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Introduction

In this presentation we let A be a unital C*-algebra, H4 be the standard
module over A ( this is H4 = h(A) ) and B?(H4) be the set of all
A-linear, bounded adjointable operators on H4.

We wish to solve the equations of the form Fx =y, where F € B(H4)
and x,y € Hy4. Even if F is not invertible, we can still handle this
equation if F is regular i.e. if F admits generalized inverse. This happens

F 0 } , w.r.t. the

if ImF is closed and in this case F has the matrix [ 0 o

decomposition

Ha = ker FX @ ker F 5 ImF @ ImF+ = Hy,

where Fy is an isomorphism and the generalized inverse of F has the

matrix [ 01 8 ] w.r.t. the decomposition

Hy = ImF @ ImF*+ — ker FX @ ker F = H4.



If in addition ImF= is finitely generated, then it is easy to check whether
the equation Fx = y has a solution. On the other hand, if F is regular
and in addition ker F is finitely generated, then we have an explicit
formula for the solutions of the equation Fx =y in the case when the
solution exists. This motivates to study the following classes of operators
on Ha.



Semi-.A-Fredholm operators on H4

Inspired by definition of .A-Fredholm operator given in [MF], we give now
the following definition.

Definition

Let F € B®(H4). We say that F is an upper semi-A-Fredholm operator if
there exists a decomposition

Ha = Mi&N; £ Ma&Ny = H

with respect to which F has the matrix

0
0 F |’

where Fy is an isomorphism My, M, Ny, N> are closed submodules of Hy4
and Nj is finitely generated. Similarly, we say that F is a lower
semi-A-Fredholm operator if all the above conditions hold except that in
this case we assume that N, ( and not N, ) is finitely generated.



Set
MO (Ha) ={F € B%(Ha) | F is upper semi-A-Fredholm },
MO_(Hq) = {F € B3(H4) | F is lower semi-A-Fredholm },

MO(H4) = {F € B*(Ha) | F is A-Fredholm operator on H}. Then
obviously M®(H4) C M, (Ha) "N MP_(H4) . We are going to show
later in this section that actually "=" holds.

Notice that if M, N are two arbitrary Hilbert modules C*-modules, the

definition above could be generalized to the classes M® (M, N) and
MI_(M, N).



We let now K*(H4) denote the closed, two sided ideal of adjointable
compact operators in B?(H4), see [MT].

Theorem

Let F € B?(H4). The following statements are equivalent

1) Fe MO (Ha)

2) There exists D € B3(H) such that DF = | + K for some
K e K*(H,)

Theorem

Let D € B?(H.). Then the following statements are equivalent:
1) De Md_(Hx)

2) There exist F € B°(H4),K € K*(Ha) sit. DF =1+ K



Corollary
MO(Hp) = M (Ha) N MP_(Hy)

Corollary
MSL(Ha) and MP_(H4) are semigroups under multiplication.

Corollary

Let F € B*(M,N). Then F € M®_ (M, N) if and only if

F* e M®_(N, M). Moreover, if F € M®(H4), then F* € M®(H,)
and indexF = —indexF™.



Lemma

Let M be a closed submodule of Hy s.t. Hq = M&ON for some finitely
generated submodule N. Let F € B*(H4) , Ju be the inclusion map
from M into H and suppose that FJy € M® (M, Hy). Then

F e M¢+(H_A)

Lemma
Suppose that D, F € B*(H4) DF € M®,(H4) and ImF is closed. Then
Dhimr € M¢+(ImF, H_A).



Lemma
Let F € M®(H4) and suppose that there are two decompositions

H.A = MléNl L Mz@Nz = H.A
Hi= MEN, 5 MLEN, = Hy

with respect to which F has matrices

F0 F 0
0 R ||l0 A

respectively, where Fi, F1' are isomorphisms, Ny, Ni', N» are closed,
finitely generated and Ny’ is just closed. Then N, is finitely generated
also.



Lemma
Let F € M®(H4) and let

Ha = Mi®N; 55 MyBN, = Ha
be a decomposition with respect to which F has the matrix

0
0 F |’

where Fy is an isomorphism, N, is finitely generated and N is just
closed. Then Ny is finitely generated.



Lemma
Let F € M®(H4) and suppose that ImF is closed. If

Ha = Mi&N; N Ma&Ny = Ha

Ha= M,EN, 5 MON, = Hyu
are two M®_ decomposition for F then F(Ny), F(N;) are closed finitely
generated projective modules and

[Na] = [F(N2)] = [Ng] = [F(Np)]

in K(A).



Lemma
Let F € M®,(H4). Then there is no sequence of unit vectors {x,} in
Ha such that ¢(x,) — 0 in A for all ¢ € H'y and lim,_, || Fx, ||= 0.



Generalized Schechter characterization of M®_ operators on H4

Lemma
Let F € B(M,N) Then F € M®_ (M, N) if and only if there exists a
closed, orthogonally complementable submodule M’ C M such that .,

is bounded below and M'™ is finitely generated.

Lemma
Let F € B3(Ha) \ M®_(H4). Then there exists a sequence {xx} C Ha

and an increasing sequence {nx} C N s.t.

Xk € Lp, \ Lp,_, forall k € N|| x¢ ||< 1 forall k €N

and
| Fxx ||< 2172 for all k € N.



Openness of the set of semi-.A-Fredholm operators on H4

Theorem
The sets M® (Ha) \ MP(HA) and MO_(H4) \ MO(H4) are open in
B?(H ), where B3(H.4) is equipped with the norm topology.

Corollary

If F € B(Ha) belongs to the boundary of M®(H4) in B3(H4) then
F & M®.(Ha).

Corollary

Let f :[0,1] — B?(H4) be continuous and assume that

£([0,1]) € M®L(HA). Then the following statments hold:

1) If f(0) € M®(Ha)\ MP(Hn), then f(1) € M, (Ha) \ MP(H,4)
2) If £(0) € MO_(Ha) \ MO(H.4), then f(1) € MO_(Ha)\ MS(H.4)
3) If f(0) € M®(H,), then f(1) € M®(H4) and

indexf(0) = indexf(1).



Mo, and MdT operators on Hy

Definition )
Let F € M®(H,). We say that F € M® (H,) if there exists a
decomposition

H.A = MlééNl L> MzééNz = HA

with respect to which F has the matrix

0
0 F |’

where Fy is an isomorphism, Ny, N, are closed, finitely generated and
N; =< N, that is N is isomorphic to a closed submodule of N,. We
define similarly the class /\;ldfj(HA), the only difference in this case is
that N> < Ny. Then we set

MO (Ha) = (MO (Ha)) U (M (Ha) \ MP(Ha))

and
MO (Ha) = (MPE(Ha)) U(MP_(Ha)\ MP(Hy))



Further, we define M®q(H4) to be the set of all F € M®(H4) for
which there exists an M®-decomposition

Ha= Mi&Ny 55 My@Ny = Hy,

where Ny = Nb.

Lemma
Suppose that K(A) satisfies "the cancellation property". If

F € M®_(H,), then for any decomposition
Ha= M,EN, 5 MyEN, = Hy
with respect to which F has the matrix
Fl 0
0 F |’

where F{ is an isomorphism, Ny, Ny are finitely generated, we have
N; < Nj. Similarly Nj < Nj if F € M®T(Hy,).



Proposition

Let K € K*(H4) and T € B?(H4). Suppose that T is invertible and
that K(.A) satisfies the cancellation property. Then the equation

(T + K)x = y has a solution for every y € Hy if and only if T + K is
bounded below. In this case the solution of the equation above is unique.

Lemma .
M (Hy) and MO _(H,) are semigroups under multiplication.

Lemma
M (Hy) and MO (H,) are semigroups under multiplication.

Lemma )
M (H4) and MOF(H.4) are open.



Definition /
Let F € M®_(Hy4). We say that F € M® (Hy,) if there exists a
decomposition

Ha = Mi&Ny 5 My@N, = Hy
with respect to which
| A O
S

where Fp is an isomorphism, Nj is closed, fini:cely generated and
N; < N,. Similarly, we define the class M®* (H4), only in this case
F e M®_(H4), Ny is finitely generated and N, < V.

Proposition

MOT(Ha) = MO (HANMO(HL), MO (Hy) = MO (HA)NMD(H.4).



Lemma )
The sets M+ (H4) and M (Ha) are open. Moreover, if

F e Mo, (Ha) and K € K*(Hy), then
(F+K) e Mo (Ha).
IfFF € M®T'(Hy) and K € K*(H.4), then
(F+ K) € MO (Hy).
Lemma

The sets M (H4) \ M®'(H4), MO_(H4)\ MO (H4) and
MP(H4) \ MDo(H4) are open.



Theorem

Let F € B*(H4). The following statements are equivalent

1) F e Mo (Ha)

2) There exist D € B*(Ha), K € K*(HA) such that D is bounded below
and F=D+ K

Proposition ) ,

1)F e M‘D; (Ha) & F* € ML (Ha)

2) F e Mo, (Ha) & F* € Mo (Ha)

3) Fe MO (Ha) & F* € MOT(Ha)

Definition

We set M?(H4) = {F € B3(H4) | F is bounded below} and
Q*(H4) = {D € B?(H4) | D is surjective }.



Lemma
Let B*(HA). Then F € M?(H,4) if and only if F* € Q?(H.).

Corollary

Let D € B%(H,4). The following statements are equivalent:
1) D e Mot (Hy)

2) There exist Q € Q*(H4), K € K*(Ha) s.t. D= Q + K.

Theorem

Let B(H ). Then the following statements are equivalent:

1) F e Mdo(Ha)

2) There exist an invertible D € B°(H ) and K € K*(H) such that
F=D+K.



On non-adjointable semi-Fredholm operators over a C*-algebra

Non adjointable semi-.4-Fredholm operators on H4

Definition

Let F € B(H.4), where B(H4) is the set of all bounded, ( not necessarily
adjointable ) A-linear operators on H4. We say that F is an upper
semi-A-Fredholm operator if there exists a decomposition

Ha = Mi&N; N Mo&BN, = Ha

with respect to which F has the matrix

0
0 F |’

where Fy is an isomorphism My, My, Ny, N> are closed submodules of Hy4
and Ny is finitely generated. Similarly, we say that F is a lower
semi-A-Fredholm operator if all the above conditions hold except that in
this case we assume that N, (‘and not N ) is finitely generated.



Set
/\//IE/(HA) = {F € B(HA) | F is upper semi-A-Fredholm },
/\//l\Cbr(HA) = {F € B(H4) | F is lower semi-A-Fredholm },

./\//l\CD(HA) ={F € B(Ha) | F is A-Fredholm operator on H}.
Then, by definition we have

M (Ha) = M®(Ha) N B (Ha),

MD_(Hy) = M, (Ha) N B (Ha)

and
MO(Ha) = MO(Ha) N B (Ha).



Definition

[IM] An A-operator K : Hq — H4 is called a finitely generated
A-operator if it can be represented as a composition of bounded
A-operators f; and f:

K:Hq 5 M2 Hy,

where M is a finitely generated Hilbert C*-module. The set

FG(A) C B(H.) of all finitely generated .A-operators forms a two sided
ideal. By definition, an A-operator K is called compact if it belongs to
the closure

K(Ha) = FG(A) C B(Ha),

which also forms two sided ideal.



Clearly, any operator F € /\//l\q)/(HA) is also left invertible in

B(H4)/K(H.4), whereas any operator G € /\//I\GD,(HA) is right invertible
B(HA)/K(H.4). The converse also holds:

Proposition

If F is left invertible in B(H4)/K(H4), then F € M®(H4) . If Fis
right invertible in B(H4)/K(Ha), then F € M®,(H.4).

Corollary

The sets M®;(H4) and M®,(H4) are closed under multiplication.



Inspired by definition of externel (Noether) decomposition given in [IM],
we give the following definition.

Definition

We say that F has an upper external (Noether) decomposition if there

exist two closed C*-modules Xi, X5 and two bounded A-operators E;, E3,

where X finitely generated, the operator Fj given by the operator matrix
F E . .\ .

(E 02 with respect to the decomposition Hy4 & X; LN Hid X5 is
3

invertible and ImE; is complementable in H4. Similarly, we say that F

has a lower external (Noether) decomposition if the above decomposition

exists and Fq is invertible, only in this case we assume that Xj is finitely

generated and that ker E5 is complementable in H4.

Proposition

A bounded A-linear operator F : H4 — H 4 belongs to m,(HA) if
and only if it admits an upper external (Noether) decomposition.
Similarly, F belongs to m,(HA) if and only if F admits a lower
external (Noether) decomposition.



Lemma -
Let F, G € B(H4) and suppose that GF € M®(H4). Then there exist
decompositions

Hi=M N 5 Hi=M @ Ny S Hy = Mo Ny
0 F 0 G

respectively, where Fy1, Gy are isomorphisms and Ny, Ny are finitely
generated.

with respect to which F, G have matrices (Fl 0) , (Gl GQ) ,

Lemma
Let V be a finitely generated Hilbert submodule of Ha, F € B(H4) and

suppose that Py. F € m(H A, V1), where Py, denotes the orthogonal
projection onto V* along V. Then F € M®,(H.).

Lemma
Let G, F € B(H4), suppose that ImG is closed. Assume in addition that

ker G and ImG are complementable in Hy4. If GF € mr(HA), then
NF € M®,(Ha, N),

where ker GEN = H4 and M denotes the projection onto N along ker G.



Lemma
Let F € M®(H4) and suppose that

Ha = M,EN 55 MEN, = Hy

!
is a decomposition with respect to which F has the matrix [ (,):1 (I)—_’ ] ,
4

where F] is an isomorphism, N} is finitely generated and Nj is just
closed. Then Nj is finitely generated.

Lemma

Let F € B(H4). Then F admits an upper external (Noether)
decomposition with the property that X, < Xi if and only if

F € M®.'(H4). Similarly, F admits a lower external (Noether)
decomposition with the property that X1 < X, if and only if
Fe ./\/ld)l/(HA).



Recall now the definition of the closses MCDII(HA) and ./\/lcbf/(HA). We
are going to keep this notion in the next results, but without assuming
the adjointability of operators.

Lemma
Let F € M®Y(Hy). Then F+ K € MY (Hy) for all K € K(H.4).

Lemma
Let F € B(H4) and suppose that

Hao= MiGN;, 5 MydNy = Hy

F 0

is a decomposition w.r.t. which F has the matrix 0 F
4

} , where F;
is an isomorphism. Then Ny = F~1(Nj).

Lemma / /
Let F € M&7'(Ha) and K € K(H4). Then F + K € M®7'(Ha).



Semi-Fredholm operators over \W*-algebras

Proposition
Let F € M®;(Hy4) or F € M®(H4). Then there exists a
decomposition.

Ha = Mo@&M; & ker F -5 No®N; BN, = Ha

w.r.t. which F has the matrix

Ffb 0 O
0 A O
0 0 O

where Fy is an isomorphism, M; and ker F are finitely generated.
Moreover My = N If F € M®;(H4) and ImF is closed, then ImF is
complementable in H 4.



In this case F has the matrix [ gl 8 ] , w.r.t. the decomposition

Ha = ker FO& ker F — ImF&ImF® = Hy

where Fy is an isomorphism and ker FO, ImF°® denote the complements of
ker F, ImF respectively.

Proposiﬂ@

If D e M®,(H4) and ImD is closed and complementable in H 4, then
the decomposition given above exists for the operator D. In this case,
instead of ker D, we have that Ny’ is finitely generated and Nj’ is the

complement of ImD.



Lemma .
If F e Mo, (Hg)\ M®(H4), ImF is closed and complementable, then
the complement of ImF is not finitely generated.

Theorem

Let F € B3(H4). Then F € M®_(H4) if and only if ker(F — K) is
finitely generated for all K € K*(H4).

Moreover, F € M®_(H_4) if and only if Im(F — K)= is finitely generated
for all K € K*(Ha).

Definition -

Let F € B(H4). We say that F € M®_(H,4) if there exist a closed
submodule M and a finitely generated submodule N s.t. Hqy = MON
and F,, is bounded below.



Lemma -
Let F € B(Ha). Then F € M®_ (H4) iff ker(F — K) is finitely
generated for all K € K*(H,).

Set /\//1\43_(HA) = {G € B(H4 | there exists closed submodules M, N, M’
of Ha st. Hqa = M&N, N is finitely generated and G, ,, is an
isomorphism onto M}.

Proposition

Let G € /\//IE,(HA). Then for every K € K(H.4) there exists an inner
product equivalent to the initial one and such that the orthogonal
complement of Im(G + K) w.r.t this new inner product is finitely
generated.

Lemma -
M (Ha) = MO (Ha) N B*(Ha),

—

MCD,(HA) = Mq)f(H_A) N Ba(HA).



Proposition -
Let F, G € M®;(H4) with closed images and suppose that ImGF is
closed. Then ImF,ImG and ImGF are complementable in H4. Moreover,
if ImF°, ImG°, ImGF° denote the complements of ImF, ImG, ImGF,
respectively, then

ImGF® < ImF° @ ImG®,

ker GF < ker G @ ker F.

If F,G e /\//I\QD,(HA) and ImF, ImG, ImGF are closed, then the statement
above holds under additional assumption that ImF, ImG, ImGF are
complementable in H 4.

Lemma
Let F,D € B3(H,4) and suppose that ImF,ImD and ImDF are closed.
Then

ImDF* < ImF* @ ImD*

ker DF < ker D & ker F



Lemma

Let F € M®(M) be such that ImF is closed, where M is a Hilbert
W*-module. Then there exists an € > 0 such that for every D € B?(M)
with || D ||< €, we have

ker(F + D) < ker F , Im(F 4+ D)* < ImF*.

Definition

Let M be a countably generated Hilbert W*- module. For F € M®(M),
we say that F satisfies the condition (*) if the following holds:

1) ImF" is closed for all n

2) F(fjl Im(F")) = fjl Im(F")

Theorem

Let F € M®(M) where M is countably generated Hilbert A-module and
suppose that F satisfies (*). Then there exists an € > 0 such that, if
a€ Z(A)NG(A) and || a ||< €, then [ker(F — )] + [N1] = [ker F] and
[Im(F — al)t] + [N1] = [Im(F)*] for some fixed, finitely generated
closed submodule N;.



Theorem

Let M be a Hilbert module over a C*-algebra A, a € C and

F € B%(H4). Suppose that o € iso o(F) and assume either that

R(F — «al) is closed or that R(Py) is self dual and that A is a
W*-algebra, where Py denotes the spectral projection corresponding to a
of the operator F. Then the following conditions are equivalent:

a) (F —al) € Mo ()

b) There exist closed submodules M, N C M such that. (F — al) has the
matrix

(F—al); 0
0 (F—al),

w.r.t. the decomposition M = M&N —3' M&N = M, where (F — al),
is an isomorphism and N is finitely generated. Moreover, if (F—al)is
not invertible in B(M), then N(F — «al) # {0}.



On generalized A-Fredholm and A-Weyl operators

Definition

Let F € B(H.).

1) We say that F € M®&°(H4) if ImF is closed and in addition ker F
and ImF~ are self-dual.

2) We say that F € M®E°(H,4) if ImF is closed and kerF = ImF+ (here
we do not require the self-duality of kerF, ImF=).

Proposition
Let F,D € M®§(H.4) and suppose that ImDF is closed. Then
DF € M®E(Hy).



Definition

Let My, ..., M, be Hilbert submodules of H4. We say that the sequence
0— M — My — ... - M, — 0is exact if for each k € {2,...,n— 1}
there exist closed submodules M, and M} such that the following holds:
1) My = M &M for all k € {2,...,n—1};

2) My = My and M//_; = M,;

3) My = My, for all k € {2,....n—2}.

Lemma
Let F,D € B3(H,4) and suppose that ImF, ImD, ImDF are closed. Then
the sequence

0 — ker F — ker DF — ker D — ImF*+ — ImDF+ — ImD+ — 0

is exact.

Lemma
Let F, D € M®&(H4) and suppose that ImDF is closed. Then
DF € M®5(H.4).



Lemma
Let F € B3(H4). Then F € M®E°(H4) if and only if F* € M®E(Hy).

Proposition

Let F, D € B*(H4), suppose that ImF,ImD are closed and
DF € M®5°(H4). Then the following statements hold:

a) D € M2 (Hy) & F € MOE(Hy);

b) if ker D is self-dual, then F, D € M®5(Hy);

c) if ImF+ is self-dual, then F, D € M®8(H,).

Lemma

Let F € B?(H) and suppose that ImF is closed. Moreover, assume that
there exist operators D, D’ € B?(H,) with closed images such that
D'F,FD € M®8°(Hy). Then F € M®&°(Hy).



Definition

Let X, Y be Banach spaces and T € B(X, Y). Then T is called a regular
operator if T(X) is closed in Y and in addition T~1(0) and T(X) are
complementable in X and Y/, respectively.

Definition

[DDj2] Let X, Y be Banach spaces and T € B(X, Y). Then we say that
T is generalized Weyl, if T(X) is closed in ¥, and T~(0) and Y /7(x)
are mutually isomorphic Banach spaces.

Proposition

Let X, Y, Z be Banach spaces and let T € B(X,Y),S € B(Y, Z).
Suppose that T,5,ST are regular, that is T(X),S(Y),ST(X) are closed
and T,S5,ST admit generalized inverse. If T and S are generalized Weyl
operators, then ST is a generalized Weyl operator.



Definition

Let X, Y be Banach spaces and T € B(X, Y) be a regular operator.
Then T is said to be a generalized upper semi-Weyl| operator if

ker T < Y\ R(T). Similarly T is said to be a generalized lower
semi-Weyl operator if Y\ R(T) < ker T.

Lemma

Let T € B(X,Y) S € B(Y,Z) and suppose that S, T,ST are regular. If
S and T are upper (or lower) generalized semi-Weyl operators, then ST
is an upper (or respectively lower) generalized semi-Weyl operator.

Definition

For two Hilbert C*— modules M and M’, We set M®§ (M, M') to be
the class of all closed range operators F € B*(M, M’) such that there
exist finitely generated Hilbert submodules N, N with the property that
N & ker F = N & ImF+.



Lemma

Let T € M®5 (Ha) and F € B3(Hy4) s.t. ImF is closed, finitely
generated. Suppose that Im(T + F), T (ker F), P(ker T), P(ker(T + F))
are closed, where P denotes the orthogonal projection onto ker F-. Then
T+ F € Mdg (Ha).

Corollary
Let T € M®E°(H4) and suppose that ker T =2 ImT+ = Hy. If

F € B3(H4) satisfies the assumptions of Lemma 64, then
ker(T + F) = Im(T + F)* = Ha. In particular, T + F € M®E(H.).

Lemma

Let F € B?(M) where M is a Hilbert C*-module and suppose that ImF
is closed. Then the following statements hold:

a) F € Mo (M), if and only if ker F is finitely generated;

b) F € M®_(M), if and only if InF+ is finitely generated.

Lemma
Let T € M®(H4) and suppose that ImT is closed. Then
T € Mo (Ha).



On semi-A-B-Fredholm operators

Definition

Let F € B?(H4). Then F is said to be an upper semi-A-B-Fredhom
operator if there exists some n € N such that ImF™ is closed for all
m > nand F|, _, is an upper semi-A-Fredhom operator.

Similarly, F is said to be a lower semi-A-B-Fredholm operator if the
conditions above hold except that in this case we assume that F|, _, is a
lower semi-.A-Fredhom operator and not an upper semi-A-Fredhom

operator.



Proposition

If F is an upper semi-A-B-Fredholm operator (respectively, a lower
semi-A-B-Fredholm operator) and n € N is such that ImF™ is closed for
all m>nand F, ., is an upper semi- A-Fredholm operator (respectively,
a lower semi-.A-Fredholm operator), then F|, _, is an upper
semi-A-Fredholm operator (respectively, a lower semi-A-Fredholm
operator) for all m > n. Moreover, if F is an A-B-Fredholm operator and
n € N is such that ImF" = Hy, ImF™ is closed for all m > n and ), _, is
an A-Fredholm operator, then ImF™ = Hy F|, _, is an A Fredholm
operator and index F, ., = indexF, _, for all m > n.



Lemma
Let F € M®(H,), let P € B(HA) be a projection such that N(P) is
finitely generated. Then PF,, € M®(R(P)) and indexPF,,, = indexF.

Theorem

Let T be an A-B-Fredholm operator on H, and suppose that m € N is
such that T, . is an A-Fredholm operator and ImT" is closed for all

n > m. Let F be in the linear span of elementary operators and suppose
that Im(T + F)" is closed for all n > m. Finally, assume that ImT™ = H 4
and that Im(F), T™(ker F) are closed, where F = (T + F)™ — T™. Then
T + F is an A-B-Fredholm operator and indexT + F = indexT .

Proposition

Let F € B(H4). If n € Niss.t. ImF" closed, ImF" = Hu, F, ., is upper
semi-A-Fredholm and /mF™ is closed for all m > n, then F|, . is upper
semi-A- Fredholm and ImF™ =2 Hy forall m> n. If n€ Niss.t. ImF" is
closed, ImF" = H4, ImF™ is closed and complementable in ImF" for all
m > nand F|, _, is lower semi-A-Fredholm, then F| . is lower
semi-A-Fredholm for all m > n and ImF™ = Hy4 for all m > n.



On closed range operators over C*-algebras.

Lemma
Let F, D € B®(H4) and suppose that ImF,ImD are closed. If
ImF + ker D is closed, then ImF + ker D is orthogonally complementable.

Corollary

Let F, D € B®(H4) and suppose that ImF,ImD are closed. Then ImDF
is closed if and only if ImF + ker D is orthogonally complementable.

Definition
Given two closed submodules M, N of H 4, we set

(M, N) = sup{[|< x,y >[| x € M,y € N, || x ||, || y [[< 1}.

We say then that the Dixmier angle between M and N is positive if
(M, N) < 1.

Lemma

Let M, N be two closed, submodules of H,, assume that M orthogonally
complementable and suppose that MN N = {0}. Then M + N is closed if
the Dixmier angle between M and N is positive.



Corollary

Let F, D € B?(H4) and suppose that ImF,ImD are closed. Set

M = ImF N (ker DN ImF)*:, M’' = ker D N (ker D N ImF)*. Assume that
ker D N ImF is orthogonally complementable. Then ImDF is closed if the
Dixmier angle betwen M’ and ImF, or equivalently the Dixmier angle
between M and ker D is positive.

Lemma

Let M and N be two closed submodules of H 4. Suppose that M and N
are orthogonally complementable in H4 and that M N N = {0}. Then

M + N is closed if and only if Py, is bounded below, where P denotes the

orthogonal projection onto M.



Corollary

Let F, D € B?(H4) and suppose that ImF, ImD are closed. Then ImDF

is closed if and only if ker D N ImF is orthogonally complementable and
imfrtr Doy L is bounded below, or equivalently Q‘k © D D) L is

bounded below, where P and Q denote the orthogonal projections onto

ker D and ImF=, respectively.

Lemma

Let F, G € M®(H4) and suppose that ImG and ImF are closed. Then
ImGF is closed if and only if ImF + ker G is closed and complementable.
IfF,G € M®,.(Ha) and ImG, ImF are closed, then the statment above
holds under additioneiissumtion that ImG, ImF are complementable.
Moreover, if F, G € M®,(H4) and ImF,ImG are closed and if the
Dixmier angle between ker G and ImF N (ker G N ImF)° is positive, or
equivalently the Dixmier angle berween ImF and ker G N (ker G N ImF)°
is positive, where (ker G N ImF)° denotes the complement of

ker G N ImF, then ImGF is closed.



Proposition

Let F € B?(H4). Then the following statements are equivalent:
1) ImF is closed in H4

2) ImLg is closed in B2(H,)

3) ImRE is closed in B(H.4).

Lemma

Let F € M?(H4). If there exists a sequence {F,} C M®(H4)) of
constant index such that F, — F, then F C M®(H4) and
indexF = indexF,, for all n.

Lemma

Let F € B(H4) and suppose that ImF is closed. Then F is a regular
operator with the property that ImF°, ker F are finitely generated if and
only if F € /\//1\43(HA).



Proposition

Let F € B(H.4) be bounded below and suppose that there exists a
sequence {F,} C ./\//l\GD(HA) of constant index and such that F, — F.
Suppose also that for each n there exists an Mo— decomposition

Ha = MOENT Fos MO SN = Hy

such that the sequence of projections {M,} is uniformly bounded, where
M, denotes the projection onto Né") along /\/Ién) for each n. Then
F € M®(H4) and indexF, = indexF for all n.

Lemma

Let X, Y be Banach spaces and F € M(X,Y). Suppose that there exists
a sequence {F,} of regular operators in B(X,Y) such that F, — F.
Moreover, assume that there exists a sequence of projections {M,} in
B(Y) which is uniformly bounded in the norm and such that

Im(l —M,) = ImF, for all n. Then, F is a regular operator, i.e. ImF is
complementable in Y.



On generalized spectra of operators over C*-algebras

Question: If A is a C*-algebra, then for @ € A could we define in a
suitable way the operator a/ on H4 and the generalized spectra in A of
operators in B2(H4) by setting for every F € B3(H4)

oA(F) = {a € A| F — al is not invertible inB?(H)}?

Answer: For a € A we may let al be the operator on H4 given by
al(xi, x2, -+ ) = (axq, axp, - -+ ). It is straightforward to check that a/ is
an A-linear operator on H,4. Moreover, o/ is bounded and || al ||=|| « ||
Finally, a/ is adjointable and its adjoint is given by (al)* = a*/.

We introduce then the following notion:

oc(F)={a € A|F —alis not invertible inB?(H4)};

oy (F) ={a € A ker(F —al) # {0} };

o/(F) = {a € A| F — al is bounded below, but not surjective on H4)};
o (F)={a € A| Im(F — al) is not closed }. (where F € B3(H,))).



Proposition

Let A be a unital C*-algebra, {ex}ken denote the standard orthonormal
basis of H4 and S be the operator defined by Sex = exy1,k € N, that is
S is unilateral shift and S*ex41 = e for all k € N. If A= L>((0,1)) or
if A= C([0,1]), then 04(S) = {a € A | inf|a| < 1}, (where in the case
when A = L>((0,1)), we set inf|a| =inf{C > 0 u(]a|7[0, C]) > 0} =
sup{K >0 |a| > K) a.e. on (0,1)}). Moreover, 07'(S) = @ in both
cases.

Corollary
Let A be a commutative unital C*-algebra. Then

cA(S) = A\ G(AU{aec GA)|(a a2, - a7k )¢ Hu}.



Proposition

Let o € A. We have

1. If al — F is bounded below, and F € B?(H4) then a € o7}(F) if and
only if a* € o} A(F*).

2.If F,D e Ba( ) and D = U*FU for some unitary operator U, then

oA(F) = o*(D), 07 (F) = o3}(D), 04/(F) = 0}(D) and
;1 (F) = a7/(D).
Proposition

be unitary. Then o4(U) C {a € A||| a|> 1} and

Let U € B°(H4)
) S{ae GA) [ a7 [l [l a = 1}.

oA(U) N G(A



Consider again the orthonormal basis {ex }xen for Ha. We may
enumerate this basis by indexes in Z. Then we get orthonormal basis
{ej}jez for Ha and we can consider bilateral shift operator V w.r.t. this
basis i.e. Vex = ex41 all k € Z, which gives V*e, = ex_1 for all k € Z.

Proposition

Let V be bilateral shift operator. Then the following holds

1) If A= C([0,1]), then cA(V) = {f € A||f|([0,1]) N {1} # @}

2) If A= L([0,1]), then

oM V) ={f € A| u(If|7*((1 — ¢,1+¢€)) > 0 Ye > 0}. In both cases

O’I‘;‘l(\/) =g.

Lemma
If F is a self-adjoint operator on H 4, then J;,“(F) is a self-adjoint subset

of A, that is o € 0’,‘;4(F) if and only if o € a;,“(F) in the case when A is
a commutative C*-algebra.

Lemma

Let A be a commutative C*-algebra. If F is a self-adjoint operator on H 4
and a € A\ 0A(F), then R(F —al) = {0}. Hence, if a € A\ o:A(F)
and in addition F — ol is bounded below, then oo € A\ o*(F).



Lemma

Let A be a commutative unital C*-algebra and F be a normal operator
on Hy, thatis FF* = F*F. If a1, a0 € U;“(F) and o1 — o is invertible
in A, then ker(F — axl) L ker(F — asl).

Lemma
Let A be a commutative C*-algebra and F be a normal operator on H 4.
Then 07'(F) = @, hence 0(F) = o4'(F) U o} (F).

Lemma

Let F € B?(H4). Then the following statements are equivalent:
a)a e A\ o,(F)

b) e A\ o/(F)

c)a* € A\ o, (F*)

d) Im(a*l — F*) = Hyu.



Next, for F € B?(H4), set 02/(F) = {a € A | F — al is not bounded
below }.

Proposition
For F € B3(H,4), we have that o}(F) is a closed subset of A in the
norm topology and o*(F) = o*(F) U o7}(F).

Proposition

If F € B3(Hy,), then d0(F) C o(F). Moreover, if M is a closed
submodule of H4 and invariant with respect to £, and Fo = F|,,, then we
have doA(Fy) C o M(F), o (Fo) N o™ (F) = o/ (Fo).



Definition
Let F € B°(H4). We set
o4, (F) ={a € A[ (F —al) ¢ M®o(HA)},
o (F) ={a € A[(F —al) ¢ M®,(Ha)},
og5(F) ={a € A| (F —al) ¢ MO_(Ha)},
oA(F) = {a € A | (F - al) ¢ M, (Ha)UMSO_(Ha)},
o (F)={ac A| (F —al) ¢ MO(H4)}.



Definition
We set mso(F) = inf{||a || e € A, F —al ¢ M®(HA)},

ms(F) = inf{|[ a |||« € A, F —al ¢ (M®(Ha) UMP_(Ha))},
ms (F)=inf{||a||a€ A F—al ¢ M® (H4)},
ms_(F)=inf{|| a||a€ A F —al ¢ MO_(Ha)}.

It follows that mse(F) = max{e >0 ||| a||<e= F —al € M®(H,4)},
ms (F)=max{e>0||a||[<e=F —alc M, (H4)},
ms_(F)=max{e > 0] a|l<e=F—al € MO®_(Ha)},

ms(F)=max{e >0 all<e= F—al € (Mb (H4g) UMP_(Hx))},

it follows that mse(F) > 0 < F € M®(H,),

msi(F)>0& Fe M (Ha),ms_(F) >0< F e Mb_(H4),

ms(F)>0< F e (M (Ha) UMP_(Hu)), it follows that
ms; (F) = ms_(F*), mse(F) = mse(F*), ms(F) = ms(F*).



Lemma
Let F € B(H4). If ms, (F) >0 and ms_(F) > 0, then
ms; (F) = ms_(F).

Lemma

Let F € B(H4). Then

1) mse(F) = min{ms(F), ms_(F)}
2) ms(F) = max{ms_(F), ms_(F)}.

Lemma

Let F € B(H4), where A be a W*-algebra and suppose that K(.A)
satisfies the cancellation property. Then

O'A(F) = Ué%v(f:) U U;,“(F) U oé‘,‘(F).



Lemma

Let now A be an arbitrary C*-algebra. For F € B3(H,) set

U;‘}Ngc(F) ={ae A|(F—al)¢ MP§(Ha)}. Then

oA (F) = Jﬁvgc(F) U 0’;74(F).

Lemma

Let F € B?(H4) and supppose K(A) satisfies the cancellation property.
Then o(F) = o (F)U J;,“(F) UaZ(F).

Proposition

If F € B3(H,4) then the components of A\ (o2 (F) N a;‘}g(F)) are either
completely contained in M®(F)\ M®(F) or in M®_(F)\ M®(F) or
index (F — al) is constant on them.

Lemma
Let F € B*(H.). Ifa € d0A(F)\ (0 (F) N (F)), then a € Mbo(F).



Let now M®o(H.4) be the set of all F € B3(H,4) such that there exists a
decomposition

Ha = Mi&Ny N Ma&Ny = H

F, O

w.r.t. which F has the matrix [ 0 Fu

], where F1 is an isomorphism,

N, N, are finitely generated and
NNy = NEN, = Hy

for some closed submodule N C H4.
Notice that this implies that F € M®(H4) and N; = N, , so that index
F = [N;] — [Na] = 0. Hence M®g(H4) € Mbo(Ha).
Let P(Ha) = {P € B(HA) | P is a projection and N(P) is finitely
generated }
and let ;

oiw(F) = {a € Z(A) | (F - al) ¢ MPo(Ha)}

for F € B?(HA).



Theorem
Let F € B°(H4) . Then

oAv(F) = N{oA(PF| )| P € P(H4))

where

O"A(PF‘R(P)) ={a € Z(A) | (PF —al),__ is not invertible in B(R(P))}.

R(P)

Lemma
MDo(H4) is open in B*(H 4).



We let now /\//I\CDI(HA) be the space of all F € B(H,) such that there
exists a decomposition

Hao= M&N;, 5 My@Ny = Hy,

1 0

0 Fy

Ny is finitely generated and such that there exist closed submodules
N3, N where Ny C No, Nj = Ny,

Ha = N&N; = NGNS and the projection onto N along Nj is
adjointable.

Then we set

w.r.t. which F has the matrix , where Fy is an isomorphism,

GA(F) = {a € Z(A) | (F - al) ¢ MO, (H.)}.

Theorem

Let F € B*(H4). Then o4(F) = n{o3'(PF|, ) | P € P?(Ha)} where
a;“(PF‘R(p)) is the set of all o € Z(A) s.t. (PF —al)|_ . is not bounded
below on R(P) and P?(H4) = P(Ha) N B?(HA).



Definition N
We set M®_(H4) to be the set of all D € B(H,4) such that there
exists a decomposition

Ha= MEN, 25 MyEN, = Hy

D; O
0 D
N} is finitely generated and such that Hq = M]&NEN) for some closed
submodule N, where the projection onto M{&N along N} is adjointable.
Then we set

oA(D) = {a € Z(A)) | (D — al) ¢ M (Ha)}
and for P € P?(H4) we set

of(PD|R(P)) ={a € Z(A)) | (PD — al) |, is not onto R(P)}.

w.r.t. which D has the matrix { } , Where D1 is an isomorphism,

Theorem
Let D € B°(H4). Then

024(D) = ({07 (PDy,)) | P € P*(Ha)}



Definition
We let /\//l\¢+(HA) be the set of all F € B(H4) such that there exists an
M, -decomposition for F

Ha = Mi&Ny 5 ModNy = Hy,

and closed submodules N, N with the property that N; is isomorphic to
N3, Ny C N, and
Haq = NON; = NON.

Theorem
For F € B(H.4) we have
0%0(F) = "{030(PFiq)) | P € P(HA)},

where a;‘},(PF‘R(P)) ={a € Z(A) | (PF — al)rp) is not bounded below
on R(P) or R(PF — aP) is not complementable in R(P)}.



Definitigg+
We set /\//I\QL(HA) to be the set of all G € B(H.4) such that there exists
an M®_-decomposition for G

Ha = M{EN, S5 MyENS = Hoy,
and a closed submodule N with the property that Hy = MjONON, .

Theorem
For G € B(HA)} we have

0750(G) = N{o36(PGie) | P € P(HA)},

where O’%(PGM(P)) ={a € Z(A) | R(P) does not split into the

decomposition R(P) = NEN with the property that PG|, is an
isomorphism onto R(P)}.



The boundary of several kinds of Fredholm spectra in A

Theorem
Let F € B°(H4). Then the following inclusions hold:

A
oA (F) c doAE) ¢ 27eF)  goarm),

= 0og(F) —
Theorem
Let F € B(H4). Then

904, (F) C 00(F) C 0o (F)

Moreover, doA(F) C 0ok (F) if K(A) satisfies the cancellation property.



Perturbations of the generalized spectra in A

Lemma
MI(H,) is a closed two sided ideal in B*(H) and

MI(H4) = {D € B(HA) | I + DF € M®(H4) ¥F € B*(Ha)} =

= {D € B*(HA) | | + DF € M®(H4) VF € MO(Hq)} =
={D e B*(Ha) | | + FD € M®(H,) YF € B(Ha)} =
= {D € B*(Ha) | | + FD € M®(H,) VF € F € M®(H4)}.

Lemma

a)If F e M® (Hq)\ MP(H4) and D € P(M®(H4)), then
F+De M (Ha)\ MO(Hy).

b)If Fe M®_(H4)\ M®(H4) and D € P(M®(H,)), then
F+DeMb_(Ha)\ MO(Hy).

c) If M®(H4) and D € P(M®(H4)), then D+ F € M®(H4) and
index D + F = index F.



Lemma
We have P(M®g(H.A)) = P(M®(H.4)).

Proposition
Let F € B?(H4). Then
oa(F)= [ o*F+D)= () o*F+D).
DGK*(H_A) DEMI(HA)
Theorem

The operator D € B?(H_4) satisfies the condition oZ}(F + D) = oZ;(F)
for every F € B3(H4) if and only if
D € P(M®.,(Ha)) N P(MO_(H.)) = P(MO(H.)).



Lemma
The operator D € B?(H,) satisfies the condition o2X,(F + D) = o (F)
for every F € B(H4) if and only if D € P(MCD(HA))

Lemma
The operator D € B?(H 4) satisfies the condition o 5(F + D)= aeﬁ(F)
for every F € B?(H,) if and only if D € P(M®(H.4)).

Lemma
The operator D € B?(H.4) satisfies the condition o2t(F + D) = oZ+(F)
for every F € B?(H4) if and only if D € P(M®(H.4)).

Lemma
The operator D € B?(H,) satisfies the condition o2, (F + D) = o2, (F)
for every F € B?(H4) if and only if D € P(MCD(HA))



Definition
For F € B(H4) we set o, (F) = {a € A| F —al ¢ M®'(Ha)
and o2 (F) ={a € A| F—al ¢ MO (Ha)}.

Lemma
Let F € B3(H4). Then

ol (F) = ﬂ oMF+ D)= ﬂ oM(F + D),
DeK*(H.) DeP(MOT'(Ha))
ol (F)= () od(F+D)= N o (F + D),
DeK*(H.4) DeP(MOF (HA))
Lemma

Let F € Ba(HA) Then

1) We have o2, (F + D) = oA, (D) for every D € B2(H.4) if and only if
F e P(Mo] ( 4)).

2) We have aé‘l‘@,(D) = U;‘}g,(F + D) for every D € B?(H,) if and only

F € P(M®Y(Ha)).



On operator 2 x 2 matrices over C*-algebras

We will consider the operator MA(F, D) : Hq @ Hq — Ha @ Ha given
as 2 X 2 operator matrix

F C

0 D |’
where F,C,D € B?(H,).
To simplify notation we will only write Mé instead of Mé(F,D) when
F,D € B?(H4) are given.



Proposition
For given F,C,D € B?(H4), one has

o2 (Mg)  (¢2(F) U oZ!(D)).

Theorem

Let F,D € B3(Hy4). If M& € M®(H4 @® Hyp) for some

C € B*(Hy4), then F € M®_(H4),D € M®_(H,) and for all
decompositions

Ha = Mi&N, N Ma&Ny = Hog,
Hy = MEN, 25 MEN, = Hy

w.r.t. which F,D have matrices { OFl %4 } , { ]O)l OD4 } , respectively,
where F1,D; are isomorphisms, and Ny, N} are finitely generated, there
exist, closed submodules

N{, N17 Ny, Ny such that Ny = N, N N’ N2 and N1 are finitely

generated and 3



Proposition
Suppose that there exists some C € B?(H4) such that the inclusion
oA (ME) C oM(F) U (D) is proper. Then for any

a € [o2(F)ua (D)) \ o2 (ME)

we have
a € o{(F) N o(D).

Next, we define the following classes of operators on H4 :

MS(Ha) = {F € B*(Ha) | (F — al) € M®T(H,)
whenever o € A and (F — al) € MdL(Ha)},
MS_(Ha) ={F € B’(H4) | (F —al) € M®(H,)

whenever o € A and (F — al) € Md4(HA)}.
Proposition

If F € MS,(H4) or D € MS_(H.4), then for all
C € B%(H4), we have

o (ME) = o' (F) U o' (D)



Theorem
Let F € M, (H4),D € Md_(H4) and suppose that there exist
decompositions

HA:MIG";NlLNQl@NQZHA

Ha= N N 25 MyEN, = Hy

w.r.t. which ¥, D have matrices

Fi1 0 D; 0

o L n
respectively, where F1, D1 are isomorphims, Ny, N} are finitely generated
and assume also that one of the following statements hold:
a) There exists some J € B?(Na, Nj) such that N, = ImJ and ImJ*L is
finitely generated.
b) There exists some J' € B3(Nj], Ny) such that Nj = ImJ’, (ImJ")* is
finitely generated.
Then M& € M®(H 4 @ Hy) for some C € B(H,).



Theorem

Suppose Mé € MO_(Hs®H4) for some C € B3(H4). Then
D € M®_(H4) and in addition the following statement holds:
Either F € M®_(H4) or there exists decompositions

Hqi® Hy = M1€~9N1 L) MzGNBNz =Hs® H.Av
Ha® Ha = MSN, 25 M)EN) = Hy e Hy,

F; 0 D] 0
: 1 / ; 1 1
w.r.t. which F',D’ have the matrices [ 0 F } , [ 0 D, } , where

F}, D} are isomorphisms, N} is finitely generated, Ny, Ny, N are closed,
but not finitely generated, and My = Mj, N, = Nj.



Theorem
Let F,D € B?(H4) and suppose that D € M®_(H4) and either
F € M®_(H.4) or that there exist decompositions

Ha = My@N; — NEEN, = Hog,
_ apLlxpay D NN
H.A_Nl @Nl—>M2€BN2—HA,

. i F1 0 Dl 0
w.r.t. which F,D have the matrices { 0 T, } ) [ 0 D, ] ’

respectively, where F1, Dy are isomorphisms N}, is finitely generated and
that there exists some

v € B3(Na, Nj) such that ¢ is an isomorphism onto its image in Ny .
Then M4 € M _(H4 @ Hy) for some C € B(H,).



Theorem
Let MA € M (Ha @ Hy). Then F' € MO (Hq ® Ha) and either
D € M®(H4) or there exist decompositions

Ha® Hyq = MlGNBNl L) M2®N2 = H4 ® Hy,
Ha® Ha = MSN, 25 M)EN) = Hy @ Hy,

F, 0 D} 0
. / / I 1 1
w.r.t. which F', D’ have matrices [ 0 F, ] ) { 0 D, } )

respectively, where F, D} are isomorphisms, My = M; and N, = Nj, Ny
is finitely generated and N, N are closed, but not finitely generated.



Theorem
Let F € M®_(H4) and suppose that either D € M®_(H4) or that
there exist decompositions

Ha = My@N; — NNy = Hog,

Ha= N"&N, 25 M)EN, = Hy
F; 0 D; O
0 Fy } ’ { 0 Dy
where F1, Dy are isomorphisms, Ni is finitely generated and in addition
there exists some

L € B3(Nj, Ny) such that ¢ is an isomorphism onto its image. Then

w.r.t. which ¥, D have matrices { } , respectively,

ME € MP, (Ha @ Ha),

for some C € B?(H,).



Definition

Let X’ be a Banach space. A sequence (T,)nen, Of operators in B(X) is
called topologically transitive if for each non-empty open subsets U, V' of
X, T,(U)NnV # & for some n € N. If T,(U)NV # & holds from some
n onwards, then (T,)nen, is called topologically mixing.

Definition

Let X’ be a Banach space. A sequence (T,)nen, of operators in B(X) is
called hypercyclic if there is an element x € X (called hypercyclic vector)
such that the orbit Oy := {T,x : n € Ny} is dense in X. The set of all
hypercyclic vectors of a sequence (T,)nen, is denoted by HC((T,)nen,)-
If HC((Th)nen,) is dense in X, the sequence (T,)nen, is called densely
hypercyclic. An operator T € B(X) is called hypercyclic if the sequence
(T™)nen, is hypercyclic.



Definition

Let X’ be a Banach space, and (T,)nen, be a sequence of operators in
B(X). A vector x € X is called a periodic element of (T,)ncn, if there
exists a constant N € N such that for each k € N, T,yx = x. The set of
all periodic elements of (T, )nen, is denoted by P((Tp)nen,). The
sequence ( Tp)nen, is called chaotic if (T,)nen, is topologically transitive
and P((Th)nen,) is dense in X'. An operator T € B(X) is called chaotic
if the sequence { T"},cn, is chaotic.



Linear dynamics of Elementary Operators on By(H) and K(H.4)

Definition
Let U, W € B(H). We define the operator Ty w : B(H) — B(H) by

Tu)W(F) = WFU (1)

for all F € B(H).
Then the operator Ty, is invertible and its inverse is given by Ty« -1,

i.e. (Tuyw)il = TU*’W—l.
We will denote this inverse by Sy w and for each n € N we set

n 1 n n
Clw = E(Tu,w +S0.w)-



Theorem
Let H be a separable Hilbert space. Let W € B(H) be invertible and
U € B(H) be unitary such that for each k € N there exists an N € N
with
U™(Ly) L Ly for all n > Ny. (2)

Then, the following statements are equivalent.

(i) Tu,w is hypercyclic on Bo(H), where Bo(H) is equipped with the
operator norm || - ||.

(i) For each m € N there exist a strictly increasing sequence {ny} in N
and the sequences { Dy} and { Gy} of operators in By(H) such that

1Dk = Pml| = lim [|Ge — Ppl| =0, (3)
k—o0

lim

k— 00
and

lim W™ G|l = lim |[W™™D|| =0, (4)

k—o0 k— o0

where P, denotes the orthogonal projection onto L,,.



Definition

Let X’ be a Banach space, a € X, and T € B(X). We say that T is
a-transitive if for each two non-empty open subsets O; and O, of X with
a € Oy, there are m, n € N such that

T'(O)NO# @,  TT(0)NO; # 2.

Theorem
Let U, W € B(H) such that W is invertible and U is unitary. Then, the

following statements are equivalent.
(i) Tuw and Sy,w are O-transitive on By(H).

(ii) For every finite dimensional subspace K of H there are strictly
increasing sequences {n;} and {m;} in N and sequences of operators
{G;} and {Dj} in By(H) such that

1Gj = Pl = lim [|D; — Pk[| =0, (5)
j—oo

lim
j—oo

and
lim W™ G| = lim |WYD;|| = 0. (6)
j—o0o j—o0o



Theorem
Let U, W € B(H) such that W be invertible and U be unitary. If Ty w
is hypercyclic on Bo(H), then m(W) < 1 < ||W]].

Theorem

Let U, W € B(H) such that W be invertible and U be unitary. Suppose

that there is a finite dimensional subspace K of ‘H such that for a

constant N > 0, U"(K) L K for all n > N. Then, we have (i) = (ii):
(i) Pk belongs to the closure of P({S{; yy }nen,) in Bo(H).

(ii) There exists an increasing sequence (ny) in N such that
m(W~") — 0 as k — cc.



Theorem
Let H be a separable Hilbert space and U, W € B(H) such that W be
invertible and U be unitary. Then, we have (ii) = (i):

(i) the operators Ty w and Sy w are chaotic on By(H).

(i) For each m € N there is a strictly increasing sequence {nx} C N

such that
oo o0
. In o —In _
k';mm;\lW “Pml| = k';mmgllW “Pml| =0,

where the corresponding series are convergent for each k.



Cosine Operator Functions

Theorem
Suppose that U, W € B(H) such that W is invertible and U is unitary.
Then, we have (ii) = (i):
(i) The sequence (CL(/r,’)W)nENo is topologically transitive on By(H).
(i) For each m € N, there are sequences (Ey) and (Ryx) of subspaces of

Ly, and an strictly increasing sequence (ny) of positive integers such
that L, = Ex ® R, and

lim WPy = lim WPy =0, (7)

Jim [ W2 Pe[| = lim || W2 Pr,|| = 0. (8)



Theorem

Suppose that U, W € B(H) such that W is invertible and U is unitary.
Let there exist a closed subspace K of H such that U"(K) L K for all
n> N. Then, (i) = (ii).

(i) P(CL(jn)W) is dense in Bo(H), and for each F € By(H),
limn— o0 SGw(F) =0 in Bo(H).
(i) m(W) < 1.

Theorem

Suppose that U, W € B(H) such that W is invertible and U is unitary.
Assume that there exists a closed subspace K of ‘H such that

U"(K) L K for all n> N. We have (i) = (ii).

i) P(C™ ) is dense in Bo(H), and lim,_,o T], \wF = F for all
u,w u,w
F e Bo(rH)

(i) m(Ww=1) < 1.



Theorem
Let H be a separable Hilbert space. We have (ii) = (i):

(i) The sequence {C((J"%/V} is chaotic on By(H).
(i) For each m € N, there exists a strictly increasing sequence {nc} C N

such that
. Iny o —Iny _
Jim EH W Py|| = lim_ /§_1 [W™ Pyl =0, (9)

where the corresponding series are convergent for each k.



Remark

Our sufficient conditions for topological transitivity in the norm topology
of By(H) are also sufficient conditions for topological transitivity in the
strong topology of B(H). Indeed, since {e,} is an orthonormal basis for
H, it is easily seen that the set {P,F : F € B(H), n € N} is dense in
B(H) in the strong operator topology. Moreover, in this case the
conditions (3)-(4) in Theorem 128 can even be relaxed by considering the
strong limits instead of the limit in norm and by dropping the
requirement that the sequences {Dx} and { Gk} should belong to By(H).
Hence, also in the case of strong operator topology on B(H), the
operator W in Example satisfies the sufficient conditions for topological

transitivity of Ty w and {C[(jn)l/v}"



Remark

Except from the implication (i) = (ii) in Theorem 128, all our results
about sufficient conditions for topological transitivity, easily generalize to
the case where By(H) is replaced by an arbitrary non-unital C*-algebra
A, and the set of all finite rank orthogonal projections on H is replaced
by the canonical approximate unit in A. Indeed, if A is a non-unital
C*-algebra, then it can be isometrically embedded into a unital
C*-algebra A; such that A becomes an ideal in A;. If u and w are
invertible elements in 4y and u is unitary (i.e. uu™ = u*u = 14,), then
we can define the operator T, ,, on A by T, ,(a) := wau for all a € A.
Therefore, all our results regarding the sufficient conditions for T, ,, to
be topologically transitive or chaotic can be generalized in this setting.

Moreover, if A is a unital C*-algebra and H4 denotes the standard
Hilbert module over A, then all our results so far can be transferred
directly to the case where By(7) and B(H) are replaced by K(H,4) and
B(H,4), respectively. Here, K(H,4) and B(H ) stand for the set of all
compact and all bounded A-linear operators on H 4, respectively.



Theorem

Let w € Ay be invertible and u be a unitary element of A;. Suppose

that there exist an element a € AT and an N € N such that au"a = 0 for
all n > N. Then, (i) = (ii).

(i) P((CS"))n) is dense in A.

(ii) m(p(w)) <1 <[ ¢(w)
representation of Aj;.

, where (¢, H) is the universal



Dynamics of the Adjoint Operator

Theorem

Suppose that for every m € N there exist sequences (Ex) and (Ry) of

subspaces of L, and an increasing sequence (ny) C N such that for each

k, Ly, = Ex ® R and

[|[W™ Pl = lim || W= PmH =0, (10)
k—o0

lim
k— 00
Jim_[[WE e[ = Jim [[wEn Pr,[| = 0. (11)

Then, {CZ('\;)V} is topologically transitive on By(H).

Theorem
Suppose that U, W € B(H) such that W is invertible and U is unitary.
Assume that there exists a finite dimensional subspace K of H such that
U"(K) L K for all n> N. Then, (i) = (ii).
(i) P(Ct(/n)vv) is dense in B1(H), and for each F € Bi(H),
limp 00 S*U.w(F) =0 in B(H).
(i) m(W) < 1.



Theorem

Let U, W € B(H) be invertible such that U is unitary. Suppose that

there exists a finite dimensional subspace K of H and N € N such that

U"(K) L K for all n > N. Then, (i) = (ii):

(i) PL(CH.w)"} is dense in B(H)" and lim,—00 (S w)"e = 0 for all
v € B(H)'.

(i) m(W) < 1.

Theorem
We have (ii) = (i):

(i) (C((j")‘:,) is topologically transitive in B(H)'.

(ii) For every m € N there exist sequences (Ex) and (Rx) of subspaces

of L, and an increasing sequence (ny) C N such that for each k,
Ly, = Eix® R and

lim [P W™ = lim [P W= =0, (12)
k—o0 k—o0

i LPe Wl = i [P ] <0 )



Theorem

We have (i) = (ii):

(i) P( T[ij) is dense in B(H)'.
(i) m(W) < 1.

Theorem
We have (i) = (ii):

(i) P(Sf/",vv) is dense in B(H)'.
(i) m(W=t) = ||W|~t <1, that is ||[W] > L.



Theorem

Let B(H) be equipped with the strong topology, and B(H)' be equipped
with the w*-topology, where B(H)' is the dual of B(H). Then we have
(i) = (i):

(i) {T[j”W} and {Sl*jnw} are topologically transitive on B(H)'.

(ii) for every n € N there exist an increasing sequence {nx} C N and

sequences of operators {Gx} and {Dy} in B(H) such that same as
theorem 3.2 in the draft with

G W™ |

lim lim ||[DeW™|| =0,
k—o00 k—00

and

s—lim Gy =s—Ilim Dy = P,,
k— 00 k— 00

where s—lim denotes the limit in the strong operator topology.



Example

Let {e;}jen be an orthonormal basis for a Hilbert space #. Define
W € B(H) by

T ejpo, ifjis odd,

W(e): =1 2e_o, ifjisevenandj> 2,
€1, If_j =2.
Then, W is invertible and ||W/|| = 2. For each fixed k € N it is easily
checked that HW”"”’"szH = L for all m € N. Consequently,
[W2k=1tmpy ]| < 5. Further |t is aIso easily verified that for each

k,m € N we have ||W "2k "Poi1|| = 5a=r, and this gives that

HW 2k=mp, || < 5. As above, P, denotes the orthogonal projection
onto span{ey,...,ep}.
It follows that

1Pk (W) = 22 Pasesa (W) 77| = 5,

for all k,m e N.



Then W and W™ satisfy the sufficient condition in various results above
on topological transitivity. If we instead of H consider H4 and let
{ej}jeN denote the standard basis, then the same arguments applies in
this case also.



Example

Let F(ex) = ey for all k.
Then F € Mb_ (H4)

Example
Let D(ezkfl) =0, D(egk) = €.
Then D € M&_(H.4)

Example

In general, let ¢ : N — ¢(N) be a bijection such that ¢(N) C N and
N\ ¢(N) infinite. Moreover we may define ¢ in a such way s.t.

1(1) < ¢(2) < ¢(3) < ... . Then, if we define an A-linear operator F as
F(ex) = e k) for all k, we get that F € M® (H.). Moreover, if we
define an A-linear operator D as

€,-1(k)» for k € L(N),

0, else

then D € M®_(H4).

D(ex) =



Those examples are also valid in the case when A = C, that is when
H4 = H is a Hilbert space. We will now introduce examples where we
use the structure of A itself in the case when A4 # C:

Example
Let A = (L>°([0,1]), 1), where p is a Borel probability measure. Set

F(fi, o, ;) = (X, X ghs Yo,y B Xa s 1) -
Then F is bounded A— linear operator, ker F = {0},

ImF = SpanA{X[O’%]el,X[%’l]ez,X[O’%]e3,X[%’1]e4, b
and clearly F € M®,(H4).

Example
Let again A = (L*°([0,1]), it). Set

D(g1: 82,83, ) = (Xjp,1181 + {1 1182, X[o,1183 + A[1 1184, ---) -

Then ker D = ImF, D is an A-linear, bounded operator and ImD = H 4.
Thus D € M®_(H,4). Indeed, D = F*.



Example
Let A = B(H), where H is a Hilbert space and let P be an orthogonal
projection on H. Set

F(Ty, Ta,...) = (PT1,(I = P) Ty, PTy, (I — P) Ty, ...),

D(Sl, 52, ) = (P51 + (I — :D)Sg7 PS; + (/ — P)54, )7
then by similar arguments F € M®,(H4), D € MP_(Hy).



Example
In general, supose that {pj’f}j,,-eN is a family of projections in A s.t.

pj,p;, = 0 for all i, whenever ji # jo and ) p; = 1 for some k € N.
j=1
Set

l _ 1 1 1 1 2 2
F (ala o5 Qs ) - (p1a17p2a17 < PrQ1, PoQi2, PrQ, ... P, )7

k k
D' (B1,oes s ) = (3 PH61 S PR Bk )-
i=1 i=1

Then F/ € M (H4),D' € MO_(Hy).

Recalling now that a composition of two M®_ operators is again an
MP, operator and that the same is true for M®_ operators, we may
take suitable comprositions of operators from these examples in order to
construct more M®_ operators.

Even more M®_ operators can be obtained by composing these
operators with isomorphisms of H4. We will present here also some
isomorphisms of H 4.



Example

Let j : N — N be a bijection. Then the operator U given by
U(ex) = ej(k) for all k is an isomorphism of H 4. This is a classical well
known example of an isomorphism.

Example

Let (ay, ..., ap, ...) € AN be a sequence of invertible elements in A s.t.

| ak [|[< M for all k € N and some M > 0. If the operator V is given by
V(ex) = ex - ay for all k, then V is an isomorphism of H4. Moreover, if
(a1, ,ap, - -) is the sequence from above, we may let V be the
operator on H 4 given by \7(x1,-~~ ,Xn) = (QaX1, -+, QpXp, -+ ). Then v
is also an isomorphism of H4.



Thank you for attention!

Stefan lvkovié
stefan.ivl10@outlook.com

The Mathematical Institute of the Serbian Academy of Sciences
and Arts
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