplier algebra of A is M(A) = pBp + (e — p)B(e — p) + K,
where e is unit in B. Note that the c*-algebra’Y = A is also a
full Hilbert c+-module over A, but Y = pBp + K & X. This
implies that some relatively strictly closed submodules in Y are
not complemented.
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In order to determine which submodules are complemented we

write Hilbert space H = R @ L, where R =pH, L = (e — p)H.

EIN e

03 0o

e; € B(R) is unit, 03 € B(L, R), 0> € B(R), and therefore

y_ [ B(R) K(L,R)
~ |K(R,L) K(L)

Then projection p has a 2 x 2 matrix form p =

]. Any projection g from B(H) can be

identified with the matrix g = C"“’ g] , where a € B(R),

b,e; € B(L), ex is unit, and ¢ € B(L, R) such that 0 < a < ey,
0<b<e,cc*=aley—a),cc=b(e; — b)and

ac = c(e; — b), i.e. a= }(es + (&) — 4cc*)2) and

b=1(ex T (&2 — 4c*C)2).
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Then qY is of the form
[ aB(R) +cK(R,L) aK(L,R)+ cK(L .

Y= [C*B(R) +bK(R,L) c'K(L, R)) v bK((L))] 2 (G
follows Y C Y < ¢*B(R) CK(R,L) & ¢ € K(L, R). Thus
complemented are those and only those submodules in Y of the
form gBNY = qY for which the ¢ component of the projection q
is a compact operator. Other submodules of the form gBN'Y
are not complemented in Y, but they are relatively strictly
closed in Y and hence orthogonally closed in Y by Theorem 1.
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Let’s consider now A = Ce + K, a minimal unitization of K,
which is not a hereditary c+-subalgebra of B. We know that
every submodule in A which is closed in relatively strict
topology, which is also orthogonally closed in A, is of the form
G = (e — p)B N A for some projection p € B. Thenevery t € G
is of the form t = (e — p)b = ae + k for some b € B, k € K and
a € C. This implies that compact operator k = (e — p)b — ae
for some b € B and o € C. Then pk = —ap, and this is possible
if and only if & = 0 or the dimension of the range of p is finite.
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Relatively strictly closed submodules in A defined by
projections with infinite-dimensional range and kernel are
closed submodules of K (case o = 0), i.e. G = (e — p)K and
G+4 = Gtk = pK. They are not complemented in A, but they
are complemented in K, i.e. G ® G4 = K, so the orthogonal
sum is not relatively strictly closed in A, but it is relatively
strictly dense in A. This submodule G is also an example of a
submodule that is orthogonally closed in A but not
complemented in A.
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Consider a relatively strictly closed submodule in A that is
defined by a projection with a finite-dimensional range or
kernel. Then exactly one of the projections por e — pisin K. If
this is p, then pA = Cp + pK c K C A, and then we have
(e—p)AC A—pAC A, which gives

A= (e—p)A®pA=GaGHa. Thus, submodules are
orthogonally complemented in A if and only if the associated
projection has a finite-dimensional range or kernel. &
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