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Îñíîâíûå îïðåäåëåíèÿ, îáîçíà÷åíèÿ è ïðåäâàðèòåëüíûå ñâåäåíèÿ

Â äèññåðòàöèè èçó÷àþòñÿ öåëûå (ò.å. àíàëèòè÷åñêèå ïî âñåé êîìïëåêñíîé
ïëîñêîñòè) ôóíêöèè. Ïðîñòðàíñòâî öåëûõ ôóíêöèé îáîçíà÷èìA(C). Êàæäîé
ôóíêöèè f ∈ A(C) ïîñòàâèì â ñîîòâåòñòâèå ñëåäóþùèå ôóíêöèè
äåéñòâèòåëüíîé ïåðåìåííîé R ∈ [0,+∞) :

M(f,R) = max
|z|≤R

|f(z)|; nf(R) � êîëè÷åñòâî êîðíåé f â êðóãå |z| ≤ R;

Nf(R) =

R∫
0

n0
f(x)

x
dx, ãäå n0

f(x) = nf(x)−m, (0.0.1)

à m - êðàòíîñòü êîðíÿ f(z) â òî÷êå z = 0.

Ôóíêöèþ nf(R) îáû÷íî íàçûâàþò ñ÷èòàþùåé ôóíêöèåé ìíîæåñòâà êîðíåé
f , àNf(R) � óñðåäí¼ííîé ñ÷èòàþùåé ôóíêöèåé ìíîæåñòâà íåíóëåâûõ êîðíåé
f .

Îïðåäåëåíèå 1. Ïîðÿäêîì öåëîé ôóíêöèè f íàçûâàåòñÿ âåëè÷èíà

ρf = lim
R→+∞

ln lnM(f,R)

lnR
. (0.0.2)

Ýêâèâàëåíòíîå îïðåäåëåíèå ïîðÿäêà öåëîé ôóíêöèè òàêîâî. Åñëè

lim sup
R→+∞

R−a lnM(f,R) = +∞ ∀a > 0,

òî f� öåëàÿ ôóíêöèÿ áåñêîíå÷íîãî ïîðÿäêà; åñëè ïðè íåêîòîðîì a > 0 âåðíà
àñèìïòîòè÷åñêàÿ îöåíêà

lnM(f,R) = O(Ra), R→ +∞, (0.0.3)

òî f� ôóíêöèÿ êîíå÷íîãî ïîðÿäêà (äëÿ ôóíêöèè f(z) ≡ 0 ëîãàðèôì
ìàêñèìóìà ìîäóëÿ íå îïðåäåë¼í, íî ñ÷èòàåòñÿ, ÷òî ýòà ôóíêöèÿ èìååò
íóëåâîé ïîðÿäîê). Òî÷íàÿ íèæíÿÿ ãðàíü òàêèõ ÷èñåë a, ÷òî ñîîòíîøåíèå
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(0.0.3) âûïîëíÿåòñÿ, íàçûâàåòñÿ ïîðÿäêîì öåëîé ôóíêöèè f . Áîëåå òîíêîé
õàðàêòåðèñòèêîé ñêîðîñòè ðîñòà lnM(f,R) ïðè R → +∞ ÿâëÿåòñÿ òèï ïðè
óòî÷í¼ííîì ïîðÿäêå.

Îïðåäåëåíèå 2. Óòî÷í¼ííûì ïîðÿäêîì íàçûâàåòñÿ ïðîèçâîëüíàÿ ôóíêöèÿ
ρ(r), îïðåäåë¼ííàÿ è äèôôåðåíöèðóåìàÿ íà ëó÷å R0 < r < +∞ (÷èñëî R0 ñâî¼
äëÿ êàæäîé òàêîé ôóíêöèè) è îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

∃ lim
r→+∞

ρ(r) = ρ, 0 < ρ < +∞, lim
r→+∞

ρ′(r)r ln r = 0. (0.0.4)

Óòî÷í¼ííûå ïîðÿäêè áûëè ââåäåíû Æ. Âàëèðîíîì â [22] äëÿ ñîçäàíèÿ
ñèñòåìû ýòàëîíîâ ðîñòà, ñ êîòîðûìè ñðàâíèâàþòñÿ ëîãàðèôìû ìàêñèìóìîâ
ìîäóëåé öåëûõ ôóíêöèé êîíå÷íîãî ïîðÿäêà. Ôàêòè÷åñêè æå Âàëèðîí
èñïîëüçîâàë èõ â áîëåå ðàííèõ ðàáîòàõ, â ÷àñòíîñòè, â ñòàòüå [21], â êîòîðîé
áûëî ïîëîæåíî íà÷àëî èññëåäîâàíèÿì, ïðîäîëæàåìûì â äàííîé äèññåðòàöèè.

Îïðåäåëåíèå 3. Òèïîì ôóíêöèè f ∈ A(C) ïðè óòî÷í¼ííîì ïîðÿäêå ρ(r)
íàçûâàåòñÿ âåëè÷èíà

σρ(r)(f) = lim sup
r→+∞

r−ρ(r) lnM(f, r). (0.0.5)

Èçâåñòíî, ÷òî äëÿ êàæäîé öåëîé ôóíêöèè f êîíå÷íîãî ïîðÿäêà ñóùåñòâóåò
òàêîé óòî÷í¼ííûé ïîðÿäîê ρ(r), ÷òî

σρ(r)(f) = 1.

Êîãäà ìû áóäåì ïèñàòü "öåëàÿ ôóíêöèÿ f ïîðÿäêà ρ òèïà σ", íå ãîâîðÿ
ïðè êàêîì óòî÷í¼ííîì ïîðÿäêå ðàññìàòðèâàåòñÿ òèï, ýòî áóäåò îçíà÷àòü, ÷òî
òèï ðàññìàòðèâàåòñÿ îòíîñèòåëüíî ρ(r) ≡ ρ, òî åñòü

lim sup
R→+∞

lnM(f,R)

Rρ
= σ.
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Îïðåäåëåíèå 4. Âåðõíåé ïëîòíîñòüþ ìíîæåñòâà êîðíåé ôóíêöèè f ∈

A(C) îòíîñèòåëüíî óòî÷í¼ííîãî ïîðÿäêà ρ(r) íàçûâàåòñÿ âåëè÷èíà

Dρ(r)(f) = lim sup
r→+∞

r−ρ(r)nf(r). (0.0.6)

Îïðåäåëåíèå 5. Óñðåäí¼ííîé âåðõíåé ïëîòíîñòüþ ìíîæåñòâà êîðíåé
ôóíêöèè f ∈ A(C) îòíîñèòåëüíî óòî÷í¼ííîãî ïîðÿäêà ρ(r) íàçûâàåòñÿ
âåëè÷èíà

D∗
ρ(r)(f) = lim sup

r→+∞
r−ρ(r)Nf(r). (0.0.7)

Èçâåñòíî íåóëó÷øàåìîå ñ îáåèõ ñòîðîí äâîéíîå íåðàâåíñòâî [7]

ρD∗
ρ(r) ≤ Dρ(r) ≤ eρD∗

ρ(r), ãäå ρ = lim
r→+∞

ρ(r). (0.0.8)

Íàïîìíèì [1], ÷òî ìåäëåííî ìåíÿþùåéñÿ íà áåñêîíå÷íîñòè ôóíêöèåé
íàçûâàåòñÿ ïðîèçâîëüíàÿ çíàêîïîñòîÿííàÿ èçìåðèìàÿ ôóíêöèÿ ϕ :

(x0,+∞) → R \ {0}, äëÿ êîòîðîé âåðíî ïðåäåëüíîå ñîîòíîøåíèå

lim
x→+∞

ϕ(ax)

ϕ(x)
= 1 ∀a ∈ (0,+∞), (0.0.9)

ïðè÷¼ì ñòðåìëåíèå ê 1 â (0.0.9) ðàâíîìåðíî íà ìíîæåñòâå [ε, 1/ε]

(∀ε ∈ (0, 1)). Äàâíî èçâåñòíî (ñì. íàïðèìåð [13], (ãë.1,§2), ÷òî åñëè ôóíêöèÿ
ϕ äèôôåðåíöèðóåìà íà ëó÷å (x0,+∞) è

lim
x→+∞

xϕ′(x)

ϕ(x)
= 0,

òî îíà ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ.
Îòñþäà ñëåäóåò, ÷òî åñëè ρ(r) � óòî÷í¼ííûé ïîðÿäîê,

lim
r→+∞

ρ(r) = ρ ∈ (0,+∞), òî ôóíêöèÿ

l(r) = rρ(r)−ρ (0.0.10)

ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ. Äåéñòâèòåëüíî, èç (0.0.4) ñëåäóåò, ÷òî l

äèôôåðåíöèðóåìà íà ëó÷å (R0,+∞) è

lim
r→+∞

rl′(r)

l(r)
= lim

r→+∞
r(ln l(r))′ = lim

r→+∞
r((ρ(r)− ρ) ln r)′ = 0.
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Ïîñêîëüêó îòíîøåíèå rl′(r)/l(r) áóäåò èãðàòü â äàëüíåéøåì çíà÷èòåëüíóþ
ðîëü, òî îáîçíà÷èì åãî ñïåöèàëüíûì ñèìâîëîì wl(r).

Ïóñòü w(r) � ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ íåâîçðàñòàþùàÿ íà íåêîòîðîì
ëó÷å (r0,+∞) ôóíêöèÿ, lim

r→+∞
w(r) = 0. Ââåä¼ì êëàññ L(w), ñîñòîÿùèé èç

âñåõ ìåäëåííî ìåíÿþùèõñÿ è äèôôåðåíöèðóåìûõ íà (r0,+∞) ôóíêöèé l,
äëÿ êîòîðûõ âåðíî íåðàâåíñòâî |wl(r)| ≤ w(r), r > r0.
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Ââåäåíèå

Àêòóàëüíîñòü òåìû. Îäíèì èç îñíîâíûõ íàïðàâëåíèé òåîðèè öåëûõ
ôóíêöèé ÿâëÿåòñÿ èçó÷åíèå ñâÿçè ìåæäó ñêîðîñòüþ ðîñòà ìàêñèìóìà ìîäóëÿ
öåëîé ôóíêöèè è ñ÷èòàþùåé ôóíêöèè å¼ êîðíåé.

Â äèññåðòàöèè ðàññìàòðèâàþòñÿ öåëûå ôóíêöèè êîíå÷íîãî
ïîëîæèòåëüíîãî ïîðÿäêà. Ïîíÿòèå "ïîðÿäîê öåëîé ôóíêöèè" ââ¼ë Æàê
Àäàìàð â [18] (ñì. âûøå (0.0.2)). Ýòî ïîíÿòèå ñûãðàëî ôóíäàìåíòàëüíóþ
ðîëü â ñîçäàíèè òåîðèè öåëûõ ôóíêöèé. Ïðåæäå âñåãî, ñ åãî ïîìîùüþ A(C)

ðàçáèâàåòñÿ íà òðè êëàññà, âåñüìà ðàçëè÷íûõ ïî ñâîèì ñâîéñòâàì. Îäèí
èç ýòèõ êëàññîâ, íàèìåíåå èññëåäîâàííûé - öåëûå ôóíêöèè áåñêîíå÷íîãî
ïîðÿäêà. Ðàáîò, ïîñâÿù¼ííûõ ðàñïðåäåëåíèþ êîðíåé òàêèõ ôóíêöèé,
íåìíîãî ïîòîìó, ÷òî âî-ïåðâûõ èññëåäîâàíèå íàòàëêèâàåòñÿ íà çíà÷èòåëüíûå
òðóäíîñòè, à âî-âòîðûõ, ïîäàâëÿþùåå áîëüøèíñòâî öåëûõ ôóíêöèé,
âîñòðåáîâàííûõ â ïðèëîæåíèÿõ, â ýòîò êëàññ íå âõîäèò. Îñîáîå ìåñòî â
òåîðèè öåëûõ ôóíêöèè çàíèìàþò öåëûå ôóíêöèè íóëåâîãî ïîðÿäêà. Èõ
ñïåöèôèêà ñîñòîèò â áûñòðîì ðîñòå ïîñëåäîâàòåëüíîñòè ìîäóëåé êîðíåé è
"ñëàáîé" çàâèñèìîñòè ñêîðîñòè ðîñòà lnM(f,R) îò èçìåíåíèÿ àðãóìåíòîâ
êîðíåé. Ýòîò êëàññ öåëûõ ôóíêöèé äîñòàòî÷íî õîðîøî èññëåäîâàí, ñì.
íàïðèìåð, [6].

Ìû îãðàíè÷èì ðàññìîòðåíèå öåëûìè ôóíêöèÿìè êîíå÷íîãî
ïîëîæèòåëüíîãî ïîðÿäêà. Ýòîò ïîäêëàññ A(C) íàèáîëåå âîññòðåáîâàí
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â ïðèëîæåíèÿõ. Â íåãî âõîäÿò ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè

y(n)(z) +
n−1∑
k=0

pk(z)y
(k)(z) = 0.

Â ÷àñòíîñòè, ðåøåíèÿìè òàêèõ óðàâíåíèé ÿâëÿþòñÿ öåëûå
ãèïåðãåîìåòðè÷åñêèå ôóíêöèè, ôóíêöèè Áåññåëÿ (äîìíîæåííûå íà
ñîîòâåòñòâóþùóþ ñòåïåíü z), ôóíêöèè Ýéðè, Âåáåðà. Ïîðÿäîê ρ èìåþò
ôóíêöèè Ìèòòàã-Ëåôôëåðà

Eρ(z, µ) =
∞∑

k=0

zk

Γ(µ+ k/ρ)

ïðè ëþáîì µ ∈ C. Ïîðÿäîê 1 èìåþò òàêèå çíàìåíèòûå ñïåöèàëüíûå ôóíêöèè,
êàê 1/Γ(z), (z − 1)ζ(z).

Ïåðâîé îñíîâíîé òåîðåìîé î êîðíÿõ öåëûõ ôóíêöèé êîíå÷íîãî
ïîðÿäêà ñòàëà òåîðåìà Àäàìàðà-Áîðåëÿ [16],§§2.6, 2.7. Ïåðåä òåì, êàê
å¼ ñôîðìóëèðîâàòü îïðåäåëèì ïåðâè÷íûé ìíîæèòåëü Âåéåðøòðàññà Ep

[16],§2.6:

E0(w) = 1− w, Ep(w) = (1− w) exp

(
p∑

k=1

wk

k

)
, p ∈ N.

Òåîðåìà Àäàìàðà-Áîðåëÿ
1. Åñëè p � öåëîå íåîòðèöàòåëüíîå ÷èñëî, λn � ïðîèçâîëüíàÿ

ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë, óäîâëåòâîðÿþùàÿ óñëîâèÿì

λn 6= 0(∀n ∈ N), lim
n→∞

λn = ∞,

∞∑
n=1

|λn|−p−1 < +∞,

òî áåñêîíå÷íîå ïðîèçâåäåíèå
∞∏

n=1

Ep

(
z

λn

)
8



ÿâëÿåòñÿ öåëîé ôóíêöèåé, ïîðÿäîê êîòîðîé ðàâåí

inf

{
τ ∈ [p, p+ 1]

∣∣∣ ∞∑
n=1

|λn|−τ < +∞

}
.

2. Åñëè f � öåëàÿ ôóíêöèÿ ïîðÿäêà ρ ∈ [0,+∞), Λ =

{λn}n∈N � ìíîæåñòâî å¼ íåíóëåâûõ êîðíåé (êàæäûé êîðåíü ñòîèò â
ïîñëåäîâàòåëüíîñòè ñòîëüêî ðàç, êàêîâà åãî êðàòíîñòü), òî

∞∑
n=1

|λn|−ρ−ε < +∞(∀ε > 0),

à ñàìà ôóíêöèÿ f äîïóñêàåò ïðåäñòàâëåíèå

f(z) = Azm exp(P(z))
∞∏

n=1

Ep

(
z

λn

)
≡ Azm exp(P(z))fΛ(z), (0.0.11)

ãäå p = [ρ], åñëè ρ∈N, à åñëè ρ ∈ N, òî p = ρ− 1 â ñëó÷àå ñõîäèìîñòè ðÿäà
∞∑

n=1
|λn|−ρ è p = ρ â ñëó÷àå åãî ðàñõîäèìîñòè; P � ìíîãî÷ëåí ñòåïåíè íå

âûøå ρ, m = 0, åñëè f(0) = A 6= 0, à åñëè f(0) = 0, òî

m = min{ν ∈ N, f (ν)(0) 6= 0}, A = f (m)(0)/m!.

Èç ýòîé òåîðåìû âèäíî, ÷òî ôóíêöèÿ f ∈ A(C) êîíå÷íîãî ïîðÿäêà ëèáî
èìååò âèä f(z) = q(z)eP(z), P , q � ìíîãî÷ëåíû, ïîðÿäîê f ðàâåí ñòåïåíè
ìíîãî÷ëåíà P , è òîãäà ó íå¼ êîíå÷íîå ÷èñëî êîðíåé; ëèáî êîëè÷åñòâî êîðíåé
ôóíêöèè f áåñêîíå÷íî. Â ÷àñòíîñòè, ëþáàÿ öåëàÿ ôóíêöèÿ f íåöåëîãî
ïîðÿäêà èëè öåëîãî ïîðÿäêà, íî íóëåâîãî èëè áåñêîíå÷íîãî òèïà èìååò
áåñêîíå÷íîå êîëè÷åñòâî êîðíåé. Â äèññåðòàöèè èçó÷àþòñÿ èìåííî òàêèå
öåëûå ôóíêöèè.

Èç òåîðåìû Àäàìàðà-Áîðåëÿ ñëåäóåò, ÷òî åñëè èìååòñÿ öåëàÿ ôóíêöèÿ f
íåöåëîãî ïîðÿäêà ρ, òî å¼ ïîðÿäîê îïðåäåëÿåòñÿ ñ÷èòàþùåé ôóíêöèåé êîðíåé
ïî ôîðìóëå

ρ = lim
r→+∞

lnnf(r)

ln r
.
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Ìîæåò ëè áûòü ïî àñèìïòîòè÷åñêîìó ïîâåäåíèþ nf(r) îïðåäåë¼í òèï f ïðè
ïîðÿäêå ρ èëè ïðè êàêîì-ëèáî óòî÷í¼ííîì ïîðÿäêå ρ(r), ïðåäåë êîòîðîãî
íà áåñêîíå÷íîñòè ðàâåí ρ? Ìíîãî÷èñëåííûå ïðèìåðû ïîêàçûâàþò, ÷òî ýòîãî
íåëüçÿ ñäåëàòü, ïîñêîëüêó òèï ôóíêöèè f ∈ A(C) ïðè óòî÷í¼ííîì ïîðÿäêå
ÿâëÿåòñÿ áîëåå òîíêîé õàðàêòåðèñòèêîé ðîñòà lnM(f, r), ÷åì ïîðÿäîê, è óæå
çàâèñèò îò ðàñïðåäåëåíèÿ àðãóìåíòîâ êîðíåé. Òåì íå ìåíåå, åñëè ìíîæåñòâî
êîðíåé ôóíêöèè f ∈ A(C) íåöåëîãî ïîðÿäêà èìååò êîíå÷íóþ âåðõíþþ
ïëîòíîñòü îòíîñèòåëüíî íåêîòîðîãî óòî÷í¼ííîãî ïîðÿäêà ρ(r), òî äëÿ òèïà
σρ(r)(f) ìîæíî äàòü (âîîáùå ãîâîðÿ, íåóëó÷øàåìóþ) äâóñòîðîííþþ îöåíêó.
Òàêóþ îöåíêó íàø¼ë îêîëî ñòà ëåò íàçàæÆ. Âàëèðîí [21], à òî÷íîñòü îöåíêè
áûëà äîêàçàíà íàìíîãî ïîçäíåå: äëÿ îöåíêè ñíèçó � Á.ß. Ëåâèíûì [7], à äëÿ
îöåíêè ñâåðõó � À.À. Ãîëüäáåðãîì [1].

Âàëèðîí [21] ââ¼ë ôóíêöèþ

S(ρ) =

+∞∫
0

r−ρdMp(r) = ρ

+∞∫
0

r−ρ−1Mp(r) dr, (0.0.12)

ρ ∈ (0,+∞)\N, p = [ρ], ãäå

Mp(r) = ln

(
max
|w|=r

|Ep(w)|
)
. (0.0.13)

Ôóíêöèÿ Mp(r) áûëà èññëåäîâàíà À. Äàíæóà [17].
Èìååì:

M0(r) = ln(1 + r),

Mp(r) = max
θ∈[0,2π]

Fp(r, θ), ãäå
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Fp(r, θ) =
1

2
ln(1− 2r cos θ + r2) +

p∑
k=1

rk

k
cos kθ,

Çàìåòèì, ÷òî

ln |Eq(Re
iϕ)| = 1

2
ln(1− 2R cosϕ+R2) +

q∑
k=1

Rk

k
cos kϕ ≡

≡ Fq(R,ϕ) ≤Mq(R). (0.0.14)

Ñ ïîìîùüþ ðåçóëüòàòîâ Äàíæóà [17] î ïîâåäåíèè M′
p Âàëèðîí äîêàçàë

ñõîäèìîñòü èíòåãðàëà S(ρ) ïðè ëþáîì ρ ∈ (0,+∞) \ N.
Òåîðåìà Âàëèðîíà-Ãîëüäáåðãà. Ïóñòü ρ(r) � ïðîèçâîëüíûé

óòî÷í¼ííûé ïîðÿäîê,

lim
r→+∞

ρ(r) = ρ ∈ (0,+∞)\N,

f � ïðîèçâîëüíàÿ öåëàÿ ôóíêöèÿ ïîðÿäêà ρ, ìíîæåñòâî êîðíåé êîòîðîé
èìååò êîíå÷íóþ âåðõíþþ ïëîòíîñòü îòíîñèòåëüíî ýòîãî óòî÷í¼ííîãî
ïîðÿäêà. Òîãäà f èìååò êîíå÷íûé òèï ïðè ïîðÿäêå ρ(r), è ñïðàâåäëèâî
íåðàâåíñòâî

σρ(r)(f) ≤ S(ρ)Dρ(r)(f). (0.0.15)

C äðóãîé ñòîðîíû, ñóùåñòâóåò ôóíêöèÿ f , èìåþùàÿ ïîëîæèòåëüíûé
òèï ïðè ïîðÿäêå ρ(r), äëÿ êîòîðîé íåðàâåíñòâî (0.0.15) îáðàùàåòñÿ â
ðàâåíñòâî.

Îòìåòèì ñëåäóþùåå îáñòîÿòåëüñòâî. Ïðè ρ ∈ (0, 1) ðàâåíñòâî â (0.0.15)
äîñòèãàåòñÿ äëÿ ëþáîé ôóíêöèè f , êîðíè êîòîðîé ðàñïîëîæåíû íà îäíîì
ëó÷å è â (0.0.6) ñóùåñòâóåò íå âåðõíèé, à îáû÷íûé ïðåäåë. Çàòî ïðè ρ ∈

(1,+∞) \ N ðàâåíñòâî â (0.0.15) íå ìîæåò äîñòèãàòüñÿ äëÿ ôóíêöèé âïîëíå
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ðåãóëÿðíîãî ðîñòà. Ó ôóíêöèè F , ïîñòðîåííîé Ãîëüäáåðãîì, äëÿ êîòîðîé
âåðíî ðàâåíñòâî

σρ(r)(F ) = S(ρ)Dρ(r)(F ),

ìíîæåñòâî êîðíåé èìååò ðàäèàëüíóþ ïëîòíîñòü (ò. å. ñóùåñòâóåò ïðåäåë
lim

r→+∞
r−ρ(r)nF (r)), íî íå èìååò óãëîâîé ïëîòíîñòè.

Çàñëóæèâàåò óïîìèíàíèÿ òî, ÷òî â òîé æå ðàáîòå [21] Âàëèðîí âûâåë
îöåíêó ñíèçó òèïà öåëîé ôóíêöèè ÷åðåç âåðõíþþ ïëîòíîñòü å¼ êîðíåé

σρ(f) ≥ Dρ(f)

eρ
, (0.0.16)

íî îãðàíè÷èëñÿ ðàññìîòðåíèåì ñëó÷àÿ ρ(r) ≡ ρ. Íåóëó÷øàåìîñòü ýòîé îöåíêè
áûëà äîêàçàíà Ëåâèíûì [7], (ãë.4) â ñåðåäèíå 50-õ ãîäîâ 20 âåêà.

Èíòåðåñíî, ÷òî äëÿ äîñòèæèìîñòè ðàâåíñòâà â (0.0.16) íåîáõîäèìî, ÷òîáû
íèæíÿÿ ïëîòíîñòü ìíîæåñòâà êîðíåé f ïðè óòî÷í¼ííîì ïîðÿäêå ρ(r) è áûëà
ðàâíà íóëþ: lim

r→+∞
r−ρ(r)nf(r) = 0. Ýòî ñëåäóåò èç ðåçóëüòàòîâ, ïðèâåä¼ííûõ

â [16] (ãë.1, §5).
Òàêèì îáðàçîì, Âàëèðîí â 1913 ãîäó äàë íåóëó÷øàåìóþ äâóñòîðîííþþ

îöåíêó òèïà öåëîé ôóíêöèè ÷åðåç âåðõíþþ ïëîòíîñòü ìíîæåñòâà êîðíåé.
Â äèññåðòàöèè áóäåò èññëåäîâàíà âîçìîæíîñòü óòî÷íåíèÿ îöåíîê ñâåðõó

ëîãàðèôìà ìàêñèìóìà ìîäóëÿ öåëîé ôóíêöèè ÷åðåç ìàæîðàíòó ñ÷èòàþùåé
èëè óñðåäí¼ííîé ñ÷èòàþùåé ôóíêöèè ìíîæåñòâà êîðíåé. Ïðîäâèæåíèå â
ýòîé òåìàòèêå áûëî íåäàâíî ïîëó÷åíî À.Þ. Ïîïîâûì [11]. Îí âåðíóëñÿ ê
èññëåäîâàíèþ ýòîãî âîïðîñà â òðàêòîâêå Âàëèðîíà. Èç îöåíêè ñâåðõó

nf(r) ≤ rρ(r) +O(1), (∀r > 0), lim
r→+∞

ρ(r) = ρ ∈ (0,+∞) \ N, (0.0.17)

Âàëèðîí âûâåë ñëåäóþùóþ îöåíêó ëîãàðèôìà ìàêñèìóìà ìîäóëÿ öåëîé
ôóíêöèè f ïîðÿäêà ρ:

lnM(f, r) ≤ rρ(r)(S(ρ) + ε(r)), (0.0.18)
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ãäå ε(r) � íåêîòîðàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ, ñòðåìÿùàÿñÿ ê íóëþ
ïðè r → +∞. Íåòðóäíî óáåäèòüñÿ, ÷òî èç îöåíêè (0.0.18) â ñèëó
å¼ îáùíîñòè (ñïðàâåäëèâîñòè äëÿ ïðîèçâîëüíîãî óòî÷í¼ííîãî ïîðÿäêà)
âûâîäèòñÿ íåðàâåíñòâî (0.0.15). Äëÿ ýòîãî äîñòàòî÷íî ëèøü ñòðåìëåíèÿ ê
íóëþ ôóíêöèè ε(r). À.Þ. Ïîïîâ ïîñòàâèë çàäà÷ó íå òîëüêî óêàçàòü ε(r) ÿâíî,
íî è íàéòè â îïðåäåë¼ííîì ñìûñëå îïòèìàëüíóþ òàêóþ ôóíêöèþ. Ïðèâåä¼ì
äâà ðåçóëüòàòà [11], ïîëó÷åííûõ â ýòîì íàïðàâëåíèè.
Òåîðåìà A. Ïóñòü óòî÷í¼ííûé ïîðÿäîê ρ(r) òàêîâ, ÷òî ìåäëåííî

ìåíÿþùàÿñÿ ôóíêöèÿ l(r) = rρ(r)−ρ ïðè r > r0 ìîíîòîííà è ôóíêöèÿ
wl(r) = rl′(r)

l(r) òàêæå ìîíîòîííà è ìåäëåííî ìåíÿåòñÿ íà áåñêîíå÷íîñòè,
à äëÿ ñ÷èòàþùåé ôóíêöèè ïîñëåäîâàòåëüíîñòè êîìïëåêñíûõ ÷èñåë Λ

âûïîëíÿåòñÿ îöåíêà (0.0.17), òî íåðàâåíñòâî (0.0.18) ñïðàâåäëèâî, åñëè
âçÿòü

ε(r) = S ′(ρ)wl(r) + o(wl(r)), r → +∞, (0.0.19)

ïðè÷¼ì äàííàÿ îöåíêà ÿâëÿåòñÿ íåóëó÷øàåìîé â òîì ñìûñëå, ÷òî
ìíîæèòåëü S ′(ρ) â ïðàâîé ÷àñòè (0.0.19), âîîáùå ãîâîðÿ, íåëüçÿ çàìåíèòü
ìåíüøèì.

Â ñëó÷àå ïðîèçâîëüíîãî óòî÷í¼ííîãî ïîðÿäêà íàõîæäåíèå îïòèìàëüíîé
ôóíêöèè ε(r) â (0.0.18) ÿâëÿåòñÿ ñëîæíîé çàäà÷åé, íî íà êëàññå L(w)

íåóëó÷øàåìàÿ îöåíêà âòîðîãî ÷ëåíà â (0.0.18) íàéäåíà.
Òåîðåìà B. Ïóñòü ôóíêöèÿ w ìåäëåííî ìåíÿåòñÿ íà áåñêîíå÷íîñòè, à

óòî÷í¼ííûé ïîðÿäîê ρ(r) òàêîé, ÷òî l(r) = rρ(r)−ρ ∈ L(w). Ïðè âûïîëíåíèè
óñëîâèÿ (0.0.17) íåðàâåíñòâî (0.0.18) ñïðàâåäëèâî, åñëè âçÿòü

ε(r) = S1(ρ)w(r) + o(w(r)), r → +∞. (0.0.20)

Â òåîðåìàõ À è Â ôèãóðèðóþò ñõîäÿùèåñÿ ïðè ëþáîì ρ ∈ (0,+∞)\N
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èíòåãðàëû

S ′(ρ) =
dS

dρ
=

+∞∫
0

r−ρ ln

(
1

r

)
dMp(r);

S1(ρ) =

+∞∫
0

r−ρ| ln r| dMp(r).

Ïåðâàÿ ÷àñòü äèññåðòàöèè ïîñâÿùåíà ðåøåíèþ àíàëîãè÷íîé çàäà÷è, â
êîòîðîé çàäàíî îãðàíè÷åíèå íà ìàæîðàíòó óñðåäí¼ííîé ñ÷èòàþùåé ôóíêöèè
Nf(R) ìíîæåñòâà êîðíåé f(z), îòëè÷íûõ îò òî÷êè z = 0. Â ñëó÷àå
êîãäà, óòî÷í¼ííûé ïîðÿäîê îòëè÷àåòñÿ ðåãóëÿðíûì ïîâåäåíèåì, â îöåíêå,
àíàëîãè÷íîé (0.0.18):

Nf(r) ≤ rρ(r) +O(ra), 0 ≤ a < ρ, (∀r > r0),

lim
r→+∞

ρ(r) = ρ ∈ (0,+∞) \ N, (0.0.21)

íàéäåí íåóëó÷øàåìûé îñòàòî÷íûé ÷ëåí ε(r). Â ñëó÷àå, êîãäà óòî÷í¼ííûé
ïîðÿäîê ïðîèçâîëüíûé, ïîëó÷åíà àñèìïòîòè÷åñêè íåóëó÷øàåìàÿ îöåíêà
ñâåðõó îñòàòî÷íîãî ÷ëåíà.

Ñêàæåì íåñêîëüêî ñëîâ î ôóíêöèè Âàëèðîíà S(ρ), çàäàííîé ôîðìóëîé
(0.0.12). Ïðè 0 < ρ < 1 ýòà ôóíêöèÿ ýëåìåíòàðíà. Ïîñêîëüêó
M0(r) = ln(1 + r), òî

S(ρ) =

+∞∫
0

r−ρ

1 + r
dr =

π

sin πρ
, 0 < ρ < 1. (0.0.22)

Ôóíêöèÿ M1(r) óñòðîåíà ñëîæíåå:

M1(r) =


r2

2 , ïðè 0 < r < 2,

r + ln(r − 1), ïðè r ≥ 2,
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è ôóíêöèÿ S(ρ) íà èíòåðâàëå 1 < ρ < 2, ïî-âèäèìîìó, íå ýëåìåíòàðíà. Îíà
äîïóñêàåò ðàçëîæåíèå â ðÿä

S(ρ) = ρ21−ρ

(
1

2− ρ
+

1

ρ− 1

)
+

∞∑
k=0

2−k−ρ

k + ρ
.

Ïðè p ≥ 2 ôóíêöèÿ Mp(r) íà ëó÷å 1 + 1/p ≤ r < +∞ ðàâíà ñóììå
ln(r−1)+

p∑
k=1

rk/k, à íà èíòåðâàëå 0 < r < 1+1/p óñòðîåíà äîâîëüíî ñëîæíî
(â §2.2 ðåçóëüòàò Äàíæóà î å¼ ïðîèçâîäíîé áóäåò ïðèâåä¼í). ×òî æå êàñàåòñÿ
ôóíêöèè S(ρ), òî îíà íà êàæäîì èíòåðâàëå p < ρ < p+ 1, p ∈ N, âûïóêëà,

lim
ρ→p+0

S(ρ) = lim
ρ→p+1−0

S(ρ) = +∞,

lim
p→+∞

min{S(ρ) | p < ρ < p+ 1} = +∞.

Áîëåå òî÷íî, äëÿ S(ρ) âåðíû ñëåäóþùèå äâóñòîðîííèå îöåíêè è
àñèìïòîòèêà, äîêàçàííûå â [11]:

1

{ρ}
+

1

1− {ρ}
+ ln 4− 1 < S(ρ) <

1

{ρ}
+

1

1− {ρ}
+ 1, 1 < ρ < 2; (0.0.23)

1

{ρ}
+

1

1− {ρ}
+ 2 ln(p+ 1)− 2.1 < S(ρ) <

1

{ρ}
+

1

1− {ρ}
+ 2 ln p+ 2,

ρ > 2; (0.0.24)

S(ρ) = −ψ({ρ})− ψ(1− {ρ}) + 2 ln(2ρ)−

−
+∞∫
0

1− cos πx

x(x+ 1)
dx+O

(
ln ρ

ρ

)
, ρ > 2, (0.0.25)

ãäå ψ(x) = Γ′(x)/Γ(x)− ëîãàðèôìè÷åñêàÿ ïðîèçâîäíàÿ ãàììà-ôóíêöèè.
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Âî âòîðîé ÷àñòè äèññåðòàöèè ðàññìàòðèâàåòñÿ çàäà÷à íàõîæäåíèÿ îöåíêè
ñâåðõó ëîãàðèôìà ìàêñèìóìà ìîäóëÿ öåëûõ ôóíêöèé öåëîãî ïîðÿäêà è
áåñêîíå÷íîãî òèïà.

À. À. Ãîëüäáåðã [2] îáíàðóæèë, ÷òî åñëè ρ(r)�óòî÷í¼ííûé ïîðÿäîê,
èìåþùèé ñâîèì ïðåäåëîì íà áåñêîíå÷íîñòè öåëîå ÷èñëî p, òî âñåãäà íàéä¼òñÿ
öåëàÿ ôóíêöèÿ öåëîãî ïîðÿäêà p, íå ÿâëÿþùàÿñÿ ôóíêöèåé íîðìàëüíîãî
òèïà ïðè ïîðÿäêå p, âåðõíÿÿ ïëîòíîñòü êîðíåé êîòîðîé ïðè óòî÷í¼ííîì
ïîðÿäêå ρ(r) êîíå÷íà, à σρ(r)(f) = +∞. Ïîýòîìó îí ïîñòàâèë è ðåøèë çàäà÷ó
ïîñòðîåíèÿ ïî óòî÷í¼ííîìó ïîðÿäêó ρ(r), lim

r→+∞
ρ(r) = p ∈ N, â îïðåäåë¼ííîì

ñìûñëå îïòèìàëüíîãî íîâîãî óòî÷í¼ííîãî ïîðÿäêà ρ̃(r), òàêîãî, ÷òî äëÿ
ëþáîé öåëîé ôóíêöèè ïîðÿäêà p, íî íå ÿâëÿþùåéñÿ ôóíêöèåé íîðìàëüíîãî
òèïà, ñïðàâåäëèâà èìïëèêàöèÿ

Dρ(r)(f) < +∞⇒ σρ̃(r)(f) < +∞.

Óòî÷í¼ííûé ïîðÿäîê ρ̃ Ãîëüäáåðã îïðåäåëèë ôîðìóëîé

ρ̃(r) = p+
lnV (r)

ln r
, ãäå (0.0.26)

V (r) =

+∞∫
r

tρ(t)−p−1dt, åñëè
+∞∫
r0

tρ(t)−p−1 dt < +∞, (0.0.27)

V (r) =

r∫
r0

tρ(t)−p−1dt, åñëè
+∞∫
r0

tρ(t)−p−1 dt = +∞. (0.0.28)

Òåîðåìà Ñ. (À.À. Ãîëüäáåðã [2]) Ïóñòü p ∈ N, ρ(r)�ïðîèçâîëüíûé
óòî÷í¼ííûé ïîðÿäîê, lim

r→+∞
ρ(r) = p. Ïóñòü äàëåå f�ïðîèçâîëüíàÿ öåëàÿ

ôóíêöèÿ ïîðÿäêà p (ïðè óñëîâèè (0.0.27) ïðåäïîëàãàåòñÿ òàêæå, ÷òî îíà
íå ÿâëÿåòñÿ ôóíêöèåé íîðìàëüíîãî òèïà ïðè ïîðÿäêå p), Dρ(r)(f) < +∞.

Òîãäà ñïðàâåäëèâî íåðàâåíñòâî

σρ̃(r)(f) ≤ Dρ(r)(f), (0.0.29)
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è ñóùåñòâóåò ôóíêöèÿ, èìåþùàÿ êîíå÷íóþ è ïîëîæèòåëüíóþ ïëîòíîñòü
ìíîæåñòâà êîðíåé îòíîñèòåëüíî ρ(r), äëÿ êîòîðîé ýòî íåðàâåíñòâî
îáðàùàåòñÿ â ðàâåíñòâî.

Ãîëüäáåðã òàêæå äîêàçàë, ÷òî ïîñòðîåííûé óòî÷í¼ííûé ïîðÿäîê îáëàäàåò
ñëåäóþùèìè àñèìïòîòè÷åñêèìè ñâîéñòâàìè:

lim
r→+∞

rρ(r)−ρ̃(r) = 0, (0.0.30)

lim
r→+∞

rρ̃(r)−p = 0 â ñëó÷àå(0.0.27), (0.0.31)

lim
r→+∞

rp−ρ̃(r) = 0 â ñëó÷àå(0.0.28). (0.0.32)

Â äèññåðòàöèè òåîðåìà C äîïîëíÿåòñÿ â ñëó÷àå, êîãäà óòî÷í¼ííûé ïîðÿäîê
ρ(r) óäîâëåòâîðÿåò óñëîâèþ (0.0.28), lim

r→+∞
ρ(r) = p.

Ñôîðìóëèðóåì ðåçóëüòàò â íàèáîëåå ïðîñòîì ñëó÷àå:

rρ(r)−p ↗∞. (0.0.33)

Ïóñòü f ∈ A(C), èìååò ïîðÿäîê p è ìíîæåñòâî êîðíåé f èìååò êîíå÷íóþ
ïîëîæèòåëüíóþ âåðõíþþ ïëîòíîñòü îòíîñèòåëüíî óòî÷í¼ííîãî ïîðÿäêà ρ(r).
Îáîçíà÷èì

∆(f, r) = nf(r)−Dρ(r)(f)rρ(r), r → +∞. (0.0.34)

Ñîãëàñíî îïðåäåëåíèþ 4 èìååì:

∆+(f, r) = o
(
rρ(r)

)
, r → +∞ (0.0.35)

ãäå, êàê îáû÷íî, ∆+ = max(∆, 0). Â ãëàâå 2 äîêàçàíî, ÷òî ïðè óñëîâèè
r∫

r0

∆+(f, t)t−p−1dt = o
(
rρ(r)−p

)
, r → +∞ (0.0.36)
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äëÿ ëîãàðèôìà ìàêñèìóìà ìîäóëÿ öåëîé ôóíêöèè âåðíà àñèìïòîòè÷åñêàÿ
îöåíêà ñ äâóìÿ íåóëó÷øàåìûìè ñëàãàåìûìè:

lnM(f,R) ≤ Dρ(r)(f)Rρ̃(R)+Dρ(r)(f)S∞p R
ρ(R)+o(Rρ(R)), R→ +∞, (0.0.37)

ïîëîæèòåëüíûå ÷èñëà S∞p áóäóò îïðåäåëåíû â §2.1.
Â ïðåäïîëîæåíèè (0.0.33) óñëîâèå (0.0.36) âûïîëíÿåòñÿ, íàïðèìåð, ïðè

íàëè÷èè áîëåå ñèëüíîé, ÷åì (0.0.35) îöåíêè:

∆+(f, r) ≤ ε(r)rρ(r), r ≥ r0, ãäå
+∞∫
r0

ε(r)

r
dr < +∞.

Â �3.5 òàêæå äîêàçàíà íåóëó÷øàåìîñòü àñèìïòîòè÷åñêîãî íåðàâåíñòâà
(0.0.37).

Àíàëîãè÷íûé ðåçóëüòàò â ñëó÷àå, êîãäà rρ̃(r) = o(rp) (ò. å. äëÿ öåëûõ
ôóíêöèé íóëåâîãî òèïà ïðè ïîðÿäêå p) ïðèíàäëåæèò À.Þ. Ïîïîâó è
îïóáëèêîâàí â ñîâìåñòíîé ðàáîòå [10].
Öåëü ðàáîòûÖåëü íàñòîÿùåé äèññåðòàöèè ñîñòîèò â ðåøåíèè ñëåäóþùèõ

çàäà÷: ïîëó÷èòü àñèìïòîòè÷åñêóþ îöåíêó ñâåðõó ëîãàðèôìà ìàêñèìóìà
ìîäóëÿ öåëîé ôóíêöèè íåöåëîãî ïîðÿäêà ÷åðåç ìàæîðàíòó óñðåäí¼ííîé
ñ÷èòàþùåé ôóíêöèè å¼ êîðíåé;

íàéòè íåóëó÷øàåìîå âòîðîå ñëàãàåìîå â òåîðåìå Ãîëüäáåðãà îá
àñèìïòîòè÷åñêîé îöåíêå ñâåðõó ëîãàðèôìà ìàêñèìóìà ìîäóëÿ öåëîé
ôóíêöèè öåëîãî ïîðÿäêà áåñêîíå÷íîãî òèïà.
Íàó÷íàÿ íîâèçíà Âñå ðåçóëüòàòû äèññåðòàöèè ÿâëÿþòñÿ íîâûìè.

Ïåðå÷èñëèì îñíîâíûå èç íèõ:
Ïîëó÷åí àíàëîã íåðàâåíñòâà Âàëèðîíà�Ãîëüäáåðãà ÷åðåç óñðåäí¼ííóþ

âåðõíþþ ïëîòíîñòü ìíîæåñòâà êîðíåé öåëîé ôóíêöèè.
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Ïðè íåêîòîðîì óñëîâèè íà óñðåäí¼ííóþ ñ÷èòàþùóþ ôóíêöèþ ìíîæåñòâà
êîðíåé öåëîé ôóíêöèè äîêàçàíà â îïðåäåë¼ííîì ñìûñëå íåóëó÷øàåìàÿ
àñèìïòîòè÷åñêàÿ îöåíêà ñâåðõó ëîãàðèôìà ìàêñèìóìà ìîäóëÿ.

Äîïîëíåí ðåçóëüòàò Ãîëüäáåðãà äëÿ ñëó÷àÿ öåëîé ôóíêöèè öåëîãî ïîðÿäêà
áåñêîíå÷íîãî òèïà.

Ðåçóëüòàòû äèññåðòàöèè îáîñíîâàíû â âèäå ñòðîãèõ ìàòåìàòè÷åñêèõ
äîêàçàòåëüñòâ è ïîëó÷åíû àâòîðîì ñàìîñòîÿòåëüíî. Òî÷íûå ôîðìóëèðîâêè
óñòàíîâëåííûõ àâòîðîì óòâåðæäåíèé ïðèâåäåíû íèæå.
Ìåòîäû èññëåäîâàíèÿ Â ðàáîòå ïðèìåíÿþòñÿ ìåòîäû òåîðèè öåëûõ

ôóíêöèé è ïðàâèëüíî ìåíÿþùèõñÿ ôóíêöèé. Èñïîëüçîâàíû, â ÷àñòíîñòè,
ìåòîä Ãîëüäáåðãà äëÿ ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè êîðíåé êàíîíè÷åñêîãî
ïðîèçâåäåíèÿ, à òàêæå àñèìïòîòè÷åñêèå ìåòîäû.
Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ öåííîñòü Ðàáîòà íîñèò òåîðåòè÷åñêèé

õàðàêòåð. Åå ðåçóëüòàòû ìîãóò íàéòè ïðèìåíåíèå â äàëüíåéøèõ
èññëåäîâàíèÿõ ïî òåîðèè öåëûõ ôóíêöèé .
Àïðîáàöèÿ ðàáîòû Ïî òåìå äèññåðòàöèè áûëè ñäåëàíû äîêëàäû íà

ñëåäóþùèõ ñåìèíàðàõ:
� Êàôåäðàëüíîì ñåìèíàðå êàôåäðû ìàòåìàòè÷åñêîãî àíàëèçà ïîä ðóê.

ïðîôåññîðà Ò.Ï.Ëóêàøåíêî (ìåõìàò ÌÃÓ, 2015 ã.):
� Ñåìèíàðå êàôåäðû ìàòåìàòè÷åñêîãî àíàëèçà ïîä ðóê. ïðîôåññîðà

À.Ì.Ñåäëåöêîãî (ìåõìàò ÌÃÓ, 2012 è 2013 ãã.).
Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü íà ñëåäóþùèõ ìåæäóíàðîäíûõ

êîíôåðåíöèÿõ: ¾ÊÐÎÌØ�2013¿ (Êðûì, 2013), ¾Ñîâðåìåííûå ïðîáëåìû
òåîðèè ôóíêöèé è èõ ïðèëîæåíèÿ¿ (Ñàðàòîâ, 2014), ¾Òåîðèÿ ôóíêöèé, åå
ïðèëîæåíèÿ è ñìåæíûå âîïðîñû¿ (Êàçàíü, 2015).
Ïóáëèêàöèè Ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 5 ðàáîòàõ àâòîðà,
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â òîì ÷èñëå 3 ñòàòüÿõ ( [8], [9], [10]) â æóðíàëàõ èç ïåðå÷íÿ ÂÀÊ.
Ñòðóêòóðà äèññåðòàöèè Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, äâóõ ãëàâ

è ñïèñêà ëèòåðàòóðû, íàñ÷èòûâàþùåãî 22 íàèìåíîâàíèå. Îáùèé îáúåì
äèññåðòàöèè ñîñòàâëÿåò 83 ñòðàíèöû.
Áëàãîäàðíîñòü Àâòîð ãëóáîêî ïðèçíàòåëåí íàó÷íîìó ðóêîâîäèòåëþ

äîêòîðó ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Àíòîíó Þðüåâè÷ó Ïîïîâó çà
ïîñòàíîâêó çàäà÷è, öåííûå çàìå÷àíèÿ è ïîñòîÿííîå âíèìàíèå ê ðàáîòå.
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Ãëàâà 1

Àíàëîã òåîðåìû Âàëèðîíà-Ãîëüäáåðãà

ïðè îãðàíè÷åíèè íà óñðåäí¼ííóþ

ñ÷èòàþùóþ ôóíêöèþ ìíîæåñòâà êîðíåé

1.1 Îñíîâíûå ðåçóëüòàòû

Äàííàÿ ÷àñòü äèññåðòàöèè ïîñâÿùåíà çàäà÷å íàõîæäåíèÿ
àñèìïòîòè÷åñêîé îöåíêè ñâåðõó ëîãàðèôìà ìàêñèìóìà ìîäóëÿ öåëîé
ôóíêöèè f íåöåëîãî ïîðÿäêà ïðè çàäàííîé ìàæîðàíòå óñðåäí¼ííîé
ñ÷èòàþùåé ôóíêöèè ìíîæåñòâà êîðíåé Nf(R).

Âåëè÷èíà Nf(R) áîëåå òåñíî, ÷åì nf(R), ñâÿçàíà ñ àñèìïòîòè÷åñêèì
ïîâåäåíèåì ëîãàðèôìà ìîäóëÿ ôóíêöèè f . Ñïðàâåäëèâà ôîðìóëà Éåíñåíà

Nf(R) =
1

2π

2π∫
0

ln |f(Reiϕ)|dϕ−m lnR− ln

∣∣∣∣f (m)(0)

m!

∣∣∣∣ .
Ñîãëàñíî ýòîé ôîðìóëå ïðè áîëüøèõ R ñ òî÷íîñòüþ O(lnR) ôóíêöèÿ Nf(R)

ñîâïàäàåò ñî ñðåäíèì ëîãàðèôìà ìîäóëÿ f(z) íà îêðóæíîñòè |z| = R.

Â ñëó÷àå f(0) = 1 óêàçàííîå ñðåäíåå åñòü â òî÷íîñòè Nf(R). Ïîýòîìó
çàäà÷à îöåíêè ñâåðõó lnM(f,R) ÷åðåç Nf(R) ôàêòè÷åñêè ÿâëÿåòñÿ çàäà÷åé
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îöåíêè ñâåðõó ìàêñèìóìà ôóíêöèè ln |f(Reiϕ)| íà îòðåçêå 0 ≤ ϕ ≤ 2π

÷åðåç å¼ ñðåäíåå íà ýòîì îòðåçêå è âûãëÿäèò íåðåàëüíîé. Íî ñïåöèôèêà
àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ëîãàðèôìà ìîäóëÿ öåëîé ôóíêöèè íåöåëîãî
ïîðÿäêà òàêîâà, ÷òî îöåíêà ñâåðõó lnM(f,R) (ñ íåêîòîðûì íå çàâèñÿùèì
îò R ìíîæèòåëåì) ÷åðåç äîñòàòî÷íî ðåãóëÿðíóþ ìàæîðàíòó ôóíêöèè Nf(R)

ïðè âñåõ äîñòàòî÷íî áîëüøèõ R óæå îêàçûâàåòñÿ âîçìîæíîé.
Êàê èçâåñòíî, ëþáàÿ öåëàÿ ôóíêöèÿ f íåöåëîãî ïîðÿäêà èìååò áåñêîíå÷íî

ìíîãî êîðíåé.
Ñôîðìóëèðóåì ðåçóëüòàò, àíàëîãè÷íûé òåîðåìå Âàëèðîíà-Ãîëüäáåðãà, íî

â êîòîðîì çàäàíà óñðåäí¼ííàÿ âåðõíÿÿ ïëîòíîñòü ìíîæåñòâà êîðíåé.

ÒÅÎÐÅÌÀ 1.1.1. Ïóñòü ρ(r) � ïðîèçâîëüíûé óòî÷í¼ííûé ïîðÿäîê,
lim

r→+∞
ρ(r) = ρ ∈ (0,+∞)\N, f � ïðîèçâîëüíàÿ öåëàÿ ôóíêöèÿ ïîðÿäêà

ρ, ìíîæåñòâî êîðíåé êîòîðîé èìååò êîíå÷íóþ âåðõíþþ ïëîòíîñòü
îòíîñèòåëüíî ýòîãî óòî÷í¼ííîãî ïîðÿäêà. Òîãäà f èìååò êîíå÷íûé òèï
ïðè ïîðÿäêå ρ(r), è ñïðàâåäëèâî íåðàâåíñòâî

σρ(r)(f) ≤ ρS(ρ)D∗
ρ(r)(f). (1.1.1)

Ïðè ýòîì ñóùåñòâóåò ôóíêöèÿ f , äëÿ êîòîðîé íåðàâåíñòâî (1.1.1)
îáðàùàåòñÿ â ðàâåíñòâî.

Îöåíêà ñâåðõó (1.1.1) íå ñëåäóåò èç (0.0.15), ïîñêîëüêó ñîãëàñíî (0.0.8) D
îöåíèâàåòñÿ ÷åðåç ρD∗ íå ñâåðõó, à ñíèçó. Íî çàòî èç (0.0.8), (0.0.15), (1.1.1)
âèäíî, ÷òî åñëè äëÿ íåêîòîðîé ôóíêöèè f íåðàâåíñòâî (0.0.15) îáðàùàåòñÿ
â ðàâåíñòâî, òî äëÿ ýòîé æå ôóíêöèè îáðàùàåòñÿ â ðàâåíñòâî è íåðàâåíñòâî
(1.1.1).

Íåðàâåíñòâî (1.1.1) áûëî èçâåñòíî ðàíåå òîëüêî ïðè 0 < ρ < 1 è ëèøü â
ñëó÷àå ρ(r) ≡ ρ (ñì. [5], (ãë. 5, §3), [14] (§2). Ïðè ýòèõ çíà÷åíèÿõ ρ ôóíêöèÿ
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S(ρ) äîïóñêàåò ïðîñòîå âûðàæåíèå: S(ρ) = π cosec(πρ), íî ïðè ρ > 1 ôóíêöèÿ
S(ρ) íå ýëåìåíòàðíà. Â îáùåì ñëó÷àå òåîðåìà 1.1.1, ïî-âèäèìîìó, ÿâëÿåòñÿ
íîâîé.

Â äèññåðòàöèè äîêàçûâàåòñÿ áîëåå äåòàëüíûé ðåçóëüòàò. Ïðåäïîëàãàåòñÿ,
÷òî óñðåäí¼ííàÿ ñ÷èòàþùàÿ ôóíêöèÿ ìíîæåñòâà êîðíåé Nf(r) äîïóñêàåò
îöåíêó ñâåðõó

Nf(r) ≤ rρ(r) +O(ra), r → +∞, (1.1.2)

ãäå 0 ≤ a < ρ. Â ïðåäïîëîæåíèè ñïðàâåäëèâîñòè ýòîãî îãðàíè÷åíèÿ íà Nf(r)

âûâîäèòñÿ â îïðåäåë¼ííîì ñìûñëå íåóëó÷øàåìàÿ àñèìïòîòè÷åñêàÿ îöåíêà
ñâåðõó lnM(f, r).

Ñïåðâà ðàññìîòðèì óòî÷í¼ííûå ïîðÿäêè ρ(r), îòëè÷àþùèåñÿ
"ïðàâèëüíîñòüþ" ïîâåäåíèÿ ïðè r → +∞. Èç îïðåäåëåíèÿ (0.0.4) ñëåäóåò,
÷òî åñëè ρ(r) � ïðîèçâîëüíûé óòî÷í¼ííûé ïîðÿäîê, lim

r→+∞
ρ(r) = ρ, òî

ôóíêöèÿ
l(r) = rρ(r)−ρ (1.1.3)

ÿâëÿåòñÿ ìåäëåííî ìåíÿþùåéñÿ [13] è ñïðàâåäëèâî ïðåäåëüíîå ñîîòíîøåíèå

lim
r→+∞

rl′(r)

l(r)
= 0. (1.1.4)

Ïîòðåáóåì, ÷òîáû óòî÷í¼ííûé ïîðÿäîê óäîâëåòâîðÿë ñëåäóþùèì
äîïîëíèòåëüíûì óñëîâèÿì:

1) ôóíêöèÿ l(r) ìîíîòîííà,
2) ôóíêöèÿ

wl(r) =
rl′(r)

l(r)
(1.1.5)

òàêæå ìîíîòîííà (îíà ìîæåò áûòü ëèáî ïîëîæèòåëüíîé, ëèáî îòðèöàòåëüíîé)
è ìåäëåííî ìåíÿåòñÿ íà áåñêîíå÷íîñòè.

Ýòè óñëîâèÿ âûïîëíÿþòñÿ, â ÷àñòíîñòè, äëÿ ôóíêöèé
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l(r) = exp
(
a(ln r)b

)
, a, b ∈ R, b < 1,

l(r) = (ln r)a(ln ln r)b, a, b ∈ R. (1.1.6)

ÒÅÎÐÅÌÀ 1.1.2. Äàí óòî÷í¼ííûé ïîðÿäîê ρ(r),

lim
r→+∞

ρ(r) = ρ ∈ (0,+∞)\N,

óäîâëåòâîðÿþùèé ñôîðìóëèðîâàííûì âûøå óñëîâèÿì 1), 2).
Åñëè äëÿ óñðåäí¼ííîé ñ÷èòàþùåé ôóíêöèè Nf(r) ìíîæåñòâà êîðíåé

öåëîé ôóíêöèè f ïîðÿäêà ρ âûïîëíÿåòñÿ àñèìïòîòè÷åñêàÿ îöåíêà ñâåðõó
(1.1.2), òî

lnM(f,R) ≤ Rρ(R)
(
ρS(ρ) + (ρS ′(ρ) + S(ρ))wl(R) + o(wl(R))

)
,

R→ +∞. (1.1.7)

Åñëè äëÿ óñðåäí¼ííîé ñ÷èòàþùåé ôóíêöèè N(r) âîçðàñòàþùåé
ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ ÷èñåë {rn}n∈N,

lim
n→∞

rn = +∞, âûïîëíÿåòñÿ äâóñòîðîííÿÿ àñèìïòîòè÷åñêàÿ îöåíêà

rρ(r) +O(ra) ≤ N(r) = O(rτ), r → +∞,

â êîòîðîé τ < [ρ]+1, òî íàéäóòñÿ ÷èñëîâûå ïîñëåäîâàòåëüíîñòè ϕn ∈ [π, π)

è Rk → +∞ òàêèå, ÷òî äëÿ ëîãàðèôìà ìàêñèìóìà ìîäóëÿ íà îêðóæíîñòÿõ
|z| = Rk ëþáîé öåëîé ôóíêöèè F , ìíîæåñòâî âñåõ êîðíåé êîòîðîé åñòü
{rneiϕn}n∈N, ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ îöåíêà ñíèçó

lnM(F,Rk) ≥ R
ρ(Rk)
k

(
ρS(ρ) + (ρS ′(ρ) + S(ρ))wl(Rk) + o(wl(Rk))

)
,

k →∞. (1.1.8)
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ÇÀÌÅ×ÀÍÈÅ. Åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {rn}n∈N, äëÿ
óñðåäí¼ííîé ñ÷èòàþùåé ôóíêöèè êîòîðîé âåðíà àñèìïòîòèêà

N(r) = rρ(r) +O(ra), r → +∞, (1.1.9)

òî ìîæíî ñäåëàòü âûâîä, ÷òî îöåíêà ñíèçó (1.1.8) äåìîíñòðèðóåò
íåóëó÷øàåìîñòü îöåíêè ñâåðõó (1.1.7). Äëÿ ñóùåñòâîâàíèÿ òàêîé
ïîñëåäîâàòåëüíîñòè äîñòàòî÷íî âîçðàñòàíèÿ íà íåêîòîðîì ëó÷å (x0,+∞)

ôóíêöèè rρ(r)(ρ + wl(r)). Îíà âîçðàñòàåò, åñëè âûïîëíåíî õîòÿ áû îäíî èç
äâóõ óñëîâèé:

1) ôóíêöèÿ wl(r) àáñîëþòíî íåïðåðûâíà íà íåêîòîðîì ëó÷å (x1,+∞) è
lim

r→+∞
rw′l(r) = 0 (ïðåäåë áåð¼òñÿ ïî íåêîòîðîìó ìíîæåñòâó ïîëíîé ìåðû),

2) ôóíêöèÿ wl(r) âîçðàñòàåò íà íåêîòîðîì ëó÷å (x1,+∞) (â ýòîì ñëó÷àå
îíà, ðàçóìååòñÿ, îòðèöàòåëüíà).

Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî óñëîâèå 1) çàìå÷àíèÿ 1.1 âûïîëíåíî äëÿ
âñåõ ôóíêöèé (1.1.6).

Òåïåðü ðàññìîòðèì ïðîèçâîëüíûé óòî÷í¼ííûé ïîðÿäîê ρ(r). Â ýòîì
îáùåì ñëó÷àå îò ôóíêöèè l íè÷åãî íå òðåáóåòñÿ, êðîìå âûïîëíåíèÿ
ïðåäåëüíîãî ñîîòíîøåíèÿ (1.1.4). Âîçüì¼ì ïðîèçâîëüíóþ ïîëîæèòåëüíóþ
íåâîçðàñòàþùóþ íà íåêîòîðîì ëó÷å (r0,+∞) ôóíêöèþ w(r), lim

r→+∞
w(r) = 0,

è ââåä¼ì êëàññ L(w).

ÇÀÌÅ×ÀÍÈÅ. Èç (1.1.5) ñëåäóåò, ÷òî, êàêîâ áû íè áûë óòî÷í¼ííûé
ïîðÿäîê, ïîðîæäàåìàÿ èì ïî ôîðìóëå (1.1.3) ìåäëåííî ìåíÿþùàÿñÿ ôóíêöèÿ
ïðèíàäëåæèò îäíîìó èç êëàññîâ L(w), ïðè÷¼ì ôóíêöèþ w ìîæíî âçÿòü
ìåäëåííî ìåíÿþùåéñÿ.

Îáîçíà÷èì

S1(ρ) =

+∞∫
0

| ln r|r−ρdMp(r),
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S0(ρ) =

1∫
0

r−ρdMp(r)−
+∞∫
1

r−ρdMp(r), p = [ρ]. (1.1.10)

ÒÅÎÐÅÌÀ 1.1.3. Ïóñòü w : (r0,+∞) → (0,+∞) � ïðîèçâîëüíàÿ
íåâîçðàñòàþùàÿ ìåäëåííî ìåíÿþùàÿñÿ íà áåñêîíå÷íîñòè ôóíêöèÿ,
lim

r→+∞
w(r) = 0, ρ(r) � ïðîèçâîëüíûé óòî÷í¼ííûé ïîðÿäîê òàêîé, ÷òî

lim
r→+∞

ρ(r) = ρ ∈ (0,+∞)/N, l(r) = rρ(r)−ρ ∈ L(w). Òîãäà äëÿ ëîãàðèôìà
ìàêñèìóìà ìîäóëÿ öåëîé ôóíêöèè ïîðÿäêà ρ, óñðåäí¼ííàÿ ñ÷èòàþùàÿ
ôóíêöèÿ êîðíåé êîòîðîé óäîâëåòâîðÿåò îãðàíè÷åíèþ (1.1.2), ñïðàâåäëèâà
àñèìïòîòè÷åñêàÿ îöåíêà ñâåðõó

lnM(f,R) ≤ Rρ(R)
(
ρS(ρ) + (ρS1(ρ) + S0(ρ))w(R) + o(w(R))

)
,

R→ +∞. (1.1.11)

Âûâåäåì èç òåîðåìû 1.1.3 òåîðåìó 1.1.1. Âîçüì¼ì ïðîèçâîëüíîå ÷èñëî
b > D∗

ρ(r)(f). Èç (0.0.7) ñëåäóåò, ÷òî Nf(r) ïðè r → +∞ äîïóñêàåò
àñèìïòîòè÷åñêóþ îöåíêó

Nf(r) ≤ brρ(r) +O(1) ≡ rρ1(r) +O(1), ãäå ρ1(r) = ρ(r) +
ln b

ln r
.

Ñîãëàñíî çàìå÷àíèþ 1.1 ñóùåñòâóåò áåñêîíå÷íî ìàëàÿ è ìåäëåííî
ìåíÿþùàÿñÿ íà áåñêîíå÷íîñòè íåâîçðàñòàþùàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ w
òàêàÿ, ÷òî rρ1(r)−ρ ∈ L(w). Ïî òåîðåìå 1.1.3

lnM(f,R) ≤ Rρ1(R) (ρS(ρ) +O(w(R))) = bRρ(R) (ρS(ρ) + o(1)) ,

R→ +∞. (1.1.12)

26



Èç (1.1.12) íàõîäèì

σρ(r)(f) ≤ bρS(ρ) ∀b > D∗
ρ(r)(f) ⇒ σρ(r)(f) ≤ D∗

ρ(r)(f)ρS(ρ),

÷òî è òðåáîâàëîñü äîêàçàòü. Âîïðîñ î íåóëó÷øàåìîñòè âòîðîãî ÷ëåíà â
àñèìïòîòè÷åñêîé îöåíêå (1.1.11) ïîêà â ïîëíîì îáú¼ìå íå ðåø¼í. Äîêàçàíî
òîëüêî, ÷òî îí íåóëó÷øàåì ïî ïîðÿäêó ïðè òåõ çíà÷åíèÿõ ρ, ðàññòîÿíèå îò
êîòîðûõ äî áëèæàéøåãî öåëîãî ÷èñëà íå áîëüøå 1/4.

Îáîçíà÷èì ÷åðåç ||ρ|| ðàññòîÿíèå îò ρ äî áëèæàéøåãî öåëîãî ÷èñëà. Â §2.4
áóäóò äîêàçàíû íåðàâåíñòâà

0 < ρS1(ρ) + S0(ρ) <
4ρ

||ρ||2
∀ρ > 0, (1.1.13)

à åñëè ρ > 1, òî

ρS ′(ρ) + S(ρ) < −0.55ρ

||ρ||2
ïðè 0 < {ρ} ≤ 1

4
,

ρS ′(ρ) + S(ρ) >
0.55ρ

||ρ||2
ïðè 3

4
≤ {ρ} < 1. (1.1.14)

Èç (1.1.13), (1.1.14) ïîëó÷àåì
Ñëåäñòâèå. Â óñëîâèÿõ òåîðåìû 1.1.3 ïðè âñåõ äîñòàòî÷íî áîëüøèõ R

âåðíà îöåíêà

lnM(f,R) < Rρ(R)
(
ρS(ρ) +

4ρ

||ρ||2
w(R)

)
. (1.1.15)

Óáåäèìñÿ â òîì, ÷òî âî âòîðîì ñëàãàåìîì, ñòîÿùåì â ñêîáêàõ â ïðàâîé
÷àñòè (1.1.15), ìíîæèòåëü 4 íåëüçÿ çàìåíèòü íà 1/2, äàæå äîáàâèâ îñòàòî÷íûé
÷ëåí. Äðóãèìè ñëîâàìè, åñëè íàïèñàòü àñèìïòîòè÷åñêóþ îöåíêó

lnM(f,R) ≤ Rρ(R)
(
ρS(ρ) +

ρ

2||ρ||2
w(R) + o(w(R))

)
, R→ +∞,

òî îíà, âîîáùå ãîâîðÿ, áóäåò íåâåðíà. À èìåííî, â êëàññå L(w), êîãäà
ôóíêöèÿ w ìåäëåííî ìåíÿåòñÿ íà áåñêîíå÷íîñòè, äèôôåðåíöèðóåìà è
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lim
r→+∞

rw′(r)/w(r) = 0, íàéä¼òñÿ òàêàÿ ìåäëåííî ìåíÿþùàÿñÿ ôóíêöèÿ l, ÷òî
áóäåò ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Îïðåäåëèì óòî÷í¼ííûé ïîðÿäîê ρ(r) ðàâåíñòâîì

ρ(r) = ρ+ ln l(r)/ ln r

(ýòî ðàâåíñòâî ðàâíîñèëüíî (1.1.3)). Òîãäà ïðè ρ > 1 è 0 < ||ρ|| ≤

1/4 ñóùåñòâóþò ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë {zn}n∈Z, |zn| ↑

+∞, óñðåäí¼ííàÿ ñ÷èòàþùàÿ ôóíêöèÿ êîòîðîé èìååò àñèìïòîòèêó (1.1.9),
öåëàÿ ôóíêöèÿ F ïîðÿäêà ρ, èìåþùàÿ ñâîèì ìíîæåñòâîì êîðíåé
ïîñëåäîâàòåëüíîñòü {zn}, è ïîñëåäîâàòåëüíîñòü Rk → +∞ òàêèå, ÷òî

lnM(f,Rk) > R
ρ(Rk)
k

(
ρS(ρ) +

0.55ρ

||ρ||2
w(Rk)

)
. (1.1.16)

Ñóùåñòâîâàíèå ïîñëåäîâàòåëüíîñòè {rn}, óñðåäí¼ííàÿ ñ÷èòàþùàÿ
ôóíêöèÿ êîòîðîé èìååò àñèìïòîòèêó (1.1.9), äîêàçàíî â §2.4. Äàëåå ìû
ïîëàãàåì

l(r) = exp

− r∫
x0

w(t)

t
dt

 , åñëè 0 < {ρ} ≤ 1

4
;

l(r) = exp

 r∫
x0

w(t)

t
dt

 , åñëè 3

4
≤ {ρ} < 1.

Ýòè ôîðìóëû äàþò òîæäåñòâà

wl(r) = −w(r), 0 < {ρ} ≤ 1

4
; wl(r) = w(r),

3

4
≤ {ρ} < 1,

è ãàðàíòèðóþò âêëþ÷åíèå l ∈ L(w). Ïðèìåíèâ âòîðóþ ÷àñòü òåîðåìû 1.1.2 è
âîñïîëüçîâàâøèñü íåðàâåíñòâàìè (1.1.14), ïîëó÷àåì (1.1.16).

Ðåçóëüòàòû, èçäîæåííûå â äàííîì ïàðàãðàôå, îïóáëèêîâàíû â ðàáîòàõ [8],
[9].
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1.2 Ñâåäåíèå îöåíêè ëîãàðèôìà ìàêñèìóìà

ìîäóëÿ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ ê îöåíêàì

ñïåöèàëüíûõ èíòåãðàëîâ

Èç ðàçëîæåíèÿ (0.0.11) ñëåäóåò àñèìïòîòèêà

ln |f(z)| = ln |fΛ(z)|+O (|z|p + ln |z|) , |z| → +∞. (1.2.1)

Àíàëèç îñòàòî÷íûõ ÷ëåíîâ â àñèìïòîòè÷åñêèõ îöåíêàõ òåîðåì 1.1.2,1.1.3
ïîêàçûâàåò, ÷òî ââèäó ìåäëåííîãî èçìåíåíèÿ ôóíêöèè w, ôóíêöèÿ Rp +

lnR ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé â ñðàâíåíèè ñ w(R)Rρ(R) ïðè R → +∞.
Îòñþäà è èç ñîîòíîøåíèÿ (1.2.1) âèäíî, ÷òî àñèìïòîòè÷åñêèå îöåíêè òåîðåì
1.1.2,1.1.3 äîñòàòî÷íî âûâåñòè íå äëÿ ñàìîé ôóíêöèè f , à äëÿ êîìïîíåíòû fΛ

ðàçëîæåíèÿ (0.0.11).
Â [11] äîêàçàíî, ÷òî èññëåäîâàíèå àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ëîãàðèôìà

ìàêñèìóìà ìîäóëÿ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ ñâîäèòñÿ ê çàäà÷å ïîëó÷åíèÿ
äâóñòîðîííèõ îöåíîê ñóììû

MR(R) =
∞∑

n=1

Mp

(
R

rn

)
, (1.2.2)

ãäå p ∈ N0, R = {rn}n∈N � íåóáûâàþùàÿ ïîñëåäîâàòåëüíîñòü
ïîëîæèòåëüíûõ ÷èñåë, ñ÷èòàþùàÿ ôóíêöèÿ êîòîðîé óäîâëåòâîðÿåò óñëîâèÿì
äîêàçûâàåìûõ òåîðåì. Òàêæå â [11] áûëî âûâåäåíî íåðàâåíñòâî

lnM(fΛ, R) ≤
∞∑

n=1

Mp

(
R

|λn|

)
. (1.2.3)

Óòâåðæäåíèå îá îöåíêå ñíèçó ëîãàðèôìà ìàêñèìóìà ìîäóëÿ êàíîíè÷åñêîãî
ïðîèçâåäåíèÿ íîñèò áîëåå ñëîæíûé õàðàêòåð. Ñôîðìóëèðóåì åãî â âèäå
ëåììû.
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ËÅÌÌÀ 1.2.1. [11] Ïóñòü p ∈ N0, R = {rn}n∈N � ïðîèçâîëüíàÿ
íåóáûâàþùàÿ è ñòðåìÿùàÿñÿ ê +∞ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ
÷èñåë, ñ÷èòàþùàÿ ôóíêöèÿ êîòîðîé äîïóñêàåò îöåíêó ñâåðõó

nR(r) = O(rτ), p < τ < p+ 1. (1.2.4)

Òîãäà ñóùåñòâóþò òàêèå ïîñëåäîâàòåëüíîñòè äåéñòâèòåëüíûõ ÷èñåë
{ϕn}n∈N è {nk}k∈N, ÷òî âåðíà àñèìïòîòèêà

lnM(FΛ, rn2k
) =

∞∑
n=1

Mp

(
rn2k

rn

)
+O

(
rp+ε
n2k

)
, k →∞, (1.2.5)

(ε� ëþáîå ñêîëü óãîäíî ìàëîå ïîëîæèòåëüíîå ÷èñëî), ãäå

FΛ(z) =
∞∏

n=1

Ep

(
ze−iϕn

rn

)
.

Åñëè p = 0, òî ìîæíî âçÿòü ϕn = π è îïóñòèòü îñòàòî÷íûé ÷ëåí â (1.2.5).
Ïðè p ∈ N àðãóìåíòû ϕn âûáèðàþòñÿ èç ïîëóèíòåðâàëà 0 ≤ ϕn <

π
p+1 .

Ñóììà ðÿäà
∞∑

n=1
Mp(R/rn) â [11] îöåíèâàëàñü ÷åðåç ñïåöèàëüíûå

èíòåãðàëû, â êîòîðûå âõîäèëà ñ÷èòàþùàÿ ôóíêöèÿ ïîñëåäîâàòåëüíîñòè
{rn}. Âûâåäåì ïîäîáíûå îöåíêè äëÿ èíòåãðàëîâ ñ óñðåäí¼ííîé ñ÷èòàþùåé
ôóíêöèåé. Äëÿ ýòîãî íàì ïîíàäîáÿòñÿ ñîîòíîøåíèÿ, äîêàçàííûå Äàíæóà [17]:

M′
p(r) = rpUp(r), 0 < r < 1 +

1

p
, M′

p(r) =
rp

r − 1
, r ≥ 1 +

1

p
,

lim
r→0+

αp(r) =
π

p+ 1
, αp(1) =

π

2p+ 1
, lim

r→(1+ 1
p)

−
αp(r) = 0. (1.2.6)

Â ðàâåíñòâàõ (1.2.6) αp(r) � åäèíñòâåííûé êîðåíü óðàâíåíèÿ
sin(p+ 1)α

sin pα
= r, 0 < α <

π

p+ 1
, p ∈ N, (1.2.7)
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ïðè r ∈ (0, 1 + 1/p), à ôóíêöèÿ Up(r) îïðåäåëÿåòñÿ ñëåäóþùèì ðàâåíñòâîì:

Up(r) =
sin pαp(r)

sinαp(r)
, 0 < r < 1 +

1

p
. (1.2.8)

Â [11] íà îñíîâàíèè (1.2.6), (1.2.7) áûëè äîêàçàíû íåðàâåíñòâà (∀p ≥ 2)

Up(r) < p, 0 < r < 1 +
1

p
, 1 < Up(r) <

1

1− r
∀r ∈ (0, 1),

Up(r) >

(
1 +

2

p
− r

)−1

,
2

p
< r < 1 +

1

p
. (1.2.9)

Â ÷àñòíîñòè, èìååì

αp(1) =
π

2p+ 1
, Up(1) =

1

2 sin
(

π
4p+2

) > 2p+ 1

π
∀p ∈ N. (1.2.10)

Èç (1.2.6), (1.2.7) íåïîñðåäñòâåííî ñëåäóþò òîæäåñòâà

U1(r) = 1, 0 < r < 2, U2(r) =
r +

√
r2 + 4

2
, 0 < r <

3

2
. (1.2.11)

Â [11] áûëî äîêàçàíî, ÷òî ïðè óñëîâèè (1.2.4) âûïîëíÿåòñÿ ñîîòíîøåíèå

MR(R) =

+∞∫
0

n

(
R

t

)
M′

p(t) dt. (1.2.12)

Âûâåäåì ïîäîáíîå ñîîòíîøåíèå äëÿ èíòåãðàëà ñ óñðåäí¼ííîé ñ÷èòàþùåé
ôóíêöèåé.

ËÅÌÌÀ 1.2.2. Ïðè óñëîâèè (1.2.4) ñóììà MR(R) =
∞∑

n=1
Mp(R/rn)

âûðàæàåòñÿ èíòåãðàëîì Ñòèëüòüåñà

MR(R) =

+∞∫
0

NR

(
R

t

)
d
(
tM′

p(t)
)
, (1.2.13)

â êîòîðîì NR � óñðåäí¼ííàÿ ñ÷èòàþùàÿ ôóíêöèÿ ïîñëåäîâàòåëüíîñòè R,
à ôóíêöèÿ tM′

p(t) âîçðàñòàåò íà [0,+∞).
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ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Òàê êàê óñëîâèå (1.2.4) ðàâíîñèëüíî óñëîâèþ

NR(r) = O(rτ), p < τ < p+ 1, (1.2.14)

è ïðè (1.2.4) âûïîëíÿåòñÿ (1.2.12), òî ïðè óñëîâèè (1.2.14) èìååì ñëåäóþùóþ
öåïî÷êó ðàâåíñòâ:

MR(R) =

+∞∫
0

n

(
R

t

)
M′

p(t) dt =

+∞∫
0

n(x)M′
p

(
R

x

)
d

(
R

x

)
=

= −R
+∞∫
0

n(x)

x
·
M′

p(R/x)

x
dx = −R

 +∞∫
0

M′
p(R/x)

x
dN(x)

 =

= −R

N(x)
M′

p(R/x)

x

∣∣∣+∞
0

−
+∞∫
0

N(x)d

(M′
p(R/x)

x

) =

= R

+∞∫
0

N(x)d

[M′
p(R/x)

x

]
= R

+∞∫
0

N

(
R

t

)
d
M′

p(t)

R/t
=

=

+∞∫
0

N

(
R

t

)
d
(
tM′

p(t)
)
.

Òåïåðü äîêàæåì, ÷òî ôóíêöèÿ tM′
p(t) âîçðàñòàåò íà R+. Äåéñòâèòåëüíî,

ïðè âñåõ 0 < t < 1+1/p ââèäó (1.2.6) èìååì tM′
p(t) = tp+1Up(t), ò.å. ôóíêöèÿ

tM′
p(t) ÿâëÿåòñÿ ïðîèçâåäåíèåì âîçðàñòàþùèõ ïîëîæèòåëüíûõ ôóíêöèé.

Ïðè t ≥ 1 + 1/p èç (1.2.6) ïîëó÷àåì, ÷òî ôóíêöèÿ tM′
p(t) = tp+1

t−1 âîçðàñòàåò
íà ëó÷å t ≥ 1 + 1/p. Ëåììà äîêàçàíà.

Äàäèì îöåíêó ñâåðõó èíòåãðàëà

MR(R) =

R/r1∫
0

N

(
R

t

)
d
(
tM′

p(t)
)
, ãäå r1 = |λ1|, (1.2.15)

åñëè
N(r) ≤ rρ(r) + ra ∀r ≥ r1, (1.2.16)
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è îöåíêó ñíèçó, åñëè

N(r) ≥ rρ(r) − ra ∀r > r1, (1.2.17)

ãäå 0 ≤ a < ρ. Ïîñêîëüêó ôóíêöèÿ tM′
p(t) ïðè ëþáîì p ∈ N0 âîçðàñòàåò íà

ëó÷å 0 < t < +∞, òî, îöåíèâàÿ èíòåãðàë (1.2.15) ñâåðõó (ñíèçó), ìû âïðàâå
çàìåíèòü ôóíêöèþ N(R/t) å¼ ìàæîðàíòîé (ìèíîðàíòîé). Â ñîîòâåòñòâèè ñî
ñêàçàííûì, èç (1.2.16), (1.1.3), îáîçíà÷èâ

4(l;R, t) =
l(R/t)

l(R)
− 1, (1.2.18)

íàõîäèì

MR(R) ≤
R/r1∫
0

((
R

t

)ρ(R/t)

+

(
R

t

)a
)
d(tM′

p(t)) =

=

R/r1∫
0

(
R

t

)ρ

l

(
R

t

)
d(tM′

p(t)) +Ra

R/r1∫
0

t−ad(tM′
p(t)) =

= Rρl(R)

R/r1∫
0

t−ρ l(R/t)

l(R)
d(tM′

p(t)) +Ra

R/r1∫
0

t−ad(tM′
p(t)) =

= Rρ(R)

 R/r1∫
0

t−ρd(tM′
p(t)) +

R/r1∫
0

t−ρ4(l;R, t) dMp(t)

+

+Ra

R/r1∫
0

t−ad(tM′
p(t)). (1.2.19)

Ïðåîáðàçóåì èíòåãðàë, äàþùèé ãëàâíûé ÷ëåí â (1.2.18):
R/r1∫
0

t−ρd(tM′
p(t)) = t1−ρM′

p(t)
∣∣R/r1

0 + ρ

R/r1∫
0

tM′
p(t)t

−1−ρdt =

= M′
p

(
R

r1

)
·
(
R

r1

)1−ρ

+ ρ

R/r1∫
0

t−ρdMp(t) =
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= M′
p

(
R

r1

)(
R

r1

)1−ρ

+ ρS(ρ)− ρ

+∞∫
R/r1

t−ρdMp(t). (1.2.20)

Èç îöåíîê
M′

p(r) = O(rp−1), r → +∞;

+∞∫
R/r1

t−ρdMp(t) = O

 +∞∫
R/r1

t−ρ+p−1dt

 = O
(
R−{ρ}

)
, R→ +∞ (1.2.21)

è (1.2.20) íàõîäèì

R/r1∫
0

t−ρd(tM′
p(t)) = ρS(ρ) +O(R−{ρ}). (1.2.22)

Èç ïåðâîé îöåíêè (1.2.21) ñëåäóåò, ÷òî

Ra

R/r1∫
0

t−ad(tM′
p(t)) = O(Ra), R→ +∞. (1.2.23)

Àñèìïòîòèêà (1.2.22) âìåñòå ñ (1.2.19), (1.2.21) è (1.2.23) äà¼ò îöåíêó

MR(R) ≤ Rρ(R)

ρS(ρ) +

R/r1∫
0

t−ρ4(l;R, t) d(tM′
p(t))

+

+Rρ(R)


(

R
r1

)p+1−ρ

R
r1
− 1

+O(Rmax(p,a)). (1.2.24)

Àíàëîãè÷íûì ñïîñîáîì, ó÷èòûâàÿ îöåíêó
+∞∫

R/r1

t−ρd(tM′
p(t)) =

+∞∫
R/r1

t−ρd

(
tp+1

t− 1

)
=
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=

+∞∫
R/r1

t−ρ (p+ 1)tp(t− 1)− tp+1

(t− 1)2 dt <

+∞∫
R/r1

p tp+1−ρ

(t− 1)2 dt <

< 2p

+∞∫
R/r1

t−1−{ρ} dt =
2pr

{ρ}
1

{ρ}R{ρ}
,

ïîëó÷àåì, ÷òî îãðàíè÷åíèå (1.2.17) âëå÷¼ò çà ñîáîé íåðàâåíñòâî

MR(R) ≥ Rρ(R)

ρS(ρ) +

R/r1∫
0

t−ρ4(l;R, t) d(tM′
p(t))

+

+Rρ(R)


(

R
r1

)1−{ρ}

R
r1
− 1

− 2pr
{ρ}
1

{ρ}R{ρ}

−O(Rmax(p,a)). (1.2.25)

Èç ñîîòíîøåíèé (1.2.3) è (1.2.24) âûòåêàåò

ÓÒÂÅÐÆÄÅÍÈÅ 1.2.1. Ïóñòü óñðåäí¼ííàÿ ñ÷èòàþùàÿ ôóíêöèÿ
ïîñëåäîâàòåëüíîñòè Λ óäîâëåòâîðÿåò íåðàâåíñòâó (1.2.16), à ôóíêöèÿ
4 îïðåäåëåíà â (1.2.18). Òîãäà ïðè ëþáîì R ≥ 4|λ1| ëîãàðèôì ìàêñèìóìà
ìîäóëÿ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ fΛ äîïóñêàåò îöåíêó ñâåðõó

lnM(fΛ, R) ≤ Rρ(R)

ρS(ρ) +

R/r1∫
0

t−ρ4(l;R, t)d(tM′
p(t))

+

+O(Rmax(p,a)), R→ +∞. (1.2.26)

Âîçüì¼ì òàêóþ âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë
rn, lim

n→∞
rn = +∞, ÷òî äëÿ å¼ ñ÷èòàþùåé ôóíêöèè n(x) âûïîëíÿåòñÿ óñëîâèå

+∞∫
1

n(r)

rp+2 dr < +∞.
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Âûáåðåì ïîñëåäîâàòåëüíîñòü íîìåðîâ nk òàê, ÷òîáû âûïîëíÿëîñü óñëîâèå

lim
k→∞

ln rnk+1

ln rnk

= +∞, (1.2.27)

à â îñòàëüíîì ïîñëåäîâàòåëüíîñòü {nk} ìîæåò áûòü ïðîèçâîëüíîé.
Ïîñëåäîâàòåëüíîñòü Λ = {λn} áóäåò óñòðîåíà ñëåäóþùèì îáðàçîì: λn =

rne
iθn, −π ≤ θn < π. Àðãóìåíòû λn2k

áåðóòñÿ ïðîèçâîëüíûìè, à ÷èñëà θn ∈ R

ïðè n ∈ [n2k−1, n2k+1) îïðåäåëÿþòñÿ ðàâåíñòâàìè

θn = θn2k
, n2k−1 ≤ n; rn ≤

prn2k

p+ 1
;

θn = θn2k
− αp

(
rn2k

rn

)
, rn >

prn2k

p+ 1
; n2k−1 < n < n2k+1. (1.2.28)

Âñëåäñòâèå (1.2.28) è (1.2.6) èìååì

Fp

(
rn2k

rn
, θn2k

− θn

)
= Mp

(
rn2k

rn

)
, n2k−1 ≤ n < n2k+1. (1.2.29)

Ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë, óäîâëåòâîðÿþùóþ óñëîâèÿì
(1.2.27) � (1.2.29) íàçîâ¼ì ïîñëåäîâàòåëüíîñòüþ Ãîëüäáåðãà, ïîñêîëüêó òàêàÿ
êîíñòðóêöèÿ âïåðâûå âñòðåòèëàñü â [1]. Èç ëåììû 1.2.1 è àñèìïòîòè÷åñêîãî
íåðàâåíñòâà (1.2.25) âûòåêàåò

ÓÒÂÅÐÆÄÅÍÈÅ 1.2.2. Ïóñòü óñðåäí¼ííàÿ ñ÷èòàþùàÿ ôóíêöèÿ
ïîñëåäîâàòåëüíîñòè Ãîëüäáåðãà Λ ïîä÷èíåíà îöåíêå ñíèçó (1.2.17) è
îöåíêå ñâåðõó (1.2.14). Òîãäà äëÿ ëþáîãî ε > 0, ëîãàðèôì ìàêñèìóìà ìîäóëÿ
êàíîíè÷åñêîãî ïðîèçâåäåíèÿ fΛ íà îêðóæíîñòÿõ |z| = Rk = rn2k

ïðè k →∞

äîïóñêàåò àñèìïòîòè÷åñêóþ îöåíêó ñíèçó

lnM(fΛ, Rk) ≥ R
ρ(Rk)
k

ρS(ρ) +

Rk/|λ1|∫
0

t−ρ4(l;Rk, t)d(tM′
p(t))

+

+ O(R
max(p,a)+ε
k ). (1.2.30)
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Åñëè p = 0, òî â êà÷åñòâå Λ áåð¼òñÿ ïîñëåäîâàòåëüíîñòü, ëåæàùàÿ íà
îäíîì ëó÷å, à îöåíêà ñíèçó âûïîëíÿåòñÿ ïðè âñåõ äîñòàòî÷íî áîëüøèõ R,
à íå òîëüêî ïðè R ∈ {Rk}.

Âûñêàæåì îäíî ñîîáðàæåíèå, âàæíîå äëÿ äàëüíåéøåãî.
ÇÀÌÅ×ÀÍÈÅ. Åñëè äàíû p ∈ N è ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë,
óñðåäí¼ííàÿ ñ÷èòàþùàÿ ôóíêöèÿ êîòîðîé óäîâëåòâîðÿåò óñëîâèÿì (1.2.16)
è (1.2.17), òî ó ýëåìåíòîâ ýòîé ïîñëåäîâàòåëüíîñòè ìîæíî òàê èçìåíèòü
àðãóìåíòû, ÷òî îíà ñòàíåò ïîñëåäîâàòåëüíîñòüþ Ãîëüäáåðãà.

Ñïðàâåäëèâîñòü äàííîãî çàìå÷àíèÿ ñðàçó æå ñëåäóåò èç èçëîæåííîé âûøå
êîíñòðóêöèè ïîñëåäîâàòåëüíîñòåé Ãîëüäáåðãà.

Ïîëó÷àåòñÿ, ÷òî äëÿ äîêàçàòåëüñòâà òåîðåì 1.1.2, 1.1.3 íàì îñòà¼òñÿ
èññëåäîâàòü àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè R→ +∞ èíòåãðàëà

J(l, ρ, R) =

R/|λ1|∫
0

t−ρ4(l;R, t) d(tM′
p(t)) =

=

R/|λ1|∫
0

t−ρ4(l;R, t)(M′
p(t) + tM′′

p(t)) dt, p = [ρ], (1.2.31)

ãäå l � ïîëîæèòåëüíàÿ ìåäëåííî ìåíÿþùàÿñÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ
óñëîâèþ (1.1.4).

1.3 Äîêàçàòåëüñòâà òåîðåì

Èçëîæèì èäåþ äîêàçàòåëüñòâà òåîðåì 1.1.2 è 1.1.3. Èç ïðåäëîæåíèé 1.2.1,
1.2.2 è çàìå÷àíèÿ 1.2 âèäíî, ÷òî äëÿ äîêàçàòåëüñòâà òåîðåìû 1.1.2 äîñòàòî÷íî
âûâåñòè àñèìïòîòèêó
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R/|λ1|∫
0

t−ρ4(l;R, t) d(tM′
p(t)) = (S(ρ) + ρS ′(ρ))wl(R) + o(wl(R)),

R→ +∞. (1.3.1)

Äëÿ äîêàçàòåëüñòâà æå òåîðåìû 1.1.3 äîñòàòî÷íî ïðè óñëîâèè l ∈ L(w)

âûâåñòè àñèìïòîòè÷åñêóþ îöåíêó
R/|λ1|∫
0

t−ρ4(l;R, t) d(tM′
p(t)) ≤ (S0(ρ) + ρS1(ρ))w(R) + o(w(R)),

R→ +∞. (1.3.2)

Ïðè èññëåäîâàíèè ïîâåäåíèÿ èíòåãðàëîâ, ñòîÿùèõ â ëåâûõ ÷àñòÿõ
ñîîòíîøåíèé (1.3.1), (1.3.2), áóäåò äîêàçàíî, ÷òî èíòåãðèðîâàíèå ïî
íåêîòîðîìó îòðåçêó ER, ñîäåðæàùåìó òî÷êó t = 1, äàñò ãëàâíûé ÷ëåí,
à èíòåãðàë ïî ìíîæåñòâó [0, R/|λ1|]\ER ïîéä¼ò â îñòàòîê. Ýòîò æå ìåòîä
äëÿ èññëåäîâàíèÿ ïîâåäåíèÿ èíòåãðàëîâ îò t−ρ4(l;R, t) ïî áîëåå ïðîñòî
óñòðîåííîé ìåðå dMp(t) ïðèìåíÿëñÿ â [11]. Äëÿ òîãî, ÷òîáû ïîëüçîâàòüñÿ
íåêîòîðûìè îöåíêàìè èç [11], íåîáõîäèìî äîêàçàòü ëåììó, â êîòîðîé ìåðà
d(tM′

p(t)) îöåíèâàåòñÿ ñâåðõó ÷åðåç dMp(t).

ËÅÌÌÀ 1.3.1. Ïðè ëþáîì p ∈ N0 âåðíî íåðàâåíñòâî(
tM′

p(t)
)′ ≤ 3(p+ 1)M′

p(t), t ≥ 0. (1.3.3)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Ïóñòü p = 0. Òîãäà

(tM′
0(t))

′
=

(
t

t+ 1

)′
=

1

(t+ 1)2 ≤
1

t+ 1
= M′

0(t), t ≥ 0.

Ñëåäîâàòåëüíî, ïðè p = 0 íåðàâåíñòâî (1.3.3) âûïîëíÿåòñÿ.
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Ïóñòü p = 1. Òîãäà

M′
1(t) =

t, 0 ≤ t < 2,

t
t−1 , 2 ≤ t,

îòêóäà
(
tM′

p(t)
)′

=

2t, 0 ≤ t < 2,

t2−2t
t−1 , 2 ≤ t.

(1.3.4)

Èç (1.3.4) âèäíî, ÷òî (tM′
1(t))

′ ≤ 2M′
1(t), ò. å. ïðè p = 1 (1.3.3) âûïîëíÿåòñÿ.

Òåïåðü ðàññìîòðèì ñëó÷àé p ≥ 2. Åñëè t ≥ 1 + 1
p , òî

M′
p(t) =

tp

t− 1
,

(
tM′

p(t)
)′

=

(
tp+1

t− 1

)′
=
ptp
(
t− 1− 1

p

)
t− 12 <

ptp

t− 1
= pM′

p(t).

Ïðè t ≥ 1 + 1
p íåðàâåíñòâî (1.3.3) äîêàçàíî.

Åñëè æå 0 ≤ t ≤ 1 + 1
p , òî ïî òåîðåìå Äàíæóà èìååì(

tM′
p(t)
)′

M′
p(t)

=

(
tp+1Up(t)

)′
tpUp(t)

= p+ 1 + t
U ′

p(t)

Up(t)
.

Òåì ñàìûì, îñòàëîñü äîêàçàòü íåðàâåíñòâî
|U ′

p(t)|
Up(t)

≤ 2p, 0 ≤ t < 1 +
1

p
, p ≥ 2. (1.3.5)

Èç (1.2.8) íàõîäèì

U ′
p(t) = α′p(t)

p cos(pαp(t)) sin(αp(t))− cos(αp(t)) sin(pαp(t))

sin2(αp(t))
. (1.3.6)

Èñïîëüçóÿ ðàâåíñòâî (1.2.7) è òåîðåìó î ïðîèçâîäíîé íåÿâíîé ôóíêöèè,
ïîëó÷àåì

α′p(t) =
sin(pαp(t))

(p+ 1) cos((p+ 1)αp(t))− tp cos(pαp(t))
=

=
sin2(pαp(t))

(p+ 1) cos((p+ 1)αp(t)) sin(pαp(t))− p sin((p+ 1)αp(t)) cos(pαp(t))
.

(1.3.7)
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Îáîçíà÷èâ äëÿ êðàòêîñòè αp(t) = α, èç (1.3.6), (1.3.7) ïîëó÷àåì ñëåäóþùåå
ïðåäñòàâëåíèå ìîäóëÿ îòíîøåíèÿ U ′

p(t)/Up(t):

∣∣∣∣U ′
p(t)

Up(t)

∣∣∣∣ =

=

∣∣∣∣ p cos(pα) sin(pα) sinα− cosα sin2(pα)

(p+ 1) cos((p+ 1)α) sin(pα) sinα− p cos(pα) sinα sin((p+ 1)α)

∣∣∣∣ =

=

∣∣∣∣sin(pα)

sinα

∣∣∣∣ · ∣∣∣∣ p cos(pα) sinα− cosα sin(pα)

cos((p+ 1)α) sin(pα)− p sinα

∣∣∣∣ . (1.3.8)

Ïåðâûé ìíîæèòåëü â (1.3.8) äîïóñêàåò îöåíêó ñâåðõó∣∣∣∣sin(pα)

sinα

∣∣∣∣ =
sin(pα)

sinα
≤ p.

Äëÿ îöåíêè âòîðîãî ìíîæèòåëÿ â 1.3.8 çàìåòèì, ÷òî ïðè 0 ≤ α ≤ π
p+1

ñïðàâåäëèâû íåðàâåíñòâà

p sinα ≥ sin(pα) ≥ cos((p+ 1)α) sin(pα).

Ïîýòîìó

| cos((p+ 1)α) sin(pα)− p sinα| = p sinα− cos((p+ 1)α) sin(pα) ≥

≥ p sinα− cos(pα) sin(pα).

Çàìåòèì òàêæå, ÷òî ïðè α = π
2p âûïîëíåíî

cosα sin(pα)− p cos(pα) sinα = cos
π

2p
> 0,

à ïðè 0 ≤ α < π
2p âûïîëíåíî

cosα sin(pα)− p cos(pα) sinα = cosα cos(pα) (tg(pα)− p tgα) ≥ 0.

Ñëåäîâàòåëüíî, ïðè 0 ≤ α ≤ π
2p èìååì∣∣∣∣U ′

p(t)

Up(t)

∣∣∣∣ ≤ p · cosα sin(pα)− p cos(pα) sinα

p sinα− cos(pα) sin(pα)
≤
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≤ p · p sinα− cos(pα) sin(pα)

p sinα− cos(pα) sin(pα)
= p. (1.3.9)

Ïðè π
2p ≤ α ≤ π

p+1 è ÷èñëèòåëü, è çíàìåíàòåëü äðîáè âíóòðè âòîðîãî
ìîäóëÿ â (1.3.8) îòðèöàòåëüíû â ñèëó íåðàâåíñòâ

cos(pα) ≤ 0, cos((p+ 1)α) < 0,

ñëåäîâàòåëüíî, ∣∣∣∣U ′
p(t)

Up(t)

∣∣∣∣ ≤ p · cosα sin(pα)− p cos(pα) sinα

p sinα− cos((p+ 1)α) sin(pα)
≤

≤ p · cosα sin(pα) + p sinα

p sinα
≤ 2p. (1.3.10)

Íåðàâåíñòâî (1.3.5) ïîëó÷åíî, è ýòèì äîêàçàòåëüñòâî ëåììû çàâåðøåíî.
Äîêàçàòåëüñòâî òåîðåìû 1.1.2. Èç ïðåäëîæåíèé 1.2.1 è 1.2.2 è ñäåëàííîãî

ïîñëå íèõ çàìå÷àíèÿ 1.2 âûòåêàåò, ÷òî äëÿ äîêàçàòåëüñòâà òåîðåìû 1.1.2
äîñòàòî÷íî âûâåñòè ñëåäóþùóþ àñèìïòîòèêó èíòåãðàëà (1.2.31):

J(l, ρ, R) = (ρS ′(ρ) + S(ρ))wl(R) + o(wl(R)), R→ +∞. (1.3.11)

Âîñïîëüçóåìñÿ èíòåãðàëüíûì ïðåäñòàâëåíèåì

l(r) = l(y) exp

 r∫
y

wl(u)

u
du

 , y, r ∈ (r0,+∞), (1.3.12)

êîòîðîå íåïîñðåäñòâåííî ñëåäóåò èç (1.1.5). Ïîñêîëüêó ôóíêöèÿ wl ìåäëåííî
ìåíÿåòñÿ íà áåñêîíå÷íîñòè è ñòðåìèòñÿ ê íóëþ, òî ñîãëàñíî ëåììå 4 èç ðàáîòû
[11] ñóùåñòâóåò ôóíêöèÿ δ(R), òàêàÿ ÷òî lim

R→+∞
δ(R) = 0, è ñïðàâåäëèâà

ðàâíîìåðíàÿ ïî x ∈ [Rδ(R), R/δ(R)] àñèìïòîòèêà

wl(x) = wl(R) + o(wl(R)), R→ +∞. (1.3.13)
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Ïðè ýòîì ôóíêöèþ δ(R) ìîæíî âçÿòü ñòîëü ìåäëåííî ñòðåìÿùåéñÿ ê íóëþ,
÷òî

lim
R→+∞

wl(R) ln

(
1

δ(R)

)
= 0. (1.3.14)

Ââèäó (1.3.13), (1.3.14) àðãóìåíò ýêñïîíåíòû â èíòåãðàëå èç ïðåäñòàâëåíèÿ
(1.3.12) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé ôóíêöèåé ïðè R → +∞ ðàâíîìåðíî ïî
t ∈ [δ(R), 1/δ(R)]. Ñëåäîâàòåëüíî, ðàâíîìåðíî ïî t ∈ [δ(R), 1/δ(R)] âåðíî
àñèìïòîòè÷åñêîå ðàâåíñòâî:

∆(l, R, t) =

R/t∫
R

wl(u)

u
du+ o

 R/t∫
R

wl(u)

u
du

 =

= wl(R) ln
1

t
+ o

(
wl(R) ln

1

t

)
, R→ +∞. (1.3.15)

Ðàçîáü¼ì îòðåçîê [0, R/|λ1|], ïî êîòîðîìó âåä¼òñÿ èíòåãðèðîâàíèå â (1.2.31),
íà 2 ìíîæåñòâà:

E0 = [0, δ(R)] ∪ (1/δ(R), R/|λ1|), E1 = (δ(R), 1/δ(R)).

Îáîçíà÷èì ÷åðåç Jk(l, ρ, R) èíòåãðàë ïî Ek îò ôóíêöèè èç (1.2.31), k = 0, 1.
Â [11],§6 áûëî äîêàçàíî, ÷òî ïðè óñëîâèè (1.1.4) âåðíà îöåíêà∫

E0

t−ρ|4(l;R, t)|d(Mp(t)) = o(wl(R)), R→ +∞. (1.3.16)

Èç (1.3.16) è (1.3.3) íàõîäèì

J0(l, ρ, R) = o(wl(R)), R→ +∞.

Îòñþäà ñëåäóåò àñèìïòîòèêà

J(l, ρ, R) = J1(l, ρ, R) + o(wl(R)), R→ +∞, (1.3.17)

ãëàâíûì ÷ëåíîì êîòîðîé ÿâëÿåòñÿ èíòåãðàë

J1(l, ρ, R) =

1/δ(R)∫
δ(R)

t−ρ4(l, R, t) d(tM′
p(t)). (1.3.18)
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Íà îñíîâàíèè (1.3.15), (1.3.18) çàïèøåì ïðè R → +∞ àñèìïòîòè÷åñêóþ
ôîðìóëó

J1(l, ρ, R) = wl(R)

1/δ(R)∫
δ(R)

t−ρ ln

(
1

t

)
d(tM′

p(t))+

+o

wl(R)

1/δ(R)∫
δ(R)

t−ρ ln

(
1

t

)
d(tM′

p(t))

 .

Âñëåäñòâèå (1.3.3) èíòåãðàë

I(ρ) =

+∞∫
0

t−ρ ln(
1

t
)d(tM′

p(t))

àáñîëþòíî ñõîäèòñÿ, ïîñêîëüêó ýòèì æå ñâîéñòâîì îáëàäàåò èíòåãðàë
+∞∫
0

t−ρ ln

(
1

t

)
dMp(t).

À êîëü ñêîðî
δ(R) → +∞,

òî

lim
R→+∞

1/δ(R)∫
δ(R)

t−ρ ln

(
1

t

)
d(tM′

p(t)) = I(ρ).

Ñëåäîâàòåëüíî

J1(l, ρ, R) = wl(R)I(ρ) + o(wl(R)), R→ +∞. (1.3.19)

Âûðàçèì I(ρ) ÷åðåç èíòåãðàëû S(ρ) è S ′(ρ). Èìååì

I(ρ) =

+∞∫
0

t−ρ ln

(
1

t

)
d(tM′

p(t)) =

= t−ρ ln

(
1

t

)
tM′

p(t)
∣∣∣+∞
0

−
+∞∫
0

tM′
p(t)d

(
t−ρ ln

(
1

t

))
=
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= t−ρ ln

(
1

t

)
tM′

p(t)
∣∣∣+∞
0

+ρ

+∞∫
0

t−ρ ln

(
1

t

)
M′

p(t) dt+

+∞∫
0

t−ρM′
p(t)dt. (1.3.20)

Ïîäñòàíîâêà t−ρ ln
(1

t

)
tM′

p(t)
∣∣∣+∞
0

îáðàùàåòñÿ â íóëü áëàãîäàðÿ (1.2.6).
Ïîýòîìó

I(ρ) = ρS ′(ρ) + S(ρ).

Cîîòíîøåíèå (1.3.20) âìåñòå ñ (1.3.19) è ñõîäèìîñòüþ èíòåãðàëîâ S(ρ) è S ′(ρ)
ïðèâîäèò ê àñèìïòîòèêå

J1(l, ρ, R) = (ρS ′(ρ) + S(ρ))wl(R) + o(wl(R)), R→ +∞. (1.3.21)

Èç (1.3.17) è (1.3.21) ñëåäóåò èñêîìàÿ àñèìïòîòèêà (1.3.11)

J(l, ρ, R) = (ρS ′(ρ) + S(ρ))wl(R) + o(wl(R)), R→ +∞.

�

Äîêàçàòåëüñòâî òåîðåìû 1.1.3. Èç ïðåäëîæåíèÿ 1.2.1 ñëåäóåò, ÷òî
äëÿ äîêàçàòåëüñòâà òåîðåìû 1.1.3 äîñòàòî÷íî âûâåñòè ñëåäóþùóþ
àñèìïòîòè÷åñêóþ îöåíêó ñâåðõó èíòåãðàëà J(l, ρ, R) â ñëó÷àå, êîãäà ìåäëåííî
ìåíÿþùàÿñÿ ôóíêöèÿ l ëåæèò â êëàññå L(w):

J(l, ρ, R) ≤ (ρS1(ρ) + S0(ρ))w(R) + o(w(R)), R→ +∞. (1.3.22)

Ïîä÷åðêí¼ì, ÷òî â òåîðåìå 1.1.3 íå ïðåäïîëàãàåòñÿ íè çíàêîïîñòîÿíñòâà
ôóíêöèè wl, íè å¼ ìîíîòîííîñòè. Íî w � ìîíîòîííàÿ ìàæîðàíòà å¼
ìîäóëÿ. Ýòî îáñòîÿòåëüñòâî ïîçâîëÿåò âûâåñòè ñëåäóþùóþ îöåíêó (t ∈

(δ(R), 1/δ(R)), δ(R) âûáèðàåì òàê æå, êàê è â äîêàçàòåëüñòâå òåîðåìû 1.1.2):
l(R/t)

l(R)
≤ exp (w(R)| ln t|) ,
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ñëåäîâàòåëüíî,

4(l, R, t) =
l(R/t)

l(R)
− 1 ≤ w(R)| ln t|+ o(w(R)). (1.3.23)

Äàëåå, êàê è â äîêàçàòåëüñòâå òåîðåìû 1.1.2 âûäåëèì ãëàâíóþ ÷àñòü ó
èíòåãðàëà (1.3.22):

J(l, ρ, R) =

1/δ(R)∫
δ(R)

t−ρ4(l, R, t) d(tM′
p(t)) + o(w(R)), R→ +∞. (1.3.24)

Îöåíèì èíòåãðàë (1.3.24), èñïîëüçóÿ (1.3.23), à òàêæå ñõîäèìîñòü
èíòåãðàëîâ (1.1.10):

1/δ(R)∫
δ(R)

t−ρ4(l, R, t) d(tM′
p(t)) ≤ w(R)

 +∞∫
0

| ln t|t−ρ d(tM′
p(t))

 =

= w(R)

 +∞∫
0

ρtM′
p(t)| ln t|t−ρ−1 dt+

1∫
0

1

t
t−ρtM′

p(t) dt

−
−w(R)

 +∞∫
1

1

t
t−ρtM′

p(t) dt

 = (ρS1(ρ) + S0(ρ))w(R), R→ +∞.

Èç ïîëó÷åííîé àñèìïòîòè÷åñêîé îöåíêè, à òàêæå èç (1.3.24) ñëåäóåò
(1.3.22). Òåîðåìà äîêàçàíà. �

1.4 Äîêàçàòåëüñòâà âñïîìîãàòåëüíûõ óòâåðæäåíèé

ÓÒÂÅÐÆÄÅÍÈÅ 1.4.1. 1) Ïðè ëþáîì íåöåëîì ρ âûïîëíÿåòñÿ íåðàâåíñòâî
(1.1.13).
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2) Ïðè ëþáîì íåöåëîì ρ > 1, åñëè ||ρ|| ≤ 1
4 , ñïðàâåäëèâî íåðàâåíñòâî

|ρS ′(ρ) + S(ρ)| > 0.55ρ

||ρ||2
, (1.4.1)

ãäå ||ρ|| = min ({ρ}, 1− {ρ})�ðàññòîÿíèå îò ρ äî áëèæàéøåãî öåëîãî ÷èñëà.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Âîñïîëüçóåìñÿ îöåíêàìè ôóíêöèé S(ρ), S ′(ρ), S1(ρ)

èç [11]:

1

{ρ}
+

1

1− {ρ}
+ ln 4− 1 < S(ρ) <

1

{ρ}
+

1

1− {ρ}
+ 1, 1 < ρ < 2,

1

{ρ}
+

1

1− {ρ}
+ 2 ln(p+ 1)− 2.1 < S(ρ) <

1

{ρ}
+

1

1− {ρ}
+ 2 ln p+ 2,

ρ > 2,

1

(1− {ρ})2 −
1

{ρ}2 −
5

4
< S ′(ρ) <

1

(1− {ρ})2 −
1

{ρ}2 −
1

4
, 1 < ρ < 2, (1.4.2)

1

(1− {ρ})2 −
1

{ρ}2 −
∞∑

k=1

1

(k + {ρ})2 < S ′(ρ) <

<
1

(1− {ρ})2 −
1

{ρ}2 + 1 +
1

ρ
, ρ > 2,

1

(1− {ρ})2 +
1

{ρ}2 < S1(ρ) <
1

(1− {ρ})2 +
1

{ρ}2 +
π2

3
− 1, ρ > 1.

Ó÷èòûâàÿ ïåðâóþ, âòîðóþ è ïîñëåäíþþ èç îöåíîê (1.4.2), ïðè ρ > 1

ïîëó÷àåì
ρS1(ρ) + S(ρ) <

< ρ

(
1

(1− {ρ})2 +
1

{ρ}2

)
+

1

{ρ}
+

1

1− {ρ}
+2(ln p+1)+ρ

(
π2

3
− 1

)
. (1.4.3)

Ïîñêîëüêó

(1− {ρ})−2 + {ρ}−2 ≤ 2||ρ||−2, (1− {ρ})−1 + {ρ}−1 ≤ 2||ρ||−1,
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òî èç (1.4.3) íàõîäèì, ÷òî

ρS1(ρ) + S(ρ) < 2ρ||ρ||−2A(ρ), (1.4.4)

ãäå
A(ρ) = 1 +

1

2

(
π2

3
− 1

)
||ρ||2 +

||ρ||
ρ

+
1 + ln p

ρ
||ρ||2. (1.4.5)

Èìååì

1

2

(
π2

3
− 1

)
< 1.15, ||ρ ≤ 1

2
||, max

ρ≥1

1 + ln[ρ]

ρ
= 1, max

ρ≥1

||ρ||
ρ

=
1

3
. (1.4.6)

Èç (1.4.5) è (1.4.6) ñëåäóåò íåðàâåíñòâî

A(ρ) < 1 + 2.15||ρ||2 +
1

3
≤ 4

3
+

2.15

4
< 2,

êîòîðîå âìåñòå ñ (1.4.4) è î÷åâèäíîé îöåíêîé S0(ρ) < S(ρ) äà¼ò (1.1.13).
Ïåðâàÿ ÷àñòü ïðåäëîæåíèÿ 1.4.1 äîêàçàíà.

Äîêàæåì âòîðóþ ÷àñòü ïðåäëîæåíèÿ. Íåðàâåíñòâî ||ρ|| ≤ 1
4 îçíà÷àåò, ÷òî

ëèáî {ρ} ≤ 1
4 , ëèáî {ρ} ≥ 3

4 . Íà÷í¼ì ñ ðàññìîòðåíèÿ ñëó÷àÿ {ρ} ≤ 1
4 . Èç

(1.4.2) ïîëó÷àåì íåðàâåíñòâà

ρS ′(ρ) + S(ρ) <
ρ

(1− {ρ})2 −
ρ

{ρ}2 −
ρ

4
+

1

{ρ}(1− {ρ})
+ 1,

1 < ρ < 2, (1.4.7)

ρS ′(ρ) + S(ρ) <
ρ

(1− {ρ})2 −
ρ

{ρ}2 +
1

{ρ}(1− {ρ})
+ ρ+ 3 + 2 ln p,

ρ > 2. (1.4.8)

Èç (1.4.7), îáîçíà÷èâ t = {ρ} = ρ− 1, ïðè 1 < ρ ≤ 5/4 íàõîäèì

ρS ′(ρ) + S(ρ) < ρ{ρ}−2(−1 + u(t)),
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ãäå
u(t) =

(
t

1− t

)2

− t2

4
+

t

1− t2
+

t2

1 + t
=

=
7

4
t2 +

∞∑
k=1

(k + 1 + (−1)k)tk+2 +
∞∑

k=1

t2k−1.

Èç ïîëîæèòåëüíîñòè âñåõ êîýôôèöèåíòîâ ðàçëîæåíèÿ u(t) ïî ñòåïåíÿì t

ñëåäóåò âîçðàñòàíèå ýòîé ôóíêöèè. Ïîýòîìó

u(t) ≤ u

(
1

4

)
=

1187

2880
< 0.42, 0 ≤ t ≤ 1

4
,

îòêóäà
ρS ′(ρ) + S(ρ) < −0.58ρ{ρ}−2, 1 < ρ ≤ 5

4
. (1.4.9)

Èç (1.4.8), îáîçíà÷èâ t = {ρ} = ρ− p, ïðè p < ρ ≤ p+ 1/4 íàõîäèì

ρS ′(ρ) + S(ρ) < ρ{ρ}−2(−1 + up(t)),

ãäå
up(t) =

(
t

1− t

)2

+
t

(1− t)(p+ t)
+ t2 +

3 + 2 ln p

p+ t
t2. (1.4.10)

Ïîñêîëüêó ôóíêöèÿ t/(t + p) âîçðàñòàåò íà [0,+∞), à (1 − t)−1 âîçðàñòàåò
íà [0, 1), òî êàæäîå ñëàãàåìîå â (1.4.10) ÿâëÿåòñÿ âîçðàñòàþùåé ôóíêöèåé íà
[0, 1). Ñëåäîâàòåëüíî, ïðè 0 ≤ t ≤ 1/4 èìååì

up(t) ≤ up

(
1

4

)
=

1

9
+

1

16
+

1

3
(
p+ 1

4

) +
3 + 2 ln p

4(4p+ 1)
.

Òàê êàê ïîñëåäîâàòåëüíîñòè (p + 1/4)−1, (3 + 2 ln p)/(4p + 1) óáûâàþò, òî
ïðèõîäèì ê îöåíêå

up(t) ≤
1

9
+

1

16
+

4

27
+

3 + 2 ln 2

36
< 0.45,

ñëåäîâàòåëüíî,

ρS ′(ρ) + S(ρ) <
−0.55ρ

{ρ}2 , ρ > 2, {ρ} ≤ 1

4
. (1.4.11)
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Òåïåðü ðàññìîòðèì ñëó÷àé {ρ} ≥ 3/4. Èç (1.4.2) ïîëó÷àåì íåðàâåíñòâà

ρS ′(ρ) + S(ρ) >
ρ

(1− {ρ})2 −
ρ

{ρ}2 −
5ρ

4
+

1

{ρ}(1− {ρ})
, 1 < ρ < 2, (1.4.12)

ρS ′(ρ) + S(ρ) > ρS ′(ρ) >

> ρ

(
1

(1− {ρ})2 −
1

{ρ}2 −
∞∑

k=1

1

(k + {ρ})2

)
=

=
ρ

(1− {ρ})2

(
1−

(
1− {ρ}
{ρ}

)2

−
∞∑

k=1

(1− {ρ})2

(k + {ρ})2

)
, ρ > 2. (1.4.13)

Ïðè ρ ∈ [7/4, 2) èìååì

1

{ρ}(1− {ρ})
≥ 4

{ρ}
> 4 >

5ρ

4
.

Êðîìå òîãî, â ðàññìàòðèâàåìîì ñëó÷àå

1− {ρ} = ||ρ|| ≤ 1

4
, {ρ} = 1− ||ρ|| ≥ 3

4
.

Îòñþäà è èç (1.4.12) ïðè ρ ∈ [7/4, 2) íàõîäèì

ρS ′(ρ) + S(ρ) >
ρ

(1− {ρ})2 −
ρ

{ρ}2 =

=
ρ

||ρ||2

(
1−

(
||ρ||

1− ||ρ||

)2
)
≥ 8ρ

9||ρ||2
>

0.8ρ

||ρ||2
. (1.4.14)

Èç (1.4.13) àíàëîãè÷íûì îáðàçîì ïîëó÷àåì

ρS ′(ρ) + S(ρ) >
ρ

||ρ||2

(
1−

(
||ρ||

1− ||ρ||

)2

− ||ρ||2
∞∑

k=1

1(
k + 3

4

)2
)
≥

≥ ρ

||ρ||2

(
1− 1

9
− 1

16

)
>

0.8ρ

||ρ||2
. (1.4.15)
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Çäåñü áûëè èñïîëüçîâàíû íåðàâåíñòâà
∞∑

k=1

1(
k + 3

4

)2 < ∞∑
k=1

1(
k + 1

2

)2 <
∞∫

1

dx

x2 = 1,

âûòåêàþùèå èç îöåíêè

1

a2 <

a+1/2∫
a−1/2

dx

x2 , a >
1

2
.

Ñî÷åòàÿ (1.4.9), (1.4.11), (1.4.14), (1.4.15), ïîëó÷àåì (1.4.1) ïðè âñåõ ρ > 1, 0 <

||ρ|| ≤ 1/4. Ïðåäëîæåíèå 1.4.1 ïîëíîñòüþ äîêàçàíî.

ÓÒÂÅÐÆÄÅÍÈÅ 1.4.2. Îöåíêà (1.1.13) âåðíà ïðè 0 < ρ < 1.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Êàê èçâåñòíî, ïðè ρ ∈ (0, 1) ñïðàâåäëèâû ðàâåíñòâà:

S(ρ) =
π

sin(πρ)
, S ′(ρ) = −π

2 cos(πρ)

sin2(πρ)
,

è äâóñòîðîííÿÿ îöåíêà, óñòàíîâëåííàÿ â [11]:

1

(1− ρ)2 +
1

ρ2 − 1 < S1(ρ) <
1

(1− ρ)2 +
1

ρ2 .

Ïîýòîìó
S(ρ) + ρS1(ρ) <

2ρ

||ρ||2
+

π

sin(πρ)
.

Äëÿ âûâîäà îöåíêè (1.1.13) îñòàëîñü ïðîâåðèòü, ÷òî

π

sin(πρ)
<

2ρ

||ρ||2
, 0 < ρ < 1 ⇔ π||ρ||

2ρ
<

sin(πρ)

||ρ||
, 0 < ρ < 1. (1.4.16)

Òàê êàê ïðè ρ ∈ [0; 1/2] âåðíà îöåíêà sin(πρ) > 2ρ, à ôóíêöèè ||ρ||, sin(πρ)

ñèììåòðè÷íû îòíîñèòåëüíî òî÷êè ρ = 1/2, òî sin(πρ) ≥ 2||ρ|| ïðè ρ ∈ (0, 1).

Ñëåäîâàòåëüíî, íåðàâåíñòâî (1.4.16) âûïîëíÿåòñÿ, òàê êàê π||ρ||/(2ρ) ≤ π/2 <

2.
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ÓÒÂÅÐÆÄÅÍÈÅ 1.4.3. Åñëè óòî÷í¼ííûé ïîðÿäîê ρ(r) äâàæäû
äèôôåðåíöèðóåì è

lim
r→+∞

ρ′′(r)r2 ln r = 0, (1.4.17)

òî ñóùåñòâóåò âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë
{rn}, óñðåäí¼ííàÿ ñ÷èòàþùàÿ ôóíêöèÿ N(r) êîòîðîé èìååò àñèìïòîòèêó
(1.1.9).

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Ðàññìîòðèì ôóíêöèþ

H(r) = r
drρ(r)

dr
= rρ(r) (ρ(r) + ρ′(r)r ln r) (1.4.18)

è óáåäèìñÿ â òîì, ÷òî íà íåêîòîðîì ëó÷å (r1,+∞) îíà âîçðàñòàåò.
Äåéñòâèòåëüíî, ïðàâàÿ ÷àñòü (1.4.18) äèôôåðåíöèðóåìà â ñèëó
ñóùåñòâîâàíèÿ ρ′′(r). Ñëåäîâàòåëüíî,

H ′(r) = rρ(r)−1 ((ρ(r) + ρ′(r)r ln r)2 + ρ′′(r)r2 ln r + ρ′(r)r(2 + ln r)
)
. (1.4.19)

Èç (1.4.19), (1.4.17) è (0.0.4) ïîëó÷àåì ðàâåíñòâî

lim
r→+∞

r1−ρ(r)H ′(r) = ρ2, ãäå ρ = lim
r→+∞

ρ(r).

Îòñþäà âûòåêàåò ïîëîæèòåëüíîñòü H ′(r), à çíà÷èò è âîçðàñòàíèå H(r) ïðè
âñåõ r > a. Ïîñêîëüêó lim

r→+∞
H(r) = +∞, òî ÷èñëî a ìîæíî âçÿòü òàêèì,

÷òî H(a) = n0 ∈ N. Èç âîçðàñòàíèÿ H ñëåäóåò ñóùåñòâîâàíèå âîçðàñòàþùåé
ïîñëåäîâàòåëüíîñòè ïîëîæèòåëüíûõ ÷èñåë rn (ðåøåíèé óðàâíåíèé H(rn) =

rn ïðè n ≥ n0 + 1; ïåðâûå n0 ýëåìåíòîâ ýòîé ïîñëåäîâàòåëüíîñòè áåð¼ì
ïðîèçâîëüíûìè íà èíòåðâàëå (a, b), b = rn0+1) òàêîé, ÷òî å¼ ñ÷èòàþùàÿ
ôóíêöèÿ n(t) óäîâëåòâîðÿåò äâîéíîìó íåðàâåíñòâó

H(t)− 1 ≤ n(t) ≤ H(t), t ≥ b. (1.4.20)

Èç (1.4.20) è îïðåäåëåíèÿ ôóíêöèè H íàõîäèì(
tρ(t)
)′
− 1

t
≤ n(t)

t
≤
(
tρ(t)
)′
. (1.4.21)
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Ïðîèíòåãðèðîâàâ äâîéíîå íåðàâåíñòâî (1.4.21) ïî îòðåçêó [b, r], ïðèä¼ì ê
äâóñòîðîííåé îöåíêå

rρ(r) − bρ(b) − ln
(r
b

)
≤

r∫
b

n(t)

t
dt ≤ rρ(r) − bρ(b). (1.4.22)

Ïðèáàâèâ êî âñåì ÷àñòÿì (1.4.22) îãðàíè÷åííóþ âåëè÷èíó
b∫

0

(n(t)/t)dt,

ïðèõîäèì ê àñèìïòîòèêå (1.1.9). Ïðåäëîæåíèå äîêàçàíî.
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Ãëàâà 2

Óòî÷íåíèå òåîðåìû Ãîëüäáåðãà îá

îöåíêå òèïà ïðè óòî÷í¼ííîì ïîðÿäêå

öåëîé ôóíêöèè öåëîãî ïîðÿäêà

áåñêîíå÷íîãî òèïà

2.1 Ðåãóëÿðèçîâàííûé èíòåãðàë Âàëèðîíà

Ðåãóëÿðèçîâàííûì èíòåãðàëîì Âàëèðîíà íàçîâ¼ì ñëåäóþùóþ âåëè÷èíó

S∞p =

1∫
0

r−pM′
p(r)dr +

+∞∫
1

(
r−pM′

p(r)−
1

r

)
dr. (2.1.1)

Èç ñîîòíîøåíèé (1.2.6), (1.2.9) ñëåäóåò ñõîäèìîñòü èíòåãðàëîâ â 2.1.1.
Ïîñëåäîâàòåëüíîñòü S∞p âñòðåòèòñÿ â òåîðåìàõ 2.2.1, 2.2.2. Â ýòîì ïàðàãðàôå
ìû äàäèì äâóñòîðîííþþ îöåíêó ýòîé ïîñëåäîâàòåëüíîñòè, íàéä¼ì å¼
àñèìïòîòèêó ïðè p→ +∞ è âû÷èñëèì çíà÷åíèÿ ïðè íåáîëüøèõ p.

ËÅÌÌÀ 2.1.1. Ñïðàâåäëèâû ðàâåíñòâà

S∞1 = 2, S∞2 =
3

2
+ ln 4, (2.1.2)
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äâóñòîðîííèå îöåíêè

2 ln p < S∞p < 2 ln p+ 2 ∀p ≥ 3 (2.1.3)

è àñèìïòîòèêà

S∞p = 2 ln p+ A+O

(
1

p

)
, p→ +∞, (2.1.4)

ãäå A = ln(4/π)+γ−ci(π), γ� ïîñòîÿííàÿ Ýéëåðà, ci(x) = −
+∞∫
x

cos t
t dt, A =

0, 7451...

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Èç (1.2.6) è (2.1.1) íàõîäèì

S∞p =

1+ 1
p∫

0

Up(r)dr − ln

(
1 +

1

p

)
+

∞∫
1+ 1

p

(
1

r − 1
− 1

r

)
dr =

=

1+ 1
p∫

0

Up(r)dr + ln p. (2.1.5)

Èç (2.1.5), (1.2.11) íàõîäèì

S∞1 = 2, S∞2 =

3
2∫

0

r +
√
r2 + 4

2
dr + ln 2 =

3

2
+ ln 4.

Ðàâåíñòâà (2.1.2) äîêàçàíû.
Äëÿ âûâîäà äâóñòîðîííèõ îöåíîê (2.1.3) ïðèìåíèì ê èíòåãðàëó (2.1.5)

íåðàâåíñòâà (1.2.9). Èìååì

S∞p <

1− 1
p∫

0

1

1− r
dr + ln p+ 2 = 2 ln p+ 2.

Àíàëîãè÷íûì ìåòîäîì ïîëó÷àåòñÿ îöåíêà ñíèçó

S∞p >

1∫
2
p

1

1 + 2
p − r

dr + ln p = 2 ln p.

54



×òîáû âûâåñòè àñèìïòîòèêó (2.1.4) âîñïîëüçóåìñÿ ðàâåíñòâàìè (1.2.6) è
(1.2.7) è ïîäñòàâèì èõ â (2.1.5). Èìååì

1+ 1
p∫

0

Up(r)dr =

=

0∫
π

p+1

sin pα

sinα

(p+ 1) cos(p+ 1)α sin pα− p cos pα sin(p+ 1)α

sin2 pα
dα =

=

π
p+1∫
0

(
p

sin pα
− cos(p+ 1)α

sinα

)
dα =

π
p+1∫
0

(
p

sin pα
− cos(p+ 1)α

α

)
dα+O

(
1

p2

)
, p→ +∞. (2.1.6)

Äàëåå,
π

p+1∫
0

(
p

sin pα
− 1

α

)
dα =

= ln

(
ctg

π

2(p+ 1)

)
− ln π + ln(p+ 1)− ln p+ ln 2 =

= ln p+ 2 ln 2− 2 ln π +O

(
1

p

)
, p→ +∞. (2.1.7)

Èç (2.1.5), (2.1.6), (2.1.7) ïîëó÷àåì àñèìïòîòèêó

S∞p = 2 ln p+

π∫
0

1− cosx

x
dx− 2 ln

π

2
+O

(
1

p

)
, p→ +∞.

Èñïîëüçóÿ âûðàæåíèå èíòåãðàëà
π∫
0

1−cos t
t dt ÷åðåç ïîñòîÿííóþ Ýéëåðà è

èíòåãðàëüíûé êîñèíóñ ( [12], ãë.2, §4), ïðèõîäèì ê àñèìïòîòèêå (2.1.4). Ëåììà
äîêàçàíà.
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2.2 Îñíîâíûå ðåçóëüòàòû

Â òåîðåìàõ 2.2.1, 2.2.2 ïðåäïîëàãàåòñÿ, ÷òî p ∈ N, ρ(r) � ïðîèçâîëüíûé
óòî÷í¼ííûé ïîðÿäîê, lim

r→+∞
ρ(r) = p, ìíîæåñòâî êîðíåé ôóíêöèè f

èìååò êîíå÷íóþ ïîëîæèòåëüíóþ âåðõíþþ ïëîòíîñòü (0.0.6) ïðè óòî÷í¼ííîì
ïîðÿäêå, ∆(f, r)�ôóíêöèÿ, çàäàííàÿ ôîðìóëîé (0.0.34). ×åðåç ρ̃(r) îáîçíà÷åí
óòî÷í¼ííûé ïîðÿäîê Ãîëüäáåðãà, ïîñòðîåííûé ïî ρ(r) ñîãëàñíî (0.0.26)�
(0.0.28).

ÒÅÎÐÅÌÀ 2.2.1. Åñëè âûïîëíÿþòñÿ óñëîâèÿ (0.0.28),

rρ(r) = O(rp), r → +∞, (2.2.1)

è ñõîäèòñÿ èíòåãðàë
+∞∫
r0

∆+(f, t)t−p−1dt,

òî âåðíà àñèìïòîòè÷åñêàÿ îöåíêà

lnM(f, r) ≤ Dρ(r)(f)rρ̃(r) +O(rp), r → +∞. (2.2.2)

C äðóãîé ñòîðîíû, êàêîâû áû íè áûëè ÷èñëî D ∈ (0,+∞), ôóíêöèÿ H,
óäîâëåòâîðÿþùàÿ àñèìïòîòè÷åñêîé îöåíêå

∆(r) ≡ H(r)−Drρ(r) = o(rρ(r)), r → +∞, (2.2.3)

è ñòðåìÿùàÿñÿ ê +∞ (âîîáùå ãîâîðÿ, ñêîëü óãîäíî ìåäëåííî)
ôóíêöèÿ B, ñóùåñòâóþò öåëàÿ ôóíêöèÿ G ïîðÿäêà p è âîçðàñòàþùàÿ
ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë Rk, lim

k→∞
Rk = +∞, òàêèå, ÷òî

âåðíû ñîîòíîøåíèÿ

nG(r) = H(r) +O(1), r → +∞, (2.2.4)
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è
lnM(G,Rk) ≥ Dρ(r)(f)R

ρ̃(Rk)
k −B(Rk)R

p
k ∀k ∈ N. (2.2.5)

ÇÀÌÅ×ÀÍÈÅ. Ñäåëàòü îñòàòî÷íûé ÷ëåí â (2.2.2) o(Rp) âðÿä ëè âîçìîæíî.
Ïîêà íåÿñíî, ìîæíî ëè â (2.2.5) âìåñòî ñêîëü óãîäíî ìåäëåííî ñòðåìÿùåéñÿ
ê áåñêîíå÷íîñòè ôóíêöèè B âçÿòü êîíñòàíòó.

ÒÅÎÐÅÌÀ 2.2.2. Ïðè óñëîâèÿõ (0.0.28),

lim
r→+∞

rρ(r)−p = +∞, (2.2.6)

è
r∫

r0

∆+(f, t)t−p−1dt = o(rρ(r)−p), r → +∞, (2.2.7)

âåðíà àñèìïòîòè÷åñêàÿ îöåíêà

lnM(f, r) ≤ Dρ(r)(f)rρ̃(r) +Dρ(r)(f)S∞p r
ρ(r) + o(rρ(r)), r → +∞. (2.2.8)

Ñ äðóãîé ñòîðîíû, êàêîâû áû íè áûëè ÷èñëî D ∈ (0,+∞) è âîçðàñòàþùàÿ
ôóíêöèÿ H, äëÿ êîòîðûõ ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ îöåíêà

∆(r) ≡ H(r)−Drρ(r) = o(rρ(r)), r → +∞, (2.2.9)

ïðè óñëîâèè
r∫

r0

|∆(t)|t−p−1dt = o(rρ(r)−p), r → +∞, (2.2.10)

ñóùåñòâóþò öåëàÿ ôóíêöèÿ G áåñêîíå÷íîãî òèïà ïðè ïîðÿäêå p è
âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë {Rk}k∈N òàêèå,
÷òî âåðíû ñîîòíîøåíèÿ (2.2.4), lim

k→∞
Rk = +∞,

lnM(G,Rk) ≥ DR
ρ̃(Rk)
k +DS∞p R

ρ(Rk)
k + o(R

ρ(Rk)
k ), k →∞. (2.2.11)
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ÇÀÌÅ×ÀÍÈÅ. Â ñâÿçè ñ òðåáîâàíèÿìè (2.2.7) è (2.2.9) òåîðåìû 2.2.2
âîçíèêàåò âîïðîñ î òîì, êàêèì óñëîâèÿì äîëæíû óäîâëåòâîðÿòü óòî÷í¼ííûé
ïîðÿäîê ρ(r) (â ïðåäïîëîæåíèè (0.0.28)) è èçìåðèìàÿ ëîêàëüíî îãðàíè÷åííàÿ
ôóíêöèÿ u : [r0,+∞) → [0,+∞),

u(r) = o(rρ(r)), r → +∞,

äîñòàòî÷íûì äëÿ òîãî, ÷òîáû âûïîëíÿëàñü àñèìïòîòè÷åñêàÿ îöåíêà
r∫

r0

u(t)t−p−1dt = o(rρ(r)−p), r → +∞.

Åñëè, íàïðèìåð, rρ(r)−p ↗∞, òî äîñòàòî÷íî òîãî, ÷òîáû

u(t) ≤ ε(t)rρ(r), r ≥ r0, ãäå
+∞∫
r0

ε(t)

t
dt < +∞.

Åñëè íèêàêèõ óñëîâèé íà ðåãóëÿðíîñòü ïîâåäåíèÿ ρ(r) íå íàêëàäûâàòü, òî
äîñòàòî÷íûì ÿâëÿåòñÿ óñëîâèå u(r) = O(rp1), r → +∞, ãäå p1 - ïðîèçâîëüíîå
÷èñëî, ìåíüøåå p.

2.3 Ëåììà î ìåäëåííî ìåíÿþùèõñÿ ôóíêöèÿõ

ËÅÌÌÀ 2.3.1. Ïóñòü l : (r0,+∞) → R ïðîèçâîëüíàÿ ïîëîæèòåëüíàÿ
äèôôåðåíöèðóåìàÿ ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèþ

lim
r→+∞

rl′(r)

l(r)
= 0. (2.3.1)

Òîãäà, êàêîâî áû íè áûëî ïðîèçâîëüíîå ÷èñëî a ∈ (0, 1), ïðè âñåõ äîñòàòî÷íî
áîëüøèõ r âûïîëíÿþòñÿ äâîéíûå íåðàâåíñòâà(

t

r

)a

≤ l(t)

l(r)
≤
(r
t

)a

, r0 ≤ t ≤ r, (2.3.2)
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(r
t

)a

≤ l(t)

l(r)
≤
(
t

r

)a

, t > r. (2.3.3)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Îáîçíà÷èì wl(r) = rl′(r)/l(r). Ïðè ëþáîì t > r0

âåðíî ðàâåíñòâî
l(t)

l(r)
= exp

− r∫
t

wl(x)

x
dx

 . (2.3.4)

Â ñèëó (2.3.1) äëÿ ëþáîãî a > 0 ñóùåñòâóåò òàêîå ÷èñëî xa, ÷òî ïðè ëþáîì
x > xa âåðíî íåðàâåíñòâî

|wl(x)| <
a

2
. (2.3.5)

Èç (2.3.4), (2.3.5) ïðè
xa ≤ t ≤ r (2.3.6)

íàõîäèì(
t

r

)a/2

= exp

− r∫
t

a

2x
dx

 ≤ l(t)

l(r)
≤ exp

 r∫
t

a

2x
dx

 =
(r
t

)a/2
. (2.3.7)

Òåì ñàìûì, äâîéíîå íåðàâåíñòâî (2.3.2) äîêàçàíî ïðè âñåõ t, r,
óäîâëåòâîðÿþùèõ îãðàíè÷åíèþ (2.3.6); è åãî îñòàëîñü äîêàçàòü åù¼ äëÿ
çíà÷åíèé t ∈ [r0, xa), íî çàòî ëèøü ïðè äîñòàòî÷íî áîëüøèõ r. Ïîëîæèì

M = Ml(a) = max
r0≤t≤xa

(
max

(
l(t)

l(xa)
,
l(xa)

l(t)

))
.

Òîãäà ïðè ëþáîì t ∈ [r0, xa), âîñïîëüçîâàâøèñü óæå äîêàçàííûì
íåðàâåíñòâîì (2.3.7) äëÿ çíà÷åíèÿ t = xa, ïîëó÷èì îöåíêó ñâåðõó

l(t)

l(r)
=

l(t)

l(xa)

l(xa)

l(r)
≤M

(r
xa

)a/2
= M

(xa

r

)a/2 (r
xa

)a

≤

≤M
(xa

r

)a/2 (r
t

)a

. (2.3.8)
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È òåì æå ñïîñîáîì âûâîäèòñÿ îöåíêà ñíèçó
l(t)

l(r)
≥ 1

M

(
r

xa

)a/2(
t

r

)a

. (2.3.9)

ßñíî, ÷òî ïðè r ≥ xaM
2/a â (2.3.8) ïîëó÷èòñÿ îöåíêà

l(t)/l(r) ≤ (r/t)a,

à â (2.3.9) l(t)/l(r) ≥ (t/r)a.

Íåðàâåíñòâî (2.3.3) äîêàçûâàåòñÿ ñîâåðøåííî àíàëîãè÷íî. Ëåììà
äîêàçàíà.

2.4 Ñâåäåíèå îöåíîê ëîãàðèôìà ìàêñèìóìà

ìîäóëÿ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ ê îöåíêàì

ñïåöèàëüíîãî ðÿäà è èíòåãðàëà

ËÅÌÌÀ 2.4.1. Äàíû ÷èñëî q ∈ N0 è ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ
÷èñåë {rn}n∈N, óäîâëåòâîðÿþùàÿ óñëîâèÿì

rn ≤ rn+1 ∀n ∈ N,
∞∑

n=1

r−q−1
n < +∞. (2.4.1)

Ñïðàâåäëèâû äâà ñëåäóþùèõ óòâåðæäåíèÿ.
1. Åñëè {λn}n∈N � ïðîèçâîëüíàÿ ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë,

òàêàÿ, ÷òî |λn| = rn (∀n ∈ N), òî êàíîíè÷åñêîå ïðîèçâåäåíèå

F (z) =
∞∏

n=1

Eq

(
z

λn

)
(2.4.2)

ñõîäèòñÿ ðàâíîìåðíî íà ëþáîì êîìïàêòå â C, ÿâëÿåòñÿ öåëîé ôóíêöèåé è
ëîãàðèôì ìàêñèìóìà å¼ ìîäóëÿ äîïóñêàåò îöåíêó ñâåðõó

lnM(F, r) ≤
∞∑

n=1

Mq

(
r

rn

)
∀r > 0. (2.4.3)
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2. Ïóñòü íà ëó÷å (r1,+∞) çàäàíà ïîëîæèòåëüíàÿ, âîçðàñòàþùàÿ è
ñòðåìÿùàÿñÿ ê áåñêîíå÷íîñòè (âîîáùå ãîâîðÿ, ñêîëü óãîäíî ìåäëåííî) ïðè
r → +∞ ôóíêöèÿ A(r). Òîãäà ñóùåñòâóþò òàêèå ïîñëåäîâàòåëüíîñòè
äåéñòâèòåëüíûõ ÷èñåë {ϕn}n∈N è íàòóðàëüíûõ ÷èñåë {nk}k∈N, ÷òî äëÿ
ëîãàðèôìà ìàêñèìóìà ìîäóëÿ êàíîíè÷åñêîãî ïðîèçâåäåíèÿ

G(z) =
∞∏

n=1

Eq

(
zeiϕn

rn

)
(2.4.4)

âåðíà àñèìïòîòèêà

lnM(G, rn2k
) =

∞∑
n=1

Mq

(
rn2k

rn

)
+O

(
A (rn2k

) rq
n2k

)
. (2.4.5)

Åñëè â ñëó÷àå q = 0 âçÿòü ϕn ≡ π (òîãäà

G(z) =
∞∏

n=1

(1 + z/rn)),

òî áóäåò âûïîëíÿòñÿ òîæäåñòâî

lnM(G, r) ≡ lnG(r) ≡
∞∑

n=1

M0

(
r

rn

)
, r > 0. (2.4.6)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Èç ðàâåíñòâà (0.0.14) è ðàçëîæåíèÿ â ðÿä

Fq(R,ϕ) = −
∞∑

k=q+1

Rk

k
cos kϕ, 0 < R < 1, ϕ ∈ R,

âûâîäèì íåðàâåíñòâî∣∣ln ∣∣Eq

(
Reiϕ

)∣∣∣∣ ≤ 2

q + 1
Rq+1, 0 ≤ R ≤ 1

2
.

Îòñþäà è èç (2.4.1) ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ïðîèçâåäåíèÿ (2.4.2) íà
ëþáîì êîìïàêòå â C, à çíà÷èò è âêëþ÷åíèå F ∈ A(C). Èç (2.4.2), (0.0.14),
(0.0.12) íàõîäèì

ln |F (z)| =
∞∑

n=1

ln

∣∣∣∣Ep

(
z

λn

)∣∣∣∣ ≤
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≤
∞∑

n=1

lnM

(
Ep,

∣∣∣∣ zλn

∣∣∣∣) =
∞∑

n=1

Mp

(∣∣∣∣ zrn
∣∣∣∣) .

Îòñþäà ñëåäóåò íåðàâåíñòâî (2.4.3).
Âòîðîå óòâåðæäåíèå áóäåì äîêàçûâàòü â ñëó÷àå q ∈ N, ïîñêîëüêó ïðè

q = 0 îíî òðèâèàëüíî.
Îïðåäåëèì ðåêóððåíòíî ïîñëåäîâàòåëüíîñòü íîìåðîâ {nk} òàê, ÷òîáû

âûïîëíÿëèñü íåðàâåíñòâà

nk < A(rnk+1
),

∞∑
n=nk+1

r−q−1
n <

1

rnk

, rnk+1
> 2rnk

, (2.4.7)

à â îñòàëüíîì ïîñëåäîâàòåëüíîñòü {nk} ìîæåò áûòü ïðîèçâîëüíîé.
Ïîñëåäîâàòåëüíîñòü {ϕn} ïîñòðîèì ñëåäóþùèì îáðàçîì. ×èñëà ϕn2k

áåðóòñÿ
ïðîèçâîëüíûìè, à ÷èñëà {ϕn} ïðè

n ∈ [n2k−1, n2k+1)

îïðåäåëÿþòñÿ ðàâåíñòâàìè

ϕn =

ϕn2k
ïðè n2k−1 ≤ n, rn ≤

qrn2k

q+1 ,

ϕn2k
− αp

(
rn2k

rn

)
ïðè n < n2k+1, rn >

qrn2k

q+1 ,

(2.4.8)

ãäå αq(r) � åäèíñòâåííûé êîðåíü óðàâíåíèÿ

sin(q + 1)α

sin qα
= r, 0 < α <

π

q + 1
, q ∈ N,

ïðè r ∈ (0; 1 + 1/q)

Äàíæóà [17] äîêàçàë, ÷òî

ln |Eq(re
iαq(r))| = max

|w|≤r
ln |Eq(w)| = Mq(r), 0 < r <

q + 1

q
,

ln |Eq(r)| = max
|w|≤r

ln |Eq(w)| = Mq(r), r ≥ q + 1

q
. (2.4.9)
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Èç (2.4.8), (2.4.9) íàõîäèì

ln

∣∣∣∣Eq

(
rn2k

exp(iϕn2k
− iϕn)

rn

)∣∣∣∣ = Mq

(
rn2k

rn

)
, n2k−1 ≤ n < n2k+1.

Ñëåäîâàòåëüíî,

lnM(F, rn2k
) ≥ ln |F (rn2k

exp(iϕn2k
))| =

=
∞∑

n=1

ln

∣∣∣∣Eq

(
rn2k

exp(iϕn2k
− iϕn)

rn

)∣∣∣∣ =

=
∑

n∈[1,n2k−1)∪[n2k+1,+∞)

ln

∣∣∣∣Eq

(
rn2k

exp(iϕn2k
− iϕn)

rn

)∣∣∣∣+
+

n2k+1−1∑
n=n2k−1

Mq

(
rn2k

rn

)
.

Îòñþäà, îáîçíà÷èâ mq(r) = min
|w|=r

ln |Eq(w)|, âûâîäèì îöåíêó ñíèçó

lnM(F, rn2k
) ≥

∞∑
n=1

Mq

(
rn2k

rn

)
+

+b
∑

n∈[1,n2k−1)∪[n2k+1,+∞)

(
mq

(
rn2k

rn

)
−Mq

(
rn2k

rn

))
. (2.4.10)

Èç (2.4.10) è íåðàâåíñòâà (2.4.3) çàêëþ÷àåì, ÷òî äëÿ äîêàçàòåëüñòâà
àñèìïòîòèêè (2.4.5) îñòàëîñü óñòàíîâèòü ñïðàâåäëèâîñòü ñîîòíîøåíèÿ

S1,k + S2,k = O
(
A(rn2k

)rq
n2k

)
, k →∞, (2.4.11)

â êîòîðîì

S1,k =

n2k−1−1∑
n=1

(
mq

(
rn2k

rn

)
−Mq

(
rn2k

rn

))
,

S2,k =
∞∑

n=n2k+1

(
mq

(
rn2k

rn

)
−Mq

(
rn2k

rn

))
, (2.4.12)
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Èç (1.2.7) è ðàçëîæåíèÿ â ðÿä Fq(r, ϕ) = −
∞∑

m=q+1
(rm/m) cosmϕ,

0 < r < 1, ñëåäóþò íåðàâåíñòâà

− 4

q + 1
rq+1 < mq(r)−Mq(r) < 0, 0 < r ≤ 1

2
,

−4

q
rq < mq(r)−Mq(r) < 0, r > 4. (2.4.13)

Ïðèìåíèâ (2.4.13) ê îöåíêå ñóìì (2.4.12), ïîëó÷èì

S1,k < 0, S2,k < 0, (2.4.14)

−S1,k <
4

q

n2k−1∑
n=1

(
rn2k

rn

)q

<
4n2k−1

q

(
rn2k

r1

)q

,

−S2,k <
4

q + 1

∞∑
n=n2k+1

(
rn2k

rn

)q+1

=
4rq+1

n2k

q + 1

∞∑
n=n2k+1

r−q−1
n . (2.4.15)

Èç (2.4.7), (2.4.15) íàõîäèì

−S1,k < 4q−1r−q
1 A(rn2k

)rq
n2k
,

−S2,k < 4(q + 1)−1rq
n2k
. (2.4.16)

Ñîîòíîøåíèÿ (2.4.14), (2.4.16) âëåêóò çà ñîáîé (2.4.11), à ýòî, êàê îòìå÷àëîñü
âûøå, ïîëíîñòüþ äîêàçûâàåò ëåììó.
ÇÀÌÅ×ÀÍÈÅ. Ìåòîä ïîñòðîåíèÿ ïîñëåäîâàòåëüíîñòè êîðíåé ïðîèçâåäåíèÿ
(2.4.4), êàê è â ïåðâîé ÷àñòè äèññåðòàöèè, çàèìñòâîâàí èç ðàáîòû Ãîëüäáåðãà
[1].

Ëåììà 2.4.1 ïîçâîëÿåò ñâåñòè îöåíêó ëîãàðèôìà ìàêñèìóìà ìîäóëÿ
êàíîíè÷åñêîãî ïðîèçâåäåíèÿ (2.4.2) ê îöåíêå ñóììû ðÿäà

∞∑
n=1

Mq(r/rn) â
ñëó÷àå, êîãäà ïðè çàäàííûõ ìîäóëÿõ êîðíåé ìàêñèìóì ìîäóëÿ ôóíêöèè
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(2.4.2) èìååò íàèáîëüøèé âîçìîæíûé ðîñò. Ñëåäóþùÿÿ ëåììà ñâîäèò îöåíêó
ñóììû ýòîãî ðÿäà ê îöåíêå ñïåöèàëüíîãî èíòåãðàëà, åñëè ñ÷èòàþùàÿ ôóíêöèÿ
ïîñëåäîâàòåëüíîñòè {rn} èìååò "äîñòàòî÷íî ðåãóëÿðíóþ" ìàæîðàíòó (èëè
ìèíîðàíòó).

ËÅÌÌÀ 2.4.2. Åñëè âûïîëíåíî óñëîâèå (2.4.1), n(t) � êîëè÷åñòâî
ýëåìåíòîâ ïîñëåäîâàòåëüíîñòè {rn}, íå ïðåâîñõîäÿùèõ t, òî âåðíî
òîæäåñòâî

∞∑
n=1

Mq

(
r

rn

)
=

+∞∫
r1

rn(t)

t2
M′

q

(r
t

)
dt, r > 0. (2.4.17)

Åñëè ϕ ∈ C[r1,+∞), n(t) ≤ ϕ(t) (∀t ≥ r1), òî

∞∑
n=1

Mq

(
r

rn

)
≤

+∞∫
r1

rϕ(t)

t2
M′

q

(r
t

)
dt, r > 0, (2.4.18)

à åñëè ϕ(t) ≤ n(t) (∀t ≥ r1), òî

∞∑
n=1

Mq

(
r

rn

)
≥

+∞∫
r1

rϕ(t)

t2
M′

q

(r
t

)
dt, r > 0. (2.4.19)

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ. Çàìåòèì ñïåðâà, ÷òî èç ñõîäèìîñòè ðÿäà
∞∑

n=1

r−q−1
n

è ìîíîòîííîñòè rn ñëåäóåò ïðåäåëüíîå ñîîòíîøåíèå

lim
n→∞

nr−q−1
n = 0 ⇔ lim

t→+∞
n(t)t−q−1 = 0

è ñõîäèìîñòü ýòîãî ðÿäà ðàâíîñèëüíà ñõîäèìîñòè èíòåãðàëà
+∞∫
r1

n(t)t−q−2dt.
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Îòñþäà è èç ýêâèâàëåíòíîñòåé [17]

Mq(x) ∼
xq+1

q + 1
, M′

q(x) ∼ xq, x→ 0+,

âûòåêàþò ñîîòíîøåíèÿ

lim
t→+∞

n(t)Mq

(r
t

)
= 0,

+∞∫
r1

n(t)

t2
M′

q

(r
t

)
dt < +∞ ∀r > 0. (2.4.20)

Ñîãëàñíî îïðåäåëåíèþ èíòåãðàëà Ñòèëüòüåñà è ôóíêöèè n(t) âåðíî
òîæäåñòâî

∞∑
n=1

Mq

(
r

rn

)
=

+∞∫
0

Mq

(r
t

)
dn(t), r > 0. (2.4.21)

Èíòåãðèðóÿ ïî ÷àñòÿì â ïðàâîé ÷àñòè (2.4.21) (íàïîìíèì, ÷òî Mq ∈

C1(0,+∞)) è ó÷èòûâàÿ (2.4.20), ïðèõîäèì ê òîæäåñòâó (2.4.17). Íåðàâåíñòâà
(2.4.18) è (2.4.19) ñëåäóþò èç (2.4.17) è ïîëîæèòåëüíîñòè M′

q(x) íà ëó÷å
0 < x < +∞. Ëåììà äîêàçàíà.

Íåðàâåíñòâà ëåììû 2.4.2 óáåæäàþò íàñ â íåîáõîäèìîñòè èçó÷åíèÿ
àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ïðè r → +∞ èíòåãðàëà

Jq(r;h) =

+∞∫
r1

rh(t)

t2
M′

q

(r
t

)
dt, (2.4.22)

ãäå h : [r1,+∞) → (0,+∞) � íåêîòîðàÿ ïðàâèëüíî ìåíÿþùàÿñÿ íà
áåñêîíå÷íîñòè ôóíêöèÿ [13]. Îáû÷íî èìåííî òàêèìè ôóíêöèÿìè îöåíèâàþò
ñâåðõó èëè ñíèçó ñ÷èòàþùèå ôóíêöèè ïîñëåäîâàòåëüíîñòåé. Íàñ áóäóò
èíòåðåñîâàòü ôóíêöèè âèäà

h(t) = tρ(t) ≡ tρl(t), (2.4.23)

ãäå ρ(t) � óòî÷í¼ííûé ïîðÿäîê, lim
t→+∞

ρ(t) = ρ.
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Îáîçíà÷èì

M̃∞
q (x) =

x
−qM′

q(x), 0 < x < 1,

x−qM′
q(x)− 1

x , x > 1.

(2.4.24)

ÇÀÌÅ×ÀÍÈÅ. Ïðè x ∈ (0, 1) âåðíû ñîîòíîøåíèÿ

M̃∞
1 (x) ≡ 1, 1 ≤ M̃∞

q (x) ≤ 1

2
cosec

(
π

4q + 2

)
, q ≥ 2, (2.4.25)

à íà ëó÷å 1 + 1/q ≤ x < +∞ âûïîëíÿåòñÿ òîæäåñòâî

M̃∞
q (x) ≡ 1

x(x− 1)
∀q ∈ N. (2.4.26)

Òàêèì îáðàçîì, êàæäàÿ ôóíêöèÿ M̃∞
q (x) íåïðåðûâíà è îãðàíè÷åíà íà

èíòåðâàëå (0, 1), íåïðåðûâíà íà ëó÷å [1,+∞) è ìîíîòîííî ñòðåìèòñÿ ê íóëþ
íà ëó÷å [1 + 1/q,+∞). Èç ñêàçàííîãî è (2.4.26) ñëåäóåò âêëþ÷åíèå M̃∞

q (x) ∈

L(0,+∞) (∀q ∈ N).

2.5 Äîêàçàòåëüñòâà òåîðåì.

Äîêàçàòåëüñòâî òåîðåìû 2.2.1. Åñëè êîëè÷åñòâî êîðíåé ôóíêöèè f

êîíå÷íî, òî f(z) = P(z)eg(z), ãäå P , g�ìíîãî÷ëåíû, deg g ≤ p. Ñëåäîâàòåëüíî,

lnM(f,R) = O(Rp), R→ +∞,

à òàê êàê â ñèëó (0.0.32) Rp = o
(
Rρ̃(r)

)
, òî àñèìïòîòè÷åñêîå íåðàâåíñòâî

(2.2.2) çàâåäîìî âûïîëíÿåòñÿ.
Åñëè ôóíêöèÿ f èìååò áåñêîíå÷íî ìíîãî êîðíåé, òî, ðàñïîëîæèâ âñå

å¼ íåíóëåâûå êîðíè â ïîñëåäîâàòåëüíîñòü Λ = {λn}n∈N (êàæäûé êîðåíü
âñòðå÷àåòñÿ â ýòîé ïîñëåäîâàòåëüíîñòè ñòîëüêî ðàç, êàêîâà åãî êðàòíîñòü),
ïîëó÷èì ñëåäóþùåå ðàçëîæåíèå ôóíêöèè f â ïðîèçâåäåíèå:

f(z) = f1(z)fΛ(z), ãäå f1(z) = zmeg(z), fΛ(z) =
∞∏

n=1

Ep

(
z

λn

)
,
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g�ìíîãî÷ëåí ñòåïåíè ≤ p, m�êðàòíîñòü êîðíÿ f â òî÷êå z = 0 (åñëè f(0) 6=

0, òî ìíîæèòåëü zm îòñóòñòâóåò). Ïîñêîëüêó lnM(f1, R) = O(Rp), R→ +∞,

òî îöåíêó (2.2.2) äîñòàòî÷íî âûâåñòè äëÿ lnM(fΛ, R), à ñîãëàñíî ëåììå 2.4.1�
äàæå äëÿ ìàæîðàíòû ëîãàðèôìà ìàêñèìóìà ìîäóëÿ�ñóììû

∞∑
n=1

Mp(R/|λn|).

Ñîãëàñíî îáîçíà÷åíèþ (0.0.34) âåðíî íåðàâåíñòâî

nf(r) ≤ Dρ(r)(f)rρ(r) + ∆+(f, r). (2.5.1)

Ëåììà 2.4.2 âìåñòå ñ îöåíêîé (2.5.1) ñ÷èòàþùåé ôóíêöèè
ïîñëåäîâàòåëüíîñòè Λ ïîêàçûâàþò, ÷òî äëÿ ýòîé ñóììû âåðíà îöåíêà
ñâåðõó

∞∑
n=1

Mp

(
r

|λn|

)
≤ Dρ(r)(f)Jp(r;h1) + Jp(r;h2), , (2.5.2)

ãäå h1(t) = tρ(t), h2(t) = tρ(t)ε(t). Ñëåäîâàòåëüíî, äëÿ äîêàçàòåëüñòâà
àñèìïòîòè÷åñêîé îöåíêè (2.2.2) äîñòàòî÷íî óñòàíîâèòü ñïðàâåäëèâîñòü
ñîîòíîøåíèé

Jp(r;h1) = rρ̃(r) +O(rp), Jp(r;h2) = O(rp), r → +∞. (2.5.3)

Ïðèñòóïèì ê äîêàçàòåëüñòâó àñèìïòîòè÷åñêèõ ðàâåíñòâ (2.5.3).
Ïðåîáðàçóåì èíòåãðàë Jp(r;h1). Èìååì

Jp(r;h1) =

+∞∫
r1

rh1(t)

t2
M′

p

(r
t

)
dt = r

+∞∫
r1

tp−2l(t)M′
p

(r
t

)
dt =

= r

r/r1∫
0

(r
x

)p−2
l
(r
x

)
M′

p (x) d
(
−r
x

)
= rp

r/r1∫
0

(x)−p l
(r
x

)
M′

p (x) dx =

= rp

 1∫
0

(x)−p l
(r
x

)
M′

p (x) dx+

r/r1∫
1

(
x−pM′

p (x)− 1

x

)
l
(r
x

)
dx

+
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+rp

 r/r1∫
1

l
(r
x

) dx
x

 = rp

r/r1∫
0

l
(r
x

)
M̃∞

p (x) dx+ rp

r∫
r1

l(t)

t
dt. (2.5.4)

Â ïîñëåäíåì ïåðåõîäå ìû èñïîëüçîâàëè îïðåäåëåíèå (2.4.24) ôóíêöèè M̃∞
p .

Èç (2.5.4), îïðåäåëåíèÿ óòî÷í¼ííîãî ïîðÿäêà ρ̃(r) è ôóíêöèè l ïîëó÷àåì
ðàâåíñòâî

Jp(r;h1) = rρ̃(r) + rρ(r)

r/r1∫
0

l(r/x)

l(r)
M̃∞

p (x) dx. (2.5.5)

Äàëåå, âûâåäåì ïðåäåëüíîå ñîîòíîøåíèå

lim
r→+∞

r/r1∫
0

l(r/x)

l(r)
M̃∞

p (x)dx =

+∞∫
0

M̃∞
p (x)dx = S∞p . (2.5.6)

Ýòî ñîîòíîøåíèå íåñëîæíî âûâîäèòñÿ èç ñâîéñòâ ìåäëåííî ìåíÿþùåéñÿ
ôóíêöèè è òåîðåìû î ïðåäåëüíîì ïåðåõîäå ïîä çíàêîì èíòåãðàëà, ñîñòîÿùåé
â ñëåäóþùåì.

Ïóñòü (X,µ) � ïðîñòðàíñòâî ñ ïîëîæèòåëüíîé ìåðîé,

ϕ : (b,+∞)×X → C, ϕ(r, •) ∈ L(X,µ) ∀r > b.

Åñëè ìàæîðàíòà ñåìåéñòâà ôóíêöèé {ϕ(r, x)|r ∈ (b,+∞)}, ðàâíàÿ Φ(x) =

sup
r>b

|ϕ(r, x)| ëåæèò â ïðîñòðàíñòâå L(X,µ) è ïðè ïî÷òè âñåõ x ∈ X ñóùåñòâóåò
ïðåäåë lim

r→+∞
ϕ(r, x) = ϕ(x), ÿâëÿþùèéñÿ èçìåðèìîé ôóíêöèåé, òî

ϕ ∈ L(X,µ), lim
r→+∞

∫
X

ϕ(r, x)dµ(x) =

∫
X

ϕ(x)dµ(x). (2.5.7)

Ýòà òåîðåìà ÿâëÿåòñÿ ïðÿìûì ñëåäñòâèåì êëàññè÷åñêîé òåîðåìû Ëåáåãà
î ïðåäåëüíîì ïåðåõîäå [20] (ãë. 1, §12). Äåéñòâèòåëüíî, êàêîâà áû íè áûëà
ïîñëåäîâàòåëüíîñòü rn → +∞, èìååì

lim
n→∞

ϕ(rn, x) = ϕ(x) ïðè ï. â. x ∈ X, sup
n
|ϕ(rn, x)| ≤ Φ(x) ∈ L(X).
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Ñëåäîâàòåëüíî, ϕ ∈ L(X),

lim
n→∞

∫
X

ϕ(rn, x)dµ(x) =

∫
X

ϕ(x)dµ(x) ∀{rn} : lim
n→∞

rn = +∞.

Ïîñëåäíåå ñîîòíîøåíèå âëå÷¼ò çà ñîáîé ñïðàâåäëèâîñòü (2.5.7).
Â êà÷åñòâå (X,µ) âîçüì¼ì ëó÷ (0,+∞) ñ îáû÷íîé ìåðîé Ëåáåãà. Ïîëîæèì

ϕ(r, x) =
l(r/x)

l(r)
M̃∞

p (x), 0 < x ≤ r

|λ1|
, ϕ(r, x) = 0, x >

r

|λ1|
. (2.5.8)

Ñîãëàñíî ëåììå 2.3.1 ñóùåñòâóåò òàêîå ÷èñëî b (ñâî¼ äëÿ êàæäîé ôóíêöèè
l), ÷òî ïðè ëþáîì r > b âåðíû íåðàâåíñòâà

l(r/x)

l(r)
≤ x−1/2, 0 < x < 1,

l(r/x)

l(r)
≤ x1/2 1 < x <

r

|λ1|
. (2.5.9)

Â ñèëó ìåäëåííîãî èçìåíåíèÿ ôóíêöèè l èìååì

lim
r→+∞

l(r/x)

l(r)
= 1 ∀x ∈ (0,+∞). (2.5.10)

Èç (2.5.8), (2.5.10) íàõîäèì

lim
r→+∞

ϕ(r, x) = M̃∞
p (x) ∀x ∈ (0,+∞), (2.5.11)

à èç (2.5.8), (2.5.9) ñëåäóåò îöåíêà

sup
r>b

|ϕ(r, x)| ≤ (x−1/2 + x1/2)M̃∞
p (x) ∈ L(0,+∞) (2.5.12)

(ïîñëåäíåå âêëþ÷åíèå ëåãêî âûâîäèòñÿ èç (2.4.25),(2.4.26)).
Ñîîòíîøåíèÿ (2.5.11), (2.5.12) ïîêàçûâàþò, ÷òî âñå óñëîâèÿ öèòèðîâàííîé

òåîðåìû î ïðåäåëüíîì ïåðåõîäå ïîä çíàêîì èíòåãðàëà âûïîëíåíû. Ïðèìåíèâ
å¼, ïîëó÷èì (2.5.6). Èç (2.5.5), (2.5.6) íàõîäèì

Jp(r;h1) = rρ̃(r) + S∞p r
ρ(r) + o(rρ(r)), r → +∞. (2.5.13)

Èç (2.5.13) è (2.2.1) ïîëó÷àåì ïåðâîå ñîîòíîøåíèå (2.5.3).
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Îöåíèì ñâåðõó èíòåãðàë Jp(r;h2) (îí, î÷åâèäíî, ïîëîæèòåëåí). Äëÿ ýòîãî
âîñïîëüçóåìñÿ îöåíêàìè (1.2.6). Èìååì:

M′
p < pxp, 0 < x ≤ 1, M′

p < epxp−1, x > 1.

Äàëåå,

Jp(r;h2) = r

+∞∫
r1

tp−2l(t)ε(t)M′
p

(r
t

)
dt =

= O

rp

r∫
r1

l(t)ε(t)

t
dt

+O

rp+1

+∞∫
r

l(t)ε(t)

t2
dt

 . (2.5.14)

Â óñëîâèÿõ òåîðåìû 2.2.1 âåðíû àñèìïòîòè÷åñêèå îöåíêè l(t) = O(1), ε(t) =

o(1), t → +∞, èíòåãðàë
+∞∫
r1

(l(t)ε(t)/t) dt ñõîäèòñÿ. Íà îñíîâàíèè ýòîãî èç
(2.5.14) íàõîäèì

Jp(r;h2) = O(rp) +O

rp+1

+∞∫
r

dt

t2

 = O(rp), r → +∞. (2.5.15)

Âòîðîå ñîîòíîøåíèå (2.5.3) äîêàçàíî, è òåì ñàìûì äîêàçàòåëüñòâî ïåðâîé
÷àñòè òåîðåìû 2.2.1 çàâåðøåíî.

Äîêàæåì âòîðóþ ÷àñòü òåîðåìû. Ïî äàííîé âîçðàñòàþùåé ôóíêöèè H

ïîñòðîèì âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë rn êàê
ðåøåíèÿ óðàâíåíèÿ H(rn) = n (åñëè H(r0) > 1, òî íåñêîëüêî ïåðâûõ
÷ëåíîâ ýòîé ïîñëåäîâàòåëüíîñòè áåð¼ì ïðîèçâîëüíûìè). Òîãäà ïðè âñåõ
çíà÷åíèÿõ r, íà÷èíàÿ ñ òîãî, â êîòîðîì ôóíêöèÿH ïðèíèìàåò öåëîå çíà÷åíèå,
ñ÷èòàþùàÿ ôóíêöèÿ n(r) ïîñòðîåííîé ïîñëåäîâàòåëüíîñòè óäîâëåòâîðÿåò
äâîéíîìó íåðàâåíñòâó

H(r)− 1 < n(r) ≤ H(r),

à çíà÷èò è àñèìïòîòèêå (2.2.4). Èç (2.2.3), (2.2.4) ñëåäóåò ýêâèâàëåíòíîñòü

n(r) ∼ Drρ(r), r → +∞. (2.5.16)
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Èç (2.5.16) è (0.0.27) âûòåêàåò ñõîäèìîñòü èíòåãðàëà
+∞∫
r1

r−p−1n(r)dr =
1

p

∞∑
n=1

r−p
n ,

à, çíà÷èò, âûïîëíÿåòñÿ óñëîâèå ëåììû 2.4.1 (q = p). Ïî ýòîé ëåììå
(ìîæíî âçÿòü A(r) =

√
B(r)) íàéäóòñÿ ïîñëåäîâàòåëüíîñòü äåéñòâèòåëüíûõ

÷èñåë ϕn è âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë Rk =

rn2k
, lim

k→∞
Rk = +∞, òàêèå, ÷òî

G(z) =
∞∏

n=1

Ep

(
z

λn

)
, λn = rne

iϕn,

ÿâëÿåòñÿ öåëîé ôóíêöèåé è äëÿ ëîãàðèôìà ìàêñèìóìà å¼ ìîäóëÿ íà
îêðóæíîñòÿõ |z| = Rk âåðíà àñèìïòîòèêà

lnM(G,Rk) =
∞∑

n=1

Mp

(
Rk

rn

)
+O

(
Rp

k

√
B(Rk)

)
, k →∞. (2.5.17)

Î÷åâèäíî òàêæå, ÷òî ìíîæåñòâî êîðíåé ôóíêöèè G åñòü â òî÷íîñòè
ïîñëåäîâàòåëüíîñòü {rneiϕn}n∈N è n(r) = nG(r).

Ââèäó óñëîâèÿ, íàëîæåííîãî â òåîðåìå íà ôóíêöèþ H, è äîêàçàííîé
àñèìïòîòèêè (2.2.4) ñ÷èòàþùàÿ ôóíêöèÿ ìíîæåñòâà êîðíåé ôóíêöèè G

äîïóñêàåò îöåíêó ñíèçó

nG(r) ≥ Drρ(r) − ε1(r)r
ρ(r), (2.5.18)

ãäå ε1(r) = o(1), r → +∞. Ýòà îöåíêà ñëåäóåò èç óñëîâèé (2.2.3), (2.2.1)
è äîêàçàííîãî âûøå ñîîòíîøåíèÿ (2.2.4). Èç (2.4.19) è (2.5.18) ñëåäóåò
íåðàâåíñòâî

∞∑
n=1

Mp

(
r

rn

)
≥ DJp(r;h1)− Jp(r;h2), (2.5.19)

ãäå h1 = tρ(t), h2 = ε1(t)t
ρ(t).
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Àñèìïòîòèêà (2.5.13) âìåñòå ñ àñèìïòîòè÷åñêîé îöåíêîé (2.5.15) ïîçâîëÿþò
âûâåñòè èç (2.5.19) îöåíêó ñíèçó

∞∑
n=1

Mp

(
r

rn

)
≥ Drρ̃(r) +O(rp), r → +∞. (2.5.20)

Îòñþäà è èç (2.5.17) íàõîäèì

lnM(G,Rk) ≥ DR
ρ(Rk)
k +O

(√
B(Rk)R

p
k

)
, k →∞.

Ñëåäîâàòåëüíî, ïðè âñåõ äîñòàòî÷íî áîëüøèõ k âûïîëíÿåòñÿ
íåðàâåíñòâî (2.2.5), à çà ñ÷¼ò îòáðàñûâàíèÿ íåñêîëüêèõ ïåðâûõ ýëåìåíòîâ
ïîñëåäîâàòåëüíîñòè {Rk} ñ ïîñëåäóþùåé èõ ïåðåíóìåðàöèåé ìîæíî ñäåëàòü
òàê, ÷òîáû íåðàâåíñòâî (2.2.5) âûïîëíÿëîñü ïðè âñåõ k ∈ N. Òåîðåìà
ïîëíîñòüþ äîêàçàíà. �

Äîêàçàòåëüñòâî òåîðåìû 2.2.2. Åñëè êîëè÷åñòâî êîðíåé ôóíêöèè f

êîíå÷íî, òî f(z) = P(z)eg(z), ãäå P , g�ìíîãî÷ëåíû, deg g ≤ p. Ñëåäîâàòåëüíî,

lnM(f,R) = O(Rp), R→ +∞,

à òàê êàê â ñèëó (0.0.32) Rp = o
(
Rρ̃(r)

)
, òî àñèìïòîòè÷åñêîå íåðàâåíñòâî

(2.2.8) çàâåäîìî âûïîëíÿåòñÿ.
Åñëè ôóíêöèÿ f èìååò áåñêîíå÷íî ìíîãî êîðíåé, òî, ðàñïîëîæèâ âñå

å¼ íåíóëåâûå êîðíè â ïîñëåäîâàòåëüíîñòü Λ = {λn}n∈N (êàæäûé êîðåíü
âñòðå÷àåòñÿ â ýòîé ïîñëåäîâàòåëüíîñòè ñòîëüêî ðàç, êàêîâà åãî êðàòíîñòü),
ïîëó÷èì ñëåäóþùåå ðàçëîæåíèå ôóíêöèè f â ïðîèçâåäåíèå:

f(z) = f1(z)fΛ(z), ãäå f1(z) = zmeg(z), fΛ(z) =
∞∏

n=1

Ep

(
z

λn

)
,

g�ìíîãî÷ëåí ñòåïåíè ≤ p, m�êðàòíîñòü êîðíÿ f â òî÷êå z = 0 (åñëè f(0) 6=

0, òî ìíîæèòåëü zm îòñóòñòâóåò). Ïîñêîëüêó lnM(f1, R) = O(Rp), R→ +∞,
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òî îöåíêó (2.2.8) äîñòàòî÷íî âûâåñòè äëÿ lnM(fΛ, R), à ñîãëàñíî ëåììå 2.4.1�
äàæå äëÿ ìàæîðàíòû ëîãàðèôìà ìàêñèìóìà ìîäóëÿ�ñóììû

∞∑
n=1

Mp(R/|λn|).

Ñîãëàñíî îáîçíà÷åíèþ (0.0.34) âåðíî íåðàâåíñòâî

nf(r) ≤ Dρ(r)(f)rρ(r) + ∆+(f, r). (2.5.21)

Ëåììà 2.4.2 âìåñòå ñ îöåíêîé (2.5.21) ñ÷èòàþùåé ôóíêöèè
ïîñëåäîâàòåëüíîñòè Λ ïîêàçûâàþò, ÷òî äëÿ ýòîé ñóììû âåðíà îöåíêà
ñâåðõó

∞∑
n=1

Mp

(
r

|λn|

)
≤ Dρ(r)(f)Jp(r;h1) + Jp(r;h2), , (2.5.22)

ãäå h1(t) = tρ(t), h2(t) = tρ(t)ε(t).

Èç àñèìïòîòèêè (2.5.13) ñëåäóåò, ÷òî äëÿ äîêàçàòåëüñòâà àñèìïòîòè÷åñêîé
îöåíêè (2.2.8) íàì îñòàëîñü óñòàíîâèòü ñïðàâåäëèâîñòü àñèìïòîòè÷åñêîé
îöåíêè

Jp(r;h2) = o(rρ(r)), r → +∞. (2.5.23)

Äëÿ ýòîãî âîñïîëüçóåìñÿ îöåíêàìè (1.2.6). Èìååì:

M′
p < pxp, 0 < x ≤ 1, M′

p < epxp−1, x > 1.

Äàëåå,

Jp(r;h2) = r

+∞∫
r1

tp−2l(t)ε(t)M′
p

(r
t

)
dt =

= O

rp

r∫
r1

l(t)ε(t)

t
dt

+O

rp+1

+∞∫
r

l(t)ε(t)

t2
dt

 . (2.5.24)

Ïîñêîëüêó â òåîðåìå (2.2.2) âûïîëíÿåòñÿ óñëîâèå (2.2.7), òî ïåðâîå
ñëàãàåìîå â (2.5.24) åñòü o(rρ(r)) ïðè r → +∞. Îöåíèì âòîðîå ñëàãàåìîå.
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Ââèäó ñòðåìëåíèÿ ê íóëþ ôóíêöèþ ε(t) ïðè t→ +∞ èìååì
+∞∫
r

l(t)ε(t)

t2
dt = o

 +∞∫
r

l(t)

t2
dt

 , r → +∞,

è íàì îñòàëîñü äîêàçàòü, ÷òî
+∞∫
r

l(t)

t2
dt = O

(
l(r)

r

)
, r → +∞. (2.5.25)

Îáîçíà÷èì ϕ(t) = t−1/2l(t). Ââèäó (2.3.1) ôóíêöèÿ ϕ óáûâàåò íà íåêîòîðîì
ëó÷å [t0,+∞).

Ñëåäîâàòåëüíî,
+∞∫
r

t−2l(t)dt =

+∞∫
r

t−3/2ϕ(t)dt ≤ ϕ(r)

+∞∫
r

t−3/2dt = 2ϕ(r)r−1/2 = 2l(r)/r.

Ýòèì ñîîòíîøåíèå (2.5.25) äîêàçàíî, è äîêàçàòåëüñòâî ïåðâîé ÷àñòè òåîðåìû
2.2.2 çàâåðøåíî.

Äîêàæåì âòîðóþ ÷àñòü òåîðåìû. Ïî äàííîé âîçðàñòàþùåé ôóíêöèè H

ïîñòðîèì âîçðàñòàþùóþ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë rn êàê
ðåøåíèÿ óðàâíåíèÿ H(rn) = n (åñëè H(r0) > 1, òî íåñêîëüêî ïåðâûõ
÷ëåíîâ ýòîé ïîñëåäîâàòåëüíîñòè áåð¼ì ïðîèçâîëüíûìè). Òîãäà ïðè âñåõ
çíà÷åíèÿõ r, íà÷èíàÿ ñ òîãî, â êîòîðîì ôóíêöèÿH ïðèíèìàåò öåëîå çíà÷åíèå,
ñ÷èòàþùàÿ ôóíêöèÿ n(r) ïîñòðîåííîé ïîñëåäîâàòåëüíîñòè óäîâëåòâîðÿåò
äâîéíîìó íåðàâåíñòâó

H(r)− 1 < n(r) ≤ H(r),

à çíà÷èò è àñèìïòîòèêå (2.2.4). Èç (2.2.9), (2.2.4) ñëåäóåò ýêâèâàëåíòíîñòü

n(r) ∼ Drρ(r), r → +∞. (2.5.26)

Èç (2.5.26) è (0.0.27) âûòåêàåò ñõîäèìîñòü èíòåãðàëà
+∞∫
r1

r−p−1n(r)dr =
1

p

∞∑
n=1

r−p
n ,
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à, çíà÷èò, âûïîëíÿåòñÿ óñëîâèå ëåììû 2.4.1 (q = p). Ïî ýòîé ëåììå
(ìîæíî âçÿòü A(r) =

√
rρ(r)−p íàéäóòñÿ ïîñëåäîâàòåëüíîñòü äåéñòâèòåëüíûõ

÷èñåë ϕn è âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë Rk =

rn2k
, lim

k→∞
Rk = +∞, òàêèå, ÷òî

G(z) =
∞∏

n=1

Ep

(
z

λn

)
, λn = rne

iϕn,

ÿâëÿåòñÿ öåëîé ôóíêöèåé è äëÿ ëîãàðèôìà ìàêñèìóìà å¼ ìîäóëÿ íà
îêðóæíîñòÿõ |z| = Rk âåðíà àñèìïòîòèêà

lnM(G,Rk) =
∞∑

n=1

Mp

(
Rk

rn

)
+ o(rρ(r)), k →∞. (2.5.27)

Î÷åâèäíî òàêæå, ÷òî ìíîæåñòâî êîðíåé ôóíêöèè G åñòü â òî÷íîñòè
ïîñëåäîâàòåëüíîñòü {rneiϕn}n∈N è n(r) = nG(r).

Ââèäó óñëîâèÿ, íàëîæåííîãî â òåîðåìå íà ôóíêöèþ H, è äîêàçàííîé
àñèìïòîòèêè (2.2.4) ñ÷èòàþùàÿ ôóíêöèÿ ìíîæåñòâà êîðíåé ôóíêöèè G

äîïóñêàåò îöåíêó ñíèçó

nG(r) ≥ Drρ(r) − ε1(r)r
ρ(r), (2.5.28)

ãäå ε1(r)�òàêàÿ ñòðåìÿùàÿñÿ ê íóëþ ôóíêöèÿ, ÷òî
r∫

r0

ε1(t)t
ρ(t)−p−1dt = o(rρ(r)−p), r → +∞. (2.5.29)

Ýòà îöåíêà ñëåäóåò èç óñëîâèé (2.2.9), (2.2.10) òåîðåìû è äîêàçàííîãî
ñîîòíîøåíèÿ (2.2.4). Èç (2.4.19) è (2.5.28) ñëåäóåò íåðàâåíñòâî

∞∑
n=1

Mp

(
r

rn

)
≥ DJp(r;h1)− Jp(r;h2), (2.5.30)

ãäå h1 = tρ(t), h2 = ε1(t)t
ρ(t).
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Âûøå áûëè âûâåäåíû àñèìïòîòèêà (2.5.13) èíòåãðàëà Jp(r;h1) è
àñèìïòîòè÷åñêàÿ îöåíêà (2.5.23) èíòåãðàëà Jp(r;h2). Èç ýòèõ ñîîòíîøåíèé
è óñëîâèÿ (2.2.6) íàõîäèì

∞∑
n=1

Mp

(
r

rn

)
≥ Drρ̃(r) +DS∞p r

ρ(r) + o(rρ(r)). (2.5.31)

Èç (2.5.27), (2.5.31) ïîëó÷àåì (2.2.11). Òåîðåìà 2.2.2 ïîëíîñòüþ äîêàçàíà. �
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Çàêëþ÷åíèå

Â ïåðâîé ãëàâå äèññåðòàöèè ðàññìîòðåíû öåëûå ôóíêöèè, ïîðÿäîê
êîòîðûõ êîíå÷åí, ïîëîæèòåëåí è íå ÿâëÿåòñÿ öåëûì ÷èñëîì. Â
ïðåäïîëîæåíèè, ÷òî çàäàíà ìàæîðàíòà óñðåäí¼ííîé ñ÷èòàþùåé ôóíêöèè
ìíîæåñòâà êîðíåé òàêîé öåëîé ôóíêöèè f è ýòà ìàæîðàíòà îáëàäàåò íà
áåñêîíå÷íîñòè "äîñòàòî÷íî ðåãóëÿðíûì" ïîâåäåíèåì, àâòîðîì ïîëó÷åíà
àñèìïòîòè÷åñêàÿ îöåíêà ñâåðõó lnM(f,R) ñ äâóìÿ íåóëó÷øàåìûìè
ñëàãàåìûìè. Íåóëó÷øàåìîñòü îöåíêè ïîíèìàåòñÿ â ñëåäóþùåì ñìûñëå.
Äîêàçûâàåòñÿ, ÷òî äëÿ ëþáîãî óòî÷í¼ííîãî ïîðÿäêà ρ(r), ïðåäåë íà
áåñêîíå÷íîñòè êîòîðîãî íå ÿâëÿåòñÿ öåëûì ÷èñëîì, ñóùåñòâóåò öåëàÿ
ôóíêöèÿ F , óñðåäí¼ííàÿ ñ÷èòàþùàÿ ôóíêöèÿ ìíîæåñòâà êîðíåé êîòîðîé
èìååò çàäàííóþ àñèìïòîòèêó NF (R) = Rρ(R) + O(lnR), R → +∞, è
íà íåêîòîðîé ïîñëåäîâàòåëüíîñòè îêðóæíîñòåé ðàäèóñîâ Rm → +∞

îöåíêà ñíèçó lnM(F,Rm) àñèìïòîòè÷åñêè òàêàÿ æå, êàê è îöåíêà ñâåðõó
ëîãàðèôìà ìàêñèìóìà ìîäóëÿ ëþáîé öåëîé ôóíêöèè f ïðè óñëîâèè
Nf(R) ≤ Rρ(R) +O(Ra), 0 < a < ρ = lim

R→+∞
ρ(R).

Ïîäîáíàÿ îöåíêà ñâåðõó lnM(f,R) ñ äâóìÿ íåóëó÷øàåìûìè ñëàãàåìûìè,
êîãäà èçâåñòíà "ðåãóëÿðíàÿ" ìàæîðàíòà ñ÷èòàþùåé ôóíêöèè ìíîæåñòâà
êîðíåé f (îáû÷íîé, à íå óñðåäí¼ííîé) áûëà ïîëó÷åíà â 2013 ãîäó À.Þ.
Ïîïîâûì, à ðàíåå â îöåíêå ñâåðõó áûë èçâåñòåí òîëüêî íåóëó÷øàåìûé
ãëàâíûé ÷ëåí. Èíòåðåñíà àíàëîãèÿ ìåæäó ðåçóëüòàòàìè À.Þ. Ïîïîâà è

78



àâòîðà. Îöåíêà À.Þ. Ïîïîâà èìååò âèä

lnM(f,R) ≤ Rρ(R)(S(ρ) + S ′(ρ)wl(R) + o(wl(R))), R→ +∞, (1)

à â çàäà÷å, ðàññìàòðèâàåìîé â äèññåðòàöèè

lnM(f,R) ≤ Rρ(R)(S(ρ) + (ρS(ρ))′wl(R) + o(wl(R))), R→ +∞. (2)

Ñòðóêòóðà ïðàâûõ ÷àñòåé íåðàâåíñòâ (1) è (2) îäèíàêîâà è (2) ïîëó÷àåòñÿ èç
(1) çàìåíîé ôóíêöèè Âàëèðîíà S(ρ) íà ρS(ρ).

Âî âòîðîé ãëàâå äèññåðòàöèè â ðóñëå èäåé ïåðâîé ãëàâû ïîëó÷åíî
óòî÷íåíèå òåîðåìû À.À. Ãîëüäáåðãà î òî÷íîé îöåíêå ñâåðõó òèïà öåëîé
ôóíêöèè ïðè óòî÷í¼ííîì ïîðÿäêå ñ äàííîé âåðõíåé ïëîòíîñòüþ ìíîæåñòâà å¼
êîðíåé îòíîñèòåëüíî äðóãîãî óòî÷í¼ííîãî ïîðÿäêà, ñòðåìÿùåãîñÿ ê öåëîìó
÷èñëó. È â ýòîé ñèòóàöèè â îöåíêå ñâåðõó ëîãàðèôìà ìàêñèìóìà ìîäóëÿ
öåëîé ôóíêöèè àâòîðîì íàéäåíî íåóëó÷øàåìîå âòîðîå ñëàãàåìîå, õîòÿ ñàì
âèä îöåíêè ñâåðõó ïðèíöèïèàëüíî îòëè÷àåòñÿ îò (1) è (2).

Ðåçóëüòàòû äèññåðòàöèè ïîêàçûâàþò, ÷òî ëîãàðèôì ìàêñèìóìà ìîäóëÿ
êàíîíè÷åñêîãî ïðîèçâåäåíèÿ, ñ÷èòàþùàÿ èëè óñðåäí¼ííàÿ ñ÷èòàþùàÿ
ôóíêöèÿ ìíîæåñòâà êîðíåé êîòîðîãî èìååò çàäàííóþ ìàæîðàíòó, ìîæåò
áûòü îöåíåí ñâåðõó çíà÷èòåëüíî òî÷íåå, ÷åì ýòî äåëàëîñü â ïðåäûäóùèõ
èññëåäîâàíèÿõ. Â ýòîì, ïî-âèäèìîìó, è ñîñòîèò îñíîâíîå äîñòèæåíèå
äèññåðòàöèîííîé ðàáîòû.

Îáðèñóåì ïåðñïåêòèâû äàëüíåéøèõ èññëåäîâàíèé ïî òåìàòèêå
äèññåðòàöèè. Áîëüøîé èíòåðåñ âûçûâàþò çàäà÷è î öåëûõ ôóíêöèÿõ ñ
ãåîìåòðè÷åñêèìè îãðàíè÷åíèÿìè íà ðàñïîëîæåíèå êîðíåé. Íàïðèìåð, â
ïðèëîæåíèÿõ âåñüìà âîñòðåáîâàí êëàññ öåëûõ ôóíêöèé, âñå êîðíè êîòîðûõ
ðàñïîëîæåíû íà îäíîì ëó÷å (ñêàæåì, íà R+) èëè, áîëåå îáùî, â îáëàñòè D
âèäà {z ∈ C

∣∣ |arg z| ≤ h(|z|)}, ãäå h�íåêîòîðàÿ ïîëîæèòåëüíàÿ ôóíêöèÿ,
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îïðåäåë¼ííàÿ íà (0,+∞), lim
r→+∞

h(r) = 0. Äëÿ ýòîãî êëàññà ôóíêöèé
À.À. Ãîëüäáåðãîì [4] â 1962 ãîäó ïîëó÷åíî íåóëó÷øàåìîå íåðàâåíñòâî

σρ(r)(f) ≤ S0(ρ)Dρ(r)(f) (3)

â ñëó÷àå lim
r→+∞

ρ(r) = ρ∈N. Åñëè ρ ∈ (0, 1), òî

S0 ≡ S(ρ) = πcosec(πρ).

Íî ïðè ρ > 1 ôóíêöèÿ S0(ρ) óñòðîåíà íàìíîãî ñëîæíåå ôóíêöèè Âàëèðîíà
S(ρ) è å¼ ïîâåäåíèå ïîêà íå èññëåäîâàíî. Â êà÷åñòâå áëèæàéøåé ïåðñïåêòèâû
âèäèòñÿ èññëåäîâàíèå ïîâåäåíèÿ S0(ρ) è ïîëó÷åíèÿ àíàëîãà íåðàâåíñòâà (3),
â êîòîðîì âìåñòî âåðõíåé ïëîòíîñòè ìíîæåñòâà êîðíåé f ïðè óòî÷í¼ííîì
ïîðÿäêå ρ(r) ñòîÿëà áû óñðåäí¼ííàÿ âåðõíÿÿ ïëîòíîñòü ìíîæåñòâà êîðíåé
ôóíêöèè f .
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