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This is based on joint work with Are Austad and Mads S. Jakobsen.

o Gabor duality theory for Morita equivalent C*-algebras,
International Journal of Mathematics, 2020.

@ Duality theory of Gabor frames and Heisenberg modules,
Journal of Noncommutative Geometry, accepted 2020.

Main theme

Study of equivalence bimodules between two C*-algebras from the
perspective of frame theory. Motivation comes from the duality principle
for Gabor frames.
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Equivalence bimodules

Morita equivalence

Let A and B be C*-algebras. An A-B-equivalence bimodule between A
and B is a Hilbert C*-module E satisfying the following conditions:

® (E,E)=Aand (E,E)s = B, where
o E,E) =span{s(f,g) | f,g € E} and likewise for (E, E ),.
o Forallf,ge E,ac Aand b e B,

(af ,g)e = (f,a"g )e and ¢( b, g) = «(f,gb").

e Forall f,g,h€eE,
'<fag>h: f<g7h>'
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Notation

©f ¢ denotes the rank-one module operator O¢ ; : h— ((h,f)g on E
and K4 (E) denotes the C*-algebra of compact module operators on E.

Observation

It is a well-known result that if E is an A-B-equivalence bimodule, then
B = Ka(E) through the identification ©¢ g = (f, g )e.

Fact

Let E be an A-B-equivalence bimodule. Then E is a finitely generated
projective A-module if and only if B is unital.
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N
Localization

Suppose ¢ is a faithful positive linear functional on a C*-algebra B, and
that E is a right Hilbert B-module. We define an inner product

<'7’>¢:EXE_>(C’ (fag)'_)¢(<g’f>3)a

where (-, -)g is the B-valued inner product and complete E with respect to
(-,-)¢, denoted by Hg, and called the localization of E in ¢

There is a natural map py : E — Hg which induces an injective
*-homomorphism py : Endg(E) — B(Hg).
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Localization of equivalence bimodules

For unital Morita equivalent C*-algebras A and B a result by Rieffel says
that there is a bijection between normalized finite traces on A and

non-normalized finite traces on B under which to a trace trg on B there is
an associated trace trg on A satisfying

tra(e(f,8)) =tra((g,f)e)
for all f, g in the equivalence bimodule E.
Localization

Let E be an A-B-equivalence bimodule, trg a faithful finite trace on B.

i) There is a finite trace on A, denoted try, for which

tra(e(f,g)) =tre({g,f)), forall f,g € E.
For f,g € E we set

(f,8)ta = tralof,8)),  (f, &)ty =tre((g, 1)),

with (f, g)tr, = (f,&)trs for all f, g € E.
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Frames for Hilbert C*-modules

Definitions

Let E be an A-B-equivalence bimodule. For g € E we define the analysis
operator by

d, E— A
f'_>.<f7g>7

and the synthesis operator:

v, A E

ar>a-g.
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Frames for Hilbert C*-modules

Remark

Since E is an A-B-bimodule, we also have defined the analysis operator
and the synthesis operator with respect to the B-valued inner product. If
we do so, then it will be indicated by writing ®2.

Definitions-ctd
Let E be an A-B-equivalence bimodule. We define the frame-like
operator O, , to be

@th E— E
fiof,g) - h

Ogh = Vpd, = ®};d,. The frame operator of g is the operator
Og = Og g = P;b,.
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Frames for Hilbert C*-modules

Module frames

Suppose we have g1,..., gk € E, such that fozl Oy is invertible E. Then
we call {g1,...,8k} a module frame for E.
This is equivalent to existence of constants C, D > 0 such that

k

C.<f, f> < Zo<f’gi> '(gia f> < D.<f, f)
i=1

for all f € E.

Frame condition

Let E be an A-B-equivalence bimodule. Then f = Zf-;l Og;.k; f for all
f € E if and only if B is unital and foﬂ(g,-, hi)e =1p.
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Lemma

Let E be an A-B-equivalence bimodule. Suppose g, h € E satisfy
of,h)g =" forall f € E. Then

f=h(g,f)e forall feh-B.

Definition
Let E be an A-B-equivalence bimodule. If g € E is such that ©, is
invertible on E, then h = @;1g is called the canonical dual atom of g.

v
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-
Module Duality Principle

Theorem (Duality principle)

Let E be an A-B-equivalence bimodule, and let g € E. The following are
equivalent:

©Q Oy : E — E is invertible.
(2] d)g(d)gB)* : B — B is an isomorphism.

Density theorems

Let E be an A-B-equivalence bimodule where both A and B are unital.
o If g € E is such that ©4 : E — E is invertible, then
trB(lg) < trA(lA).

o If g € E is such that ®;®, : A — A'is an isomorphism, then
trB(IB) > trA(lA).
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Localization of module frames

Let E be an A-B-equivalence bimodule, where B is unital and equipped
with a faithful finite trace trg and induced trace trg on A. We denote by
HEg the localization of E in tra, and by (—, —)g its inner product, i.e.
(A, L) =tra(e(fi, f2)) for all f1, > € E.

Proposition

For g € E there exists an h € E such that we have f,g) h = f for all
f € E if and only if there exist constants C, D > 0 such that

C(f, f)e < (f(g,8)e f)e < D(f, )

for all f € He.
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Riesz sequences

Proposition

Let £ be an A-B-equivalence bimodule where A is unital and equipped
with a faithful finite trace tr4. We localize E and A as described above.
For g € E we have ®;®, : A — Ais an isomorphism if and only if there
exist C, D > 0 such that for all a € A:

C(a,a)a < (ag,ag)e < D(a,a)a.

We say g generates a module Riesz sequence for E with respect to A.
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Heisenberg modules

modulation operator and translation operator

Esf(t) = e*™PH(t), Tof(t) = f(t—a), «,B € R\{0}, f € [3(R),

A={aeB(L’(R)) : a= > a(m,n)EmsToa, a € X(Z%)}.

m,n€Z

A is a faithful representation of the twisted group algebra ¢}(aZ x BZ, c):

arfax(m,n) = Z ar(m',n') ax(m — m', n — n') 2miBelm=m)n’ (1)
m’'.n' €7
2miaBmn

a*(m,n)=e a(—m, —n). (2)

The enveloping C*-algebra is the twisted group C*-algebra C*(Z?, c)
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Heisenberg modules

The left-action that a € A has on functions f € L?(R) is given by
a-f=3 ez alm n)EmgThaf.

For functions in So(R) we define an A-valued inner-product in the
following way: o -, -) : So(R) x So(R) — A,

,(f,g) = Z <f7 Emﬁ Tnag> Emﬁ Tha-

m,n€Z

Here So(R) is Feichtinger’s algebra: a suitable Banach space of
test-functions, which is widely used in time-frequency analysis. Let g be a
Gaussian function. Then f € L2(R) is in So(R) if and only if

[ fllse = //R |(f, B, Txg)|dxdw < oc.
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Let B be the twisted group algebra El(%Z X éZ,E) and C*(%Z X éZ,E)
its enveloping C*-algebra.
We define a B-valued inner product (-, - )e : So(R) x So(R) — B :

(F.8) = g Xmnez(&: (EmjaToyp) ) (Emja To/s) that has a
right-action on functions g € L2(R) given by

1 %
gb: T ar Z b(ma n) (Em/aTn/ﬁ) g-
afl 2,

Associativity condition:
of,g)-h="-(g, hY forall f,g,heSo(R).

The completion of So(R) with respect to ||f||z = ||«(f, f)||*/? (or
| (f, fl||}/?) is the Heisenberg module, E.
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Heisenberg modules

Bessel family

Denote by B, the subspace of L2(R) consisting of those g € L(R) such

that
Z I, Eﬂ/Takg>|2 < 00,
KIEZ

for all f € L?(R). This is a Banach space with respect to

1/2
lells.s = sup (D I4F EnTare)l?)
IFll2=1 * 4 jez,
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Gabor system {Eg Tokg i icz

f= .<f,g> h= Z <f7 EBnTamg>EﬂnTo¢mh

m,n€Z

Austad-Enstad
o For g € So(R) we have [|g[|s,, = llg|le, i.e. Heisenberg modules
consists of the Bessel vectors of the Gabor system {Eg Tokg }«, icz.-
@ The set {g1, ..., 8k} generates E as a left C*(aZ x BZ, c)-module if
and only if {EgnTamgi: i =1,..,k}mncz is a (multi-window) frame
for L(R), i.e. there exist constant A, B > 0 such that

k
Allfllz <D > [(f, Emg Taagi)* < B|fll2 forall f e [*(R).

i=1 m,ncZ

v
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|
Gabor duality principle

Definitions

(i) The Gabor system {Emg Thag}m.nez is a frame for L2(R), with
bounds A, B > 0, i.e.,

Allfllz < Y [(f,EmpToag)> < B|fll2 forall f e L*(R).

m,n€Z

(i) The Gabor system {(Ep/aTn/3)" &} mnez is a Riesz sequence for
L2(R) with bounds |af|A, |afB|B, i.e.,

« 2
Bl ALl < || D2 cmn)(EpasTws) g |, < a8l B I3,

m,n€Z

for all ¢ € £2(Z?).

v

Franz Luef (NTNU Trondheim) Gabor duality theory 7.12.2020 19 /20



|
Gabor duality principle

Theorem (Duality principle)

{Emp Tna&}m.nez is a frame for L2(R) if and only if
{(Em/aTn/s)*g}mnez is a Riesz sequence for span{Ep, /o T,/5)*g

m,neZ}'

We have the standard trace on A: tr4(a) = a(0,0). The localization of E
is a subspace of L%(R).

Consequently, the module duality principle for the Heisenberg module E
reduces to the Gabor duality principle.

Extensions J

Multi-super Gabor frames or more generally matrix Gabor frames.
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