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Ââåäåíèå

Äèññåðòàöèÿ ïîñâÿùåíà èçó÷åíèþ ñòðóêòóðû ïîñëåäîâàòåëüíîñòè ñëó÷àé-

íûõ âåëè÷èí â òåðìèíàõ ëîêàëüíûõ ìàêñèìóìîâ. Èññëåäîâàíèå ðàçëè÷íûõ õà-

ðàêòåðèñòèê ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí � îäíà èç îñíîâíûõ çàäà÷

òåîðèè âåðîÿòíîñòåé. Â ÷àñòíîñòè, ïðåäñòàâëÿþò èíòåðåñ õàðàêòåðèñòèêè, ñâÿ-

çàííûå ñ îòðåçêàìè ìîíîòîííîñòè â ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí:

ïðîìåæóòêè âîçðàñòàíèÿ, óáûâàíèÿ, ëîêàëüíûå ìàêñèìóìû.

Îáçîð ëèòåðàòóðû. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó-

÷àéíûõ âåëè÷èí {Xi}i≥1, èìåþùèõ îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå. Â
ýòîé ïîñëåäîâàòåëüíîñòè îïðåäåëèì ìîìåíòû óáûâàíèÿ R0 = 0, Rk = min{i >
Rk−1 : Xi > Xi+1}, k ≥ 1, è ðàññìîòðèì ïðîöåññ T1 = R1, Tk = Rk−Rk−1, k ≥ 2,

� òàê íàçûâàåìûé runs up process (Tk ðàâíî äëèíå k-ãî ó÷àñòêà âîçðàñòàíèÿ).

Îäíèì èç ïåðâûõ ýòîò ïðîöåññ èçó÷àë â íà÷àëå 20-ãî âåêà Ï.À. ÌàêÌàõîí

(P. A. MacMahon) [23], êîòîðûé ïîëó÷èë ôîðìóëó (â âèäå íåêîòîðîé ñóììû)

äëÿ âåðîÿòíîñòåé P{T1 = l1, . . . , Tn−1 = ln−1, Tn ≥ ln}. Â 1974 ã. Äæ. Ä. Äèê-

ñîí (J.D. Dixon) [16] ïîêàçàë, ÷òî äëèíà ñàìîãî äëèííîãî ó÷àñòêà âîçðàñòàíèÿ

(óáûâàíèÿ) ïîñëåäîâàòåëüíîñòè {Xi}i≥1 ( max(T1, . . . , Tn)) äëÿ ëþáîãî öåëîãî

r ≥ 1 ïðèíàäëåæèò îòðåçêó [l0−2, l0+r] ñ âåðîÿòíîñòüþ 1−O(log(log n)/ log n)r,
ãäå l0 : l0! ≤ n < (l0 + 1)!.

Â 1980 ã. Á. Ã. Ïèòòåëü (B.G. Pittel) ïîêàçàë [27], ÷òî (R[nt]− 2[nt])/
√

2n/3

ñõîäèòñÿ ïî ðàñïðåäåëåíèþ ê ñòàíäàðòíîìó áðîóíîâñêîìó äâèæåíèþ. Â 1981 ã.

îí æå ïîêàçàë [28], ÷òî max(T1, . . . , Tn) log(log n)/ log n → 1 ï.í. è â Lp, p > 0.

Îòìåòèì, ÷òî äëèíà Ln ñàìîé äëèííîé âîçðàñòàþùåé ïîäïîñëåäîâàòåëüíîñòè â

X1, . . . , Xn èìååò ñîâñåì äðóãîé ïîðÿäîê ðîñòà: Ln/(2n
1/2)→ 1 ï.í. (À.Ì. Âåð-

øèê, Ñ.Â. Êåðîâ, 1977 ã. [2]).

Âîïðîñ î äëèíå ñàìîãî äëèííîãî ó÷àñòêà âîçðàñòàíèÿ òàêæå ðàññìàòðèâàë-

ñÿ è äëÿ ïîñëåäîâàòåëüíîñòè îäèíàêîâî ðàñïðåäåë¼ííûõ äèñêðåòíûõ ñëó÷àéíûõ

âåëè÷èí {Xi}i≥1 (îáîçíà÷èì ýòó äëèíó ÷åðåç Mn). Ïîâåäåíèå Mn â ýòîì ñëó-

÷àå çàâèñèò îò ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí. Îäíàêî, åñëè ðàññìàòðèâàòü
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íåñòðîãî ìîíîòîííûå öåïî÷êè Xi ≤ Xi+1 ≤ · · · (ïóñòü M ′
n � äëèíà ñàìîé äëèí-

íîé èç íèõ), òî äëÿ ëþáîãî äèñêðåòíîãî ðàñïðåäåëåíèÿ M ′
n/(log1/p n)→ 1 ï.í.,

ãäå p = maxkP{X1 = k} [14].

Ñòðîãî ìîíîòîííûå ó÷àñòêè âîçðàñòàíèÿ èçó÷àëèñü â ñëó÷àå ãåîìåòðè÷å-

ñêîãî, ðàâíîìåðíîãî ðàñïðåäåëåíèÿ è ðàñïðåäåëåíèÿ Ïóàññîíà, íàïðèìåð, â [14],

[22], [20]. Â ñòàòüå [21] Ã. Ëóøàðä è Õ. Ïðîäèíãåð (G. Louchard, H. Prodinger)

ðàññìàòðèâàëè ñìåæíóþ çàäà÷ó � ñóììàðíóþ äëèíó âñåõ ó÷àñòêîâ óáûâàíèÿ

(âîçðàñòàíèÿ) â ïîñëåäîâàòåëüíîñòè íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, èìåþ-

ùèõ ãåîìåòðè÷åñêîå ðàñïðåäåëåíèå. Äëÿ åå ðåøåíèÿ ïîìèìî âû÷èñëåíèÿ ïðî-

èçâîäÿùèõ ôóíêöèé îíè èñïîëüçîâàëè àïïàðàò öåïåé Ìàðêîâà: ñîñåäíèå ìîìåí-

òû óáûâàíèÿ îáðàçóþò öåïü Ìàðêîâà, äëÿ êîòîðîé àâòîðû íàøëè ñòàöèîíàðíîå

ðàñïðåäåëåíèå è ìîìåíòû.

Àâòîðû [25] èçó÷àëè äëèíóMn â ïîñëåäîâàòåëüíîñòè çàâèñèìûõ îäèíàêîâî

ðàñïðåäåë¼ííûõ äèñêðåòíûõ ñëó÷àéíûõ âåëè÷èí. Â ýòîé ñòàòüå X1 ðàâíîìåðíî

ðàñïðåäåëåíà íà 1, . . . ,m, è äëÿ n > 1 ñëó÷àéíàÿ âåëè÷èíà Xn ðàâíîìåðíî ðàñ-

ïðåäåëåíà íà {1, . . . ,m} \ {Xn−1}. Àâòîðàìè íàéäåí àëãîðèòì äëÿ âû÷èñëåíèÿ

ðàñïðåäåëåíèÿ è ìàòåìàòè÷åñêîãî îæèäàíèÿ Mn.

À. Ì. Çóáêîâ è Ä. Â. Øóâàåâ [3] ðàññìàòðèâàëè êîíå÷íûå ïîñëåäîâàòåëü-

íîñòè ïåðåñòàíîâî÷íûõ ñëó÷àéíûõ âåëè÷èí (èìåþùèõ ïðîèçâîëüíîå ðàñïðåäå-

ëåíèå). Â [3] íàéäåíû ïåðâûå ìîìåíòû êîëè÷åñòâà ïèêîâ, âïàäèí, âîçðàñòàíèé,

óáûâàíèé êàê âûðàæåíèÿ îò ïðîñòûõ õàðàêòåðèñòèê ñîâìåñòíûõ ðàñïðåäåëå-

íèé.

Ïðè èçó÷åíèè òàêèõ ôóíêöèé îò ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí,

çíà÷åíèÿ êîòîðûõ çàâèñÿò òîëüêî îò ñèãíàòóðû ýòîé ïîñëåäîâàòåëüíîñòè (çíà-

íèÿ îòíîøåíèé ïîðÿäêà ìåæäó ñîñåäíèìè ÷ëåíàìè ïîñëåäîâàòåëüíîñòè), ìîæíî

èñïîëüçîâàòü ïåðåõîä ê ñëó÷àéíûì ïåðåñòàíîâêàì.

Ñâÿçü ìåæäó ïîñëåäîâàòåëüíîñòüþ ξ1, . . . , ξn íåçàâèñèìûõ ñëó÷àéíûõ âå-

ëè÷èí, èìåþùèõ îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, è ñëó÷àéíîé ïåðå-

ñòàíîâêîé çàäàåòñÿ ñëåäóþùèì îáðàçîì: ñîïîñòàâèì ÷èñëó k íîìåð ñëó÷àéíîé

âåëè÷èíû ξk â âàðèàöèîííîìó ðÿäó ξ(1) < ξ(2) < · · · < ξ(n−1) < ξ(n), ïîñòðîåííîì

ïî ξ1, . . . , ξn. Òî åñòü σk = s : ξ(1) < · · · < ξ(s−1) < ξk < ξ(s+1) < · · · < ξ(n). Òî-
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ãäà ñëó÷àéíàÿ ïåðåñòàíîâêà σ èìååò ðàâíîìåðíîå ðàñïðåäåëåíèå íà ìíîæåñòâå

âñåõ ïåðåñòàíîâîê ïîðÿäêà n. Ñëåäîâàòåëüíî, âåðîÿòíîñòü òîãî, ÷òî σ îáëàäàåò

çàäàííûì ñâîéñòâîì, ò.å. ïðèíàäëåæèò íåêîòîðîìó ïîäìíîæåñòâó ìíîæåñòâà

âñåõ ïåðåñòàíîâîê, ðàâíà ìîùíîñòè ýòîãî ïîäìíîæåñòâà, äåëåííîé íà n!.

Ýòîò ñïîñîá ïðèìåíÿåòñÿ â äèññåðòàöèè íåñêîëüêî ðàç è ïîçâîëÿåò ñóùå-

ñòâåííî óïðîñòèòü âû÷èñëåíèÿ.

È íàîáîðîò, äëÿ âû÷èñëåíèÿ êîëè÷åñòâà ïåðåñòàíîâîê, îáëàäàþùèõ çàäàí-

íûì ñâîéñòâîì, ìîæåò áûòü óäîáíî ðàññìîòðåòü ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ

âåëè÷èí è âû÷èñëèòü ñîîòâåòñòâóþùóþ âåðîÿòíîñòü.

Äæ. Øïèðî (G. G. Szpiro) [34] èñïîëüçîâàë òàêîé ïåðåõîä äëÿ ïîäñ÷åòà

ïåðåñòàíîâîê çàäàííîé ñèãíàòóðû è âûðàçèë èñêîìûå êîëè÷åñòâà ïåðåñòàíîâîê

÷åðåç âåðîÿòíîñòè òîãî, ÷òî ó÷àñòêè âîçðàñòàíèÿ è óáûâàíèÿ â ïîñëåäîâàòåëü-

íîñòè íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, èìåþùèõ ðàâíîìåðíîå ðàñïðåäåëåíèå

íà [0, 1], ïîâòîðÿþò ñèãíàòóðó ïåðåñòàíîâêè. Ýòè âåðîÿòíîñòè íàõîäÿòñÿ ïóòåì

âû÷èñëåíèÿ èíòåãðàëîâ, äëÿ êîòîðîãî ìîæåò áûòü èñïîëüçîâàí êîìïüþòåð.

Ä. Ðîìèê (D. Romik) â [30] òàêæå èñïîëüçîâàë ñâÿçü ìåæäó ïåðåñòàíîâêà-

ìè è íåçàâèñèìûìè îäèíàêîâî ðàñïðåäåë¼ííûìè ñëó÷àéíûìè âåëè÷èíàìè. Îí

âûðàçèë ìàêñèìàëüíóþ äëèíó MA
n àëüòåðíèðóþùåé ïîäïîñëåäîâàòåëüíîñòè â

ïåðåñòàíîâêå σ1 . . . σn (òàêîé íàáîð i1 < i2 < · · · , ÷òî σi1 < σi2 > σi3 < · · · )
÷åðåç ñóììó èíäèêàòîðîâ ñîáûòèé �ξk ÿâëÿåòñÿ ëîêàëüíûì ìèíèìóìîì èëè ëî-

êàëüíûì ìàêñèìóìîì�. Äëÿ òàêèõ èíäèêàòîðîâ ëåãêî âû÷èñëÿþòñÿ ìàòåìàòè-

÷åñêèå îæèäàíèÿ è êîâàðèàöèè, è ÖÏÒ äëÿ MA
n (äîêàçàííàÿ Ã. Âèäîìîì (H.

Widom) â [35] àíàëèòè÷åñêèìè ìåòîäàìè íà îñíîâàíèè ïðîèçâîäÿùåé ôóíêöèè,

ÿâíàÿ ôîðìóëà äëÿ êîòîðîé áûëà ïîëó÷åíà Ð. Ñòåíëè (R. Stanley) [33]) ÿâëÿ-

åòñÿ ïðîñòûì ñëåäñòâèåì öåíòðàëüíîé ïðåäåëüíîé òåîðåìû äëÿ 3-çàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí.

Çàìåòèì, ÷òî MA
n òåñíî ñâÿçàíà ñ êîëè÷åñòâîì ëîêàëüíûõ ìàêñèìóìîâ

N0(T ) (ðàññìàòðèâàåìûì íèæå â ïàðàãðàôå 2.3), à èìåííî N0(n) = (MA
n −1)/2,

åñëè MA
n íå÷¼òíî, è N0(n) =MA

n /2− 1, åñëè MA
n ÷¼òíî.

Àëüòåðíèðóþùèå ïåðåñòàíîâêè (òàêèå ïåðåñòàíîâêè σ, ÷òî σ1 < σ2 > σ3 <

· · · ) âïåðâûå èçó÷àëèñü Ä. Àíäðå (D. Andr�e). Â 1881 ã. â ðàáîòå [9] èì áû-
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ëè ïîëó÷åíû ïðîèçâîäÿùèå ôóíêöèè äëÿ êîëè÷åñòâ An òàêèõ ïåðåñòàíîâîê è

óñòàíîâëåíà ñâÿçü ÷èñåë An ñ ÷èñëàìè Êàòàëàíà, Áåðíóëëè è Ýéëåðà.

Èäåè Àíäðå íàøëè ðàçâèòèå â ðàçëè÷íûõ âàðèàöèÿõ (îáîáùåíèÿõ) ýòîé

çàäà÷è, íàïðèìåð, â [4] À. Ã. Êóçíåöîâ, È. Ì. Ïàê, À. Å. Ïîñòíèêîâ ðàññìàò-

ðèâàëè êîëè÷åñòâà àëüòåðíèðóþùèõ ïåðåñòàíîâîê ñ ôèêñèðîâàííûì ïåðâûì

ýëåìåíòîì, êàê îäèí èç ðåçóëüòàòîâ àâòîðû ïîëó÷èëè êîìáèíàòîðíûå òîæäå-

ñòâà äëÿ ÷èñåë Ýéëåðà è Áåðíóëëè.

Êðîìå òîãî, ðÿä ðàáîò ïîñâÿùåí èçó÷åíèþ àëüòåðíèðóþùèõ ïîäïîñëåäî-

âàòåëüíîñòåé â ñëîâàõ. Íàïðèìåð, â [24] ðàññìàòðèâàëàñü äëèíà ñàìîé äëèííîé

àëüòåðíèðóþùåé ïîäïîñëåäîâàòåëüíîñòè â ñëîâå (èç ñèìâîëîâ àëôàâèòà ìîùíî-

ñòè k) äëèíû n, íå ñîäåðæàùåãî ôèêñèðîâàííîé êîìáèíàöèè áóêâ äëèíû 3. Äëÿ

âñåõ òàêèõ êîìáèíàöèé íàéäåíû ïðîèçâîäÿùèå ôóíêöèè. Ðàññìîòðåíèå êîìáè-

íàöèé áîëüøåé äëèíû � ãîðàçäî áîëåå ñëîæíàÿ è ïîêà ïîëíîñòüþ íå ðåøåííàÿ

çàäà÷à.

Àêòóàëüíîñòü òåìû. Â äèññåðòàöèè èçó÷àþòñÿ ðàñïðåäåëåíèÿ ðàññòîÿ-

íèé ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè â ïîñëåäîâàòåëüíîñòè ñëó÷àé-

íûõ âåëè÷èí. Ïóñòü {ξn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü îäèíàêîâî ðàñïðåäåë¼í-
íûõ ñëó÷àéíûõ âåëè÷èí, χn = I{ξn−1 < ξn > ξn+1} (n ∈ Z) � èíäèêàòîðû ëî-

êàëüíûõ ìàêñèìóìîâ ýòîé ïîñëåäîâàòåëüíîñòè, {τj, j ∈ Z} = {n ∈ Z : χn = 1}
� âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü âñåõ ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ ìàê-

ñèìóìîâ â {ξn} è λj = τj − τj−1 � äëèíû ïðîìåæóòêîâ ìåæäó ñîñåäíèìè ëî-

êàëüíûìè ìàêñèìóìàìè.

Îòìåòèì, ÷òî äëÿ îïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí τj (à, ñëåäîâàòåëüíî, è

λj) íå îáÿçàòåëüíî çíàòü òî÷íûå çíà÷åíèÿ âåëè÷èí ξn, äîñòàòî÷íî çíàòü òîëü-

êî îòíîøåíèÿ �áîëüøå-ìåíüøå� ìåæäó ñîñåäíèìè ÷ëåíàìè ïîñëåäîâàòåëüíîñòè

{ξn}, ò.å. ïîñëåäîâàòåëüíîñòè {τj} è {λj} ìîæíî ïîñòðîèòü ïî ñèëüíî îãðóáëåí-
íûì äàííûì.

Ëîêàëüíûå ìàêñèìóìû âîçíèêàþò â ðàçíûõ ìàòåìàòè÷åñêèõ è ïðèêëàäíûõ

çàäà÷àõ. Íàïðèìåð, â [11] èçó÷àåòñÿ ìíîæåñòâî P (S) ïåðåñòàíîâîê ñ ôèêñèðî-

âàííûì ìíîæåñòâîì S çíà÷åíèé ïèêîâ (íàïðèìåð, ïåðåñòàíîâêàìè ïîðÿäêà 5

ñ ìíîæåñòâîì çíà÷åíèé ïèêîâ {4, 5} ÿâëÿþòñÿ 14253, 35241, 34152, . . . ). Äàíû
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óñëîâèÿ, êîãäà ýòî ìíîæåñòâî íå ïóñòî, è ïîêàçàíî, ÷òî îíî ÿâëÿåòñÿ ñèìïëèöè-

àëüíûì êîìïëåêñîì íà ìíîæåñòâå {3, . . . , n}. Ïîëó÷åíû ðåêóððåíòíûå ôîðìó-

ëû äëÿ ìîùíîñòè ìíîæåñòâà P (S) â îáùåì âèäå è òî÷íûå ôîðìóëû â ñëó÷àÿõ,

êîãäà êîëè÷åñòâî ïèêîâ ðàâíî 0, 1 èëè 2.

Â [10] èçó÷àåòñÿ êîëè÷åñòâî ïåðåñòàíîâîê ïîðÿäêà n, èìåþùèõ çàäàííîå

ìíîæåñòâî S ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ ìàêñèìóìîâ. Àâòîðû ïîêàçûâàþò,

÷òî êîëè÷åñòâî òàêèõ ïåðåñòàíîâîê èìååò âèä p(n)2n−|S|−1, ãäå p(n) � ïîëèíîì,

çàâèñÿùèé îò ìíîæåñòâà S. Äëÿ íåêîòîðûõ ìíîæåñòâ S ïîëó÷åíû òî÷íûå ôîð-

ìóëû äëÿ p(n). Ðåçóëüòàòû ýòîé ñòàòüè ÷àñòè÷íî ïåðåñåêàþòñÿ ñ ðåçóëüòàòàìè

íàñòîÿùåé äèññåðòàöèè.

Àâòîðû [13] ðàññìàòðèâàþò ïðèìåíåíèå ëîêàëüíûõ ìàêñèìóìîâ â êà÷åñòâå

òî÷åê äîñòóïà äëÿ ðàçìåòêè òåêñòà. Ñòðîêà (òåêñò) çàìåíÿåòñÿ ïîñëåäîâàòåëü-

íîñòüþ ëîêàëüíûõ ìàêñèìóìîâ è ðàññòîÿíèé ìåæäó íèìè (çíà÷åíèå ìàêñèìóìà

è ðàññòîÿíèå äî ñëåäóþùåãî). Òàêàÿ çàìåíà ïîçâîëÿåò ñðàâíèâàòü ñòðîêè áûñò-

ðåå è èñïîëüçîâàòü ìåíüøå ïàìÿòè. Ïîêàçàíî, ÷òî çàäà÷à ìèíèìèçàöèè êîëè÷å-

ñòâà ëîêàëüíûõ ìàêñèìóìîâ â òåêñòå çà ñ÷åò âûáîðà ïîðÿäêà áóêâ â àëôàâèòå

NP-ñëîæíà. Äëÿ ôèêñèðîâàííîãî ïîðÿäêà áóêâ â àëôàâèòå íàéäåíî ìàòåìàòè-

÷åñêîå îæèäàíèå ÷èñëà ìàêñèìóìîâ (êîòîðîå çàâèñèò îò ìîùíîñòè àëôàâèòà, íî

íå ïðåâûøàåò 1/3 äëèíû òåêñòà). Àâòîðû ïðèìåíÿþò ñâîè ðåçóëüòàòû ê ïîèñêó

ôèêñèðîâàííîé ïîñëåäîâàòåëüíîñòè â ÄÍÊ.

Â [19] èçó÷àþòñÿ ëîêàëüíûå ìàêñèìóìû â ñëó÷àå ïðîñòîãî ñèììåòðè÷íîãî

ñëó÷àéíîãî áëóæäàíèÿ. Ïîëó÷åíû êîëè÷åñòâà òðàåêòîðèé ñ ðîâíî k ïèêàìè

(ëîêàëüíûìè ìàêñèìóìàìè) äëÿ ìîñòà, ýêñêóðñèè è ìåàíäðà Áåðíóëëè. Òàêæå

èññëåäóåòñÿ àñèìïòîòè÷åñêîå ðàñïðåäåëåíèå êîëè÷åñòâà ïèêîâ.

Ïðåäïîñûëêîé ê íàñòîÿùåé ðàáîòå ñòàëà ñòàòüÿ À. Êóêåòàåâà [18], â êî-

òîðîé ðàñïðåäåëåíèå äëèí λj = τj − τj−1 èçó÷àëîñü â ïðåäïîëîæåíèè î íåçà-

âèñèìîñòè ñëó÷àéíûõ âåëè÷èí {ξn, n ∈ Z}. Â [18] áûëè ïîëó÷åíû âåðîÿòíîñòè

P{λj = k} â âèäå ìíîãîêðàòíûõ èíòåãðàëîâ, òî÷íûå ôîðìóëû äëÿ êîòîðûõ

íàéäåíû â [26] ñ ïîìîùüþ ðåêóððåíòíûõ âû÷èñëåíèé.

Â [18] èñïîëüçîâàíî íåñêîëüêî ñòàíäàðòíûõ ñòàòèñòèê, îñíîâàííûõ íà λj,

äëÿ òåñòèðîâàíèÿ íåêîòîðûõ ãåíåðàòîðîâ ñëó÷àéíûõ ÷èñåë, ïðè ýòîì íåÿâíî
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ïðåäïîëàãàåòñÿ, ÷òî {λj} � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñ-

ïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí.

Â äèïëîìíîé ðàáîòå Í.À. Õàðèòîíîâîé (2009 ã.) [7] áûëî ïîêàçàíî, ÷òî

ïðåäïîëîæåíèå î íåçàâèñèìîñòè ñëó÷àéíûõ âåëè÷èí λj íåâåðíî. Ñ ïîìîùüþ

êîìáèíàòîðíûõ ìåòîäîâ â [7] (ñì. òàêæå [36]) áûëà äîêàçàíà ñëåäóþùàÿ

Òåîðåìà A. Åñëè ñëó÷àéíûå âåëè÷èíû {ξn, n ∈ Z} íåçàâèñèìû è èìåþò îäíî

è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, òî

P{λ = k} = 3(k + 2)(k − 1)2k

(k + 3)!
, k = 2, 3, . . . , (1)

Eλ = 3, Dλ = 3(e2 − 7) ≈ 1, 167, P{λ > 6} ≈ 0.0074.

Êðîìå òîãî,

P{λ1 = k, λ2 = l} = P{λ1 = l, λ2 = k} = (2)

=
3

(k + l + 3)!

k+l+2∑
m=1

k+2∑
n=1

Cn−1
m−1C

k+3−n
k+l+3−mP (k, n)Q(l,m− n+ 1),

ãäå

P (k, n) =

k2k − (2k − n+ 3)2n−3, åñëè n ≥ 3,

k2k − (k + 1), åñëè n ∈ {1, 2};

Q(l,m) =

(2l −m− 1)2m−3, åñëè m ≥ 3,

l − 1, åñëè m ∈ {1, 2}.

Ôîðìóëû (2) ìîæíî óïðîñòèòü, åñëè îäíà èç äëèí ðàâíà 2 èëè 3:

P{λ1 = k, λ2 = 2} = (k2 + 9k + 12)(k + 4)(k − 1)2k

(k + 5)!
,

P{λ1 = k, λ2 = 3} = (k + 2)(k − 1)2k

(k + 3)!
= P{λ1 = k}P{λ2 = 3}.

Èç óïðîùåííûõ ôîðìóë âèäíî, ÷òî ñîáûòèÿ {λj = k} è {λj+1 = 2} çàâèñèìû,
òàêèì îáðàçîì ñëó÷àéíûå âåëè÷èíû λj çàâèñèìû. Ïðè ýòîì ñîáûòèå {λj = 3}
íå çàâèñèò îò çíà÷åíèé λj−1 è λj+1. Íåñëîæíî ïðîâåðèòü, ÷òî âåðîÿòíîñòü òîãî,
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÷òî t ÿâëÿåòñÿ âíóòðåííåé òî÷êîé ïðîìåæóòêà ìåæäó ñîñåäíèìè ëîêàëüíûìè

ìàêñèìóìàìè, ðàññòîÿíèå ìåæäó êîòîðûìè ðàâíî k ≥ 1, åñòü

P{min{τj : τj ≥ t} −max{τj : τj ≤ t} = k} = k − 1

3
P{λ = k},

è

P{min{τj : τj ≥ t} = max{τj : τj ≤ t}} = P{t ∈ {τj}j∈Z} =
1

3
.

Ñëåäîâàòåëüíî, ìàòåìàòè÷åñêîå îæèäàíèå äëèíû Lt ïðîìåæóòêà, íàêðû-

âàþùåãî òî÷êó t, ðàâíî

MLt =
∞∑
k=1

k2 − k
2

P{λ = k} = Mλ2 −Mλ

3
= e2 − 5 ≈ 2, 389.

Öåëè ðàáîòû. Èññëåäîâàíèå ñòðóêòóðíûõ ñâîéñòâ ïîñëåäîâàòåëüíîñòåé

ñëó÷àéíûõ âåëè÷èí â òåðìèíàõ ðàññòîÿíèé ìåæäó ìîìåíòàìè ïîÿâëåíèÿ ëî-

êàëüíûõ ìàêñèìóìîâ.

Èçó÷åíèå âîçìîæíîñòè èñïîëüçîâàíèÿ ýòèõ õàðàêòåðèñòèê äëÿ ïðîâåðêè

ãèïîòåç î âåðîÿòíîñòíîé ñòðóêòóðå èñõîäíîé ïîñëåäîâàòåëüíîñòè.

Íàó÷íàÿ íîâèçíà. Îñíîâíûå ðåçóëüòàòû ÿâëÿþòñÿ íîâûìè, ïîëó÷åíû

àâòîðîì ñàìîñòîÿòåëüíî è ñîñòîÿò â ñëåäóþùåì:

1. Íàéäåíû ñîâìåñòíûå ðàñïðåäåëåíèÿ ñîñåäíèõ ëîêàëüíûõ ìàêñèìóìîâ è

äëèí ïðîìåæóòêîâ ìåæäó íèìè.

2. Îïèñàíà àñèìïòîòè÷åñêàÿ ñòðóêòóðà ïðîìåæóòêà ìåæäó ñîñåäíèìè ëî-

êàëüíûìè ìàêñèìóìàìè ïðè óñëîâèè, ÷òî åãî äëèíà ñòðåìèòñÿ ê áåñêîíå÷íîñòè.

3. Äîêàçàíà àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ñîâìåñòíûõ ðàñïðåäåëåíèé êî-

ëè÷åñòâ ïîÿâëåíèÿ ïðîìåæóòêîâ çàäàííûõ äëèí. Ïðåäëîæåí ñòàòèñòè÷åñêèé

êðèòåðèé ïðîâåðêè ãèïîòåçû î âåðîÿòíîñòíîé ñòðóêòóðå èñõîäíîé ïîñëåäîâà-

òåëüíîñòè.

4. Íàéäåíû âåðîÿòíîñòè ïîÿâëåíèÿ ëîêàëüíûõ ìàêñèìóìîâ è ðàñïðåäåëå-

íèå ðàññòîÿíèé ìåæäó íèìè äëÿ íåêîòîðûõ ïîñëåäîâàòåëüíîñòåé çàâèñèìûõ

èëè íå îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí.

Îñíîâíûå ìåòîäû èññëåäîâàíèÿ. Â ðàáîòå èñïîëüçóþòñÿ àíàëèòè÷å-
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ñêèå è êîìáèíàòîðíûå ìåòîäû òåîðèè âåðîÿòíîñòåé.

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ öåííîñòü ðàáîòû. Ðàáîòà èìååò òåî-

ðåòè÷åñêèé õàðàêòåð, â ÷àñòíîñòè, îáíàðóæåíû íîâûå ñâîéñòâà ïîñëåäîâàòåëü-

íîñòè íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí. Ïîëó÷åí-

íûå ðåçóëüòàòû ìîãóò èñïîëüçîâàòüñÿ ïðè ñòàòèñòè÷åñêîé îáðàáîòêå îãðóáë¼í-

íûõ íàáëþäåíèé (äîñòàòî÷íî, ÷òîáû áûëè èçâåñòíû òîëüêî îòíîøåíèÿ �áîëüøå-

ìåíüøå� ìåæäó ñîñåäíèìè íàáëþäåíèÿìè), à òàêæå ïðè òåñòèðîâàíèè äàò÷èêîâ

ñëó÷àéíûõ ÷èñåë.

Àïðîáàöèÿ ðàáîòû. Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü àâòîðîì

íà íàó÷íîì ñåìèíàðå êàôåäðû ìàòåìàòè÷åñêîé ñòàòèñòèêè è ñëó÷àéíûõ ïðî-

öåññîâ ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà

(Ìîñêâà, 2009�2015 ãã.); Äåñÿòîì Âñåðîññèéñêîì ñèìïîçèóìå ïî ïðèêëàäíîé

è ïðîìûøëåííîé ìàòåìàòèêå (îñåííÿÿ ñåññèÿ) (Ñî÷è, 2009ã.); 9-é ìåæäóíà-

ðîäíîé êîíôåðåíöèè ¾Computer Data Analysis and Modeling: Theoretical and

Applied Stochastics¿ (Ìèíñê, 2010 ã.); Âîñåìíàäöàòîé Âñåðîññèéñêîé øêîëå-

êîëëîêâèóìå ïî ñòîõàñòè÷åñêèì ìåòîäàì (Êàçàíü, 2011ã.); Ìåæäóíàðîäíîé êîí-

ôåðåíöèè ¾Òåîðèÿ âåðîÿòíîñòåé è åå ïðèëîæåíèÿ¿, ïîñâÿùåííîé 100-ëåòèþ ñî

äíÿ ðîæäåíèÿ Á.Â. Ãíåäåíêî (Ìîñêâà, 2012ã.); 10-é ìåæäóíàðîäíîé êîíôåðåí-

öèè ¾Computer Data Analysis and Modeling: Theoretical and Applied Stochastics¿

(Ìèíñê, 2013 ã.).

Ïóáëèêàöèè. Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 8 ðàáî-

òàõ, ïðåäñòàâëåííûõ â êîíöå ñïèñêà ëèòåðàòóðû.

Ñòðóêòóðà è îáú¼ì ðàáîòû. Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, òð¼õ

ãëàâ, çàêëþ÷åíèÿ è ñïèñêà ëèòåðàòóðû èç 43 íàèìåíîâàíèé. Îáùèé îáú¼ì äèñ-

ñåðòàöèè ñîñòàâëÿåò 98 ñòðàíèö.

Êðàòêîå ñîäåðæàíèå ðàáîòû. Ïðèâåä¼ì îñíîâíûå ðåçóëüòàòû äèññåð-

òàöèè. Íóìåðàöèÿ óòâåðæäåíèé ñîâïàäàåò ñ èõ íóìåðàöèåé â ñîîòâåòñòâóþùèõ

ãëàâàõ.

Ïåðâàÿ ãëàâà íàñòîÿùåé ðàáîòû ïîñâÿùåíà èçó÷åíèþ ïîñëåäîâàòåëüíî-

ñòè ëîêàëüíûõ ìàêñèìóìîâ è ðàññòîÿíèé {λj} ìåæäó íèìè äëÿ íåçàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí {ξn}, èìåþùèõ îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå.
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Â ïàðàãðàôå 1.1 ñîäåðæàòñÿ îñíîâíûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ.

Â ïàðàãðàôå 1.2 ïîêàçàíî, ÷òî äîêàçàòåëüñòâî òåîðåìû A (è ðÿä äðóãèõ

ðåçóëüòàòîâ) ìîæíî îáîáùèòü íà ñëó÷àé ïåðåñòàíîâî÷íûõ ñëó÷àéíûõ âåëè÷èí

{ξn}, óäîâëåòâîðÿþùèõ óñëîâèþ P{ξ1 = ξ2} = 0.

Ëåììà 1. Ïóñòü {ξn, n ∈ Z} � òàêàÿ ïîñëåäîâàòåëüíîñòü ïåðåñòàíîâî÷-

íûõ ñëó÷àéíûõ âåëè÷èí, ÷òî P{ξ1 = ξ2} = 0. Òîãäà ïîñëåäîâàòåëüíîñòü

{τj, j ∈ Z} ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ ìàêñèìóìîâ â {ξn} èìååò òàêîå

æå ðàñïðåäåëåíèå, êàê ïîñëåäîâàòåëüíîñòü ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ

ìàêñèìóìîâ â ïîñëåäîâàòåëüíîñòè íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, èìåþ-

ùèõ ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1].

Â ïàðàãðàôå 1.3 äîêàçàíà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξn, n ∈ Z, íåçàâèñèìû è èìåþò îäíî

è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå. Òîãäà ïîñëåäîâàòåëüíîñòü ïàð (λj, ξτj),

j ∈ Z, îáðàçóåò îäíîðîäíóþ ïî âðåìåíè öåïü Ìàðêîâà.

Ïàðàãðàô 1.4 ïîñâÿùåí èññëåäîâàíèþ õàðàêòåðèñòèê öåïè (λj, ξτj) â ñëó-

÷àå, êîãäà èñõîäíûå ñëó÷àéíûå âåëè÷èíû {ξn} èìåþò ðàâíîìåðíîå ðàñïðåäåëå-
íèå íà îòðåçêå [0, 1].

Ðàññìîòðèì äâà ñîñåäíèõ ëîêàëüíûõ ìàêñèìóìà ξτj−1
, ξτj . Ââåä¼ì îáîçíà-

÷åíèÿ ξmin = min{ξτj−1
, ξτj}, ξmax = max{ξτj−1

, ξτj}.

Ëåììà 2. Óñëîâíàÿ ïëîòíîñòü gk(x, y) ðàñïðåäåëåíèÿ âåêòîðà (ξmin, ξmax) ïðè

óñëîâèè, ÷òî ðàññòîÿíèå λj = k, èìååò âèä

gk(x, y) =
k(k + 1)(k + 3)

(k − 1)2k
xy
(
(y + x)k−1 − (y − x)k−1

)
, 0 ≤ x ≤ y ≤ 1. (3)

Ýòà ëåììà ïîçâîëèëà ïîëó÷èòü ñëåäóþùèå òåîðåìû 2 è 3.

Òåîðåìà 2. Ïóñòü ñëó÷àéíûå âåëè÷èíû {ξn, n ∈ Z} íåçàâèñèìû è ðàâíîìåðíî

ðàñïðåäåëåíû íà îòðåçêå [0, 1]. Òîãäà ïåðåõîäíàÿ ïëîòíîñòü öåïè (λj, ξτj) ðàâíà

p(λj+1,ξτj+1)|(λj ,ξτj)
(k, y | l, x) = 1

2(k − 1)!

y
(
(y + x)k−1 − |y − x|k−1

)
x

, 0 ≤ x, y ≤ 1.
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Â òåîðåìå À ôîðìóëà äëÿ ñîâìåñòíîãî ðàñïðåäåëåíèÿ äëèí ñîñåäíèõ ïðî-

ìåæóòêîâ ïðåäñòàâëåíà â âèäå äâîéíîé ñóììû. Â íàñòîÿùåé ðàáîòå ïîëó÷åíà

ÿâíàÿ ôîðìóëà.

Òåîðåìà 3. Ïóñòü ñëó÷àéíûå âåëè÷èíû {ξn, n ∈ Z} íåçàâèñèìû è èìåþò îäíî

è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå. Òîãäà

P{λ1 = k, λ2 = l} = P{λ1 = l, λ2 = k} =

=
3 · 2k+l−1

(
C l
k+l(kl(k + l + 1) + 1− k2 − l2)− (k + l − 1)(k + 1)(l + 1)

)
(l + 1)(k + 1)(k + l + 3)(k + l + 1)!

, (4)

P{λj−1 = k, λj = 2, λj+1 = l} = P{λj−1 = l, λj = 2, λj+1 = k} =

=
3 · 2k+l

(l + 1)!(k + 1)!

(
kl(k + l + 5)2 − (k + l + 3)((k + l)2 + 6(k + l)− 3)

(k + 3)(l + 3)(k + l + 3)(k + l + 5)

+
2(k + l + 1)

(k + l + 3)(k + l + 5)C l+1
k+l+2

)
. (5)

Ôîðìóëû (4) è (5) ïîçâîëÿþò íàéòè îòíîøåíèå óñëîâíûõ âåðîÿòíîñòåé

P{λ3 = l|λ1 = k, λ2 = 2}
P{λ3 = l|λ2 = 2}

=
6

5

(
1 +O

(
1

k
+

1

l

))
, k, l→∞,

êîòîðîå ïîêàçûâàåò, ÷òî ïîñëåäîâàòåëüíîñòü {λj} íå ÿâëÿåòñÿ öåïüþ Ìàðêîâà.

Âî âòîðîé ãëàâå èçó÷àåòñÿ ñòðóêòóðà ïîñëåäîâàòåëüíîñòè íåçàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí ξn, èìåþùèõ îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, ñ

âûäåëåííûìè ëîêàëüíûìè ìàêñèìóìàìè.

Â ïàðàãðàôå 2.1 îïèñàíà ñòðóêòóðà �îâðàãà� (ïîñëåäîâàòåëüíî èäóùèå óáû-

âàþùèé è âîçðàñòàþùèé ó÷àñòêè ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí) è

èçó÷åíî àñèìïòîòè÷åñêîå ïîâåäåíèå ó÷àñòêà ïîñëåäîâàòåëüíîñòè ìåæäó ñîñåä-

íèìè ëîêàëüíûìè ìàêñèìóìàìè.

Òåîðåìà 4. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξn, n ∈ N, íåçàâèñèìû è èìåþò ðàâ-

íîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1], ôóíêöèè yk(x) = |1− 2x/(k + 1)| ,
V k
1 = {∃ t : ξ1 > · · · > ξt < · · · < ξk, 1 ≤ t ≤ k}. Òîãäà

∀ ε > 0 P{ max
n=1,...,k

|ξn − yk(n)| > ε |V k
1 } → 0, k →∞.
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Òåîðåìà 5. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξn, n ≥ 0, íåçàâèñèìû è èìåþò ðàâ-

íîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1] è ôóíêöèè yk(x) = |1− 2x/(k + 1)| .
Òîãäà

∀ ε > 0 P{ max
n=1,...,k

|ξn − yk(n)| > ε |W k
1 } → 0, k →∞,

W k
1 = {∃ t : ξ0 < ξ1 > ξ2 > · · · > ξt < · · · ξk−1 < ξk > ξk+1}.

Ñëåäñòâèå 3. Åñëè ñëó÷àéíûå âåëè÷èíû ξn, n ≥ 0, íåçàâèñèìû è èìåþò îäíî

è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå ñ ôóíêöèåé ðàñïðåäåëåíèÿ F (x), òî

∀ ε > 0 P{ max
n=1,...,k

|F (ξn)− yk(n)| > ε |W k
1 } → 0, k →∞.

Åñëè, êðîìå òîãî, ôóíêöèÿ F (x) ñòðîãî ìîíîòîííà, òî

∀ ε > 0 P{ max
n=1,...,k

|ξn − F−1(yk(n))| > ε |W k
1 } → 0, k →∞.

Â ïàðàãðàôå 2.2 ïîêàçàíî, ÷òî ñîáûòèå {λ = 3} ÿâëÿåòñÿ ðåêóððåíòíûì

ñîáûòèåì ñ çàïàçäûâàíèåì êàê äëÿ èñõîäíîé ïîñëåäîâàòåëüíîñòè {ξn}∞n=1, òàê è

äëÿ ïîñëåäîâàòåëüíîñòè {χn}∞n=2 èíäèêàòîðîâ ëîêàëüíûõ ìàêñèìóìîâ, íàéäåíû

ïðîèçâîäÿùèå ôóíêöèè äëÿ âåðîÿòíîñòåé fk, bk òîãî, ÷òî ðåêóððåíòíîå ñîáûòèå

ïðîèçîøëî âïåðâûå ïðè k-ì èñïûòàíèè (â ðåãóëÿðíîé ÷àñòè è â íà÷àëüíîì

îòðåçêå) è âåðîÿòíîñòè uk òîãî, ÷òî ðåêóððåíòíîå ñîáûòèå ïðîèçîøëî ïðè k-ì

èñïûòàíèè

U(s) =
∞∑
k=0

skuk =
1

9

∞∑
k=6

sk =
s6

9(1− s)
,

F (s) =
∞∑
k=0

skfk = 1− (1− s)
(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)−1
,

B(s) =
∞∑
k=0

skbk =
1

9
s6
(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)−1
.

Óòâåðæäåíèå 4. Ïóñòü ρ � ðàññòîÿíèå ìåæäó ìîìåíòàìè ïîÿâëåíèÿ ñîáû-

òèé {λ = 3}, à ρ0 � âðåìÿ îæèäàíèÿ ïåðâîãî ìîìåíòà ïîÿâëåíèÿ ñîáûòèÿ

{λ = 3} â ïîñëåäîâàòåëüíîñòè {ξn, n ∈ N}. Òîãäà
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Mρ = 9, Dρ = 57, 6; Mρ0 = 13, 2, Dρ0 = 32, 04.

Â ïàðàãðàôå 2.3 ðàññìàòðèâàþòñÿ êîëè÷åñòâà ðàññòîÿíèé çàäàííûõ äëèí

ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè ïîñëåäîâàòåëüíîñòè {ξi}Ti=1,

N0(T ) =
T−2∑
i=1

χi =
T−2∑
i=1

I{ξi−1 < ξi > ξi+1},

Nk(T ) =
T−2−k∑
i=1

I{χi = χi+k = 1, χj = 0, j = i+ 1, . . . , i+ k − 1}, k ≥ 2,

N (s) = (N0(T ), N2(T ), N3(T ), . . . , Ns(T )) .

Äëÿ âåêòîðà N (s) ñïðàâåäëèâà ñëåäóþùàÿ ïðåäåëüíàÿ òåîðåìà.

Òåîðåìà 7. Äëÿ ëþáîãî íàòóðàëüíîãî s âåêòîð N (s) àñèìïòîòè÷åñêè íîðìà-

ëåí ïðè T →∞ ñ ïàðàìåòðàìè (A(s)T,CsT ), ãäå

A(s) =
1

3
(1,P{λ = 2}, . . . ,P{λ = s}), (6)

à ýëåìåíòû ìàòðèöû êîâàðèàöèé Cs = ‖ckm‖sk,m=1 îïðåäåëÿþòñÿ ôîðìóëàìè

c11 =
2

45
,

c1k = ck1 =
2

3
P{λ1 = 2, λ2 = k} − k − 1

9
P{λ = k}, k > 2,

ckk =
1

3
P{λ = k} − 2k + 5

9
P2{λ = k}+ 2

3
P{λ1 = λ2 = k}

+
2

3
P{λ1 = k, λ2 = 2, λ3 = k}, k > 2,

cmk = ckm = −k +m+ 5

9
P{λ = k}P{λ = m}+ 2

3
P{λ1 = k, λ2 = m}

+
2

3
P{λ1 = k, λ2 = 2, λ3 = m}, m > k > 2.

Çàâèñèìîñòü ñëó÷àéíûõ âåëè÷èí {λj} äåëàåò ïðèìåíåíèå ñòàíäàðòíûõ ñòà-
òèñòè÷åñêèõ êðèòåðèåâ â [18] íåêîððåêòíûì, îäíàêî òåîðåìà 7 ïîçâîëÿåò ñòðî-

èòü êðèòåðèè ñîãëàñèÿ äëÿ ãèïîòåçû H0: {ξj} � ïîñëåäîâàòåëüíîñòü ïåðåñòàíî-
âî÷íûõ ñëó÷àéíûõ âåëè÷èí, òàêèõ ÷òî P{ξ1 = ξ2} = 0.

Ñôîðìóëèðóåì òàêæå ÷àñòíûé ñëó÷àé òåîðåìû 7.
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Òåîðåìà 8. Âåêòîð (N(T ), N2(T ), N3(T )) ïðè T → ∞ àñèìïòîòè÷åñêè íîð-

ìàëåí ñ ïàðàìåòðàìè

T

(
1

3
,
2

15
,
1

9

)
, T


2
15

20
315

2
135

20
315

1772
14175 −

22
945

2
135 −

22
945

32
405

 .

Â òðåòüåé ãëàâå ðàññìîòðåíî íåñêîëüêî âèäîâ ïîñëåäîâàòåëüíîñòåé ñëó-

÷àéíûõ âåëè÷èí, íå ÿâëÿþùèõ ïåðåñòàíîâî÷íûìè.

Â ïàðàãðàôå 3.1 èçó÷àþòñÿ ðàñïðåäåëåíèå ðàññòîÿíèÿ ìåæäó ñîñåäíèìè

ëîêàëüíûìè ìàêñèìóìàìè è êîëè÷åñòâà ðàññòîÿíèé çàäàííûõ äëèí ìåæäó ñî-

ñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè â ïîñëåäîâàòåëüíîñòè ñêîëüçÿùèõ ñóìì.

Òåîðåìà 9. Ïóñòü {ξn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí, èìåþùèõ îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, è ñëó÷àéíûå âå-

ëè÷èíû ξ∗n = ξn+ξn+1, n ∈ Z. Ïóñòü λ∗ � äëèíà ïðîìåæóòêà ìåæäó ñîñåäíèìè

ëîêàëüíûìè ìàêñèìóìàìè ïîñëåäîâàòåëüíîñòè {ξ∗n}. Òîãäà äëÿ l = 1, 2, . . .

P{λ∗ = 2l} = 4

[(l + 2)!]2

(
l2 − 2

l + 2

)
C l

2l+1,

P{λ∗ = 2l + 1} = 8l(l + 1)

(l + 2)!(l + 3)!
C l

2l+1.

Êîìïüþòåðíûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

Mλ∗ = 4, Dλ∗ ≈ 2, 117, P{λ∗ > 8} ≈ 0.0081.

Ïóñòü N ∗k (T ) � ñëó÷àéíûå âåëè÷èíû, àíàëîãè÷íûå Nk(T ).

Òåîðåìà 10. Âåêòîð (N ∗(T ), N∗2 (T ), N
∗
3 (T )) ïðè T → ∞ àñèìïòîòè÷åñêè

íîðìàëåí ñ ïàðàìåòðàìè

T

(
1

4
,
1

36
,
1

12

)
, T


5

144
5
288

5
144

5
288

52
2025

1
720

5
144

1
720

259
3456

 .

Ñðàâíåíèå òåîðåì 8 è 10 ïîêàçûâàåò, ÷òî ñ ïîìîùüþ ðàññìîòðåííûõ ñòà-
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òèñòèê ìîæíî ïîñòðîèòü êðèòåðèé ðàçëè÷åíèÿ ãèïîòåçû H0 îò îïèñàííîé â

òåîðåìå 9 àëüòåðíàòèâû.

Â ïàðàãðàôå 3.2 ðàññìàòðèâàåòñÿ ïîñëåäîâàòåëüíîñòü âçâåøåííûõ ñóìì

ξ̂cn = ξn + cξn+1, n ∈ Z, c = const 6= 0, ãäå ñëó÷àéíûå âåëè÷èíû {ξn}n∈Z íåçàâè-

ñèìû è èìåþò îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå (ïðè c = 0 ξ̂cn = ξn,

è ýòîò ñëó÷àé ïîäðîáíî èçó÷åí â ïåðâîé ãëàâå). Ïðè c = 1 ïîëó÷àåì ïîñëåäî-

âàòåëüíîñòü {ξ∗i }, ðàññìîòðåííóþ â ïàðàãðàôå 3.1. Ïî òåîðåìå 9 ðàñïðåäåëåíèå

ðàññòîÿíèÿ ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè â ýòîé ïîñëåäîâàòåëü-

íîñòè íå çàâèñèò îò âèäà íåïðåðûâíîãî ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí ξn,

òî æå ñïðàâåäëèâî è äëÿ âåðîÿòíîñòè íàáëþäàòü ëîêàëüíûé ìàêñèìóì â ôèê-

ñèðîâàííûé ìîìåíò âðåìåíè. Îäíàêî ïðè c 6= 1 ýòî íå âåðíî è âåðîÿòíîñòü

P{ξ̂c0 < ξ̂c1 > ξ̂c2} çàâèñèò îò ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí ξn.

Óòâåðæäåíèå 6. Åñëè ñëó÷àéíûå âåëè÷èíû ξn èìåþò ðàâíîìåðíîå ðàñïðåäå-

ëåíèå íà îòðåçêå [0, 1], òî äëÿ ëþáîãî öåëîãî n

P{ξ̂cn−1 < ξ̂cn > ξ̂cn+1} =



1

3
− c

12(c2 − c+ 1)
, c < 0,

1

3
− c+ c2 − c3

12
, 0 ≤ c < 1,

1

3
− c2 + c− 1

12c3
, c ≥ 1.

(7)

Åñëè ñëó÷àéíûå âåëè÷èíû ξn èìåþò ñòàíäàðòíîå íîðìàëüíîå ðàñïðåäå-

ëåíèå, òî äëÿ ëþáîãî öåëîãî n

P{ξ̂cn−1 < ξ̂cn > ξ̂cn+1} =
1

π
arctg

√
3c2 − 4c+ 3

c2 + 1
. (8)

Â ïàðàãðàôå 3.3 íàéäåíà âåðîÿòíîñòü íàáëþäàòü ëîêàëüíûé ìàêñèìóì â

ôèêñèðîâàííûé ìîìåíò âðåìåíè â ÷àñòíîì ñëó÷àå ïîñëåäîâàòåëüíîñòè íåçàâè-

ñèìûõ, íî íå îäèíàêîâî ðàñïðåäåë¼ííûõ âåëè÷èí.

Óòâåðæäåíèå 7. Ïóñòü {ξn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí, èìåþùèõ ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1], è

ïóñòü ξ̃n = ξn + vn, n ∈ Z, v = const. Òîãäà äëÿ ëþáîãî öåëîãî n
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P{ξ̃n−1 < ξ̃n > ξ̃n+1} =


1

3
− v29− 8|v|

6
, |v| < 1

2
,

(1− |v|)2

2
,

1

2
≤ |v| < 1,

0, |v| ≥ 1.

Çàìå÷àíèå î öåïî÷êàõ ðàññòîÿíèé äëèíû äâà. Ðàññìîòðèì ñåðèè

ðàññòîÿíèé äëèíû äâà, ò.å. ñîáûòèÿ {λ1 = · · · = λn = 2}. Ïî îïðåäåëåíèþ

P{λ1 = · · · = λn = 2} = P{ξ1 < ξ2 > ξ3 < · · · > ξ2n−1 < ξ2n > ξ2n+1|χ2 = 1}

= 3P{χ2χ4 · · ·χ2n = 1}.

Âåðîÿòíîñòè Pn = P{χ2χ4 · · ·χ2n = 1} óäîáíî âû÷èñëÿòü êîìáèíàòîðíûì ìå-

òîäîì (îïèñàííûì âûøå). Ñîáûòèå {χ2χ4 · · ·χ2n = 1} îçíà÷àåò, ÷òî ñëó÷àéíàÿ
ïåðåñòàíîâêà, ïîñòðîåííàÿ ïî ξ1, . . . , ξn, ÿâëÿåòñÿ àëüòåðíèðóþùåé. Òàêèì îá-

ðàçîì, Pn = A2n+1/(2n+ 1)!.

Êàê îòìå÷àëîñü â îáçîðå ëèòåðàòóðû, ïîíÿòèå àëüòåðíèðóþùåé ïåðåñòà-

íîâêè áûëî ââåäåíî Àíäðå â [9]. Òàì æå ïîëó÷åíû ôîðìóëû äëÿ ïðîèçâîäÿùèõ

ôóíêöèé êîëè÷åñòâ An àëüòåðíèðóþùèõ ïåðåñòàíîâîê ïîðÿäêà n

tg
(x
2
− π

4

)
=

∞∑
n=0

An
xn

n!
= tg x+ secx,

tg x =
∞∑
n=0

A2n+1
x2n+1

(2n+ 1)!
, secx =

∞∑
n=0

A2n
x2n

(2n)!
.

Îòìåòèì, ÷òî â [32] ïðèâîäèòñÿ òðè ðàçëè÷íûõ ñïîñîáà äîêàçàòåëüñòâà ñïðà-

âåäëèâîñòè ïðèâåäåííûõ ôîðìóë.

Òàêèì îáðàçîì, âåðîÿòíîñòè Pn =
1

(2n+1)! tg
(2n+1)(0).

Äëÿ âû÷èñëåíèÿ âåðîÿòíîñòåé Pn ìîæíî òàêæå âîñïîëüçîâàòüñÿ ðåêóð-

ðåíòíûìè ñîîòíîøåíèÿìè, êîòîðûå ñëåäóþò èç ïîëó÷åííûõ â [9] ðåêóððåíòíûõ

ñîîòíîøåíèé äëÿ An,

Pn =
1

2n+ 1

n−1∑
k=0

PkPn−1−k, n ≥ 1, P0 = 1.
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Ïðèâåä¼ì íà÷àëüíûå çíà÷åíèÿ âåðîÿòíîñòåé Pn

P1 =
1

3
, P2 =

2

15
, P3 =

17

315
, P4 =

62

2835
, P5 =

1382

155925
, P6 =

21844

6081075
.

Çàìåòèì, ÷òî âåðîÿòíîñòè Pn ïîçâîëÿþò âû÷èñëÿòü ñîâìåñòíûå âåðîÿòíî-

ñòè öåïî÷åê {λj = kj, kj ∈ {2, 4}}. Íàïðèìåð,

P{λ1 = 4} = 3P{χ2χ6 = 1, χ4 = 0} = 3P{χ2χ6 = 1} − 3P{χ2χ4χ6 = 1}

= 3P{χ2 = 1}P{χ6 = 1} − 3P3 = 3(P 2
1 − P3) =

6

35
,

P{λ1 = 2, λ2 = 2, λ3 = 4} = 3(P1P3 − P5) =
4269

155925
≈ 0, 027,

P{λ1 = λ2 = λ3 = 2, λ3 = 4} = 3(P1P4 − P6) =
22486

2027025
≈ 0, 011.

Çíà÷åíèå ïåðâîé âåðîÿòíîñòè ìîæíî òàêæå íàéòè ïî ôîðìóëå (1), à âòîðîé �

ïî ôîðìóëå (4).

Áëàãîäàðíîñòè. Àâòîð ãëóáîêî áëàãîäàðåí ñâîåìó íàó÷íîìó ðóêîâîäèòå-

ëþ ä.ô.-ì.í. Àíäðåþ Ìèõàéëîâè÷ó Çóáêîâó çà ïîñòàíîâêó èíòåðåñíûõ çàäà÷,

ïëîäîòâîðíûå îáñóæäåíèÿ, öåííûå çàìå÷àíèÿ è ïîñòîÿííîå âíèìàíèå ê ðàáîòå.
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Ãëàâà 1

Ëîêàëüíûå ìàêñèìóìû è ïðîìåæóòêè ìåæäó íèìè

1.1 Îñíîâíûå îïðåäåëåíèÿ

Ïóñòü {ξn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó-

÷àéíûõ âåëè÷èí, χn = I{ξn−1 < ξn > ξn+1} (n ∈ Z) � èíäèêàòîðû ëîêàëüíûõ

ìàêñèìóìîâ (ïèêîâ) ýòîé ïîñëåäîâàòåëüíîñòè, {τj, j ∈ Z} = {n ∈ Z : χn = 1}
� âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü âñåõ ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ ìàê-

ñèìóìîâ â {ξn}, ïðè÷¼ì äëÿ îïðåäåëåííîñòè τ0 = min{j ≥ 0 : ξj−1 < ξj > ξj+1}.

Îñíîâíûì îáúåêòîì èçó÷åíèÿ â íàñòîÿùåé ðàáîòå ÿâëÿþòñÿ ñëó÷àéíûå âå-

ëè÷èíû λj = τj − τj−1 � äëèíû ïðîìåæóòêîâ (ðàññòîÿíèÿ) ìåæäó ñîñåäíèìè

ëîêàëüíûìè ìàêñèìóìàìè.

Çàìåòèì, ÷òî â ñèëó îïðåäåëåíèÿ ñëó÷àéíûå âåëè÷èíû λj ïðèíèìàþò çíà-

÷åíèÿ, íå ìåíüøèå äâóõ. Êðîìå òîãî, åñëè ñëó÷àéíûå âåëè÷èíû èñõîäíîé ïî-

ñëåäîâàòåëüíîñòè {ξn, n ∈ Z} íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû, òî ñëó-

÷àéíûå âåëè÷èíû λj îäèíàêîâî ðàñïðåäåëåíû è, áîëåå òîãî, ïîñëåäîâàòåëüíîñòü

{λj, j ∈ Z} ñòàöèîíàðíà â óçêîì ñìûñëå.

Íàïîìíèì, ÷òî ñîãëàñíî òåîðåìå A (ñì. ââåäåíèå)

P{λ = k} = 3(k + 2)(k − 1)2k

(k + 3)!
. (1.1)

Äëÿ óäîáñòâà èçëîæåíèÿ ââåä¼ì òàêæå îáîçíà÷åíèÿ äëÿ èíäèêàòîðîâ ñî-

áûòèé �ξi è ξi+k ÿâëÿþòñÿ ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè� (ðàññòîÿíèå

ìåæäó êîòîðûìè, î÷åâèäíî, ðàâíî k)

χ
(k)
i

def
= I{χi = χi+k = 1, χj = 0, j = i+ 1, . . . , i+ k − 1}, i ∈ Z. (1.2)

Åñëè ñëó÷àéíûå âåëè÷èíû ïîñëåäîâàòåëüíîñòè {ξn} íåçàâèñèìû è èìåþò îäíî

è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, òî âåðîÿòíîñòè òîãî, ÷òî èíäèêàòîðû χ
(k)
i

ðàâíû 1, èìåþò âèä
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P{χi = 1} = P{χ1 = 1} = P{ξ1 < ξ2 > ξ3} =
1

3
, (1.3)

P{χ(k)
i = 1} = P{χ(k)

1 = 1} = P{χ1 = 1}P{λ1 = k} = (k + 2)(k − 1)2k

(k + 3)!
. (1.4)

1.2 Ïåðåõîä îò íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí

ê ïåðåñòàíîâî÷íûì

Îïðåäåëåíèå 1. Ñëó÷àéíûå âåëè÷èíû ξ1, . . . , ξn ïåðåñòàíîâî÷íû (ñèììåò-

ðè÷íî çàâèñèìû), åñëè äëÿ ëþáîé ïåðåñòàíîâêè (i1, . . . , in) ÷èñåë 1, . . . , n ñëó-

÷àéíûå âåêòîðû (ξi1, . . . , ξin) è (ξ1, . . . , ξn) èìåþò îäíî è òî æå ðàñïðåäåëåíèå.

Áåñêîíå÷íàÿ ïîñëåäîâàòåëüíîñòü {ξn, n ∈ Z} ïåðåñòàíîâî÷íà, åñëè äëÿ ëþáî-

ãî íàòóðàëüíîãî n ñëó÷àéíûå âåëè÷èíû ξ−n, . . . , ξn ïåðåñòàíîâî÷íû.

Ëåììà 1. Ïóñòü {ξn, n ∈ Z} � òàêàÿ ïîñëåäîâàòåëüíîñòü ïåðåñòàíîâî÷-

íûõ ñëó÷àéíûõ âåëè÷èí, ÷òî P{ξ1 = ξ2} = 0. Òîãäà ïîñëåäîâàòåëüíîñòü

{τj, j ∈ Z} ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ ìàêñèìóìîâ â {ξn} èìååò òàêîå

æå ðàñïðåäåëåíèå, êàê ïîñëåäîâàòåëüíîñòü ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ

ìàêñèìóìîâ â ïîñëåäîâàòåëüíîñòè íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, èìåþ-

ùèõ ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1].

Äîêàçàòåëüñòâî. Åñëè {ξn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü ïåðåñòàíîâî÷íûõ ñëó-
÷àéíûõ âåëè÷èí, òî ïî òåîðåìå äå Ôèíåòòè (ñì. [8], [6, ãë. VII]) åå ðàñïðå-

äåëåíèå ìîæíî ïðåäñòàâèòü â âèäå ñìåñè ðàñïðåäåëåíèé ïîñëåäîâàòåëüíîñòåé

íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí. Òî åñòü ñóùåñòâó-

åò òàêàÿ ñëó÷àéíàÿ âåëè÷èíà θ, ÷òî ïðè ôèêñèðîâàííîì çíà÷åíèè θ óñëîâíîå

ðàñïðåäåëåíèå {ξn} ÿâëÿåòñÿ ðàñïðåäåëåíèåì íåêîòîðîé ïîñëåäîâàòåëüíîñòè

íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí. Åñëè, êðîìå òîãî,

P{ξ1 = ξ2} = 0, òî óñëîâíûå ðàñïðåäåëåíèÿ {ξn} íåïðåðûâíû ïî÷òè íàâåðíîå.

Îáîçíà÷èì ÷åðåç Ft(x) ôóíêöèþ óñëîâíîãî ðàñïðåäåëåíèÿ ξ1 ïðè óñëîâèè

θ = t, òîãäà ñëó÷àéíûå âåëè÷èíû Fθ(ξn) íåçàâèñèìû è èìåþò ðàâíîìåðíîå

ðàñïðåäåëåíèå íà îòðåçêå [0, 1].

Òàê êàê ôóíêöèÿ Ft(x) ìîíîòîííà, òî ìîìåíòû ïîÿâëåíèÿ ëîêàëüíûõ ìàê-

ñèìóìîâ â ïîñëåäîâàòåëüíîñòÿõ {Fθ(ξn)} è {ξn} ñîâïàäàþò ïðè ëþáîì çíà÷å-
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íèè θ. Çíà÷èò, ïîñëåäîâàòåëüíîñòü ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ ìàêñèìóìîâ

â ïîñëåäîâàòåëüíîñòè ïåðåñòàíîâî÷íûõ ñëó÷àéíûõ âåëè÷èí {ξn} èìååò òàêîå æå
ðàñïðåäåëåíèå, êàê ïîñëåäîâàòåëüíîñòü ìîìåíòîâ ïîÿâëåíèÿ ëîêàëüíûõ ìàêñè-

ìóìîâ â ïîñëåäîâàòåëüíîñòè íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, èìåþùèõ ðàâ-

íîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1].

Çàìå÷àíèå 1. Ðàñïðåäåëåíèå ïîñëåäîâàòåëüíîñòè {τj, j ∈ Z} íå çàâèñèò îò

âèäà íåïðåðûâíîãî ðàñïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí {ξn, n ∈ Z}.

Ëåììà 1 ïîçâîëÿåò îáîáùàòü ðåçóëüòàòû î ðàñïðåäåëåíèè ïîñëåäîâàòåëü-

íîñòè {λj, j ∈ Z}, ïîëó÷åííûå äëÿ íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ξn, èìå-

þùèõ ðàâíîìåðíîå ðàñïðåäåëåíèå íà [0, 1] (èëè îäíî è òî æå ïðîèçâîëüíîå

íåïðåðûâíîå ðàñïðåäåëåíèå) íà ñëó÷àé ïåðåñòàíîâî÷íûõ ñëó÷àéíûõ âåëè÷èí,

óäîâëåòâîðÿþùèõ óñëîâèþ P{ξ1 = ξ2} = 0.

1.3 Öåïü Ìàðêîâà (λj, ξτj)

Òåîðåìà 1. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξn, , n ∈ Z, íåçàâèñèìû è èìåþò îäíî

è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå. Òîãäà ïîñëåäîâàòåëüíîñòü ïàð (λj, ξτj),

j ∈ Z, îáðàçóåò îäíîðîäíóþ ïî âðåìåíè öåïü Ìàðêîâà.

Äîêàçàòåëüñòâî. Ñòàöèîíàðíîñòü â óçêîì ñìûñëå ïîñëåäîâàòåëüíîñòè {ξn}
âëå÷åò ñòàöèîíàðíîñòü â óçêîì ñìûñëå ïîñëåäîâàòåëüíîñòè {(χi, ξτi)}, îòêóäà
ñëåäóåò ñòàöèîíàðíîñòü â óçêîì ñìûñëå ïîñëåäîâàòåëüíîñòè {(λj, ξτj)}. Ïîêà-
æåì, ÷òî ïîñëåäîâàòåëüíîñòü ïàð (λj, ξτj) îáëàäàåò ìàðêîâñêèì ñâîéñòâîì. Áåç

îãðàíè÷åíèÿ îáùíîñòè áóäåì ñ÷èòàòü, ÷òî ξ0 ÿâëÿåòñÿ ëîêàëüíûì ìàêñèìóìîì

è ââåä¼ì îáîçíà÷åíèÿ ξ− = (ξ−1, ξ−2, . . . ), ξ
+ = (ξ1, ξ2, . . . ). Òàê êàê ñëó÷àéíûå

âåëè÷èíû ïîñëåäîâàòåëüíîñòè {ξn}n∈Z íåçàâèñèìû, òî ξ− è ξ+ íåçàâèñèìû, à

òàêæå íåçàâèñèìû ñîáûòèÿ {ξ−1 < x}, {x > ξ1} äëÿ ëþáîãî ôèêñèðîâàííîãî x.
Ñëåäîâàòåëüíî, äëÿ ïðîèçâîëüíûõ áîðåëåâñêèõ ìíîæåñòâ B è C ñïðàâåäëèâû

ðàâåíñòâà

P{ξ− ∈ B, ξ+ ∈ C | ξ−1 < x > ξ1} =
P{ξ− ∈ B, ξ+ ∈ C, ξ−1 < x > ξ1}

P{ξ−1 < x > ξ1}

=
P{ξ− ∈ B, ξ−1 < x}P{ξ+ ∈ C, x > ξ1}

P{ξ−1 < x > ξ1}
= d1. (1.5)
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Óìíîæèì çíàìåíàòåëü íà âåðîÿòíîñòü P{ξ−1 < x > ξ1}, à ÷èñëèòåëü � íà

ïðîèçâåäåíèå P{ξ−1 < x}P{x > ξ1}, ðàâíîå åé â ñèëó íåçàâèñèìîñòè ðàññìàò-

ðèâàåìûõ ñîáûòèé,

d1 =
P{ξ− ∈ B, ξ−1 < x}P{x > ξ1}P{ξ+ ∈ C, x > ξ1}P{ξ−1 < x}

P{ξ−1 < x > ξ1}P{ξ−1 < x > ξ1}
. (1.6)

Åùå ðàç âîñïîëüçîâàâøèñü íåçàâèñèìîñòüþ ñîáûòèé {ξ−1 < x}, {x > ξ1}, ïîëó-
÷èì

d1 =
P{ξ− ∈ B, ξ−1 < x > ξ1}P{ξ+ ∈ C, ξ−1 < x > ξ1}

P{ξ−1 < x > ξ1}P{ξ−1 < x > ξ1}
= P{ξ− ∈ B | ξ−1 < x > ξ1}P{ξ+ ∈ C | ξ−1 < x > ξ1}, (1.7)

ñëåäîâàòåëüíî, ξ− è ξ+ óñëîâíî íåçàâèñèìû ïðè ôèêñèðîâàííîì çíà÷åíèè ëî-

êàëüíîãî ìàêñèìóìà ξ0 = x. Çíà÷èò,

P{ξ+ ∈ C | ξ−1 < x > ξ1, ξ
− ∈ B} = P{ξ+ ∈ C | ξ−1 < x > ξ1}. (1.8)

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà âûáåðåì ìíîæåñòâî C òàê, ÷òîáû âûïîëíÿ-

ëîñü ðàâåíñòâî {λj+1 = l, ξτj+1
∈ D} = {ξ+ ∈ C, ξ−1 < ξ0 > ξ1}, òîãäà (1.8)

ïðåâðàòèòñÿ â ìàðêîâñêîå ñâîéñòâî äëÿ ïîñëåäîâàòåëüíîñòè (λj, ξτj). Ñîáûòèå

{ξ+ ∈ C} äîëæíî îçíà÷àòü, ÷òî â ïîñëåäîâàòåëüíîñòè ξ+ = (ξ1, ξ2, . . . , ξl−1) íåò

ëîêàëüíûõ ìàêñèìóìîâ è ξl ∈ D, ïîýòîìó ïîëîæèì

C = {y ∈ RN : yi < max(yi−1, yi+1), i = 2, 3, . . . , l − 2, yl−1 < yl > yl+1, yl ∈ D}.

Çàìå÷àíèå 2. Â óñëîâèÿõ òåîðåìû 1 ïîñëåäîâàòåëüíîñòü ïàð (ξτj , λj+1), j ∈
Z, òàêæå îáðàçóåò îäíîðîäíóþ ïî âðåìåíè öåïü Ìàðêîâà.

Çàìå÷àíèå 3. Åñëè ñëó÷àéíûå âåëè÷èíû {ξi} ïåðåñòàíîâî÷íû, òî ïîñëåäîâà-
òåëüíîñòü ïàð (λj, ξτj) ïðåäñòàâëÿåò ñîáîé ñìåñü öåïåé Ìàðêîâà, ïðè ýòîì

ðàñïðåäåëåíèÿ λ-êîìïîíåíò îäèíàêîâû ïî ñìåñè.

Ñëåäñòâèå 1. Ïåðåõîäíûå âåðîÿòíîñòè P{λj+1 = k, ξτj+1
≤ y |λj = l, ξτj = x}

öåïè (λj, ξτj) íå çàâèñÿò îò l.
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Äîêàçàòåëüñòâî. Êàê è â äîêàçàòåëüñòâå òåîðåìû 1, ñ÷èòàåì, ÷òî χ0 = 1. Èñ-

ïîëüçóÿ îáîçíà÷åíèÿ ξ−, ξ+, ïåðåõîäíûå âåðîÿòíîñòè ìîæíî ïðåäñòàâèòü â âèäå

P{λj+1 = k, ξτj+1
≤ y |λj = l, ξτj = x}

= P{χ(k)
0 = 1, ξk ≤ y | ξ−1 < x = ξ0 > ξ1, χ

(l)
−l = 1}

= P{ξ+ ∈ C | ξ−1 < x > ξ1, ξ
− ∈ B},

C = {z ∈ RN : zi < max(zi−1, zi+1), i = 2, 3, . . . , k − 2, zk−1 < zk > zk+1, zk ≤ y},

B = {z ∈ RN : zi < max(zi−1, zi+1), i = 2, 3, . . . , l − 2, zl−1 < zl > zl+1}.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà äîñòàòî÷íî âîñïîëüçîâàòüñÿ ôîðìóëîé (1.8).

Ïåðåõîäíàÿ ïëîòíîñòü öåïè (λj, ξτj) ïî ñâîéñòâàì óñëîâíîé ïëîòíîñòè ñ

ó÷åòîì ñëåäñòâèÿ 1 èìååò âèä

p(λj+1,ξτj+1)|(λj ,ξτj)
(k, y | l, x) =

pλj+1,ξτj ,ξτj+1
(k, x, y)

pξτj (x)
=
pk(x, y)P{λj+1 = k}

pξτj (x)
,

(1.9)

ãäå pξτj (x) � ïëîòíîñòü ðàñïðåäåëåíèÿ ëîêàëüíîãî ìàêñèìóìà ïîñëåäîâàòåëü-

íîñòè {ξi}, pk(x, y) � óñëîâíàÿ ïëîòíîñòü ñîâìåñòíîãî ðàñïðåäåëåíèÿ ñîñåä-

íèõ ëîêàëüíûõ ìàêñèìóìîâ ïðè óñëîâèè, ÷òî ðàññòîÿíèå ìåæäó íèìè ðàâíî k,

pλj+1,ξτj ,ξτj+1
(k, x, y) � ïëîòíîñòü ñîâìåñòíîãî ðàñïðåäåëåíèÿ ñîñåäíèõ ëîêàëüíûõ

ìàêñèìóìîâ è ðàññòîÿíèÿ ìåæäó íèìè.

1.4 Õàðàêòåðèñòèêè öåïè (λj, ξτj) äëÿ ðàâíîìåðíî

ðàñïðåäåë¼ííûõ âåëè÷èí

Íà ïðîòÿæåíèè ýòîãî ðàçäåëà áóäåì ïðåäïîëàãàòü, ÷òî ñëó÷àéíûå âåëè÷è-

íû ξi íåçàâèñèìû è èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1].

1.4.1 Ñîâìåñòíîå ðàñïðåäåëåíèå ñîñåäíèõ ìàêñèìóìîâ.

Ðàññìîòðèì äâà ñîñåäíèõ ëîêàëüíûõ ìàêñèìóìà ξτj−1
, ξτj . Ââåä¼ì îáîçíà-

÷åíèÿ

ξmin = min{ξτj−1
, ξτj}, ξmax = max{ξτj−1

, ξτj}.
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Ëåììà 2. Óñëîâíàÿ ïëîòíîñòü gk(x, y) ðàñïðåäåëåíèÿ âåêòîðà (ξmin, ξmax) ïðè

óñëîâèè, ÷òî ðàññòîÿíèå λj = k, èìååò âèä

gk(x, y) =
k(k + 1)(k + 3)

(k − 1)2k
xy
(
(y + x)k−1 − (y − x)k−1

)
, 0 ≤ x ≤ y ≤ 1.

(1.10)

Äîêàçàòåëüñòâî. Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1 (áåç ïîòåðè îáùíî-

ñòè) ñ÷èòàåì, ÷òî τj−1 = 2. Òîãäà ñîáûòèå {λj = k} îïðåäåëÿåòñÿ ñëó÷àéíûìè

âåëè÷èíàìè ξ1, . . . , ξk+3 (ïðè ýòîì ξτj−1
= ξ2, ξτj = ξk+3). Çàìåòèì, ÷òî ïðè óñëî-

âèè {λj = k} ñëó÷àéíàÿ âåëè÷èíà ξmax = max{ξ1, . . . , ξk+3}, ò.å. ξmax ÿâëÿåòñÿ

(k + 3)-ì ÷ëåíîì âàðèàöèîííîãî ðÿäà, ïîñòðîåííîãî ïî ñëó÷àéíûì âåëè÷èíàì

ξ1, . . . , ξk+3. Ïðè ýòîì ξmin ìîæåò çàíèìàòü â âàðèàöèîííîì ðÿäó ìåñòà ñ 3-ãî

(òàê êàê ξmin ÿâëÿåòñÿ ëîêàëüíûì ìàêñèìóìîì) ïî (k+2)-å. Ïîýòîìó ïî ôîðìó-

ëå ïîëíîé âåðîÿòíîñòè ïëîòíîñòü gk(x, y) ìîæíî ïðåäñòàâèòü â âèäå ñëåäóþùåé

ñóììû:

gk(x, y) =
k+2∑
t=3

pξ(t),ξ(k+3)
(x, y)P{ξmin = ξ(t) |λj = k}, (1.11)

ãäå pξ(t),ξ(k+3)
(x, y) � ïëîòíîñòü ñîâìåñòíîãî ðàñïðåäåëåíèÿ t-ãî è (k+3)-ãî ÷ëåíîâ

âàðèàöèîííîãî ðÿäà, ïîñòðîåííîãî ïî ñëó÷àéíûì âåëè÷èíàì ξ1, . . . , ξk+3. Òàê

êàê ñëó÷àéíûå âåëè÷èíû ξi íåçàâèñèìû è èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå

íà îòðåçêå [0, 1], òî

pξ(t),ξ(k+2)
(x, y) = (k + 3)(k + 2)Ct−1

k+1x
t−1(y − x)k+2−t I{0 ≤ x ≤ y ≤ 1}. (1.12)

Âåðîÿòíîñòè P{ξmin = ξ(t)|λj = k} áûëè íàéäåíû â ïðîöåññå äîêàçàòåëüñòâà

òåîðåìû 1 â [36]. Äëÿ ïîëíîòû èçëîæåíèÿ ïðèâåä¼ì

Óòâåðæäåíèå 1.

P(ξmin = ξ(t) |λj = k) =

2(k − 1)/h(k), t = 3,

(t− 1)(2k − t+ 2) 2t−4/h(k), t = 4, . . . , k + 2,

(1.13)
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ãäå h(k) = (k + 2)(k − 1)2k−1.

Äîêàçàòåëüñòâî. Õîðîøî èçâåñòíî, ÷òî åñëè ñëó÷àéíûå âåëè÷èíû ξ1, . . . , ξn

íåçàâèñèìû è èìåþò îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, òî ïåðåñòàíîâêà

σ = (σ1, . . . , σn) ÷èñåë 1, . . . , n, â êîòîðîé σk ïðè êàæäîì k ðàâíî ïîðÿäêî-

âîìó íîìåðó ξk â âàðèàöèîííîì ðÿäó ξ(1) < ξ(2) < · · · < ξ(n) (ò. å. σk = |{j ∈
{1, . . . , n} : ξj 6 ξk}|), èìååò ðàâíîìåðíîå ðàñïðåäåëåíèå íà ìíîæåñòâå âñåõ n!
ïåðåñòàíîâîê ïîðÿäêà n.

Òîãäà {ξi < ξj} = {σi < σj} ïðè ëþáûõ i, j ∈ {1, . . . , n}. Ïîýòîìó ìîæíî

ñâîäèòü âû÷èñëåíèå âåðîÿòíîñòåé ñîáûòèé, îïðåäåëÿåìûõ íåðàâåíñòâàìè ìåæ-

äó âåëè÷èíàìè ξ1, . . . , ξn, ê ïîäñ÷åòó êîëè÷åñòâà ïåðåñòàíîâîê, óäîâëåòâîðÿþ-

ùèõ òàêèì æå óñëîâèÿì.

Ïîýòîìó èñêîìàÿ âåðîÿòíîñòü ðàâíà P(ξmin = ξ(t) |λj = k) = h(t, k)/h(k),

ãäå h(k) � êîëè÷åñòâî ïåðåñòàíîâîê ïîðÿäêà k + 3, îáëàäàþùèõ ðîâíî äâóìÿ

ëîêàëüíûìè ìàêñèìóìàìè: â òî÷êàõ 2 è k+2, êðîìå òîãî, òàê êàê ãëîáàëüíûé

ìàêñèìóì ìîæåò íàõîäèòüñÿ â îäíîì èç äâóõ ëîêàëüíûõ ìàêñèìóìîâ è ýòè

âàðèàíòû ñèììåòðè÷íû, òî äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî äëÿ âñåõ

òàêèõ ïåðåñòàíîâîê σk+2 = k+3; à h(t, k) � êîëè÷åñòâî ïåðåñòàíîâîê, äëÿ êîòî-

ðûõ âûïîëíÿþòñÿ ïåðå÷èñëåííûå óñëîâèÿ è, êðîìå òîãî, σ2 = t. Î÷åâèäíî, ÷òî

h(k) =
∑k+2

t=3 h(t, k).

Çàìåòèì, ÷òî â ðàññìàòðèâàåìûõ ïåðåñòàíîâêàõ ìåæäó äâóìÿ ëîêàëüíûìè

ìàêñèìóìàìè ýëåìåíòû σj ñíà÷àëà ñòðîãî óáûâàþò, ïîòîì ñòðîãî âîçðàñòàþò,

îáðàçóÿ �îâðàã�. Ïðèâåä¼ì ïîëíîñòüþ âñïîìîãàòåëüíóþ ëåììó èç [36].

Ëåììà 3. Êîëè÷åñòâî ïåðåñòàíîâîê ïîðÿäêà n, ïîñëåäîâàòåëüíîñòü ýëåìåí-

òîâ êîòîðûõ îáðàçóåò ñíà÷àëà îäèí óáûâàþùèé ó÷àñòîê, à çàòåì îäèí âîç-

ðàñòàþùèé (âîçìîæíî, îäèí èç íèõ ïóñò), ðàâíî 2n−1.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, â òàêîé ïåðåñòàíîâêå ýëåìåíò 1 âñåãäà ðàñ-

ïîëàãàåòñÿ íà ñòûêå äâóõ ó÷àñòêîâ, è ïåðåñòàíîâêà ïîëíîñòüþ çàäà¼òñÿ âûáî-

ðîì ÷èñåë äëÿ ó÷àñòêà óáûâàíèÿ, ò.å. âûáîðîì íåêîòîðîãî ïîäìíîæåñòâà èç

{2, . . . , n}. Òàêèì îáðàçîì èñêîìîå ÷èñëî ïåðåñòàíîâîê ðàâíî êîëè÷åñòâó ïîä-

ìíîæåñòâ (n− 1)-ýëåìåíòíîãî ìíîæåñòâà è ðàâíî 2n−1.
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Âåðí¼ìñÿ ê ïîäñ÷åòó h(t, k) è ðàññìîòðèì äâà ñëó÷àÿ.

1. t = σ2 = 3. Â ýòîì ñëó÷àå äëÿ σ1 âîçìîæíû 2 âàðèàíòà (çíà÷åíèÿ 1 èëè 2,

ïðè÷åì �îñòàâøååñÿ� çíà÷åíèå ïðèíèìàåò σ3), äëÿ σk+3 âîçìîæíû k−1 âà-

ðèàíòîâ (σ1, σ2, σ3, σk+2 óæå èçâåñòíû), à îñòàëüíûå ÷èñëà âûñòðàèâàþòñÿ

â öåïî÷êó ïî óáûâàíèþ. Ïîëó÷àåì h(3, k) = 2(k − 1).

2. σ2 = t, 3 < t ≤ k + 2. Çäåñü äëÿ çíà÷åíèÿ σ1 âîçìîæíû t − 1 âàðèàíòîâ.

Äàëåå, åñëè σk+3 ∈ {1, . . . , t− 1}\{σ1} (t− 2 âàðèàíòîâ), òî σk+1 = k+2 >

σk = k + 1 > · · · > σt = t + 1, à îñòàâøèåñÿ t − 3 ÷èñåë îáðàçóþò �îâðàã�,

÷òî â èòîãå äà¼ò (t− 1)(t− 2)2t−4 ïåðåñòàíîâîê.

Åñëè æå σk+3 ∈ {t+1, . . . , k+2} (k−t+2 âàðèàíòîâ), òî σk+1 > · · · > σt−1 è

{σk+1, . . . , σt} = {t+1, . . . , k+2}\{σ1}, à îñòàâøèåñÿ ÷èñëà, ìåíüøèå t (t−2
÷èñåë), îáðàçóþò �îâðàã�, ÷òî äà¼ò åùå (t− 1)(k− t+2) 2t−3 ïåðåñòàíîâîê.

Çíà÷èò, h(t, k) = (t− 1)(2k − t+ 2) 2t−4, 3 < t ≤ k + 2.

Çàìåòèì, ÷òî h(3, k) ñîâïàäàåò ñî çíà÷åíèåì (t−1)(2k− t+2) 2t−4−1 ïðè t = 3.

Òàêèì îáðàçîì,

h(k) =
k+2∑
t=3

h(t, k) =
k+2∑
t=3

(t− 1)(2k − t+ 2) 2t−4 − 1.

Äîêàæåì ïî èíäóêöèè, ÷òî h(k) = (k + 2)(k − 1)2k−1.

Äåéñòâèòåëüíî, ïðè k = 2 ïîëó÷àåì h(2) = 16 = (2 + 2)(2− 1)22. Äàëåå,

h(k + 1)− h(k) =
k+2∑
t=3

(t− 1)2t−3 + (k + 2)(k + 1)2k−1

=
d

ds

sk+2 − s2

2(s− 1)

∣∣∣∣
s=2

+ (k + 2)(k + 1)2k−1 = (k2 + 5k + 2)2k−1,

÷òî ñîâïàäàåò ñ ñîîòâåòñòâóþùåé ðàçíîñòüþ ïðàâûõ ÷àñòåé äîêàçûâàåìîãî ðà-

âåíñòâà

(k+3)k2k− (k+2)(k−1)2k−1 = (2k2+6k− (k2+k−2))2k−1 = (k2+5k+2)2k−1.
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Âåðí¼ìñÿ ê äîêàçàòåëüñòâó ëåììû 2 è ïîäñòàâèì âûðàæåíèÿ (1.12) è (1.13)

â ôîðìóëó (1.11)

gk(x, y) = (k + 3)(k + 2)C2
k+1x

2(y − x)k−1 2(k − 1)

(k + 2)(k − 1)2k−1

+(k + 3)(k + 2)
k+2∑
t=4

Ct−1
k+1x

t−1(y − x)k+2−t (t− 1)(2k − t+ 2)2t−4

(k + 2)(k − 1)2k−1

=
k(k + 1)(k + 3)

2k−1
x2(y − x)k−1

+
k + 3

(k − 1)2k+2

k+1∑
t=3

t(2k + 1− t)Ct
k+1(2x)

t(y − x)k+1−t.

Ðàññìîòðèì îòäåëüíî ïîñëåäíþþ ñóììó

k+1∑
t=3

t(2k + 1− t)Ct
k+1(2x)

t(y − x)k+1−t

= 2k
k+1∑
t=3

tCt
k+1(2x)

t(y − x)k+1−t −
k+1∑
t=3

t(t− 1)Ct
k+1(2x)

t(y − x)k+1−t

=

(
2k

d

du
− d2

du2

)
[(2xu+ y − x)k+1 − C1

k+12xu(y − x)k

−C2
k+1(2xu)

2(y − x)k−1]
∣∣
u=1

= 2k(2x(k + 1)(y + x)k − 2x(k + 1)(y − x)k − 4x2k(k + 1)(y − x)k−1)

−k(k + 1)4x2(y + x)k−1 + k(k + 1)4x2(y − x)k−1

= 4k(k + 1)x
(
y(y + x)k−1 − (y − x)k − x(2k − 1)(y − x)k−1

)
.

Ïîäñòàâèì íàéäåííîå çíà÷åíèå â ôîðìóëó äëÿ ïëîòíîñòè è ïðåîáðàçóåì ïîëó-

÷åííîå âûðàæåíèå:

gk(x, y) =
k(k + 1)(k + 3)

2k−1
x2(y − x)k−1

+
k(k + 1)(k + 3)

(k − 1)2k
x
(
y(y + x)k−1 − (y − x)k − x(2k − 1)(y − x)k−1

)
=
k(k + 1)(k + 3)

(k − 1)2k
xy
(
(y + x)k−1 − (y − x)k−1

)
.

Ëåììà 2 äîêàçàíà.
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Ñëåäñòâèå 1. Óñëîâíàÿ ïëîòíîñòü pk(x, y) ñîâìåñòíîãî ðàñïðåäåëåíèÿ ãðà-

íè÷íûõ ïèêîâ ξτj−1
, ξτj ïðè óñëîâèè, ÷òî ðàññòîÿíèå λj = k, ðàâíà

pk(x, y) =
k(k + 1)(k + 3)

(k − 1)2k+1
xy
(
(y + x)k−1 − |y − x|k−1

)
, 0 ≤ x, y ≤ 1. (1.14)

Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî çàìåòèòü, ÷òî

pk(x, y) = gk(x, y) I{x ≤ y}+ gk(y, x) I{x > y}.

Ñëåäñòâèå 2. Ïëîòíîñòü p(x, y) ñîâìåñòíîãî ðàñïðåäåëåíèÿ ñîñåäíèõ ëîêàëü-

íûõ ìàêñèìóìîâ ξτj−1
, ξτj ðàâíà

p(x, y) =
3

2
xy(e(y+x) − e|y−x|), 0 ≤ x, y ≤ 1.

Äîêàçàòåëüñòâî. Ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè è ôîðìóëàì (1.1), (1.14)

p(x, y) =
∞∑
k=2

pk(x, y)P{λj = k}

=
∞∑
k=2

k(k + 1)(k + 3)

(k − 1)2k+1

3(k + 2)(k − 1)2k

(k + 3)!
xy((y + x)k−1 − |y − x|k−1)

= xy

∞∑
k=2

3

2(k − 1)!
((y + x)k−1 − |y − x|k−1)

=
3

2
xy

∞∑
k=0

(y + x)k − |y − x|k

k!
=

3

2
xy(e(y+x) − e|y−x|).

Ñëåäñòâèå 3. Óñëîâíûå ïëîòíîñòè pk,ξmin
(x), pk,ξmax

(x) ðàñïðåäåëåíèé ñëó÷àé-

íûõ âåëè÷èí ξmin è ξmax ïðè óñëîâèè, ÷òî ðàññòîÿíèå

pk,ξmin
(x) = (k + 3)x

(
(k − x)(1 + x)k − (k + x)(1− x)k

(k − 1)2k
− xk+1

)
, (1.15)

pk,ξmax
(x) = (k + 3)xk+2, 0 ≤ x ≤ 1. (1.16)

Ïðè ýòîì óñëîâíàÿ ïëîòíîñòü êàæäîãî èç ãðàíè÷íûõ ïèêîâ ξτj−1
, ξτj â ñèëó

ñèììåòðèè ðàâíà ïîëóñóììå ïëîòíîñòåé pk,ξmin
(x), pk,ξmax

(x)
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pk,ξτj (x) =
pk,ξmin

+ pk,ξmax

2
= (k + 3)x

(k − x)(1 + x)k − (k + x)(1− x)k

(k − 1)2k+1
, (1.17)

0 ≤ x ≤ 1.

Äîêàçàòåëüñòâî. Óñëîâíóþ ïëîòíîñòü ξmin ìîæíî âû÷èñëèòü êàê èíòåãðàë:

pk,ξmin
(x) =

∫ 1

x

gk(x, y)dy =
k(k + 1)(k + 3)

(k − 1)2k
x

∫ 1

x

y
(
(y + x)k−1 − (y − x)k−1

)
dy.

Âîñïîëüçóåìñÿ èíòåãðèðîâàíèåì ïî ÷àñòÿì∫ 1

x

y
(
(y + x)k−1 − (y − x)k−1

)
dy =

y(y + x)k − y(y − x)k

k

∣∣∣∣1
x

−1

k

∫ 1

x

(
(y + x)k − (y − x)k

)
dy

=
(1 + x)k − 2kxk+1 − (1− x)k

k
− (y + x)k+1 − (y − x)k+1

k(k + 1)

∣∣∣∣1
x

=
(1 + x)k − 2kxk+1 − (1− x)k

k
− (1 + x)k+1 − 2k+1xk+1 − (1− x)k+1

k(k + 1)

=
1

k(k + 1)

(
(k − x)(1 + x)k − (k + x)(1− x)k − 2kxk+1(k − 1)

)
.

Óñëîâíàÿ ïëîòíîñòü ξmax ñîâïàäàåò ñ ïëîòíîñòüþ ìàêñèìóìà èç k+3 íåçàâèñè-

ìûõ ðàâíîìåðíî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí, ïîýòîìó

pk,ξmax
(x) = (k + 3)xk+2, 0 ≤ x ≤ 1.

1.4.2 Ïåðåõîäíàÿ ïëîòíîñòü öåïè (λj, ξτj)

Òåîðåìà 2. Ïóñòü ñëó÷àéíûå âåëè÷èíû ïîñëåäîâàòåëüíîñòè {ξn, n ∈ Z} íåçà-
âèñèìû è èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1].

Òîãäà ïåðåõîäíàÿ ïëîòíîñòü öåïè (λj, ξτj) ðàâíà

p(λj+1,ξτj+1)|(λj ,ξτj)
(k, y | l, x) = p(k, x, y) =

1

2(k − 1)!

y
(
(y + x)k−1 − |y − x|k−1

)
x

,

0 ≤ x, y ≤ 1.
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Äîêàçàòåëüñòâî. Ñîãëàñíî ôîðìóëå (1.9) ïåðåõîäíàÿ ïëîòíîñòü èìååò âèä

p(λj+1,ξτj+1)|(λj ,ξτj)
(k, y | l, x) = pk(x, y)P{λj+1 = k}

pξτj (x)
.

Äëÿ äîêàçàòåëüñòâà òåîðåìû äîñòàòî÷íî ïîäñòàâèòü íàéäåííóþ âûøå óñëîâíóþ

ïëîòíîñòü (1.14), âûðàæåíèå (1.1) è ó÷åñòü, ÷òî

pξτj (x) = pmax{ξ1,ξ2,ξ3}(x) = 3x2, 0 ≤ x ≤ 1. (1.18)

1.4.3 Ìàòåìàòè÷åñêîå îæèäàíèå ëîêàëüíîãî ìàêñèìóìà

Íàéäåííûå óñëîâíûå ïëîòíîñòè ïîçâîëÿþò âû÷èñëèòü óñëîâíûå ìàòåìàòè-

÷åñêèå îæèäàíèÿ ïèêîâ.

Ëåììà 4. Óñëîâíûå ìàòåìàòè÷åñêèå îæèäàíèÿ ãðàíè÷íûõ ïèêîâ ïðè óñëî-

âèè, ÷òî ðàññòîÿíèå ìåæäó íèìè ðàâíî k, èìåþò âèä

M(ξmin |λj = k) = 1− 3k2 + 3k − 14 + (k + 3) · 2−(k−2)

(k + 4)(k + 2)(k − 1)
∼ 1− 3

k
, k →∞,

M(ξmax |λj = k) = 1− 1

k + 4
∼ 1− 1

k
, k →∞,

M(ξτj−1
|λj = k) = M(ξτj |λj = k) = 1− (k2 + k − 4)2k + k + 3

(k + 4)(k + 2)(k − 1)2k−1
∼ 1− 2

k

ïðè k →∞.

Äîêàçàòåëüñòâî. Ìàòåìàòè÷åñêèå îæèäàíèÿ íàõîäÿòñÿ íåïîñðåäñòâåííûì âû-

÷èñëåíèåì. Ñîãëàñíî ôîðìóëå (1.16)

M(ξmax |λj = k) =

∫ 1

0

xpk,ξmax
(x) dx =

∫ 1

0

(k + 3)xk+3 dx = 1− 1

k + 4
,

Âîñïîëüçîâàâøèñü ôîðìóëîé (1.17), ïîëó÷èì

M(ξτj |λj = k) =

∫ 1

0

xpk,ξτj (x) dx

=
(k + 3)

(k − 1)2k+1

∫ 1

0

x2
(
(k − x)(1 + x)k − (k + x)(1− x)k

)
dx
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=
(k + 3)

(k − 1)2k+1
((k + 1)I(k)− I(k + 1)) ,

ãäå

I(k) =

∫ 1

0

x2
(
(1 + x)k − (1− x)k+1

)
dx.

Íàéä¼ì çíà÷åíèå ýòîãî èíòåãðàëà ñ ïîìîùüþ èíòåãðèðîâàíèÿ ïî ÷àñòÿì

I(k) = x2
(1 + x)k+1 + (1− x)k+1

k + 1

∣∣∣∣1
0

−
∫ 1

0

2x
(1 + x)k+1 + (1− x)k+1

k + 1
dx

=
2k+1

k + 1
− 2x

(1 + x)k+2 − (1− x)k+2

(k + 1)(k + 2)

∣∣∣∣1
0

+ 2

∫ 1

0

(1 + x)k+2 − (1− x)k+2

(k + 1)(k + 2)
dx

=
2k+1

k + 1
− 2k+3

(k + 1)(k + 2)
+ 2

(1 + x)k+3 + (1− x)k+3

(k + 1)(k + 2)(k + 3)

∣∣∣∣1
0

=
2k+1

k + 1
− 2k+3

(k + 1)(k + 2)
+

2k+4 − 4

(k + 1)(k + 2)(k + 3)
.

Îòêóäà

(k + 1)I(k)− I(k + 1) = 2k+1 − 2k+3

k + 2
+

2k+4 − 4

(k + 2)(k + 3)

− 2k+2

k + 2
+

2k+4

(k + 2)(k + 3)
− 2k+5 − 4

(k + 2)(k + 3)(k + 4)

= 2k+1 − 3 · 2k+2

k + 2
+

2k+5 − 4

(k + 2)(k + 3)
− 2k+5 − 4

(k + 2)(k + 3)(k + 4)

=
2k+1(k3 + 3k2)− 4k − 12

(k + 2)(k + 3)(k + 4)
.

Ñëåäîâàòåëüíî,

M(ξτj |λj = k) =
2k+1(k3 + 3k2)− 4k − 12

(k − 1)(k + 2)(k + 4)2k+1
= 1− 2k+1(2k2 − 2k − 4) + 4k + 12

(k − 1)(k + 2)(k + 4)2k+1

= 1− 2k(k2 + k − 4) + k + 3

(k − 1)(k + 2)(k + 4)2k−1
.

Òàê êàê pk,ξτj (x) = (pk,ξmin
+ pk,ξmax

)/2 (ñì. (1.17)), òî

M(ξτj |λj = k) =
1

2
(M(ξmin |λj = k) +M(ξmax |λj = k)),

ïîýòîìó
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M(ξmin|λj = k) = 2M(ξτj |λj = k)−M(ξmax |λj = k)

= 2− 2k(k2 + k − 4) + k + 3

(k − 1)(k + 2)(k + 4)2k−2
− 1 +

1

k + 4
= 1− 2k−2(3k2 + 3k − 14) + k + 3

(k − 1)(k + 2)(k + 4)2k−2
.

1.4.4 Óñëîâíîå ðàñïðåäåëåíèå äëèíû ïðîìåæóòêà

Âûðàçèì óñëîâíóþ âåðîÿòíîñòü ñîáûòèÿ {λj−1 = k} ÷åðåç óñëîâíóþ ïëîò-

íîñòü ãðàíè÷íîãî ïèêà:

P{λj−1 = k | ξτj = x} = P{λj = k | ξτj = x} =
pk,ξτj (x)P{λj = k}

pξτj (x)
.

Ïîäñòàâëÿÿ âûðàæåíèÿ (1.17), (1.1) è (1.18), ïîëó÷èì

P{λj−1 = k | ξτj = x}

=
(k + 3)x

[
(k − x)(1 + x)k − (k + x)(1− x)k

]
3x2(k − 1)2k+1

· 3(k + 2)(k − 1)2k

(k + 3)!

=
(k − x)(1 + x)k − (k + x)(1− x)k

2x(k + 1)!
, 0 ≤ x ≤ 1. (1.19)

Íåòðóäíî óáåäèòüñÿ, ÷òî ïðè k > 3 ôóíêöèÿ (1.19) âîçðàñòàåò ïî x, x ∈ [0, 1].

Òàêèì îáðàçîì, óñëîâíàÿ âåðîÿòíîñòü ïîÿâëåíèÿ äëèííîãî ïðîìåæóòêà ìåæäó

ëîêàëüíûìè ìàêñèìóìàìè ðàñòåò ñ ðîñòîì çíà÷åíèÿ ãðàíè÷íîãî ïèêà.

Çàìåòèì, ÷òî ïåðâûé ìíîæèòåëü (îòíîøåíèå ïëîòíîñòåé pk,ξτj (x) è pξτj (x))

èìååò ñëåäóþùèå ïðåäåëû:

pk,ξτj (x)

pξτj (x)
=

(k + 3)x
[
(k − x)(1 + x)k − (k + x)(1− x)k

]
3x2(k − 1)2k+1

→ k + 3

6
, x→ 1,

(1.20)

pk,ξτj (x)

pξτj (x)
→ 0, k →∞. (1.21)

Íàéä¼ì òàêæå óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå ðàññòîÿíèÿ ìåæäó ñî-

ñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè ïðè óñëîâèè, ÷òî çíà÷åíèè îäíîãî èç íèõ

ôèêñèðîâàíî. Âîñïîëüçîâàâøèñü ôîðìóëîé (1.19), ïîëó÷èì
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M(λj | ξτj = x) =
∞∑
k=2

kP{λj = k | ξτj = x}

=
∞∑
k=2

k
(k − x)(1 + x)k − (k + x)(1− x)k

2x(k + 1)!

=
∞∑
k=0

k
(k − x)(1 + x)k − (k + x)(1− x)k

2x(k + 1)!
,

òàê êàê ïðè k = 0 è k = 1 ñëàãàåìûå ðàâíû íóëþ. Òàêèì îáðàçîì,

M(λj | ξτj = x) =
∞∑
k=0

(k − x)(1 + x)k − (k + x)(1− x)k

2xk!

−
∞∑
k=0

(k − x)(1 + x)k − (k + x)(1− x)k

2x(k + 1)!

=
∞∑
k=1

(1 + x)k − (1− x)k

2x(k − 1)!
−
∞∑
k=0

x
(1 + x)k + (1− x)k

2xk!
−
∞∑
k=0

(1 + x)k − (1− x)k

2xk!

+
∞∑
k=0

(1 + x)k+1 − (1− x)k+1

2x(k + 1)!

=
∞∑
k=0

(1 + x)k+1 − (1− x)k+1

2xk!
−
∞∑
k=0

(1 + x)k+1 − (1− x)k+1

2xk!

+
∞∑
k=1

(1 + x)k − (1− x)k

2xk!
=
e1+x − e1−x

2x
.

Ïðè x ∈ [0, 1] çíà÷åíèå ýòîãî âûðàæåíèÿ òàê æå, êàê è (1.19), âîçðàñòàåò, ò.å. ñ

ðîñòîì çíà÷åíèÿ ãðàíè÷íîãî ïèêà âîçðàñòàåò è óñëîâíîå ìàòåìàòè÷åñêîå îæè-

äàíèå äëèíû ïðîìåæóòêà ìåæäó ëîêàëüíûìè ìàêñèìóìàìè.

1.4.5 Ôîðìóëû äëÿ ñîâìåñòíîãî ðàñïðåäåëåíèÿ äëèí ñîñåäíèõ

ïðîìåæóòêîâ.

Â [36] ôîðìóëà äëÿ ñîâìåñòíîãî ðàñïðåäåëåíèÿ äëèí ñîñåäíèõ ïðîìåæóò-

êîâ áûëà ïîëó÷åíà â âèäå äâîéíîé ñóììû. Èñïîëüçóÿ óñëîâíûå ðàñïðåäåëåíèÿ

ãðàíè÷íûõ ïèêîâ è ðàññòîÿíèé ìåæäó íèìè, ìîæíî ïîëó÷èòü ÿâíóþ ôîðìóëó.

Òåîðåìà 3. Ïóñòü ñëó÷àéíûå âåëè÷èíû {ξn, n ∈ Z} íåçàâèñèìû è èìåþò îäíî

è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå. Òîãäà
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P{λ1 = k, λ2 = l} = P{λ1 = l, λ2 = k}

=
3 · 2k+l−1

(
C l
k+l(kl(k + l + 1) + 1− k2 − l2)− (k + l − 1)(k + 1)(l + 1)

)
(l + 1)(k + 1)(k + l + 3)(k + l + 1)!

,

(1.22)

P{λj−1 = k, λj = 2, λj+1 = l} = P{λj−1 = l, λj = 2, λj+1 = k}

=
3 · 2k+l

(l + 1)!(k + 1)!

(
kl(k + l + 5)2 − (k + l + 3)((k + l)2 + 6(k + l)− 3)

(k + 3)(l + 3)(k + l + 3)(k + l + 5)

+
2(k + l + 1)

(k + l + 3)(k + l + 5)C l+1
k+l+2

)
. (1.23)

Â òàáëèöàõ 1.1 è 1.2 ïðåäñòàâëåíû çíà÷åíèÿ ñîâìåñòíûõ âåðîÿòíîñòåé

(1.22) è (1.23) ñ òî÷íîñòüþ äî ïÿòîãî çíàêà.

Òàáëèöà 1.1: Âåðîÿòíîñòè P{λ1 = k, λ2 = l}

k\l 2 3 4 5 6 7 8

2 0.16190 0.13333 0.06773 0.02603 0.00818 0.00219 0.00051

3 0.13333 0.11111 0.05714 0.02222 0.00705 0.00190 0.00045

4 0.06773 0.05714 0.02976 0.01171 0.00376 0.00102 0.00024

5 0.02603 0.02222 0.01171 0.00466 0.00151 0.00041 0.00010

6 0.00818 0.00705 0.00376 0.00151 0.00049 0.00014 0.00003

7 0.00219 0.00190 0.00102 0.00041 0.00014 0.00004 0.00001

8 0.00051 0.00045 0.00024 0.00010 0.00003 0.00001 0.00000

Òàáëèöà 1.2: Âåðîÿòíîñòè P{λ1 = k, λ2 = 2, λ3 = l}

k\l 2 3 4 5 6 7 8

2 0.06561 0.05397 0.02738 0.01051 0.00330 0.00088 0.00021

3 0.05397 0.04444 0.02258 0.00868 0.00273 0.00073 0.00017

4 0.02738 0.02258 0.01148 0.00442 0.00139 0.00037 0.00009

5 0.01051 0.00868 0.00442 0.00170 0.00054 0.00014 0.00003

6 0.00330 0.00273 0.00139 0.00054 0.00017 0.00005 0.00001

7 0.00088 0.00073 0.00037 0.00014 0.00005 0.00001 0.00000

8 0.00021 0.00017 0.00009 0.00003 0.00001 0.00000 0.00000

Çàìå÷àíèå 4. Íàïîìíèì (ñì. [36]), ÷òî ñîáûòèÿ {λj = 3} íå çàâèñÿò îò

çíà÷åíèé {λi}i6=j. Íåòðóäíî óáåäèòüñÿ, ÷òî ôîðìóëà (1.22) ïðåâðàùàåòñÿ â

(1.1) ïðè ïîäñòàíîâêå l = 3 (è äåëåíèè íà P{λ = 3} = 1/3).
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Çàìå÷àíèå 5. Ñîâìåñòíûå âåðîÿòíîñòè (1.22) ìîæíî ïðåäñòàâèòü â âèäå

P{λ1 = k, λ2 = l} = 3 · 2k+l−1

(k + l) l! k!

(
1 +O

(
1

k
+

1

l

))
, k, l→∞,

à ñîâìåñòíûå âåðîÿòíîñòè (1.23) � â âèäå

P{λj−1 = k, λj = 2, λj+1 = l} = 3 · 2k+l

(l + 1)! (k + 1)!

(
1 +O

(
1

k
+

1

l

))
, k, l→∞.

Ñëåäñòâèå 4. Êîâàðèàöèÿ Cov(λ1, λ2) ≈ 0.01572. Ïóñòü ρ � ðàññòîÿíèå ïî

âàðèàöèè ìåæäó ñîâìåñòíûì ðàñïðåäåëåíèåì λ1, λ2 è ñîâìåñòíûì ðàñïðåäå-

ëåíèåì äâóõ íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí λ, λ′. Òîãäà ρ ≈ 0.0038.

Òàêèì îáðàçîì, ðàñïðåäåëåíèå ñëó÷àéíûõ âåëè÷èí λ1, λ2 î÷åíü áëèçêî (â

ñìûñëå ðàññòîÿíèÿ ïî âàðèàöèè) ê ðàñïðåäåëåíèþ ñîîòâåòñòâóþùèõ íåçàâèñè-

ìûõ ñëó÷àéíûõ âåëè÷èí.

Îäíàêî äëÿ îòíîøåíèÿ ñîâìåñòíûõ âåðîÿòíîñòåé (1.22) ê ïðîèçâåäåíèþ

ñîîòâåòñòâóþùèõ ìàðãèíàëüíûõ âåðîÿòíîñòåé íà õâîñòàõ ñïðàâåäëèâà ñëåäóþ-

ùàÿ àñèìïòîòèêà (ñì. òàêæå òàáëèöó 1.3):

P{λ1 = k, λ2 = l}
P{λ1 = k}P{λ2 = l}

∼ kl

6(k + l)
, k, l→∞.

Òàáëèöà 1.3: Îòíîøåíèå P{λ1 = k, λ2 = l}/(P{λ1 = k}P{λ2 = l}) äëÿ íåêîòîðûõ k, l ñ
òî÷íîñòüþ äî âòîðîãî çíàêà.

k\l 2 3 4 8 16 32 64 128 256

2 1.01 1 0.99 0.95 0.91 0.88 0.86 0.85 0.84

3 1 1 1 1 1 1 1 1 1

4 0.99 1 1.01 1.05 1.09 1.12 1.14 1.15 1.16

8 0.95 1 1.05 1.22 1.42 1.58 1.69 1.76 1.79

16 0.91 1 1.09 1.42 1.84 2.27 2.62 2.86 3.01

32 0.88 1 1.12 1.58 2.27 3.15 4.03 4.75 5.23

64 0.86 1 1.14 1.69 2.62 4.03 5.80 7.58 9.01

128 0.85 1 1.15 1.76 2.86 4.75 7.58 11.13 14.69

256 0.84 1 1.16 1.79 3.01 5.23 9.01 14.69 21.79

Ñëåäîâàòåëüíî, óñëîâíàÿ âåðîÿòíîñòü P{λj = k |λj−1 = l} àñèìïòîòè÷å-
ñêè áîëüøå áåçóñëîâíîé âåðîÿòíîñòè P{λj = k} â k/12 ðàç. Ýòî ìîæíî îáúÿñ-
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íèòü ñëåäóþùèì îáðàçîì. Îáðàòèì âíèìàíèå íà òî, ÷òî âåðîÿòíîñòü ïîÿâëå-

íèÿ äëèííîãî ïðîìåæóòêà ìåæäó ïèêàìè èñ÷åçàþùå ìàëà. Ïðè ýòîì äëèííûé

ïðîìåæóòîê äåëàåò áîëåå âåðîÿòíûìè áîëüøèå çíà÷åíèÿ ãðàíè÷íûõ ïèêîâ. Èç

(1.19), (1.20) ñëåäóåò, ÷òî óñëîâíàÿ âåðîÿòíîñòü ñîáûòèÿ {λj = k} ïðè ôèêñè-

ðîâàííîì çíà÷åíèè ëåâîãî ãðàíè÷íîãî ïèêà, áëèçêîì ê 1, ïðèìåðíî â k/6 ðàç

áîëüøå, ÷åì áåçóñëîâíàÿ. Òî åñòü äëèííûå ïðîìåæóòêè ñ áîëüøåé âåðîÿòíîñòüþ

èìåþò áîëüøèå ãðàíè÷íûå ïèêè, è íàîáîðîò, âåðîÿòíîñòü íàáëþäàòü äëèííûé

ïðîìåæóòîê ïîñëå áîëüøîãî ïèêà âûøå, ÷åì ïîñëå íåáîëüøîãî.

Îòìåòèì òàêæå, ÷òî ïðè k, l→∞

P{λ3 = l |λ1 = k, λ2 = 2}
P{λ3 = l}

=
P{λ1 = k, λ2 = 2, λ3 = l}

P{λ1 = k, λ2 = 2}P{λ3 = l}
∼ 1− 2l

k(k + l)
,

ò.å. ïðîìåæóòîê äëèíû 2 íèâåëèðóåò âëèÿíèå ïðåäûäóùåãî äëèííîãî ïðîìå-

æóòêà. Ýòî íå ïðîòèâîðå÷èò ïðåäûäóùèì ðàññóæäåíèÿì, òàê êàê â ýòîì ñëó÷àå

ëåâûé ãðàíè÷íûé ïèê ïðîìåæóòêà äëèíû 2, ÿâëÿþùèéñÿ îäíîâðåìåííî ïðàâûì

ãðàíè÷íûì ïèêîì äëèííîãî ïðîìåæóòêà, ñ áîëüøîé âåðîÿòíîñòüþ áóäåò èìåòü

áîëüøîå çíà÷åíèå, è ïîýòîìó ïî÷òè íå ïîâëèÿåò íà ðàñïðåäåëåíèå ñëåäóþùåãî

çà íèì ýëåìåíòà ïîñëåäîâàòåëüíîñòè {ξn} (êîòîðûé äîëæåí áûòü ìåíüøå ýòî-

ãî ïèêà). Ñëåäîâàòåëüíî, ïðàâûé ãðàíè÷íûé ïèê ïðîìåæóòêà äëèíû 2 áóäåò

óñòðîåí ïî÷òè òàê æå, êàê è ïðîèçâîëüíûé ëîêàëüíûé ìàêñèìóì.

Ôîðìóëû (1.22) è (1.23) ïîçâîëÿþò íàéòè îòíîøåíèå óñëîâíûõ âåðîÿòíî-

ñòåé

P{λ3 = l |λ1 = k, λ2 = 2}
P{λ3 = l |λ2 = 2}

=
6

5

(
1 +O

(
1

k
+

1

l

))
, k, l→∞,

êîòîðîå ïîêàçûâàåò, ÷òî ïîñëåäîâàòåëüíîñòü {λj} íå ÿâëÿåòñÿ öåïüþ Ìàðêîâà.

Äîêàçàòåëüñòâî òåîðåìû 3. Âû÷èñëèì âåðîÿòíîñòü P{λ1 = k, λ2 = l} êàê

ñðåäíåå çíà÷åíèå óñëîâíîé âåðîÿòíîñòè

P{λj−1 = k, λj = l} =
∫ 1

0

P{λj−1 = k, λj = l | ξτj = x}pξτj (x) dx. (1.24)

Âîñïîëüçóåìñÿ òåì, ÷òî ïðè óñëîâèè {ξτj = x} ñîáûòèÿ {λj−1 = k} è {λj = l}
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íåçàâèñèìû, ïîýòîìó

P{λj−1 = k, λj = l | ξτj = x} = P{λj−1 = k | ξτj = x}P{λj = l | ξτj = x}.

Ïîäñòàâëÿÿ âûðàæåíèå (1.19), ïîëó÷èì

P{λj−1 = k, λj = l | ξτj = x}

=
(k − x)(1 + x)k − (k + x)(1− x)k

2x(k + 1)!

(l − x)(1 + x)l − (l + x)(1− x)l

2x(l + 1)!

=

[
(k − x)(1 + x)k − (k + x)(1− x)k

] [
(l − x)(1 + x)l − (l + x)(1− x)l

]
4x2(l + 1)! (k + 1)!

. (1.25)

Òåïåðü, èñïîëüçóÿ (1.18), (1.25) è ðàâåíñòâî

(k − x)(1 + x)k − (k + x)(1− x)k = (k + 1)(1 + x)k − (1 + x)k+1

−(k + 1)(1− x)k + (1− x)k+1, (1.26)

ïðåîáðàçóåì ôîðìóëó (1.24) ê âèäó

4(l + 1)! (k + 1)!

3
P{λj−1 = k, λj = l} = I

=

∫ 1

0

[
(k − x)(1 + x)k − (k + x)(1− x)k

] [
(l − x)(1 + x)l − (l + x)(1− x)l

]
dx

= (k + 1)(l + 1)T (k + l, 0)− (k + l + 2)T (k + l + 1, 0) + T (k + l + 2, 0)

−(k + 1)(l + 1)T (k, l) + (k + 1)T (k, l + 1) + (l + 1)T (k + 1, l)− T (k + 1, l + 1),

ãäå

T (k, l) =

∫ 1

0

(
(1 + x)k(1− x)l + (1 + x)l(1− x)k

)
dx.

Äëÿ âû÷èñëåíèÿ T (k, l) íàéä¼ì ñíà÷àëà çíà÷åíèå èíòåãðàëà
∫ 1

0 (1+x)
k(1−x)ldx

I(k, l)
def
=

∫ 1

0

(1 + x)k(1− x)ldx =

∫ 1

0

(1 + 1− y)kyldy =

∫ 1

0

2k
(
1− y

2

)k
yldy

= 2k+l+1

∫ 1
2

0

tl(1− t)kdt = 2k+l+1B 1
2
(l + 1, k + 1) =

1

(k + l + 1)C l
k+l

k+l+1∑
t=l+1

Ct
k+l+1,

ãäå B 1
2
(l + 1, k + 1) � íåïîëíàÿ áåòà-ôóíêöèÿ Ýéëåðà.
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Ñëåäîâàòåëüíî,

T (k, l) = I(k, l) + I(l, k) =
2k+l+1

(k + l + 1)C l
k+l

, k, l ≥ 0, (1.27)

îòêóäà

I = (k + 1)(l + 1)
2k+l+1

k + l + 1
− (k + l + 2)

2k+l+2

k + l + 2
+

2k+l+3

k + l + 3

−(k + 1)(l + 1)
2k+l+1

(k + l + 1)C l
k+l

+ (k + 1)
2k+l+2

(k + l + 2)C l+1
k+l+1

+(l + 1)
2k+l+2

(k + l + 2)C l
k+l+1

− 2k+l+3

(k + l + 3)C l+1
k+l+2

= 2k+l+1

(
(k + 1)(l + 1)

k + l + 1
− 2 +

4

k + l + 3

)
−2

k+l+1(k + 1)(l + 1)

(k + l + 1)C l
k+l

(
1− 4

k + l + 2
+

4

(k + l + 3)(k + l + 2)

)
=

2k+l+1

(k + l + 1)(k + l + 3)

(
kl(k + l + 1) + 1− k2 − l2 − (k + 1)(l + 1)(k + l − 1)

C l
k+l

)
.

Ïåðåéä¼ì ê äîêàçàòåëüñòâó ôîðìóëû (1.23). Àíàëîãè÷íî âû÷èñëåíèþ âå-

ðîÿòíîñòè (1.22) íàéä¼ì ñîâìåñòíóþ âåðîÿòíîñòü P{λ1 = k, λ2 = 2, λ3 = l} êàê
ñðåäíåå çíà÷åíèå óñëîâíîé âåðîÿòíîñòè

P{λj−1 = k, λj = 2, λj+1 = l}

=

∫ 1

0

∫ 1

0

(P{λj−1 = k, λj+1 = l | ξτj = x, ξτj+1
= y, λj = 2}

×p2,ξτj ,ξτj+1
(x, y)P{λj = 2}) dx dy.

Ñîãëàñíî (1.14) è (1.1)

p(ξτj ,ξτj+1
)(x, y) = p2(x, y) =

15

4
xy (y + x− |y − x|) ,

P{λj = 2} = 2

5
.

Âîñïîëüçóåìñÿ ìàðêîâñêèì ñâîéñòâîì ïîñëåäîâàòåëüíîñòè (λj, ξτj)

P{λj−1 = k, λj+1 = l | ξτj = x, ξτj+1
= y, λj = 2}
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= P{λj−1 = k| ξτj = x, ξτj+1
= y, λj = 2}P{λj+1 = l | ξτj = x, ξτj+1

= y, λj = 2}

= P{λj−1 = k | ξτj = x}P{λj+1 = l | ξτj+1
= y}.

Ïðèìåíÿÿ (1.19), ïîëó÷èì

P{λj−1 = k, λ3 = l | ξτj = x, ξτj+1
= y, λj = 2}

=

[
(k − x)(1 + x)k − (k + x)(1− x)k

] [
(l − y)(1 + y)l − (l + y)(1− y)l

]
4xy(l + 1)! (k + 1)!

.

Òàêèì îáðàçîì,

P{λj−1 = k, λj = 2, λj+1 = l} = 3

8(l + 1)!(k + 1)!

×
∫ 1

0

∫ 1

0

[(
(k − x)(1 + x)k − (k + x)(1− x)k

)
×
(
(l − y)(1 + y)l − (l + y)(1− y)l

)
(y + x− |y − x|)

]
dx dy

=
3

4(l + 1)!(k + 1)!

∫ 1

0

(A(y) + yB(y))C(y)dy, (1.28)

ãäå

A(y) =

∫ y

0

x
(
(k − x)(1 + x)k − (k + x)(1− x)k

)
dx,

B(y) =

∫ 1

y

(
(k − x)(1 + x)k − (k + x)(1− x)k

)
dx,

C(y) = (l − y)(1 + y)l − (l + y)(1− y)l.

Âûðàæåíèå C(y) ìîæíî ïðåäñòàâèòü â âèäå

C(y) = (l + 1)(1 + y)l − (1 + y)l+1 − (l + 1)(1− y)l + (1− y)l+1.

Èñïîëüçóÿ ôîðìóëó (1.26), ïîëó÷èì

B(y) =

∫ 1

y

(
(k + 1)(1 + x)k − (1 + x)k+1 − (k + 1)(1− x)k + (1− x)k+1

)
dx

= 2k+1 − (1 + y)k+1 − 2k+2

k + 2
+

(1 + y)k+2

k + 2
− (1− y)k+1 +

(1− y)k+2

k + 2
.
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Òàê êàê x = (1 + x)− 1 = 1− (1− x), òî

x
(
(k − x)(1 + x)k − (k + x)(1− x)k

)
= (k + 2)(1 + x)k+1 − (k + 1)(1 + x)k

−(1 + x)k+2 − (k + 1)(1− x)k + (k + 2)(1− x)k+1 − (1− x)k+2, (1.29)

ñëåäîâàòåëüíî

A(y) =

∫ y

0

x
(
(k − x)(1 + x)k − (k + x)(1− x)k

)
dx = (1 + x)k+2

∣∣y
0
− (1 + x)k+1

∣∣y
0

− (1 + x)k+3

k + 3

∣∣∣∣y
0

+ (1− x)k+1
∣∣y
0
− (1− x)k+2

∣∣y
0
+

(1− x)k+3

k + 3

∣∣∣∣y
0

= (1 + y)k+2 − (1 + y)k+1 − (1 + y)k+3

k + 3
+ (1− y)k+1 − (1− y)k+2 +

(1− y)k+3

k + 3
.

Òàêèì îáðàçîì,

A(y) + yB(y) = −(1 + y)k+3

k + 3
+

(1− y)k+3

k + 3
+ y

k2k+1

k + 2
+ y

(1 + y)k+2

k + 2
+ y

(1− y)k+2

k + 2

=
(1 + y)k+3

(k + 2)(k + 3)
− (1 + y)k+2

k + 2
+

(1− y)k+2

k + 2
− (1− y)k+3

(k + 2)(k + 3)
+
ky2k+1

k + 2
.

Ïîýòîìó ∫ 1

0

(A(y) + yB(y))C(y)dy

=

∫ 1

0

(
(l + 1)(1 + y)l − (1 + y)l+1 − (l + 1)(1− y)l + (1− y)l+1

)
×
(

(1 + y)k+3

(k + 2)(k + 3)
− (1 + y)k+2

k + 2
+

(1− y)k+2

k + 2
− (1− y)k+3

(k + 2)(k + 3)
+
k2k+1y

k + 2

)
dy

=
1

k + 2

(
k + l + 4

k + 3
T (k + l + 3, 0)− (l + 1)T (k + l + 2, 0)− 1

k + 3
T (k + l + 4, 0)

− l + 1

k + 3
T (k + 3, l) + (l + 1)T (k + 2, l)− T (k + 2, l + 1) +

1

k + 3
T (k + 3, l + 1)

+k2k+1((l + 2)T (l + 1, 0)− T (l + 2, 0)− (l + 1)T (l, 0))
)
.

Ïîäñòàâëÿÿ çíà÷åíèÿ (1.27), ïîëó÷èì∫ 1

0

(A(y) + yB(y))C(y)dy =
1

k + 2

(
2k+l+4

k + 3
− (l + 1)2k+l+3

k + l + 3
− 2k+l+5

(k + 3)(k + l + 5)
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− (l + 1)2k+l+4

(k + 3)(k + l + 4)C l
k+l+3

+
(l + 1)2k+l+3

(k + l + 3)C l
k+l+2

− 2k+l+4

(k + l + 4)C l+1
k+l+3

+
2k+l+5

(k + 3)(k + l + 5)C l+1
k+l+4

+
k2k+1

k + 2

(
2l+2 − 2l+3

l + 3
− 2l+1

))
=

2k+l+2

k + 2

(
4(k + l + 3)

(k + 3)(k + l + 5)
− 2(l + 1)

k + l + 3
+
k(l − 1)

l + 3

+
2

C l+1
k+l+3

(
1− 4

k + l + 4
+

4

(k + l + 4)(k + l + 5)

))

= 2k+l+2

(
kl(k + l + 5)2 − (k + l + 3)((k + l)2 + 6(k + l)− 3)

(k + 3)(l + 3)(k + l + 3)(k + l + 5)

+
2(k + l + 1)

(k + l + 3)(k + l + 5)C l+1
k+l+2

)
.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïîäñòàâèòü ïîëó÷åííîå âûðà-

æåíèå â ôîðìóëó (1.5).

1.4.6 Óñëîâíîå ðàñïðåäåëåíèå ïèêà

Ïðè ôèêñèðîâàííûõ äëèíàõ λj−1 = k, λj = l ïëîòíîñòü óñëîâíîãî ðàñ-

ïðåäåëåíèÿ ëîêàëüíîãî ìàêñèìóìà ξτj (ÿâëÿþùåãîñÿ îáùèì ãðàíè÷íûì ïèêîì)

áóäåò èìåòü âèä

p(ξτj |λj−1=k,λj=l)(x) =
P{λj−1 = k, λj = l | ξτj = x} pξτj (x)

P{λj−1 = k, λj = l}
.

Ñëåäîâàòåëüíî, ïî ôîðìóëàì (1.17), (1.22) è (1.25)

p(ξτj |λj−1=k,λj=l)(x) =

=
3
[
(k − x)(1 + x)k − (k + x)(1− x)k

] [
(l − x)(1 + x)l − (l + x)(1− x)l

]
4(l + 1)!(k + 1)!

× 4(k + l + 3)(l + 1)(k + 1)(k + l + 1)!

3 · 2k+l+1
(
C l
k+l(kl(k + l + 1) + 1− k2 − l2)− (k + l − 1)(k + 1)(l + 1)

)
=

C l
k+l(k + l + 1)(k + l + 3)

2k+l+1
(
C l
k+l(kl(k + l + 1) + 1− k2 − l2)− (k + l − 1)(k + 1)(l + 1)

)
×
[
(k − x)(1 + x)k − (k + x)(1− x)k

] [
(l − x)(1 + x)l − (l + x)(1− x)l

]
.
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Òîãäà, èñïîëüçóÿ ðàâåíñòâà (1.26) è (1.29), óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå

ïèêà ξτj ìîæíî ïðåäñòàâèòü â âèäå

M(ξτj |λj−1 = k, λj = l) =

∫ 1

0

x p(ξτj |λj−1=k,λj=l)(x) dx = (S1 + S2)F,

ãäå

F =
C l
k+l(k + l + 1)(k + l + 3)

2k+l+1
(
C l
k+l(kl(k + l + 1) + 1− k2 − l2)− (k + l − 1)(k + 1)(l + 1)

) ,
S1 = (kl + 2k + 2l + 3)J(k + l + 1, 0)− (k + l + 3)J(k + l + 2, 0)

+J(k + l + 3, 0)− (k + 1)(l + 1)J(k + l, 0),

S2 = −(k + 2)(l + 1)J(k + 1, l) + (k + 2)J(k + 1, l + 1) + (k + 1)(l + 1)J(k, l)

−(k + 1)J(k, l + 1) + (l + 1)J(k + 2, l)− J(k + 2, l + 1),

è

J(k, l) = I(k, l)− I(l, k) =
∫ 1

0

((1 + x)k(1− x)l − (1 + x)l(1− x)k) dx.

Èíòåãðàëû J(k, 0) âû÷èñëÿþòñÿ íåïîñðåäñòâåííî

J(k, 0) =

∫ 1

0

((1 + x)k − (1− x)k) dx =
(1 + x)k+1 + (1− x)k+1

k + 1

∣∣∣∣1
0

=
2k+1 − 2

k + 1
,

îòêóäà

S1 = (kl + 2k + 2l + 3)
2k+l+2 − 2

k + l + 2
− (k + l + 3)

2k+l+3 − 2

k + l + 3
+

2k+l+4 − 2

k + l + 4

−(k + 1)(l + 1)
2k+l+1 − 2

k + l + 1

= 2k+l+1

(
kl(k + l)

(k + l + 1)(k + l + 2)
− 1 +

6k + 6l + 8

(k + l + 2)(k + l + 4)

)
+

2kl

(k + l + 1)(k + l + 2)
+

4

(k + l + 2)(k + l + 4)
.

Îöåíèì èíòåãðàëû, âõîäÿùèå â S2, ó÷èòûâàÿ, ÷òî k, l ≥ 2,

|J(k, l)| < I(k, l) + I(l, k) =
2k+l+1

(k + l + 1)C l
k+l

= o(J(k + l, 0), k + l→∞.

Ñëåäîâàòåëüíî, S2 = o(S1), k + l→∞.
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Òàêèì îáðàçîì, ïðè k + l→∞

M(ξτj |λj−1 = k, λj = l) =

=
C l
k+l(k + l + 1)(k + l + 3)

C l
k+l(kl(k + l + 1) + 1− k2 − l2)− (k + l − 1)(k + 1)(l + 1)

×
(

kl(k + l)

(k + l + 1)(k + l + 2)
− 1 +

6k + 6l + 8

(k + l + 2)(k + l + 4)

)
(1 + o(1)).

Îòêóäà

M(ξτj |λj−1 = k, λj = l) =

(
1− 1

k
− 1

l
+

6

kl

)
(1 + o(1)), min(k, l)→∞,

M(ξτj |λj−1 = k, λj = l) =

(
1− 2l + 10

k(l − 1)

)
(1 + o(1)), l = const ≥ 3, k →∞.
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Ãëàâà 2

Ñòðóêòóðà ïîñëåäîâàòåëüíîñòè ñ âûäåëåííûìè

ëîêàëüíûìè ìàêñèìóìàìè

Íà ïðîòÿæåíèè âñåé ãëàâû 2 áóäåì ïðåäïîëàãàòü, ÷òî ñëó÷àéíûå âåëè÷èíû

ξn, n ≥ 0, íåçàâèñèìû è èìåþò îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå.

2.1 Ñòðóêòóðà äëèííîãî ïðîìåæóòêà ìåæäó ëîêàëüíûìè

ìàêñèìóìàìè

Â ýòîì ïàðàãðàôå ìû èññëåäóåì àñèìïòîòè÷åñêîå ïîâåäåíèå ñëó÷àéíûõ âå-

ëè÷èí, ðàñïîëîæåííûõ ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè, ïðè óñëî-

âèè, ÷òî ðàññòîÿíèå ìåæäó ýòèìè ìàêñèìóìàìè ñòðåìèòñÿ ê áåñêîíå÷íîñòè.

Ðàññìîòðèì ñíà÷àëà áîëåå ïðîñòîé ñëó÷àé � íå áóäåì ó÷èòûâàòü óñëîâèÿ íà

ñëó÷àéíûå âåëè÷èíû, ðàñïîëîæåííûå �ñíàðóæè� ïðîìåæóòêà.

2.1.1 Ñòðóêòóðà �îâðàãà�

Ïóñòü ïîñëåäîâàòåëüíîñòü ξ1, . . . , ξk îáðàçóåò �îâðàã� � ñíà÷àëà óáûâàþùèé

ó÷àñòîê, çàòåì âîçðàñòàþùèé, áóäåì ñ÷èòàòü, ÷òî îäèí èç íèõ ìîæåò (íî íå îáÿ-

çàí) áûòü ïóñòûì. Òî åñòü â ýòîì ïóíêòå áóäåì èçó÷àòü óñëîâíîå ðàñïðåäåëåíèå

ïîñëåäîâàòåëüíîñòè ξ1, . . . , ξk ïðè óñëîâèè ñîáûòèÿ

V k
1 = {∃ t : ξ1 > ξ2 > · · · > ξt < ξt+1 < · · · < ξk, 1 ≤ t ≤ k}. (2.1)

Òàê æå, êàê è ïðè äîêàçàòåëüñòâå óòâåðæäåíèÿ 1, íàáîðó ñëó÷àéíûõ âå-

ëè÷èí ξ1, . . . , ξk âçàèìíî îäíîçíà÷íî ñîïîñòàâèì ñëó÷àéíóþ ïåðåñòàíîâêó π =

(π1, . . . , πk) ïîðÿäêà k ñëåäóþùèì îáðàçîì: πi � íîìåð ñëó÷àéíîé âåëè÷èíû ξi

â âàðèàöèîííîì ðÿäó. Â ñèëó òîãî, ÷òî ñëó÷àéíûå âåëè÷èíû ξi íåçàâèñèìû è

èìåþò îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, π ðàâíîìåðíî ðàñïðåäåëåíà

íà ìíîæåñòâå ïåðåñòàíîâîê ïîðÿäêà k. Ñîáûòèþ V k
1 ïðè ýòîì ïåðåõîäå ñîîòâåò-

ñòâóåò ñîáûòèå Vπ = {∃ t : π1 > π2 > · · · > πt < πt+1 < · · · < πk, 1 ≤ t ≤ k}.
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Îïðåäåëåíèå 2. Ïóñòü π∗ = (π∗1, . . . , π
∗
k) � ïåðåñòàíîâêà, îáðàòíàÿ ê π. Îïðå-

äåëèì ñëó÷àéíûå âåëè÷èíû νs = π∗s , s = 1, . . . , k, � ïîëîæåíèå ξ(s) (s-ãî ÷ëåíà

âàðèàöèîííîãî ðÿäà) â èñõîäíîé ïîñëåäîâàòåëüíîñòè.

Èç äîêàçàòåëüñòâà ëåììû 3 ñëåäóåò, ÷òî ñëó÷àéíàÿ âåëè÷èíà ν1 ïðè óñëî-

âèè V k
1 èìååò áèíîìèàëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðàìè k − 2 è 1/2.

Ëåììà 5. Ïðè óñëîâèè, ÷òî èñõîäíûå ñëó÷àéíûå âåëè÷èíû îáðàçóþò �îâðàã�,

ñëó÷àéíûå âåëè÷èíû νs èìåþò ñëåäóþùèå ðàñïðåäåëåíèÿ:

P{νs = t |V k
1 }=P{νs = k+1−t |V k

1 }=



Ct−1
k−s

2k−s+1
, 1 ≤ t ≤ k + 1− s, s > k + 1

2
,

Ct−1
k−s

2k−s+1
, 1 ≤ t ≤ s− 1, s ≤ k + 1

2
,

Ct−1
k−s + Ck−t

k−s
2k−s+1

, s ≤ t ≤ k + 1

2
.

(2.2)

Äîêàçàòåëüñòâî. Èòàê, íàì íåîáõîäèìî íàéòè óñëîâíîå ðàñïðåäåëåíèå π∗s ïðè

óñëîâèè ñîáûòèÿ Vπ

P{π∗s = t |Vπ} = P{πt = s |V k
π } =

P{πt = s, Vπ}
P(Vπ)

=
|{σt = s, σ ∈ Vπ}|

|Vπ|
.

Çàìåòèì, ÷òî P{πt = s, Vπ} = P{πt = k + 1− s, Vπ} â ñèëó ñèììåòðèè, ñëåäî-
âàòåëüíî, ìîæíî ðàññìàòðèâàòü òîëüêî t ≤ (k + 1)/2.

Ñîãëàñíî ëåììå 3 |Vπ| = 2k−1. Íàéä¼ì êîëè÷åñòâî ïåðåñòàíîâîê σ, ñòîÿùåå

â ÷èñëèòåëå.

Ðàññìîòðèì ñíà÷àëà ñëó÷àé s > (k + 1)/2. Òîãäà k + 1 − s < s, ñëåäîâà-

òåëüíî, ñîáûòèå σt = s îäíîçíà÷íî îïðåäåëÿåò ïîëîæåíèå ÷èñëà 1 (ìèíèìóìà)

îòíîñèòåëüíî t, à èìåííî, ïóñòü σz = 1, òîãäà z > t⇐⇒ t ≤ k + 1− s < s.

Åñëè t ≤ k+1− s, òî äëÿ òîãî, ÷òîáû σt = s íóæíî âûáðàòü t− 1 ÷èñëî èç

s + 1, . . . , n äëÿ çíà÷åíèé σ1, . . . , σt−1 è ñîñòàâèòü èç íèõ óáûâàþùèé ó÷àñòîê,

çàòåì ñîñòàâèòü �îâðàã� èç ÷èñåë, ìåíüøèõ s, è çàòåì ðàñïîëîæèòü íà ó÷àñòêå

âîçðàñòàíèÿ îñòàâøèåñÿ ÷èñëà, áîëüøèå s. Ïîëó÷àåì Ct−1
k−s 2

s−2 ïåðåñòàíîâîê.

Ðàâåíñòâî σt = s ïðè k+1− s < t ≤ (k+1)/2 íåâîçìîæíî, òàê êàê â ýòîì

ñëó÷àå t− 1 > k− s è k− t > k− s, ïîýòîìó íå ìîæåò áûòü âûïîëíåíà íè îäíà
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èç äâóõ öåïî÷åê íåðàâåíñòâ: íè σ1 > · · · > σt, íè σt < · · · < σk. Ñëåäîâàòåëüíî,

|{σt = s, σ ∈ Vπ}| = Ct−1
k−s2

s−2, t ≤ k + 1− s.

Òåïåðü ðàññìîòðèì ñëó÷àé s ≤ (k + 1)/2. Åñëè t < s, òî âîçìîæíà òîëüêî

ñèòóàöèÿ σ1 > · · · > σt, è èñêîìîå êîëè÷åñòâî ïåðåñòàíîâîê ðàâíî C
t−1
k−s 2

s−2.

Åñëè s ≤ t ≤ (k + 1)/2, òî â ñëó÷àå σ1 > · · · > σt ïîëó÷àåì Ct−1
k−s2

s−2

ïåðåñòàíîâîê, à â ñëó÷àå σt < · · · < σk � C
t−s
k−s 2

s−2 ïåðåñòàíîâîê. Çíà÷èò, âñåãî

èìååì (Ct−1
k−s + Ct−s

k−s)2
s−2 ïåðåñòàíîâîê.

Ñëåäñòâèå 2. Ðàññòîÿíèå ρs îò ξ(s) äî áëèæàéøåãî êîíöà îòðåçêà (ξ1 èëè

ξk) èìååò ðàñïðåäåëåíèå

P{ρs = t|V k
1 } =



Ct
k−s

2k−s
, t = 0, 1, . . . , k − s, s > k + 1

2
,

Ct
k−s

2k−s
, t = 0, 1, . . . , s− 2, s ≤ k + 1

2
,

Ct
k−s + Ck−t−1

k−s
2k−s

, s− 1 ≤ t ≤ k − 1

2
, s ≤ k + 1

2
.

(2.3)

Óñëîâíîå ðàñïðåäåëåíèå âàðèàöèîííîãî ðÿäà ïðè óñëîâèè ñîáûòèÿ V k
1 ñîâ-

ïàäàåò ñ áåçóñëîâíûì, òàê êàê

P{ξ(i) ≤ xi, i = 1, . . . , k |V k
1 } =

1

P(V k
1 )

∑
σ∈Vπ

P{ξ(i) ≤ xi, i = 1, . . . , k, π = σ}

=
1

P(V k
1 )

∑
σ∈Vπ

P{ξ(i) ≤ xi, ξi = ξ(σi), i = 1, . . . , k}

=
1

P(V k
1 )

∑
σ∈Vπ

P{ξ(i) ≤ xi, i = 1, . . . , k}P{ π = σ}

= P{ξ(i) ≤ xi, i = 1, . . . , k} 1

P(V k
1 )

∑
σ∈Vπ

P{ π = σ} = P{ξ(i) ≤ xi, i = 1, . . . , k}.

Òàêèì îáðàçîì, åñëè ñëó÷àéíûå âåëè÷èíû ξi èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå

íà îòðåçêå [0, 1], òî ξ(s) èìåþò áåòà-ðàñïðåäåëåíèå ñ ïàðàìåòðàìè s, k − s+ 1.

2.1.2 Àñèìïòîòè÷åñêèé âèä �îâðàãà�

Ðàññìîòðèì äåòåðìèíèðîâàííûé �îâðàã�, ò.å. êóñî÷íî ëèíåéíóþ ôóíêöèþ,

ðàâíóþ åäèíèöå â òî÷êàõ 0 è k + 1 è íóëþ â ñåðåäèíå îòðåçêà [1, k] � òî÷êå
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(k+1)/2. Òàêóþ ôóíêöèþ, òî÷íåå ïîñëåäîâàòåëüíîñòü ôóíêöèé, ìîæíî çàäàòü

ôîðìóëîé

yk(x) =

∣∣∣∣1− 2x

k + 1

∣∣∣∣ , x ∈ [0, k + 1]. (2.4)

Ïîêàæåì, ÷òî ñ ðîñòîì k ñëó÷àéíûé �îâðàã� áóäåò ñòðåìèòüñÿ ê äåòåðìèíèðî-

âàííîìó.

Òåîðåìà 4. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξn, n ∈ N, íåçàâèñèìû è èìåþò

ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1], ôóíêöèè yk(x) çàäàíû ôîðìóëîé

(2.4), V k
1 = {∃ t : ξ1 > · · · > ξt < · · · < ξk, 1 ≤ t ≤ k}. Òîãäà

∀ ε > 0 P{ max
n=1,...,k

|ξn − yk(n)| > ε |V k
1 } → 0, k →∞.

Äîêàçàòåëüñòâî. Òàê êàê ñëó÷àéíûå âåëè÷èíû ξ(s) èìåþò áåòà-ðàñïðåäåëåíèå

ñ ïàðàìåòðàìè s, k − s+ 1, òî

Mξ(s) =
s

k + 1
, Mξ2(s) =

s(s+ 1)

(k + 1)(k + 2)
, s = 1, . . . , k.

Ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ξ(s) îò yk(νs) ðàâíî

M((ξ(s) − yk(νs))2 |V k
1 ) = Mξ2(s) − 2Mξ(s)M(yk(ν(s)) |V k

1 ) +M((yk(ν(s)))
2 |V k

1 ),

(2.5)

òàê êàê ξ(s) íå çàâèñèò îò νs IV k1 . Íàéä¼ì ìîìåíòû ñëó÷àéíîé âåëè÷èíû yk(νs),

ó÷èòûâàÿ (2.4), (2.2) è òî, ÷òî yk(t) = yk(k + 1− t):

M(yk(ν(s)) |V k
1 ) = 2

k+1−s∑
t=1

yk(t)P{νs = t |V k
1 } = 2

k+1−s∑
t=1

(
1− 2t

k + 1

)
Ct−1
k−s

2k−s+1

=
k−s∑
t=0

(
1− 2(t+ 1)

k + 1

)
Ct
k−s

2k−s
= 1− 2

k + 1

(
k − s
2

+ 1

)
=

s

k + 1
− 1

k + 1
,

M((yk(ν(s)))
2 |V k

1 ) =
k−s∑
t=0

(
1− 2(t+ 1)

k + 1

)2 Ct
k−s

2k−s

=
k−s∑
t=0

Ct
k−s

2k−s

(
1− 4(t+ 1)

k + 1
+

4(t2 + 2t+ 1)

(k + 1)2

)
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= 1− 4

k + 1

(
k − s
2

+ 1

)
+

4

(k + 1)2

(
k − s
4

+
(k − s)2

4
+ k − s+ 1

)
=

s2

(k + 1)2
− 3s

(k + 1)2
+

1

k + 1
.

Ïîäñòàâèì íàéäåííûå ìîìåíòû â (2.5)

M((ξ(s) − yk(νs))2 |V k
1 ) =

s(s+ 1)

(k + 1)(k + 2)
− 2

s

k + 1

(
s

k + 1
− 1

k + 1

)
+

s2

(k + 1)2

− 3s

(k + 1)2
+

1

k + 1
=

1

k + 1
− s2

(k + 1)2(k + 2)
− s

(k + 1)2(k + 2)
<

1

k + 1
.

Ñëåäîâàòåëüíî, äëÿ ëþáîãî ε > 0 è ëþáîãî s ≥ 1

P{|ξ(s) − yk(νs)| > ε |V k
1 } ≤

1

ε2
M((ξ(s) − yk(νs))2 |V k

1 ) <
1

ε2(k + 1)
,

P{|ξ(s) − yk(νs)| > ε |V k
1 } → 0, k →∞. (2.6)

Êðîìå òîãî, maxs=1,...,kM((ξ(s) − yk(νs))2 |V k
1 ) < 1/(k + 1), çíà÷èò è

max
n=1,...,k

M((ξn − yk(n))2 |V k
1 ) < 1/(k + 1).

Ñóììàðíîå ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ðàâíî

k∑
s=1

M((ξ(s) − yk(νs))2 |V k
1 ) =

k∑
s=1

(
1

k + 1
− s2

(k + 1)2(k + 2)
− s

(k + 1)2(k + 2)

)
=

k

k + 1
− k(k + 1)(2k + 1)

6(k + 1)2(k + 2)
− k(k + 1)

2(k + 1)2(k + 2)
=

2

3

(
1− 1

k + 1

)
,

÷òî íå ïîçâîëÿåò ñðàçó ñäåëàòü âûâîä î ñõîäèìîñòè maxn=1,...,k |ξn − yk(n)| ê
íóëþ ïî âåðîÿòíîñòè.

Çàìåòèì, ÷òî äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè n1, . . . , nm, òàêîé ÷òî m =

o(k), ñóììàðíîå ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå

m∑
t=1

M((ξnt − yk(nt)2 |V k
1 ) < m max

n=1,...,k
M((ξn − yk(n))2 |V k

1 ) <
m

k + 1
→ 0

ïðè k →∞.
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Cëåäîâàòåëüíî, äëÿ ëþáîãî ε > 0

P{ max
t=1,...,m

|ξnt − yk(nt)| > ε |V k
1 } → 0, k →∞. (2.7)

Îïðåäåëèì ïîñëåäîâàòåëüíîñòü nt ñëåäóþùèì îáðàçîì: n1 = 1, nt = (t−1)[
√
k],

t = 2, . . . , [
√
k]+1, è n[

√
k]+2 = k, åñëè

√
k íå ÿâëÿåòñÿ öåëûì ÷èñëîì. Äëÿ óäîá-

ñòâà äîáàâèì ê âûáðàííûì òî÷êàì òå èç ÷èñåë k/2, (k + 1)/2, k/2 + 1, êîòîðûå

ÿâëÿþòñÿ öåëûìè, è ïåðåíóìåðóåì ïîñëåäîâàòåëüíîñòü ïî âîçðàñòàíèþ. Òàêèì

îáðàçîì, ïîñëåäîâàòåëüíîñòü n1, . . . , nm îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1 = n1 < · · · < nm = k, ni+1 − ni ≤ [
√
k], [

√
k] + 1 < m < [

√
k] + 4,

êîòîðûå ïîçâîëÿþò çàêëþ÷èòü, ÷òî |yk(ni+1)− yk(ni)| ≤ 2/
√
k, i = 1, . . . ,m− 1,

è äëÿ ëþáîãî 1 < s < k, íå ÿâëÿþùåãîñÿ ÷ëåíîì ïîñëåäîâàòåëüíîñòè {nt},
íàéäåòñÿ òàêîå i, ÷òî ni < s < ni+1, ïðè ýòîì yk(ni+1) < yk(s) < yk(ni), åñëè

s < (k + 1)/2, è yk(ni) < yk(s) < yk(ni+1), åñëè s > (k + 1)/2.

Òåïåðü îöåíèì |ξs − yk(s)| äëÿ s, íå âõîäÿùèõ â n1, . . . , nm. Ðàññìîòðèì

ïîäðîáíî ñëó÷àé s < (k+1)/2, äëÿ s > (k+1)/2 âñå ðàññóæäåíèÿ àíàëîãè÷íû.

Èòàê, ïóñòü ni < s < ni+1, òîãäà yk(ni+1) < yk(s) < yk(ni), è âîçìîæíû òðè

âàðèàíòà.

1. Åñëè ξni < ξs < ξni+1
, òî |ξs − yk(s)| < |ξni − yk(ni)|+ |ξni+1

− yk(ni+1)|.

2. Åñëè ξni+1
< ξs < ξni, òî

|ξs − yk(s)| < |ξni+1
− yk(ni)|+ |ξni − yk(ni+1)| ≤ |ξni − yk(ni)|+ |ξni+1

− yk(ni+1)|

+2|yk(ni+1)− yk(ni)| ≤ |ξni − yk(ni)|+ |ξni+1
− yk(ni+1)|+ 4/

√
k.

3. Åñëè ξni > ξs < ξni+1
, òî ξ(1) ðàñïîëîæåíà ìåæäó ξni è ξni, ò.å. ni < ν1 < ni+1.

Åñëè ni < s ≤ ν1, òî ξν1 = ξ(1) < ξs < ξni è

|ξs − yk(s)| < |ξni − yk(ni)|+ |ξ(1) − yk(ν1)|+ 4/
√
k.

Åñëè æå ν1 < s ≤ ni+1, òî ξ(1) < ξs < ξni+1
è

|ξs − yk(s)| < |ξni − yk(ni)|+ |ξ(1) − yk(ν1)|.
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Òàêèì îáðàçîì, äëÿ ëþáîãî s = 1, . . . , k ñïðàâåäëèâà îöåíêà |ξs − yk(s)| <
2maxi=1,...,m |ξni − yk(ni)|+ |ξ(1) − yk(ν1)|+ 4/

√
k, ïîýòîìó

max
s=1,...,k

|ξs − yk(s)| < 2 max
i=1,...,m

|ξni − yk(ni)|+ |ξ(1) − yk(ν1)|+ 4/
√
k,

îòêóäà, ó÷èòûâàÿ (2.6) è (2.7), ñðàçó ñëåäóåò äîêàçûâàåìîå óòâåðæäåíèå.

2.1.3 Àñèìïòîòè÷åñêèé âèä ïðîìåæóòêà ìåæäó ëîêàëüíûìè

ìàêñèìóìàìè

Äëÿ òîãî ÷òîáû ñôîðìóëèðîâàòü àíàëîã òåîðåìû 4 äëÿ ïðîìåæóòêà ìåæäó

ëîêàëüíûìè ìàêñèìóìàìè (ò.å. �îâðàãà�, êîíöû êîòîðîãî ÿâëÿþòñÿ ëîêàëüíûìè

ìàêñèìóìàìè), äîêàæåì ñíà÷àëà âñïîìîãàòåëüíóþ ëåììó.

Ëåììà 6. Ïóñòü ïîñëåäîâàòåëüíîñòè {Zi}∞i=1, {Vi}∞i=1, {Wi}∞i=1 ñîáûòèé, çà-

äàííûõ íà îäíîì âåðîÿòíîñòíîì ïðîñòðàíñòâå, òàêîâû ÷òî

P{Zk |Vk} → p > 0, k →∞,
Wi ⊆ Vi, i ≥ 1, è ïðè ýòîì P(Vk) = (1 + o(1))P(Wk), k →∞.

Òîãäà P(Zk |Wk)→ p, k →∞.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ óñëîâíîé âåðîÿòíîñòè

P(Zk |Wk) =
P(ZkWk)

P(Wk)
=

P(ZkVk)

P(Wk)
− P(Zk(Vk \Wk))

P(Wk)
,

òàê êàê Wk ⊆ Vk. Ïðåäåë ïåðâîé äðîáè ðàâåí

lim
k→∞

P(ZkVk)

P(Wk)
= lim

k→∞

P(ZkVk)

P(Vk)

P(Wk)

P(Vk)
= lim

k→∞
P(Zk|Vk)(1 + o(1)) = p.

Ðàññìîòðèì âòîðóþ äðîáü

P(Zk(Vk \Wk))

P(Wk)
≤ P(Vk \Wk)

P(Wk)
=

P(Vk)−P(Wk)

P(Wk)
=

P(Vk)

P(Wk)
− 1→ 0, k →∞.

Ñëåäîâàòåëüíî, âòîðàÿ äðîáü ñòðåìèòñÿ ê íóëþ è P(Zk |Wk)→ p, k →∞.

Ðàññìîòðèì ñîáûòèå

W k
1 = {χ(k−1)

1 = 1} = V k
1 ∩ {ξ0 < ξ1, ξk > ξk+1},
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çàêëþ÷àþùååñÿ â òîì, ÷òî ξ1 è ξk ÿâëÿþòñÿ ñîñåäíèìè ëîêàëüíûìè ìàêñèìó-

ìàìè. Â ñèëó îïðåäåëåíèÿ W k
1 ⊂ V k

1 .

Íàéä¼ì îòíîøåíèå âåðîÿòíîñòåé ýòèõ ñîáûòèé. Ïî ôîðìóëå (1.4)

P(W k
1 ) = P{χ(k−1)

1 = 1} = 1

3
P{λ = k − 1} = (k + 1)(k − 2)2k−1

(k + 2)!
.

Ñîãëàñíî ëåììå 3 |Vπ| = 2k−1, ñëåäîâàòåëüíî, P(V k
1 ) = P(Vπ) = 2k−1/k!. Îòêóäà

lim
k→∞

P(V k
1 )

P(W k
1 )

= lim
k→∞

(k + 2)!

(k + 1)(k − 2)k!
= 1.

Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòè ñîáûòèé Zk = {maxn=1,...,k |ξn−yk(n)| > ε},
Vk = V k

1 , Wk = W k
1 óäîâëåòâîðÿþò óñëîâèÿì ëåììû 6, çíà÷èò, ñïðàâåäëèâà

Òåîðåìà 5. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξn, n ≥ 0, íåçàâèñèìû è èìåþò ðàâ-

íîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1] è ôóíêöèè yk(x) = |1− 2x/(k + 1)| .
Òîãäà

∀ε > 0 P{ max
n=1,...,k

|ξn − yk(n)| > ε |χ(k−1)
1 = 1} → 0, k →∞.

Ñëåäñòâèå 3. Åñëè ñëó÷àéíûå âåëè÷èíû ïîñëåäîâàòåëüíîñòè {ξn, n ∈ N}
íåçàâèñèìû è èìåþò îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå ñ ôóíêöèåé

ðàñïðåäåëåíèÿ F (x), òî

∀ε > 0 P{ max
n=1,...,k

|F (ξn)− yk(n)| > ε |χ(k−1)
1 = 1} → 0, k →∞.

Åñëè, êðîìå òîãî, ôóíêöèÿ F (x) ñòðîãî ìîíîòîííà, òî

∀ε > 0 P{ max
n=1,...,k

|ξn − F−1(yk(n))| > ε |χ(k−1)
1 = 1} → 0, k →∞.

2.2 Ðåêóððåíòíûå ñîáûòèÿ {λ = 3}

Ñîáûòèå {λ = 3} ÿâëÿåòñÿ ðåêóððåíòíûì äëÿ ïîñëåäîâàòåëüíîñòè ïàð

{(ξτi, λi+1)} (ëîêàëüíûé ìàêñèìóì è ðàññòîÿíèå äî ñëåäóþùåãî ïèêà). Äåéñòâè-

òåëüíî, óñëîâíîå ðàñïðåäåëåíèå ãðàíè÷íîãî ïèêà ξτj ïðè óñëîâèè, ÷òî {λj = 3}
èìååò âèä
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P{ξτj ≤ x|λj = 3} =
P{ξτj ≤ x, ξτj−1 < ξτj > ξτj+1, ξτj−4 < ξτj−3 > ξτj−2}

P{ξτj−1 < ξτj > ξτj+1, ξτj−4 < ξτj−3 > ξτj−2}

=
P{ξτj ≤ x, ξτj−1 < ξτj > ξτj+1}P{ξτj−4 < ξτj−3 > ξτj−2}

P{ξτj−1 < ξτj > ξτj+1}P{ξτj−4 < ξτj−3 > ξτj−2}

= P{ξτj ≤ x|ξτj−1 < ξτj > ξτj+1} = P{max(ξ1, ξ2, ξ3) ≤ x},

ò.å. ñîâïàäàåò ñ ðàñïðåäåëåíèåì ìàêñèìóìà èç òð¼õ íåçàâèñèìûõ ñëó÷àéíûõ âå-

ëè÷èí. Òàêèì îáðàçîì, ðàñïðåäåëåíèå �áóäóùåãî� áóäåò ñîâïàäàòü ñ ðàñïðåäå-

ëåíèåì ïîñëåäîâàòåëüíîñòè {(ξτi, λi+1)}, ñòàðòóþùåé ñ ïðîèçâîëüíîãî (íå îáó-

ñëîâëåííîãî) ëîêàëüíîãî ìàêñèìóìà.

Èçó÷àòü ðàññòîÿíèå ìåæäó ìîìåíòàìè îñóùåñòâëåíèÿ ñîáûòèé óäîáíåå â

�àáñîëþòíîì� âðåìåíè, ò.å. óäîáíåå ó÷èòûâàòü êîëè÷åñòâî íåîáõîäèìûõ èñïû-

òàíèé ξi, ÷åì êîëè÷åñòâî ïîÿâèâøèõñÿ ïèêîâ.

Ïðèâåä¼ì äàííîå â [5] îïðåäåëåíèå ðåêóððåíòíîãî ñîáûòèÿ.

Îïðåäåëåíèå 3. Ñâîéñòâî E îïðåäåëÿåò ðåêóððåíòíîå ñîáûòèå â ïîñëåäîâà-

òåëüíîñòè ïîâòîðíûõ èñïûòàíèé ñ âîçìîæíûìè èñõîäàìè Ej, j ≥ 1, åñëè

1) äëÿ òîãî ÷òîáû E ïðîèçîøëî ïðè n-ì è ïðè (n + m)-ì èñïûòàíèÿõ

â ïîñëåäîâàòåëüíîñòè Ej1, . . . , Ejn+m, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû E íà-

ñòóïèëî ïðè ïîñëåäíåì èñïûòàíèè â êàæäîì èç äâóõ íàáîðîâ Ej1, . . . , Ejn è

Ejn+1
, . . . , Ejn+m,

2) â ýòîì ñëó÷àå

P{Ej1 · · ·Ejn+m} = P{Ej1 · · ·Ejn}P{Ejn+1
· · ·Ejn+m}.

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî äëÿ òîãî ÷òîáû ñîáûòèå {λ = 3} ÿâëÿëîñü
ðåêóððåíòíûì äëÿ ïîñëåäîâàòåëüíîñòè {ξn, n ∈ N}, åãî îñóùåñòâëåíèå â ìî-

ìåíò n äîëæíî îïðåäåëÿòüñÿ ïåðâûìè n ÷ëåíàìè ïîñëåäîâàòåëüíîñòè. Ïîýòîìó

áóäåì ãîâîðèòü, ÷òî îñóùåñòâëåíèå ñîáûòèÿ {λ = 3} â ìîìåíò n îçíà÷àåò, ÷òî

ξn−5 < ξn−4 > ξn−3, ξn−2 < ξn−1 > ξn, ò.å. ÷òî χ
(3)
n−4 = χn−4χn−1 = 1.

Àêêóðàòíîãî îïðåäåëåíèÿ òðåáóåò ñèòóàöèÿ, êîãäà äâà ñîñåäíèõ ðàññòîÿ-

íèÿ ìåæäó ëîêàëüíûìè ìàêñèìóìàìè ðàâíû òð¼ì ( χn−4χn−1χn+2 = 1). Â ýòîì

ñëó÷àå áóäåì ñ÷èòàòü, ÷òî ñîáûòèå {λ = 3} ïðîèñõîäèò â ìîìåíòû n è n + 3.
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Òî åñòü áóäåì ðàññìàòðèâàòü ïîñëåäîâàòåëüíîñòü ñîáûòèé {λ = 3} êàê ïîñëå-

äîâàòåëüíîñòü ðåêóððåíòíûõ ñîáûòèé ñ çàïàçäûâàíèåì (ðàñïðåäåëåíèå ïîñëå-

äîâàòåëüíîñòè {ξi} äî ïåðâîãî ðåêóððåíòíîãî ñîáûòèÿ íå ñîâïàäàåò ñ ðàñïðå-

äåëåíèåì ó÷àñòêîâ ìåæäó ìîìåíòàìè îñóùåñòâëåíèÿ ðåêóððåíòíûõ ñîáûòèé) è

äëÿ �ðåãóëÿðíîé ÷àñòè� (ïðîìåæóòêîâ ìåæäó ñîáûòèÿìè {λ = 3}) áóäåì ñ÷è-

òàòü, ÷òî îñóùåñòâëåíèå ñîáûòèÿ {λ = 3} â ìîìåíò 3 (ñ÷èòàÿ îò ïðåäûäóùåãî

ðåêóððåíòíîãî ñîáûòèÿ) îçíà÷àåò, ÷òî ξ1 < ξ2 > ξ3 (ò.å. χ2 = 1).

Ñâîéñòâî 2) âûïîëíÿåòñÿ â ñèëó íåçàâèñèìîñòè ñëó÷àéíûõ âåëè÷èí ξi.

Çàìåòèì, ÷òî îñóùåñòâëåíèå ñîáûòèÿ {λ = 3} â íåêîòîðûé ìîìåíò âðåìåíè
çàâèñèò íå îò êîíêðåòíûõ çíà÷åíèé ñëó÷àéíûõ âåëè÷èí ïîñëåäîâàòåëüíîñòè ξi,

à òîëüêî îò íåðàâåíñòâ ìåæäó ýòèìè âåëè÷èíàìè. Òî åñòü, äîñòàòî÷íî çíàòü

òîëüêî áîëüøå ñëåäóþùàÿ ñëó÷àéíàÿ âåëè÷èíà ïðåäûäóùåé èëè ìåíüøå.

Ïîêàæåì, ÷òî ñîáûòèå {λ = 3} ÿâëÿåòñÿ ðåêóððåíòíûì è äëÿ ïîñëåäî-

âàòåëüíîñòè {χi, i ≥ 2}. Äëÿ ýòîãî ïî îïðåäåëåíèþ åãî îñóùåñòâëåíèå â ìî-

ìåíò n äîëæíî îïðåäåëÿòüñÿ ïåðâûìè n ÷ëåíàìè ïîñëåäîâàòåëüíîñòè. Ïîýòîìó

áóäåì ãîâîðèòü, ÷òî îñóùåñòâëåíèå ñîáûòèÿ {λ = 3} â ìîìåíò n îçíà÷àåò, ÷òî

χ
(3)
n−3 = χn−3χn = 1. Òàê æå, êàê è äëÿ ïîñëåäîâàòåëüíîñòè ξi, áóäåì ñ÷èòàòü, ÷òî

â �ðåãóëÿðíîé ÷àñòè� ïîñëåäîâàòåëüíîñòè χj îñóùåñòâëåíèå ñîáûòèÿ {λ = 3} â
ìîìåíò 3 (ñ÷èòàÿ îò íà÷àëà ó÷àñòêà) îçíà÷àåò, ÷òî χ3 = 1. (Çàìåòèì, ÷òî ïî

ñðàâíåíèþ ñ ïîñëåäîâàòåëüíîñòüþ ξi ïðîèñõîäèò ñäâèã �íà åäèíèöó âðåìåíè�.)

Ïîêàæåì, ÷òî ïðè òàêîì îïðåäåëåíèè ñîáûòèå {λ = 3} äåéñòâèòåëüíî ÿâ-
ëÿåòñÿ ðåêóððåíòíûì äëÿ ïîñëåäîâàòåëüíîñòè {χi}, ò.å. ÷òî âûïîëíÿåòñÿ ñâîé-
ñòâî 2) îïðåäåëåíèÿ 3.

Íàïîìíèì îáîçíà÷åíèå χ
(3)
k = I{χk = χk+3 = 1} = χkχk+3.

Óòâåðæäåíèå 2. Ñïðàâåäëèâî ðàâåíñòâî

P{χi = ki, i = 1, . . . , n+m |χ(3)
n−3 = χ

(3)
n+m−3 = 1} (2.8)

= P{χi = ki, i ≤ n |χ(3)
n−3χ

(3)
n+m−3 = 1}P{χi = ki, i ≥ n+ 1 |χ(3)

n−3χ
(3)
n+m−3 = 1}.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ñîáûòèå {χ(3)
n−3χ

(3)
n+m−3 = 1} îïðåäåëÿåò çíà÷å-

íèÿ èíäèêàòîðîâ χn−4, . . . , χn+1, χn+m−4, . . . , χn+m+1, à èìåííî
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{χ(3)
n−3χ

(3)
n+m−3 = 1} = {χn−3χnχn+m−3χn+m = 1,

χn−4 + χn−2 + χn−1 + χn+1 + χn+m−4 + χn+m−2 + χn+m−1 + χn+m+1 = 0}.

Ïîýòîìó äàëüøå áóäåì ñ÷èòàòü, ÷òî kj = 1 ïðè j = n− 3, n, n+m− 3, n+m è

ki = 0 ïðè i = n−4, n−2, n−1, n+1, n+m−4, n+m−2, n+m−1, n+m+1.

(Åñëè õîòÿ áû îäíî èç ýòèõ ðàâåíñòâ íàðóøàåòñÿ, òî è ëåâàÿ, è ïðàâàÿ ÷àñòè

âûðàæåíèÿ (2.8) ðàâíû íóëþ.)

Ïî îïðåäåëåíèþ óñëîâíîé âåðîÿòíîñòè

P{χi = ki, i = 1, . . . , n+m |χ(3)
n−3 = χ

(3)
n+m−3 = 1}

=
P{χn−3χnχn+m−3χn+m = 1, χi = ki, i = 1, . . . , n− 4, n+ 2, . . . , n+m− 4}

P{χ(3)
n−3 = χ

(3)
n+m−3 = 1}

=
P{χn−3 = 1, χi = ki, i ≤ n− 4}P{χnχn+m−3χn+m = 1, χi = ki, i ≥ n+ 1}

P{χ(3)
n−3χ

(3)
n+m−3 = 1}

,

òàê êàê ïîñëåäîâàòåëüíîñòè χ1, . . . , χn−3 è χn, . . . , χn+m íåçàâèñèìû.

Çàìåòèì, ÷òî ñîáûòèÿ {χ(3)
n = 1} è {χ(3)

n+m = 1} íåñîâìåñòíû ïðèm = 1, 2, 4.

Ðàññìîòðèì ñíà÷àëà ñëó÷àém = 3. Â ýòîì ñëó÷àå χ
(3)
n−3χ

(3)
n+m−3 = χ

(3)
n−3χ

(3)
n =

χn−3χnχn+3.Èíäèêàòîðû χn−3, χn, χn+3 íåçàâèñèìû è îäèíàêîâî ðàñïðåäåëåíû,

ïîýòîìó P{χ(3)
n−3χ

(3)
n = 1} = (P{χ(3)

n = 1})3. Óìíîæèâ ÷èñëèòåëü è çíàìåíàòåëü
íà ýòó âåðîÿòíîñòü è ñíîâà âîñïîëüçîâàâøèñü íåçàâèñèìîñòüþ ïîñëåäîâàòåëü-

íîñòåé χ1, . . . , χn−3 è χn, . . . , χn+m, ïîëó÷èì

P{χi = ki, i = 1, . . . , n+m |χ(3)
n−3 = χ

(3)
n+m−3 = 1}

=
P{χn−3χnχn+3 = 1, χi = ki, i ≤ n− 4}

P{χ(3)
n−3χ

(3)
n = 1}

P{χn−3χnχn+3 = 1, χi = ki, i ≥ n+ 1}
P{χ(3)

n−3 = χ
(3)
n+3 = 1}

= P{χi = ki, i ≤ n |χ(3)
n−3χ

(3)
n+m−3 = 1}P{χi = ki, i ≥ n+ 1 |χ(3)

n−3χ
(3)
n+m−3 = 1}.

Åñëè m > 5, òî èíäèêàòîðû χ
(3)
n , χ

(3)
n+m íåçàâèñèìû è

P{χ(3)
n−3 = χ

(3)
n+m−3 = 1} = P{χn−3χnχn+m−3χn+m = 1} = (P{χn = 1})4.

Äîìíîæèâ ÷èñëèòåëü è çíàìåíàòåëü íà ýòó âåðîÿòíîñòü è âîñïîëüçîâàâøèñü

íåçàâèñèìîñòüþ ïîñëåäîâàòåëüíîñòåé χ1, . . . , χn è χn+3, . . . , χn+m, ïîëó÷èì
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P{χi = ki, i = 1, . . . , n+m |χ(3)
n−3 = χ

(3)
n+m−3 = 1}

=
P{χn−3χnχn+m−3χn+m = 1, χi = ki, i ≤ n− 4}

P{χ(3)
n−3 = χ

(3)
n+m−3 = 1}

×P{χn−3χnχn+m−3χn+m = 1, χi = ki, i ≥ n+ 1}
P{χ(3)

n−3 = χ
(3)
n+m−3 = 1}

= P{χi = ki, i ≤ n |χ(3)
n−3χ

(3)
n+m−3 = 1}P{χi = ki, i ≥ n+ 1 |χ(3)

n−3χ
(3)
n+m−3 = 1}.

Çàìå÷àíèå 6. Ñîáûòèå {λ = 3} òàêæå ÿâëÿåòñÿ ðåêóððåíòíûì äëÿ ïîñëå-

äîâàòåëüíîñòè {χ(3)
i , i ≥ 2}. Äëÿ ýòîé ïîñëåäîâàòåëüíîñòè îñóùåñòâëåíèå

ñîáûòèÿ {λ = 3} â ìîìåíò n îçíà÷àåò, ÷òî χ
(3)
n = 1.

Ñëåäóÿ [5], äëÿ ïîñëåäîâàòåëüíîñòè {ξn, n ∈ N} îïðåäåëèì âåðîÿòíîñòè

fk, bk òîãî, ÷òî ðåêóððåíòíîå ñîáûòèå ïðîèçîøëî âïåðâûå ïðè k-ì èñïûòàíèè

(â ðåãóëÿðíîé ÷àñòè è â íà÷àëüíîì îòðåçêå) è âåðîÿòíîñòü uk òîãî, ÷òî ðåêóð-

ðåíòíîå ñîáûòèå ïðîèçîøëî k-ì èñïûòàíèè

fk = P{χ(3)
3 = · · · = χ

(3)
k+1 = 0, χ

(3)
k+2 = 1 |χ(3)

2 = 1}

= 9P{χ(3)
2 χ

(3)
k+2 = 1, χ

(3)
3 = · · · = χ

(3)
k+1 = 0},

bk = P{χ(3)
2 = · · · = χ

(3)
k−5 = 0, χ

(3)
k−4 = 1}, k ≥ 6, bk = 0, k < 6, (2.9)

uk = P{χ(3)
k−4} =

1

9
, k ≥ 6, u1 = 0, k < 6,

è ïîëîæèì f0 = b0 = u0 = 0.

Óòâåðæäåíèå 3. Ïðîèçâîäÿùèå ôóíêöèè ïîñëåäîâàòåëüíîñòåé fk, bk, uk ðàâ-

íû

F (s) =
∞∑
k=0

skfk = 1− (1− s)
(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)−1
, (2.10)

B(s) =
∞∑
k=0

skbk =
1

9
s6
(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)−1
, (2.11)

U(s) =
∞∑
k=0

skuk =
s6

9(1− s)
. (2.12)
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Äîêàçàòåëüñòâî. Äëÿ òîãî ÷òîáû íàéòè ïðîèçâîäÿùóþ ôóíêöèþ F (s), ðàñ-

ñìîòðèì ïîñëåäîâàòåëüíîñòü âåðîÿòíîñòåé wk òîãî, ÷òî ðåêóððåíòíîå ñîáûòèå

ïðîèçîéä¼ò ïðè k-ì èñïûòàíèè ïîñëå ïðåäûäóùåãî îñóùåñòâëåíèÿ,

wk = P{χ(3)
k+2 |χ

(3)
2 = 1} = 9P{χ(3)

2 χ
(3)
k+2 = 1}, k > 0, w0 = 1.

Ïðè k ≥ 6 èíäèêàòîðû χ
(3)
2 è χ

(3)
k+2 íåçàâèñèìû, ïîýòîìó

wk = 9P{χ(3)
2 χ

(3)
k+2 = 1} = 9P{χ(3)

2 = 1}P{χ(3)
k+2 = 1} = 1

9
, k ≥ 6.

Âåðîÿòíîñòè w1 = w2 = w4 = 0, òàê êàê êàæäîå èç ñîáûòèé {χ(3)
3 = 1},

{χ(3)
4 = 1} è {χ(3)

6 = 1} íåñîâìåñòíî ñ ñîáûòèåì χ
(3)
2 = 1.

Äàëåå, òàê êàê èíäèêàòîðû χ2, χ5, χ8 íåçàâèñèìû,

w3 = 9P{χ(3)
2 χ

(3)
5 = 1} = 9P{χ2χ5χ8 = 1} = 9 (P{χ2 = 1})3 = 1

3
.

Àíàëîãè÷íî, òàê êàê ñëó÷àéíûå âåëè÷èíû χ2, χ10, χ5χ7 íåçàâèñèìû

w5 = 9P{χ(3)
2 χ

(3)
7 = 1} = 9P{χ2χ5χ7χ10 = 1}

= 9P{χ2 = 1}P{χ10 = 1}P{χ5χ7 = 1} = P{χ(2)
5 = 1} = 2

15
,

ãäå P{χ(2)
5 = 1} âû÷èñëÿåòñÿ ïî ôîðìóëå (1.4).

Ïóñòü W (s) � ïðîèçâîäÿùàÿ ôóíêöèÿ ïîñëåäîâàòåëüíîñòè wk, òîãäà

W (s) =
∞∑
k=0

skwk = 1 +
1

3
s3 +

2

15
s5 +

1

9

∞∑
k=6

sk = 1 +
1

3
s3 +

2

15
s5 +

s6

9(1− s)

=
1

1− s

(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)
.

Êàê èçâåñòíî (ñì. [5]), ïðîèçâîäÿùèå ôóíêöèè W (s) è F (s) ñâÿçàíû ñîîò-

íîøåíèåì W (s)(1− F (s)) = 1, ÷òî ïîçâîëÿåò íàéòè F (s)

F (s) = 1− 1

W (s)
= 1− (1− s)

(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)−1
.
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Ôóíêöèÿ U(s) ëåãêî íàõîäèòñÿ íåïîñðåäñòâåííî ïî îïðåäåëåíèþ

U(s) =
∞∑
k=0

skuk =
1

9

∞∑
k=6

sk =
s6

9(1− s)
.

Èçâåñòíî, ÷òî äëÿ ïðîèçâîäÿùèõ ôóíêöèé F (s), B(s), U(s) ñïðàâåäëèâî ñîîò-

íîøåíèå (ñì. [5])

U(s) =
B(s)

1− F (s)
,

îòêóäà

B(s) = U(s)(1− F (s)) = 1

9
s6
(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)−1
.

Ñëåäñòâèå 4. Ïîñëåäîâàòåëüíîñòè fk, bk óäîâëåòâîðÿþò ðåêóððåíòíûì ñî-

îòíîøåíèÿì

fk = fk−1 −
1

3
fk−3 +

1

3
fk−4 −

2

15
fk−5 +

1

45
fk−6, k > 7,

f0 = f1 = f2 = f4 = f4 = 0, f3 =
1

3
, f5 =

2

15
,

bk = bk−1 −
1

3
bk−3 +

1

3
bk−4 −

2

15
bk−5 +

1

45
bk−6, k > 10,

bk = 0, k < 6, b6 = b7 = b8 =
1

9
, b9 = b10 =

2

27
.

Óòâåðæäåíèå 4. Ïóñòü ρ � ðàññòîÿíèå ìåæäó ìîìåíòàìè ïîÿâëåíèÿ ñîáû-

òèé {λ = 3}, à ρ0 � âðåìÿ îæèäàíèÿ ïåðâîãî ìîìåíòà ïîÿâëåíèÿ ñîáûòèÿ

{λ = 3} â ïîñëåäîâàòåëüíîñòè {ξn, n ∈ N}. Òîãäà

Mρ = 9, Dρ = 57, 6,

Mρ0 = 13, 2, Dρ0 = 32, 04.

Äîêàçàòåëüñòâî. Òàê êàê F (s) � ïðîèçâîäÿùàÿ ôóíêöèÿ ñëó÷àéíîé âåëè÷è-

íû ρ, òî äëÿ ìàòåìàòè÷åñêîãî îæèäàíèÿ è äèñïåðñèè ρ ñïðàâåäëèâû ôîðìóëû

Mρ = F ′(1), Dρ = F ′′(1) + F ′(1)− [F ′(1)]2. (2.13)
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Íàéä¼ì F ′(1), F ′′(1), äèôôåðåíöèðóÿ ðàâåíñòâî (2.10) (ïåðåïèñàííîå â áîëåå

óäîáíîì âèäå)

(F (s)− 1)

(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)
= s− 1,

F ′(s)

(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)
−(1− F (s))

(
−1 + s2 − 4s3

3
+

2s4

3
− 2s5

15

)
= 1,

F ′′(s)

(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)
+ 2F ′(s)

(
−1 + s2 − 4s3

3
+

2s4

3
− 2s5

15

)
−(1− F (s))

(
2s− 4s2 +

8s3

3
− 2s4

3

)
= 0.

Ïîäñòàâèì s = 1, ó÷èòûâàÿ, ÷òî F (1) = 1,

1

9
F ′(1) = 1, F ′(1) = 9,

1

9
F ′′(1)− 8

5
F ′(1) = 0,

1

9
F ′′(1)− 72

5
= 0, F ′′(1) =

648

5
= 129, 6.

Âîñïîëüçîâàâøèñü ôîðìóëàìè (2.13), ïîëó÷èì

Mρ = F ′(1) = 9, Dρ = F ′′(1) + F ′(1)− [F ′(1)]2 = 129, 6 + 9− 81 = 57, 6.

Àíàëîãè÷íûì îáðàçîì íàéä¼ì ìàòåìàòè÷åñêîå îæèäàíèå è äèñïåðñèþ ðàññòîÿ-

íèÿ ρ0, ïðîèçâîäÿùåé ôóíêöèåé êîòîðîãî ÿâëÿåòñÿ B(s). Ïåðåïèøåì ðàâåíñòâî

(2.11) â âèäå

B(s)

(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)
=

1

9
s6

è ïðîäèôôåðåíöèðóåì åãî äâàæäû

B′(s)

(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)
+B(s)

(
−1 + s2 − 4s3

3
+

2s4

3
− 2s5

15

)
=
2

3
s5,

B′′(s)

(
1− s+ s3

3
− s4

3
+

2s5

15
− s6

45

)
+ 2B′(s)

(
−1 + s2 − 4s3

3
+

2s4

3
− 2s5

15

)
+B(s)

(
2s− s2 + 8s3

3
− 2s4

3

)
=

10

3
s4.
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Ïîäñòàâëÿÿ s = 1 è ó÷èòûâàÿ, ÷òî B(1) = 1, ïîëó÷èì

1

9
B′(1)− 2

3
− 2

15
=

2

3
, B′(1) =

66

5
= 13, 2,

1

9
B′′(1)− 328

25
+ 3 =

10

3
, B′′(1) =

4827

25
.

Òàêèì îáðàçîì, Mρ0 = B′(1) = 13, 2,

Dρ0 = B′′(1) +B′(1)− [B′(1)]2 =
4827

25
+

66

5
− 4356

25
=

801

25
= 32, 04.

2.3 Êîëè÷åñòâà ðàññòîÿíèé çàäàííûõ äëèí

2.3.1 Îïðåäåëåíèå è ìîìåíòû

Ðàññìîòðèì êîëè÷åñòâî ëîêàëüíûõ ìàêñèìóìîâ N0(T ) è êîëè÷åñòâà Nk(T )

ðàññòîÿíèé äëèíû k ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè ïîñëåäîâà-

òåëüíîñòè {ξi}Ti=1,

N0(T ) =
T−2∑
i=1

χi+1 =
T−2∑
i=1

I{ξi < ξi+1 > ξi+2},

Nk(T ) =
T−2−k∑
i=1

χ
(k)
i+1 = I{χi+1χi+k+1 = 1, χi+2 + · · ·+ χi+k = 0}, k ≥ 2,

N (s) = (N0(T ), N2(T ), . . . , Ns(T )) .

Áóäåì ñ÷èòàòü, ÷òî Nk(T ) = 0 ïðè T < k + 3.

Ëåììà 7. Ìàòåìàòè÷åñêèå îæèäàíèÿ è êîâàðèàöèè êîëè÷åñòâ Nk(T ) èìåþò

âèä

MN0(T ) =
T − 2

3
, (2.14)

MNk(T ) =
T − k − 2

3
P{λ1 = k} = (T − k − 2)(k + 2)(k − 1) 2k

(k + 3)!
, k ≥ 2, (2.15)

Cov(Nk(T ), Nm(T )) = bmkT + dmk, T ≥ m+ k + 5, (2.16)

ãäå êîýôôèöèåíòû bkm è dmk âû÷èñëÿþòñÿ ïî ôîðìóëàì
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bkm =
2

3
P{λ1 = m,λ2 = 2, λ3 = k}+ 2

3
P{λ1 = m,λ2 = k}+ 1

3
P{λ1 = m = k}

−k +m+ 5

9
P{λ1 = m}P{λ2 = k}, km 6= 0,

b0m = bm0 =
2

3
P{λ1 = m,λ2 = 2} − m− 1

9
P{λ1 = m}, m 6= 0,

b00 = d00 =
2

45
,

dm0 = d0m =
m2 +m+ 4

9
P{λ1 = m} − 2(m+ 4)

3
P{λ1 = m,λ2 = 2}, m 6= 0,

dmk =
k2 +m2 +mk + 7m+ 7k + 16

9
P{λ1 = m}P{λ2 = k}

−m+ 2

3
P{λ1 = m = k} − 2(m+ k + 2)

3
P{λ1=m,λ2=k}

−2(m+ k + 4)

3
P{λ1=m,λ2=2, λ3=k}, km 6= 0.

Çàìå÷àíèå 7. Ïðè T < k + m + 3 ïðîèçâåäåíèå Nk(T )Nm(T ) = 0, îòêóäà

Cov(Nk(T ), Nm(T )) = −MNk(T )MNm(T ).

Ïðè T = k +m+ 3 ïðîèçâåäåíèå Nk(T )Nm(T ) = χ
(k)
2 χ

(m)
k+2 + χ

(m)
2 χ

(k)
m+2, îòêóäà

Cov(Nk(T ), Nm(T )) =
2

3
P{λ1 = m,λ2 = k}−MNk(T )MNm(T ), T = k+m+3.

Ïðè T = k +m+ 4 ïðîèçâåäåíèå

Nk(T )Nm(T ) = χ
(k)
2 χ

(m)
k+2 + χ

(m)
2 χ

(k)
m+2 + χ

(k)
3 χ

(m)
k+3 + χ

(m)
3 χ

(k)
m+3,

îòêóäà

Cov(Nk(T ), Nm(T )) =
4

3
P{λ1 = m,λ2 = k}−MNk(T )MNm(T ), T = k+m+4.

Äîêàçàòåëüñòâî ëåììû 7. Ïî ñâîéñòâó ëèíåéíîñòè ìàòåìàòè÷åñêîãî îæèäà-

íèÿ è îïðåäåëåíèþ èíäèêàòîðîâ χi, χ
(k)
i

MN0(T ) = M
T−2∑
i=1

χi+1 = (T − 2)P{χ1 = 1} = T − 2

3
,

MNk(T ) = M
T−2−k∑
i=1

χ
(k)
i+1 = (T − k − 2)Mχ

(k)
1 ,
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îòêóäà ïî ôîðìóëå (1.4)

MNk(T ) =
T − k − 2

3
P{λ1 = k} = (T − k − 2)(k + 2)(k − 1)2k

(k + 3)!
.

Âû÷èñëèì êîâàðèàöèþ Cov(Nk(T ), Nm(T )). Íå òåðÿÿ îáùíîñòè, áóäåì ñ÷èòàòü,

÷òî k ≤ m. Òàê êàê χ
(k)
j è χ

(m)
i íåçàâèñèìû ïðè j− i > m+2 è ïðè i− j > k+2,

è äëÿ ëþáûõ i, j, t Cov(χ
(k)
i+t, χ

(m)
j+t) = Cov(χ

(k)
i , χ

(m)
j ), òî

Cov(Nk(T ), Nm(T )) = T
k+m+5∑
i=1

Cov(χ
(k)
m+3, χ

(m)
i )− (m+ 2)

m−k+1∑
i=1

Cov(χ
(k)
i , χ

(m)
1 )

−2
m+3∑

i=m−k+2

(k + 1 + i) Cov(χ
(k)
i , χ

(m)
1 ) = bmkT + dmk,

ãäå

bmk =
k+m+5∑
i=1

Cov(χ
(k)
m+3, χ

(m)
i ) =

k+m+5∑
i=1

Mχ
(k)
m+3χ

(m)
i −

k+m+5∑
i=1

Mχ
(k)
m+3Mχ

(m)
i ,

dmk = −(m+ 2)
m−k+1∑
i=1

Cov(χ
(k)
i , χ

(m)
1 )− 2

m+3∑
i=m−k+2

(k + 1 + i) Cov(χ
(k)
i , χ

(m)
1 ).

Ïî îïðåäåëåíèþ èíäèêàòîðîâ χ
(j)
i

Mχ
(k)
m+3χ

(m)
i =P{χ(k)

m+3χ
(m)
i = 1} = P{χm+3χm+3+k = 1, χm+4 + · · ·+ χm+2+k = 0,

χiχi+m = 1, χi+1 + · · ·+ χi+m−1 = 0}.

Îòêóäà âèäíî, ÷òî âõîäÿùèå â ñóììû ñîâìåñòíûå âåðîÿòíîñòè íå ðàâíû íóëþ

òîëüêî ïðè ñëåäóþùèõ ÷åòûðåõ çíà÷åíèÿ èíäåêñà ñóììèðîâàíèÿ:

i = m+ 3 + k, i = m+ 5 + k, i = 1, i = 3,

è, äîïîëíèòåëüíî, ïðè i = k + 3 = m + 3, åñëè k = m. Ïðè÷¼ì, òàê êàê

äëÿ ëþáîãî íàòóðàëüíîãî t âåêòîðû (χ1, χ2, . . . χt) è (χt, χt−1, . . . , χ1) îäèíàêîâî

ðàñïðåäåëåíû,

P{χ(k)
m+3χ

(m)
i = 1} = P{χ(k)

m+3χ
(m)
m+k+4−i = 1}, i ≤ m+ 2 +

k

2
.
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Òàêèì îáðàçîì, êîýôôèöèåíò ïðè T èìååò âèä

bmk = 2P{χ(k)
m+3χ

(m)
1 = 1}+ 2P{χ(k)

m+3χ
(m)
3 = 1}+P{χ(k)

m+3χ
(m)
m+3 = 1, k = m}

−(k +m+ 5)P{χ(k)
1 = 1}P{χ(m)

1 = 1}, km 6= 0.

Äëÿ ïîëó÷åíèÿ èòîãîâîé ôîðìóëû îñòàëîñü çàìåòèòü, ÷òî ïðè km 6= 0

P{χ(k)
m+3χ

(m)
1 = 1} = P{χ1χm+1 = 1, χ2 + · · ·+ χm = 0, χm+3χm+3+k = 1,

χm+4 + · · ·+ χm+k+2 = 0} = P{χ1 = 1}P{λ1 = m,λ2 = 2, λ3 = k},

P{χ(k)
m+3χ

(m)
3 = 1} = P{χ3 = 1}P{λ1 = m,λ2 = k} = 1

3
P{λ1 = m,λ2 = k}.

Â ñëó÷àå k = 0 íåîáõîäèìî ó÷åñòü, ÷òî χ
(m)
k+1 = χ

(m)
1 , χ

(k)
i = χi, ñëåäîâàòåëüíî,

bm0 = 2P{χm+3χ
(m)
1 = 1}+ 2P{χm+3χ

(m)
3 = 1}+P{χm+3χ

(m)
m+3 = 1}

−(m+ 5)P{χ1 = 1}P{χ(m)
1 = 1} = 2

3
P{λ1 = m,λ2 = 2} − m− 1

9
P{λ1 = m}.

Åñëè k = m = 0, òî

b00 = 2P{χ3χ1 = 1}+P{χ3χ3 = 1} − 5P{χ1 = 1}P{χ1 = 1}

=
2

3
P{λ1 = 2}+ 1

3
− 5

9
=

2

45
.

Àíàëîãè÷íî, â ñëó÷àå km 6= 0,

dmk = Mχ
(k)
1 Mχ

(m)
1

(
(m+ 2)(m− k + 1) + 2

m+3∑
i=m−k+2

(k + 1 + i)

)
−(m+ 2)Mχ

(k)
1 I{k = m} − 2(m+ k + 2)M(χ

(k)
1 χ

(m)
k+1)

−2(m+ k + 4)M(χ
(k)
1 χ

(m)
k+3)

=
k2 +m2 +mk + 7m+ 7k + 16

9
P{λ1 = m}P{λ2 = k} − m+ 2

3
P{λ1=m=k}

−2(m+ k + 2)

3
P{λ1 = m,λ2 = k} − 2(m+ k + 4)

3
P{λ1 = m,λ2 = 2, λ3 = k}.

Åñëè k = 0, m > 0 èëè k = m = 0, òî â ýòó ôîðìóëó íóæíî âíåñòè òàêèå æå

ïîïðàâêè, êàê äëÿ bmk.
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Ñëåäñòâèå 5. Ïðè m > k ≥ 2 êîýôôèöèåíòû bmk = bkm < 0.

Äîêàçàòåëüñòâî. Ïîäñòàâèâ â ôîðìóëû äëÿ bmk âûðàæåíèÿ (1.1), (1.22), (1.23),

ïîëó÷èì äëÿ m > k ≥ 2

bmk =
2k+m+1

(m+ 1)!(k + 1)!

(
2(k +m+ 1)

(k +m+ 3)(k +m+ 5)Cm+1
k+m+2

+
km(k +m+ 5)2 − (k +m+ 3)((k +m)2 + 6(k +m)− 3)

(k + 3)(m+ 3)(k +m+ 3)(k +m+ 5)

)
+

2k+m

(m+ 1)!(k + 1)!

(
km(k +m+ 1) + 1− k2 −m2

(k +m+ 1)(k +m+ 3)

− (k +m− 1)(k + 1)(m+ 1)

(k +m+ 1)(k +m+ 3)Cm
k+m

)
−(k +m+ 5)(k + 2)(k − 1)(m+ 2)(m− 1)2k+m

(k + 3)!(m+ 3)!

=
2k+m

(m+ 1)!(k + 1)!

(
2
km(k +m+ 5)2 − (k +m+ 3)((k +m)2 + 6(k +m)− 3)

(k + 3)(m+ 3)(k +m+ 3)(k +m+ 5)

+

(
4(m+ 1)(k + 1)

(k +m+ 3)(k +m+ 5)(k +m+ 2)Cm
k+m

− (k +m− 1)(k + 1)(m+ 1)

(k +m+ 1)(k +m+ 3)Cm
k+m

)
+

(
km(k +m+ 1) + 1− k2 −m2

(k +m+ 1)(k +m+ 3)
−(k +m+ 5)(k − 1)(m− 1)

(k + 3)(m+ 3)

))
=

2k+m

(m+ 1)!(k + 1)!
(s1 + s2 + s3),

ãäå

s1 = 2
km(k +m+ 5)2 − (k +m+ 3)((k +m)2 + 6(k +m)− 3)

(k + 3)(m+ 3)(k +m+ 3)(k +m+ 5)

≤ 2
km(k +m+ 5)

(k + 3)(m+ 3)(k +m+ 3)
≤ 2,

s2 =
(m+ 1)(k + 1)

(k +m+ 3)Cm
k+m

(
4

(k +m+ 5)(k +m+ 2)
− k +m− 1

k +m+ 1

)
≤ (m+ 1)(k + 1)

(k +m+ 3)Cm
k+m

(
2

27
− 3

5

)
< 0,

s3 =
km(k +m+ 1) + 1− k2 −m2

(k +m+ 1)(k +m+ 3)
− (k +m+ 5)(k − 1)(m− 1)

(k + 3)(m+ 3)

≤ km

k +m+ 3
− (k +m+ 5)(k − 1)(m− 1)

(k + 3)(m+ 3)
.
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Åñëè m > k > 4, òî

(k − 1)(m− 1)

(k + 3)(m+ 3)
=

(
1− 4

k + 3

)(
1− 4

m+ 3

)
≥ 5

18
,

k +m+ 5

4
− km

k +m+ 3
=

(k −m)2 + 8(k +m) + 15

4(k +m+ 3)
≥ 2− 8

4(k +m+ 3)
≥ 13

7
,

ñëåäîâàòåëüíî,

s1 + s3 − s5 ≤ 2 +
k +m+ 5

4
− 2 +

1

7
− 5(k +m+ 5)

18
= −k +m+ 5

36
+

1

7
< 0.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà ïðèâåä¼ì çíà÷åíèÿ bmk äëÿ 2 ≤ k < m ≤ 5

b2,3 = −
22

945
, b2,4 = −

3182

155925
, b2,5 = −

68

6075
,

b3,4 = −
28

1215
, b3,5 = −

163

14175
, b4,5 = −

3286

467775
.

Óòâåðæäåíèå 5. Ïðè k = 2, 3 êîâàðèàöèÿ Cov(Nk(T ), N0(T )) > 0, T ≥ k + 3.

Ïðè k ≥ 5 êîâàðèàöèÿ Cov(Nk(T ), N0(T )) < 0, T ≥ k + 3.

Ïðè T ≥ 9 êîâàðèàöèÿ Cov(N4(T ), N0(T )) < 0, ïðè ýòîì Cov(N4(8), N0(8))=0,

Cov(N4(7), N0(7))>0.

Äîêàçàòåëüñòâî. Íàïîìíèì, ÷òî ñîãëàñíî òåîðåìå A

P{λ1 = k, λ2 = 2} = (k2 + 9k + 12)(k + 4)(k − 1)2k

(k + 5)!
, (2.17)

P{λ = k} = 3(k + 2)(k − 1)2k

(k + 3)!
.

Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ôîðìóëó (2.16) (ëåììà 7), ïîëó÷èì

Cov(Nk(T ), N0(T )) = T

(
2

3
P{λ1 = k, λ2 = 2} − k − 1

9
P{λ1 = k}

)
+
k2 + k + 4

9
P{λ1 = k} − 2(k + 4)

3
P{λ1 = k, λ2 = 2}

= T

(
2(k2 + 9k + 12)(k + 4)(k − 1)2k

3(k + 5)!
− k − 1

3

(k + 2)(k − 1)2k

(k + 3)!

)
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+
(k2 + k + 4)(k + 2)(k − 1)2k

(k + 3)!
− 2(k + 4)(k2 + 9k + 12)(k + 4)(k − 1)2k

3(k + 5)!

=
(k − 1)(k + 4)2k

3(k + 5)!

(
(−k3 − 4k2 + 15k + 34)T + (k4 + 6k3 − 5k2 − 58k − 56)

)
.

Èññëåäóåì çíàê ôóíêöèè f(x) = −x3−4x2+15x+34. Äëÿ ýòîãî ðàññìîòðèì

å¼ ïðîèçâîäíóþ f ′(x) = −3x2 − 8x+ 15

f ′(x) = 0⇔ x =
−4±

√
61

3
<
−4 + 8

3
< 2⇒ f ′(x) < 0, x ≥ 2.

Ñëåäîâàòåëüíî, òàê êàê f(4) = −34 < 0, òî f(x) < 0, x ≥ 4.

Òàêèì îáðàçîì, êîýôôèöèåíò ïðè T îòðèöàòåëåí ïðè k ≥ 4, ïîýòîìó íàé-

ä¼òñÿ òàêîå T (k), ÷òî Cov(Nk(T ), N0(T )) < 0 ïðè T > T (k).

×òîáû íàéòè T (k), ðàññìîòðèì ñâîáîäíûé ÷ëåí â âûðàæåíèè äëÿ êîâàðè-

àöèè. Ïóñòü g(x) = x4 + 6x3 − 5x2 − 58x− 56, òîãäà

g′(x) = 4x3 + 18x2 − 10x− 58,

g′′(x) = 12x2 + 36x− 10,

g′′(x) = 0⇔ x =
−9±

√
111

6
< 1⇒ g′′(x) > 0, x ≥ 1,

g′(2) = 26 > 0⇒ g′(x) > 0, x ≥ 2, g(4) = 272 > 0⇒ g(x) > 0, x ≥ 4.

Çíà÷èò, T (k) äîëæíî óäîâëåòâîðÿòü óñëîâèþ T (k) > −f(k)/g(k) > 0.

−f(k)
g(k)

=
k4 + 6k3 − 5k2 − 58k − 56

k3 + 4k2 − 15k − 34
= k + 2 + 2

k2 + 3k + 6

k3 + 4k2 − 15k − 34
.

Òàê êàê ïðè k ≥ 5
k2 + 3k + 6

k3 + 4k2 − 15k − 34
<

1

2
,

òî â ýòîì ñëó÷àå äîñòàòî÷íî âçÿòü T (k) = k + 3.

Îòíîøåíèå −f(4)/g(4) = 8, çíà÷èò, êîâàðèàöèÿ Cov(N4(8), N0(8)) = 0 è

Cov(N4(T ), N0(T )) < 0, T > 8, îòêóäà T (4) = 9.

Äëÿ k = 2, 3 çíà÷åíèå f(k) > 0, ñëåäîâàòåëüíî, êîýôôèöèåíò ïðè T ïîëî-

æèòåëåí è çíà÷åíèå êîâàðèàöèè âîçðàñòàåò ïî T. Ïîëîæèòåëüíîñòü êîâàðèàöèè
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äëÿ T = k + 3 ïðîâåðÿåòñÿ íåïîñðåäñòâåííûì âû÷èñëåíèåì. Òàê

Cov(N2(5), N0(5)) =
4

35
, Cov(N2(5), N0(5)) =

8

135
.

2.3.2 Àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü êîëè÷åñòâ ðàññòîÿíèé

çàäàííûõ äëèí

Èíäèêàòîðû χ
(k)
1 , χ

(k)
2 , . . . ïðè k = 0 è ïðè ëþáîì k ≥ 2 îáðàçóþò ïîñëåäî-

âàòåëüíîñòü (k + 2)-çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí.

Îïðåäåëåíèå 4. Ïîñëåäîâàòåëüíîñòü {Xk, k ∈ N} íàçûâàåòñÿ ïîñëåäîâà-

òåëüíîñòüþ m-çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, åñëè âåêòîðû (Xu−t, . . . , Xu) è

(Xv, . . . , Xv+s) íåçàâèñèìû ïðè ëþáûõ u, v, t, s, äëÿ êîòîðûõ v − u > m.

Öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà äëÿ ñóììû m-çàâèñèìûõ ñëó÷àéíûõ âå-

ëè÷èí áûëà ïîêàçàíà åùå â 1944ã. Áåðíøòåéíîì [1]. Âåêòîðíûé àíàëîã áûë

äîêàçàí â 1955 ã. [15]. Â íàñòîÿùèé ìîìåíò èçâåñòíî áîëüøîå ÷èñëî îáîáùåíèé

äëÿ ñóìì ñëàáî çàâèñèìûõ âåêòîðîâ (íàïðèìåð, [31], [12]).

Óïîìÿíåì òàêæå ñòàòüþ [29], â êîòîðîé öåíòðàëüíàÿ ïðåäåëüíàÿ òåîðåìà

äîêàçàíà äëÿ ñõåìû ñåðèém-çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí, êîãäàm ñòðåìèòñÿ

ê áåñêîíå÷íîñòè ñ ðîñòîì íîìåðà ñåðèè (ïðè îïðåäåëåííûõ óñëîâèÿõ íà ñêîðîñòü

ðîñòà).

Ïðèâåä¼ì óäîáíóþ ôîðìóëèðîâêó öåíòðàëüíîé ïðåäåëüíîé òåîðåìû äëÿ

ñóììû m-çàâèñèìûõ ñëó÷àéíûõ âåêòîðîâ èç [17].

Òåîðåìà 6. Åñëè {Xk}+∞k=0 � ñòàöèîíàðíàÿ â óçêîì ñìûñëå ïîñëåäîâàòåëü-

íîñòü m-çàâèñèìûõ ñëó÷àéíûõ âåêòîðîâ ñî çíà÷åíèÿìè â Rd, òàêèõ ÷òî

MX0 = 0 è M‖X0‖2 < +∞, òî

Law

(
Sn√
n

)
w−→ N(0, C),

ãäå Sn =
∑n

k=1Xk, c = ‖cij‖, cij = MX i
0X

j
0 +

∑m
k=1M(X i

0X
j
k +X i

kX
j
0).

Çàìå÷àíèå 8. Ìàòðèöà C = CovSm+1 − CovSm.
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Âåêòîðû (χi, χ
(2)
i , . . . , χ

(s)
i ) îáðàçóþò ïîñëåäîâàòåëüíîñòü (s+2)-çàâèñèìûõ

îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåêòîðîâ, âñå ìîìåíòû êîòîðûõ êîíå÷-

íû, ÷òî ïîçâîëÿåò çàêëþ÷èòü ñïðàâåäëèâîñòü öåíòðàëüíîé ïðåäåëüíîé òåîðåìû

äëÿ èõ ñóììû.

Íàïîìíèì îáîçíà÷åíèå N (s) = (N0(T ), N2(T ), . . . , Ns(T )) .

Òåîðåìà 7. Äëÿ ëþáîãî íàòóðàëüíîãî s âåêòîð N (s) àñèìïòîòè÷åñêè íîðìà-

ëåí ïðè T →∞ ñ ïàðàìåòðàìè (A(s)T,CsT ),

Law

(
1√
T
(N (s) − TA(s))

)
w−→ N(0, Cs), T →∞, (2.18)

ãäå

A(s) = (a1, . . . , as) = M(χ1, χ
(2)
1 , . . . , χ

(s)
1 ) =

1

3
(1,P{λ = 2}, . . . ,P{λ = s}),

(2.19)

à ýëåìåíòû ìàòðèöû êîâàðèàöèé Cs = ‖ckm‖sk,m=1 îïðåäåëÿþòñÿ ôîðìóëàìè

c11 =
2

45
,

c1k = ck1 =
2

3
P{λ1 = 2, λ2 = k} − k − 1

9
P{λ = k}, k > 2,

ckk =
1

3
P{λ = k} − 2k + 5

9
P2{λ = k}+ 2

3
P{λ1 = λ2 = k}

+
2

3
P{λ1 = k, λ2 = 2, λ3 = k}, k > 2,

cmk = ckm = −k +m+ 5

9
P{λ = k}P{λ = m}+ 2

3
P{λ1 = k, λ2 = m}

+
2

3
P{λ1 = k, λ2 = 2, λ3 = m}, m > k > 2. (2.20)

Çàìå÷àíèå 9. Èç ñëåäñòâèÿ 5 è äîêàçàòåëüñòâà óòâåðæäåíèÿ 5 âûòåêàåò,

÷òî cmk < 0 ïðè m > k > 2, c1k < 0 ïðè k ≥ 4, c12, c13 > 0.

Äîêàçàòåëüñòâî. Ïóñòü Xi = (X1
i , . . . , X

s
i ) = (χi, χ

(2)
i , . . . , χ

(s)
i ), i = 1, 2, . . . , è

ST =
∑T

i=1Xi. Òîãäà MST = TMX1 = TM(χ1, χ
(2)
1 , . . . , χ

(s)
1 ) è ñîãëàñíî òåîðå-

ìå 6 Law((ST −MST )/
√
T )

w−→ N(0, C), ãäå ýëåìåíòû ìàòðèöû êîâàðèàöèé C

èìåþò âèä
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cij = Cov(χ
(k)
1 , χ

(m)
1 ) +

s+3∑
i=2

(Cov(χ
(k)
1 , χ

(m)
i ) + Cov(χ

(k)
i , χ

(m)
1 )).

Âåêòîð N (s) = ST − RT , ãäå RT = (R1, . . . , Rs), Rk =
∑T

i=T−1−k χ
(k)
i . Çàìå-

òèì, ÷òî |Rk| ≤ k, îòêóäà RT/
√
T

ï.í.−−→ 0, T →∞, ñëåäîâàòåëüíî,

Law

(
1√
T
(N (s) −MST )

)
w−→ N(0, C), T →∞.

Òàê êàê èíäèêàòîðû χ
(k)
1 , χ

(m)
i íåçàâèñèìû ïðè i > k+3 è èíäèêàòîðû χ

(m)
1 , χ

(k)
i

íåçàâèñèìû ïðè i > m+ 3, òî

ckm =
k+3∑
i=2

Cov(χ
(k)
1 , χ

(m)
i ) +

m+3∑
i=1

Cov(χ
(k)
i , χ

(m)
1 ).

Ïîñêîëüêó ïîñëåäîâàòåëüíîñòü Xi ñòàöèîíàðíà, ìîæíî èçìåíèòü ïðåäåëû

ñóììèðîâàíèÿ, çíà÷èò,

ckm =
m+k+5∑
i=m+4

Cov(χ
(k)
m+3, χ

(m)
i ) +

m+3∑
i=1

Cov(χ
(k)
m+3, χ

(m)
i ),

÷òî ñîâïàäàåò ñ êîýôôèöèåíòàìè bkm èç ëåììû 7 (ckm = bkm ïðè k,m > 1 è

c11 = b00, c1m = b0m, m > 1).

Íàéä¼ì ÷èñëåííûå çíà÷åíèÿ ïàðàìåòðîâ àñèìïòîòè÷åñêîãî ðàñïðåäåëåíèÿ

âåêòîðà N (3) = (N(T ), N2(T ), N3(T )). Äëÿ ýòîãî, ïîëüçóÿñü ôîðìóëàìè (1.1),

(2.17), (1.22) è (1.23), âû÷èñëèì çíà÷åíèÿ ñëåäóþùèõ âåðîÿòíîñòåé

P{λ = 2} = 3(k + 2)(k − 1)2k

(k + 3)!

∣∣∣∣
k=2

=
2

5
,

P{λ1 = 3} = 3(k + 2)(k − 1)2k

(k + 3)!

∣∣∣∣
k=3

=
1

3
,

P{λ1 = λ2 = 2} = (k2 + 9k + 12)(k + 4)(k − 1)2k

(k + 5)!

∣∣∣∣
k=2

=
17

105
,

P{λ1 = 2, λ2 = 3} = P{λ1 = 2}P{λ2 = 3} = 2

15
,

P{λ1 = λ2 = 3} = P{λ1 = 3}P{λ2 = 3} = 1

9
,
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P{λ1 = 2, λ2 = 2, λ3 = 3} = P{λ1 = 2, λ2 = 2}P{λ3 = 3} = 17

315
,

P{λ1 = 3, λ2 = 2, λ3 = 3} = P{λ3 = 3}P{λ1 = 3, λ2 = 2} = 2

45
,

P{λ1 = 2, λ2 = 2, λ3 = 2} = P{λ1 = k, λ2 = 2, λ3 = l}|k=l=2

=
3 · 24

3! 3!

(
4 · 92 − 7(42 + 24− 3)

5 · 5 · 7 · 9
+

10

63C3
6

)
=

62

945
.

Ïîäñòàâëÿÿ íàéäåííûå çíà÷åíèÿ â ôîðìóëû äëÿ A(3) (2.19) è C3 (2.20), ïîëó÷èì

ñëåäóþùóþ òåîðåìó êàê ÷àñòíûé ñëó÷àé òåîðåìû 7.

Òåîðåìà 8. Âåêòîð (N0(T ), N2(T ), N3(T )) ïðè T →∞ àñèìïòîòè÷åñêè íîð-

ìàëåí ñ ïàðàìåòðàìè

A(3) = T

(
1

3
,
2

15
,
1

9

)
, C3 = T


2

15

20

315

2

135
20

315

1772

14175
− 22

945
2

135
− 22

945

32

405

 .

2.3.3 Ñòàòèñòè÷åñêèé êðèòåðèé

Êàê èçâåñòíî, åñëè ñëó÷àéíûé âåêòîð Z = (z1, . . . , zs) èìååò s-ìåðíîå íîð-

ìàëüíîå ðàñïðåäåëåíèå ñ âåêòîðîì ñðåäíèõ a è íåâûðîæäåííîé êîâàðèàöèîííîé

ìàòðèöåé C, òî ñëó÷àéíûé âåêòîð C−1/2(Z−a) èìååò s-ìåðíîå íîðìàëüíîå ðàñ-
ïðåäåëåíèå ñ ïàðàìåòðàìè (0, E), ãäå E � åäèíè÷íàÿ s× s-ìàòðèöà, ïîýòîìó

‖C−1/2(Z − a)‖2 = (C−1/2(Z − a), C−1/2(Z − a)) = (C−1(Z − a), Z − a)

èìååò ðàñïðåäåëåíèå õè-êâàäðàò ñ s ñòåïåíÿìè ñâîáîäû. Îòñþäà è èç òåîðåìû 7

ñëåäóåò, ÷òî ïðè T →∞ ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû

1

T

(
C−1s

(
N (s)(T )− A(s)T

)
, N (s)(T )− A(s)T

)
ñõîäèòñÿ ê ðàñïðåäåëåíèþ õè-êâàäðàò ñ s ñòåïåíÿìè ñâîáîäû; ýòî ïîçâîëÿåò

ñòàíäàðòíûì îáðàçîì ñòðîèòü ïðîñòûå êðèòåðèè ñîãëàñèÿ ñ ãèïîòåçîé

H0: {ξn, n ∈ N} � ïîñëåäîâàòåëüíîñòü ïåðåñòàíîâî÷íûõ ñëó÷àéíûõ âåëè-

÷èí, òàêèõ ÷òî P{ξ1 = ξ2} = 0.
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Íàïðèìåð, ïðè çàäàííîì óðîâíå çíà÷èìîñòè α áóäåì ïðèíèìàòü H0 òîëüêî

â òîì ñëó÷àå, êîãäà

1

T

(
C−1s

(
N (s)(T )− A(s)T

)
, N (s)(T )− A(s)T

)
≤ u1−α,

ãäå uα � α-êâàíòèëü ðàñïðåäåëåíèÿ õè-êâàäðàò ñ s ñòåïåíÿìè ñâîáîäû.

Èñïîëüçóÿ òåîðåìó 7, ìîæíî ïîñòðîèòü êðèòåðèé ñîãëàñèÿ, èñïîëüçóþùèé

ëþáîé ïîäâåêòîð âåêòîðà N (s), â òîì ÷èñëå òîëüêî îäíó ñòàòèñòèêó, íàïðèìåð,

N(T ).

Ñîãëàñíî òåîðåìå 7 Law((N(T )−T/3)/
√
T )

w−→ N(0, 2/15). Ñëåäîâàòåëüíî,

â êà÷åñòâå êðèòè÷åñêîãî ìíîæåñòâà äëÿ êðèòåðèÿ ñîãëàñèÿ ñ àñèìïòîòè÷åñêèì

óðîâíåì çíà÷èìîñòè α ìîæíî èñïîëüçîâàòü{∣∣∣∣N(T )− T

3

∣∣∣∣ >
√

2

15
T z1−α2

}
,

ãäå zα � α-êâàíòèëü ñòàíäàðòíîãî íîðìàëüíîãî ðàñïðåäåëåíèÿ.

Íàïîìíèì, ÷òî ñîãëàñíî ëåììå 1 ïîñëåäîâàòåëüíîñòü ìîìåíòîâ ïîÿâëåíèÿ

ëîêàëüíûõ ìàêñèìóìîâ â {ξn, n ∈ N} ïðè H0 èìååò òàêîå æå ðàñïðåäåëåíèå,

êàê â ñëó÷àå, êîãäà ñëó÷àéíûå âåëè÷èíû {ξn, n ∈ N} íåçàâèñèìû è èìåþò îäíî

è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå. Ïîýòîìó ðàçëè÷èòü äâå ýòè ñèòóàöèè ñ

ïîìîùüþ ñòàòèñòèê Nk(T ) íåâîçìîæíî.
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Ãëàâà 3

Ëîêàëüíûå ìàêñèìóìû è ïðîìåæóòêè ìåæäó íèìè â

íåïåðåñòàíîâî÷íûõ ïîñëåäîâàòåëüíîñòÿõ

3.1 Ñêîëüçÿùèå ñóììû

Â ýòîì ïàðàãðàôå èçó÷àþòñÿ ðàñïðåäåëåíèå ðàññòîÿíèÿ ìåæäó ñîñåäíè-

ìè ëîêàëüíûìè ìàêñèìóìàìè è êîëè÷åñòâà ðàññòîÿíèé ôèêñèðîâàííûõ äëèí

ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè â ïîñëåäîâàòåëüíîñòè ñêîëüçÿùèõ

ñóìì.

3.1.1 Ðàñïðåäåëåíèå äëèíû ïðîìåæóòêà

Òåîðåìà 9. Ïóñòü {ξn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí, èìåþùèõ îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, è ñëó÷àéíûå âå-

ëè÷èíû ξ∗n = ξn+ξn+1, n ∈ Z. Ïóñòü λ∗ � äëèíà ïðîìåæóòêà ìåæäó ñîñåäíèìè

ëîêàëüíûìè ìàêñèìóìàìè ïîñëåäîâàòåëüíîñòè {ξ∗n}. Òîãäà äëÿ l = 1, 2, . . .

P{λ∗ = 2l} = 4

[(l + 2)!]2

(
l2 − 2

l + 2

)
C l

2l+1,

P{λ∗ = 2l + 1} = 8l(l + 1)

(l + 2)!(l + 3)!
C l

2l+1.

Çàìå÷àíèå 10. Êîìïüþòåðíûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî

Mλ∗ = 4, Dλ∗ ≈ 2, 117, P{λ∗ > 8} ≈ 0.0081.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ïîñëåäîâàòåëüíîñòü {ξ∗n} ñòàöèîíàðíà â óçêîì
ñìûñëå, ïîýòîìó èíòåðåñóþùèå íàñ âåðîÿòíîñòè P{λ∗ = m} ðàâíû

P{λ∗ = m} = P{χ∗m+2 = 1, χ∗3 + · · ·+ χ∗m+1 = 0 |χ∗2 = 1}

=
P{χ∗2χ∗m+2 = 1, χ∗3 + · · ·+ χ∗m+1 = 0}

P{χ∗2 = 1}
,

ãäå χ∗i = I{ξ∗i−1 < ξ∗i > ξ∗i+1}.
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Âû÷èñëèì âåðîÿòíîñòü, ñòîÿùóþ â çíàìåíàòåëå,

P{χ∗2 = 1} = P{ξ∗1 < ξ∗2 > ξ∗3} = P{ξ1 + ξ2 < ξ2 + ξ3 > ξ3 + ξ4}

= P{ξ1 < ξ3, ξ2 > ξ4} = P {ξ1 < ξ3}P{ξ2 > ξ4} =
1

4
. (3.1)

Âåðîÿòíîñòü, ñòîÿùóþ â ÷èñëèòåëå, ïðåäñòàâèì â âèäå ñóììû

P{χ∗2χ∗m+2 = 1, χ∗3 + · · ·+ χ∗m+1 = 0}=
m+1∑
t=3

P (t,m), (3.2)

P (t,m) = P{ξ∗1 < ξ∗2 > ξ∗3 > · · · > ξ∗t−1 > ξ∗t < ξ∗t+1 < · · · < ξ∗m+1 < ξ∗m+2 > ξ∗m+3}.

Íàøà çàäà÷à ñâåëàñü â âû÷èñëåíèþ âåðîÿòíîñòåé P (t,m).

×¼òíîå ðàññòîÿíèå. Ðàññìîòðèì ñíà÷àëà ñëó÷àé ÷¼òíîãî m = 2l, êîòî-

ðûé, â ñâîþ î÷åðåäü, ðàçîáüåì íà äâà ñëó÷àÿ: ÷¼òíîå è íå÷¼òíîå t.

Ïóñòü t ÷¼òíî (t = 2k), òîãäà

P (2k, 2l) = P{ξ∗1 < ξ∗2 >> · · · > ξ∗2k−1 > ξ∗2k < ξ∗2k+1 < · · · < ξ∗2l+2 > ξ∗2l+3}

= P{ξ1 < ξ3 > ξ5 > · · · > ξ2k+1 < · · · < ξ2l+3,

ξ2 > ξ4 > · · · > ξ2k < · · · < ξ2l+2 > ξ2l+4}.

Âîñïîëüçóåìñÿ òåì, ÷òî ñëó÷àéíûå âåëè÷èíû ξ1, ξ2, . . . íåçàâèñèìû è îäè-

íàêîâî ðàñïðåäåëåíû, è ïîëó÷èì

P (2k, 2l) = P{ξ1 < ξ3 > ξ5 > · · · > ξ2k+1 < · · · < ξ2l+3}

×P{ξ2 > ξ4 > · · · > ξ2k < · · · < ξ2l+2 > ξ2l+4}

= P{ξ1 < ξ2 > · · · > ξk+1 < · · · < ξl+2}P{ξ1 > · · · > ξk < · · · < ξl+1 > ξl+2}

= P{ξ1 < ξ2 > · · · > ξk+1 < · · · < ξl+2}P{ξ1 < ξ2 > · · · > ξl+3−k < · · · < ξl+2}

= A(k + 1, l + 2)A(l + 3− k, l + 2),

ãäå A(k, l) = P{ξ1 < ξ2 > ξ3 > · · · > ξk < · · · < ξl}.

Àíàëîãè÷íûì îáðàçîì ðàçáåð¼ì ñëó÷àé íå÷¼òíîãî t = 2k − 1

P (2k − 1, 2l) = P{ξ∗1 < ξ∗2 > · · · > ξ∗2k−2 > ξ∗2k−1 < ξ∗2k < · · · < ξ∗2l+2 > ξ∗2l+3}
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=P{ξ1 < ξ3 > · · · > ξ2k−1 < · · · < ξ2l+3, ξ2 > ξ4 > · · · > ξ2k < · · · < ξ2l+2 > ξ2l+4}

= P{ξ1 < ξ3 > · · · > ξ2k−1 < · · · < ξ2l+3}P{ξ2 > · · · > ξ2k < · · · < ξ2l+2 > ξ2l+4}

= P{ξ1 < ξ2 > ξ3 > · · · > ξk < · · · < ξl+2}P{ξ1 > · · · > ξk < · · · < ξl+1 > ξl+2}

= P{ξ1 < ξ2 > ξ3 > · · · > ξk < · · · < ξl+2}P{ξ1 < ξ2 > · · · > ξl+3−k < · · · < ξl+2}

= A(k, l + 2)A(l + 3− k, l + 2).

Ëåììà 8. Âåðîÿòíîñòè A(k, l) âû÷èñëÿþòñÿ ïî ôîðìóëå

A(k, l) =
lCk−2

l−2 − C
k−1
l−1

l!
.

Äîêàçàòåëüñòâî. Òàê êàê ñëó÷àéíûå âåëè÷èíû {ξn} íåçàâèñèìû è èìåþò îä-

íî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, òî A(k, l) = a(k, l)/l!, ãäå a(k, l) ðàâíî

êîëè÷åñòâó ïåðåñòàíîâîê π = (π1, . . . , πl) ïîðÿäêà l, óäîâëåòâîðÿþùèõ ñîîòíî-

øåíèþ

π1 < π2 > π3 > · · · > πk < · · · < πl.

Çàìåòèì, ÷òî â êàæäîé òàêîé ïåðåñòàíîâêå íàèìåíüøåå çíà÷åíèå, ò.å. 1, ìîãóò

ïðèíèìàòü òîëüêî π1 è πk. Ðàññìîòðèì ýòè ñëó÷àè îòäåëüíî.

1. π1 = 1. Òîãäà, òàê êàê πk = mini=2,...,l πi, òî πk = 2, è âñÿ ïåðåñòàíîâêà

îäíîçíà÷íî îïðåäåëÿåòñÿ âûáîðîì π2, . . . , πk−1, êîòîðûé ìîæíî ïðîèçâåñòè

Ck−2
l−2 ñïîñîáàìè.

2. πk = 1. Â ýòîì ñëó÷àå äëÿ òîãî, ÷òîáû îïðåäåëèòü ïåðåñòàíîâêó, íóæíî

âûáðàòü k − 1 ÷èñëî äëÿ π1, . . . , πk−1, è èç ýòèõ ÷èñåë âûáðàòü çíà÷åíèå

π1, ó÷èòûâàÿ, ÷òî îíî íå ìîæåò áûòü íàèáîëüøèì ÷èñëîì. Òàêèì îáðàçîì,

ïîëó÷àåì (k − 2)Ck−1
l−1 ïåðåñòàíîâîê.

Ñëîæèì ïîëó÷åííûå êîëè÷åñòâà ïåðåñòàíîâîê è íàéä¼ì

a(k, l) = Ck−2
l−2 + (k − 2)Ck−1

l−1 = Ck−2
l−2 + (k − 1)Ck−1

l−1 − C
k−1
l−1

= Ck−2
l−2 + (l − 1)Ck−2

l−2 − C
k−1
l−1 = lCk−2

l−2 − C
k−1
l−1 .

Ëåììà äîêàçàíà.
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Âåðí¼ìñÿ ê âû÷èñëåíèþ P{λ∗ = 2l}, ïåðåïèñàâ (3.2) â âèäå

1

4
P{λ∗ = 2l} =

2l+1∑
k=3

P (k, 2l) =
l∑

k=2

(P (2k − 1, 2l) + P (2k, 2l)) + P (2l + 1, 2l).

Âû÷èñëèì ñíà÷àëà ñëàãàåìûå îòäåëüíî

P (2k − 1, 2l) + P (2k, 2l) = A(l + 3− k, l + 2) (A(k, l + 2) + A(k + 1, l + 2))

=
(l + 2)C l+1−k

l − C l+2−k
l+1

[(l + 2)!]2
[(l + 2)Ck−2

l − Ck−1
l+1 + (l + 2)Ck−1

l − Ck
l+1]

=
(l + 2)C l+1−k

l − C l+2−k
l+1

[(l + 2)!]2
[(l + 2)Ck−1

l+1 − C
k
l+2]

=
(l + 2)Ck−1

l − Ck−1
l+1

[(l + 2)!]2
[kCk

l+2 − Ck
l+2] =

(l + 2)Ck−1
l − Ck−1

l+1

[(l + 2)!]2
(k − 1)Ck

l+2

=
l(l + 2)Ck−2

l−1 C
k
l+2 − (l + 1)Ck−2

l Ck
l+2

[(l + 2)!]2
,

çäåñü ìû âîñïîëüçîâàëèñü ðàâåíñòâàìè

Ck
l + Ck+1

l = Ck+1
l+1 , Ck

l = C l−k
l , lCk

l−1 = (k + 1)Ck+1
l .

Ïîñëåäíåå ñëàãàåìîå ðàâíî

P (2l + 1, 2l) =
[(l + 2)C l−1

l − C l
l+1] [(l + 2)C0

l − C1
l+1]

[(l + 2)!]2

=
[(l + 2)l − (l + 1)][(l + 2)− (l + 1)]

[(l + 2)!]2
=
l2 + l − 1

[(l + 2)!]2
.

Òàêèì îáðàçîì,

P{λ∗ = 2l} = 4

[(l + 2)!]2

(
l∑

k=2

[
l(l + 2)Ck−2

l−1 C
k
l+2 − (l + 1)Ck−2

l Ck
l+2

]
+ l2 + l − 1

)
.

Ïðîñóììèðóåì îòäåëüíî ïðîèçâåäåíèÿ áèíîìèàëüíûõ êîýôôèöèåíòîâ, èñ-

ïîëüçóÿ ðàâåíñòâî
∑l

k=0C
l−k
m Ck

n = C l
m+n,

l∑
k=2

Ck−2
l−1 C

k
l+2 =

l−2∑
k=0

Ck
l−1C

l−k
l+2 = C l

2l+1 − C l−1
l−1C

1
l+2 = C l

2l+1 − (l + 2),
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l∑
k=2

Ck−2
l Ck

l+2 =
l−2∑
k=0

Ck
l C

l−k
l+2 = C l

2l+2 − C l−1
l C1

l+2− C l
lC

0
l+2

=
2l + 2

l + 2
C l

2l+1− l(l + 2)− 1.

Ïîäñòàâëÿÿ ïîëó÷åííûå çíà÷åíèÿ ñóìì, íàéä¼ì ñíà÷àëà ìíîæèòåëü ïðè C l
2l+1

l(l + 2)− (l + 1)
2l + 2

l + 2
= l(l + 2)− 2(l + 1)2

l + 2
= l2 + 2l − 2l − 2

l + 2
= l2 − 2

l + 2
.

Òåïåðü âû÷èñëèì ñâîáîäíûé ÷ëåí

−l(l + 2)(l + 2) + (l + 1)(l(l + 2) + 1) + l2 + l − 1

= l(l + 2)(−l − 2 + l + 1) + l + 1 + l2 + l − 1 = 0.

Ïîëó÷èëè, ÷òî

[(l + 2)!]2

4
P{λ∗ = 2l} = C l

2l+1

(
l2 − 2

l + 2

)
, l = 1, 2, . . . .

Íå÷¼òíîå ðàññòîÿíèå. Òåïåðü ðàññìîòðèì ñëó÷àé íå÷¼òíîãî m = 2l+1. Êàê

è ïðåæäå, ïóñòü ñíà÷àëà t ÷¼òíî (t = 2k). Ïðåäñòàâèì âåðîÿòíîñòü P (2k, 2l+1)

â âèäå ïðîèçâåäåíèÿ

P (2k, 2l + 1) = P{ξ∗1 < ξ∗2 > ξ∗3 > · · · > ξ∗2k−1 > ξ∗2k < ξ∗2k+1 < · · · < ξ∗2l+3 > ξ∗2l+4}

= P{ξ1 < ξ3 > · · · > ξ2k+1 < · · · < ξ2l+3 > ξ2l+5, ξ2 > · · · > ξ2k < · · · < ξ2l+4}

= P{ξ1 < ξ3 > · · · > ξ2k+1 < · · · < ξ2l+3 > ξ2l+5}P{ξ2 > · · · > ξ2k < · · · > ξ2l+4}

= P{ξ1 < ξ2 > ξ3 > · · · > ξk+1 < · · · < ξl+2 > ξl+3}P{ξ1 > · · · > ξk < · · · < ξl+2}

= B(k + 1, l + 3)D(k, l + 2),

ãäå

B(k + 1, l + 3) = P{ξ1 < ξ2 > ξ3 > · · · > ξk+1 < · · · < ξl+2 > ξl+3},

D(k, l + 2) = P{ξ1 > ξ2 > · · · > ξk < · · · < ξl+1 < ξl+2}.

Òåïåðü ðàññìîòðèì íå÷¼òíîå t = 2k − 1. Â ýòîì ñëó÷àå
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P (2k − 1, 2l + 1) = P{ξ∗1 < ξ∗2 > · · · > ξ∗2k−2 > ξ∗2k−1 < ξ∗2k < · · · < ξ∗2l+3 > ξ∗2l+4}

=P{ξ1 < ξ3 > · · · > ξ2k−1 < · · · < ξ2l+3 > ξ2l+5, ξ2 > · · · > ξ2k < · · · < ξ2l+4}

= P{ξ1 < ξ3 > · · · > ξ2k−1 < · · · < ξ2l+3 > ξ2l+5}P{ξ2 > · · · > ξ2k < · · · < ξ2l+4}

= P{ξ1 < ξ2 > ξ3 > · · · > ξk < · · · < ξl+2 > ξl+3}P{ξ1 > · · · > ξk < · · · < ξl+2}

= B(k, l + 3)D(k, l + 2).

Ëåììà 9. Âåðîÿòíîñòè B(k+1, l+3), D(k, l+2) âû÷èñëÿþòñÿ ïî ôîðìóëàì

B(k + 1, l + 3) =
l + 2

(l + 3)!

[
(l + 3)Ck−1

l − Ck
l+2

]
,

D(k, l + 2) =
Ck−1
l+1

(l + 2)!
.

Äîêàçàòåëüñòâî. Ïðîâåä¼ì òàêèå æå ðàññóæäåíèÿ, êàê ïðè íàõîæäåíèè âåðî-

ÿòíîñòåé A(k, l). Èòàê,

B(k + 1, l + 3) =
b(l)

(l + 3)!
,

ãäå b(l) ðàâíî êîëè÷åñòâó ïåðåñòàíîâîê π = (π1, . . . , πl+3) ïîðÿäêà l + 3, óäî-

âëåòâîðÿþùèõ óñëîâèþ π1 < π2 > π3 > · · · > πk+1 < · · · < πl+2 > πl+3. Ìè-

íèìàëüíîå çíà÷åíèå (ò.å. 1) ìîãóò ïðèíèìàòü òîëüêî π1, πk+1, πl+3. Ðàññìîòðèì

ýòè ñëó÷àè.

1. πk+1 = 1. Â ýòîì ñëó÷àå ïåðåñòàíîâêà ïîëíîñòüþ îïðåäåëÿåòñÿ âûáîðîì

ñíà÷àëà k ÷èñåë � çíà÷åíèé π1, . . . , πk (C
k
l+2 ñïîñîáîâ), çàòåì âûáîðîì èç

íèõ çíà÷åíèÿ äëÿ π1 (k − 1 ñïîñîá, ò.ê. π1 íå ìîæåò áûòü ìàêñèìóìîì)

è âûáîðîì èç îñòàâøèõñÿ l + 2 − k ÷èñåë çíà÷åíèÿ äëÿ πl+3 (l + 1 − k

ñïîñîáîâ, ò.ê. πl+3 íå ìîæåò áûòü ìàêñèìóìîì). Ïîýòîìó êîëè÷åñòâî òàêèõ

ïåðåñòàíîâîê ðàâíî Ck
l+2(k − 1)(l + 1− k).

2. π1 = 1. Â ýòîì ñëó÷àå óñëîâèå π1 < π2 âûïîëíÿåòñÿ àâòîìàòè÷åñêè, è

èñêîìîå ÷èñëî ïåðåñòàíîâîê â òî÷íîñòè ðàâíî

a(l + 3− k, l + 2) = (l + 2)C l+1−k
l − C l+2−k

l+1 = (l + 2)Ck−1
l − Ck−1

l+1 .
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3. πl+3 = 1. Â ýòîì ñëó÷àå óñëîâèå πl+2 > πl+3 âûïîëíÿåòñÿ àâòîìàòè÷åñêè, è

èñêîìîå ÷èñëî ïåðåñòàíîâîê â òî÷íîñòè ðàâíî

a(k + 1, l + 2) = (l + 2)Ck−1
l − Ck

l+1.

Ñëîæèì ïîëó÷åííûå êîëè÷åñòâà ïåðåñòàíîâîê è íàéä¼ì

b(l) = (k − 1)(l + 1− k)Ck
l+2 + (l + 2)Ck−1

l − Ck−1
l+1 + (l + 2)Ck−1

l − Ck
l+1

= (k − 1)(l + 1− k)Ck
l+2 + 2(l + 2)Ck−1

l − (Ck−1
l+1 + Ck

l+1)

= (k − 1)(l + 1− k)Ck
l+2 + 2(l + 2)Ck−1

l − Ck
l+2

= k(l + 2− k)Ck
l+2 − (l + 2)Ck

l+2 + 2(l + 2)Ck−1
l ,

òàê êàê Ck−1
l+1 +Ck

l+1 = Ck
l+2. Òåïåðü âîñïîëüçóåìñÿ ðàâåíñòâîì k(l+2−k)Ck

l+2 =

(l + 2)(l + 1)Ck−1
l è ïîëó÷èì, ÷òî

b(l) = (l + 2)(l + 1)Ck−1
l + 2(l + 2)Ck−1

l − (l + 2)Ck
l+2

= (l + 2)(l + 3)Ck−1
l − (l + 2)Ck

l+2.

Òàêèì îáðàçîì,

B(k + 1, l + 3) =
l + 2

(l + 3)!

[
(l + 3)Ck−1

l − Ck
l+2

]
.

Òåïåðü íàéä¼ì, ÷åìó ðàâíî D(k + 1, l + 2). Äëÿ ýòîãî íóæíî ïîäñ÷èòàòü

êîëè÷åñòâî ïåðåñòàíîâîê σ = (σ1, . . . , σl+2) ïîðÿäêà l + 2, óäîâëåòâîðÿþùèõ

óñëîâèþ σ1 > · · · > σk < · · · < σl+2. Êàæäàÿ òàêàÿ ïåðåñòàíîâêà îäíîçíà÷íî

îïðåäåëÿåòñÿ âûáîðîì çíà÷åíèé σ1, . . . , σk−1 èç ÷èñåë 2, 3, . . . , l + 2 (òàê êàê

σk = 1). Ïîýòîìó

D(k, l + 2) =
Ck−1
l+1

(l + 2)!
.

Ñóììèðóåì ïîëó÷åííûå âåðîÿòíîñòè

P (2k, 2l + 1) + P (2k − 1, 2l + 1) = (B(k + 1, l + 3) +B(k, l + 3))D(k, l + 2)
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=
Ck−1
l+1

(l + 2)!

l + 2

(l + 3)!

[
(l + 3)Ck−1

l − Ck
l+2 + (l + 3)Ck−2

l − Ck−1
l+2

]
=

Ck−1
l+1

(l + 1)!

1

(l + 3)!

[
(l + 3)Ck−1

l+1 − C
k
l+3

]
.

Òàêèì îáðàçîì,

1

4
P{λ∗ = 2l + 1} =

2l+2∑
k=3

P (k, 2l + 1) =
l+1∑
k=2

(P (2k − 1, 2l + 1) + P (2k, 2l + 1))

=
1

(l + 1)! (l + 3)!

l+1∑
k=2

[
(l + 3)Ck−1

l+1 C
k−1
l+1 − C

k−1
l+1 C

k
l+3

]
.

Âû÷èñëèì îòäåëüíî ñóììû ïðîèçâåäåíèé áèíîìèàëüíûõ êîýôôèöèåíòîâ

l+1∑
k=2

Ck−1
l+1 C

k−1
l+1 =

l∑
k=1

Ck
l+1C

k
l+1 =

l∑
k=1

C l+1−k
l+1 Ck

l+1 =
l+1∑
k=0

C l+1−k
l+1 Ck

l+1 − C l+1
l+1C

0
l+1

−C0
l+1C

l+1
l+1 = C l+1

2l+2 − 2,

l+1∑
k=2

Ck−1
l+1 C

k
l+3 =

l+1∑
k=2

C l+2−k
l+1 Ck

l+3 =
l+2∑
k=1

C l+2−k
l+1 Ck

l+3 − C l+1
l+1C

1
l+3 − C0

l+1C
l+2
l+3

= C l+2
2l+4 − 2(l + 3) = 2

2l + 3

l + 2
C l+1

2l+2 − 2(l + 3).

Èñïîëüçóÿ ïîëó÷åííûå âûðàæåíèÿ, íàéä¼ì ìíîæèòåëü ïðè C l+1
2l+2

(l + 3)− 2
2l + 3

l + 2
=
l2 + l

l + 2
=
l(l + 1)

l + 2
.

Ïðè ýòîì ñâîáîäíûé ÷ëåí ðàâåí −2(l + 3)− (−2(l + 3)) = 0. Òàêèì îáðàçîì,

P{λ∗ = 2l + 1} = 8l(l + 1)

(l + 2)!(l + 3)!
C l

2l+1, l = 1, 2, . . . ,

è òåîðåìà 9 ïîëíîñòüþ äîêàçàíà.

3.1.2 Ïðåäåëüíîå ðàñïðåäåëåíèå ñòàòèñòèê, ïîñòðîåííûõ ïî ξ∗i

Ïóñòü N ∗0 (T ) � êîëè÷åñòâî ëîêàëüíûõ ìàêñèìóìîâ, N
∗
k (T ), k ≥ 2, � êîëè-

÷åñòâî ðàññòîÿíèé äëèíû k ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè ïîñëå-

äîâàòåëüíîñòè {ξ∗i }Ti=1
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N ∗0 (T ) =
T−2∑
i=1

χ∗i+1, N ∗k (T ) =
T−2−k∑
i=1

χ
∗(k)
i+1 , k ≥ 2,

χ∗i = χ
∗(0)
i+1 = I{ξ∗i−1 < ξ∗i > ξ∗i+1},

χ
∗(k)
i+1 = I{χ∗iχ∗i+k = 1, χ∗i+1 + · · ·+ χ∗i+k−1 = 0}, k ≥ 2.

Âåêòîð N ∗(s) = (N ∗0 (T ), N
∗
2 (T ), . . . , N

∗
s (T )) òàê æå, êàê è â ñëó÷àå íåçàâèñè-

ìûõ ñëó÷àéíûõ âåëè÷èí ξi (ñì. ïàðàãðàô 2.3), àñèìïòîòè÷åñêè íîðìàëåí (èíäè-

êàòîðû χ
∗(k)
i (k + 3)-çàâèñèìû, âñå èõ ìîìåíòû êîíå÷íû). Îäíàêî, âû÷èñëåíèå

ìàòðèöû êîâàðèàöèé â îáùåì âèäå (à èìåííî, ñîâìåñòíûõ ðàñïðåäåëåíèé äëèí

ñîñåäíèõ ïðîìåæóòêîâ) ñîïðÿæåíî ñ òåõíè÷åñêèìè òðóäíîñòÿìè � ñîâìåñòíûå

âåðîÿòíîñòè, êàê è îäíîìåðíûå, ìîæíî ïðåäñòàâèòü â âèäå ñóìì, ê ñîæàëå-

íèþ, âåñüìà ãðîìîçäêèõ è íå äàþùèõ ïðåäñòàâëåíèÿ îá èòîãîâûõ çíà÷åíèÿõ.

Ïîýòîìó ðàññìîòðèì òîëüêî âåêòîð (N ∗0 (T ), N
∗
2 (T ), N

∗
3 (T )) è íàéä¼ì äëÿ íåãî

ïàðàìåòðû àñèìïòîòè÷åñêîãî ðàñïðåäåëåíèÿ.

Òåîðåìà 10. Âåêòîð (N ∗(T ), N∗2 (T ), N
∗
3 (T )) ïðè T → ∞ àñèìïòîòè÷åñêè

íîðìàëåí ñ ïàðàìåòðàìè (A(s)∗T,C∗sT ), ãäå

A(s)∗ =

(
1

4
,
1

36
,
1

12

)
, C∗s =


5

144

5

288

5

144
5

288

52

2025

1

720
5

144

1

720

259

3456

 .

Äîêàçàòåëüñòâî. Àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü âåêòîðàN ∗(s) ñëåäóåò èç òåî-

ðåìû 6 (ñ òàêèì æå îáîñíîâàíèåì, êàê äëÿ âåêòîðà N (s) â äîêàçàòåëüñòâå òåî-

ðåìû 7).

Íàéä¼ì ïàðàìåòðû àñèìïòîòè÷åñêîé íîðìàëüíîñòè.

Â ñèëó ëèíåéíîñòè ìàòåìàòè÷åñêîãî îæèäàíèÿ è ñòàöèîíàðíîñòè ïîñëåäî-

âàòåëüíîñòè χ
∗(k)
i

MN ∗k (T ) =
T−2−k∑
i=1

Mχ
∗(k)
i+1 = (T − 2− k)Mχ

∗(k)
1 = (T − 2− k)P{χ∗(k)1 = 1}.

Ïîëüçóÿñü òåîðåìîé 9 è ôîðìóëîé (3.1) íàéä¼ì çíà÷åíèÿ âåðîÿòíîñòåé
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P{χ∗1 = 1} = P{ξ∗1 < ξ∗2 > ξ∗3} =
1

4
,

P{χ∗(2)1 = 1} = P{χ∗1 = χ∗3 = 1} = P{χ∗1 = 1}P{λ∗ = 2} = 1

36
,

P{χ∗(3)1 = 1} = P{χ∗1 = χ∗4 = 1} = P{χ∗1 = 1}P{λ∗ = 3} = 1

12
.

Îòêóäà

MN ∗(T ) =
T − 2

4
, MN ∗2 (T ) =

T − 4

36
, MN ∗3 (T ) =

T − 5

12
.

Ñîãëàñíî òåîðåìå 6 ýëåìåíòû c∗km ìàòðèöû êîâàðèàöèé C∗s èìåþò âèä

(áóäåì ñ÷èòàòü, ÷òî ñòðîêè è ñòîëáöû ýòîé ìàòðèöû íóìåðóþòñÿ ÷èñëàìè

0, 2, 3, . . . , s)

c∗km = Cov(χ
∗(k)
1 , χ

∗(m)
1 ) +

s+4∑
i=2

(Cov(χ
∗(k)
1 , χ

∗(m)
i ) + Cov(χ

∗(k)
i , χ

∗(m)
1 )).

Òàê êàê χ
∗(k)
j è χ

∗(m)
i íåçàâèñèìû ïðè j − i > m + 3, i − j > k + 3, è

ïîñëåäîâàòåëüíîñòü èíäèêàòîðîâ χ∗i ñòàöèîíàðíà, òî

c∗km =
k+m+7∑
i=1

Cov(χ
∗(k)
i , χ

∗(m)
k+4 ) =

k+m+7∑
i=1

Mχ
∗(k)
i χ

∗(m)
k+4 −

k+m+7∑
i=1

Mχ
∗(k)
i Mχ

∗(m)
k+4 .

Ïî îïðåäåëåíèþ èíäèêàòîðîâ χ
∗(j)
i

Mχ
∗(k)
i χ

∗(m)
k+4 = P{χ∗(k)i χ

∗(m)
k+4 = 1} = P{χ∗iχ∗k+i = 1, χ∗j = 0, j = i+ 2, . . . , k − 1,

χ∗k+4χ
∗
k+m+4 = 1, χt = 0, t = k + 6, . . . , k +m+ 3}.

Îòêóäà âèäíî, ÷òî âõîäÿùèå â ñóììû ñîâìåñòíûå âåðîÿòíîñòè íå ðàâíû íóëþ

òîëüêî ïðè ñëåäóþùèõ çíà÷åíèÿõ èíäåêñà ñóììèðîâàíèÿ:

i = 1, i = 2, i = 4, i = k +m+ 4, i = k +m+ 6, i = k +m+ 7

è, äîïîëíèòåëüíî, ïðè i = k + 4 = m+ 4, åñëè k = m.

Çàìåòèì, ÷òî â ñèëó ñèììåòðèè (òàê êàê äëÿ ëþáîãî íàòóðàëüíîãî t âåê-

òîðû (χ∗1, χ
∗
2, . . . χ

∗
t ) è (χ∗t , χ

∗
t−1, . . . , χ

∗
1) îäèíàêîâî ðàñïðåäåëåíû)



82

P{χ∗(k)i = χ
∗(m)
k+4 = 1} = P{χ∗(k)k+m+8−i = χ

∗(m)
k+3 = 1}, i ≤ k + 4 +

m

2
.

Òàêèì îáðàçîì,

c∗km = 2P{χ∗(k)1 χ
∗(m)
k+4 = 1}+ 2P{χ∗(k)2 χ

∗(m)
k+4 = 1}+ 2P{χ∗(k)4 χ

∗(m)
k+4 = 1}

+P{χ∗(m)
k+4 = 1, k = m} − (k +m+ 7)P{χ∗(k)1 = 1}P{χ∗(m)

1 = 1}. (3.3)

Ïðè ýòîì (ñì. äîêàçàòåëüñòâî òåîðåìû 9)

P{χ∗1 = 1} = 1

4
, P{χ∗(t)1 = 1} = P{λ∗ = t}P{χ∗1 = 1} = 1

4
P{λ∗ = t}. (3.4)

Íàéä¼ì çíà÷åíèÿ êîýôôèöèåíòîâ c∗km äëÿ k,m ≤ 3.

k=0,m=0. Ñîãëàñíî îïðåäåëåíèþ èíäèêàòîðîâ χ∗i è òåîðåìå 9

P{χ∗1χ∗4 = 1} = P{χ∗(3)1 = 1} = 1

4
P{λ∗ = 3} = 1

12
,

P{χ∗2χ∗4 = 1} = P{χ∗(2)1 = 1} = 1

4
P{λ∗ = 2} = 1

36
.

Îòêóäà ïî ôîðìóëå (3.3)

c∗00 =
1

6
+

1

18
+

1

4
− 7

16
=

5

144
.

k=0,m=2. Âîñïîëüçóåìñÿ òåì, ÷òî ξ∗i = ξi + ξi+1 è ñëó÷àéíûå âåëè÷èíû {ξi}
íåçàâèñèìû è èìåþò îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, è ïîëó÷èì

P{χ∗1χ
∗(2)
4 = 1} = P{χ∗1χ∗4χ∗6 = 1} = P{ξ∗0 < ξ∗1 > ξ∗2 , ξ

∗
3 < ξ∗4 > ξ∗5 < ξ∗6 > ξ∗7}

= P{ξ0 + ξ1 < ξ1 + ξ2 > ξ2 + ξ3, ξ3 + ξ4 < ξ4 + ξ5 > ξ5 + ξ6 < ξ6 + ξ7 > ξ7 + ξ8}

= P{ξ0 < ξ2, ξ1 > ξ3 < ξ5 < ξ7, ξ4 > ξ6 > ξ8}

= P{ξ0 < ξ2}P{ξ1 > ξ3 < ξ5 < ξ7}P{ξ4 > ξ6 > ξ8} =
1

2
· 1
8
· 1
6
=

1

96
,

P{χ∗2χ
∗(2)
4 = 1} = P{χ∗2χ∗4χ∗6 = 1} = P{ξ∗1 < ξ∗2 > ξ∗3 < ξ∗4 > ξ∗5 < ξ∗6 > ξ∗7}

= P{ξ1 + ξ2 < ξ2 + ξ3 > ξ3 + ξ4 < ξ4 + ξ5 > ξ5 + ξ6 < ξ6 + ξ7 > ξ7 + ξ8}

= P{ξ1 < ξ3 < ξ5 < ξ7, ξ2 > ξ4 > ξ6 > ξ8}

= P{ξ1 < ξ3 < ξ5 < ξ7}P{ξ2 > ξ4 > ξ6 > ξ8} =
1

4!
· 1
4!

=
1

576
,
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P{χ∗4χ
∗(2)
4 = 1} = P{χ∗(2)4 = 1} = 1

4
P{λ∗ = 2} = 1

36
.

Îòêóäà ïî ôîðìóëå (3.3)

c∗02 =
1

48
+

1

288
+

1

18
− 9

4 · 36
=

5

288
.

k=0,m=3. Àíàëîãè÷íî ïðåäûäóùèì âû÷èñëåíèÿì íàéä¼ì çíà÷åíèÿ âåðîÿòíî-

ñòåé P{χ∗tχ
∗(3)
4 = 1}, t = 1, 2, 4,

P{χ∗1χ
∗(3)
4 = 1} = P{χ∗1χ∗4χ∗7 = 1} = P{ξ∗0 < ξ∗1 > ξ∗2 , ξ

∗
3 < ξ∗4 > ξ∗5 , ξ

∗
6 < ξ∗7 > ξ∗8}

= P{ξ0 + ξ1 < ξ1 + ξ2 > ξ2 + ξ3, ξ3 + ξ4 < ξ4 + ξ5 > ξ5 + ξ6,

ξ6 + ξ7 < ξ7 + ξ8 > ξ8 + ξ9}

= P{ξ0 < ξ2, ξ1 > ξ3 < ξ5, ξ4 > ξ6 < ξ8, ξ7 > ξ9}

= P{ξ0 < ξ2}P{ξ1 > ξ3 < ξ5}P{ξ4 > ξ6 < ξ8}P{ξ7 > ξ9} =
1

2
· 1
3
· 1
3
· 1
2
=

1

36
,

P{χ∗2χ
∗(3)
4 = 1} = P{χ∗2χ∗4χ∗7 = 1} = P{χ∗(2)2 χ∗7 = 1} = P{χ∗(2)4 χ∗1 = 1} = 1

96
,

P{χ∗4χ
∗(3)
4 = 1} = P{χ∗(3)4 = 1} = 1

12
.

Îòêóäà ïî ôîðìóëå (3.3)

c∗03 =
1

18
+

1

48
+

1

6
− 10

4 · 12
=

5

144
.

k=2,m=2. Íàéä¼ì âåðîÿòíîñòè P{χ∗(2)t χ
∗(2)
6 = 1}, t = 1, 2, 4, ïîëüçóÿñü ñâîé-

ñòâàìè ïîñëåäîâàòåëüíîñòè {ξi},

P{χ∗(2)1 χ
∗(2)
6 = 1} = P{ξ∗0 < ξ∗1 > ξ∗2 < ξ∗3 > ξ∗4 , ξ

∗
5 < ξ∗6 > ξ∗7 < ξ∗8 > ξ∗9}

= P{ξ0 + ξ1 < ξ1 + ξ2 > ξ2 + ξ3 < ξ3 + ξ4 > ξ4 + ξ5,

ξ5 + ξ6 < ξ6 + ξ7 > ξ7 + ξ8 < ξ8 + ξ9 > ξ9 + ξ10}

= P{ξ0 < ξ2 < ξ4, ξ1 > ξ3 > ξ5 < ξ7 < ξ9, ξ6 > ξ8 > ξ10}

= P{ξ0 < ξ2 < ξ4}P{ξ1 > ξ3 > ξ5 < ξ7 < ξ9}P{ξ6 > ξ8 > ξ10}=
1

6
· 6
5!
· 1
6
=

1

720
,

P{χ∗(2)2 χ
∗(2)
6 = 1} = P{ξ∗1 < ξ∗2 > ξ∗3 < ξ∗4 > ξ∗5 < ξ∗6 > ξ∗7 < ξ∗8 > ξ∗9}
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= P{ξ1 + ξ2 < ξ2 + ξ3 > ξ3 + ξ4 < ξ4 + ξ5 > ξ5 + ξ6 < ξ6 + ξ7

> ξ7 + ξ8 < ξ8 + ξ9 > ξ9 + ξ10}

= P{ξ1 < ξ3 < ξ5 < ξ7 < ξ9, ξ2 > ξ4 > ξ6 > ξ8 > ξ10}

= P{ξ1 < ξ3 < ξ5 < ξ7 < ξ9}P{ξ2 > ξ4 > ξ6 > ξ8 > ξ10} =
1

5!
· 1
5!

=
1

14400
,

P{χ∗(2)4 χ
∗(2)
6 = 1} = P{χ∗4 = χ

∗(2)
6 = 1} = P{χ∗2 = χ

∗(2)
4 = 1} = 1

576
.

Îòêóäà ïî ôîðìóëå (3.3)

c∗22 =
1

360
+

1

7200
+

1

288
+

1

36
− 11

1296
=

52

2025
.

k=2,m=3. Àíàëîãè÷íî ïðåäûäóùèì âû÷èñëåíèÿì

P{χ∗(2)1 = χ
∗(3)
6 = 1} = P{ξ∗0 < ξ∗1 > ξ∗2 < ξ∗3 > ξ∗4 , ξ

∗
5 < ξ∗6 > ξ∗7 , ξ

∗
8 < ξ∗9 > ξ∗10}

= P{ξ0 + ξ1 < ξ1 + ξ2 > ξ2 + ξ3 < ξ3 + ξ4 > ξ4 + ξ5,

ξ5 + ξ6 < ξ6 + ξ7 > ξ7 + ξ8, ξ8 + ξ9 < ξ9 + ξ10 > ξ10 + ξ11}

= P{ξ0 < ξ2 < ξ4, ξ1 > ξ3 > ξ5 < ξ7, ξ6 > ξ8 < ξ10, ξ9 > ξ11}

=
1

6
· 3
4!
· 1
3
· 1
2
=

1

288
,

P{χ∗(2)2 = χ
∗(3)
6 = 1} = P{ξ∗1 < ξ∗2 > ξ∗3 < ξ∗4 > ξ∗5 < ξ∗6 > ξ∗7 , ξ

∗
8 < ξ∗9 > ξ∗10}

= P{ξ1 + ξ2 < ξ2 + ξ3 > ξ3 + ξ4 < ξ4 + ξ5 > ξ5 + ξ6 < ξ6 + ξ7 > ξ7 + ξ8,

ξ8 + ξ9 < ξ9 + ξ10 > ξ10 + ξ11}

= P{ξ1 < ξ3 < ξ5 < ξ7, ξ2 > ξ4 > ξ6 > ξ8 < ξ10, ξ9 > ξ11}

=P{ξ1 < ξ3 < ξ5 < ξ7}P{ξ2 > ξ4 > ξ6 > ξ8 < ξ10}P{ξ9 > ξ11}=
1

4!
· 4
5!
· 1
2
=

1

1440
,

P{χ∗(2)4 = χ
∗(3)
6 = 1} = P{χ∗(2)4 = χ∗9 = 1} = P{χ∗1 = χ

∗(2)
4 = 1} = 1

96
.

Îòêóäà ïî ôîðìóëå (3.3)

c∗23 =
1

144
+

1

720
+

1

48
− 12

12 · 36
=

1

720
.

k=3,m=3. Íàéä¼ì âåðîÿòíîñòè P{χ∗(3)t χ
∗(3)
7 = 1}, t = 1, 2, 4, êàê è ðàíåå, ïîëü-

çóÿñü ñâîéñòâàìè ïîñëåäîâàòåëüíîñòè {ξi},
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P{χ∗(3)1 = χ
∗(3)
7 = 1} = P{χ∗1 = χ∗4 = χ∗7 = χ∗10 = 1}

= P{ξ∗0 < ξ∗1 > ξ,2 ∗ ξ∗3 < ξ∗4 > ξ∗5 , ξ
∗
6 < ξ∗7 > ξ∗8 , ξ

∗
9 < ξ∗10 > ξ∗11}

= P{ξ0 + ξ1 < ξ1 + ξ2 > ξ2 + ξ3, ξ3 + ξ4 < ξ4 + ξ5 > ξ5 + ξ6,

ξ6 + ξ7 < ξ7 + ξ8 > ξ8 + ξ9, ξ9 + ξ10 < ξ10 + ξ11 > ξ11 + ξ12}

= P{ξ0 < ξ2, ξ1 > ξ3 < ξ5, ξ4 > ξ6 < ξ8, ξ7 > ξ9 < ξ11, ξ10 > ξ12}

= P{ξ0 < ξ2}P{ξ1 > ξ3 < ξ5}P{ξ7 > ξ9 < ξ11}P{ξ10 > ξ12}

=
1

2
· 1
3
· 1
3
· 1
3
· 1
2
=

1

108
,

P{χ∗(3)2 = χ
∗(3)
7 = 1} = P{χ∗2 = χ∗5 = χ∗7 = χ∗10 = 1}

= P{ξ∗1 < ξ∗2 > ξ∗3 , ξ
∗
4 < ξ∗5 > ξ∗6 , ξ

∗
6 < ξ∗7 > ξ∗8 , ξ

∗
9 < ξ∗10 > ξ∗11}

P{ξ1 + ξ2 < ξ2 + ξ3 > ξ3 + ξ4, ξ4 + ξ5 < ξ5 + ξ6 > ξ6 + ξ7 < ξ7 + ξ8 > ξ8 + ξ9,

ξ9 + ξ10 < ξ10 + ξ11 > ξ11 + ξ12}

= P{ξ1 < ξ3, ξ2 > ξ4 < ξ6 < ξ8, ξ5 > ξ7 > ξ9 < ξ11, ξ10 > ξ12}

= P{ξ1 < ξ3}P{ξ2 > ξ4 < ξ6 < ξ8}P{ξ5 > ξ7 > ξ9 < ξ11}P{ξ10 > ξ12} =
1

256
,

P{χ∗(3)4 = χ
∗(3)
7 = 1} = P{χ∗4 = χ

∗(3)
7 = 1} = P{χ∗1 = χ

∗(3)
4 = 1} = 1

36
.

Îòêóäà ïî ôîðìóëå (3.3)

c∗33 =
1

54
+

1

128
+

1

18
+

1

12
− 13

144
=

259

3456
.

Òåîðåìû 8 è 10 ïîêàçûâàþò, ÷òî ðàñïðåäåëåíèÿ âåêòîðîâ N (s) è N ∗(s) êîëè-

÷åñòâ ïðîìåæóòêîâ ôèêñèðîâàííûõ äëèí ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàê-

ñèìóìàìè ðàçëè÷àþòñÿ, ñëåäîâàòåëüíî, âîçìîæíî ñòàòèñòè÷åñêîå ðàçëè÷åíèå

ãèïîòåçû H0 (ñì. ïàðàãðàô 2.3) è îïèñàííîé â òåîðåìå 9 àëüòåðíàòèâû.

3.2 Âçâåøåííûå ñóììû

Â ïàðàãðàôå 3.1 ðàññìîòðåíû ñêîëüçÿùèå ñóììû íåçàâèñèìûõ îäèíàêîâî

ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí. Îáîáùèì ýòó êîíñòðóêöèþ, ðàññìîòðåâ

âçâåøåííûå ñóììû.
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Ïóñòü {ξn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí,
èìåþùèõ îäíî è òî æå íåïðåðûâíîå ðàñïðåäåëåíèå, è ξ̂cn = ξn+cξn+1, n ∈ Z, c =
const 6= 0 (ïðè c = 0 ξ̂cn = ξn, è ýòîò ñëó÷àé ïîäðîáíî èçó÷åí â ïåðâîé ãëàâå).

Ïðè c = 1 ïîëó÷àåì ïîñëåäîâàòåëüíîñòü ξ∗i , ðàññìîòðåííóþ â ïàðàãðà-

ôå 3.1. Ïî òåîðåìå 9 ðàñïðåäåëåíèå ðàññòîÿíèÿ ìåæäó ñîñåäíèìè ëîêàëüíûìè

ìàêñèìóìàìè â ýòîé ïîñëåäîâàòåëüíîñòè íå çàâèñèò îò âèäà íåïðåðûâíîãî ðàñ-

ïðåäåëåíèÿ ñëó÷àéíûõ âåëè÷èí ξn, òî æå ñïðàâåäëèâî è äëÿ âåðîÿòíîñòè íà-

áëþäàòü ëîêàëüíûé ìàêñèìóì â ôèêñèðîâàííûé ìîìåíò âðåìåíè. Îäíàêî ïðè

c 6= 1 ýòî íå âåðíî è P{ξ̂c0 < ξ̂c1 > ξ̂c2} çàâèñèò îò ðàñïðåäåëåíèÿ ñëó÷àéíûõ

âåëè÷èí ξn.

Óòâåðæäåíèå 6. Åñëè ñëó÷àéíûå âåëè÷èíû ξn èìåþò ðàâíîìåðíîå ðàñïðåäå-

ëåíèå íà îòðåçêå [0, 1], òî äëÿ ëþáîãî öåëîãî n

P{ξ̂cn−1 < ξ̂cn > ξ̂cn+1} =



1

3
− c

12(c2 − c+ 1)
, c < 0,

1

3
− c+ c2 − c3

12
, 0 ≤ c < 1,

1

3
− c2 + c− 1

12c3
, c ≥ 1.

(3.5)

Åñëè ñëó÷àéíûå âåëè÷èíû ξn èìåþò ñòàíäàðòíîå íîðìàëüíîå ðàñïðåäå-

ëåíèå, òî äëÿ ëþáîãî öåëîãî n

P{ξ̂cn−1 < ξ̂cn > ξ̂cn+1} =
1

π
arctg

√
3c2 − 4c+ 3

c2 + 1
. (3.6)

Çàìå÷àíèå 11. Çíà÷åíèÿ âûðàæåíèé (3.5), (3.6) ïðè c = 0 ðàâíû 1/3 è ïðè

c = 1 ðàâíû 1/4, ÷òî ñîîòâåòñòâóåò ðåçóëüòàòàì ãëàâû 1 è ïàðàãðàôà 3.1.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ïîñëåäîâàòåëüíîñòü {ξ̂cn} ñòàöèîíàðíà â óçêîì
ñìûñëå, ïîýòîìó P{ξ̂cn−1 < ξ̂cn > ξ̂cn+1} = P{ξ̂c0 < ξ̂c1 > ξ̂c2} äëÿ ëþáîãî n ∈ Z.

Ââåä¼ì îáîçíà÷åíèå P (c) = P{ξ̂c0 < ξ̂c1 > ξ̂c2}.

1. Ïóñòü ñëó÷àéíûå âåëè÷èíû ξn èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå

[0, 1]. Äîêàæåì âñïîìîãàòåëüíóþ ëåììó.

Ëåììà 10. Ïðè c 6= 0 ñïðàâåäëèâî ðàâåíñòâî P (c) = P
(
1
c

)
.
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Äîêàçàòåëüñòâî. Åñëè c > 0, òî

P (c) = P{ξ0 + cξ1 < ξ1 + cξ2 > ξ2 + cξ3} = P

{
1

c
ξ0 + ξ1 <

1

c
ξ1 + ξ2 >

1

c
ξ2 + ξ3

}
= P

{
ξ0 +

1

c
ξ1 < ξ1 +

1

c
ξ2 > ξ2 +

1

c
ξ3

}
= P

(
1

c

)
,

òàê êàê ïîñëåäîâàòåëüíîñòü ñëó÷àéíûõ âåëè÷èí {cξn + ξn−1} óñòðîåíà òàê æå,

êàê è {ξ̂cn}.

Åñëè c < 0, òî âîñïîëüçóåìñÿ òåì, ÷òî ñëó÷àéíûå âåëè÷èíû 1 − ξn òîæå

íåçàâèñèìû è èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1], ïîýòîìó

P (c) = P{ξ0 + cξ1 < ξ1 + cξ2 > ξ2 + cξ3}

= P{1− ξ0 + c(1− ξ1) < 1− ξ1 + c(1− ξ2) > 1− ξ2 + c(1− ξ3)}

= P{ξ0 + cξ1 > ξ1 + cξ2 < ξ2 + cξ3}

= P

{
1

c
ξ0 + ξ1 <

1

c
ξ1 + ξ2 >

1

c
ξ2 + ξ3

}
= P

(
1

c

)
.

Òàêèì îáðàçîì, äîñòàòî÷íî ðàññìîòðåòü òîëüêî ñëó÷àè 0 < c ≤ 1, c ≤ −1.

Ïóñòü ñíà÷àëà 0 < c ≤ 1. Òîãäà

P (c) = P{ξ0 < cξ2 + (1− c)ξ1, cξ3 < ξ1 − (1− c)ξ2}

=

∫ 1

0

∫ (1−c)x+c

(1−c)x
(cx+ (1− c)y) y − (1− c)x

c
dy dx

+

∫ 1

0

∫ 1

(1−c)x+c
(cx+ (1− c)y) dy dx

=
1

c

∫ 1

0

∫ (1−c)x+c

(1−c)x
((1− c)y2 − (c2 − 3c+ 1)xy − c(1− c)x2) dy dx

+

∫ 1

0

∫ 1

(1−c)x+c
(cx+ (1− c)y) dy dx

=

∫ 1

0

[
(1− c)

3

(
3(1− c)2x2 + 3c(1− c)x+ c2

)
− c2 − 3c+ 1

2
x (2(1− c)x+ c)

−c(1− c)x2 + (1− c− (1− c)x)
(
cx+

1− c
2

(1 + c+ (1− c)x)
)]

dx
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=

∫ 1

0

[
(1− c)3x2 + c(1− c)2x+ c2(1− c)

3
− (1− c)(c2 − 3c+ 1)x2

−c(c
2 − 3c+ 1)

2
x− c(1− c)x2 + (1− c) ·

(
1− c2

2
+ c2x− c2 + 1

2
x2
)]

dx

=
(1− c)3

3
+
c(1− c)2

2
+
c2(1− c)

3
− (1− c)(c2 − 3c+ 1)

3
− c(c2 − 3c+ 1)

4

−c(1− c)
3

+
(1− c)2(1 + c)

2
+
c2(1− c)

2
− (1− c)(c2 + 1)

6

=
(2− c)(1− c)2

6
− (4− c)(c2 − 3c+ 1)

12
+

(1− c)(2− c2)
6

=
(1− c)(4− 3c)

6

−(4− c)(c
2 − 3c+ 1)

12
=
c3 − c2 − c+ 4

12
=

1

3
− c+ c2 − c3

12
.

Ïóñòü c ≤ −1. Äëÿ óäîáñòâà ñäåëàåì çàìåíó t = −c, òîãäà t ≥ 1 è

P (c) = P (−t) = P{ξ0 − tξ1 < ξ1 − tξ2 > ξ2 − tξ3}

= P{ξ0 < (t+ 1)ξ1 − tξ2, tξ3 > −ξ1 + (t+ 1)ξ2} =
∫ 1

0

∫ 1

0

P (u, v) du dv,

P (u, v) = P{u < (t+ 1)ξ1 − tξ2, −ξ1 + (t+ 1)ξ2 < tv}.

Òàê êàê ξ1, ξ2 íåçàâèñèìû è èìåþò ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1],

òî èíòåãðèðóåìàÿ âåðîÿòíîñòü P (u, v) ðàâíà ïëîùàäè ìíîæåñòâà

{u < (t+ 1)x− ty, −x+ (t+ 1)y < tv, x, y ∈ [0, 1]},

êîòîðîå ïðè 0 < u, v < 1 ïðåäñòàâëÿåò ñîáîé ÷åòûðåõóãîëüíèê, îãðàíè÷åííûé

ïðÿìûìè

(t+ 1)x− ty = u, −x+ (t+ 1)y = tv, y = 0, x = 1.

Ïîýòîìó

P (u, v) =
(u+ t(t+ 1)v)(t+ 1− u) + (tv + 1)(t2 + t+ 1− (t+ 1)u− t2v)

2(t+ 1)(t2 + t+ 1)
.

Ñëåäîâàòåëüíî,

2(t+ 1)(t2 + t+ 1)P (−t) = 2(t+ 1)(t2 + t+ 1)

∫ 1

0

∫ 1

0

P (u, v) du dv,
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=

∫ 1

0

∫ 1

0

[2t(t2 + t+ 1)v − u2 − t3v2 − 2t(t+ 1)uv + t2 + t+ 1] du dv

=
1

6
[6t(t2 + t+ 1)− 2− 2t3 − 3t(t+ 1) + 6(t2 + t+ 1)]

= (t+ 1)(t2 + t+ 1)− 2t3 + 3t2 + 3t+ 2

6
.

Îòêóäà

P (−t) = 1

2
− 2(t+ 1)(t2t+ 1)− t(t+ 1)

12(t+ 1)(t2 + t+ 1)
=

1

3
+

t

12(t2 + t+ 1)
.

Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà äîñòàòî÷íî ïîäñòàâèòü c = −t â ïîëó÷åí-
íóþ ôîðìóëó è âîñïîëüçîâàòüñÿ ëåììîé 10.

2. Ïóñòü òåïåðü ñëó÷àéíûå âåëè÷èíû ξn èìåþò ñòàíäàðòíîå íîðìàëüíîå ðàñ-

ïðåäåëåíèå. Ïðåîáðàçóåì èñêîìóþ âåðîÿòíîñòü ê âèäó

P (c) = P{ξ1 + cξ2 < ξ2 + cξ3 > ξ3 + cξ4} = P{ζ1 > 0, ζ2 > 0},

ãäå ζ1 = cξ3 − ξ1 − (c− 1)ξ2, ζ2 = ξ2 + (c− 1)ξ3 + cξ4.

Âåêòîð (ζ1, ζ2) èìååò äâóìåðíîå íîðìàëüíîå ðàñïðåäåëåíèå ñ íóëåâûì ñðåä-

íèì è ìàòðèöåé êîâàðèàöèé

C =

(
2(c2 − c+ 1) (c− 1)2

(c− 1)2 2(c2 − c+ 1)

)
.

Ñîáñòâåííûå ÷èñëà ìàòðèöû C ñóòü λ1 = 3c2 − 4c+ 3, λ2 = c2 + 1, èì ñîîòâåò-

ñòâóþò ñîáñòâåííûå âåêòîðû v1 = (1, 1), v2 = (−1, 1).

Ðàññìîòðèì ìàòðèöó, ñîñòàâëåííóþ èç îðòîíîðìèðîâàííûõ ñîáñòâåííûõ

âåêòîðîâ,

V =
1√
2

(
1 −1
1 1

)
,

è âåêòîð (x, y) = V (ζ1, ζ2). Ìàòðèöà êîâàðèàöèé âåêòîðà (x, y) èìååò äèàãî-

íàëüíûé âèä ñ ÷èñëàìè λ1, λ2 íà äèàãîíàëè. Ïðè ýòîì îáëàñòè {ζ1 > 0, ζ2 > 0}
ñîîòâåòñòâóåò îáëàñòü {x + y > 0, x − y > 0}. Ïóñòü x′ = x/

√
λ1, y

′ = y/
√
λ2,

òîãäà âåêòîð (x′, y′) èìååò ñòàíäàðòíîå äâóìåðíîå íîðìàëüíîå ðàñïðåäåëåíèå,
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ñëåäîâàòåëüíî

P (c) = P{ζ1 > 0, ζ2 > 0} = P{x+ y > 0, x− y > 0} = P{
√
λ1x

′ +
√
λ2y

′ > 0,√
λ1x

′ −
√
λ2y

′ > 0} = 1

2π
2 arctg

√
λ1
λ2

=
1

π
arctg

√
3c2 − 4c+ 3

c2 + 1
.

Çàìåòèì, ÷òî ìàòåìàòè÷åñêîå îæèäàíèå êîëè÷åñòâà ëîêàëüíûõ ìàêñèìó-

ìîâ íà îòðåçêå äëèíû T (MN0(T )) ïðîïîðöèîíàëüíî âåðîÿòíîñòè íàáëþäàòü

ëîêàëüíûé ìàêñèìóì â ôèêñèðîâàííîé òî÷êå. Ñëåäîâàòåëüíî, òàê êàê ýòà âå-

ðîÿòíîñòü äëÿ ïîñëåäîâàòåëüíîñòè {ξ̂cn} ïðè c 6= 0 îòëè÷àåòñÿ îò 1/3, òî ðàñ-

ñìîòðåííûå â ýòîì ïàðàãðàôå ðàñïðåäåëåíèÿ ìîæíî îòëè÷èòü îò îñíîâíîãî (ïå-

ðåñòàíîâî÷íûå ñëó÷àéíûå âåëè÷èíû {ξn}, òàêèå ÷òî P{ξ1 = ξ2} = 0) ñ ïîìîùüþ

âåêòîðà N (s).

3.3 Ìåíÿþùååñÿ ðàñïðåäåëåíèå

Â ýòîì ïàðàãðàôå ìû ðàññìîòðèì ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ, íî íå

îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí. Òàê æå, êàê è â ïðåäûäóùåì

ïàðàãðàôå, íàéä¼ì äëÿ ýòîé ïîñëåäîâàòåëüíîñòè âåðîÿòíîñòü íàáëþäàòü ëî-

êàëüíûé ìàêñèìóì â ôèêñèðîâàííîé òî÷êå.

Óòâåðæäåíèå 7. Ïóñòü {ξn, n ∈ Z} � ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí, èìåþùèõ ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1], è

ïóñòü ξ̃n = ξn + vn, n ∈ Z, v = const. Òîãäà äëÿ ëþáîãî öåëîãî n

P{ξ̃n−1 < ξ̃n > ξ̃n+1} =


1

3
− v29− 8|v|

6
, |v| < 1

2
,

(1− |v|)2

2
,

1

2
≤ |v| < 1,

0, |v| ≥ 1.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî â ñèëó ñòàöèîíàðíîñòè â óçêîì ñìûñëå ïîñëå-

äîâàòåëüíîñòè {ξn}, äëÿ ëþáîãî öåëîãî n

P{ξ̃n−1 < ξ̃n > ξ̃n+1} = P{ξn−1 + v(n− 1) < ξn + vn > ξn+1 + v(n+ 1)}
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= P{ξn−1 < ξn + v > ξn+1 + 2v} = P{ξ0 < ξ1 + v > ξ2 + 2v} = P{ξ̃0 < ξ̃1 > ξ̃2}.

Ïóñòü P (v) = P{ξ̃0 < ξ̃1 > ξ̃2}. Çàìåòèì, ÷òî

P (v) = P{ξ0 < ξ1 + v > ξ2 + 2v} = P{ξ0 − 2v < ξ1 − v > ξ2} = P (−v),

òàê êàê âåêòîðû (ξ0, ξ1, ξ2) è (ξ2, ξ1, ξ0) îäèíàêîâî ðàñïðåäåëåíû.

Äàëåå áóäåì ñ÷èòàòü, ÷òî v ≥ 0. Çàìåòèì, ÷òî ïðè v > 1 âåðîÿòíîñòü

P (v) = P{ξ1 − ξ2 > v > 1} = 0. Ïóñòü 0 < v ≤ 1/2, òîãäà

P (v) = P{ξ0 < ξ1 + v, ξ2 < ξ1 − v} =
∫ 1−v

v

∫ y−v

0

(y + v) dz dy +

∫ 1

1−v

∫ y−v

0

dz dy

=

∫ 1−v

v

(y2 − v2) dy +
∫ 1

1−v
(y − v) dy =

(
y3

3
− v2y

)∣∣∣∣1−v
y=v

+

(
y2

2
− vy

)∣∣∣∣1
y=1−v

=
(1− v)3 − v3

3
− v2(1− 2v) +

1− (1− v)2

2
− v2 = 1

3
− v2 (9− 8v) .

Åñëè v > 1/2, òî

P (v) = P{ξ0 < ξ1 + v, ξ2 < ξ1 − v} =
∫ 1

v

∫ y−v

0

dz dy =

∫ 1

v

(y − v) dy =
(1− v)2

2
.

Çàìåòèì, ÷òî â ñëó÷àå v = 0 ïîñëåäîâàòåëüíîñòü ξ̃n ñîâïàäàåò ñ ïîñëå-

äîâàòåëüíîñòüþ {ξn}, ò.å. ÿâëÿåòñÿ ïîñëåäîâàòåëüíîñòüþ íåçàâèñèìûõ ñëó÷àé-

íûõ âåëè÷èí, èìåþùèõ ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå [0, 1] (ïðè ýòîì

P (0) = 1/3, êàê è â ãëàâå 1). Âî âñåõ îñòàëüíûõ ñëó÷àÿõ ðàñïðåäåëåíèÿ ñëó-

÷àéíûõ âåëè÷èí ïîñëåäîâàòåëüíîñòè ξ̃n ðàçëè÷íû è âåðîÿòíîñòü P (v) < 1/3 è

óáûâàåò ñ óâåëè÷åíèåì v. Òàêèì îáðàçîì, êàê è â ïðåäûäóùåì ïóíêòå, ìîæíî

çàêëþ÷èòü, ÷òî òàêèå àëüòåðíàòèâû òàêæå ìîæíî îòëè÷èòü îò îñíîâíîé ãèïî-

òåçû ñ ïîìîùüþ âåêòîðà N (s).

Çàìåòèì òàêæå, ÷òî ïîñêîëüêó ñëó÷àéíûå âåëè÷èíû ξ̃n íåçàâèñèìû, òî âå-

ðîÿòíîñòü íàáëþäàòü ðàññòîÿíèå λ äëèíû 3 (â ôèêñèðîâàííîì ìåñòå) ðàâíà

P 2(v). Çíà÷èò, ìàòåìàòè÷åñêîå îæèäàíèå êîëè÷åñòâà ðàññòîÿíèé äëèíû 3 íà

îòðåçêå ïîñëåäîâàòåëüíîñòè äëèíû T ðàâíî (T − 5)P 2(v) (è çàâèñèò îò v).
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Çàêëþ÷åíèå

Îñíîâíûå ðåçóëüòàòû ðàáîòû çàêëþ÷àþòñÿ â ñëåäóþùåì:

1. Íàéäåíû ñîâìåñòíûå ðàñïðåäåëåíèÿ ñîñåäíèõ ëîêàëüíûõ ìàêñèìóìîâ è

äëèí ïðîìåæóòêîâ ìåæäó íèìè.

2. Îïèñàíà àñèìïòîòè÷åñêàÿ ñòðóêòóðà ïðîìåæóòêà ìåæäó ñîñåäíèìè ëî-

êàëüíûìè ìàêñèìóìàìè ïðè óñëîâèè, ÷òî åãî äëèíà ñòðåìèòñÿ ê áåñêîíå÷íîñòè.

3. Äîêàçàíà àñèìïòîòè÷åñêàÿ íîðìàëüíîñòü ñîâìåñòíûõ ðàñïðåäåëåíèé êî-

ëè÷åñòâ ïîÿâëåíèÿ ïðîìåæóòêîâ çàäàííûõ äëèí. Ïðåäëîæåí ñòàòèñòè÷åñêèé

êðèòåðèé ïðîâåðêè ãèïîòåçû î âåðîÿòíîñòíîé ñòðóêòóðå èñõîäíîé ïîñëåäîâà-

òåëüíîñòè.

4. Íàéäåíû âåðîÿòíîñòè ïîÿâëåíèÿ ëîêàëüíûõ ìàêñèìóìîâ è ðàñïðåäåëå-

íèå ðàññòîÿíèé ìåæäó íèìè äëÿ íåêîòîðûõ ïîñëåäîâàòåëüíîñòåé çàâèñèìûõ

èëè íå îäèíàêîâî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí.

Äàëüíåéøèå èññëåäîâàíèÿ ìîãóò áûòü ñâÿçàíû ñ èçó÷åíèåì äðóãèõ (íå ðàñ-

ñìîòðåííûõ â ðàáîòå) êëàññîâ ïîñëåäîâàòåëüíîñòåé çàâèñèìûõ èëè íå îäèíàêî-

âî ðàñïðåäåë¼ííûõ ñëó÷àéíûõ âåëè÷èí.

Òàêæå ïðåäñòàâëÿåò èíòåðåñ èññëåäîâàíèå ðàññòîÿíèé ìåæäó ïîÿâëåíèåì

òåõ èëè èíûõ êîìáèíàöèé â ïîñëåäîâàòåëüíîñòÿõ ñëó÷àéíûõ âåëè÷èí, èìåþùèõ

äèñêðåòíûå ðàñïðåäåëåíèÿ.



93

Ñïèñîê ëèòåðàòóðû

1. Áåðíøòåéí Ñ.Í. Ðàñïðîñòðàíåíèå ïðåäåëüíîé òåîðåìû òåîðèè âåðîÿòíî-

ñòåé íà ñóììû çàâèñèìûõ âåëè÷èí // ÓÌÍ. � 1944. � � 10. � Ñ. 65�114.

2. Âåðøèê À.Ì., Êåðîâ Ñ.Â. Àñèìïòîòèêà ìåðû Ïëàíøåðåëÿ ñèììåòðè÷åñêîé

ãðóïïû è ïðåäåëüíàÿ ôîðìà òàáëèö Þíãà // ÄÀÍ ÑÑÑÐ. � 1977. � Ò. 233

� � 6 � Ñ. 1024�1027. English transl.: Vershik A., Kerov S. Asymptotics of

the Plancherel measure of the symmetric group and the limit form of Young

tableaux // Soviet Math. Dokl. � 1977. � Is. 18. � Pp. 527�531.

3. Çóáêîâ À.Ì. , Øóâàåâ Ä.Â. Âû÷èñëåíèå ìîìåíòîâ êîìáèíàòîðíûõ ñòàòè-

ñòèê îò ïåðåñòàíîâî÷íûõ ñëó÷àéíûõ âåëè÷èí // Äèñêðåò. Ìàòåì. �2005. �

Ò. 17. � Âûï. 2. � Ñ. 3�18.

4. Êóçíåöîâ À. Ã. , Ïàê È. Ì., Ïîñòíèêîâ À. Å. Âîçðàñòàþùèå äåðåâüÿ è àëü-

òåðíèðóþùèå ïåðåñòàíîâêè // ÓÌÍ. � 1994. � Ò. 49. � Âûï. 6(300). � Ñ.

79�110.

5. Ôåëëåð Â. Ââåäåíèå â òåîðèþ âåðîÿòíîñòåé è åå ïðèëîæåíèÿ: â 2-õ ò. � Ì.:

Ìèð, 1967. � 498 ñ. � ò. 1.

6. Ôåëëåð Â. Ââåäåíèå â òåîðèþ âåðîÿòíîñòåé è åå ïðèëîæåíèÿ: â 2-õ ò. � Ì.:

Ìèð, 1967. � 752 ñ. � ò. 2.

7. Õàðèòîíîâà Í.À. Ðàñïðåäåëåíèÿ ðàññòîÿíèé ìåæäó ëîêàëüíûìè ìàêñèìó-

ìàìè ñëó÷àéíîé ïîñëåäîâàòåëüíîñòè. � Äèïë. ðàáîòà, ìåõ.-ìàò. ô-ò ÌÃÓ

èìåíè Ì.Â. Ëîìîíîñîâà � 2009. � 15 ñ.

8. Õèí÷èí À.ß. Î êëàññàõ ýêâèâàëåíòíûõ ñîáûòèé // Äîêëàäû ÀÍ ÑÑÑÐ �

1952 � Ò. 85 � Âûï. 4 � Ñ. 713�714. (Ïåðåïå÷àòàíî: Õèí÷èí À.ß. Î êëàññàõ

ýêâèâàëåíòíûõ ñîáûòèé // Èçáðàííûå òðóäû ïî òåîðèè âåðîÿòíîñòåé. � Ì.:

Íàó÷íîå èçäàòåëüñòâî ÒÂÏ. � 1995. � Ñ. 358-360.)

9. Andr�e D. Sur les permutations altern�ees // J. Math. Pure Appl. � 1881. � Vol.

7. � Pp. 167�184.



94

10. Billey S., Burdzy K., Sagan B.E. Permutations with Given Peak Set // J. Integer

Seq. � 2013. � Vol. 16. � Is. 6. � Article 13.6.1.

11. Bouchard P., Hungyung Chang, Jun Ma, Jean Yeh, Yeong-Nan Yeh. Value-Peaks

of Permutations [Ýëåêòðîííûé ðåñóðñ] // Electron. J. Combin. � 2010. � Vol.

17. � #R.46. � Ðåæèì äîñòóïà:

http://www.combinatorics.org/ojs/index.php/eljc/article/view/v17i1r46.

12. Cocke W. J. Central Limit Theorems for Sums of Dependent Vector Variables

// Ann. Math. Statist. � 1972. � Vol. 43. � no. 3. � Pp. 968�976.

13. Crescenzi P., Lungo A.D., Grossi R., Lodi E., Pagli L., Rossi G. Text

sparsi�cation via local maxima // Theor. Comput. Sci. � 2003. � Vol. 304.

� Is. 1�3. � Pp. 341�364.

14. Csaki E., Foldes A. On the length of the longest monotone block // Stud. Sci.

Math. Hung. � 1996. � Vol. 31. � Pp. 35�46.

15. Diananda P. H. The central limit theorem for m-dependent variables // Proc.

Cambridge Philos. Soc. � 1955. � Vol. 51. � Pp. 92�95.

16. Dixon J.D. Monotonic subsequences in random sequences // Discrete Math. �

1975. � Vol. 12. � Is. 2. � Pp. 139�142.

17. Jakubowski A., Kobus M. α-stable limit theorems for sums of dependent random

vectors // J. Multivariate Anal. � 1989. � Vol. 29. �Is. 2. � Pp. 219�251.

18. Kuketayev A. Probability distribution of distances between local extrema of

random number series // Âåñòíèê Êàðàãàíä. óí-òà, ñåð. Ôèçèêà. � 2011. �

Ò. 62. � � 2. � Ñ. 21�34; arXiv:math/0611130, 2006.

19. Labarbe, J., Marckert, J. Asymptotics of Bernoulli random walks, bridges, excur-

sions and meanders with a given number of peaks [Ýëåêòðîííûé ðåñóðñ] //

Electron. J. Probab. � 2007. �Vol. 12. � Pp. 229-261. � Ðåæèì äîñòóïà:

http://ejp.ejpecp.org/article/view/397.



95

20. Louchard G. Monotone runs of uniformly distributed integer random variables:

a probabilistic analysis // Theor. Comput. Sci. � 2005. � Vol. 346. � Is. 2�3.

� Pp. 358�387.

21. Louchard G., Prodinger H. A combinatorial and probabilistic study of initial and

end heights of descents in samples of geometrically distributed random variables

and in permutations // Discrete Mathematics & Theor. Comput. Sci. � 2007.

� Vol. 9 � no. 1. � Pp. 137�170.

22. Louchard G., Prodinger H. Ascending runs of sequences of geometrically distri-

buted random variables: a probabilistic analysis // Theor. Comput. Sci. � 2003.

� Vol. 304. � Is. 1�3. � Pp. 59�86.

23. MacMahon P.A. Second Memoir on the Compositions of Numbers //

Philosophical Transactions of the Royal Society of London. Series A, Containing

Papers of a Mathematical or Physical Character. � 1908. � Vol. 207. � Pp. 65�

134.

24. Mansour, T. Longest alternating subsequences of k-ary words // Discrete Appl.

Math. � 2008. � Vol. 156. � Is. 1. � Pp. 119�124.

25. Mitton N., Paroux K., Sericola B., Tixeuil S. Ascending Runs in Dependent

Uniformly Distributed Random Variables: Application to Wireless Networks //

Methodol. Comput. Appl. Probab. � 2010. � Vol. 12. � no. 1. � Pp. 51�62.

26. Oshanin G., Voituriez R., Nechaev S., Vasilyev O., Hivert F. Random patterns

generated by random permutations of natural numbers // Eur. Phys. J. Special

Topics � 2007. � Vol. 143. � Pp. 143�157; arXiv:cond-mat/0609718, 2006.

27. Pittel B.G. A process of runs and its convergence to the brownian motion //

Stoch. Proc. Appl. � 1980. � Vol. 10. � Is. 1. � Pp. 33�48.

28. Pittel B.G. Limiting behavior of a process of runs // Ann. Probab. �1981. �

Vol. 9. � no. 1. � Pp. 119�129.



96

29. Romano J. P., Wolf M. A more general central limit theorem for m-dependent

random variables with unbounded m // Statistics & Probability Letters. � 2000.

� Vol. 47(2). � Pp. 115�124.

30. Romik D. Local extrema in random permutations and the structure of

longest alternating subsequences // DMTCS Proceedings, 23rd International

Conference on Formal Power Series and Algebraic Combinatorics. � 2011. �

Pp. 825�834.

31. Ros�en B. On asymptotic normality of sums of dependent random Vectors //

Zeitschrift f�ur Wahrscheinlichkeitstheorie und Verwandte Gebiete. � 1967. �

Vol. 7. � Is. 2. � Pp. 95�102.

32. Stanley R. A Survey of Alternating Permutations // Contemp. Math. �2010. �

Vol. 531. � Pp. 165-196.

33. Stanley R. Longest alternating subsequences of permutations // Michigan

Math. J. � 2008. � Vol. 57. � Pp. 675�687.

34. Szpiro G.G. The number of permutations with a given signature, and the

expectations of their elements // Discrete Math. � 2001. � Vol. 226. � Is.

1�3. � Pp. 423�430.

35. Widom H. On the limiting distribution for the length of the longest alternating

sequence in a random permutation [Ýëåêòðîííûé ðåñóðñ] // Electron. J.

Combin. � 2006. � 13.1. � #R25. � Ðåæèì äîñòóïà:

http://www.combinatorics.org/ojs/index.php/eljc/article/view/v13i1r25.

Ïóáëèêàöèè àâòîðà ïî òåìå äèññåðòàöèè

36. Çóáêîâ À.Ì., Õàðèòîíîâà Í.À., Õèëü Å.Â. Ðàññòîÿíèÿ ìåæäó ëîêàëüíûìè

ìàêñèìóìàìè â ïîñëåäîâàòåëüíîñòÿõ ñëó÷àéíûõ âåëè÷èí // ÒÂÏ. � 2011.

� Ò. 56. � Âûï. 4. � Ñ. 690�703.

English transl.: Zubkov A. M., Kharitonova N. A., and Khil E. V. Gaps between

Local Maxima in Sequences of Random Variables // Theory Probab. Appl. �

2012. � V. 56. � Is. 4. � P. 590�601.



97

[À.Ì. Çóáêîâó ïðèíàäëåæàò ïîñòàíîâêà çàäà÷è è ïîìîùü â âûáîðå ñïîñîáà

ðåøåíèÿ, Í.À. Õàðèòîíîâîé ïðèíàäëåæèò òåîðåìà 1 (ñëó÷àé íåçàâèñèìûõ

ñëó÷àéíûõ âåëè÷èí), Å. Â. Õèëü ïðèíàäëåæàò òåîðåìà 3 (àñèìïòîòè÷åñêàÿ

íîðìàëüíîñòü âåêòîðà ÷àñòîò), òåîðåìà 4 è óòâåðæäåíèÿ 1 è 2 (÷àñòíûå

ñëó÷àè çàâèñèìûõ ñëó÷àéíûõ âåëè÷èí).]

37. Õèëü Å.Â. Ìàðêîâñêèå çàâèñèìîñòè â ïîñëåäîâàòåëüíîñòè ëîêàëüíûõ ìàê-

ñèìóìîâ è ïðîìåæóòêîâ ìåæäó íèìè // ÒÂÏ. � 2013. � Ò. 58. � Âûï. 3.

� Ñ. 472�485.

English transl.: Khil E.V. Markov Structure of the Sequence of Local Maxima

and the Gaps between Them // Theory Probab. Appl. � 2014. � Vol. 58. �

No. 3. � P. 430�441.

38. Õèëü Å.Â. Ñòðóêòóðà ïîñëåäîâàòåëüíîñòè ñëó÷àéíûõ âåëè÷èí ñ âûäåëåí-

íûìè ëîêàëüíûìè ìàêñèìóìàìè. � Ì., 2016. � Äåï. â ÂÈÍÈÒÈ ÐÀÍ

19.02.2016, � 35-B2016.

39. Çóáêîâ À.Ì., Õàðèòîíîâà Í.À., Õèëü Å.Â. Ôîðìóëû äëÿ ðàñïðåäåëåíèé

ðàññòîÿíèé ìåæäó ñîñåäíèìè ëîêàëüíûìè ìàêñèìóìàìè // Îáîçðåíèå ïðè-

êë. è ïðîìûøë. ìàòåì. � 2009. � Ò. 16. � Âûï. 4. � Ñ. 658�659.

40. Kharitonova N.A., Khil E.V., Zubkov A.M. Goodness-of-�t test based on

local maxima, // Proceedings of 9th International Conference �Computer Data

Analysis and Modeling: Complex Stochastics Data and Systems� � Minsk. �

2010. � V. 1. � P. 74�76.

41. Çóáêîâ À.Ì., Õèëü Å.Â. Ìàðêîâñêèå çàâèñèìîñòè â ïîñëåäîâàòåëüíîñòè ëî-

êàëüíûõ ìàêñèìóìîâ // Îáîçðåíèå ïðèêë. è ïðîìûøë. ìàòåì. � 2011. �

Ò. 18. � Âûï. 1. � Ñ. 83�84.

42. Õèëü Å.Â. Ðàññòîÿíèÿ ìåæäó ëîêàëüíûìè ìàêñèìóìàìè â ïîñëåäîâàòåëü-

íîñòÿõ ñëó÷àéíûõ âåëè÷èí // Ìåæäóíàðîäíàÿ êîíôåðåíöèÿ �Òåîðèÿ âåðî-

ÿòíîñòåé è åå ïðèëîæåíèÿ�, ïîñâÿùåííàÿ 100-ëåòèþ ñî äíÿ ðîæäåíèÿ Á.Â.

Ãíåäåíêî (Ìîñêâà, 26�30 èþíÿ 2012 ãîäà): Òåçèñû äîêëàäîâ. � Ì.: Ëåíàíä.

� 2012. � Ñ. 71�72.



98

43. Khil E.V. Markov properties of gaps between local maxima in a sequence of

independent random variables // Proceedings of 10th International Conference

�Computer Data Analysis and Modeling: Theoretical and Applied Stochastics�

� Minsk. � 2013. � V. 2. � P. 13�16.


