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Ââåäåíèå

Â äèññåðòàöèè ïîëó÷åíû íîâûå ðåçóëüòàòû î íåðàâåíñòâàõ òèïà Ñè-

äîíà, óëó÷øàþùèå èçâåñòíûå. Èññëåäîâàí âîïðîñ î âîçìîæíîñòè óñèëå-

íèÿ íåðàâåíñòâ òèïà Ñèäîíà. Ýòè ðåçóëüòàòû ïîìèìî èõ ñàìîñòîÿòåëü-

íîãî èíòåðåñà ìîãóò ïðèìåíÿòüñÿ äëÿ âû÷èñëåíèÿ ýíòðîïèéíûõ ÷èñåë

êëàññîâ ôóíêöèé ìíîãèõ ïåðåìåííûõ. Ïîñëåäíèé ïàðàãðàô äèññåðòàöèè

ïîñâÿùåí èçó÷åíèþ íåêîòîðûõ ñâîéñòâ ïðîñòðàíñòâà êâàçèíåïðåðûâíûõ

ôóíêöèé, êîòîðîå ïðèîáðåòàåò âàæíîå çíà÷åíèå â òåîðèè ôóíêöèé â ñâÿ-

çè, â ÷àñòíîñòè, ñ âîçìîæíûì ïðèëîæåíèåì ê âû÷èñëåíèþ àïïðîêñèìà-

öèîííûõ õàðàêòåðèñòèê êëàññîâ ôóíêöèé ìíîãèõ ïåðåìåííûõ ñ îãðàíè-

÷åíèåì íà ñìåøàííóþ ïðîèçâîäíóþ èëè ñ óñëîâèåì ëèïøèöåâà òèïà íà

ñìåøàííóþ ðàçíîñòü.

Âåçäå â äèññåðòàöèè ïîä ‖f‖p ìû áóäåì ïîíèìàòü íîðìó â ïðîñòðàí-

ñòâå Lp(a, b) :

‖f‖∞ ≡ ess sup
[a, b]

|f(x)|, ‖f‖p ≡
(∫ b

a

|f(x)|p dx
) 1

p

, 1 ≤ p <∞,

ãäå îòðåçîê [a, b] áóäåò, êàê ïðàâèëî, [0, 2π] èëè [0, 1], ÷òî âñåãäà áóäåò

ÿñíî èç êîíòåêñòà.

×åðåç cn(f) áóäåì îáîçíà÷àòü n-é êîýôôèöèåíò Ôóðüå ôóíêöèè f :

cn(f) =
1

2π

∫ 2π

0

f(x)e−inx dx.

Ìû èñïîëüçóåì òàêæå ñîêðàùåíèå Î.Í.Ñ. � îðòîíîðìèðîâàííàÿ ñèñòå-

ìà.

Ïàðàãðàô 1 äèññåðòàöèè ïîñâÿùåí íåðàâåíñòâàì òèïà Ñèäîíà. Íà-

ïîìíèì íåñêîëüêî îñíîâíûõ îïðåäåëåíèé:

Îïðåäåëåíèå 0.1. Ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë n1 <
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n2 < . . . < nk < . . . íàçûâàåòñÿ ëàêóíàðíîé, åñëè

nk+1

nk
≥ λ > 1, k = 1, 2, . . . .

Îïðåäåëåíèå 0.2. Òðèãîíîìåòðè÷åñêèé ðÿä íàçûâàåòñÿ ëàêóíàð-

íûì, åñëè îí èìååò âèä

∞∑
k=1

ak cosnkx+ bk sinnkx,

ãäå íàòóðàëüíûå ÷èñëà nk óäîâëåòâîðÿþò íåðàâåíñòâó

nk+1

nk
≥ λ > 1, k = 1, 2, . . . .

Ëàêóíàðíûå ðÿäû çàíèìàþò âàæíîå ìåñòî â êëàññå îáùèõ òðèãîíî-

ìåòðè÷åñêèõ ðÿäîâ. Â 20 â. îíè ïîäâåðãëèñü ñåðüåçíîìó èññëåäîâàíèþ

è áûëî ïîëó÷åíî ìíîãî èíòåðåñíûõ ðåçóëüòàòîâ â äàííîé îáëàñòè (ñì.,

íàïðèìåð, [1], ãë. XI). Êàê âûÿñíèëîñü, ëàêóíàðíûå ðÿäû îáëàäàþò ðÿ-

äîì èíòåðåñíûõ ñâîéñòâ. Íàñ ïðåæäå âñåãî áóäóò èíòåðåñîâàòü âîïðîñû,

ñâÿçàííûå ñ àáñîëþòíîé ñõîäèìîñòüþ äàííûõ ðÿäîâ. Â 1927 ã. Ñèäîí

äîêàçàë ñëåäóþùóþ òåîðåìó.

Òåîðåìà (Ñèäîí [30]). Ïóñòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷è-

ñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ

nk+1

nk
≥ λ > 1, k = 1, 2, . . . . (0.1)

Òîãäà, åñëè òðèãîíîìåòðè÷åñêèé ðÿä

∞∑
k=1

ak cosnkx+ bk sinnkx

åñòü ðÿä Ôóðüå îãðàíè÷åííîé ôóíêöèè f(x), òî

∞∑
k=1

|ak|+ |bk| <∞.
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Îòìåòèì, ÷òî ñíà÷àëà â ðàáîòå [29] Ñèäîí äîêàçàë áîëåå ñëàáîå óòâåð-

æäåíèå: âìåñòî óñëîâèÿ (0.1) ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë

n1 < n2 < . . . óäîâëåòâîðÿëà óñëîâèþ

k−1∑
j=1

nj <
nk
2
, k = 2, 3, . . . ,

è çàòåì â [30], ðàçáèâàÿ ïðîèçâîëüíóþ ëàêóíàðíóþ ïîñëåäîâàòåëüíîñòü

íàòóðàëüíûõ ÷èñåë íà êîíå÷íîå ÷èñëî ïîäïîñëåäîâàòåëüíîñòåé ñ âûñî-

êîé ñòåïåíüþ ëàêóíàðíîñòè, îí äîêàçàë âûøåñôîðìóëèðîâàííóþ òåîðå-

ìó. Ìåòîä äîêàçàòåëüñòâà Ñèäîíà îñíîâàí íà ïðîèçâåäåíèÿõ Ðèññà, êîòî-

ðûå ñòàëè âàæíûì àïïàðàòîì äëÿ òåîðèè òðèãîíîìåòðè÷åñêèõ è îáùèõ

îðòîãîíàëüíûõ ðÿäîâ. Ýòè ïðîèçâåäåíèÿ âïåðâûå ïîÿâèëèñü â 1918 ã. â

ðàáîòå Ô. Ðèññà [27], è íàçâàíû â åãî ÷åñòü. Òàêæå â [30] Ñèäîí îòìå÷à-

åò, ÷òî òåîðåìà ñîõðàíÿåò ñèëó è òîãäà, êîãäà f(x) îãðàíè÷åíà òîëüêî ñ

îäíîé ñòîðîíû, ò. å. f(x) ≤M èëè f(x) ≥ −M.

Â äåéñòâèòåëüíîñòè èç äîêàçàòåëüñòâà â [30] âûòåêàëî ñëåäóþùåå

íåðàâåíñòâî:
∞∑
k=1

|ak|+ |bk| ≤ C(λ)‖f‖∞, (0.2)

ãäå C(λ) > 0 � âåëè÷èíà, çàâèñÿùàÿ ëèøü îò λ. Íåðàâåíñòâî (0.2) ìû

áóäåì íàçûâàòü íåðàâåíñòâîì Ñèäîíà. Â ÷àñòíîñòè, åñëè ïîñëåäîâàòåëü-

íîñòü íàòóðàëüíûõ ÷èñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ nk+1/nk ≥ λ >

1, k = 1, 2, . . . , òî ñóùåñòâóåò êîíñòàíòà c(λ) > 0, çàâèñÿùàÿ ëèøü îò λ,

òàêàÿ, ÷òî äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà âèäà

f(x) =
N∑
k=1

ak cosnkx
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ñïðàâåäëèâî íåðàâåíñòâî

‖f‖∞ ≥ c(λ)
N∑
k=1

|ak|. (0.3)

Äàëüíåéøåå ïðîäâèæåíèå ïî óñèëåíèþ òåîðåìû Ñèäîíà ïðîõîäèëî ïî

íåñêîëüêèì íàïðàâëåíèÿì. Êàê áûëî ïîêàçàíî â 1931 ã. Çèãìóíäîì [9],

âìåñòî îòðåçêà [−π, π] ìîæíî ðàññìàòðèâàòü íåêîòîðûé èíòåðâàë I.

Çäåñü èìååò ìåñòî òåîðåìà:

Òåîðåìà (Çèãìóíä [9]). Ïóñòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ

÷èñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ nk+1/nk ≥ λ > 1, k = 1, 2, . . . .

Åñëè ÷àñòè÷íûå ñóììû Sm(x) ðÿäà

∞∑
k=1

ak cosnkx+ bk sinnkx

óäîâëåòâîðÿþò óñëîâèþ

lim
m→∞

Sm(x) < +∞

(èëè limSm(x) > −∞) â êàæäîé òî÷êå íåêîòîðîãî èíòåðâàëà I, òî

∞∑
k=1

|ak|+ |bk| <∞.

Äðóãîå íàïðàâëåíèå â óñèëåíèè òåîðåìû Ñèäîíà áûëî ïî ïóòè åå

äîêàçàòåëüñòâà â ïðåäïîëîæåíèÿõ áîëåå øèðîêèõ, ÷åì òðåáîâàíèå ëàêó-

íàðíîñòè ïîñëåäîâàòåëüíîñòè {nk}. Ñàì Ñèäîí [31] ïåðåíåñ åå íà ñëó÷àé,

êîãäà {nk} ìîæíî ðàçáèòü íà êîíå÷íîå ÷èñëî ëàêóíàðíûõ ïîñëåäîâà-

òåëüíîñòåé. Äàëüíåéøåå ïðîäâèæåíèå â ýòîì âîïðîñå ïðèíàäëåæàëî Ñ.

Á. Ñòå÷êèíó [32]. Â ñâÿçè ñ òåîðåìîé Ñèäîíà â òåîðèè àáñîëþòíî ñõîäÿ-

ùèõñÿ ðÿäîâ Ôóðüå âîçíèêëî ñëåäóþùåå îïðåäåëåíèå.
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Îïðåäåëåíèå 0.3. Ìíîæåñòâî öåëûõ ÷èñåë Λ íàçûâàåòñÿ ìíîæå-

ñòâîì Ñèäîíà, åñëè ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ c > 0, ÷òî äëÿ ëþáîãî

òðèãîíîìåòðè÷åñêîãî ïîëèíîìà

p(x) =
∑
n∈Λ

ane
inx

ñïðàâåäëèâî íåðàâåíñòâî

‖p‖∞ ≥ c
∑
n∈Λ

|an|.

Åñëè ïåðåôîðìóëèðîâàòü òåîðåìó Ñèäîíà â íîâûõ òåðìèíàõ, òî îíà

óòâåðæäàåò ñëåäóþùåå (ñì. (0.3)): ìíîæåñòâî Λ = {±nk}, k = 1, 2, . . . ,

ãäå ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëî-

âèþ (0.1), ÿâëÿåòñÿ ìíîæåñòâîì Ñèäîíà. Áîëåå ïîäðîáíî î ìíîæåñòâàõ

Ñèäîíà ìîæíî ïðî÷èòàòü â [10], [11], [19], [28]. Õàðàêòåðèçàöèÿ ìíîæåñòâ

Ñèäîíà áûëà ïîëó÷åíà Æ. Ïèçüå [21], [22], [23].

Òåîðåìà Ñèäîíà ïîðîäèëà ñëåäóþùåå îïðåäåëåíèå â òåîðèè îðòîãî-

íàëüíûõ ðÿäîâ.

Îïðåäåëåíèå 0.4. Î.Í.Ñ. {ϕn(x)}∞n=1, x ∈ (0, 1), íàçûâàåòñÿ ñèñòå-

ìîé Ñèäîíà, åñëè ðÿä
∞∑
n=1

anϕn(x)

ñõîäèòñÿ â ïðîñòðàíñòâå L∞(0, 1) òîãäà è òîëüêî òîãäà, êîãäà êîíå÷íà

ñóììà
∞∑
n=1

|an| <∞.

Ìîæíî ïîêàçàòü, ÷òî äëÿ òîãî ÷òîáû ñèñòåìà Φ = {ϕn} áûëà ñèñòå-

ìîé Ñèäîíà, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáîãî ïîëèíîìà

P (x) =
N∑
n=1

anϕn(x)
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âûïîëíÿëèñü íåðàâåíñòâà

c
N∑
n=1

|an| ≤ ‖P‖∞ ≤ C
N∑
n=1

|an|, (0.4)

ãäå ïîñòîÿííûå c > 0 è C > 0 íå çàâèñÿò îò ïîëèíîìà P (x). Èç íåðà-

âåíñòâà (0.4), â ÷àñòíîñòè, âûòåêàåò, ÷òî ñèñòåìàìè Ñèäîíà ìîãóò áûòü

òîëüêî ðàâíîìåðíî îãðàíè÷åííûå ñèñòåìû, ò. å. ñèñòåìû, äëÿ êîòîðûõ

‖ϕn‖∞ ≤M, n = 1, 2, . . . .

Ñèñòåìàìè Ñèäîíà ÿâëÿþòñÿ, íàïðèìåð, (ñì. (0.3)) ñèñòåìû âèäà

{
√

2 cos 2πnkx}∞k=1, x ∈ (0, 1), ãäå ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷è-

ñåë nk, k = 1, 2, . . . , ëàêóíàðíà, à òàêæå ñèñòåìà Ðàäåìàõåðà (ñì. íèæå

îïðåäåëåíèå 1.1). Êàê ïîêàçàë â 1966 ã. Â. Ô. Ãàïîøêèí [4, ñ. 36], èç ëþ-

áîé ðàâíîìåðíî îãðàíè÷åííîé Î.Í.Ñ. {ϕn(x)}∞n=1, n = 1, 2, . . . , ìîæíî

âûäåëèòü áåñêîíå÷íóþ ïîäñèñòåìó Ñèäîíà {ϕnk(x)}∞k=1.

Òåîðåìà (Â. Ô. Ãàïîøêèí [4]). Èç ëþáîé Î.Í.Ñ. {ϕn(x)}∞n=1,

‖ϕn‖∞ ≤ M, n = 1, 2, . . . , ìîæíî âûäåëèòü áåñêîíå÷íóþ ïîäñèñòåìó

{ϕnk(x)}∞k=1, äëÿ êîòîðîé ñîîòíîøåíèå

1

M

∥∥∥∥∥
s∑

k=1

akϕnk

∥∥∥∥∥
∞

≤
s∑

k=1

|ak| ≤ C(M)

∥∥∥∥∥
s∑

k=1

akϕnk

∥∥∥∥∥
∞

∀ {ak}sk=1

âåðíî ïðè âñåõ s = 1, 2, . . . (çäåñü C(M) > 0 � êîíñòàíòà, çàâèñÿùàÿ

ëèøü îò M).

Êîëè÷åñòâåííûé àíàëîã ýòîãî ðåçóëüòàòà ïðèíàäëåæèò Á. Ñ. Êàøèíó

[14].

Òåîðåìà (Á. Ñ. Êàøèí [14] (ñì. òàêæå [15, c. 367])). Èç âñÿêîãî

îðòîíîðìèðîâàííîãî íàáîðà ôóíêöèé {ϕn(x)}Nn=1 ñ ‖ϕn‖∞ ≤ M ïðè

n = 1, 2, . . . , N ìîæíî âûáðàòü ôóíêöèè {ϕnk(x)}sk=1, 1 ≤ n1 < . . . <
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ns ≤ N, ñ s ≥ max
{[

1
6 log2N

]
, 1
}
òàêèå, ÷òî äëÿ ëþáûõ ÷èñåë ak,

k = 1, 2, . . . , s, ñïðàâåäëèâû íåðàâåíñòâà

1

M

∥∥∥∥∥
s∑

k=1

akϕnk

∥∥∥∥∥
∞

≤
s∑

k=1

|ak| ≤ 4M

∥∥∥∥∥
s∑

k=1

akϕnk

∥∥∥∥∥
∞

.

Ïðèìåð òðèãîíîìåòðè÷åñêîé ñèñòåìû ïîêàçûâàåò, ÷òî îöåíêà s ≥[
1
6 log2N

]
ïî ïîðÿäêó íåóëó÷øàåìà (ñì. [15, ñ. 367]). Î ïðèëîæåíèÿõ

óòâåðæäåíèé òèïà ïðåäûäóùåé òåîðåìû ê âîïðîñàì ãåîìåòðèè áàíàõî-

âûõ ïðîñòðàíñòâ ñì. [20]. Îòìåòèì, ÷òî ïðè äîêàçàòåëüñòâå ïîñëåäíèõ

äâóõ òåîðåì èñïîëüçîâàëèñü ïðîèçâåäåíèÿ Ðèññà.

Â 1998 ã. Á. Ñ. Êàøèí è Â. Í. Òåìëÿêîâ [17], [18] íà÷àëè èññëåäîâàíèå

íîâîãî íàïðàâëåíèÿ â óñèëåíèè òåîðåìû Ñèäîíà. Â ñâÿçè ñ îöåíêîé ýí-

òðîïèéíûõ ÷èñåë íåêîòîðûõ êëàññîâ ôóíêöèé îíè èññëåäîâàëè âîïðîñ

î âîçìîæíîì îáîáùåíèè íåðàâåíñòâà Ñèäîíà (0.3) çàìåíîé ak cosnkx

íà pk(x) cosnkx, ãäå pk(x) ÿâëÿþòñÿ òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè.

Èìè áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà A (Á. Ñ. Êàøèí, Â. Í. Òåìëÿêîâ [17], [18]). Äëÿ ëþáîãî

òðèãîíîìåòðè÷åñêîãî ïîëèíîìà âèäà

f(x) =
2l∑

k=l+1

pk(x) cos 4kx,

ãäå pk(x) � âåùåñòâåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû ñ deg pk ≤

2l, k = l + 1, . . . , 2l, l = 1, 2, . . . , ñïðàâåäëèâî íåðàâåíñòâî

‖f‖∞ ≥ c
2l∑

k=l+1

‖pk‖1,

ãäå c > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ.

Äàëüíåéøåå èññëåäîâàíèå áûëî ïðîäîëæåíî àâòîðîì [24], [25]. Â

ïàðàãðàôå 1 äîêàçûâàåòñÿ òåîðåìà, èç êîòîðîé, â ÷àñòíîñòè, ñëåäóåò,

9



÷òî â òåîðåìå A óñëîâèå deg pk ≤ 2l ìîæåò áûòü çàìåíåíî óñëîâèåì

deg pk ≤ 1
64l.

Òåîðåìà 1.1 (À. Î. Ðàäîìñêèé [24], [25]). Ïóñòü ïîñëåäîâàòåëü-

íîñòü íàòóðàëüíûõ ÷èñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ nk+1/nk ≥

λ > 1, k = 1, 2, . . . . Ñóùåñòâóåò êîíñòàíòà c(λ) > 0, çàâèñÿùàÿ ëèøü

îò λ, òàêàÿ, ÷òî äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà âèäà

f(x) =
N∑
k=l

pk(x) cosnkx,

ãäå pk � âåùåñòâåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû ñ deg(pk) ≤ γnl,

γ = min(1
6 ,

λ−1
3 ), k = l, . . . , N , N ≥ l, l = 1, 2, . . ., ñïðàâåäëèâî íåðàâåí-

ñòâî

‖f‖∞ ≥ c(λ)
N∑
k=l

‖pk‖1. (0.5)

Íåðàâåíñòâà òèïà (0.5) ìû áóäåì íàçûâàòü íåðàâåíñòâàìè òèïà Ñè-

äîíà. Ýòî îáîñíîâàíî òåì, ÷òî åñëè pk(x) ÿâëÿþòñÿ êîíñòàíòàìè, ò. å.

òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè íóëåâîé ñòåïåíè, òî íåðàâåíñòâî (0.5)

ïðåâðàùàåòñÿ â íåðàâåíñòâî Ñèäîíà (0.3). Òàêæå â ïàðàãðàôå 1 äîêàçû-

âàåòñÿ óòâåðæäåíèå àíàëîãè÷íîãî õàðàêòåðà äëÿ ñèñòåìû Óîëøà (ñì.

òåîðåìó 1.2).

Ïàðàãðàô 2 ïîñâÿùåí âîïðîñó î âîçìîæíîñòè óñèëåíèÿ íåðàâåíñòâ

òèïà Ñèäîíà, ò. å., äðóãèìè ñëîâàìè, âîïðîñó î òî÷íîñòè òåîðåìû 1.1. Â

íåì äîêàçûâàåòñÿ ñëåäóþùèé ðåçóëüòàò (ñì. [25]), èç êîòîðîãî ñëåäóåò,

÷òî â òåîðåìå 1.1 ïðè nk = 2k óñëîâèå deg pk ≤ 1
62l íåëüçÿ çàìåíèòü íà

deg pk ≤
[
2k−k

ε]
íè ïðè êàêîì ε ∈ (0, 1).

Òåîðåìà 2.1 (À. Î. Ðàäîìñêèé [25]). Ïóñòü ε, ε̃ � äåéñòâèòåëüíûå

÷èñëà, ïðè÷åì 1
2 ≤ ε < ε̃ < 1. Äëÿ ëþáîãî W ∈ N ñóùåñòâóþò âåùå-
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ñòâåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû pk(x), k = 1, . . . ,W, òàêèå,

÷òî deg pk ≤
[
2k−k

ε]
, ‖pk‖1 ≥ 2π

3 , ‖pk‖∞ ≤ 70, k = 1, . . . ,W, è

max
1≤n≤W

∥∥∥∥∥
n∑
k=1

pk(x) cos 2kx

∥∥∥∥∥
∞

≤ CW ε̃,

ãäå C = C(ε, ε̃) > 0 � êîíñòàíòà, çàâèñÿùàÿ ëèøü îò ε è ε̃.

Äîêàçàòåëüñòâî òåîðåìû 2.1 îïèðàëîñü íà èäåè èç ðàáîòû Ï. Ã. Ãðè-

ãîðüåâà [5], ãäå áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà B (Ï. Ã. Ãðèãîðüåâ [5]). Ñóùåñòâóþò àáñîëþòíàÿ ïîñòî-

ÿííàÿ A > 0 è ïîñëåäîâàòåëüíîñòü òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ

σk(x) =
∑

2k≤|j|<2k+1

cje
ijx, k = 1, 2, . . . ,

òàêèå, ÷òî ‖σk‖1 ≥ π
4 , ‖σk‖∞ ≤ 6, k = 1, 2, . . . , è

∥∥∥ k∑
j=1

σj

∥∥∥
∞
≤ A
√
k, k = 1, 2, . . . .

Êàê ïèøåò Ï. Ã. Ãðèãîðüåâ â ñâîåé êàíäèäàòñêîé äèññåðòàöèè (ñì.

[6]), ìåòîä ïîñòðîåíèÿ ïîëèíîìîâ σk(x) ìîæåò áûòü íàçâàí ìåòîäîì

ïñåâäî ìîìåíòîâ îñòàíîâêè, òàê êàê èäåÿ â êàêîì-òî ñìûñëå áûëà ïî-

çàèìñòâîâàíà èç ñòîõàñòè÷åñêîãî àíàëèçà.

Ïîçäíåå ñîâìåñòíî ñ Ï. Ã. Ãðèãîðüåâûì áûëà äîêàçàíà ñëåäóþùàÿ

òåîðåìà, óñèëèâàþùàÿ òåîðåìó 2.1.

Òåîðåìà 2.2 (Ï. Ã. Ãðèãîðüåâ, À. Î. Ðàäîìñêèé [7]). Ïóñòü ïî-

ñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ

nk+1/nk ≥ λ > 1 äëÿ ëþáîãî k, è ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ

÷èñåë {g(k)}∞k=1 íåóáûâàåò è 1 ≤ g(k) ≤ nk, k = 1, 2, . . . . Ñóùåñòâó-
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åò ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ òðèãîíîìåòðè÷åñêèõ ïîëèíî-

ìîâ pk(x), k = 1, 2, . . ., òàêèõ, ÷òî

deg pk ≤
[
nk
g(k)

]
, ‖pk‖1 ≥

2π

5
, ‖pk‖∞ ≤ 12, k = 1, 2, . . . ,

è ∥∥∥∥∥
N∑
k=1

pk(x) cosnkx

∥∥∥∥∥
∞

≤ α(λ) + β
√
N + 24 logλ g(N), N = 1, 2, . . . ,

ãäå β > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ è α(λ) > 0 � âåëè÷èíà, çàâèñÿùàÿ

ëèøü îò λ.

Â ÷àñòíîñòè, âçÿâ â òåîðåìå 2.2 â êà÷åñòâå nk = 2k è g(k) = 2k
ε

,

ïîëó÷àåì ñëåäóþùåå ñëåäñòâèå.

Ñëåäñòâèå 2.1. Ïóñòü 0 ≤ ε < 1. Ñóùåñòâóåò ïîñëåäîâà-

òåëüíîñòü âåùåñòâåííûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ pk(x), k =

1, 2, . . . , òàêèõ, ÷òî deg pk ≤
[
2k−k

ε]
, ‖pk‖1 ≥ 2π

5 , ‖pk‖∞ ≤ 12, k =

1, 2, . . . , è ∥∥∥∥∥
N∑
k=1

pk(x) cos 2kx

∥∥∥∥∥
∞

≤ CNmax(ε, 12 ), N = 1, 2, . . . ,

ãäå C > 0 � íåêîòîðàÿ àáñîëþòíàÿ ïîñòîÿííàÿ.

Ïàðàãðàô 3 ïîñâÿùåí èçó÷åíèþ QC íîðìû. Ýòà íîðìà áûëà ââåäåíà â

ðàáîòàõ [17], [18] Á. Ñ. Êàøèíûì è Â. Í. Òåìëÿêîâûì. Îíà îïðåäåëÿåòñÿ

ñëåäóþùèì îáðàçîì: äëÿ ôóíêöèè f ∈ L1(0, 2π) ñ ðÿäîì Ôóðüå

f ∼
∞∑
s=0

δs(f, x),

δ0 =
1

2π

∫ 2π

0

f(x) dx, δs(f, x) =
∑

2s−1≤|k|<2s

ck(f)eikx, s = 1, 2, . . . ,
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ïîëîæèì

‖f‖QC ≡
∫ 1

0

∥∥∥∥∥
∞∑
s=0

rs(t)δs(f, x)

∥∥∥∥∥
∞

dt, (0.6)

ãäå {rs(t)}∞s=0 � ñèñòåìà Ðàäåìàõåðà (ñì. îïð. 1.1). Ïðîñòðàíñòâîì êâà-

çèíåïðåðûâíûõ ôóíêöèé íàçûâàåòñÿ çàìûêàíèå ìíîæåñòâà òðèãîíîìåò-

ðè÷åñêèõ ïîëèíîìîâ ïî íîðìå (0.6).

Â ìíîãîìåðíîì ñëó÷àå QC íîðìà ââîäèòñÿ ñëåäóþùèì îáðàçîì: äëÿ

ôóíêöèè f íà [0, 2π]d (d ≥ 2) ïîëîæèì

‖f‖QC ≡
∥∥‖f(·, x1)‖QC

∥∥
∞, (0.7)

ãäå ïî îïðåäåëåíèþ äëÿ x = (x1, . . . , xd) ∈ Td ïîëàãàåì x1 =

(x2, . . . , xd) ∈ Td−1. Äðóãèìè ñëîâàìè, â (0.7) áåðåòñÿ QC íîðìà ïî ïåðå-

ìåííîé x1 è sup-íîðìà ïî îñòàëüíûì ïåðåìåííûì.

Äëÿ ôóíêöèé îäíîé ïåðåìåííîé Á. Ñ. Êàøèíûì è Â. Í. Òåìëÿêîâûì

áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà C (Á. Ñ. Êàøèí, Â. Í. Òåìëÿêîâ [17], [18]). Äëÿ ëþáîé

äåéñòâèòåëüíîé ôóíêöèè f ∈ L1(0, 2π) ñïðàâåäëèâî íåðàâåíñòâî

‖f‖QC ≥
1

32π

∞∑
s=0

‖δs(f, ·)‖1. (0.8)

Â ïàðàãðàôå 3 ýòîò ðåçóëüòàò îáîáùàåòñÿ íà ïðîèçâîëüíûé ëàêóíàð-

íûé ñëó÷àé (ñì. òåîðåìó 3.1).

Îáîçíà÷èì ÷åðåç T(m) ïðîñòðàíñòâî âåùåñòâåííûõ òðèãîíîìåòðè÷å-

ñêèõ ïîëèíîìîâ ñòåïåíè ≤ m. Èç òåîðåìû C è òåîðåìû B âûòåêàåò, ÷òî

sup
t∈T(2k)

‖t‖QC
‖t‖∞

≥ c
√
k, c > 0.

Ñ äðóãîé ñòîðîíû, êàê ïîêàçàë Ê. È. Îñêîëêîâ (ñì. [18]; ñ. 96),

sup
t∈T(2k)

‖t‖∞
‖t‖QC

≥ c
√
k, c > 0. (0.9)
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À èìåííî, îí ïîêàçàë, ÷òî äëÿ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ

tk(x) =
k−1∑
s=0

2−s
2s+1−1∑
j=2s

cos jx

ñïðàâåäëèâà îöåíêà ‖tk‖QC ≤ γ
√
k, ãäå γ > 0 − àáñîëþòíàÿ ïîñòîÿííàÿ.

Ïîñêîëüêó ‖tk‖∞ = tk(0) = k, òî îòñþäà ñëåäóåò (0.9). Â òåîðåìå 3.2

ïðèìåð Ê. È. Îñêîëêîâà îáîáùàåòñÿ.

Òåîðåìà 3.2 (À. Î. Ðàäîìñêèé [26]). Ïóñòü ïîñëåäîâàòåëüíîñòü

âåùåñòâåííûõ ÷èñåë {an}∞n=1 óäîâëåòâîðÿåò óñëîâèþ

2j−2∑
n=2j−1

|an − an+1|+ |a2j−1| ≤
1

2j
, j = 1, 2, . . . ,

(ìû ïîëàãàåì
∑0

1 := 0). Òîãäà

∥∥∥2k−1∑
n=1

an cosnx
∥∥∥
QC
≤ C
√
k, k = 1, 2, . . . ,

ãäå C > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ.

Â êà÷åñòâå ñëåäñòâèÿ ìû âûâîäèì, ÷òî∥∥∥∥∥
N∑
n=1

cosnx

n

∥∥∥∥∥
QC

�
√

lnN,

â òî âðåìÿ êàê ∥∥∥∥∥
N∑
n=1

cosnx

n

∥∥∥∥∥
∞

� lnN.

Èíòåðåñ ê èçó÷åíèþ QC íîðìû ñâÿçàí ïðåæäå âñåãî ñ âîçìîæíûì

åå ïðèëîæåíèåì äëÿ èññëåäîâàíèÿ àïïðîêñèìàöèîííûõ õàðàêòåðèñòèê

êëàññîâ ôóíêöèé ìíîãèõ ïåðåìåííûõ ñ îãðàíè÷åíèåì íà ñìåøàííóþ ïðî-

èçâîäíóþ èëè ñ óñëîâèåì ëèïøèöåâà òèïà íà ñìåøàííóþ ðàçíîñòü. Èç-

âåñòíî, ÷òî ìíîãèå çàäà÷è òåîðèè ïðèáëèæåíèÿ äàííûõ êëàññîâ ïî íîðìå
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L∞ îñòàþòñÿ íåðåøåííûìè äî ñèõ ïîð. Â òî æå âðåìÿ â ðåøåíèè ýòèõ âî-

ïðîñîâ óäàëîñü ïðîäâèíóòüñÿ, åñëè çàìåíèòü íîðìó L∞ íà áëèçêóþ íîð-

ìó � QC íîðìó. Ïîýòîìó, â ÷àñòíîñòè, çàäà÷à î âûÿâëåíèè ñâÿçè ìåæäó

QC è ðàâíîìåðíîé íîðìàìè ÿâëÿåòñÿ î÷åíü âàæíîé. Ââåäåì íåîáõîäè-

ìûå îïðåäåëåíèÿ.

Äëÿ r > 0 è α ∈ R îïðåäåëèì îäíîìåðíîå ÿäðî Áåðíóëëè

Fr(x, α) = 1 + 2
∞∑
k=1

k−r cos
(
kx− απ

2

)
, x ∈ [0, 2π],

è ìíîãîìåðíîå äëÿ x = (x1, . . . , xd) è α = (α1, . . . , αd)

Fr(x, α) =
d∏
j=1

Fr(xj, αj).

Îïðåäåëèì êëàññ ïåðèîäè÷åñêèõ ôóíêöèé ñ îãðàíè÷åííîé ñìåøàííîé

ïðîèçâîäíîé:

W r
q,α ≡ {f : f = Fr(·, α) ∗ ϕ(·), ‖ϕ‖q ≤ 1} ,

ãäå ∗ � îïåðàöèÿ ñâåðòêè.

Äëÿ r > 0 ïîëîæèì l = [r] + 1 è ðàññìîòðèì îïåðàòîðû ∆l,j
h âçÿòèÿ

l-é ðàçíîñòè ñ øàãîì h ïî ïåðåìåííîé xj. Äëÿ íàáîðà íàòóðàëüíûõ ÷èñåë

e ⊂ {1, . . . , d} îïðåäåëèì îïåðàòîð ñìåøàííîé ðàçíîñòè

∆l
t(e) =

∏
j∈e

∆l,j
tj , t = (t1, . . . , td), ∆l

t(∅) = Id.

Îïðåäåëèì êëàññ ôóíêöèé ñ îãðàíè÷åííîé ñìåøàííîé ðàçíîñòüþ:

Hr
q ≡

{
f ∈ Lq

(
[0, 2π]d

)
: ∀e ⊂ {1, . . . , d} ‖∆l

t(e)f‖q ≤
∏
j∈e
|tj|r

}
.

Íàïîìíèì îïðåäåëåíèÿ ε-ýíòðîïèè è ïîïåðå÷íèêîâ ïî Êîëìîãîðîâó. Äëÿ

êîìïàêòà K â áàíàõîâîì ïðîñòðàíñòâå X ñ åäèíè÷íûì øàðîì BX âåëè-
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÷èíû

dn(K,X) = inf
{ui}ni=1⊂X

sup
f∈K

inf
ci

∥∥∥∥∥f −
n∑
i=1

ciui

∥∥∥∥∥
X

,

εn(K,X) = inf

{
ε : ∃{fi}qi=1 ∈ X, q ≤ 2n−1, K ⊂

q⋃
i=1

{fi + εBX}

}
(n = 1, 2, . . .) íàçûâàþòñÿ ñîîòâåòñòâåííî n-ì ïîïåðå÷íèêîì ïî Êîëìî-

ãîðîâó è n-ì ýíòðîïèéíûì ÷èñëîì ìíîæåñòâà K â ïðîñòðàíñòâå X.

Àïïðîêñèìàöèîííûå õàðàêòåðèñòèêè (ε-ýíòðîïèÿ è ïîïåðå÷íèêè ïî

Êîëìîãîðîâó) êëàññîâ W r
q è Hr

q â Lp ïðè 1 ≤ p < ∞ èçâåñòíû (ñì.,

íàïðèìåð, [34], [35], [36], [16]). Íàèáîëåå òðóäíûì ÿâëÿåòñÿ ñëó÷àé, êîãäà

X = L∞. Çäåñü òî÷íûå ïîðÿäêè ïîïåðå÷íèêîâ ïî Êîëìîãîðîâó ïîëó÷åíû

ëèøü äëÿ ñëó÷àÿ d = 1 Á. Ñ. Êàøèíûì [13] è d = 2 Â. Í. Òåìëÿêîâûì

[37], [38]. Â ñëó÷àå d ≥ 2 íàèëó÷øèå âåðõíèå îöåíêè ýíòðîïèéíûõ ÷èñåë

è êîëìîãîðîâñêèõ ïîïåðå÷íèêîâ êëàññîâ Hr
q è W

r
q áûëè ïîëó÷åíû Ý. Ñ.

Áåëèíñêèì [2], [3] (îòìåòèì, ÷òî ïðè d = 2 ýòè îöåíêè áûëè ïîëó÷åíû

ðàíåå Â. Í. Òåìëÿêîâûì (ñì. [34] äîêàçàòåëüñòâî òåîðåìû 1.1 ãë. 3)).

Ïðèâåäåì ýòè îöåíêè:

Òåîðåìà (Ý. Ñ. Áåëèíñêèé [2]). 1) Äëÿ r > max(1
q ,

1
2), d ≥ 2 è

1 < q ≤ ∞ ñóùåñòâóåò êîíñòàíòà C = C(r, d, q) > 0 òàêàÿ, ÷òî

ñïðàâåäëèâû íåðàâåíñòâà

εn(H
r
q , L

∞) ≤ Cn−r(log n)r(d−1)+d
2 ; (0.10)

εn(W
r
q , L

∞) ≤ Cn−r(log n)r(d−1)+ 1
2 . (0.11)

2) Äëÿ r > 1/2, d ≥ 2 è 2 ≤ q ≤ ∞ ñóùåñòâóåò êîíñòàíòà C ′ =

C ′(r, d) > 0 òàêàÿ, ÷òî ñïðàâåäëèâû íåðàâåíñòâà

dn(H
r
q , L

∞) ≤ C ′n−r(log n)r(d−1)+d
2 ; (0.12)

dn(W
r
q , L

∞) ≤ C ′n−r(log n)r(d−1)+ 1
2 . (0.13)
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Â. Í. Òåìëÿêîâ â [37], [38] ïîêàçàë, ÷òî ýòè îöåíêè òî÷íû ïî ïîðÿäêó

ïðè d = 2 . Ñëó÷àé d > 2 äî ñèõ ïîð îñòàåòñÿ îòêðûòûì. Äîêàçàòåëüñòâî

ïðè d = 2 ñîîòâåòñòâóþùèõ íèæíèõ îöåíîê â [37], [38] áûëî îñíîâàíî íà

îäíîì íåðàâåíñòâå. ×òîáû åãî ñôîðìóëèðîâàòü ââåäåì íåñêîëüêî îïðå-

äåëåíèé.

Äëÿ s ∈ Zd+ ïîëîæèì

ρ(s) ≡ {n = (n1, . . . , nd) ∈ Zd : [2sj−1] ≤ |nj| < 2sj , j = 1, . . . , d}.

Äëÿ ÷åòíûõ k è d ≥ 2 îáîçíà÷èì

Y d
k =

{
s = (2l1, . . . , 2ld), l1 + . . .+ ld = k/2, l ∈ Zd+

}
.

Â äâóìåðíîì ñëó÷àå Â. Í. Òåìëÿêîâûì áûëî äîêàçàíî ñëåäóþùåå íåðà-

âåíñòâî (ñì. [37]): ∥∥∥∑
s∈Y 2

k

δs

∥∥∥
∞
≥ c

∑
s∈Y 2

k

‖δs‖1, c > 0, (0.14)

ãäå δs(x) =
∑
n∈ρ(s)

ane
i(n,x), x ∈ [0, 2π]2.

Â [38] Â. Í. Òåìëÿêîâ âûñêàçàë ïðåäïîëîæåíèå, ÷òî äëÿ ñëó÷àÿ d ≥ 3

ñïðàâåäëèâî íåðàâåíñòâî:∥∥∥∑
s∈Y dk

δs

∥∥∥
∞
≥ c(d)k−(d−2)/2

∑
s∈Y dk

‖δs‖1, c(d) > 0, (0.15)

ãäå δs(x) =
∑
n∈ρ(s)

ane
i(n,x), x ∈ [0, 2π]d.

Ýòî ïðåäïîëîæåíèå ÿâëÿåòñÿ îòêðûòûì âîïðîñîì. Îòìåòèì, ÷òî ïîõîæåå

íà (0.14) íåðàâåíñòâî äëÿ ïîëèíîìîâ ïî ñèñòåìå Õààðà â ñëó÷àå d = 2

áûëî äîêàçàíî ðàíåå â [33] â ñâÿçè ñ ïðèëîæåíèÿìè ê òåîðèè ãàóññîâ-

ñêèõ ïðîöåññîâ. Ñëó÷àé d ≥ 3 äëÿ ïîëèíîìîâ ïî ñèñòåìå Õààðà òàêæå

ÿâëÿåòñÿ îòêðûòûì.
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Èñïîëüçóÿ íåðàâåíñòâî (0.14), Â. Í. Òåìëÿêîâ â [37], [38] äîêàçàë òî÷-

íîñòü îöåíîê (0.10)�(0.13) ïðè d = 2, ò. å. ïîëó÷èë òàêèå æå ïî ïîðÿäêó

íèæíèå îöåíêè àïïðîêñèìàöèîííûõ õàðàêòåðèñòèê êëàññîâ W r
q è Hr

q .

Îòìåòèì, ÷òî åñëè áû ïðè êàêîì-òî d ≥ 3 óäàëîñü äîêàçàòü íåðàâåí-

ñòâî (0.15), òî, ïîâòîðÿÿ ðàññóæäåíèÿ èç [37], [38], äëÿ ýòîãî d áûëà áû

óñòàíîâëåíà òî÷íîñòü îöåíîê (0.10)�(0.13).

Â [17], [18] Á. Ñ. Êàøèí è Â. Í. Òåìëÿêîâ äîêàçàëè íåðàâåíñòâî,

àíàëîãè÷íîå íåðàâåíñòâó (0.15), ãäå íîðìà L∞ áûëà çàìåíåíà íà QC

íîðìó.

Òåîðåìà D (Á. Ñ. Êàøèí, Â. Í. Òåìëÿêîâ [17], [18]). Äëÿ ëþáî-

ãî âåùåñòâåííîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà d ïåðåìåííûõ (d =

2, 3, . . .) âèäà

f(x) =
∑

s: ‖s‖1=n

δs(x), ãäå δs(x) =
∑
k∈ρ(s)

ake
i(k,x),

îáëàäàþùåãî ñâîéñòâàìè

1) ‖δs‖4 ≤ 1 ∀s : ‖s‖1 = n;

2) ‖f‖2 ≥ bn(d−1)/2, ãäå b > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ;

ñïðàâåäëèâî íåðàâåíñòâî

‖f‖QC ≥ cnd/2, c = c(d, b) > 0.

Èñïîëüçóÿ òåîðåìó D, Á. Ñ. Êàøèíûì è Â. Í. Òåìëÿêîâûì [17], [18]

áûëè ïîëó÷åíû òî÷íûå ïîðÿäêè ýíòðîïèéíûõ ÷èñåë è ïîïåðå÷íèêîâ ïî

Êîëìîãîðîâó êëàññîâ W r
q è Hr

q ïî QC íîðìå. Äîêàçàòåëüñòâî òåîðåìû

D áûëî îñíîâàíî íà îäíîìåðíîì íåðàâåíñòâå äëÿ QC íîðìû (0.8). Èç

ðåçóëüòàòà Ï. Ã. Ãðèãîðüåâà (òåîðåìà B) âûòåêàåò, ÷òî íåðàâåíñòâî (0.8)
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ïåðåñòàåò áûòü âåðíûì, åñëè â íåì QC íîðìó çàìåíèòü íà íîðìó L∞, ïî-

ýòîìó äîêàçàòåëüñòâî íåðàâåíñòâ (0.15) ïðè d ≥ 3 äîëæíî èäòè äðóãèì

ïóòåì. Â ïàðàãðàôå 3 äîêàçûâàåòñÿ, ÷òî óòâåðæäåíèå òåîðåìû D ñîõðà-

íÿåò ñèëó ïðè áîëåå ñëàáûõ óñëîâèÿõ: ‖δs‖p ≤ 1, p > 2 (ñì. òåîðåìó 3.3

è ñëåäñòâèå 3.1).

ß õî÷ó âûðàçèòü ãëóáîêóþ áëàãîäàðíîñòü ñâîåìó íàó÷íîìó ðóêîâî-

äèòåëþ àêàäåìèêó ÐÀÍ Áîðèñó Ñåðãååâè÷ó Êàøèíó çà ïîñòàíîâêè çàäà÷

è ïîñòîÿííîå âíèìàíèå ê ìîåé ðàáîòå.
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�1 Î íåðàâåíñòâàõ òèïà Ñèäîíà äëÿ òðè-

ãîíîìåòðè÷åñêîé ñèñòåìû è ñèñòåìû Óîë-

øà

Èç êëàññè÷åñêîé òåîðåìû Ñèäîíà (ñì. Ââåäåíèå) ñëåäóåò, åñëè ïîñëåäî-

âàòåëüíîñòü íàòóðàëüíûõ ÷èñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ

nk+1

nk
≥ λ > 1, k = 1, 2, . . . ,

òî äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà âèäà

f(x) =
N∑
k=1

ak cosnkx (1.1)

ñïðàâåäëèâî íåðàâåíñòâî,

‖f‖∞ ≥ c(λ)
N∑
k=1

|ak|, (1.2)

ãäå c(λ) > 0 � âåëè÷èíà, çàâèñÿùàÿ ëèøü îò λ. Íåðàâåíñòâî (1.2) ìû

áóäåì íàçûâàòü íåðàâåíñòâîì Ñèäîíà.

Â ñâÿçè ñ îöåíêîé ýíòðîïèéíûõ ÷èñåë íåêîòîðûõ êëàññîâ ôóíêöèé

Á. Ñ. Êàøèí è Â. Í. Òåìëÿêîâ (ñì. [17], [18]) èññëåäîâàëè âîïðîñ î âîç-

ìîæíîì îáîáùåíèè íåðàâåíñòâà Ñèäîíà, çàìåíèâ â (1.1) ak cosnkx íà

pk(x) cosnkx, ãäå pk(x) ÿâëÿþòñÿ òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè (ñì.

òåîðåìó À âî Ââåäåíèè). Äàëüíåéøåå èññëåäîâàíèå áûëî ïðîäîëæåíî àâ-

òîðîì [24], [25]. Â äàííîì ïàðàãðàôå äîêàçûâàåòñÿ òåîðåìà 1.1, èç êîòî-

ðîé, â ÷àñòíîñòè, ñëåäóåò, ÷òî â òåîðåìå A óñëîâèå deg pk ≤ 2l ìîæåò

áûòü çàìåíåíî óñëîâèåì deg pk ≤ 1
64l.

Ââåäåì íåñêîëüêî îáîçíà÷åíèé. ×åðåç < ·, · > áóäåì îáîçíà÷àòü ñêà-

ëÿðíîå ïðîèçâåäåíèå ôóíêöèé â ïðîñòðàíñòâå L2(0, 2π) :

< f, g >≡
∫ 2π

0

f(x)g(x) dx.
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×åðåç cn(f) îáîçíà÷èì n-é êîýôôèöèåíò Ôóðüå ôóíêöèè f(x) :

cn(f) =
1

2π

∫ 2π

0

f(x)e−inx dx, n ∈ Z.

Îïðåäåëèì ñâåðòêó äâóõ 2π-ïåðèîäè÷åñêèõ ôóíêöèé, ñóììèðóåìûõ íà

[0, 2π] :

(f ∗ g)(x) ≡ 1

2π

∫ 2π

0

f(x− t)g(t) dt. (1.3)

Íàìè ÷àñòî áóäåò èñïîëüçîâàòüñÿ ñëåäóþùåå õîðîøî èçâåñòíîå ñâîéñòâî

ñâåðòêè (ñì., íàïðèìåð, [8, ò. 1, ñ. 64]):

cn(f ∗ g) = cn(f)cn(g). (1.4)

Ìû äîêàçûâàåì ñëåäóþùåå

Òåîðåìà 1.1 ([24], [25]). Ïóñòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ

÷èñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ nk+1/nk ≥ λ > 1, k = 1, 2, . . . .

Ñóùåñòâóåò êîíñòàíòà c(λ) > 0, çàâèñÿùàÿ ëèøü îò λ, òàêàÿ, ÷òî

äëÿ ëþáîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà âèäà

f(x) =
N∑
k=l

pk(x) cosnkx,

ãäå pk � âåùåñòâåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû ñ deg(pk) ≤ γnl,

γ = min(1
6 ,

λ−1
3 ), k = l, . . . , N , N ≥ l, l = 1, 2, . . ., ñïðàâåäëèâî íåðàâåí-

ñòâî

‖f‖∞ ≥ c(λ)
N∑
k=l

‖pk‖1. (1.5)

Íåðàâåíñòâà òèïà (1.5) ìû áóäåì íàçûâàòü íåðàâåíñòâàìè òèïà Ñè-

äîíà. Ýòî îáîñíîâàíî òåì, ÷òî åñëè pk(x) ÿâëÿþòñÿ êîíñòàíòàìè, ò. å.

òðèãîíîìåòðè÷åñêèìè ïîëèíîìàìè íóëåâîé ñòåïåíè, òî íåðàâåíñòâî (1.5)

ïðåâðàùàåòñÿ â íåðàâåíñòâî Ñèäîíà (1.2).
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Äîêàçàòåëüñòâî òåîðåìû 1.1. Ðàññìîòðèì òðèãîíîìåòðè÷åñêèé

ïîëèíîì

f(x) =
N∑
k=l

pk(x) cosnkx,

ãäå pk � âåùåñòâåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû ñ deg(pk) =:

αk ≤ γnl, γ = min(1
6 ,

λ−1
3 ), k = l, . . . , N . Îïðåäåëèì ôóíêöèè gk(x),

k = l, . . . , N . Âîçüìåì ïðîèçâîëüíîå k ∈ {l, . . . , N}. Åñëè αk = 0, òî

ïîëèíîì pk(x) ñóòü âåùåñòâåííàÿ êîíñòàíòà ak. Â ýòîì ñëó÷àå ïîëîæèì

gk(x) =

1, åñëè ak ≥ 0,

−1, åñëè ak < 0.

Åñëè αk > 0, òî îïðåäåëèì ôóíêöèþ gk(x) ñëåäóþùèì îáðàçîì. Ââå-

äåì ôóíêöèþ (ÿäðî Âàëëå Ïóññåíà)

Vn(x) =
1

n

2n−1∑
j=n

∑
|ν|≤j

eiνx, n ≥ 1.

Ýòà ôóíêöèÿ îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

à) Vn(x) � âåùåñòâåííûé òðèãîíîìåòðè÷åñêèé ïîëèíîì ñ deg(Vn) < 2n;

á) cl(Vn) = 1, ïðè |l| ≤ n;

â) ‖Vn‖1 ≤ 6π.

Ïåðâûå äâà ñâîéñòâà î÷åâèäíû. Òðåòüå ñëåäóåò èç èçâåñòíûõ ñâîéñòâ

ÿäåð Ôåéåðà Kn(x) = 1
n+1

∑n
j=0Dj(x), ãäå Dj(x) =

∑j
ν=−j e

iνx:

Kn(x) ≥ 0 è

∫ 2π

0

Kn(x) dx = 2π,

è òîãî ôàêòà, ÷òî

Vn(x) =
1

n

2n−1∑
j=n

Dj(x) = 2K2n−1(x)−Kn−1(x).

Îòêóäà èìååì∫ 2π

0

|Vn(x)| dx ≤ 2

∫ 2π

0

K2n−1(x) dx+

∫ 2π

0

Kn−1(x) dx = 6π,
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è ñâîéñòâî â) äîêàçàíî.

Ïîëîæèì (ñì. (1.3))

gk = sign(pk) ∗ Vαk.

ßñíî, ÷òî gk � âåùåñòâåííàÿ ôóíêöèÿ è, ó÷èòûâàÿ (1.4), ïîëó÷àåì, ÷òî

gk � âåùåñòâåííûé òðèãîíîìåòðè÷åñêèé ïîëèíîì ñ deg(gk) < 2αk. Ïîêà-

æåì, ÷òî ‖gk‖∞ ≤ 3. Äåéñòâèòåëüíî, â êàæäîé òî÷êå x ∈ [0, 2π]

|gk(x)| =
∣∣∣∣ 1

2π

∫ 2π

0

sign (pk(x− t)) · Vαk(t) dt
∣∣∣∣ ≤ 1

2π

∫ 2π

0

|Vαk(t)| dt ≤ 3.

Ïîêàæåì, ÷òî

< pk, gk >= ‖pk‖1.

Èñïîëüçóÿ òî, ÷òî deg(pk) = αk è cl(Vαk) = 1 ïðè |l| ≤ αk, íàõîäèì (ñì.

òàêæå (1.4)):

< pk, gk >= 2π

αk∑
l=−αk

cl(pk)c−l(gk) = 2π

αk∑
l=−αk

cl(pk)c−l(sign(pk))c−l(Vαk) =

= 2π

αk∑
l=−αk

cl(pk)c−l(sign(pk)) =< pk, sign(pk) >= ‖pk‖1.

Îáúåäèíÿÿ äâà ñëó÷àÿ, èìååì

deg(gk) < 2γnl, ‖gk‖∞ ≤ 3, < pk, gk >= ‖pk‖1, k = l, . . . , N. (1.6)

Âûáåðåì µ = µ(λ) ≥ 11, òàêîå, ÷òî

µx−1
(

1− 1

λ
− 1

µ− 1

)
− 2x+ 1

6
> 0, x ≥ 2. (1.7)

Íåòðóäíî âèäåòü, ÷òî ýòî âîçìîæíî ñäåëàòü, åñëè âçÿòü µ äîñòàòî÷íî

áîëüøèì. Îòìåòèì ñëåäóþùèå íåðàâåíñòâà

1− 1

λ
− 1

µ− 1
< λ− µ

µ− 1
, (1.8)
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0, 9µx−2 − 2x+ 1

6
> 0, x ≥ 2. (1.9)

Äåéñòâèòåëüíî, ïåðâîå íåðàâåíñòâî ðàâíîñèëüíî íåðàâåíñòâó 2 < λ+ 1
λ ,

êîòîðîå, î÷åâèäíî, âûïîëíåíî, ïîñêîëüêó λ > 1. Äëÿ äîêàçàòåëüñòâà

âòîðîãî ðàññìîòðèì ôóíêöèþ ψ(x) = 0, 9µx−2− 2x+1
6 . Èìååì ψ(2) = 1

15 >

0 è

ψ′(x) = 0, 9µx−2 lnµ− 1

3
> 0, x ≥ 2,

ïîñêîëüêó

ψ′(2) = 0, 9 lnµ− 1

3
≥ 0, 9 ln 11− 1

3
> 0,

è òåì ñàìûì íåðàâåíñòâî (1.9) äîêàçàíî.

Ðàçîáüåì ïîñëåäîâàòåëüíîñòü {nk}∞k=1 íà êîíå÷íîå ÷èñëî M =

M(λ, µ) ïîäïîñëåäîâàòåëüíîñòåé {m(q)
j }∞j=1, q = 1, . . . ,M , óäîâëåòâîðÿ-

þùèõ óñëîâèþ m
(q)
j+1/m

(q)
j ≥ µ, j = 1, 2, . . . . Ïîñêîëüêó µ = µ(λ), òî

M = M(λ).

Âûáåðåì îäíó èç ýòèõ ïîäïîñëåäîâàòåëüíîñòåé è îáîçíà÷èì åå ÷åðåç

{m}. Ðàññìîòðèì ñëåäóþùåå ïðîèçâåäåíèå Ðèññà

R(x) =
∏

l≤k≤N :nk∈{m}

(
1 +

1

3
gk(x) cosnkx

)
. (1.10)

Ïîñêîëüêó ‖gk‖∞ ≤ 3, òî R(x) ≥ 0. Ïîêàæåì, ÷òî

‖R‖1 = 2π. (1.11)

Ðàñêðûâàÿ ñêîáêè â (1.10), ïîëó÷àåì:

R(x) = 1 +
1

3

∑
l≤k≤N :nk∈{m}

gk(x) cosnkx+ w(x), (1.12)

ãäå w(x) =
∑

e ae(x) è ñëàãàåìûå ae(x) èìåþò âèä

ae(x) = gk1(x) cosnk1x · . . . · gkp(x) cosnkpx ·
1

3p
, (1.13)
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ãäå k1 > k2 > . . . > kp, p ≥ 2. Èìååì∫ 2π

0

gk(x) cosnkx dx = 0, k = l, . . . , N,

ïîñêîëüêó deg(gk) < 2γnl < nk. Ïîêàæåì, ÷òî∫ 2π

0

w(x) dx = 0.

Ìèíèìàëüíàÿ ÷àñòîòà òðèãîíîìåòðè÷åñêîãî ïîëèíîìà ae(x) ïî ìîäóëþ

áóäåò (ñì. (1.6))

|ν| > nk1 − 2γnl − (nk2 + 2γnl + . . .+ nkp + 2γnl) =

= nk1 − (nk2 + . . .+ nkp)− p2γnl.

Ïîñêîëüêó nk ∈ {m}, èìååì

nk2 + . . .+ nkp = nk1

(nk2
nk1

+ . . .+
nkp
nk1

)
≤ nk1

(1

µ
+

1

µ2
+ . . .

)
=

1

µ− 1
nk1.

Îòñþäà, ïîëüçóÿñü òàêæå òåì, ÷òî nk1 ≥ µp−1nl, µ ≥ 11, γ ≤ 1/6 è (1.9),

ïîëó÷àåì

|ν| >
(

1− 1

µ− 1

)
nk1 − 2pγnl ≥

(
1− 1

µ− 1

)
µp−1nl − 2pγnl ≥

≥
(

0, 9µp−1 − 2pγ
)
nl ≥

(
0, 9µp−1 − 2p

6

)
nl >

(
0, 9µp−2 − 2p+ 1

6

)
nl > 0.

Îòñþäà ïîëó÷àåì, ÷òî
∫ 2π

0 ae(x) dx = 0, è ò. ê. ae(x) ïðîèçâîëüíîå ñëàãà-

åìîå, âõîäÿùåå â ñóììó w(x), òî
∫ 2π

0 w(x) dx = 0. Ïîñêîëüêó R(x) ≥ 0,

òî èç (1.12) èìååì

‖R‖1 =

∫ 2π

0

R(x) dx =

∫ 2π

0

1 dx = 2π,

è (1.11) äîêàçàíî.

Ðàññìîòðèì ñëåäóþùóþ âåëè÷èíó

I =< f,R >=

∫ 2π

0

f(x)R(x) dx.
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Îöåíèì I ñâåðõó. Èìååì

I ≤
∫ 2π

0

|f(x)||R(x)| dx ≤ ‖f‖∞‖R‖1 = 2π‖f‖∞. (1.14)

Îöåíèì òåïåðü I ñíèçó.

I =

∫ 2π

0

( N∑
k=l

pk(x) cosnkx
)(

1 +
1

3

∑
l≤k≤N :nk∈{m}

gk(x) cosnkx+ w(x)
)
dx.

(1.15)

Èìååì ∫ 2π

0

pk(x) cosnkx dx = 0, k = l, . . . , N, (1.16)

ïîñêîëüêó deg(pk) ≤ γnl < nk. Ïîêàæåì, ÷òî∫ 2π

0

pk(x) cosnkxw(x) dx = 0, k = l, . . . , N. (1.17)

Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî
∫ 2π

0 pk(x) cosnkx ae(x) dx = 0, ãäå

ae(x) � ïðîèçâîëüíîå ñëàãàåìîå, âõîäÿùåå â ñóììó w. Ðàññìîòðèì (ñì.

(1.13))

pk(x) cosnkx gk1(x) cosnk1x · . . . · gkp(x) cosnkpx. (1.18)

Ðàññìîòðèì òðè ñëó÷àÿ:

1) nk < nk1. Òîãäà ìèíèìàëüíàÿ ÷àñòîòà (1.18) ïî ìîäóëþ áóäåò

|ν| > nk1 − (nk2 + . . .+ nkp)− p2γnl − nk − γnl ≥

≥
(

1− 1

µ− 1

)
nk1 − nk − (2p+ 1)γnl.

Ïîñêîëüêó nk ≤ nk1−1 ≤ 1
λ nk1, è ïîëüçóÿñü òàêæå òåì, ÷òî nk1 ≥

µp−1nl, ïîëó÷àåì (ñì. (1.7))
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|ν| >
(

1− 1

λ
− 1

µ− 1

)
nk1 − (2p+ 1)γnl ≥

≥
(
µp−1

(
1− 1

λ
− 1

µ− 1

)
− (2p+ 1)γ

)
nl ≥

≥
(
µp−1

(
1− 1

λ
− 1

µ− 1

)
− 2p+ 1

6

)
nl > 0.

2) nk > nk1. Òîãäà ìèíèìàëüíàÿ ÷àñòîòà (1.18) ïî ìîäóëþ áóäåò

|ν| > nk − γnl − (nk1 + . . .+ nkp)− p2γnl.

Ïîñêîëüêó

nk1 + . . .+ nkp ≤ nk1

(
1 +

1

µ
+ . . .

)
=

µ

µ− 1
nk1,

nk ≥ λnk1, nk1 ≥ µp−1nl, ïîëó÷àåì (ñì. òàêæå (1.7), (1.8))

|ν| > nk −
µ

µ− 1
nk1 − (2p+ 1)γnl ≥

(
λ− µ

µ− 1

)
nk1 − (2p+ 1)γnl ≥

≥
(

1− 1

λ
− 1

µ− 1

)
nk1 − (2p+ 1)γnl ≥

(
µp−1

(
1− 1

λ
− 1

µ− 1

)
−

−(2p+ 1)γ
)
nl ≥

(
µp−1

(
1− 1

λ
− 1

µ− 1

)
− 2p+ 1

6

)
nl > 0.

3) nk = nk1. Èìååì

pk1(x)gk1(x) cos2 nk1x gk2(x) cosnk2x · . . . · gkp(x) cosnkpx =

=
1

2
pk1(x)gk1(x) cos 2nk1x gk2(x) cosnk2x · . . . · gkp(x) cosnkpx+ (1.19)

+
1

2
pk1(x)gk1(x)gk2(x) cosnk2x · . . . · gkp(x) cosnkpx.

Ìèíèìàëüíàÿ ÷àñòîòà ïî ìîäóëþ â ïåðâîì ñëàãàåìîì (1.19) áóäåò (ñì.
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(1.9))

|ν| > 2nk1 − (nk2 + . . .+ nkp)− (2p+ 1)γnl ≥

≥
(

2− 1

µ− 1

)
nk1 − (2p+ 1)γnl ≥ 1, 9nk1 − (2p+ 1)γnl ≥

≥
(

1, 9µp−1 − (2p+ 1)γ
)
nl ≥

(
1, 9µp−1 − 2p+ 1

6

)
nl >

>

(
0, 9µp−2 − 2p+ 1

6

)
nl > 0.

Ðàññìîòðèì òåïåðü âòîðîå ñëàãàåìîå â (1.19). Ìèíèìàëüíàÿ ÷àñòîòà

ïî ìîäóëþ áóäåò

|ν| > nk2 − (nk3 + . . .+ nkp)− (2p+ 1)γnl ≥
(

1− 1

µ− 1

)
nk2−

− (2p+ 1)γnl ≥ 0, 9nk2 − (2p+ 1)γnl.

Ïîñêîëüêó nk2 ≥ µp−2nl, èìååì (ñì. òàêæå (1.9))

|ν| >
(

0, 9µp−2 − (2p+ 1)γ
)
nl ≥

(
0, 9µp−2 − 2p+ 1

6

)
nl > 0.

Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî
∫ 2π

0 pk(x) cosnkx ae(x) dx = 0, ãäå ae(x)

� ïðîèçâîëüíîå ñëàãàåìîå, âõîäÿùåå â ñóììó w, è, ñëåäîâàòåëüíî, (1.17)

äîêàçàíî.

Ðàññìîòðèì òåïåðü∫ 2π

0

pk(x) cosnkx gs(x) cosnsx dx. (1.20)

Ðàññìîòðèì òðè ñëó÷àÿ:

1) nk < ns. Òîãäà ìèíèìàëüíàÿ ÷àñòîòà pk(x) cosnkx gs(x) cosnsx ïî

ìîäóëþ áóäåò

|ν| > ns − nk − 3γnl ≥ (λ− 1)nk − 3γnl ≥ (λ− 1− 3γ)nl ≥ 0.
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2) nk > ns. Òîãäà ìèíèìàëüíàÿ ÷àñòîòà pk(x) cosnkx gs(x) cosnsx ïî

ìîäóëþ áóäåò

|ν| > nk − ns − 3γnl ≥ (λ− 1)ns − 3γnl ≥ (λ− 1− 3γ)nl ≥ 0.

Òàêèì îáðàçîì, â ñëó÷àÿõ 1) è 2) èíòåãðàë (1.20) ðàâåí íóëþ.

3) nk = ns. Èìååì (ñì. (1.6))∫ 2π

0

pk(x)gk(x) cos2 nkx dx =
1

2

∫ 2π

0

pk(x)gk(x) dx+

+
1

2

∫ 2π

0

pk(x)gk(x) cos 2nkx dx =
1

2

∫ 2π

0

pk(x)gk(x) dx =
1

2
‖pk‖1.

Ìû çäåñü èñïîëüçîâàëè òàêæå òî, ÷òî deg(pkgk) < 3γnl < 2nk.

Òàêèì îáðàçîì, ó÷èòûâàÿ òàêæå (1.15), (1.16) è (1.17), ïîëó÷àåì

I =
1

6

∑
l≤k≤N :nk∈{m}

‖pk‖1. (1.21)

Èç (1.14) è (1.21) ïîëó÷àåì∑
l≤k≤N :nk∈{m}

‖pk‖1 ≤ 12π‖f‖∞. (1.22)

Ñêëàäûâàÿ íåðàâåíñòâà (1.22) ïî âñåì ïîäïîñëåäîâàòåëüíîñòÿì

{m(q)
j }∞j=1, q = 1, . . . ,M , ïîëó÷àåì

N∑
k=l

‖pk‖1 ≤ 12πM(λ)‖f‖∞,

ò. å. ‖f‖∞ ≥ c(λ)
∑N

k=l ‖pk‖1, ãäå c(λ) = 1
12πM(λ) . Òåîðåìà 1.1 äîêàçàíà.

Íàïîìíèì îïðåäåëåíèÿ äâóõ èçâåñòíûõ ñèñòåì.

Îïðåäåëåíèå 1.1. Äëÿ n = 1, 2, . . . n-ÿ ôóíêöèÿ Ðàäåìàõåðà çàäà-

åòñÿ ðàâåíñòâîì

rn(x) :=

 1 ïðè x ∈
(
i−1
2n ,

i
2n

)
, i− íå÷åòíîå,

−1 ïðè x ∈
(
i−1
2n ,

i
2n

)
, i− ÷åòíîå,
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i = 1, 2, . . . , 2n.

Êðîìå òîãî, â äàëüíåéøåì óäîáíî ñ÷èòàòü, ÷òî r0(x) = 1 ïðè x ∈ (0, 1)

è ÷òî rn(i/2
n) = 0 ïðè i = 0, 1, . . . , 2n; n = 0, 1, 2, . . . .

Äëÿ öåëîãî ÷èñëà n > 0 ðàññìîòðèì åãî äâîè÷íîå ðàçëîæåíèå

n =
∞∑
k=0

θk(n)2k =

s(n)∑
k=0

θk(n)2k, ãäå θk = 0 èëè 1,

θs(n)(n) = 1, s(n) = [log2 n].

Îïðåäåëåíèå 1.2. Ñèñòåìà Óîëøà � ýòî ñèñòåìà ôóíêöèé

W = {wn(x)}∞n=0, x ∈ [0, 1],

â êîòîðîé w0(x) ≡ 1, à ïðè n ≥ 1

wn(x) =
∞∏
k=0

[rk+1(x)]θk(n) = rs(n)+1

s(n)−1∏
k=0

[rk+1(x)]θk(n), (1.23)

ãäå rk(x), k = 1, 2, . . . , � ôóíêöèè Ðàäåìàõåðà.

Î ðàçíûõ ñâîéñòâàõ ýòèõ ñèñòåì ìîæíî îçíàêîìèòüñÿ â êíèãàõ [12],

[15].

Äëÿ m ∈ Z+ ÷åðåç W(m) áóäåì îáîçíà÷àòü ìíîæåñòâî ïîëèíîìîâ

p(x) ïî ñèñòåìå Óîëøà âèäà

p(x) =
m∑
n=0

anwn(x), an ∈ R.

Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ àíàëîãîì íåðàâåíñòâà òèïà Ñèäîíà

(1.5) äëÿ ïîëèíîìîâ ïî ñèñòåìå Óîëøà. Íèæå ïîä ‖f‖p ìû ïîíèìàåì

‖f‖∞ ≡ ess sup
[0, 1]

|f(x)|, ‖f‖p ≡
(∫ 1

0

|f(x)|p dx
) 1

p

, 1 ≤ p <∞.
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Òåîðåìà 1.2. Ïóñòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë

{nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ 2k−1 ≤ nk < 2k, k = 1, 2, . . . . Òîãäà

äëÿ ëþáîé ôóíêöèè f(x) âèäà

f(x) =
m∑

k=l+1

pk(x)wnk(x),

ãäå pk ∈ W(2l−1), k = l+1, . . . ,m, m ≥ l+1, l = 0, 1, 2, . . ., ñïðàâåäëèâî

íåðàâåíñòâî

‖f‖∞ ≥
m∑

k=l+1

‖pk‖1.

Äîêàçàòåëüñòâî òåîðåìû 1.2. Ðàññìîòðèì ôóíêöèè g̃k(x) =

sign (pk(x)). Ôóíêöèè pk(x), êàê íåòðóäíî âèäåòü, ïîñòîÿííû íà èíòåð-

âàëàõ
(
i−1
2l
, i

2l

)
, 1 ≤ i ≤ 2l. Ïîýòîìó ôóíêöèè g̃k(x) òàêæå ïîñòîÿííû íà

ýòèõ èíòåðâàëàõ, è, ñëåäîâàòåëüíî (ñì. [15, ñ. 151]), íàéäóòñÿ ïîëèíîìû

gk ∈ W(2l − 1), òàêèå, ÷òî g̃k(x) = gk(x), x ∈ [0, 1], çà èñêëþ÷åíèåì

êîíå÷íîãî ÷èñëà òî÷åê. Èìååì∫ 1

0

gk(x)pk(x) dx =

∫ 1

0

g̃k(x)pk(x) dx =

∫ 1

0

|pk(x)| dx = ‖pk‖1. (1.24)

Ââåäåì ôóíêöèþ

J(x) =
m∏

k=l+1

(1 + gk(x)wnk(x)). (1.25)

ßñíî, ÷òî J(x) ≥ 0, x ∈ [0, 1], çà èñêëþ÷åíèåì êîíå÷íîãî ÷èñëà òî÷åê.

Ðàñêðûâàÿ ñêîáêè â (1.25), ïîëó÷àåì

J(x) = 1 +
m∑

k=l+1

gk(x)wnk(x) + t(x), (1.26)

ãäå t(x) =
∑

e ae(x) è ñëàãàåìûå ae(x) èìåþò âèä

ae(x) =

p∏
s=1

gks(x)wnks(x), (1.27)
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ãäå k1 > k2 > . . . > kp ≥ l + 1, p ≥ 2.

Ðàññìîòðèì < f, J >=
∫ 1

0 f(x)J(x) dx. Èç (1.26) íàõîäèì

< f, J >=

∫ 1

0

f(x) dx+

∫ 1

0

f(x)t(x) dx+

+

∫ 1

0

f(x)

(
m∑

k=l+1

gk(x)wnk(x)

)
dx.

(1.28)

Ïîêàæåì, ÷òî ∫ 1

0

f(x)t(x) dx = 0. (1.29)

Äëÿ ýòîãî äîñòàòî÷íî ïîêàçàòü, ÷òî
∫ 1

0 f(x)ae(x) dx = 0, ãäå ae(x) � ïðî-

èçâîëüíîå ñëàãàåìîå, âõîäÿùåå â ñóììó t(x). Ðàññìîòðèì ïðîèçâåäåíèå

(ñì. (1.27))

pi(x)wni(x)gk1(x)wnk1 · . . . · gkp(x)wnkp(x), l + 1 ≤ i ≤ m.

Ýòî ïðîèçâåäåíèå ðàñêëàäûâàåòñÿ â ñóììó ñëàãàåìûõ, êàæäîå èç êî-

òîðûõ, ó÷èòûâàÿ (1.23) è òî, ÷òî r2
n(x) ≡ 1, èìååò âèä rα(x) ·

∏
j<α

r
εj
j (x)

(εj = 0, 1), ãäå α = k1, k2 èëè i, åñëè i < k1, i = k1 èëè i > k1 ñîîòâåò-

ñòâåííî. Ôóíêöèè Ðàäåìàõåðà îáðàçóþò ñèñòåìó íåçàâèñèìûõ ôóíêöèé

è äëÿ íèõ ñïðàâåäëèâî ðàâåíñòâî (ñì. [15, c. 28])∫ 1

0

rα(x)
∏
j<α

r
εj
j (x) dx =

∫ 1

0

rα(x) dx ·
∏

j<α: εj=1

∫ 1

0

rj(x) dx = 0.

Ïîýòîìó
∫ 1

0 pi(x)wni(x)ae(x) dx = 0, l + 1 ≤ i ≤ m. Îòñþäà∫ 1

0 f(x)ae(x) dx = 0, è ñëåäîâàòåëüíî, (1.29) äîêàçàíî. Àíàëîãè÷íûìè

ðàññóæäåíèÿìè ïîêàçûâàåòñÿ, ÷òî
∫ 1

0 t(x) dx = 0. Íåòðóäíî âèäåòü, ÷òî∫ 1

0 f(x) dx = 0. Â èòîãå (1.28) èìååò âèä

< f, J >=
m∑

i=l+1

m∑
k=l+1

∫ 1

0

pi(x)gk(x)wni(x)wnk(x) dx.
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Ðàññóæäàÿ òàêæå, êàê è ïðè äîêàçàòåëüñòâå ðàâåí-

ñòâà
∫ 1

0 f(x)t(x) dx = 0, óáåæäàåìñÿ, ÷òî èíòåãðàëû∫ 1

0 pi(x)gk(x)wni(x)wnk(x) dx = 0 ïðè i 6= k. Ïîýòîìó (ñì. (1.24))

< f, J >=
m∑

k=l+1

∫ 1

0

pk(x)gk(x) dx =
m∑

k=l+1

‖pk‖1. (1.30)

Ïîñêîëüêó gk ∈ W(2l − 1), òî
∫ 1

0 gk(x)wnk(x) dx = 0, k = l + 1, . . . ,m.

Ó÷èòûâàÿ òàêæå, ÷òî J(x) ≥ 0, x ∈ [0, 1], çà èñêëþ÷åíèåì êîíå÷íîãî

÷èñëà òî÷åê, èç (1.26) íàõîäèì

‖J‖1 =

∫ 1

0

J(x) dx = 1.

Ñëåäîâàòåëüíî,

< f, J >=

∫ 1

0

f(x)J(x) dx ≤ ‖f‖∞‖J‖1 = ‖f‖∞. (1.31)

Èç (1.30) è (1.31) ïîëó÷àåì íåðàâåíñòâî

‖f‖∞ ≥
m∑

k=l+1

‖pk‖1.

Òåîðåìà 1.2 äîêàçàíà.

Ñëåäñòâèå 1.1. Ïóñòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë

{nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ 2k−1 ≤ nk < 2k, k = 1, 2, . . .. Òîãäà

∥∥∥ N∑
k=1

akwnk(x)
∥∥∥
∞

=
N∑
k=1

|ak|, N = 1, 2, . . . .

Äîêàçàòåëüñòâî ñëåäñòâèÿ 1.1. ßñíî, ÷òî ‖
∑N

k=1 akwnk(x)‖∞ ≤∑N
k=1 |ak|. Îáðàòíîå íåðàâåíñòâî ñëåäóåò èç òåîðåìû 1.2 ïðè l = 0.

Ñëåäñòâèå 1.1 äîêàçàíî.
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�2 Î âîçìîæíîñòè óñèëåíèÿ íåðàâåíñòâ

òèïà Ñèäîíà

Äàííûé ïàðàãðàô ïîñâÿùåí âîïðîñó î âîçìîæíîñòè óñèëåíèÿ íåðàâåíñòâ

òèïà Ñèäîíà äëÿ òðèãîíîìåòðè÷åñêîé ñèñòåìû, ò. å., äðóãèìè ñëîâàìè,

âîïðîñó î òî÷íîñòè òåîðåìû 1.1. Â íåì äîêàçûâàåòñÿ ñëåäóþùèé ðå-

çóëüòàò, èç êîòîðîãî ñëåäóåò, ÷òî â òåîðåìå 1.1 ïðè nk = 2k óñëîâèå

deg pk ≤ 1
62l íåëüçÿ çàìåíèòü íà deg pk ≤

[
2k−k

ε]
íè ïðè êàêîì ε ∈ (0, 1).

Òåîðåìà 2.1 ([25]). Ïóñòü ε, ε̃ � äåéñòâèòåëüíûå ÷èñëà, ïðè-

÷åì 1
2 ≤ ε < ε̃ < 1. Äëÿ ëþáîãî W ∈ N ñóùåñòâóþò âåùåñòâåí-

íûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû pk(x), k = 1, . . . ,W, òàêèå, ÷òî

deg pk ≤
[
2k−k

ε]
, ‖pk‖1 ≥ 2π

3 , ‖pk‖∞ ≤ 70, k = 1, . . . ,W, è

max
1≤n≤W

∥∥∥∥∥
n∑
k=1

pk(x) cos 2kx

∥∥∥∥∥
∞

≤ CW ε̃, (2.1)

ãäå C = C(ε, ε̃) > 0 � êîíñòàíòà, çàâèñÿùàÿ ëèøü îò ε è ε̃.

Äîêàçàòåëüñòâî òåîðåìû 2.1. Âîçüìåì k0 = k0(ε, ε̃) ∈ N, òàêîå,

÷òî 1) k0 ≥ 5, è ïðè k ≥ k0 âûïîëíåíî:

2) 2k−k
ε ≥ 6;

3) 2k
ε−kε̃k3 < 1/4;

4) 2(k−1)
ε−kε > 1/2;

5) kε̃ < (1/8)k.

Îáîçíà÷èìmk := [2k−k
ε

].Èç óñëîâèÿ 2) íà k0 ñëåäóåò, ÷òîmk ≥ 6, k ≥

k0. Îòìåòèì ñëåäóþùèå íåðàâåíñòâà, êîòîðûå âûòåêàþò èç óñëîâèé 1) �

4) íà k0 :
3

4
− 16

2(k+1)
ε

2kε̃
≥ 1

2
, k ≥ k0, (2.2)
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1

2
· 2k+1

2(k+1)ε
− 1 ≥ 1

3
· 2k+1

2(k+1)ε
, k ≥ k0. (2.3)

Äåéñòâèòåëüíî, èç óñëîâèé 1), 3) è 4) íà k0 ïîëó÷àåì

2(k+1)
ε

2kε̃
=

2(k+1)
ε

2kε
2k

ε

2kε̃
< 2

1

4k3
≤ 1

2k0
3 ≤

1

2 · 53
<

1

64
,

è íåðàâåíñòâî (2.2) äîêàçàíî. Íåðàâåíñòâî (2.3) ðàâíîñèëüíî íåðàâåíñòâó

2k+1

2(k+1)ε
≥ 6, k ≥ k0,

è ñëåäóåò èç óñëîâèÿ 2) íà k0.

Ïóñòü ôóíêöèÿ f ∈ L2(0, 2π) è ïîñëåäîâàòåëüíîñòü {lk}∞k=1, lk ∈ N,

óäîâëåòâîðÿåò óñëîâèþ

lk+1

lk
≥ q > 1, k = 1, 2, . . . .

Òîãäà äëÿ S∗(x) = supk≥1 |Slk(f, x)| ñïðàâåäëèâî íåðàâåíñòâî (ñì. [8, ò.

2, ñ. 246])

‖S∗‖2 ≤ c0(q)‖f‖2, (2.4)

ãäå êîíñòàíòà c0 = c0(q) > 0 çàâèñèò òîëüêî îò q. Âîçüìåì êîí-

ñòàíòó c0 èç íåðàâåíñòâà (2.4), ñîîòâåòñòâóþùóþ q = 23/16. Ïîëîæèì

α = max(70
√

8 c0, 1). Âîçüìåì ïðîèçâîëüíîåW ≥ 8k0, W ∈ N. Ïîëîæèì

a = [W ε̃]. Èìååì (ñì. óñëîâèÿ 5) è 1) íà k0)

a ≤ W ε̃ ≤ 1

8
W, (2.5)

a ≥ W ε̃ − 1 ≥
√
W − 1 ≥

√
8k0 − 1 ≥

√
40− 1 > 5. (2.6)

Ïîëèíîìû pk(x), k = 1, . . . ,W, óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû,

áóäåì ñòðîèòü ïî èíäóêöèè ñ êîíñòàíòîé

C = 8k0 + α + 150. (2.7)
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Ïîëîæèì

pk(x) ≡ 1, k = 1, . . . , k0 + a.

Ïóñòü ïîëèíîìû p1(x), . . . , pN(x) (N ≥ k0 +a) óæå ïîñòðîåíû. Ïîñòðîèì

pN+1(x). Ïîëîæèì

Fk(x) :=
k∑

j=k0

pj(x) cos 2jx, δj(x) := pj(x) cos 2jx. (2.8)

Ek
N :=

{
x ∈ [0, 2π) : |Fk(x)| > α

√
N
}
, k = k0, . . . , N. (2.9)

BN :=
N⋃

k=k0

Ek
N . (2.10)

B̃N :=
N−a⋃
k=k0

O 2π(N−k)2
mN

(
Ek
N

)
, (2.11)

ãäå Oε(G) îáîçíà÷àåò ε-îêðåñòíîñòü ìíîæåñòâà G íà [0, 2π) ñ ìåòðèêîé

îêðóæíîñòè. ×åðåç dist(x, y) áóäåì îáîçíà÷àòü ðàññòîÿíèå íà îêðóæíî-

ñòè [0, 2π) ìåæäó òî÷êàìè x è y. Ïîëîæèì

ΛN+1 :=

{
j ∈ {1, . . . ,mN+1} : B̃N ∩Oπ/mN+1

(
2πj

mN+1

)
= ∅

}
, (2.12)

pN+1(x) :=
1

mN+1

∑
j∈ΛN+1

KmN+1−1

(
x− 2πj

mN+1

)
, (2.13)

ãäå

Km−1(x) =
sin2 mx

2

m sin2 x
2

� ÿäðà Ôåéåðà.

Îöåíèì |ΛN+1|. Èìååì (ñì. óñëîâèå 1) íà k0)

1

2(k−1)ε
≤ 1

2
√
k−1
≤ 1

2
√

4
=

1

4
, k ≥ k0. (2.14)

Îòñþäà ïîëó÷àåì(
1− 1

2kε

)
2k −

(
1 +

1

2(k−1)ε

)
2k−1 ≥ 3

4
2k − 5

4
2k−1 =

=
(3

2
− 5

4

)
2k−1 = 2k−3 ≥ 22 = 4, k ≥ k0. (2.15)
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Îòñþäà, â ÷àñòíîñòè, ñëåäóåò, ÷òî ïðè k ≥ k0 ñïåêòðû ïîëèíîìîâ δk(x)

íå ïåðåñåêàþòñÿ. Ïîëîæèì bk := [(1 − 2−k
ε

)2k] − 1. Ó÷èòûâàÿ (2.15),

ïîëó÷àåì

bk >
(

1 +
1

2(k−1)ε

)
2k−1, k ≥ k0. (2.16)

Êðîìå òîãî, ÿñíî, ÷òî

bk <
(

1− 1

2kε

)
2k, k ≥ k0. (2.17)

Èìååì (ñì. (2.14))

bk+1

bk
=

[(
1− 2−(k+1)ε

)
2k+1

]
− 1[(

1− 2−kε
)

2k
]
− 1

≥

(
1− 2−(k+1)ε

)
2k+1 − 2(

1− 2−kε
)

2k
≥

≥
3
42k+1 − 2

2k
=

3

2
− 1

2k−1
≥ 3

2
− 1

16
=

23

16
, k ≥ k0, (2.18)

ïîñêîëüêó (ñì. óñëîâèå 1) íà k0)

1

2k−1
≤ 1

24
=

1

16
, k ≥ k0.

Ïîëîæèì l1 = bk0, l2 = bk0+1, . . . . Ïðèìåíÿÿ íåðàâåíñòâî (2.4) ê ïîñëåäî-

âàòåëüíîñòè {lk}∞k=1 (ñì. (2.18)) è ôóíêöèè f(x) = FN(x) =
∑N

k=k0
δk(x),

è ó÷èòûâàÿ (2.16), (2.17) è òî, ÷òî ñïåêòðû δk íå ïåðåñåêàþòñÿ ïðè k ≥ k0,

ïîëó÷àåì

µ(BN) ≤ c2
0‖FN‖2

2

α2N
=
c2

0

∑N
k=k0
‖δk‖2

2

α2N
≤
c2

02π
∑N

k=k0
‖δk‖2

∞

α2N
≤

≤ c2
02π702N

α2N
=
c2

02π702

α2
≤ π

4
. (2.19)

Ðàññìîòðèì Fk(x) =
k∑

j=k0

pj(x) cos 2jx =
k∑

j=k0

δj(x). Èìååì

|Fk(x)|2 =
k∑

s, ν=k0

δs(x)δν(x),

δs(x)δν(x) = cos 2sx cos 2νxps(x)pν(x).
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È, ñëåäîâàòåëüíî, ïîëó÷àåì (ñì. (2.14))

deg(δsδν) ≤ 2s + 2ν +ms +mν ≤
(

1 +
1

2sε

)
2s +

(
1 +

1

2νε

)
2ν ≤

≤ 5

4
2s +

5

4
2ν ≤ 4 · 2k.

Îòñþäà ïîëó÷àåì

deg |Fk(x)|2 ≤ 4 · 2k. (2.20)

Îáîçíà÷èì ÷åðåç ConnG ÷èñëî êîìïîíåíò ñâÿçíîñòè ìíîæåñòâà G íà

îêðóæíîñòè [0, 2π). ×èñëî êîðíåé (ñ ó÷åòîì êðàòíîñòè) íà [0, 2π) òðèãî-

íîìåòðè÷åñêîãî ïîëèíîìà T (x) 6= 0 ñ deg T = l íå ïðåâîñõîäèò 2l (ñì.,

íàïðèìåð, [8, ò. 2, ñ. 7]). Îòñþäà, ó÷èòûâàÿ (2.20), ïîëó÷àåì

2ConnEk
N ≤ ÷èñëî êîðíåé (ñ ó÷åòîì êðàòíîñòè) íà [0, 2π)

òðèãîíîìåòðè÷åñêîãî ïîëèíîìà T (x) = |Fk(x)|2 − α2N ≤ 8 · 2k.

Â èòîãå èìååì

ConnEk
N ≤ 4 · 2k. (2.21)

Ñëåäîâàòåëüíî (ñì. (2.11), (2.21)),

Conn B̃N ≤
N−a∑
k=k0

ConnEk
N ≤

N−a∑
k=k0

4 · 2k ≤ 4
N−a∑
k=0

2k =

= 4
(

2N−a+1 − 1
)
≤ 4

2N+1

2a
≤ 4

2N+1

2W ε̃−1
≤ 8

2N+1

2N ε̃ . (2.22)
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Ó÷èòûâàÿ (2.19), (2.21) è óñëîâèå 2) íà k0, ïîëó÷àåì (ñì. (2.10), (2.11))

µ(B̃N) ≤ µ(BN) +
N−a∑
k=k0

4π(N − k)2

mN
ConnEk

N ≤

≤ π

4
+

N−a∑
k=k0

4π(N − k)2

mN
4 · 2k ≤ π

4
+ 16π

N−a∑
k=k0

(N − k)2

2N/2Nε − 1
2k ≤

≤ π

4
+ 16π

N−a∑
k=k0

(N − k)2

2N/2Nε − 2N−1/2Nε 2k =
π

4
+ 16π2N

ε
N−a∑
k=k0

(N − k)2

2N − 2N−1
2k =

=
π

4
+ 32π2N

ε
N−a∑
k=k0

(N − k)2

2N−k
=
π

4
+ 32π2N

ε
N−k0∑
s=a

s2

2s
.

Ïîñêîëüêó ôóíêöèÿ f(x) = x2/2x ìîíîòîííî óáûâàåò ïðè x ≥ 3 è a > 5

(ñì. (2.6)), ïîëó÷àåì (ñì. (2.5) è óñëîâèå 3) íà k0)

µ(B̃N) ≤ π

4
+ 32π2N

εa2

2a
N ≤ π

4
+ 32π2W

ε

W
a2

2a
≤

≤ π

4
+
π

2
2W

εW 3

2a
≤ π

4
+
π

2

2W
ε

W 3

2W ε̃−1
=
π

4
+

+ π
2W

ε

W 3

2W ε̃ ≤ π

4
+
π

4
=
π

2
. (2.23)

Îöåíèì ÷èñëî èíòåðâàëîâ

Ij := Oπ/mN+1

(
2πj

mN+1

)
,

êîòîðûå ïåðåñåêàþòñÿ ñ B̃N . Äëÿ êàæäîãî òàêîãî èíòåðâàëà âîçìîæåí

îäèí èç ñëó÷àåâ: ëèáî îí ñîäåðæèò ãðàíè÷íóþ òî÷êó B̃N , ëèáî îí öåëè-

êîì ñîäåðæèòñÿ â B̃N . ×èñëî èíòåðâàëîâ ïåðâîãî òèïà (ñì. (2.22))

≤ 2Conn B̃N ≤ 16
2N+1

2N ε̃ .

Ïóñòü ÷èñëî èíòåðâàëîâ âòîðîãî òèïà ðàâíî S. Òîãäà, ïîñêîëüêó èíòåð-

âàëû Ij íå ïåðåñåêàþòñÿ ïðè ðàçíûõ j, òî (ñì. (2.23)) èìååì

S
2π

mN+1
≤ µ(B̃N) ≤ π

2
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è, ñëåäîâàòåëüíî,

S ≤ mN+1

4
≤ 1

4

2N+1

2(N+1)ε
.

Îòñþäà íàõîäèì (ñì. (2.2), (2.3))

|ΛN+1| ≥ mN+1 −
1

4

2N+1

2(N+1)ε
− 16

2N+1

2N ε̃ ≥
2N+1

2(N+1)ε
− 1−

− 1

4

2N+1

2(N+1)ε
− 16

2N+1

2N ε̃ =
2N+1

2(N+1)ε

(
3

4
− 16

2(N+1)ε

2N ε̃

)
− 1 ≥

≥ 1

2

2N+1

2(N+1)ε
− 1 ≥ 1

3

2N+1

2(N+1)ε
. (2.24)

Ó÷èòûâàÿ, ÷òî Km(x) ≥ 0 è ‖Km‖1 = 2π, èìååì (ñì. (2.13), (2.24))

‖pN+1‖1 =
1

mN+1

∑
j∈ΛN+1

‖KmN+1−1‖1 ≥
1

mN+1

2π

3

2N+1

2(N+1)ε
≥ 2π

3
. (2.25)

Íåòðóäíî ïîêàçàòü, ÷òî äëÿ ëþáîãî c ∈ R ñïðàâåäëèâî

∞∑
j=−∞

min

(
1,

1

(c− 2πj)2

)
≤ 7

3
(2.26)

(ýòà îöåíêà äîâîëüíî ãðóáàÿ, íî äëÿ íàøèõ öåëåé åå áóäåò äîñòàòî÷íî).

Õîðîøî èçâåñòíà îöåíêà

Km−1(x) ≤

10m ·min
(

1, 1
m2x2

)
, |x| ≤ π;

10m ·min
(

1, 1
m2(2π−|x|)2

)
, π < |x| ≤ 2π.

(2.27)

Îòñþäà äëÿ ïðîèçâîëüíîãî x ∈ [0, 2π) èìååì

|pN+1(x)| = 1

mN+1

∑
j∈ΛN+1

KmN+1−1

(
x− 2πj

mN+1

)
=

=
1

mN+1

( ∑
j∈Λ′N+1

+
∑

j∈Λ′′N+1

+
∑

j∈Λ′′′N+1

)
, (2.28)
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ãäå

Λ′N+1 =
{
j ∈ ΛN+1 :

∣∣∣x− 2πj

mN+1

∣∣∣ ≤ π
}
, (2.29)

Λ′′N+1 =
{
j ∈ ΛN+1 :

∣∣∣x− 2πj

mN+1

∣∣∣ > π è x− 2πj

mN+1
> 0
}
, (2.30)

Λ′′′N+1 =
{
j ∈ ΛN+1 :

∣∣∣x− 2πj

mN+1

∣∣∣ > π è x− 2πj

mN+1
< 0
}
. (2.31)

(ìíîæåñòâà Λ′N+1, Λ′′N+1 è Λ′′′N+1, êîíå÷íî, çàâèñÿò îò òî÷êè x).

Ïðîäîëæàåì (2.28) (ñì. (2.27) è (2.26))

≤ 1

mN+1

 ∑
j∈Λ′N+1

10mN+1 ·min
(

1,
1

m2
N+1(x−

2πj
mN+1

)2

)
+

+
∑

j∈Λ′′N+1

10mN+1 ·min
(

1,
1

m2
N+1(2π − x+ 2πj

mN+1
)2

)
+

+
∑

j∈Λ′′′N+1

10mN+1 ·min
(

1,
1

m2
N+1(2π + x− 2πj

mN+1
)2

) ≤
≤ 10

( ∞∑
j=−∞

min
(

1,
1

(mN+1x− 2πj)2

)
+

+
∞∑

j=−∞
min

(
1,

1

(mN+1(2π − x) + 2πj)2

)
+

+
∞∑

j=−∞
min

(
1,

1

(mN+1(2π + x)− 2πj)2

))
≤

≤ 10

(
7

3
+

7

3
+

7

3

)
= 70.

Ïîñêîëüêó x áûëî ïðîèçâîëüíûì, òî ïîëó÷àåì

‖pN+1‖∞ ≤ 70. (2.32)

Îöåíèì ‖FN+1‖∞. Ïîëîæèì

k(x) := max
{
k0 ≤ j ≤ N : |Fj(x)| ≤ α

√
N
}
.
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Ïîñêîëüêó (ñì. (2.8))

|Fk0(x)| = |pk0(x) cos 2k0x| = | cos 2k0x| ≤ 1 ≤ α ≤ α
√
N,

òî ôóíêöèÿ k(x) êîððåêòíî îïðåäåëåíà. Âîçüìåì ïðîèçâîëüíîå x ∈

[0, 2π). Ðàññìîòðèì äâà ñëó÷àÿ:

1) k(x) ≥ N − a. Òîãäà (ñì. (2.32))

|FN+1(x)| ≤ |Fk(x)(x)|+
N+1∑

j=k(x)+1

|δj(x)| ≤ α
√
N + 70(a+ 1) ≤

≤ α
√
N + 70W ε̃ + 70 ≤ α

√
W + 70W ε̃ + 70 ≤ (α + 140)W ε̃. (2.33)

2) k(x) < N − a. Òîãäà

|FN+1(x)| ≤ |Fk(x)(x)|+
k(x)+a+1∑
j=k(x)+1

|δj(x)|+
N+1∑

j=k(x)+a+2

|δj(x)| ≤

≤ α
√
N + 70(a+ 1) +

N+1∑
j=k(x)+a+2

|δj(x)|. (2.34)

Îöåíèì ïîñëåäíåå ñëàãàåìîå. Ïîêàæåì, ÷òî (ñì. (2.9), (2.11))

x ∈ Ek(x)+1
j−1 ⊂ B̃j−1, j = k(x) + a+ 2, . . . , N + 1. (2.35)

Äåéñòâèòåëüíî, ïî îïðåäåëåíèþ ôóíêöèè k(x)

|Fk(x)+1(x)| > α
√
N ≥ α

√
j − 1,

è òàê êàê k(x) ≥ k0 è j − 1 ≥ k(x) + 1 + a ≥ k0 + 1 + a, òî (2.35)

âûïîëíÿåòñÿ. Ñëåäîâàòåëüíî (ñì. (2.11)), äëÿ ëþáîãî y ∈ [0, 2π) \ B̃j−1

dist(x, y) ≥ 2π|j − 1− (k(x) + 1)|2

mj−1
=

2π|j − k(x)− 2|2

mj−1
.
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Â ÷àñòíîñòè (ñì. (2.12)), äëÿ ëþáîãî l ∈ Λj

dist
(
x,

2πl

mj

)
≥ 2π|j − k(x)− 2|2

mj−1
.

Ñëåäîâàòåëüíî,∣∣∣∣x− 2πl

mj

∣∣∣∣ ≥ 2π|j − k(x)− 2|2

mj−1
, l ∈ Λ′j, (2.36)∣∣∣∣2π − x+

2πl

mj

∣∣∣∣ ≥ 2π|j − k(x)− 2|2

mj−1
, l ∈ Λ′′j , (2.37)∣∣∣∣2π + x− 2πl

mj

∣∣∣∣ ≥ 2π|j − k(x)− 2|2

mj−1
, l ∈ Λ′′′j , (2.38)

ãäå ìíîæåñòâà Λ′j, Λ′′j , Λ′′′j îïðåäåëÿþòñÿ àíàëîãè÷íûì îáðàçîì, êàê â

(2.29), (2.30), (2.31).

Íåòðóäíî ïîêàçàòü ñëåäóþùóþ (äîâîëüíî ãðóáóþ) îöåíêó: ïóñòü A >

1. Äëÿ ëþáîãî c ∈ R ñïðàâåäëèâî íåðàâåíñòâî

∞∑
l=−∞, |c−2πl|≥A

1

(c− 2πl)2
≤ 4

A
. (2.39)

Èìååì (ñì. (2.13), (2.27))

|δj(x)| ≤ |pj(x)| = 1

mj

∑
l∈Λj

Kmj−1

(
x− 2πl

mj

)
=

1

mj

∑
l∈Λ′j

+

+
∑
l∈Λ′′j

+
∑
l∈Λ′′′j

 ≤ 1

mj

∑
l∈Λ′j

10mj min
(

1,
1

m2
j(x− 2πl

mj
)2

)
+

+
∑
l∈Λ′′j

10mj min
(

1,
1

m2
j(2π − x+ 2πl

mj
)2

)
+

+
∑
l∈Λ′′′j

10mj min
(

1,
1

m2
j(2π + x− 2πl

mj
)2

) . (2.40)
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Îöåíèì ñíèçó âåëè÷èíó (ñì. óñëîâèÿ 2) è 4) íà k0, à òàêæå (2.6))

2πmj|j − k(x)− 2|2

mj−1
≥ 2π(2j−j

ε − 1)|j − k(x)− 2|2

2j−1−(j−1)ε
=

= 2π · 2 2(j−1)
ε

2jε
|j − k(x)− 2|2 − 2π

2(j−1)
ε

2j−1
|j − k(x)− 2|2 ≥

≥ 2π|j − k(x)− 2|2 − π

3
|j − k(x)− 2|2 ≥ π|j − k(x)− 2|2

(≥ πa2 ≥ 25π > 1).

Ñëåäîâàòåëüíî, ïîëó÷àåì (ñì. (2.36), (2.37), (2.38))

∀ l ∈ Λ′j min
(

1,
1

m2
j(x− 2πl

mj
)2

)
=

1

(mjx− 2πl)2
è

|mjx− 2πl| ≥ π|j − k(x)− 2|2;

∀ l ∈ Λ′′j min
(

1,
1

m2
j(2π − x+ 2πl

mj
)2

)
=

1

(mj(2π − x) + 2πl)2
è

|mj(2π − x) + 2πl| ≥ π|j − k(x)− 2|2;

∀ l ∈ Λ′′′j min
(

1,
1

m2
j(2π + x− 2πl

mj
)2

)
=

1

(mj(2π + x)− 2πl)2
è

|mj(2π + x)− 2πl| ≥ π|j − k(x)− 2|2.

Îòñþäà èç (2.40), ïðèìåíÿÿ (2.39) ñ A = π|j − k(x)− 2|2, ïîëó÷àåì

|δj(x)| ≤ 120

π|j − k(x)− 2|2
<

40

|j − k(x)− 2|2
.

Ñëåäîâàòåëüíî (ñì. òàêæå (2.6))

N+1∑
j=k(x)+a+2

|δj(x)| ≤
N+1∑

j=k(x)+a+2

40

|j − k(x)− 2|2
≤ 40

∞∑
s=a

1

s2
≤

≤ 40

(
1

a2
+

1

a

)
≤ 40

(
1

25
+

1

5

)
< 10.

Îòñþäà (ñì. (2.34)) ïîëó÷àåì

|FN+1(x)| ≤ α
√
N + 70a+ 80 ≤ α

√
W + 70W ε̃ + 80 ≤

≤ (α + 150)W ε̃. (2.41)
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Òàêèì îáðàçîì, â îáîèõ ñëó÷àÿõ (ñì. (2.33), (2.41)) âûïîëíåíî

|FN+1(x)| ≤ (α + 150)W ε̃. Ïîñêîëüêó x ∈ [0, 2π) áûëî ïðîèçâîëüíûì,

ïîëó÷àåì

‖FN+1‖∞ ≤ (α + 150)W ε̃.

Ñëåäîâàòåëüíî (ñì. òàêæå (2.25), (2.32)),

‖pn‖1 ≥
2π

3
, ‖pn‖∞ ≤ 70, ‖Fn‖∞ ≤ (α+ 150)W ε̃, n = k0 + a+ 1, . . . ,W.

(2.42)

Âîçüìåì ïðîèçâîëüíûé 1 ≤ n ≤ W. Ðàññìîòðèì äâà ñëó÷àÿ:

à) n ≤ k0 + a. Ó÷èòûâàÿ, ÷òî pk(x) ≡ 1, k ≤ k0 + a, èìååì (ñì. (2.7))∥∥∥∥∥
n∑
k=1

pk(x) cos 2kx

∥∥∥∥∥
∞

≤ n ≤ k0 + a ≤ k0 +W ε̃ ≤ CW ε̃.

á) k0 + a+ 1 ≤ n ≤ W. Èìååì (ñì. (2.8), (2.42), (2.7))∥∥∥∥∥
n∑
k=1

pk(x) cos 2kx

∥∥∥∥∥
∞

≤

∥∥∥∥∥
k0−1∑
k=1

pk(x) cos 2kx

∥∥∥∥∥
∞

+ ‖Fn‖∞ ≤

≤ k0 + (α + 150)W ε̃ ≤ CW ε̃.

Îòñþäà ïîëó÷àåì íåðàâåíñòâî (2.1) è óòâåðæäåíèå òåîðåìû äîêàçàíî

äëÿ ïðîèçâîëüíîãîW ≥ 8k0. Äëÿ ëþáîãîW < 8k0 â êà÷åñòâå ïîëèíîìîâ

pk(x) ïîëîæèì pk(x) ≡ 1, k = 1, . . . ,W. Äëÿ ëþáîãî 1 ≤ n ≤ W èìååì

(ñì. (2.7)) ∥∥∥∥∥
n∑
j=1

pj(x) cos 2jx

∥∥∥∥∥
∞

≤ n ≤ 8k0 ≤ CW ε̃.

Òåîðåìà 2.1 äîêàçàíà.

Ïîçäíåå ñîâìåñòíî ñ Ï. Ã. Ãðèãîðüåâûì áûë äîêàçàí ñëåäóþùèé ðå-

çóëüòàò, óñèëèâàþùèé òåîðåìó 2.1 (ñì. ñëåäñòâèå 2.1).

Òåîðåìà 2.2 ([7]). Ïóñòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷è-

ñåë {nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ nk+1/nk ≥ λ > 1 äëÿ ëþáîãî
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k, è ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ ÷èñåë {g(k)}∞k=1 íåóáûâàåò è

1 ≤ g(k) ≤ nk, k = 1, 2, . . . . Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü âåùå-

ñòâåííûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ pk(x), k = 1, 2, . . ., òàêèõ,

÷òî

deg pk ≤
[
nk
g(k)

]
, ‖pk‖1 ≥

2π

5
, ‖pk‖∞ ≤ 12, k = 1, 2, . . . , (2.43)

è∥∥∥∥∥
N∑
k=1

pk(x) cosnkx

∥∥∥∥∥
∞

≤ α(λ)+β
√
N+24 logλ g(N), N = 1, 2, . . . , (2.44)

ãäå β > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ è α(λ) > 0 � âåëè÷èíà, çàâèñÿùàÿ

ëèøü îò λ.

Âçÿâ â òåîðåìå 2.2 â êà÷åñòâå nk = 2k è g(k) = 2k
ε

, ïîëó÷àåì

Ñëåäñòâèå 2.1. Ïóñòü 0 ≤ ε < 1. Ñóùåñòâóåò ïîñëåäîâà-

òåëüíîñòü âåùåñòâåííûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ pk(x), k =

1, 2, . . . , òàêèõ, ÷òî deg pk ≤
[
2k−k

ε]
, ‖pk‖1 ≥ 2π

5 , ‖pk‖∞ ≤ 12, k =

1, 2, . . . , è ∥∥∥∥∥
N∑
k=1

pk(x) cos 2kx

∥∥∥∥∥
∞

≤ CNmax(ε, 12 ), N = 1, 2, . . . , (2.45)

ãäå C > 0 � íåêîòîðàÿ àáñîëþòíàÿ ïîñòîÿííàÿ.

Çàìå÷àíèå. Äëÿ ëþáîé îðòîãîíàëüíîé ñèñòåìû {δj}Nj=1 èìååò ìåñòî∥∥∥ N∑
j=1

δj

∥∥∥
∞
≥ 1√

2π

∥∥∥ N∑
j=1

δj

∥∥∥
2

=
1√
2π

( N∑
j=1

‖δj‖2
2

)1/2

.

Ñëåäîâàòåëüíî, òåîðåìà 2.2 è ñëåäñòâèå 2.1 â ñëó÷àå, êîãäà ïðàâàÿ ÷àñòü

(2.44) èëè (2.45) èìååò ïîðÿäîê
√
N (ò. å. ïðè ε ≤ 1

2 â ñëåäñòâèè 2.1), äà-

þò íåóëó÷øàåìûå ïî ïîðÿäêó îöåíêè íàèìåíüøåé ðàâíîìåðíîé íîðìû

òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ èç ñîîòâåòñòâóþùèõ êëàññîâ. Â îáùåì
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ñëó÷àå âîïðîñ î ñóùåñòâîâàíèè ïîäîáíûõ ïîëèíîìîâ ñ ìåíüøåé ðàâíî-

ìåðíîé íîðìîé îñòàåòñÿ îòêðûò.

Â ñëó÷àå, êîãäà ïîñëåäîâàòåëüíîñòü g(k) íå ÿâëÿåòñÿ íåóáûâàþùåé,

ñïðàâåäëèâ ñëåäóþùèé ðåçóëüòàò.

Ñëåäñòâèå 2.2. Ïóñòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë

{nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ nk+1/nk ≥ λ > 1 äëÿ ëþáîãî k, è ïîñëå-

äîâàòåëüíîñòü âåùåñòâåííûõ ÷èñåë {g(k)}∞k=1 óäîâëåòâîðÿåò óñëîâèþ

1 ≤ g(k) ≤ nk, k = 1, 2, . . . . Ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü âåùå-

ñòâåííûõ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ pk(x), k = 1, 2, . . ., òàêèõ,

÷òî deg pk ≤
[
nk
g(k)

]
, ‖pk‖1 ≥ 2π

5 , ‖pk‖∞ ≤ 12, k = 1, 2, . . ., è∥∥∥∥∥
N∑
k=1

pk(x) cosnkx

∥∥∥∥∥
∞

≤ α(λ) + β
√
N + 24 logλ max

1≤j≤N
g(j), N = 1, 2, . . . ,

ãäå β > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ è α(λ) > 0 � âåëè÷èíà, çàâèñÿùàÿ

ëèøü îò λ.

Äîêàçàòåëüñòâî ñëåäñòâèÿ 2.2. Äåéñòâèòåëüíî, ðàññìîòðèì ïî-

ñëåäîâàòåëüíîñòü

g1(k) = max
1≤j≤k

g(j).

ßñíî, ÷òî ïîñëåäîâàòåëüíîñòü g1(k) íåóáûâàåò è 1 ≤ g(k) ≤ g1(k) ≤ nk

äëÿ ëþáîãî k. Ïðèìåíÿÿ óòâåðæäåíèå òåîðåìû 2.2 äëÿ ïîñëåäîâàòåëüíî-

ñòè g1(k), ïîëó÷àåì ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ òðèãîíîìåòðè÷å-

ñêèõ ïîëèíîìîâ pk(x), k = 1, 2, . . ., òàêèõ, ÷òî deg pk ≤
[

nk
g1(k)

]
≤
[
nk
g(k)

]
,

‖pk‖1 ≥ 2π
5 , ‖pk‖∞ ≤ 12, è∥∥∥∥∥

N∑
k=1

pk(x) cosnkx

∥∥∥∥∥
∞

≤ α(λ) + β
√
N + 24 logλ g1(N) =

= α(λ) + β
√
N + 24 logλ max

1≤j≤N
g(j).
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Ñëåäñòâèå 2.2 äîêàçàíî.

Òåîðåìà 2.2 äàåò îãðàíè÷åíèÿ íà âîçìîæíîñòü ðàñøèðåíèÿ òåîðåìû

1.1.

Äîêàçàòåëüñòâî òåîðåìû 2.2. Âîçüìåì k0 = k0(λ) ∈ N, òàêîå,

÷òî k4 ≤ λk−1 ïðè k ≥ k0, è ïîëîæèì

g1(k) =

g(k), ïðè k < k0;

max(k4, g(k)), ïðè k ≥ k0.
(2.46)

ßñíî, ÷òî ïîñëåäîâàòåëüíîñòü g1(k) íåóáûâàåò è g(k) ≤ g1(k) ≤ nk äëÿ

ëþáîãî k. Âîçüìåì ÷èñëî A = A(λ) > 2, òàêîå, ÷òî

λ

(
1− 1

A

)
−
(

1 +
1

A

)
>

1

2
(λ− 1), (2.47)

è ÷èñëî x0 = x0(λ) > 1, òàêîå, ÷òî

logλ x <
4
√
x, ïðè x ≥ x0. (2.48)

Âîçüìåì íàòóðàëüíîå ÷èñëî k1 = k1(λ) ≥ k0, òàêîå, ÷òî äëÿ ëþáîãî

k ≥ k1 âûïîëíåíû ñëåäóþùèå íåðàâåíñòâà:

k > max(
4
√
A, x0, 384λ), (2.49)

(λ− 1)λk−1 > 8, (2.50)

1

4
− 6λ2

λ− 1

1

k4
>

1

5
. (2.51)

Îáîçíà÷èì dk := [nk/g1(k)]. ×åðåç Oε(G) áóäåì îáîçíà÷àòü ε-

îêðåñòíîñòü ìíîæåñòâà G íà [0, 2π) ñ ìåòðèêîé îêðóæíîñòè, à ÷åðåç

dist(x, y) ðàññòîÿíèå íà îêðóæíîñòè [0, 2π) ìåæäó òî÷êàìè x è y. Ñî-

ãëàñíî çíàìåíèòîìó ðåçóëüòàòó Êàðëåñîíà è Õàíòà (ñì. [39]) äëÿ ìàæî-

ðàíòû ÷àñòíûõ ñóìì ðÿäà Ôóðüå ôóíêöèè f ∈ L2(0, 2π) ñïðàâåäëèâî

íåðàâåíñòâî

‖S∗(f)‖2 ≤ cH‖f‖2, (2.52)
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ãäå S∗(f, x) = supn≥0 |Sn(f, x)| è cH > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ. Ïî-

ëîæèì γ = max(12
√

8cH , 1). Ïîñòðîèì ïîëèíîìû pk(x), k = 1, 2, . . . ,

óäîâëåòâîðÿþùèå óñëîâèÿì òåîðåìû ñ êîíñòàíòàìè

α := k1, β := γ + 96. (2.53)

Ïîëîæèì

pk(x) ≡ 1, k = 1, . . . , k1.

Äàëüøå ïîëèíîìû áóäåì ñòðîèòü ïî èíäóêöèè. Ïóñòü ïîëèíîìû

p1(x), . . . , pm−1(x) (m ≥ k1 + 1) óæå ïîñòðîåíû. Ïîñòðîèì pm(x). Ïî-

ëîæèì

am = [2 logλ g1(m)],

Fk(x) :=
k∑

j=k1

pj(x) cosnjx, (2.54)

δj(x) := pj(x) cosnjx è

Ek
m :=

{
x ∈ [0, 2π) : |Fk(x)| > γ

√
m
}
, k = k1, . . . ,m− 1. (2.55)

Bm :=
m−1⋃
k=k1

Ek
m. (2.56)

Åñëè m− am ≥ k1, òî ïîëîæèì

B̃m :=

m−am⋃
k=k1

O 2π(m−k)2
dm

(
Ek
m

)
, (2.57)

Λm :=

{
j ∈ {1, . . . , dm} :

2πj

dm
/∈ B̃m

}
, (2.58)

pm(x) :=
1

dm

∑
j∈Λm

Kdm−1

(
x− 2πj

dm

)
, (2.59)

ãäå

Km−1(x) =
sin2 mx

2

m sin2 x
2
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� ÿäðà Ôåéåðà (ïîëàãàåì, K0(x) ≡ 1).

Åñëè m− am < k1, òî ïîëîæèì

pm(x) =
1

dm

dm∑
j=1

Kdm−1

(
x− 2πj

dm

)
. (2.60)

ßñíî, ÷òî

deg pm ≤ dm − 1 ≤
[ nm
g(m)

]
.

Ðàññìîòðèì ñëó÷àé, êîãäà m−am ≥ k1. Îöåíèì |Λm|. Ïîñêîëüêó ïðè

k ≥ k1 (ñì. (2.46), (2.49)) g1(k) ≥ k4 > A, èìååì (ñì. òàêæå (2.47), (2.50))(
1− 1

g1(k + 1)

)
nk+1 −

(
1 +

1

g1(k)

)
nk ≥

(
λ
(

1− 1

A

)
−
(

1 +
1

A

))
nk ≥

≥ 1

2
(λ− 1)λk−1 > 4, k ≥ k1.

Îòñþäà ñëåäóåò, ÷òî ïðè k ≥ k1 ñïåêòðû ïîëèíîìîâ δk(x) íå ïå-

ðåñåêàþòñÿ. Ïðèìåíÿÿ íåðàâåíñòâî ×åáûøåâà äëÿ ôóíêöèè F ∗m−1 :=

maxk1≤j≤m−1 |
∑j

k=k1
δk(x)| (ñì. (2.55), (2.56)), çàòåì èñïîëüçóÿ (2.52)

(ïðèìåíåííîå ê ôóíêöèè f(x) = Fm−1(x) =
∑m−1

k=k1
δk(x)), ó÷èòûâàÿ òî,

÷òî ñïåêòðû δk íå ïåðåñåêàþòñÿ ïðè k ≥ k1 è òî, ÷òî ïî ïðåäïîëîæåíèþ

èíäóêöèè ïîëèíîìû p1(x), . . . , pm−1(x) óäîâëåòâîðÿþò (2.43), ïîëó÷àåì

µ(Bm) ≤
‖F ∗m−1‖2

2

γ2m
≤ c2

H‖Fm−1‖2
2

γ2m
=
c2
H

∑m−1
k=k1
‖δk‖2

2

γ2m
≤

≤
c2
H2π

∑m−1
k=k1
‖δk‖2

∞

γ2m
≤ c2

H2π122m

γ2m
=
c2
H2π122

γ2
≤ π

4
. (2.61)

Ðàññìîòðèì Fk(x) =
k∑

j=k1

pj(x) cosnjx =
k∑

j=k1

δj(x). Èìååì

|Fk(x)|2 =
k∑

i, j=k1

δi(x)δj(x),

δi(x)δj(x) = cosnix cosnjxpi(x)pj(x).

50



È, ñëåäîâàòåëüíî, ïîëó÷àåì

deg(δiδj) ≤ ni + nj + di + dj ≤
(

1 +
1

A

)
ni +

(
1 +

1

A

)
nj ≤

≤ 3

2
ni +

3

2
nj ≤ 3nk.

Îòñþäà ïîëó÷àåì

deg |Fk(x)|2 ≤ 3nk. (2.62)

Ñíîâà, êàê è â òåîðåìå 2.1, îáîçíà÷èì ÷åðåç ConnG ÷èñëî êîìïîíåíò

ñâÿçíîñòè ìíîæåñòâà G íà îêðóæíîñòè [0, 2π). ×èñëî êîðíåé (ñ ó÷åòîì

êðàòíîñòè) íà [0, 2π) òðèãîíîìåòðè÷åñêîãî ïîëèíîìà T (x) 6= 0 ñ deg T =

l íå ïðåâîñõîäèò 2l (ñì., íàïðèìåð, [8, ò. 2, ñ. 7]). Îòñþäà, ó÷èòûâàÿ (2.62),

ïîëó÷àåì

2ConnEk
m ≤ ÷èñëî êîðíåé (ñ ó÷åòîì êðàòíîñòè) íà îêðóæíîñòè [0, 2π)

òðèãîíîìåòðè÷åñêîãî ïîëèíîìà T (x) = |Fk(x)|2 − γ2m ≤ 6nk.

Â èòîãå èìååì

ConnEk
m ≤ 3nk. (2.63)

Ñëåäîâàòåëüíî (ñì. (2.57), (2.63)),

Conn B̃m ≤
m−am∑
k=k1

ConnEk
m ≤

m−am∑
k=k1

3nk ≤ 3nm−am

(
1 +

1

λ
+

1

λ2
+ . . .

)
=

= 3
λ

λ− 1
nm−am ≤ 3

λ

λ− 1

1

λam
nm =

3λ

λ− 1

1

λ[2 logλ g1(m)]
nm ≤

≤ 3λ

λ− 1

1

λ2 logλ g1(m)−1
nm =

3λ2

λ− 1

nm
g1(m)2

. (2.64)

Ó÷èòûâàÿ (2.56), (2.57), (2.61), (2.63) è òî, ÷òî [x] ≥ 1
2x ïðè x ≥ 1, ïîëó-
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÷àåì

µ(B̃m) ≤ µ(Bm) +

m−am∑
k=k1

4π(m− k)2

dm
ConnEk

m ≤
π

4
+

+

m−am∑
k=k1

4π(m− k)2

1
2

nm
g1(m)

3nk =
π

4
+ 24πg1(m)

m−am∑
k=k1

(m− k)2 nk
nm
≤

≤ π

4
+ 24πg1(m)

m−am∑
k=k1

(m− k)2

λm−k
=
π

4
+ 24πg1(m)

m−k1∑
j=am

j2

λj
.

Ïîñêîëüêó ôóíêöèÿ f(x) = x2/λx ìîíîòîííî óáûâàåò ïðè x ≥ 2
lnλ è,

êàê íåòðóäíî âèäåòü, am > 2
lnλ , ïîëó÷àåì

µ(B̃m) ≤ π

4
+ 24πg1(m)

a2
m

λam
m =

π

4
+ 24πg1(m)

[2 logλ g1(m)]2

λ[2 logλ g1(m)]
m ≤

≤ π

4
+ 96πg1(m)

logλ
2g1(m)

λ2 logλ g1(m)−1
m =

π

4
+ 96πλg1(m)

log2
λ g1(m)

g2
1(m)

m =

=
π

4
+ 96πλ

log2
λ g1(m)

g1(m)
m =

π

4
+ 96πλ

log2
λ g1(m)√
g1(m)

m√
g1(m)

.

Ïîñêîëüêó g1(m) ≥ m4 > x0, òî log2
λ g1(m) <

√
g1(m) (ñì. (2.48), (2.49)).

Êðîìå òîãî,
m√
g1(m)

≤ m√
m4

=
1

m
.

Â ðåçóëüòàòå èìååì (ñì. (2.49))

µ(B̃m) ≤ π

4
+ 96πλ

1

m
<
π

2
. (2.65)

Îöåíèì |Λc
m| ñâåðõó. ßñíî, ÷òî |Λc

m| íå ïðåâîñõîäèò

|{j ∈ {1, . . . , dm} : Ij ∩ B̃m 6= ∅}|,

ãäå

Ij := Oπ/dm

(
2πj

dm

)
.
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Îöåíèì ÷èñëî èíòåðâàëîâ Ij, êîòîðûå ïåðåñåêàþòñÿ ñ B̃m. Äëÿ êàæ-

äîãî òàêîãî èíòåðâàëà âîçìîæåí îäèí èç ñëó÷àåâ: ëèáî îí ñîäåðæèò ãðà-

íè÷íóþ òî÷êó B̃m, ëèáî îí öåëèêîì ñîäåðæèòñÿ â B̃m. ×èñëî èíòåðâàëîâ

ïåðâîãî òèïà (ñì. (2.64))

≤ 2Conn B̃m ≤
6λ2

λ− 1

nm
g1(m)2

.

Ïóñòü ÷èñëî èíòåðâàëîâ âòîðîãî òèïà ðàâíî L. Òîãäà, ïîñêîëüêó èíòåð-

âàëû Ij íå ïåðåñåêàþòñÿ ïðè ðàçíûõ j, òî (ñì. (2.65)) èìååì

L
2π

dm
≤ µ(B̃m) ≤ π

2

è, ñëåäîâàòåëüíî,

L ≤ dm
4
≤ 1

4

nm
g1(m)

.

Îòñþäà, ïîëüçóÿñü òåì, ÷òî [x] ≥ 1
2x ïðè x ≥ 1, íàõîäèì (ñì. òàêæå

(2.46), (2.51))

|Λm| ≥ dm −
1

4

nm
g1(m)

− 6λ2

λ− 1

nm
g1(m)2

≥ 1

2

nm
g1(m)

−

− 1

4

nm
g1(m)

− 6λ2

λ− 1

nm
g1(m)2

=
nm
g1(m)

(
1

4
− 6λ2

λ− 1

1

g1(m)

)
≥

≥ 1

5

nm
g1(m)

. (2.66)

Ó÷èòûâàÿ, ÷òî Km(x) ≥ 0 è ‖Km‖1 = 2π, èìååì (ñì. (2.59), (2.66))

‖pm‖1 =
1

dm

∑
j∈Λm

‖Kdm−1‖1 ≥
1

dm

2π

5

nm
g1(m)

≥ 2π

5
. (2.67)

Ñíîâà, êàê è â òåîðåìå 2.1, èñïîëüçóåì îöåíêó

Km−1(x) ≤

10m ·min
(

1, 1
m2x2

)
, |x| ≤ π;

10m ·min
(

1, 1
m2(2π−|x|)2

)
, π < |x| ≤ 2π.

(2.68)
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Îòñþäà ïîëó÷àåì

‖pm‖∞ =
1

dm

∥∥∥∑
j∈Λm

Kdm−1

(
x− 2πj

dm

)∥∥∥
∞
≤

≤ 1

dm

∥∥∥ dm∑
j=1

10 dm min
(

1,
1

d2
mdist

2(x, 2πj
dm

)

)∥∥∥
∞
≤

≤ 10
(

1 +
1

(2π − 1)2
+ 2

∞∑
l=1

1

d2
m(2πl

dm
)2

)
≤

≤ 10
(

1 +
1

(2π − 1)2
+

1

2π2

∞∑
l=1

1

l2

)
=

= 10
(

1 +
1

(2π − 1)2
+

1

2π2

π2

6

)
< 12. (2.69)

Îöåíèì ‖Fm‖∞. Ïîëîæèì

k(x) := max
{
k1 ≤ j ≤ m− 1 : |Fj(x)| ≤ γ

√
m
}
.

Ïîñêîëüêó (ñì. (2.54))

|Fk1(x)| = |pk1(x) cosnk1x| = | cosnk1x| ≤ 1 ≤ γ ≤ γ
√
m,

òî ôóíêöèÿ k(x) êîððåêòíî îïðåäåëåíà. Âîçüìåì ïðîèçâîëüíîå x ∈

[0, 2π). Ðàññìîòðèì äâà ñëó÷àÿ:

1) k(x) ≥ m− am. Òîãäà

|Fm(x)| ≤ |Fk(x)(x)|+
m∑

j=k(x)+1

|δj(x)| ≤ γ
√
m+ 12am. (2.70)

2) k(x) < m− am. Òîãäà

|Fm(x)| ≤ |Fk(x)(x)|+
k(x)+am∑
j=k(x)+1

|δj(x)|+
m∑

j=k(x)+am+1

|δj(x)| ≤

≤ γ
√
m+ 12am +

m∑
j=k(x)+am+1

|δj(x)|. (2.71)
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Îöåíèì ïîñëåäíåå ñëàãàåìîå. Ïîêàæåì, ÷òî (ñì. (2.55), (2.56), (2.57))

x ∈ Ek(x)+1
j ⊂ B̃j, j = k(x) + am + 1, . . . ,m. (2.72)

Äåéñòâèòåëüíî, ïî îïðåäåëåíèþ ôóíêöèè k(x)

|Fk(x)+1(x)| > γ
√
m ≥ γ

√
j,

è òàê êàê k(x) ≥ k1 è j ≥ k(x)+1+am ≥ k(x)+1+aj, òî (2.72) äîêàçàíî.

Ñëåäîâàòåëüíî (ñì. (2.57)), äëÿ ëþáîãî y ∈ [0, 2π) \ B̃j

dist(x, y) ≥ 2π|j − (k(x) + 1)|2

dj
=

2π|j − k(x)− 1|2

dj
.

Â ÷àñòíîñòè (ñì. (2.58)), äëÿ ëþáîãî l ∈ Λj

dist
(
x,

2πl

dj

)
≥ 2π|j − k(x)− 1|2

dj
.

Èñïîëüçóÿ (2.68) è òî, ÷òî
∑∞

s=K
1
s2 < 1

K2 + 1
K ≤

3
2

1
K , ïðè K ≥ 2,

ïîëó÷àåì (ñì. (2.59))

|δj(x)| ≤ |pj(x)| = 1

dj

∑
l∈Λj

Kdj−1

(
x− 2πl

dj

)
≤

≤ 10
∑
l∈Λj

min
(

1,
1

d2
jdist

2(x, 2πl
dj

)

)
≤ 10

∑
l∈Λj

1

d2
jdist

2(x, 2πl
dj

)
≤

≤ 20
∞∑

s=|j−k(x)−1|2

1

d2
j(

2πs
dj

)2
=

5

π2

∞∑
s=|j−k(x)−1|2

1

s2
<

<
5

π2

3

2

1

|j − k(x)− 1|2
<

1

|j − k(x)− 1|2
.

Ñëåäîâàòåëüíî,

m∑
j=k(x)+am+1

|δj(x)| ≤
m∑

j=k(x)+am+1

1

|j − k(x)− 1|2
≤

∞∑
s=am

1

s2
≤

≤ 3

2

1

am
< 1.
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Îòñþäà (ñì. (2.71)) ïîëó÷àåì

|Fm(x)| ≤ γ
√
m+ 12am + 1. (2.73)

Òàêèì îáðàçîì, èìååì (ñì. (2.70), (2.73))

‖Fm‖∞ ≤ γ
√
m+ 12am + 1.

Â ñëó÷àå, êîãäà m − am < k1, pm(x) èìååò âèä (2.60). Àíàëîãè÷íî

ïîêàçûâàåòñÿ, ÷òî

‖pm‖1 = 2π >
2π

5
, ‖pm‖∞ < 12.

Äëÿ îöåíêè ‖Fm‖∞ ñíîâà ââåäåì ôóíêöèþ

k(x) := max
{
k1 ≤ j ≤ m− 1 : |Fj(x)| ≤ γ

√
m
}
.

Âîçüìåì ïðîèçâîëüíîå x ∈ [0, 2π). Åñëè k(x) ≥ m− am, èìååì

|Fm(x)| ≤ |Fk(x)(x)|+
m∑

j=k(x)+1

|δj(x)| ≤ γ
√
m+ 12am.

Ñëó÷àé k(x) < m− am íåâîçìîæåí, ïîñêîëüêó k(x) ≥ k1 è m− am < k1.

Òàêèì îáðàçîì (ñì. òàêæå (2.67), (2.69)),

‖pm‖1 ≥
2π

5
, ‖pm‖∞ ≤ 12, ‖Fm‖∞ ≤ γ

√
m+12am+1, m ≥ k1 +1. (2.74)

Îáîçíà÷èì

SN(x) :=
N∑
k=1

pk(x) cosnkx.

Åñëè 1 ≤ N ≤ k1, èìååì (ñì. (2.53))

‖SN‖∞ =
∥∥∥ N∑
k=1

cosnkx
∥∥∥
∞
≤ N ≤ k1 ≤ α + β

√
N + 24 logλ g(N).
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Åñëè N > k1, òîãäà (ñì. (2.54), (2.74))

‖SN‖∞ ≤
∥∥∥k1−1∑
j=1

cosnj

∥∥∥
∞

+ ‖FN‖∞ ≤ k1 − 1 + γ
√
N + 12aN + 1 =

= k1 + γ
√
N + 12aN . (2.75)

Èìååì

aN = [2 logλ g1(N)] ≤ 2 logλ g1(N) = 2 max(logλN
4, logλ g(N)) ≤

≤ 2(logλN
4 + logλ g(N)) = 8 logλN + 2 logλ g(N).

Ïîñêîëüêó N > k1 > x0, òî, ñëåäîâàòåëüíî, (ñì. (2.48)) logλN <

4
√
N ≤

√
N . Îòñþäà

aN ≤ 8
√
N + 2 logλ g(N).

Cëåäîâàòåëüíî (ñì. (2.75), (2.53))

‖SN‖∞ ≤ k1 + γ
√
N + 12(8

√
N + 2 logλ g(N)) =

= α + β
√
N + 24 logλ g(N).

Òåîðåìà 2.2 äîêàçàíà.
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�3 Î íåêîòîðûõ ñâîéñòâàõ QC íîðìû

Ïàðàãðàô 3 ïîñâÿùåí èçó÷åíèþ QC íîðìû. Ýòà íîðìà áûëà ââåäåíà â

ðàáîòàõ [17], [18] Á. Ñ. Êàøèíûì è Â. Í. Òåìëÿêîâûì. Îíà îïðåäåëÿåòñÿ

ñëåäóþùèì îáðàçîì: äëÿ ôóíêöèè f ∈ L1(0, 2π) ñ ðÿäîì Ôóðüå

f ∼
∞∑
s=0

δs(f, x),

δ0 =
1

2π

∫ 2π

0

f(x) dx, δs(f, x) =
∑

2s−1≤|k|<2s

ck(f)eikx, s = 1, 2, . . . ,

ïîëîæèì

‖f‖QC ≡
∫ 1

0

∥∥∥∥∥
∞∑
s=0

rs(t)δs(f, x)

∥∥∥∥∥
∞

dt, (3.1)

ãäå {rs(t)}∞s=0 � ñèñòåìà Ðàäåìàõåðà (ñì. îïð. 1.1). Ïðîñòðàíñòâîì êâà-

çèíåïðåðûâíûõ ôóíêöèé íàçûâàåòñÿ çàìûêàíèå ìíîæåñòâà òðèãîíîìåò-

ðè÷åñêèõ ïîëèíîìîâ ïî íîðìå (3.1). Á. Ñ. Êàøèíûì è Â. Í. Òåìëÿêîâûì

áûëà äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà C (Á. Ñ. Êàøèí, Â. Í. Òåìëÿêîâ [17], [18]). Äëÿ ëþáîé

äåéñòâèòåëüíîé ôóíêöèè f ∈ L1(0, 2π) ñïðàâåäëèâî íåðàâåíñòâî

‖f‖QC ≥
1

32π

∞∑
s=0

‖δs(f, ·)‖1.

Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì ïðåäûäóùåãî ðåçóëüòàòà.

Òåîðåìà 3.1. Ïóñòü ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë

{nk}∞k=1 óäîâëåòâîðÿåò óñëîâèþ nk+1/nk ≥ λ > 1, k = 1, 2, . . . . Ñó-

ùåñòâóåò êîíñòàíòà c(λ) > 0, çàâèñÿùàÿ ëèøü îò λ, òàêàÿ, ÷òî äëÿ

ëþáîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà âèäà

f(x) =
N∑
k=1

pk(x) cosnkx,
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ãäå pk � âåùåñòâåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû c deg(pk) ≤

nk/3, k = 1, . . . , N, N = 1, 2, . . . , ñïðàâåäëèâî íåðàâåíñòâî∫ 1

0

∥∥∥∥∥
N∑
k=1

rk(t)pk(x) cosnkx

∥∥∥∥∥
∞

dt ≥ c(λ)
N∑
k=1

‖pk‖1.

Äîêàçàòåëüñòâî òåîðåìû 3.1. Ðàññìîòðèì òðèãîíîìåòðè÷åñêèé

ïîëèíîì

f(x) =
N∑
k=1

pk(x) cosnkx,

ãäå pk � âåùåñòâåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû ñ deg(pk) =: αk ≤

nk/3, k = 1, . . . , N. Îïðåäåëèì ôóíêöèè gk(x), k = 1, . . . , N . Âîçüìåì

ïðîèçâîëüíîå k ∈ {1, . . . , N}. Åñëè αk = 0, òî ïîëèíîì pk(x) ñóòü âåùå-

ñòâåííàÿ êîíñòàíòà ak. Â ýòîì ñëó÷àå ïîëîæèì

gk(x) =

1, åñëè ak ≥ 0,

−1, åñëè ak < 0.

Åñëè αk > 0, òî îïðåäåëèì ôóíêöèþ gk(x) ñëåäóþùèì îáðàçîì. Ââå-

äåì ÿäðî Âàëëå Ïóññåíà

Vn(x) =
1

n

2n−1∑
j=n

∑
|ν|≤j

eiνx, n ≥ 1.

Ïîëîæèì (ñì. (1.3))

gk = sign(pk) ∗ Vαk.

Òàêæå, êàê â äîêàçàòåëüñòâå òåîðåìû 1.1, ïîêàçûâàåòñÿ, ÷òî ïîñòðîåííûå

ôóíêöèè gk(x) � âåùåñòâåííûå òðèãîíîìåòðè÷åñêèå ïîëèíîìû, îáëàäà-

þùèå ñâîéñòâàìè:

deg(gk) <
2

3
nk, ‖gk‖∞ ≤ 3, < pk, gk >= ‖pk‖1, k = 1, . . . , N, (3.2)
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ãäå < ·, · > îçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â ïðîñòðàíñòâå L2(0, 2π) :

< f1, f2 >=

∫ 2π

0

f1(x)f2(x) dx.

Ïîëîæèì µ = max(λ + 1; 7). Ðàçîáüåì ïîñëåäîâàòåëüíîñòü {nk}∞k=1

íà êîíå÷íîå ÷èñëî M = M(λ, µ) ïîäïîñëåäîâàòåëüíîñòåé {m(q)
j }∞j=1,

q = 1, . . . ,M, óäîâëåòâîðÿþùèõ óñëîâèþ m
(q)
j+1/m

(q)
j ≥ µ, j = 1, 2, . . . .

Ïîñêîëüêó µ = µ(λ), òî M = M(λ). Âûáåðåì îäíó èç ýòèõ ïîäïîñëåäî-

âàòåëüíîñòåé è îáîçíà÷èì åå ÷åðåç {m}.

Ââåäåì ñëåäóþùèå ôóíêöèè

F (x, t) =
N∑
k=1

rk(t)pk(x) cosnkx,

è ïðîèçâåäåíèå Ðèññà

R(x, t) =
∏

1≤k≤N :nk∈{m}

(
1 +

1

3
rk(t)gk(x) cosnkx

)
. (3.3)

ßñíî, ÷òî R(x, t) ≥ 0 äëÿ âñåõ x è t. Ðàñêðûâàÿ ñêîáêè â (3.3), ïîëó÷àåì

R(x, t) = 1 +
1

3

∑
1≤k≤N :nk∈{m}

rk(t)gk(x) cosnkx+ ω(x, t), (3.4)

ãäå w(x, t) =
∑

e ae(x, t) è ñëàãàåìûå ae(x, t) èìåþò âèä

ae(x, t) =

p∏
i=1

1

3
rki(t)gki(x) cosnkix, (3.5)

ãäå k1 > k2 > . . . > kp, p ≥ 2. Ïîêàæåì, ÷òî äëÿ ëþáîãî t

‖R(· , t)‖1 = 2π. (3.6)

Äåéñòâèòåëüíî, ïîñêîëüêó deg(gk) < 2
3 nk, òî âñå èíòåãðàëû∫ 2π

0 gk(x) cosnkx dx = 0, k = 1, . . . , N. Ïîêàæåì, ÷òî äëÿ ëþáîãî t∫ 2π

0

ω(x, t) dx = 0. (3.7)
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Ðàññìîòðèì ïðîèçâåäåíèå (3.5)

ae(x, t) = gk1(x) cosnk1x · . . . · gkp(x) cosnkpx

p∏
i=1

1

3
rki(t),

ãäå k1 > k2 > . . . > kp, p ≥ 2. Ëþáàÿ ÷àñòîòà ν ïîëèíîìà ae(x, t) ïî

ìîäóëþ áóäåò

>
(
nk1 −

2

3
nk1

)
−
(
nk2 +

2

3
nk2 + . . .+ nkp +

2

3
nkp

)
=

1

3
nk1−

− 5

3
(nk2 + . . .+ nkp) = nk1

(1

3
− 5

3

(nk2
nk1

+ . . .+
nkp
nk1

))
> 0,

ïîñêîëüêó

nk2
nk1

+ . . .+
nkp
nk1
≤ 1

µ
+

1

µ2
+ . . . =

1

µ− 1
≤ 1

6
.

Îòñþäà ñëåäóåò, ÷òî
∫ 2π

0 ae(x, t) dx = 0, è ïîñêîëüêó ae(x, t) ïðîèçâîëüíîå

ñëàãàåìîå, âõîäÿùåå â ñóììó w, òî (3.7) äîêàçàíî. Â èòîãå, ó÷èòûâàÿ

íåîòðèöàòåëüíîñòü ôóíêöèè R(x, t) è (3.4), ïîëó÷àåì

‖R(· , t)‖1 =

∫ 2π

0

R(x, t) dx = 2π,

è (3.6) äîêàçàíî.

Ðàññìîòðèì âåëè÷èíó

I =

∫ 1

0

∫ 2π

0

F (x, t)R(x, t) dx dt.

Îöåíèì I ñâåðõó. Ó÷èòûâàÿ (3.6), èìååì äëÿ ëþáîãî t∫ 2π

0

|F (x, t)||R(x, t)| dx ≤ ‖F (· , t)‖∞ ‖R(· , t)‖1 = 2π‖F (· , t)‖∞.

Îòñþäà

I ≤ 2π

∫ 1

0

‖F (· , t)‖∞ dt = 2π

∫ 1

0

∥∥∥∥∥
N∑
k=1

rk(t)pk(x) cosnkx

∥∥∥∥∥
∞

dt. (3.8)
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Îöåíèì òåïåðü I ñíèçó.

I =

∫ 2π

0

(∫ 1

0

F (x, t)R(x, t) dt
)
dx =

∫ 2π

0

(∫ 1

0

( N∑
k=1

rk(t)pk(x) cosnkx
)

(
1 +

1

3

∑
1≤j≤N :nj∈{m}

rj(t)gj(x) cosnjx+
∑
e

ae(x, t)
)
dt
)
dx.

Èç ñâîéñòâ íåçàâèñèìîñòè ôóíêöèé ñèñòåìû Ðàäåìàõåðà èìååì (ñì. [15,

ñ. 28]): ôóíêöèè rk è rj îðòîãîíàëüíû ïðè ðàçëè÷íûõ k è j, è ôóíê-

öèè rk îðòîãîíàëüíû ôóíêöèÿì ae è 1. Èñïîëüçóÿ ýòî, (3.2), è òî, ÷òî

deg(pjgj) < nj, ïîëó÷àåì

I =

∫ 2π

0

1

3

∑
1≤j≤N :nj∈{m}

pj(x)gj(x) cos2 njx dx =

∫ 2π

0

(1

6

∑
1≤j≤N :nj∈{m}

pj(x)gj(x) +
1

6

∑
1≤j≤N :nj∈{m}

pj(x)gj(x) cos 2njx
)
dx =

=
1

6

∑
1≤j≤N :nj∈{m}

< pj, gj >=
1

6

∑
1≤j≤N :nj∈{m}

‖pj‖1.

Â èòîãå, îáúåäèíÿÿ ñ (3.8), ïîëó÷àåì

∑
1≤k≤N :nk∈{m}

‖pk‖1 ≤ 12π

∫ 1

0

∥∥∥∥∥
N∑
k=1

rk(t)pk(x) cosnkx

∥∥∥∥∥
∞

dt. (3.9)

Cêëàäûâàÿ íåðàâåíñòâà (3.9) ïî âñåì ïîäïîñëåäîâàòåëüíîñòÿì

{m(q)}, q = 1, . . . ,M, ïîëó÷àåì

N∑
k=1

‖pk‖1 ≤ 12πM(λ)

∫ 1

0

∥∥∥∥∥
N∑
k=1

rk(t)pk(x) cosnkx

∥∥∥∥∥
∞

dt =

= C(λ)

∫ 1

0

∥∥∥∥∥
N∑
k=1

rk(t)pk(x) cosnkx

∥∥∥∥∥
∞

dt.

Òåîðåìà 3.1 äîêàçàíà.

Îáîçíà÷èì ÷åðåç T(m) ïðîñòðàíñòâî âåùåñòâåííûõ òðèãîíîìåòðè÷å-

ñêèõ ïîëèíîìîâ ñòåïåíè ≤ m. Èç òåîðåì B è C (ñì. Ââåäåíèå) âûòåêàåò,
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÷òî

sup
t∈T(2k)

‖t‖QC
‖t‖∞

≥ c
√
k, c > 0.

Ñ äðóãîé ñòîðîíû, êàê ïîêàçàë Ê. È. Îñêîëêîâ (ñì. [18]; ñ. 96),

sup
t∈T(2k)

‖t‖∞
‖t‖QC

≥ c
√
k, c > 0. (3.10)

À èìåííî, îí ïîêàçàë, ÷òî äëÿ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ

tk(x) =
k−1∑
s=0

2−s
2s+1−1∑
j=2s

cos jx

ñïðàâåäëèâà îöåíêà ‖tk‖QC ≤ γ
√
k, ãäå γ > 0 − àáñîëþòíàÿ ïîñòîÿííàÿ.

Ïîñêîëüêó ‖tk‖∞ = tk(0) = k, òî îòñþäà ñëåäóåò (3.10). Ñëåäóþùàÿ

òåîðåìà ÿâëÿåòñÿ îáîáùåíèåì ïðèìåðà Ê. È. Îñêîëêîâà.

Òåîðåìà 3.2 ([26]). Ïóñòü ïîñëåäîâàòåëüíîñòü âåùåñòâåííûõ ÷è-

ñåë {an}∞n=1 óäîâëåòâîðÿåò óñëîâèþ

2j−2∑
n=2j−1

|an − an+1|+ |a2j−1| ≤
1

2j
, j = 1, 2, . . . , (3.11)

(ìû ïîëàãàåì
∑0

1 := 0). Òîãäà∥∥∥2k−1∑
n=1

an cosnx
∥∥∥
QC
≤ C
√
k, k = 1, 2, . . . ,

ãäå C > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ.

Äîêàçàòåëüñòâî òåîðåìû 3.2. Ðàññìîòðèì òðèãîíîìåòðè÷åñêèé

ïîëèíîì

f(x) =
2k−1∑
n=1

an cosnx =
k∑
j=1

2j−1∑
n=2j−1

an cosnx =
k∑
j=1

δj(x).

Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî k ≥ 10. Ïîëîæèì bn := an−an+1,

dj :=
2j−1∑
n=2j−1

an, j ≥ 1, è
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S(j)
n (x) =

n∑
p=2j−1

cos px, 2j−1 ≤ n ≤ 2j − 1, j = 1, 2, . . . .

Ïðèìåíÿÿ ïðåîáðàçîâàíèå Àáåëÿ, èìååì

δj(x) =
2j−2∑
n=2j−1

bnS
(j)
n (x) + a2j−1S

(j)
2j−1(x), j ≥ 2, (3.12)

dj =
2j−2∑
n=2j−1

bn(n− 2j−1 + 1) + 2j−1a2j−1, j ≥ 2. (3.13)

Ðàññìîòðèì ôóíêöèè

hj(x) = djχ[−π2−j ,π2−j ](x), x ∈ [−π, π], j = 1, . . . , k, (3.14)

(ãäå χE(x) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà E) è ïðîäîëæèì

èõ ñ ïåðèîäîì 2π íà âñþ âåùåñòâåííóþ ïðÿìóþ. Ïîëîæèì

ft(x) =
k∑
j=1

rj(t)δj(x), gt(x) =
k∑
j=1

rj(t)hj(x). (3.15)

Ïîêàæåì, ÷òî äëÿ ëþáîãî t ∈ [0, 1]

‖ft(x)− gt(x)‖∞ ≤ 11. (3.16)

Äåéñòâèòåëüíî, ïóñòü π2−(l+1) < |x| ≤ π2−l, 2 ≤ l ≤ k − 1. Òîãäà

|ft(x)− gt(x)| =
∣∣∣ k∑
j=1

rj(t)δj(x)−
l∑

j=1

rj(t)dj

∣∣∣ ≤ l∑
j=1

|δj(x)− dj|+

+
k∑

j=l+1

|δj(x)| =
∑

1
+
∑

2
.

Îöåíèì ñóììó
∑

1. Èìååì |δ1(x)− d1| ≤ 2|a1| ≤ 1. Äëÿ 2 ≤ j ≤ l èìååì

(ñì. (3.12), (3.13))

|δj(x)− dj| =
∣∣∣ 2j−2∑
n=2j−1

bn

n∑
p=2j−1

(cos px− 1) + a2j−1

2j−1∑
p=2j−1

(cos px− 1)
∣∣∣ ≤

≤
2j−2∑
n=2j−1

|bn|
n∑

p=2j−1

|1− cos px|+ |a2j−1|
2j−1∑
p=2j−1

|1− cos px| =
∑

1,1
+
∑

1,2
.
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Ïîêàæåì, ÷òî

|1− cosx| ≤ |x| äëÿ ëþáîãî x ∈ R. (3.17)

Äåéñòâèòåëüíî, ïðèìåíÿÿ òåîðåìó Ëàãðàíæà, ïîëó÷àåì

|1− cosx| = | cos 0− cosx| = |(− sin ξ)(−x)| ≤ |x|,

è (3.17) äîêàçàíî.

Ó÷èòûâàÿ (3.17) è òî, ÷òî

n∑
p=2j−1

p ≤ 3

8
22j, 2j−1 ≤ n ≤ 2j − 1, j ≥ 1, (3.18)

èìååì (ñì. òàêæå (3.11))

∑
1,1
≤

2j−2∑
n=2j−1

|bn|
n∑

p=2j−1

|px| ≤ |x|3
8

22j
2j−2∑
n=2j−1

|bn| ≤
π

2l
3

8
22j 1

2j
<

2

2l−j
,

∑
1,2
≤ |a2j−1|

2j−1∑
p=2j−1

|px| ≤ 1

2j
|x|3

8
22j ≤ 3π

82l−j
<

2

2l−j
.

Ñëåäîâàòåëüíî,

∑
1

=
l∑

j=1

|δj(x)− dj| ≤ 1 +
l∑

j=2

4

2l−j
≤ 1 + 4

∞∑
p=0

1

2p
= 9.

Îöåíèì òåïåðü
∑

2. Ïîêàæåì âíà÷àëå, ÷òî

|S(j)
n (x)| ≤ π

|x|
, |x| ≤ π, ãäå 2j−1 ≤ n ≤ 2j − 1, j = 1, 2, . . . . (3.19)

Äåéñòâèòåëüíî, äëÿ j = 1

|S(1)
1 (x)| = | cosx| ≤ 1 ≤ π

|x|
, |x| ≤ π.
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Ïóñòü j ≥ 2, 2j−1 ≤ n ≤ 2j − 1. Èìååì

S(j)
n (x) = cos 2j−1x+ . . .+ cosnx =

(
1

2
+ . . .+ cosnx

)
−

−
(

1

2
+ . . .+ cos(2j−1 − 1)x

)
=

sin(n+ 1
2)x

2 sin x
2

−
sin(2j−1 − 1

2)x

2 sin x
2

=

=
sin(n+ 1

2)x− sin(2j−1 − 1
2)x

2 sin x
2

.

Ñëåäîâàòåëüíî,

|S(j)
n (x)| ≤ 2

2| sin x
2 |

=
1

| sin x
2 |
≤ 1
|x|
π

=
π

|x|
, |x| ≤ π,

è (3.19) äîêàçàíî.

Ó÷èòûâàÿ (3.19) äëÿ l + 1 ≤ j ≤ k èìååì (ñì. òàêæå (3.12) è (3.11))

|δj(x)| ≤
2j−2∑
n=2j−1

|bn||S(j)
n (x)|+ |a2j−1||S

(j)
2j−1(x)| ≤

≤ π

|x|

 2j−2∑
n=2j−1

|bn|+ |a2j−1|

 ≤ 2l+1 1

2j
=

2

2j−l
.

Ïîëó÷àåì

∑
2

=
k∑

j=l+1

|δj(x)| ≤
k∑

j=l+1

2

2j−l
≤ 2

∞∑
p=1

1

2p
= 2.

Ñëåäîâàòåëüíî, äëÿ π2−k < |x| ≤ π/4

|ft(x)− gt(x)| ≤ 11.

Äëÿ π/4 < |x| ≤ π èìååì

|ft(x)− gt(x)| =
∣∣∣ k∑
j=1

rj(t)δj(x)− r1(t)h1(x)
∣∣∣ ≤ |δ1(x)− h1(x)|+

k∑
j=2

|δj(x)|,

|δ1(x)− h1(x)| ≤ 2|a1| ≤ 1.
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Äëÿ 2 ≤ j ≤ k èìååì (ñì. (3.12), (3.19) è (3.11))

|δj(x)| ≤
2j−2∑
n=2j−1

|bn||S(j)
n (x)|+ |a2j−1||S

(j)
2j−1(x)| ≤

≤ π

|x|

 2j−2∑
n=2j−1

|bn|+ |a2j−1|

 ≤ 4
1

2j
=

4

2j
.

Îòêóäà ïîëó÷àåì äëÿ π/4 < |x| ≤ π

|ft(x)− gt(x)| ≤ 1 +
k∑
j=2

4

2j
≤ 1 +

∞∑
p=0

1

2p
= 3.

Íàêîíåö, äëÿ |x| ≤ π2−k

|ft(x)− gt(x)| =
∣∣∣ k∑
j=1

rj(t)δj(x)−
k∑
j=1

rj(t)dj

∣∣∣ ≤ k∑
j=1

|δj(x)− dj|.

Äëÿ j = 1 èìååì (ñì. (3.11))

|δ1(x)− d1| ≤ 2|a1| ≤ 2 · 1
2

= 1.

Äëÿ 2 ≤ j ≤ k èìååì (ñì. (3.12), (3.13))

|δj(x)− dj| =
∣∣∣ 2j−2∑
n=2j−1

bn

n∑
p=2j−1

(cos px− 1) + a2j−1

2j−1∑
p=2j−1

(cos px− 1)
∣∣∣ ≤

≤
2j−2∑
n=2j−1

|bn|
n∑

p=2j−1

|1− cos px|+ |a2j−1|
2j−1∑
p=2j−1

|1− cos px| =
∑

1,1
+
∑

1,2
.

Ó÷èòûâàÿ (3.17) è (3.18), èìååì (ñì. òàêæå (3.11))

∑
1,1
≤

2j−2∑
n=2j−1

|bn|
n∑

p=2j−1

|px| ≤ |x|3
8

22j
2j−2∑
n=2j−1

|bn| ≤
π

2k
3

8
22j 1

2j
<

2

2k−j
,

∑
1,2
≤ |a2j−1|

2j−1∑
p=2j−1

|px| ≤ 1

2j
|x|3

8
22j ≤ 3π

82k−j
<

2

2k−j
.
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Ñëåäîâàòåëüíî, äëÿ |x| ≤ π2−k

|ft(x)− gt(x)| ≤ 1 +
k∑
j=2

4

2k−j
≤ 1 + 4

∞∑
p=0

1

2p
= 9.

Òåì ñàìûì íåðàâåíñòâî (3.16) äîêàçàíî. Â èòîãå èìååì (ñì. òàêæå (3.1),

(3.15))

‖f‖QC =

∫ 1

0

‖ft(x)‖∞ dt ≤
∫ 1

0

‖ft(x)− gt(x)‖∞ dt+

∫ 1

0

‖gt(x)‖∞ dt ≤

≤ 11 +

∫ 1

0

‖gt(x)‖∞ dt.

Îöåíèì ïîñëåäíèé èíòåãðàë. ßñíî, ÷òî (ñì. (3.14), (3.15))∫ 1

0

‖gt(x)‖∞ dt =

∫ 1

0

S∗(P )(t) dt,

ãäå

P (t) =
k∑
j=1

djrj(t) è S∗(P )(t) = max
1≤n≤k

∣∣∣ n∑
j=1

djrj(t)
∣∣∣.

Èñïîëüçóÿ èçâåñòíûå ñâîéñòâà ñèñòåìû Ðàäåìàõåðà (ñì. [15, ñ. 48]), èìå-

åì ∫ 1

0

S∗(P )(t) dt ≤ β

(
k∑
j=1

d2
j

)1/2

,

ãäå β > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ. Ïîêàæåì, ÷òî

|dj| ≤
1

2
, j = 1, 2, . . . . (3.20)

Äåéñòâèòåëüíî (ñì. (3.11)),

|d1| = |a1| ≤
1

2
.

Äëÿ j ≥ 2 èìååì (ñì. (3.11), (3.13))

|dj| ≤
2j−2∑
n=2j−1

|bn|(n− 2j−1 + 1) + 2j−1|a2j−1| ≤
2j−2∑
n=2j−1

|bn|(2j−1 − 1)+

+ 2j−1|a2j−1| < 2j−1

 2j−2∑
n=2j−1

|bn|+ |a2j−1|

 ≤ 2j−1 · 1

2j
=

1

2
,

68



è (3.20) äîêàçàíî.

Ñëåäîâàòåëüíî, ∫ 1

0

‖gt(x)‖∞ dt ≤
β

2

√
k.

Òåîðåìà 3.2 äîêàçàíà.

Â êà÷åñòâå ñëåäñòâèÿ ïîëó÷àåì

c1

√
lnN ≤

∥∥∥ N∑
n=1

cosnx

n

∥∥∥
QC
≤ c2

√
lnN, N = 2, 3, . . . , (3.21)

ãäå c1 > 0 è c2 > 0 � àáñîëþòíûå ïîñòîÿííûå. Äåéñòâèòåëüíî, ïðàâîå

íåðàâåíñòâî íåïîñðåäñòâåííî ïîëó÷àåòñÿ èç òåîðåìû. Ëåâîå íåðàâåíñòâî

ñëåäóåò èç íåðàâåíñòâà äëÿ QC íîðìû (ñì. [18, ñ. 74])

‖f‖QC ≥ c0

∥∥∥( ∞∑
s=0

|δs(f, x)|2
)1/2∥∥∥

∞
≥ c0

( ∞∑
s=0

|δs(f, 0)|2
)1/2

,

ãäå c0 > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ. Ïîñêîëüêó

|δj(0)| =
2j−1∑
n=2j−1

1

n
>

1

2j
2j−1 =

1

2
, j ≥ 1,

òî (3.21) äîêàçàíî. Çàìåòèì, ÷òî

∥∥∥ N∑
n=1

cosnx

n

∥∥∥
∞
� lnN.

Îòìåòèì òàêæå (ñì. [15, ñ. 141, íåðàâåíñòâî (72)]), ÷òî∫ 1

0

∥∥∥ N∑
n=1

rn(t)

n
cosnx

∥∥∥
∞
dt ≤ c3, N = 1, 2, . . . ,

ãäå c3 > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ.

Äëÿ ôóíêöèè f d ïåðåìåííûõ ÷åðåç ‖f‖p îáîçíà÷èì íîðìó â
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Lp([0, 2π]d) :

‖f‖p =

(∫ 2π

0

. . .

∫ 2π

0

|f(x1, . . . , xd)|p dx1 . . . dxd

) 1
p

=

=

(∫
Td
|f(x)|p dx

) 1
p

, x = (x1, . . . , xd), 1 ≤ p <∞,

‖f‖∞ = ess sup
Td
|f(x)|, x = (x1, . . . , xd).

Â ìíîãîìåðíîì ñëó÷àå QC íîðìà ââîäèòñÿ ñëåäóþùèì îáðàçîì: äëÿ

ôóíêöèè f íà [0, 2π]d (d ≥ 2) ïîëîæèì

‖f‖QC ≡
∥∥‖f(·, x1)‖QC

∥∥
∞, (3.22)

ãäå ïî îïðåäåëåíèþ äëÿ x = (x1, . . . , xd) ∈ Td ïîëàãàåì x1 =

(x2, . . . , xd) ∈ Td−1. Äðóãèìè ñëîâàìè, â (3.22) áåðåòñÿ QC íîðìà ïî

ïåðåìåííîé x1 è sup-íîðìà ïî îñòàëüíûì ïåðåìåííûì.

Äëÿ s ∈ Zd+ ïîëîæèì

ρ(s) ≡ {k = (k1, . . . , kd) ∈ Zd : [2sj−1] ≤ |kj| < 2sj , j = 1, . . . , d}.

Á. Ñ. Êàøèí è Â. Í. Òåìëÿêîâ [17], [18] äîêàçàëè ñëåäóþùóþ òåîðåìó.

Òåîðåìà D (Á. Ñ. Êàøèí, Â. Í. Òåìëÿêîâ [17], [18]). Äëÿ ëþáî-

ãî âåùåñòâåííîãî òðèãîíîìåòðè÷åñêîãî ïîëèíîìà d ïåðåìåííûõ (d =

2, 3, . . .) âèäà

f(x) =
∑

s: ‖s‖1=n

δs(x), ãäå δs(x) =
∑
k∈ρ(s)

ake
i(k,x),

îáëàäàþùåãî ñâîéñòâàìè

1) ‖δs‖4 ≤ 1 ∀s : ‖s‖1 = n;

2) ‖f‖2 ≥ bn(d−1)/2, ãäå b > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ;
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ñïðàâåäëèâî íåðàâåíñòâî

‖f‖QC ≥ cnd/2, c = c(d, b) > 0.

Òåîðåìà 3.3 è ñëåäñòâèå 3.1 ïîêàçûâàþò, ÷òî óòâåðæäåíèå òåîðåìû D

ñïðàâåäëèâî ïðè áîëåå ñëàáûõ óñëîâèÿõ: ‖δs‖p ≤ 1, p > 2.

Òåîðåìà 3.3. Äëÿ ëþáîãî âåùåñòâåííîãî òðèãîíîìåòðè÷åñêîãî ïî-

ëèíîìà d ïåðåìåííûõ (d = 2, 3, . . .) âèäà

f(x) =
∑

s: ‖s‖1=n

δs(x), ãäå δs(x) =
∑
k∈ρ(s)

ake
i(k,x),

îáëàäàþùåãî ñâîéñòâîì

‖δs‖p ≤ 1 ∀s : ‖s‖1 = n, ãäå p > 2,

ñïðàâåäëèâî íåðàâåíñòâî

‖f‖QC ≥ C(d, p)n(1− p
2(p−1)d)

p−1
p−2‖f‖

2(p−1)
p−2

2 , C(d, p) > 0.

Äîêàçàòåëüñòâî òåîðåìû 3.3. ßñíî, ÷òî

‖f‖2
2 =

n∑
s1=0

∥∥∥∥∥∥
∑

‖s1‖1=n−s1

δs(f)

∥∥∥∥∥∥
2

2

, s1 = (s2, . . . , sd).

Èñïîëüçóÿ íåðàâåíñòâî, ‖g‖2 ≤ ‖g‖
p−2

2(p−1)
1 ‖g‖

p
2(p−1)
p , p > 2, îöåíèâàåì ïðà-

âóþ ÷àñòü ñâåðõó ÷åðåç

n∑
s1=0

∫
Td−1

∥∥∥∥∥∥
∑

‖s1‖1=n−s1

δs(f, · , x1)

∥∥∥∥∥∥
p−2
p−1

1

·

∥∥∥∥∥∥
∑

‖s1‖1=n−s1

δs(f, · , x1)

∥∥∥∥∥∥
p
p−1

p

dx1.
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Ïîìåíÿâ ìåñòàìè ñóììèðîâàíèå ñ èíòåãðèðîâàíèåì è èñïîëüçóÿ íåðà-

âåíñòâî Ãåëüäåðà
∑
aibi ≤ (

∑
ap
′

i )1/p′(
∑
bq
′

i )1/q′ ñ ïîêàçàòåëÿìè p′ =

p−1
p−2 , q

′ = p− 1, ïðîäîëæàåì

≤
∫
Td−1

(
n∑

s1=0

‖fs1(· , x1)‖1

)p−2
p−1

(
n∑

s1=0

‖fs1(· , x1)‖pp

) 1
p−1

dx1, (3.23)

ãäå fs1 :=
∑
‖s1‖1=n−s1 δs(f). Èñïîëüçóÿ òåîðåìó C, ∀x1 ïîëó÷àåì (ñì.

òàêæå (3.22))

n∑
s1=0

‖fs1(· , x1)‖1 ≤ 32π‖f(· , x1)‖QC ≤ 32π‖f‖QC .

Ñëåäîâàòåëüíî (ñì. (3.23)), ïîëó÷àåì

‖f‖2
2 ≤ (32π‖f‖QC)

p−2
p−1 A, (3.24)

ãäå

A =

∫
Td−1

(
n∑

s1=0

‖fs1(· , x1)‖pp

) 1
p−1

dx1.

Îöåíèì A ñâåðõó. Èç íåðàâåíñòâà

‖g‖1 ≤ (2π)d
p−2
p−1‖g‖p−1

ïîëó÷àåì

A ≤ (2π)d
p−2
p−1

 ∫
Td−1

n∑
s1=0

‖fs1(· , x1)‖pp dx1

 1
p−1

=

= (2π)d
p−2
p−1

 n∑
s1=0

∫
Td−1

‖fs1(· , x1)‖pp dx1

 1
p−1

. (3.25)
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Èñïîëüçóÿ íåðàâåíñòâî (ÿâëÿþùååñÿ ñëåäñòâèåì íåðàâåíñòâà Ëèòòëâóäà-

Ïýëè), ñïðàâåäëèâîå è äëÿ ôóíêöèé ìíîãèõ ïåðåìåííûõ (ñì. íàïðèìåð,

[36]),

‖f‖p ≤ C(d, p)
(∑

s

‖δs(f)‖2
p

)1/2

, 2 < p <∞, C(d, p) > 0,

èìååì ∫
Td−1

‖fs1(· , x1)‖pp dx1 =

∫
T

( ∫
Td−1

|fs1(x1, x
1)|p dx1

)
dx1 ≤

≤
∫
T

C1(d, p)
∑

‖s1‖1=n−s1

‖δs(f, x1, ·)‖2
p


p
2

dx1 =

= C2(d, p)
∥∥∥ ∑
‖s1‖1=n−s1

‖δs(f, x1, · )‖2
p

∥∥∥p2
p
2 (ïî x1)

.

Ïîñêîëüêó ‖
∑
‖ ≤

∑
‖ ‖, ïðîäîëæàåì

≤ C2(d, p)

 ∑
‖s1‖1=n−s1

∥∥∥‖δs(f, x1, ·)‖2
p

∥∥∥
p
2 ( ïî x1)


p
2

.

Íåòðóäíî âèäåòü, ÷òî∥∥∥‖δs(f, x1, · )‖2
p

∥∥∥
p
2 (ïî x1)

= ‖δs(f)‖2
p.

Îòñþäà (ñì. (3.25)) íàõîäèì

A ≤ C3(d, p)

 n∑
s1=0

( ∑
‖s1‖1=n−s1

‖δs(f)‖2
p

)p
2

 1
p−1

.

Ïîñêîëüêó èç óñëîâèÿ òåîðåìû ‖δs(f)‖p ≤ 1, òî ïîëó÷àåì

A ≤ C4(d, p)
(
n(d−2)p2+1

) 1
p−1

= C4(d, p)n
p

2(p−1)d−1.

Ó÷èòûâàÿ (3.24), ïîëó÷àåì

‖f‖2
2 ≤ C5(d, p)‖f‖

p−2
p−1
QC n

d p
2(p−1)−1.
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Îòêóäà, âûðàæàÿ ‖f‖QC , ïîëó÷àåì òðåáóåìîå íåðàâåíñòâî.

Òåîðåìà 3.3 äîêàçàíà.

Ñëåäñòâèå 3.1. Äëÿ ëþáîãî âåùåñòâåííîãî òðèãîíîìåòðè÷åñêîãî

ïîëèíîìà d ïåðåìåííûõ (d = 2, 3, . . .) âèäà

f(x) =
∑

s: ‖s‖1=n

δs(x), ãäå δs(x) =
∑
k∈ρ(s)

ake
i(k,x),

îáëàäàþùåãî ñâîéñòâàìè

1) ‖δs‖p ≤ 1 ∀s : ‖s‖1 = n, ãäå p > 2,

2) ‖f‖2 ≥ bn(d−1)/2, ãäå b > 0 � àáñîëþòíàÿ ïîñòîÿííàÿ,

ñïðàâåäëèâî íåðàâåíñòâî

‖f‖QC ≥ cnd/2, c = c(d, b, p) > 0.
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