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Completely positive linear maps

Let A and B be two C*-algebras. For each positive integer n, M,(A)
denotes the C*-algebra of all n X n matrices with elements in A.

Definition
Let ¢ : A— B be a linear map.

e ¢ is positive if ¢ (a*a) >0 for all a € A.
@ ¢ : A— Bisacp map (completely positive linear map) if for each
positive integer n, the linear map

0, : Ma(A) = Mo(B). 9, (la5]7;1) = o (a1},

is positive.

@ A cp map ¢ : A— B is continuous, and it is contractive if ||¢| < 1.
Any C*-morphism is a cp map.

Not all cp maps are C*-morphisms.
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Multiplicative domains for completely positive linear maps

Theorem (M.D. Choi, 1974)

Let ¢ : A— B be a cp map and

My ={acA:¢(ab) = ¢(a) ¢ (b) and ¢ (ba) = ¢ (b) ¢ (a) (V)
b e A}

Q@ The set My, is a C*-subalgebra of A and ¢| M, (the restriction of ¢ to
My) is a C*-morphism.

@ If ¢ is a contractive cp map, then
My={acA:¢(aa") = ¢(a)9(a) and ¢ (a"a) = ¢ (a)" ¢ (a)}
and My, is the largest C*-subalgebra C of A such that the map
@| ¢ (the restriction of ¢ to C) is a C*-morphism.

Definition

M, is called the multiplicative domain of ¢.

If @ is unital, then 14, the unit of A, is an element in M.
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Hilbert C*-modules

Definition
A Hilbert C*-module X over a C*-algebra A is a linear space X that is a
right A-module, together with an A-valued inner product (-, ) that is
A-linear in the second variable, with the following properties:
@ (x,x) >0and (x,x) =0 if and only if x = 0;
Q (x,y) = (y,x)forall x,y € X
such that X is a Banach space with the norm induced by the inner
1
product, ||x|| = [|{(x, x)||?.

e L(H, K), the vector space of all bounded linear operators from a
Hilbert space H to another Hilbert space K, has a canonical structure
of Hilbert C*-module over L(H) with:

o (T,S)eL(H,K)xL(H)— TS € L(H,K)
° (Tl,Tz) € L(H,]C) X L(H,}C) — <T1, T2> = TI*T2 € L(H)
@ Ais a Hilbert C*-module over A with the inner product given by
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Hilbert C*-modules

Let X be a Hilbert C*-module over A and ¢ : A — L(H) a linear map. A
map @ : X — L(H, K) is called a ¢-map if
D (x)" D (y) =@ ((x,y)) forall x,y € X.

o If ¢ is a *-representation of A on the Hilbert space H, we say that
® is a @-representation of X on the Hilbert spaces H and K.

o If ¢ is a cp map, we say that ® is a cp ¢-map.

Remark

Q /fD is a ¢-map, then ® is linear.
Q If ® is a p-completely positive map, then @ is continuous.

@ If ® is a p-representation, then ® is a ¢-module map,
D (xa) = D (x) ¢ (a) forall x € X and a € A.

v
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Definition

The ternary product on a Hilbert C*-module X is the map
[,+ ] : X x X x X — X defined by
[x,y,z] = x(y,z) forall x,y,z € X.
A map between two Hilbert C*-modules is called a ternary map, if it
preserves the ternary product.

A Hilbert C*-module X over A'is full if A coincides with the closed
two-sided *-ideal (X, X) generated by {(x,y) : x,y € X}.

Theorem (M. Skeide, K. Sumesh, 2014)

Let ®: X — L(H,K) a map. Then:

Q /f O is a p-representation, then ® is a linear ternary map.

Q@ If X is full and ® : X — L(H,K) is a linear ternary map, then there
is a *x-homomorphism ¢ : A — L(H) such that ® is a ¢-map.
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Module domains for cp maps on Hilbert C*-modules

Theorem

Let X be a Hilbert A-module, ¢ : A — L(H) a cp map, ®: X — L(H,K)
be a ¢-map and

Xo={xeX:D(xb) =P (x)¢(b),(V)bec A}
Then:

@ Xo is a Hilbert C*-module over M,
Q Dy, : Xo — L(H,K) isa g0|M(p—representation.

Definition

For a a ¢-map, ®: X — L(H,K),

| A

Xo={xeX:P(xb) =D (x)¢(b),(V)bec A}

is called the @-module domain of ®.
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Example

Example
The map ® : Mp(C) — L(C?,C?) defined by

o) ([ X11  X12 ]) (&, 1) = (x11& x18); (&, 1) € C?

X21  X22

is a cp ¢-map, where ¢ : Mp(C) — L(C?) is given by

9 ([ S D @ n) = (aug.0); (&.7) € C2.

a1 ax

It is easy to check that ¢ ia a cp map,

w={[2 2]cabechmixe={]x O] ixrec).
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Module domains for cp maps on Hilbert C*-modules

Let ®: A — L(H, K) be a cp ¢-map.

° Ap C{ac Ag(ab) =¢(a)p(b)(V)be A}
For (uj);c; - an approximate unit for A,

@ (ab) = lim; ¢ (u;ab) = lim; ® (u;)* @ (ab) = lim; ® (u;)* D (a) ¢ (b)

iy ¢ (1) @ (b) = ¢ (2) @ (). (V) b € A
o If Ais unital and ® (1,) is onto, then
Ao = {2 € A g (ab) = ¢ (a) @ (b) (V) b € A}
If ®(14) is onto, then ® (14)" has left inverse, S.
(V) ac As. t. p(ab) =@ (a) ¢ (b) (V)b € A,
@ (ab) — @ (a) ¢ (b) = S (14)" (P (ab) — @ (a) ¢ (b))
=5(¢(ab) —¢(a) (b)) =0, (V) be A

o If Ais unital and ® (1,) is a coisometry, then ¢ is a
s*-homomorphism and Ap = A.

9 (ab) = P (a) D (14) D (12)" ® (b) = ¢ () 9(b) (V) 2, b € A
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Module domains for cp maps on Hilbert C*-modules

Let X be a Hilbert A-module, ¢ : A — L(H) be a cp map,
®: X — L(H,K) be a p-map and xo € X. Then

X €Xo = P(x(y.2)=P(x) ¢y .2).(V)y.zeX.

Proof.

" =" |t is clear.

|TT

Lemma

Let | be a closed two-sided x-ideal of A and ¢ : A — L(H) a cp map.
Then M, C My, where ¢l is the restriction of ¢ to I.

L]
\ \
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Module domains for cp maps on Hilbert C*-modules

D (x0(y.2)) =@ (x0)¢((y.2)) (V)y ze X
= (P(<X0-X0>< z)) = ¢ ({(x0, %)) ¢ ({(y.2)) . (V) y,z€ X
= (X0, x0) € My, € My, I - the closed two sided x-ideal (X, X) of A.

7“ 9 ({7.2) {x0.30) B) = @ ({%.2)) 9 (0, %)) ¢ (8) , (¥) y. 2 € X, b €

Let b € A and (uy),c, an approximate unit for (X, X) .

(96" 0,50) D) 1) = lim p (b 0. 20) D))
= lim (¢ (uxb"ur) ¢ ((x0, x0)) ¢ (b) €. 77)

—< (") @ ((x0, %)) @ (b) ¢ 7m) (V)& 1 €H
= @ (b* (x0,x0) b) = ¢ (b*) ¢ ((x0,x0)) ¢ (b)
= (P (xob) — P (x )(P(b>)*(<1>(XOb) @ (x0) ¢ (b)) =0

= @ (x0b) = ® (%) ¢ (b) . m




Ternary domains for cp maps on Hilbert C*-modules

®: X — L(H,K) is a ternary map, if

B(x(y. 2)) = D(x) (@(y), D(z)) = D(x)D(y)*®(z) for al
X, ¥,z € X.

Definition
Let ®: X — L(H,K) be a map.The set

To={yeX:®(x(y,2)) =@ (x)®(y) ®(z) forall x,z € X}
is called the ternary domain of ®.
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Module domains and ternary domains for cp maps on
Hilbert C*-modules

Proposition
Let X be a Hilbert A-module, ¢ : A — L(H) be a cp map,
®: X — L(H,K) be a p-map and xg € X. Then the following
statements are equivalent:
Q x € Xo;
Q D(x(y,2)=D(x)®(y)" ®(2) y,z € X;
Q P(y(x,2)=2()P(x) P(2) y,z€X;
Q x € To.
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Ternary domains for cp maps

(Definition |

Fie 9 : A— L(H) be a cp map
Ty ={ac Ag(batc) = g(ba")¢p(c) = p(b)gp(a"c)

= ¢(b)g(a")¢(c), (V) b,c € A}
is called the ternary domain of ¢.

v

Example
The map ¢ : Ma(C) — L(C?) is given by

¢([m'aﬂ)@ﬂﬁﬂaﬁmmamec%

a1 a2

is a cp map. It is easy to check that

w={| 5 §]:avectamar,={|3 §]:acc}. |

UPB (Institute) /28




Ternary domains for cp maps

Let ¢ : A— L(H) be a cp map. Then:
Q T,={ac M,:q¢(ba*c) = p(b)p(a)*¢(c) forall b,c € A};
Q TfP is a closed two-sided *-ideal in I\/I(p;
If A and ¢ are unital, then:
Q Ty={acA:gp(ba’c) =g(b)p(a")¢(c), (V) b.c € A};
Q 1, € T(P & @ is a x -morphism.
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Module domains for cp maps on Hilbert C*-modules

Let X be a Hilbert A-module, ¢ : A — L(H) be a cp map,
®: X — L(H,K) be a p-map and xo € X. Then the following
statements are equivalent:

Q x € Xo;
Q (X0, %) € My and ¢ (a(x0, %) b) = ¢ (a) ¢ ((x0,%0)) ¢ (b), (V)
a,beaA;

(8] <X0,X0> € T(P'
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Module domains for cp maps on Hilbert C*-modules

Let ®: X — L(H,K) be a ¢p-map. Then:

Q@ Xo is a Hilbert C*-module over the C*-algebra T,;
Q XT, = Xo.

If ®1:X — L(H,K1) and @, : X — L(H, K2) are two cp ¢-maps, then
Xo, = Xo,.
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Ternary domains of cp maps on Hilbert C*-modules

Theorem (Asadi, Behmani, Medghalchi, Nikpey, 2017 )

Let X be a Hilbert A-module and ¢ : A — L(H) be a cp map.

If (7'54,, ’Hq,, ch) is a minimal Stinespring representation associated to ¢,
then there two Hilbert spaces K , and Ky, a y-representation

[z, : X — L(Hy, Kr,) of X on the Hilbert spaces H, and Kr,, and a
unitary operator Wy, : Ky, — IC% such that the map

Dy x : X — L(H,Ky) given by

is a ¢-map.

Moreover, if ® : X — L(H,K) is a ¢p-map, then there is a unique
isometry S¢ : Ky — K such that

@ () =SoPpx (*)
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Ternary domains of cp maps on Hilbert C*-modules

Definition

Let X be a Hilbert A-module and ¢ : A — L(H) a cp map. We denote
the @-module domain of each ¢-map on X by X, and call it the ternary
domain of ¢ on X.

Remark
@ X, is a Hilbert C*-module over the C*-algebra T,
Q If X is full, then X(P is a full Hilbert C*-module over the C*-algebra
To;
Q Every cp ¢p-map @ : X — L(H,K) is a ternary map on X,.

Q@ X, =3span{x € X; (x,x) € My, p(a(x,x)b) = ¢(a)p((x,x))p(b),
(V) a, b € A}

= span{x € X; (x,x) € My, ¢(b"(x,x)b) = ¢(b)*¢((x,x))@(b),
(V) b A} |
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Linking algebra of a Hilbert C*-module

Let X and Y be two Hilbert C*-modules over A.

e K(X,Y) denotes the space of all ‘compact’ operators from X to Y.
e K(X,Y) is generated by {6, « : x € X,y € Y}, where
Oyx: X =Y, 0,(z) =y (xz).
@ The linking C*-algebra L4(X) of X is the C*-algebra of all ‘compact’
operators on the Hilbert C*-module X ®©A over A.
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Linking algebra of a Hilbert C*-module

°

o The map x — ry, where ry : A — X, re(a) = xa (rf =), is an
isometric linear isomorphism from X to K (A, X), and we denote
K(A, X) by X and ry by x.

e The map y — I, where |, : X — A, l,(z) = (y, z), is an isometric
conjugate linear isomorphism from X to K (X, A), and we denote
K(X,A) by X* and Iy by x*.

o The map a+ T,, where T,: A— A, T, (b) = ab, is an isometric
linear x-isomorphism from A to K(A), and we denote K(A) by A and
T, by a.

°

La(X) = [K(X,A) K( X* A
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Stinespring type theorem for cp on Hilbert C*-modules

Theorem (Bhat, Ramesh,Sumesh, 2012)

Let X be a Hilbert C*-module over the C*-algebra A, ¢ : A — L(H) a cp
and @ : X — L(H,K) a ¢-map. Then there is a triple of pairs

(e, 19) , (Wa, Vi), (He, Ko)) consisting of the Hilbert spaces H,
and Ko, a bounded linear operator Vy, : H — H,, a coisometry

Wo : K — Ko, a *-representation 7w, : A — L(H,) and a

7 y-representation Ilg : X — L(H,y, Ko) such that (n(p, Ho, V(p) is a
minimal Stinespring representation associated to ¢ and

@ (x) = Wille (x) V,, for all x € X. Moreover, [I1g (X) VoH] = Ko.

v

The triple of pairs ((Io, 77y) , (Wa, Vy), (He Ko)) is called a minimal
Stinespring representation associated to the cp ¢- map ®, which is unique
up to unitary equivalence.
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Induced completely positive maps on the linking algebra of
a Hilbert C*-module

Proposition

Let X be a Hilbert A-module, ¢ : A — L(H) a cp map and
®: X — L(H,K) a p-map. Then there is a unique *-representation
Vo0 K(X) = L(K) such that

Fo = ["’q"v’ f,j  La(X) = LK ®H)

is a cp map and for every minimal Stinespring representation associated to
the ¢-map @ such as ((I1, ), (W, V), (K','H")), there is a
x-representation I : K(X) — L(K') such that T'(0x,,) = IT(x)I1(y)* for
all x,y € X and

=[5 )=l vl )y =0][0
Po=lor o] |0 v [IT() n()]| |0 V|
Moreover, if ¢ is contractive, then ¢g4, is contractive.
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Induced completely positive maps on the linking algebra of
a Hilbert C*-module

Lemma

Let X be a Hilbert A-module, ¢ : A — L(H) a cp map and
®: X — L(H,K) a ¢p-map. Then:

Q O(T(2) =94,(T)P(2).VT € K(X),Vz € X;
Q K(X)X, C X,.
If ¢ is contractive, then:

© X € Xy Yy (Ber) = ®(X) B ()"
QO x€Xp & Pg,(0xy) = D(x)D(y)", (V)y € X;
Q Vo, (Bxay) =@ (x) @ (a)@(y)", (V) x,y € X, (V)a e T,.

D
[
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Multiplicative domains of the induced completely positive
maps on the linking algebra

Theorem
Let X be a Hilbert A-module, ¢ : A — L(H) a contractive cp linear map

and ®: X — L(H,K) a g-map. If ¢g : LA(X) — LK ®H) is the cp
linear map on L4(X) associated to the ¢p-map ®, then:

S
M%:{ L7 :TEK(X),x,y€X¢,a€M¢},

_X a_
and ) .
Ty

T¢<I>: 3 ZTGK(X),X,}/EXgovaETq) .

The above theorem remains valid for all completely positive linear map
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Multiplicative domains of the induced completely positive
maps on the linking algebra

Corollary

Let X be a Hilbert A-module, ¢ : A — L(H) a contractive cp linear map
and ®: X — L(H,K) a g-map. If ¢g : LA(X) — LK ®H) is the cp
linear map on LA(X) associated to the ¢-map ®, then

£M¢(X(p) g M’@Cb and £T¢(X¢) Q T'q;@.

Corollary

| A

Let ¢ : A— L(H) be a completely positive linear map and ® and ¥ be
two operator-valued ¢-maps on a Hilbert A-module X. Then

M

5o — Mg, and Tg, = Tg

Py

A\
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Multiplicative domains of the induced completely positive
maps on the linking algebra

If ¢ and ® are as in the previous example, then
([ a b x O
_ cdy 0}
Mg, = Uy s 0 va,b,c,d x, y, s, teC
L L0 0 0 ¢t
and
([ a b x O
. cdy 0],
T%— U v s 0 ya,b,c,d x, y,seC
(L0 0 0 O
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Thank you for your attention!
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