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Äîïîëíèòåëüíûé ñïèñîê çàäà÷

(1) Ïîêàçàòü, ÷òî ëþáîé àâòîìîðôèçì α àëãåáðû Ò¼ïëèöà T èíäóöèðóåò àâòîìîð-
ôèçì α̃ àëãåáðû C(T) íåïðåðûâíûõ ôóíêöèé íà îêðóæíîñòè, α̃(f) = f ◦ h,
ãäå f ∈ C(T), à h � ãîìåîìîðôèçì T, ñîõðàíÿþùèé îðèåíòàöèþ.

(2) Îáðàòíî, åñëè h� ãîìåîìîðôèçì T, ñîõðàíÿþùèé îðèåíòàöèþ, íàéäèòå òàêîé
êîìïàêòíûé îïåðàòîð K, ÷òî Th +K óíèòàðíî ýêâèâàëåíòåí Tz. Âûâåäèòå èç
ýòîãî, ÷òî ñóùåñòâóåò àâòîìîðôèçì àëãåáðû Ò¼ïëèöà, êîòîðûé èíäóöèðóåò h
êàê â ïðåäûäóùåé çàäà÷å.

(3) Äîêàæèòå, ÷òî ìíîæåñòâî îáðàòèìûõ ýëåìåíòîâ àëãåáðû Ò¼ïëèöà T ñâÿçíî.
(4) Ïóñòü S1, . . . , Sn � èçîìåòðèè, ïîðîæäàþùèå àëãåáðó Êóíöà On. Ïîêàæèòå,

÷òî {S1, S2S1, S
2
2} ïîðîæäàþò â O2 ïîäàëãåáðó, èçîèìîðôíóþ O3. Îáîáùèòå

ýòî è ïîêàæèòå, ÷òî Ok(n−1)+1 âêëàäûâàåòñÿ â On.

(5) Ïîêàæèòå, ÷òî T1 =

0 0 0
1 0 0
0 S1 S2

 è T2 =

S1 S2S1 S2
2

0 0 0
0 0 0

 ïîðîæäàþò àëãåáðó

ìàòðèö M3(O2) ñ êîýôôèöèåíòàìè èç O2. Âûâåäèòå èç ýòîãî, ÷òî M3(O2) è
O2 èçîìîðôíû.

(6) Äîêàæèòå, ÷òî îáðàòèìûå ýëåìåíòû ïëîòíû â C∗-àëãåáðå A òîãäà è òîëüêî
òîãäà, êîãäà îáðàòèìûå ýëåìåíòû ïëîòíû â àëãåáðå ìàòðèö Mn(A) íàä A (n
ïðîèçâîëüíîå).

(7) Ïóñòü H0 ⊂ H � ïîäïðîñòðàíñòâî áåñêîíå÷íîé ðàçìåðíîñòè è êîðàçìåðíîñòè
â ãèëüáåðòîâîì ïðîñòðàíñòâå H. Ïóñòü U, V � óíèòàðíûå îïåðàòîðû, óäîâëå-
òâîðÿþùèå óñëîâèÿì U2 = I, U(H0) = H⊥

0 ; V
3 = I, H⊥

0 = V (H0) ⊕ V 2(H0).
Ïóñòü A = C∗(U, V ) � C*-àëãåáðà, ïîðîæäåííàÿ ýòèìè äâóìÿ îïåðàòîðàìè.
Äîêàçàòü, ÷òî A = Cr(G) (ïðèâåäåííàÿ ãðóïïîâàÿ àëãåáðà), ãäå G = Z2 ∗ Z3)
(ñâîáîäíîå ïðîèçâåäåíèå ãðóïï Z2 è Z3. (Óêàçàíèå: çàïèøèòå ýëåìåíòû ãðóï-
ïû íåñîêðàòèìûìè ñëîâàìè èç áóêâ u, v, ãäå u � îáðàçóþùàÿ Z2, à v � îá-
ðàçóþùàÿ Z3; ïîëîæèòå H = l2(G), H0 � ôóíêöèè íà G, ðàâíûå 0 íà ñëîâàõ,
íà÷èíàþùèõñÿ ñî ñòåïåíè v).

(8) C*-àëãåáðà A íàçûâàåòñÿ êîíå÷íîé, åñëè èç óñëîâèé, ÷òî p, q ∈ A� ïðîåêòîðû,
p ≤ q è p ∼ q (ýêâèâàëåíòíîñòü ïî ôîí Íåéìàíó) ñëåäóåò, ÷òî p = q. Äîêàæèòå,
÷òî êîíå÷íîñòü A ðàâíîñèëüíà òîìó, ÷òî ëþáàÿ èçîìåòðèÿ â A óíèòàðíà.

(9) Äîêàæèòå, ÷òî åñëè C*-àëãåáðà A ñåïàðàáåëüíà, òî ãðóïïû K0(A) è K1(A)
ñ÷¼òíû.

(10) Ïóñòü A, B � C*-àëãåáðû. Òîãäà 0 → A → A ⊕ B → B → 0 � òî÷íàÿ
ïîñëåäîâàòåëüíîñòü. Äîêàæèòå, ÷òî ãðàíè÷íûé ãîìîìîðôèçì δ : K1(B) →
K0(A) íóëåâîé.

(11) Ïóñòü T ∈ B(H) � ôðåäãîëüìîâ îïåðàòîð, δ : K1(Q(H)) → K0(K(H)) ∼= Z
� ãðàíè÷íûé ãîìîìîðôèçì, èíäóöèðîâàííûé òî÷íîé ïîñëåäîâàòåëüíîñòüþ
0 → K(H) → B(H) → Q(H) → 0. Äîêàæèòå, ÷òî indT = δ([q(T )]), ãäå q :
B(H) → Q(H) � ôàêòîð-ãîìîìîðôèçì.

(12) Ïóñòü C(T1) � àëãåáðà íåïðåðûâíûõ ôóíêöèé íà îêðóæíîñòè, Mn(C(T1)) =
C(T1;Mn). Îòîáðàæåíèå ϕ :Mn(C(T1)) →M2n(C(T1)) çàäàíî ôîðìóëîé

[ϕ(f)](t) = u(t) diag(f(t/2), f((t+ 1)/2))u(t)∗,



106

ãäå u : [0, 1] → U2 � óíèòàðíûé ïóòü, ñîåäèíÿþùèé u(0) = 1 ñ u(1) = ( 0 1
1 0 ).

Íàéòè ϕ∗ : K∗(Mn(C(T1))) → K∗(M2n(C(T1))).


