1. MULTIPLIERS

We will call a C*-subalgebra A C B(H) non-degenerate, if its natural representation in
the Hilbert space H is non-degenerate.
Everywhere in this section A, B C B(H).

Definition 1.1. An operator z € B(H) is called left multiplier A if zA C A. Tt is called
right multiplier, if Ax C A and double (or double-sided) multiplier or simply multiplier,
if both conditions are met.

If A is unital, then every left (right) multiplier lies in A.
Since A is weakly dense in A”, we can proceed to the closure A C A and get zA” C A”.
If A” contains the unit (which happens when A is non-degenerate) then x € A”.

Definition 1.2. The linear mapping o : A — A is called left centralizer, if o(ab) = o(a)b
for any a,b € A. Linear mapping o : A — A called right centralizer, if o(ab) = ac(b) for
any a,b € A. Pair (01, 09) called double centralizer, if o is a right centralizer, o9 is a left
centralizer and o1(a)b = aoy(b) for any a,b € A.

Lemma 1.3. Any left centralizer is bounded.

Proof. Let us assume the opposite. Then for any n € N there is an element z,, € A such
that ||z,| < 1/n and ||o(x,)|| > n. This means that the series a = > >~ | x,x} converges,
soa € Aand z,z;, < a. According to Lemma ??, x,, can be written as x,, = a'/*u,,, where
|un | < |lal|*/*. Therefore, for any n we have ||o(x,)|| = ||o(a¥*)u,|| < ||o(a*/?)] - ||a'/4.
A contradiction.

Theorem 1.4. If A is non-degenerate, then there is a bijective correspondence between
left (right, double) multipliers and left (right, double) centralizers.

Proof. If x is a left multiplier, then the mapping A > a +— xa € A is a left centralizer. If
xa = ya for any a € A, then (z —y)a =0 for any a € A", so x =y in A”.

Let o be a left centralizer, and u, be an approximate unit for A. Since the directed net
{o(uy)} is bounded, then it has a point of accumulation in A” (bounded sets are weakly
compact in B(H) and accumulation points must lie in the closure of A). Let us denote
one of the accumulation points by x. For any a € A, the directed net {uya} converges
in norm to a, so that o(uya) = o(uy)a converges to o(a). Then za = o(a) € A, so z is
a left multiplier. If xA = 0, then 0 = 0. Note that if y € A” is another accumulation
point, then za = o(a) = ya for any a € A, and (z — y)a = 0 for any a € A” (due to the
strong density of A in A”), so x =y in A”. Therefore, in this case there is only one point
of accumulation.

A similar proof works also for right multipliers and right centralizers.

Let now x be a double multiplier. Then the mappings o3 : @ — xa and oy : a — az
are left and right multipliers, with o1(a)b = (az)b = a(xb) = ao(b) for any a,b € A, so x
defines a double centralizer. Conversely, if (01, 03) is a double centralizer, then, by what
has been proven, o; determines a right multiplier x;, and o, a left multiplier x,. Since
ax1b = o1(a)b = aoy(b) = axsb for any a,b € A, we have x; = xq, and x; = x5 is a double
multiplier. O
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Problem 1. Let 7 : A — B(H) be a degenerate representation. Let us denote by H,
the invariant subspace Hy := {¢ € H: 7(a)(£)0 for any a € A}. Prove that 7w induces
a representation 7’ : A — B(H/H,), and if 7 was a faithful representation (an injective
homomorphism), then so is 7.

Remark 1.5. Accordingly, until the end of this section we will consider non-degenerate
A CB(H), so that (double) multipliers coincide with double centralizers.

The set of all left (right) multipliers of A is denoted by LM (A) (RM(A)), and the set
of all multipliers of A by M(A).

Problem 2. Check that RM(A) = (LM(A))* and that M(A) = LM(A) N RM(A), so
that M(A) is symmetric with respect to the involution.

It follows directly from the definition that all three sets are norm closed. Thus, M(A)
is a C*-algebra (and the other two are, in the general case, only Banach algebras).

Problem 3. Let X be alocally compact space, and let Cy(X), as before, be the C*-algebra
of continuous functions tending to 0 at infinity. Prove that the algebra M (Cy(X)) C
L>(X) can be identified with the C*-algebra Cj,(X) of all bounded continuous functions
on X.

Example 1.6. If A = K(H), then M(K(H)) C B(H), but any bounded operator is a
multiplier (since K(H) is an ideal in B(H)), so M(K(H)) = B(H).

Definition 1.7. An ideal A C B is said to be essential if any nonzero ideal B has a
nontrivial intersection with A.

Let AL C B denote the set At = {z € B: Az = 0}.
Lemma 1.8. An ideal A C B is essential if and only if A+ = 0.

Proof. Suppose that A+ = 0, but A is not essential. Then there is a nonzero ideal J C B
such that AN J = {0}. Let us take j € J, j # 0. For any a € A we have ja € JN A, so
ja=0and 0 # j € At. A contradiction.

Conversely, let A be essential, but A+ # 0. Then there is an element x € A+ such that
x # 0. Consider the ideal Bx B (the closure of the set of all linear combinations of elements
of the form ), b;zb;, b;,b; € B) and take an arbitrary y € BxB N A. As it is known (for
example, from Lemma ?7), any element of the C*-algebra admits a decomposition into
the product of two of its elements, so we can write y = z - a, where z,a € BxtB N A. We
write z = Y. bab], so y = za = ), bx(bja) = 0, since bja € A, hence zbja = 0, because
x € A*. Therefore, BtB N A = 0 and we arrive to a contradiction. O

Lemma 1.9. Let A C B be an essential ideal. Then there is an embedding B C M(A)
that is identical on A.

Proof. Consider b € B. Then b defines the left and right centralizer A (since A is an ideal)
o9 1 a+— ba and o7 : a — ab, and oq(a)d’ = (ab)d’ = a(ba’) = aoy(a’) for any a,d’ € A,
so b defines a double centralizer, and hence a multiplier. So the mapping 7 : B — M (A)
is defined, identical on A. This mapping is obviously a x-homomorphism. It remains to
check whether 7 is injective. If b € Kerm, then oy = 0 and gy = 0 (see proof of theorem

1.4), so bA =0, Ab=0 and b € AL, which means b = 0. O
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Note that the correspondence A — M(A) is not a functor. For example, for A = K(H)
and B = A™, consider the embedding A C B. Wherein M(A) = B(H), and M(B) = B.
Obviously, the embedding does not continue to these multiplier algebras. However, in
some cases the transition to multipliers has some functorial properties.

Lemma 1.10. Let ¢ : A — B be a surjective x-homomorphism of two C*-algebras. Then
it continues to a x-homomorphism ¢ : M(A) — M(B).

Proof. Let o € LM (A) be a left centralizer. For any b € B we set ¢(c)(b) := ¢(a(p~1(b))).
It is necessary check that the map is well defined, that is, its independence of the choice
of a representative in ¢ ~1(b) C A. Due to linearity, it suffices to check that o maps Ker
to itself. Let a € Ker¢. Let us represent it in the form a = a; - as, a1, as € Kerp. Then
v(o(a)) = p(o(ar)az) = 0, since Ker ¢ is an ideal.

Thus, a left centralizer o defines the mapping ¢(o), which is the left centralizer of B.
The same is done for right and double centralizers (Problem 4). O

Problem 4. Prove that ¢(o) is a left centralizer. Construct an extension of a right
centralizer in a similar way. Check that for a double centralizer we get a double centralizer.

Problem 5. Check that in the situation of the previous lemma the extension ¢ is also
surjective.

Problem 6. Prove that a representation 7 : A — B(H) is non-degenerate if and only if
for some approximate unit u, of the algebra A the following condition is satisfied: for any
vector £ € H there is a A such that that u, (&) # 0.

Lemma 1.11. Let B C A be an algebra and its C*-subalgebra with a common approzimate

unit uy. Then M(B) C M(A).

Proof. If A is non-degenerate, then B is also non-degenerate by Problem 6. So M (B) C
B" C A”. Forany x € A, y € M(B), yxr = limyuyz € A, and similarly, zy € A, so y is a
multiplier of A. O



2. TOEPLITZ ALGEBRA

Let T be the unit circle, e, = ™" = 2" n € Z, — an orthonormal basis in H = L*(T),
and let H?> C L?*(T) — closed subspace generated by all e,, with non-negative numbers,
n > 0. Let us denote by M, : L*(T) — L*(T) the operator of multiplication by the
function g € L>(T), M,(f) = gf, f € L*(T). Let Py € B(H) denotes the projection
onto H2.

Let us define the operator T,, where g € L*®(T), on H? by the formula T,(f) =
PH2Mg(f) = Py2qf, [ € H?.

If g(z) = 2, then the operator T, can be identified with the right shift operator in [?
(recall that (? and L?(T) are unitary equivalent in the standard way).

Problem 7. Check this.

Let us denote by ||T'||ess the essential norm of the operator T' as the norm of its equiv-
alence class in the Calkin algebra. It is easy to see that ||T'||css > « if for any € > 0 there
is an infinite-dimensional closed subspace V' such that || T¢|| > (a —¢)|||| for any & € V.

Problem 8. Check this.
Lemma 2.1. Let g € L>(T). Then Tz =T, and ||Ty|lcss = [|Ty|| = ||9]]oo-

Proof. The first statement is a simple exercise, so let’s pass to the second one. It’s
obvious that ||T,|less < || T,]] < [|gllec- Let’s take € > 0, then, due to the density of
polynomials in L?(T), there is a polynomial p(z) = Z]kV:_N ayz* such that ||p|l = 1 and
lgpllz > [lg|lc — €. For any n > N, the polynomial 2"p(z) lies in H?, and ||2"p|ls = 1. In
addition, for n = 3N,6N,9N, ... the polynomials 2"p are mutually orthogonal.

Let gp = > biey. Then

Ty(2"p) = Pu2(2"gp) = Y _ brerin,

That’s why
Jim [[T,(="p) |2 = llgpll2 > llglle — e
ie. |T,¢.] > |lgllo — € for an infinite set of mutually orthogonal vectors &, = 2"p € H?,

hence ||T}||ess > ||9]|co- Comparing this with the previously obtained inequality ||} ||ess <
|g||o0, We obtain the statement of the lemma. O

Set H™ = H2 N L®(T).

Lemma 2.2. If h € H*®, then H? is an invariant subspace for the operator M. For
any functions h € H® and g € L>(T) the following equalities hold: T,T), = Ty, and
1T, =Ty,

Proof. Let h =7 hn2". Then M, zF = D om0 h,z"t* € H? for any k > 0, so M;,(H?) C
H?. Therefore T),f = hf for any function f € H? and, therefore, T,T},f = T,hf =
PHQ.ghf :Tghf- O
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Lemma 2.3. The commutator T.T, — T,T, is a compact operator of rank at most 1 for
any function g € L>(T).

Proof. Since z € H*, has place equality 7,1, = T;.. Let’s look at the operator 1,7, —Tj.:
its limit on H? is

PH2MZPH2M9PH2 - PHQMZMgPH2 == —PHQMZPézMgPHL
But the operator Py2M, Py, is of rank 1 (it is equal to eg(e_q, -)). O

Corollary 2.4. For any functions g € L> and f € C(T), the operators TyT, — Ty, and
T,Ty — Tyr are compact.

Proof. Take € > 0 and a polynomial p = ZkN:_N apz® such that ||fplle < . It is clear
that T,Ty — T,y = Py2M,Pir; My Pyr> |, therefore

||Tng - ng - TpTg + pr” = ||PH2M9Pﬁ2(Mf - Mp)PH2|| < ”Mf - Mp” = ||fp||oo <é&.

It is enough to establish compactness of Pﬁg M, Py2, which follows from the fact that the
range of PﬁszPHz has dimension < N.

The statement about the second operator is proved in a similar way (it is easier to
prove the compactness of its conjugate operator). O

Definition 2.5. The unital C*-algebra C*(1,T,) generated by the operator T, is called
Toeplitz algebra. Let T ={Ty + K : f € C(T), K € K(H?)}.

Theorem 2.6. (1) T =C*(1,T,);
(2) This algebra is irreducible and contains K(H?) as the only minimal ideal;
(3) T/K(H?) = C(T), and the map s : C(T) — T, s: f +— T}, is a continuous lifting
(the right inverse) for the quotient map T — T /K(H?).

Proof. Let p € T' be a projection from commutant of the Toeplitz algebra. It commutes
with 7T, and with 77, and therefore with £y = 1 — T,77. Then pEj is a projection of
rank < 1, so it is equal to either Ey or 0. Since pE, = pI7'Ey, we get that pE,, = E, if
pEy = Ey , and pE,, = 0 if pEy = 0. That is, p is equal to either 1 or 0, which implies the
irreducibility of 7.

Since C*(1,T.) contains a nonzero compact operator, it contains the entire algebra
of compact operators K(H?) (follows from irreducibility by Corollary ??). From the
density of polynomials in C(T) it follows that C*(1,7},) contains all T, f € C(T). Thus
T C C*(1,T,) is a dense 8-subalgebra (as T} = Ty, f € C(T)).

Let J C T be a nonzero ideal. By the second statement of Lemma ?7?, J is irreducible.
If a € J, a # 0, then there exists a compact operator k € K(H?) such that ak # 0. In
this case ak € J. By Corollary 7?7, J D K(H?), i.e. the ideal of compact operators is the
smallest.

Let’s check that 7 is closed. Take a Cauchy sequence {7}, + K.}, f, € C(T), K,, €
K(H?), n € N. Then

an - meoo - ||Tfn - Tmeess < “Tfn + K — (Tfm + Km)”a

therefore the sequence { f,,} is Cauchy. But then the sequence {K,} is also Cauchy. Since
both C(T) and K(H?) are norm closed, 7 is also closed. And since T contains 7, and is
closed, then it coincides with C*(1,7}).



Denote by 7 : T — T /K(H?) the quotient *-homomorphism. The quotient algebra is
obviously commutative. It follows from Lemma 2.1 that the composition 7o s : C(T) —
T /K(H?) is an isometry. It is also a *-homomorphism, so it is a *-isomorphism. O

Definition 2.7. An operator T € B(H) is called Fredholm if its equivalence class T in
the Calkin algebra is invertible.

Corollary 2.8. The operator T} is Fredholm if and only if the function f nowhere equals
0.



Lemma 2.9. Let T € B(H) be Fredholm. Then there exists ¢ > 0 such that if ||T—S|| < ¢,
then S is also Fredholm, and, for any K € K(H), the operator T + K is also Fredholm.

Proof. The second statement is obvious. To prove the first one, note that |17 -S| =
|7 — Slless < ||T"— S|| < €, and € must be chosen so that so that S would be invertible
(the set of invertible elements is open). O

Lemma 2.10. The operator T' € B(H) is Fredholm if and only if there exists an operator
S € B(H) such that TS — 1 and ST — 1 are compact.

Proof. Tt is almost obvious: being Fredholm means that in the Calkin algebra there exists
an inverse element 9, i.e. the equalities 'S = 1 and ST = 1 are satisfied. U

Theorem 2.11 (Atkinson). The following conditions are equivalent for an operator T':

(1) T is Fredholm;
(2) The range ImT of T is closed, and the subspaces Ker T and CokerT = (ImT)*
are finitedimensional.

Proof. If T is Fredholm, then there is an operator S and a compact operator K such that
the equality ST = 1+ K holds. If £ € KerT, then ST, = &€+ K€ = 0, i.e. £ lies in
the eigenspace of the compact operator, which must be finitedimensional. Thus Ker T is
finitedimensional. Similarly, Ker T™* is finitedimensional, as T™ is Fredholm as well.

To prove that Im T is closed, we approximate K by an operator F' of finite rank: let
|F — K| <r. If £ € Ker F, then

ISI-ITEll = [1ST¢]l = (1€ + K¢l = (€ + FE) + (K — F)E[| = [I€+ (K = F)¢]|
= &l =16 = Fligll = (1 —r)lI]]-
If » < 1, then the operator T is bounded below on Ker F', which implies that T'(Ker F')
is closed. Since (Ker F')t = Im F* is finitedimensional, then T'((Ker F')1) is also finite-

dimensional and therefore closed. Therefore InT = T(H) = T(Ker F & (Ker F)*) =
T(Ker F) + T ((Ker F')*) is closed.

Problem 9. Let F be a Banach space, N C F a closed subspace, L C F a finitedimen-
sional subspace. Prove that N + L is closed. Check that if L is only closed insead of
finitedimensional then N + L need not be closed.

Conversely, decompose H as the direct sum H = KerT @ (KerT)t. Consider the
restriction of T to (Ker T')L. This restriction is a bijection onto its range, i.e. on ImT,
therefore, by the open mapping theorem, it is invertible. Define an operator S on ImT
as the inverse to T'| (ke )2 and as zero on (Im T)t. Then 1 — TS is the projection onto
(ImT)*, and 1 — ST is the projection onto Ker T, i.e. they are operators of finite rank;
therefore, T is invertible in the Calkin algebra. U

Definition 2.12. The difference dim Ker T — dim Coker T" = ind 7" is called the index of
the Fredholm operator T

Problem 10. Check that the index of the identity operator iz zero. Check that ind(7 &
S) =ind T 4 ind S when both T, S are Fredholm.



The index does not change under small deformations, and therefore under homotopies:

Theorem 2.13. Let T be a Fredholm operator. Then there exists € > 0 for which the
condition ||T'S|| < e implies that ind T = ind S.

Proof. Consider two direct sum decompositions of H: H = KerT @ (KerT)* and H =
(ImT)* @ ImT. The first terms in both are finite-dimensional. Write the operator T as

0 T}

(here the zeros saty for the maps from KerT to (ImT)+, from KerT to Im T and from
(Ker T)* to (Im T+, respectively, and the operator T} : (Ker T')* — Im T is invertible).

Write the operator S in the same form (i.e. with respect to the same two decompositions
of H into direct sums): S = (a11 12 ), where all a;; are small. Let us take e

a1 11+ ag

such that the operator Tj + ags is invertible (recall that Tj is invertible). Then we set
1 0 . b11 b12
X 1 o 0 T1 + a9o
us what exactly b;; is equal to, it is important that there is zero at the bottom left, and
that by = ag). Similarly, taking Y = —bya(T} + ag2) ™', we get

o (0 7)s(x D)=(% ntu)

The left side of (1) contains the product of three operators, two of which are invertible,
so the kernel and cokernel of this product have the same dimensions as the kernel and
cokernel of the operator S. This means that ind.S is equal to the index of the right
side, which is equal to the sum of the indices of the diagonal elements, i.e. indS =
ind ¢17 + ind(7} + ag2). It follows from invertibility of 77 + age that ind (7} + age) = 0, i.e.
ind S = ind ¢11, where ¢y; : Ker ' — (Im T)L is an operator mapping one finitedimensional
space into another (of different dimensions). So, dimKerc;; = dimKerT — rank ¢y,
dimImc;; = dim Im T — rank ¢;1, hence ind ¢;; = ind T'. ]

a two-dimensional matrix with respect to these two decompositions of H: T = (0 0 )

X = —(Ty + ass) tas; and note that S (it doesn’t matter to

Problem 11. Prove that if 7" : [0, 1] — B(H) is a continuous map of an interval into the
set of Fredholm operators, then ind 7°(0) = ind 7'(1).

Theorem 2.14. Let S,T be Fredholm operators. Then ind(ST) = ind S + ind 7.
Proof. Let’s consider continuous family of F;, t € [0,7/2], operators in H & H, F; =

S 0 cost-1 —sint-1 1 0 cost-1 sint-1
(O 1) (Sint-l cost-1 ) (O T) (—sint-l cost-l)' For each ¢ the operator 1

is Fredholm (since its equivalence class in the Calkin algebra is invertible). Since Fy =

S 0 ST 0
(5 2) - re= (5 1)

ind S+ ind T = ind Fy = ind F;; ) = ind(ST) + ind 1 = ind(ST).
UJ

Let us consider in more detail the functions f € C(T) that do not take the value
0, i.e. those for which the operator T} is Fredholm. They define loops on the complex
plane with the punctured point 0, and are characterized, up to homotopy, by the so-called
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rotation number, or degree. If f: T — C\ {0}, then the function g given by the formula
g(z) = |§8\ defines the mapping of the circle into itself, i.e. element of the fundamental
group of the circle. This element is called the rotation number for f and is denoted by
wind f.

Theorem 2.15. Let f € C(T) not vanish anywhere. Then ind(Ty) = — wind f.

Proof. From the first item of Theorem 2.13 it follows that the index does not change under
small perturbations, therefore, it is homotopy invariant (provided that the perturbation
does not go beyond the set of Fredholm operators). Therefore, it is sufficient to check the
statement of the theorem for the case f(z) = 2", n € N. But ind T,» = —n. O



