OI'bOY BO MoOCKOBCKHI TOCYIAPCTBEHHBIN

yHuBepcuteT uMeHu M. B. JlomoHOCOBa

Ha npaBax pykomnucu

Tapacos I1asea bopucoBuu

OO0 ycj10BUSIX PABHOMEPHOCTH CHUCTeM (PYHKIIMMI

MHOTI'O3HAYHOM JJOTUKH

CnenuansHocTh 01.01.09 — nuckperHass maremMarruka u
MareMaTh4decKass KHOepHeTHKa

ABtopedepar
JTACCEPTALIMY HA COUCKAHUE YYEHOU CTEIIEHU

KaHauaara (I)I/IBI/IKO-MaTeMaTI/I‘IGCKI/IX HayK

Mocksa — 2014



PaGora BeInonHEeHa Ha Kadeape AUCKPETHOW MaTeMaTHKU
MexaHuko-maremarnyeckoro ¢akynsrera PI'bOY BO «MockoBckuii
roCyAapCTBEHHBIN yHHBepcuteT umeHu M. B. JIomoHOCOBa»

Hayuneiit pykoBoauTeNb: Kosmakos Poman MakcumoBu4

JOKTOp (PU3UKO-MATeMaTHUECKUX HayK, Ipodeccop

KopmiynoB Auiekceir /IMuTpueBuy,
OduimanbHbIe ONIIOHCHTSL: TOKTOp (hM3UKO-MATEeMAaTUUECKUX HAyK,

BeyLIMi Hay4dHbIN COTPYIHUK, JIAOApaTOpHs

nuckperHoro aHanusa, ®I'bYH «MHcTuTyT Marematuku

um. C. JI. Cobonesa CO PAH»

Crenenko Baagumup AjiekceeBud,

KaHAUAAT (PU3UKO-MATEMAaTUYECKUX HAYK, JIOLEHT,
OI'bOY «MOCKOBCKHI NEAArornyeCcKuii rocy1apcTBeH-
HBI YHUBEPCHUTET», MaTeMaTU4YeCKuil (HaKylIbTeT, Ka-
denpa Teopernyeckol MHPOPMATHKHA U JAUCKPETHOU
MaTEMaTUKH

Benymas opranuzanusi: OI'bYH «MHCTUTYT TPUKIAIHOM MATEMAaTUKHA WM.
M. B. Kengpima PAH»

3ammra nuccepraruu coctoutcs 13 depamst 2015 . B 16 yacoB 45 MUHYT Ha 3ace-
nanuu nuccepramnronHoro copeta J1.501.001.84 nHa 6aze «d®I'BOY BO MockoBckuit
rOCyJIapCTBEHHbIM yHHBepcuTeT nMeHu M. B. JlomoHocoBa» no axgpecy: Poccuiickas
Oenepanns 119991, Mocksa, ['CII-1, Jlennnckue ropsl, 1. 1, ®I'6OY BO MI'Y ume-
Hu M. B. JloMoHoCOBa, MEXaHMKO-MaTeMaTUYeCKui QakynbreT, ayaqutopus 14-08.

C nuccepramueii MOXXHO O3HaKOMHUThCs B DyHmameHTanbHOU OubOnuoreke OI'BOY
BO "MocCKOBCKHI TOCYIAapCTBEHHBIM yHHBEpcuTeT uMeHH M. B. JlomoHocoBa'mno
anpecy: MockBa, JIOMOHOCOBCKHI MPOCHEKT, A. 27, cCeKTop A, 8 3TaxK W Ha CalTe
http://mech.math.msu.su

Astopedepar pazocnan 13 suBaps 2015 rona.

Y4eHblll Ccekperapb AUCCEPTALMOHHO-

ro cosera J1.501.001.84, co3manHO-

ro Ha 6aze ®I'BOY BO MIY wum.

M. B. JlomonocoBa, moktop ¢usuko-  MBaHoB Anekcanap OieroBud
MaTeMaTH4YeCKuX Hayk, Impodeccop



O0miast XapakTepuCcTHKA PadoThI

AKTYyaJIbHOCTb TeMbl. /[uccepraiimonHas paboTa OTHOCUTCSA K MaTemaruye-

CKOW TEOpHH CHHTE3a YNPaBISAIOIINUX CUCTEM. PaccmaTrpuBaeTcs 3aada o peau3aiuu
GyHKIMIA k-3HAYHOW JIOTUKH (OPMYIIAMH HAJl KOHCYHBIMUA CHCTEMaMHU.

CuHTE3 U CIIO)KHOCTD YIPABJISAIONIUX CUCTEM SBIISACTCS OJHUM M3 BaKHEUIITUX
HanpaBJieHUH HCCIENOBaHUNA B MareMmarudeckoil kmbepHetuke. Kmace gopmyn Haz
KOHCYHBIMH (DYHKITMOHAIBHBIMUA CHCTEMaMH, PealTu3yIonuX GyHKIUU k-3HAYHOM JIO-
rukd (kK > 2), — oAWH W3 OCHOBHBIX MOJCIBHBIX KJIACCOB YIPABJISIOIIMX CHUCTEM.
3agaua U3ydeHHs CIOKHOCTH (OPMYN 3aKITIOYAETCS B MOCTPOCHUH (HOPMYIIbI, KOTO-
pasi peanu3yeT 3aJaHHYI0 (QYHKIIAIO U SBISETCS ONTUMAIBLHON OTHOCHUTEIHLHO HEKO-
TOpPOM Mephl clokHOCTH. Hanbomnee 4acTo MCMONb3yeMbIMU MEPaMU CIOXKHOCTH JIJIS
dbopMyI SBISIIOTCS YHMCIO CHUMBOJIOB MEPEMEHHBIX, BXOIAIUX B (opmyiy, (Ha3bIBa-
€MO€ CIIOKHOCTBbIO (opMyJibl) U m1yOuHa (popmynbl. CIoKHOCTH (HOPMYIIBI MOXKHO
HMHTEPIIPETUPOBATh KAaK €€ «CTOMMOCTBY», a TIIYOMHY — Kak BpeMsi €€ BBbIYUCIICHUS,
MIPU YCIOBUU, YTO BCE BBIUYMCICHUS MOXKHO MPOU3BOJIUTH MapasuiebHO. O4eBUIHBIM
CIIOCOOOM TIOCTPOEHUST ONTUMATBHOU (POPMYIIBI ABISECTCS MEepedop, HO HAa TPAKTHKE
TaKOW METO/ HE MOKET ObITh UCTOJIb30BaH B CUITY 9KCIIOHEHIIMAIBLHOTO pOCTa 00beMa
BBIUMCIICHUH OT YKClia IEPEMEHHbIX 3aaHHoN (yHKIMU. [ToaTOMY BakHOE 3HAYEHUE
UMeeT 3ajada noctpoeHus Gopmys, OMM3KUX K ONTHUMAJIbHBIM, 0€3 HCIOJIb30BaHUS
nepedopa.

Bonpiioe uncno MeromoB cuHTe3a (GopMyll ObLIO pa3paboTaHO ISl KOHEY-
HBIX CHCTEM, COCTOSIINX U3 OyiaeBbIX (yHKIMI. JIJis TOTHBIX 0a3MCOB aCUMITTOTHYE-
CKUA ONTHUMAaJIbHBICE METOJIbI CHHTE3a KaK (OpMyJl, TaK U HEKOTOPHIX JAPYTUX KIACCOB
YHOPAaBISIOMUX CUCTEM, ObLIH pazpabortansl O. b. HynaHOBLIMﬂ OneHku rTyOUHBI
dbopmyn B monHbIX Oa3zucax ObLIM moiydeHsl B padorax C. b. FaHIKOBaE| u C. A

lﬂynaHoe O. b. O06 onnoMm MeTone cuHTte3a cxeM // M3Bectus BY3o0B. Pagnodusuka. T. 1, Nel, 1958. C. 120-140.

Jlynanog O. b. O6 aCUMITOTHYECKHX OLIEHKAX CIOXKHOCTH (hopmyi1, peanusyromux GpyHkuuu anreops! goruku // JJAH
CCCP. 128, 3. 1959. C. 464-467.

Jlynanog O. b. O cnoxHocTH peanu3anuu GpyHKIuNA anreOpsl Joruku Gpopmyiaamu // [Ipobdnemsl kubepHeTHKH. BEIT.
3. M.: ®usmarrus, 1960. C. 61-80.

Jlynanog O. b. O peanuzauuu QyHKIHN anreOpbl JOruKyu GOpMyJaMd M3 KOHEYHBIX KJIACCOB ((hopMyliaMH OrpaHH-
4yeHHOU IIyOuHEI) B 6asuce &, V, = // [Ipobnemsl kubepreTrku. Beim. 6. M.: ®usmarrus, 1961. C. 63-97.

Jlynanog O. b. O cuHTe3e HEKOTOPBIX KiaccoB ynpasisrommx cucreM // Ilpoonemsr kubepHernku. Beim. 10. M.:
®dusmarrus, 1963. C. 63-97.
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[Ipobnemsr kubepreTrku. Bem. 14, M.: ®mmarrus, 1965. C. 21-110.

Jlynanos O. b. O CHOXHOCTH pealm3anuu cTerneHeil Oynesoit (n,n)-gpyHkuun // BectHuk Mock. yH-Ta. Marem.

Mexan. 1993. Nel. C. 59-67.
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HomKHHaﬂ. CnoxHOCTh U TiyOMHa GOopMyJ TakKe M3ydasiach JUIs ciydas QyHKIUO-
HAJTBbHO HETIOJIHBIX CHCTeM (YHKIMU ABY3HAUHOW W k-3HAYHOW JIOTUKH Tpu k > 3
(cm., Hanmpumep, padbotsl A. b. YFOJILHHKOBaﬂ, A. E. AaneeBeﬂ uA. A AHﬂpeeBzﬂ).

B mocneanee Bpemsi Bce OoJiee akTyaJllbHOM CTAHOBUTCS MPOOIEMa BBIUKC-
JeHus QyHKIHMA C TMOMOINBIO pacnapaijieICHHbIX BbIYHCICHUN. [l0CKONMBKY Bpems
pacnapaijie;IeHHOTO BBIYMCIECHUS (POPMYIBI MPSIMO MPONOPLIHOHANIBHO €€ ITyOuHe,
npoOsieMa MUHUMHU3AIMY TaKUX BBIYUCICHUM CBOAMTCS K 3ajjau€ MOCTPOEHHUS MO0 3a-
JTaHHOM (hopMmysie IKBUBAJIEHTHON (HOPMYIIBI (TO €CTh, (POPMYIIBI, peaiu3yIoNIeH Ty ke
(bYHKIUIO), IMEIOIICH HAMMEHBIITYI0 BOSMOXHYI0 m1youny. Eciu gyHkImo f MoxHO
peann30BaTh Haa KOHEYHOM cucreMoi ¢yukumii A dbopmynoii miyounsl He Oosee [,
TO HECIIOXKHO MOJTYYHTh BEPXHIOK OleHKy L < n! cnoxHocTn L peammsanyn QyHK-
[ dopmynamu Hag A, TIe n — MaKCUMalbHOE YHCJIO MEPEMEHHBIX Y (YHKITUit
3 A. Takum o0paszom, IIyOrHA peanu3anuu QyHKuud Gopmyiamu Hagx A He MoXeT
OBITh MEHBILIE 110 MOPSJIKY JJorapudmMa CI0KHOCTH ITON peanusauuu. B ciyyae, ecnu
9Ta HIDKHSISL OLEHKA JOCTHIAeTCsl, TOBOPSAT O PAaBHOMEPHOCTU CHCTEMbI A: KOHEYHAs
cucreMa QyHKIHA A Ha3bpIBacTCS paBHOMEPHOM, €CIIM CYIIECTBYIOT TaKHE KOHCTAHTBI
¢ u d (3aBucsiue Toabko oT A), uto ans moboi GyHkimK f, peamusyemMon Gpopmy-
JaMu HaJ A, BBIMOJIHEHO HEPABEHCTBO

La(f) < clogy La(f) + 4, (1)

te La(f) ula(f) ects ciokHOCTD M mTyOHHA peanusaiuu GpyHkuun f HopMmynamMu
Haja cucremoit A. Takum 00pa3om, paBHOMEPHBIE CHCTEMBI (PYHKIIUH — 3TO CHCTEMBI,
MO3BOJIAIONINE pacnapaijieIMBaTh ONTUMAIbHBIM 00pa30M BhIUKCIECHUE (YHKITUH, pe-
anu3yeMbIX (opMysiaMy HaJl STUMH CUCTEMaMHU.

[ycte k > 2. O603naunm uepe3 Ej muoxkectso {0, ...,k — 1}, a uepes P
MHOKECTBO BCeX (DyHKIUU k-3HA4HOMN JIOTWMKU. Bompockl, CBS3aHHBIC C pABHOMEPHO-
CTBIO CUCTEM (QYHKIHI U3 P, u3ydanuch Bo MHOTHX paboTax. B paborax B. M. Xpan-

3 Toanckun C. A. O cBSI3M MEXIY TTyOHHOM M CIIOXKHOCTh SKBHBAICHTHBIX (OPMYIN M O TTyOHMHE MOHOTOHHEIX (BYHK-

uuii anreopsr sioruku // [Ipobiaemer kubepretnku. Beim. 38. M.: Hayka, 1981. C. 269-270.
4 YronbaukoB A. b. Cuntes cxeM u opMyn B Henonubx 6asucax // Joxia. AH. CCCP. 1979. 249, 1. 60-62.

YromeauKoB A. b. CunaTtes cxem u Gopmyn B HenmonHBIX 6a3ucax // [Ipenpuat UTIM AH CCCP. 1980. Bem. 112.

VYromeaukoB A. b. O miyouHe hopMyn B HENONHEIX 0a3ucax // MaremaTHaecKue BOIMPOCH KHOCPHETUKH, BhIL. 1. M.:
Hayxka, 1988. C. 242-245.
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Joruky // Maremarinaeckre BOTPOCH KuOepHeTHKH, BoII. 2. M.: Hayka, 1989. C. 174-176.
SAnjpees A. E. O clI0KXHOCTH MOHOTOHHBIX (yHKIMIA / BecTHrK MockoBckoro yuusepcutera. Cep. 1. Maremaruka.

Mexanuka. M.: U3a-Bo MI'Y, 1985. Bem 4. C. 83-87.

AnpgpeeB A. E. O cuntese QpyHKIMOHANBHBIX cetelt // lokT. auccepramust. M.: MI'Y um M. B. JlomonocoBa, 1985.
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Bepcutera. Cep. 1. Maremaruka. Mexanuka. 2011. Ne6. C. 3-7.



‘IeHK(ﬂ u O. Cnnpmﬂ HE3aBUCUMO ObljIa JI0Ka3aHa PaBHOMEPHOCTbh BCEX KOHEUHBIX
MOJIHBIX cHCTeM OyneBbIX QyHKIMI. MeToabl, mpennoxeHHsie B padorax B.M. Xpan-
yeHko U @. Crnupsl, HETPYHO TEPEHECTH Ha MOJIHBIE CHUCTEMbI (D)YHKIIHM MHOTO-
3HAYHOM JIOTMKH, OJJHAKO OHU CYLIECTBEHHO HCIIONB3YIOT MOJIHOTY cucTeM. B pabote
. BereHepaﬂ YCTaHOBJIEHa PABHOMEPHOCTh BCEX KOHEUHBIX CHUCTEM, IMOPOXKIAIOIINX
kiacc M Bcex MOHOTOHHBIX OyneBbIX QyHKIUM. A. b. YFOJILHHKOBLIME yCTaHOBJICHA
PaBHOMEPHOCTb BCEX KOHEUHBIX cUCTeM OyJeBbIX (YHKIMH (cM. Takxke padory M. E.
Para3aE|). B manHoil paboTe Takke MpuBeACH MpuMep cucteMm (yHKImil uz Ps, He
SBIISTFOLIUXCS TTOJIMHOMUATIBHO SKUBAJICHTHBIMU.

Takum 06pa3om, BOIIPOC 0 PAaBHOMEPHOCTH KOHEUHBIX CUCTEM (QYHKUUHN U3 P
pellieH MOJHOCTHIO, TOATOMY MPUOOPETAeT aKTyaJbHOCTh 3aj/laua MCCIIeI0BaHUs paB-
HOMEPHOCTH CUCTeM (QYHKIHA k-3HAYHOW JIOTUKHU MpH k > 3. 3amada 0 paBHOMEPHO-
CTH B P, ABIseTCS CyIIECTBEHHO 00Jiee CIIOKHOM B CBS3M C TE€M, UTO JJII 3aMKHYThIX
KJIacCOB OyJIeBBIX (DYHKITUH CyIIECTBYET yA0OHOE ONKCcaHue, MPUBEICHHOE B paboTax
3. HOCTaEL B TO BpeMs Kak JIJIsl 3aMKHYTBIX KiaccoB GyHKIMM u3 P, pu k£ > 3 omu-
CaHHe OTCYTCTBYET, YTO CBSI3aHO C CYIIECTBOBAaHHWEM MPUHIIUIHAIBHBIX OTIIMYUI MHO-
TO3HAUHBIX JIOTUK OT JBYX3HAaYHOW, B YaCTHOCTH, C KOHTI/IHyaJIbHOCTL}(E cemeiicTBa
BCEX 3aMKHYTHIX KJaccOB k-3HAYHOW JIOTUKU MPHU k > 3 U OTCYTCTBHUEM OIHCAHHMS
BCEX KOHEUHO-TIOPOXKJICHHBIX KJIACCOB k-3HAYHOW JIOTHKH.

Psn myOnukanuii mOCBSIIEH 3a/lau€ O COOTHOLIEHUU TIIYOMHBI M CIOXHOCTH
dbopmyn HaJ KOHEYHBIMU CHCTEMaMH (YHKLIUN, TOPOXKIAIOLIIUMHE MPEANOIHBIE KIac-
col P, mpu k > 3. [lonHOE mpeaMKaTHOE ONMHCAHWE TAKUX MPEANONHBIX KJIACCOB
nojy4yeHo B paborax U. P03eH6epraE[ CorlacHO JaHHOMY OINMCAHUIO, BCE MPEATOI-

7 em. Aénouckuii C. B., Kosvipes B. I1. Matematndeckue BOonpochl KubepHeTuky // MHPOpMAIHOHHBIE MaTepUabl

Haygnoro cosera mo xomriekcHoi npooneme "Kubeprernka"AH CCCP. Bemm. 19a. M.: M3ns-Bo MOU, 1997.
8Spira P. M. On time-hardware complexity tradeoffs for Boolean functions // Proc. 4th Hawai Symposium on System

Sciences, North Hollywood, 1971, Western Periodicals Company, P. 525-527.
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Letters, 16. 1983. P. 41-42.
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Bo UpkyTckoro rocynapctBeHHoro yHuBepcurera. 1985. C. 194-195.
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12 Post E. L. Introduction to a general theory of elementary propositions // Amer. J. Math. 1921. 43, N3. 163-185.
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14 Rosenberg I. La structure des fonctions de plusieurs variables sur un ensemble fini. C. R. Acad. Sci. Paris Ser A,

260 (1965), 3817-19.



HBIE KJacchl QYHKIMA Fj, pu £ > 3 MOXHO pa3ieiuTh Ha CIEAYyIOIINe CeMEHCTBa:
KJIaCChl TMHEHHBIX PYHKIUNA — KJ1acchl TUNA IL; KIacchl PyHKIUNA, COXPAHSIONINX pa3-
OueHus MHOXKeCTBa Fj,, — kiacchl Tuma [E; kmaccel GyHKITUN, COXPAHSIOMNUX CHITEHO
roMoMop(hHbIE TIPOOOPA3hl IMEMEHTAPHBIX N-aJIMYECKUX OTHOIICHWUH, — KJIACChl TH-
na B; kmaccel QyHKIMN, COXpaHSIOMUX IIEHTPAIbHbIE OTHOLICHUS, — KIJIACCHI THUIIA
C; xmaccel camOJBOMCTBEHHBIX (DYHKIIMHA — Kiacchl Tuma [P; Kiiacchl MOHOTOHHBIX
¢dynkui — xinaccsl Tama Q.

[TycTh p — OTHOIIIEHUE YACTHYHOTO TMOpsJKa Ha [y, Takoe, 4TO I JIFOOBIX
nByx anementoB ¢ u b w3 (Ej, p) cymectBytor sup(a,b) u inf(a,b). Kmacc Bcex
(YHKIMH, COXpaHSIOMMX OTHOIIEHHE p, Ha3biBaeTcs KiaccoM Tuma Q7. KoHewHo-
MOPO’K/ICHHBIE MPEOTHBIE KJIacChl (YHKITUH, MOHOTOHHBIX OTHOCUTEIIBHO YaCTHYHO
yHOPSIOYEHHOTO MHOMKECTBA IIUPHUHBI 2, Ha3biBatoTca kiaccamu tumna (o, Kiaccor
tuna C, coxpaHsoIIHe yHapHbIe 1 OMHAPHBIC IEHTPAIbHBIC OTHOIIICHUS, HA3bIBAIOTCS
knaccamu tHa C; u Cy cOOTBETCTBEHHO.

PaBHOMEPHOCTH BCEX KOHEUHBIX CUCTEM, MOPOXKIAIOIINX MPEITOIHBIE KIACCHI
Ps, anoncupoBana B padore JI. 1. AXMCTOBO. PaBHOMEPHOCTH JIFOOBIX KOHEUHBIX
CHUCTEM, TTOPOXKIAIOIIMX MpeAnoHbie Kiacckl TumnoB L, E, B, P, 0%, C;y u Cy B Py,
ycTaHoBjJeHa B pabore P. . Ca(bHHaPﬂ Kpome Ttoro, B a3T0ii pabote s ar000r0
k > 3 moka3zaHO CYIICCTBOBAaHUE PABHOMEPHBIX IMOPOXKTAFOIIMX CUCTEM JIJIS KJIaCCOB
tumna C. [{ns svexoropeix kinaccos Tumna s B padore O. C. I[y):[aKOBOﬁE MOKa3aHo Cy-
IIECTBOBAHUE B ATUX KilaccaxX (PyHKIMM CIENHATBHOTO BHJIA, TO3TOMY MPUMEHEHUEM
Merona u3 pador B.M. Xpanuenko u @. Coupbl HETPYAHO YCTAaHOBUTH PaBHOMED-
HOCTh BCEX KOHEUHBIX CHCTEM, MOPOXKIAIIMUX TH kKiaccel. B padote /1. FO. lymopo-
BaE aHOHCHPOBaHA PAaBHOMEPHOCTH MOPOXKIAIONIUX CUCTEM HEKOTOPBIX MPEATIOTHBIX
KJIaCCOB MOHOTOHHBIX QYHKIMU B P, ipu k > 7.

Hapsiny co cBolicTBOM paBHOMEPHOCTU (DYHKITMOHAIBHBIX CUCTEM B MPEICTAB-
JIEHHOM JTMCCEePTallMOHHON paboTe U3ydyaeTcs O0ClIa0JIeHHbIN BapUaHT 3TOr0 CBOWCTRA,
KOTOPBIN Ha3bIBACTCs KBa3U-paBHOMEPHOCTHIO. KoHeuHas cucrema GyHkimi A Has3bI-
BaeTCsl KBa3M-PaBHOMEPHOH, €CIIM CYIICCTBYIOT TaKWe KOHCTAHTHI ¢ M d (3aBUCAIIHC
TOJIBKO OT A), uTo mus moboit Gpyukuuu f, peamusyemoit Gpopmyrnoit Hag A, BbIIOI-
HEHO HEPaBEHCTBO

la(f) < clogs La(f) +d.

15 Axmemoea JI. Y. O tnybune $hopMyn s IPEANOTHEIX KIACCOB TPEX3HAYHOM JTOTHKM // METOIBI M CHCTEMBI TeX-

HUYECKON TUarHoCTukH, Beimyck 18. CaparoB: M3n-Bo CapaToBCKOro yHHUBEPCUTETA.

Cagpun P.®. O cooTHOMEHNN MeXIy TIyOMHOW M CIOKHOCTBIO (OPMYJ I TIPEATIONHBIX KIIAcCoB K-3HauHOM
noruku // Maremarudeckue Bonpocs! knoepHetuku. Beim 13. M. @usmanut. 2004. C. 223-278.

17 yoaxosa O.C. O KOHEUHOH MOPOXKICHHOCTH TIPENIIONHBIX KIACCOB MOHOTOHHBIX (DYHKITMH MHOTO3HAYHOI JIOTH-
ku. // Maremarndeckue Bonpocsl kuoepHeTuku. Bemr 17. M.: @umsmariurt, 2008. C. 13-104.

18 Ilyoopoe /. FO. Matepuansl X Mexn. cem. "Jluckp. MaTeM. u ee mpmiox." M. 2010. 18-20.



C 3amaueil HaxOXKEHUS TOCTAaTOYHBIX YCIOBUN pPaBHOMEPHOCTH CUCTEM (PyHK-
Uil CBs3aHa 3a/ada o cpaBHeHUHU OasucoB. Koneunbie cuctembl pynkumii A u B,
Takue, uto [A] = [B], Ha3BIBAIOTCS MONTMHOMHAIBHO SKBHBAJICHTHBIMHU, €CIIH CYIIe-
CTBYIOT TaKH€ KOHCTAHTBI ¢] H Co, YTO Iist IE000# (yHkmun f € [A] BbIOTHEHBI
HEpaBEHCTBA

Ly(f) < Lp(f) < LE(f).
HerpynHo mokasarhb, 4to eciu cucteMbl A 1 B paBHOMEPHBI, TO OHU SIBIISIOTCS MOJTH-
HOMHAJIBHO SKBUBAJICHTHBIMU. M3 yIIOMAHYTBIX BbIIIE pe3yasTaroB A. b. YronbHuKO-
Ba CJIEAYET, UTO BCE KOHEUHbIE CUCTEMBI OyJ€BBIX (YHKLMHA, NOPOXKAAIOIINE OJUH U
TOT € 3aMKHYTBII KJ1acc, IONapHO MOJIMHOMUAIBHO SKBUBAJIEHTHBI. M ke mpuse-
J€H NpUMeEp CUCTeM (QyHKUMN 4-3HAYHOM JIOTMKH, HE SIBISIOLIMXCS IOJIMHOMHAJIBHO
SKBHUBAJICHTHBIMU.

Heabro paboThl SABISETCS HAXOXKICHUE COOTHOIICHUW MEXAY TIIyOMHOU H
CJIOKHOCTBIO peajiu3alu GyHKIUNA MHOTO3HAYHOM JIOTUKH B pa3IM4HbIX Oa3ucax Io-
CpPEe/ICTBOM MCCIIEJIOBAaHMSI PABHOMEPHOCTH PA3IUYHBIX CUCTEM (QYHKIHMHA k-3HAYHOM
JIOTHKHU.

OcHoOBHBIC METOABI HCCIEN0BAHUsA. B nuccepTanuy MCIONIB3YIOTCS METOAbBI

JUCKPETHOW MaTeMaTUKU U MaTEMaTUYeCKON KUOEPHETUKH, B YACTHOCTU METOJIbI TEO-
pUU CHHTE3a U CIOXHOCTH YMPABISIOMIUX CUCTEM U TeopuH (DyHKIIMOHATHHBIX CH-
CTeM, a TaKke pa3paboTaHHbIE aBTOPOM HOBBIE METONBI CHHTE3a (HOPMYII, IMO3BOJIS-
IOL[ME YCTaHABIMBATh PABHOMEPHOCTh KOHEUHBIX CHUCTEM (YHKUMNA MHOTO3HAYHOU
JIOTHKHU.

Hayunas moBu3Ha: Bce pesynbrarsl pabOThl SIBISIOTCS HOBBIMH, MOJTYYEHBI

aBTOPOM CaMOCTOSITENBHO. B nuccepranyu nosry4eHsl CIeayOME OCHOBHBIE PE3YIlb-
TaThl.

1. JIrobast koHeuHas cucrema A (yHkumit u3 P, Takas, 4yTO MPOEKIMS CUCTE-
Mbl A Ha MHOXECTBO F; OPOXKIACT MaKOPUTAPHYIO (DYHKIMIO, paBHOMEpHA.
(4epe3 P s 0003HaYaeTCs MHOKECTBO BCeX (DyHKIMI A-3HAYHOM JTOTUKH ITPUHHU-
MaroIux 3Ha4eHus u3 MHokectsa {0,...,s — 1})

2. Ilpu k£ < 7 Bce KOHEUHBIE CUCTEMBI (DYHKIMH U3 P, TOPOXKAAFOIINAE TTPEION-
HBIE KJIACCHI, PABHOMEPHBI.

3. Bce koHeuHbIe CHCTEMBI (QYHKIHH, TTOPOKIAIONINE MIPEANONIHbIE KiIacChl Py TH-
na C, pasHoMepHsI 1ipu k > 3.

4. Jloka3aHa paBHOMEPHOCTb KOHEYHBIX CUCTEM (YHKIUN F; o, MPOEKIHs KOTOPBIX
HE JIC)KUT IEJTUKOM HU B OJHOM H3 MHO)KeCTﬂ O*, I*, K,D,L.

1Y0603Ha4eHNs 1S 3aMKHYTBIX KJ1acCOB OyNeBbIX QyHKIMH B3AThI M3 KHUTH: Veonsnukoe A.B. Knaccw ITocta. Yue6-

Hoe mocobue: M.: Uzn-so LIITU npu mexanuko-marematiueckoM ¢akyinsrere MI'Y umenu M.B. JlomonocoBa. 64 c.
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5. IMomydeH kpuTepuil KBa3U-paBHOMEPHOCTH KOHEUHBIX cHcTeM (QyHKIMI u3 [, 9,
MOHOTOHHBIX OTHOCHUTEIBHO YaCTUYHOTO MOPSAKAa Ha MHOXKECTBE [V), B KOTOPOM
1 > 0, a ocranbHbIe 3MeMeHTH HecpaBHUMBI ¢ 0, 1 ¥ TOMapHO HECPABHUMBI
MEXIy COO0Oil.

Teopernueckasi 1 npakTHYecKasi EHHOCTh. [[uccepTaius uMeeT TeopeTH-

4yecKkui xapakrtep. Pe3ynprarsl auccepranuy MOTYT HAWTH IPUMEHEHHE B UCCIIEN0BA-
HUSIX B TEOPUU CHUHTE3A U CIOKHOCTHU YIPABISIOIMINX CUCTEM.
Anpob6anus padotrbl. OCHOBHBIE PE3yJIbTaThl PAOOTHI JOKJIAbIBATUCH HA!

1. CneunansHoM ceMuHape «OyHKIMHA MHOTO3HAYHOM JIOTMKUA U CMEXHBIE BOIPO-
cel» Tox pykoBoacTBoM mpod. A. b. Yronbaukora, npod. P. M. Konmakosa u
npod. C. b. I'amkosa (HeogHokparHo B 2010 — 2013 rr),

2. MexyHapoaHoit HaydyHOW KOH(EpPEHIIMH CTYACHTOB, aCIIMPAHTOB U MOJIOJIBIX
yuéHbIix «JlomoHocoB-2012» (1. Mocksa, 9 — 13 anpens 2012 r.),

3. XI MexayHaponHoM ceMmuHape «JluckpeTHass mMaremMarhka U €€ MPUIIOKECHUS
(r. Mockga, 18 — 23 utons 2012 1),

4. MexyHapoJHON HaydyHOM KOH(EpEeHIMH CTYAEHTOB, aCIIMPAHTOB U MOJOJIBIX
yu€HbIX «JlomonocoB-2013» (r. Mocksa, 8 —13 anpens 2013 1),

5. CSEDays. Theory 2013. Algorithms and Complexity (r. ExarepunOypr, 29
utoHs — 1 urons 2013 1),

6. XVII Mexnynapoanoit koHbepenunu «IIpoGiempl TeopeTHyeckoi KUOEpHETH-
ku» (1. Kazanb, 6 — 20 utons 2014 1) ,

7. Third Russian Finnish Symposium on Discrete Mathematics (1. IleTpo3aBosck,
15 — 18 centsi6psa 2014 r.).

Iyonukanmuu. OCHOBHBIEC pe3yJIbTaThl aBTOpa OMyOIMKOBaHKI B 7 paboTax aB-

topa [1-7], 3 U3 KOTOpPBIX M3/1aHbl B )KypHajax, pekoMeH10BaHHbIX BAK.
O0bem u cTpykTypa padorsl. Jluccepraius COCTOMT U3 BBEIACHHS W IISTH

raB. [lonablii 00beM auccepranuu — 87 crpanuu. CHUCOK JIUTEPATypbl COAEPKUT
68 naumeHoBaHwMi.

Conep:xxanue padoTbl

Bo BBegeHnH npuBOaUTCS 0030p U3BECTHBIX PE3YJbTaTOB, CBSI3aHHBIX C Te-
MO 1uccepTanuu, 1 GopMyIUPYIOTCS OCHOBHBIE PE3yJIbTaThl, OJIYYEHHBIE B IUCCEP-
Taluu.



B r[epBoizi 1aBe IpUBOAATCA OIIPEACIICHUA U 0603Ha‘IeHI/IH, HCIIOJIb3YCMBIC B

pabore. B 4acTHOCTH, JaHbI CIEAYIOLIME ONMPENEICHHS.

Mycts f(21,...,2,) — dyrkuus u3 Py, a g(xq, ..., x,) — GyHxims u3 P,
Takue, 4To st Joboro o € K7 BemonHeHo paBeHcTBo f(a) = g(a). OyHKIHIO g
OyzeM Ha3bIBaTh Ipoekiueil GyHkuun f u o603Hayats yepes pr, f. [lycte A C P 4.
[Monoxum pryA = {pr,f|f € A}. MuoxectBo pr,A Gymem Ha3bIBaTh MPOCKIHEH CH-
crembl A na P,.

®Oyukuuo f(x1,...,2,) € Py OGymeM Ha3bBaTh Ma)KOPUTAPHOM, €CIU ISt
Mo0bIX v, B € Ej BHINOJIHEHBI paBEHCTBA

flaya,....,0,0) = flaya,...,a, B,0) = f(B, ... @) =«

MHOXECTBO BCEX Ma)KOPUTApHBIX QyHKIMI U3 P, 0603nauum yepe3 N A;.
Bo BTOpOIi II1aBe MoIy4eHbl METOBI 10KA3aTEIbCTBA TOCTATOYHBIX YCIOBUU

PAaBHOMEPHOCTU KOHEUHBIX CUCTEM (DYHKIIMH MHOTO3HAYHOU JIOTHKH.
B mepBom maparpade moaydeHbl METOMBI, OOIIHE JIJIs BCEX CHCTEM (PYHKITHIA
MHOTI'O3HAuHOM JIOTMKH. B 4acTHOCTH, I0Ka3aHa clieytolas Teopema:

Teopema 1. IIpousBonbHast KOHEYHast cucreMa (QyHKUUH U3 P ;, mpoekuus Ha P
KOTOPOU MOPOXKIAET MAKOPUTAPHYIO (PYHKIIMIO, pABHOMEPHA.

B kadecTBe cieACTBUA U3 JAHHOTO YTBEPKICHUS C HUCIOJIb30BAHUEM PE3YIib-
tatoB padot P. ®. Caduna u C. C. MapquKOBa@ IIOJIYYEHBI CIEAYIOIIUE TEOPEMBIL:

Teopema 2. Bce koHEUHBIE CHCTEMBbl (PYHKIWN Kk-3HAUHOW JIOTHKH, IMOPOXKIAIOIIHIE
npenmnoyHbie kinaccel Tuna C, paBHOMEpHBI TIpH JTF0O0OM k& > 3.

Teopema 3. IIpu k£ < 7 Bce KOHCUHBIC CHCTEMBI (PYHKIIMH, ITOPOXKIAOIINE TIPSO
HBIC KJIACChI k-3HAYHOW JIOTMKH, PABHOMEPHBI.

Teopema 4. Bce xoHeuHble cucTeMbl QYHKIMN U3 P, 9, IpoeKIMs Ha [’ KOTOPBIX HE
coziepKarcs eJTUKOM HU B 0HOM M3 MHOXxecTB O, [, K, D, L, paBHOMEpHBHI.

Bo BTOpom maparpade paccmaTpuBaroTCs METO/bI 10Ka3aTEIbCTBA PABHOMED-
HOCTH KOHEYHBIX CUCTeM (QYHKIMH U3 [ 2, IPOEKLUS KOTOPBIX MOPOXKIAAET KJIACC
MOHOTOHHBIX OyneBbIX (pyHKUMNA. C MOMOIIBIO METOa, pa3pabOTaHHOTO B JAHHOM
naparpade, 10Ka3aHo CIEAYIOIIee YTBEPKACHHE.

X Mapuenxos. C. C. 06 id—pasnoxenusx knacca Pj, HaJ IpeanonHbMu Kinaccamu // Jluckper. matem., 5:2 (1993),
98-110.



Teopema 5. Ilycts A — xoHeuHas cuctema GyHKIHi U3 L, o, Takas, uto [proA] = M
u ¢ynkun u3 A 3aBucAT He Ooliee, 4eM OT n MepeMeHHbIX. Torma cucrema A pas-
HoMmepHa. [Ipu atom jutst mpousBonbHO# GyHkimu f € [A] koaddumentst ¢ u d u3
COOTHOILIEHN |1| onpeaernsroTcs no Gpopmynam

lA() ,d_

— la(h
log2 (n+12) gé% A(h)
2(n+1)>~1 L(h)<2max(L4(0),L4(1))(n+1)2
u g(z1,...,r7) — byakuus u3 [A], peanuszyemast popmynoil Hany A ¢ HaMMEHbLIEH

TIIYOUHOM, TaKast, 9YT0 Pryg = x1xo V 123 V To& (425 V X426 V T527),

B tperhem maparpade paccMarpUBarOTCS METOALI JOKA3aTeNIbCTBA PAaBHOMED-
HOCTH KOHEUYHBIX CHUCTeM QyHKUIHUA U3 P 9, MOHOTOHHBIX OTHOCHTEIIBHO YaCTHIHOTO
nopsiZIka Ha MHOXeCTBE Fj, B KoTopoM 1 > 0 M OCTaJbHBIE DJIEMEHTHI IONAPHO
HeCPaBHUMBI U HecpaBHUMEI ¢ 0 u 1.

[pusenem HeobOxomumele ompenenenus. Ilycts f(xy,...,x,) € DPro,
ied{l,...,n}, B € E). lonoxum

Jf" = {prof(a, ..., 1,2, ...,0n 1) @ € B}
; ~ 1
fo = {Q S E]? ‘ pr2f(Q17 ey OG1, Y, Oy 7047271) 7é 07 1}7
- f('rln <. 7xi—1767xi+17 SR 7xn)-
Jlst mponsBonbHBIX MHOKecTBa X = {x;/,...,2; } C {x1,...,2,} nHaGopa
a € E} nonoxum
e =G EDIED - le
X _ T 2. T
M= My, M= J{M7),
reX reX
X ~ —t &
={ae By profl(a, . mpx # 0,1}

Bymem roBoputh, uto MOHOTOHHas QyHKumsa  f(xq,...,2,) € Py
o0nagaer  CBOWCTBOM  #  ypOBHS 1 IO  MHOXECTBY  IE€PEMEHHBIX
X ={w;,...,x;,} C{x1,...,2,} oTHOCHTENbHO 3aMKHyTOro Knacca B C Ppo
u Habopa & € E, ¢, ecnm cymecrtByer byskuust ¢(x1,...,Tp_q,Y1,-..,Yr) € B,
TaKasi, 4To:

1. mst moGoro 3 € VfX BBITIOJHEHO pr2g(§, y) € [{0, 1}];
2. ecnn {0, 2} € M¥ C {{0,2},{1,2},{0, L, z}} na € V7,
To prag(a,y) € Moy \ O

3. ecmm {1,2} C ]\/Z}X C {{0,2},{1,2},{0, 1, z}} ma € V*,

10 prog(c, y) € Mo \ 1™
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4. ecnn ]\/4?( = {{0,1,z}} m@ € V{*, 10 prog(@, ) € NA,.

MHuoxectBo dyHkumid f(x1,...,%,), Takux, 910 f obmagaeT CBOWCTBOM #
YPOBHS T 1O MHOXeCTBY nepemeHHsiXx X = {z;,...,7; } € {x1,...,7,} oTHO-
CHUTEBHO 3aMKHYTOro knacca 3 m mabopa a € FE, °, Oygem o00o3Hayarh 4Ye-
pe3 #5 (B, n, r). lonoxum

#X(Banar> — ﬂ #?((Bnnar);

e X!
acky

#(B,r) = U ﬂ #x(B,n,r);

neN X C{xzy,za,...,x,}
Bynem roBoputs, uto cuctema A MOHOTOHHBIX (yHKuMH U3 Py, obmamaer
cBoiictBoM #, ecu A C #([A], r) mis Hexoroporo r > 3.
OCHOBHBIM pe3yJbTaToM maparpada sBIseTCs CIIe/yIoIIasi TeopeMa:

Teopema 6. IIpousBonbHasi KOHEYHAas CHCTEMA MOHOHOTOHHBIX (QyHKUMH u3 P o,
o0Jiajaroniasi CBOMCTBOM #, paBHOMEpHA.

B TpeTneii r1aBe BBoOAUTCS cieayroliee 0003HauYEeHUE

#1(B7T) = U m #{xz}(B,n,T)

neNie{l,...,n}

Bynem roBoputh, 4To cucTeMa A MOHOTOHHBIX (DYHKIMHA H3 Pk’g oOJramaeT CBOM-
CTBOM #1, eciit A C #1([A], r) mns mexoroporo r > 3.
OCHOBHBIM PE3YJIBTATOM IJIaBbl SBJIACTCA CIEAYIOIasi Teopema:

Teopema 7. IlpousBonbHas KOHEYHas CHCTEMa MOHOTOHHBIX (yHKUMHA u3 [ o
KBa3U-paBHOMEPHA TOT/IA U TOJBKO TOrna, Korna A obnamaeT CBOHCTBOM #.

JlocTaTouHOCTh YCTIOBHUSI TEOPEMBI 7 JOKa3aHa B maparpade 3.1, a HeoOxomu-
MOCTB 3TOrO ycioBusi — B maparpade 3.2. B maparpade 3.3 mokazano, 4to 3a Ko-
HEYHOE BpPEMsI MOXKHO TIPOBEPHTH, O0JIAAET JIM CHCTEMa CBOHCTBOM #1. TeM caMbiM
npemiokeHa ddQexkTuBHas Mmpoleaypa MPOBEPKU KBa3U-PABHOMEPHOCTH KOHEUHBIX
CHCTEM MOHOTOHHBIX (DyHKIMH U3 P, 5.

B 4eTBepToii I1aBe NPUBOAUTCA NIpUMeEp cucteM QyHKIMHN u3 3 o, mopoxkia-

IOIIUX OJIMH U TOT K€ 3aMKHYTBIN KJIacC, OAHA U3 KOTOPBIX SIBIIAETCS PABHOMEPHOM, a
Jpyrasi He SBJISICTCSI pABHOMEPHOM, U3 Y€ro, B YaCTHOCTH, CJIEAYET, YTO 3TU CUCTEMBI
HE SIBJISIOTCS MOJMHOMUAIBHO KBUBAJICHTHBIMU. TakuMm 00pa3oMm, MOJTydeH MpUMep
cucteM (PyHKIUN 3-3HaYHOM JIOTMIKU, HE SBJISIFOIIUXCS TTOJMHOMHUAIILHO YKBUBAJICHT-

HBIMHU.
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B nsToii ri1aBe IMPUBCIACHBI BCC OCHOBHLIC PC3YJIbTATHI I[aHHDfI pa6OTBI H 110-

Ka3aHO, KaKUM 00pa30M 3TU Pe3yJIbTaThl BHITEKAIOT U3 YTBEPKIACHUM, JOKA3aHHBIX B
MPEAbIAYIINX TT1aBaX.

B nuccepranmm npuHATa Craeayromas HyMepaus YTBEPKIACHUZI: JIEMMBI,
TEOPEMBI U YTBEPKICHUS HYMEPYIOTCS ITapaMU YKHCET — HOMED NIABbI U HOMED YTBEP-
KJCHHUS, & CIEACTBUSA HyMEPYIOTCS 10 NOPSAKY JJISI KaXI0TO YTBEPXKIACHUS.

baaroxapHocTu

OcHoBHass  yacTh  JAucceprauMd  ObLla  BBINOJHEHA  HOJ  py-
KOBOJICTBOM JIOKTOpa (bU3HKO-MaTeMaTHYECKUX HayK, npodeccopa

Anekcanapa boprcoBrua YrodbsHUKOBA |, KOTOPOMY aBTOpP BBIpaKaeT OJIarogapHOCTh

3a MOCTAaHOBKY 3aJlayl M HAy4YHOE PYKOBOACTBO. Takke 3a HAay4dHOE PYKOBOJCTBO,
oOcyXJeHUEe pe3yJbTaTOB W BHUMaHHE K paboTe aBTOp OJIaroJapuT HAy4YHOTO
PYKOBOAMUTENS, AOKTOpa (pu3Mko-maTeMaTH4yeckux Hayk, npodeccopa P. M. Konma-
KOBa. ABTOp BBIpaXKaeT OlaroJapHOCTh KaHAHWIATY (PU3UKO-MAaTEeMAaTHUYECKUX HAYK
O. C. lynakoBoii 3a 00CykKJieHUE PE3yJIbTaTOB pabOTHI.

I[MyOomukanuu aBTOpa 1Mo TeMe JUCCEPTANUM

1. Tapacos I1. b. O paBHOMEPHOCTH HEKOTOPBHIX CUCTEM (PYHKIUNA MHOTO3HAYHOM
noruku // BectH. Mock. yH-Ta. Marem. Mexan. 2013. Ne 2. 61-64.

2. Tapacos II. b. O HEKOTOPBIX AOCTAaTOYHBIX YCIIOBHUSX PAaBHOMEPHOCTH CHUCTEM
dbyHkumii MHOrO3HayHOM Joruku // BectH. Mock. yu-ta. Marem. Mexan. 2013.
5. 41-46.

3. Tapacos I1. b. HexoTopsie yCIIOBUS paBHOMEPHOCTH (DYHKIIUN k-3HAYHOUN JIOTH-
ki npuHuMaromux 3HadeHust 0 u 1 // Yuensie 3anucku KazaHckoro yHuBepcu-
tera. 2014. Ne3. 123-129.

4. Tapacos I1. b. PaBHOMEpPHOCTbh HEKOTOPbIX KOHEYHBIX CUCTEM (DYHKLUUHA MHOTO-
3HauHoM joruku // Tesucel XI MexayHnaponnoro cemunapa "Jluckpernas Mare-
Matuka u ee npuioxenusa" (Mocksa, MI'Y, 18 — 23 utonsa 2012 r.). Ilog penak-
nueir O. M. Kacum-3ane. M.: 31-Bo MEXaHMKO-MaTeMaTHYECKOTO (haKyJibTeTa
MI'Y, 2012. C. 213 - 215.

5. Tapacos I1. b. Several Sufficient Conditions For Uniformity of Finite Systems
of Many-valued Logic // CSEDays. Theory 2013 (r. ExatrepunOypr, 29 utons - 1
utonis 2013 ). C. 47-49.

12



6. Tapacos Il. b. O HEKOTOPBIX HEOOXOAMMBIX YCJIOBHSIX PABHOMEPHOCTH CH-
cteM (yHKUMA MHOro3HayHoW soruku // Marepuansl XVII MexnynapoaHoi
koH(pepenuuu "[Ipodnembr TeopeTnueckoit kuoepuetuku" (Kazaupb, 16-20 urons
2014 r.) Ilox penaxuueit FO. U. Kypasnepa. Kazanb: OteuectBo, 2014. C. 232 —
234.

7. Tapacos I1. b. Several Necessary Conditions For Uniformity of Finite Systems
of Many-valued Logic // Tpetuii Poccuiicko-OUHCKUN CUMIIO3UYM MO JUCKPET-
HOM Maremaruke. PacmivpenHsie Te3uchl noknanoB. (. Ilerpo3aBoack, 15 — 18
centsa0ps 2014 1.) Ilox penakumeit B. B. Mazanosa. C. 129-132.

13



