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BBenenne

IIpeameTom muccepTalum sBJisieTCs JJOKA3ATEIHLCTBO PEIEIbHBIX T€O-
peM JiJisi IPOLECCa, PABHOI'O YKUC/Y 3aHATHIX HIPUOOPOB B cucTEME B (DUKCUPOBaH-
HBIIl MOMEHT BpeMenn. JIoKa3aHbl aHAJIOIU 3aKOHA, OOJIBIITNX UUCET U IEeHTPaJb-
HOI TIpeJIeJIbHOI TepeMbl, a TaK:xKe HaiijeHbl ycyoBusa C-CXOMMMOCTH B HEKOTO-

PBIX YaCTHBIX Caydasdax. /s paccMaTpuBaeMbIX CUCTEM IIPEJIIIOJaraeTcs, 9To:
1. cucrema nmeer G€CKOHEUHOE YUCJIO MPUOOPOB;
2. B HauaJbHBINH MOMeHT BpeMmenu( ¢ = () Bce mpubOPHI CBOOOTHBI,

3. ojun 1pubop 00C/IyKUBAET OJIHOBPEMEHHO He 0oJiee OJIHOIO TpedoBa-
Hus. BpemeHa oOCTyKUBaHUs SBJSIOTCS TTOJOKUTEIHHBIMU HE3aBUCUMbI-
MU OJIMHAKOBO PACIPEICTCHHBIMU CJTyUYailHBIMU BeJTMIHHAMIE(H.0.D.C.B.) C

dbyukmmeii pacnpeenenus B(t),( t > 0) u 66CKOHEIHBIM CPEJIHIM.

Korna cpeiree BpeMsi 00CIyKUBaHKUs TPHOOPOB KOHEUHO, OECKOHEUHOKA-
HaJbHas cucTeMa saBisiercs sproguanoit [4]( Boposkos, 1972). Mbr mpemonara-
eM, 9TO CPeJIHero BpeMeHn O0C/IyKMBaHusi TpeboBaHuit He cylecTByeT. B 3Tom
cIydae 9ucio 3aHSAThIX MPUOOPOB B CUCTEME HEOI'PAHWYIEHHO BO3PACTaeT W BO3-
HUKAET MPodJIeMa aCHMIITOTHIECKOTO aHAJIN3a 9TOT0 TPOIECCa.

AKTyaJIbHOCTb T€MbI MCCJIEJOBAHUsA. BeCKOHETHOKAHAIBHBIE CHCTE-
MBI OOCJIY?>KUBaHUsI BCTPEUAIOTCS B JIUuTeparype emle B Hadaje 50-x romos 20-ro
Beka. B 1951 r. B [72]|(Riordan, 1951) 6bl1a paccmorpena teedoHHAsT CTAHIINS,
B KOTOPO#l HY OJIMH 3BOHOK HE 3aJI€PKUBACTCS WJIA TEPSIeTCS M3-32 OTCYTCTBUS
obopyioBaHust. DTa cucrema sBistercs cucremoii Tuna M /G /oo.

B 60-70-e rojpl nosiBJIsSIeTCst cepust paboOT, MOCBSIIEHHBIX 9TUM CUCTEMaM.
Hanpuwmep, [78](Takacs, 1962), [38|( Downton, 1963), [63]( Mirasol, 1963), [51](
Kaplan, 1975) u ap. B HUX npuBeIeHBI PE3yIbTATHI, KACAIOIIHECS PACTIPeiesie-
HUSI IMCIa 3aHITBHIX IMPHOOPOB, a TaKKe JOKA3aHO, ITO BBIXOISINNNA MOTOK M3

cucreMpl M /G /00 SBIsIETCS yaCCOHOBCKUM.



B 1980-e rojpl 1myOJIMKYIOTCS CTAThU, TOCBSAIIECHHbBIE U3YUYEeHUIO DECKOHEe-
HOKaHAJIbHBIX CHCTEM B ciiydae Bbicokoit Harpysku( "heavy traffic")(cm., nanpu-
sep, [85]( Whitt, 1982), [87]( Yamada, 1988)). Tax 5 [85]( Whitt, 1982), [64](
Pang, Whitt, 2010) paccmorpena mocsenoBarenbuocts cucrem GI/G /oo, un-
TEHCUBHOCTH BXOJIAIIErO MOTOKA B KOTOPBIX CTPEMHUTCS K OECKOHEYHOCTH, B TO
BpeMsl KaK pacipe/iesielre BpeMer o0cayKuBanus (pukcupoBano. OTMeTUM, 4To
O100HBIE TIPEJEJILHBIE TEOPEMbI HOCAT XapaKTep, OTJIMYHBIA OT PacCMaTpuBae-
MbIX HaMmK. B Hamem ciayuae, paciupejesenne BXOASIIEro IM0TOKa, He U3MEHSIeTC s,

t
Ho [(1— B(x))dz — oo, t — 00. B ¢Bsi3u ¢ 911M, B IPEJIeJbHBIX TEOpEMax 110-
0

t
SIBJISIETCST HE BIIOJIHE TPAJMIMOHHAST HOPMUPOBKA \/f(l — B(x))dz, a ue \/t.
0

CTouT OTMETHUTDH, YTO HETPAJUIMOHHAS HOPMUPOBKA BO3HUKAECT M B CIyUAsIX
BBICOKO# 3arpy3ku( cM. nampumep [43]( Glynn, 1991)).

[lesrecoobpasHOCTh PACCMOTPEHUsT PACIPEIETCHINH, UMEIONIX TAXKebIe
XBOCTBI, MOXKHO OOBsICHUTH Tak. Cpejid MHTePBaJIOB OOCTYKUBAHMS MMEOTCS
OYeHb JUIMHHBIE WHTEPBaJbl U WX JIOJsI BBICOKa. Takoe pacrnpejiejieHue nMeer,
HanpuMmep, pasmep Qailja B CeTH MHTEPHET, a TakyKe JUIMTEJbHOCTH Mepejiadn
daityia B ceTu, ipuiem 310 BEPHO JIJist BCeX TUIOB (pailjioB: nzodparkenust, ay/iuo,
suseo, Tekct [33|( Crovella, Taqqu, Bestavros, 1998). IMomo6ubie pacmpesese-
HUsI €CTECTBEHHBIM 00Pa30M BOBHUKAIOT B CTPAXOBAHWHU, TaK KaK pacipejieeHne
CTPAXOBBIX TPEOOBAHUIT TACTO UMEET TSKEJIbIe XBOCTBI, & TAKIKE B MPIJIOKEHUIX
dbunancoroit maremaTrky |24]( Asmussen, 2000), |86]( Whitt, 2002).

Ha py06exe 80-x n 90-x 10710B BBIXOAAT pabOTHI, MOCBSIICHHBIE DECKOHE-
HOKaHAJIbHBIM CHCTEMaM C IPYIIOBBIM [OCTYIIEHHEeM TpeboBaHuii( ¢M., Hanpu-
mep, [52]( Keilson, 1988), [57]( Liu, 1990)). Coruacto [57]( Lui, 1990) uucio 3a-
HATBIX MPUOOPOB B TAKUX CHCTEMAX, MOXKET OBITH CMOJIETUPOBAHO KaK MPOIEce
JPOOOBOTO TITyMa, KOTOPBIil BbI3BAH HAJIOKEHUEM CJIYUARHOCTH BEJIMIMHBI CKa-
KOB BXOJIAIIEr0 MPOIEcca U CIydIaiiHoCTH MOMEHTOB TuX ckadkoB. B [57|( Lui,

1990) wm3yuaercsi mporiecc, paBHBIH qucay TpeboBanunii B cucreme GI/G /oo ¢



I'PYIIIOBBIM TIOCTYIIJICHUEM TpeboBanuii. Jlajiee 3Tu pesysbraTbl 0000IA0TCs
agist cucrembl G1/G /00 ¢ pasHbIMU TUIIAMU BXOJSIIUX IPYIIL, HAIIPUMED, Bpe-
MeHa 00C/Iy>KMBaHUs Jijisi PA3HbIX TPYII MOI'YT MMETh PasHble pacipejelie-
ans(em. [58]( Lui, 1991), [31]( Cong, 1994)). B 90-e mmpokoe pacmpocTpate-
HIE UMEJIO U3yueHre DECKOHeTHOKAHAILHBIX CUCTEM C TPYIIOBLIM HOCTYILIEHU-
em Tpebosanuit. Hanpumep, B cratse [59]( Lui, 1991) nosydensr pe3ynbrarsl
JUtst ieprojia 3ausitoctu B cucreme G1/G /o0 ¢ PpyNmoBbIM TOCTYTICHHEM TPe-
oosanmii, B [77|( Sumita, 1997) paccmorpena cucrema GI/G /oo ¢ rpynnosbim
HoCTyIlJIeHueM TpeDOBaHUIT U 3aBUCUMbBIMU BpeMeHaMu 00c/iykuBanust. Takxke
PACCMOTPEHBI CUCTEMBI ¢ TPYIIIOBBIM HOCTYILJIEHUMEM TPEOOBAHUI M IPYIIIOBBIM
obcayxusanuem, nampumep, [82|( Ushakumari, 1998), [45]( Gullu, 2004), cu-
CTEMBI C TPYIIOBBIM MOCTYIUICHHEM B Cjiydae BeicOKoil 3arpysku [11]( Jlebees,
2000). VuTepec K TakKuM CHCTEMaM BIIOJHE MOHATEH, TAK KAK OHU MOTYT ObITh
IPUMEHEHbI BO MHOTHX 00JIACTSIX, TAKUX, KAK TPAHCIIOPTHBIE CUCTEMbBI, KOMITHIO-
TEPHBIE CUCTEMbI, PACIPEEIEHUE PECYPCOB.

HaJiee, nosipjisitorcst paborsl ¢ ele OoJiee CJA0KHON CTPYKTYpPO#l cucrem
obcayxusanusi. Hanpumep, B [62]( Masuyama, 2002) usydaercs 6ecKOHEIHOKA-
HaJIbHAs CUCTEMa ¢ HECKOJLKUMY BXOJSIUME IIOTOKAMK ¥ PA3HOM MPOIEIypoii
00CTyKMBAHUSL JIJIs1 PA3HBIX [TOTOKOB.

B siureparype paccMaTpuBalOTCs pasauuHble MOJEIN OECKOHETHOKAHAJ b
HBIX CHCTeM, Hanpumep, cucrembl ¢ orpanudenusimu [50](Kang, 2012), cucre-
Mbl B ciydaitroit cpege [35]( D’Auria, 2007), [27]( Blom, 2014), ceru 6ecko-
HEeYHOKaHAJIbHBIX cucreM( oM., Hanpumep, [60]( Massey, 1993), [53]( Keilson,
1994), [41]( Ferreira, 2013)), GeckoHEIHOKAHAJBHBIE CHCTEMBI € MPEPHIBA-
rnem obcayxkupanus [49]( Jayawardene, 1996) u mpyrme. Dto o0bycioBie-
HO KakK IIMPOKUM KpPYrOM IPaKTHYECKUX BOIPOCOB, B KOTOPLIX 3TH MOJIE-
JII OKa3bIBAIOTCs IOJIE3HBIMEU, TaK ¥ IEJIbIM PsAJOM BO3HUKAIONIUX 3JI€Ch MH-
TEPECHBIX MaTeMaTudecKux 3ajad. st GecKOHedYHOKAHAJIBHBIX CHCTEM HU3y-

qaeTcs MOBEJCHNHE Pa3HbIX MPOIECCOB, HAIPUMED, Tepuoj 3aHsrocTu( Bpems
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B TedeHre KOTOpOro Oyjer 3aHsaT XOoTh oquH npubop B cucreme, [46]( Hall,
1985), [69]( Ramalhoto, 1984)), [81]( Tsybakov, 2006), uucsio 3ansTbix npudo-
pos. B crarbsx [67]( Preater, 2002), |73]( Roijers, Mandjes, Berg, 2007) uc-
CJICJIYIOTCS TAKUe XapaKTePUCTUKKM OECKOHEUHOKAHAJILHBIX CHCTEM, KaK JIJIMHA
C-neperpyxennoro nepuoga( length of the C-congested episode) u Boicora C-
neperpyzkernoro mepuosa( height of the C-congested episode).

Ha nepsoiit B3ru1s)], 66CKOHEIHOKAHAILHBIC CUCTEMbI KAXKyTCsA HEPeaJn-
CTMYHBIMHU, HO Ha CAMOM JeJIe OHM MOTYT OBbITh MCHOJL30BAHLI IPU ONKUCAHUN
MHOTMX PeaJbHbIX 00beKTOoB. Hampumep, B T€OpUU CBS3M NPU U3YYCHUM CYM-
MapHoro noroka umiysibeos [3]( Adbanacsesa, Busiernko, 1972), ipu Mojiesimposa-
rnn natepret Tpaduka [54]( Kulkarni, 2001), [71]( Resnick, 2003), [44]( Guerin,
2003), mpu OMUCAHUE TIPOTIECCOB 0OPA30BaHUsT OUepe ieii Ha HEYIIPABJISIEMbIX Ie-
peKpecTKax aBToMoOmIbHBIX jopor [2|( Adanacwkesa, Pynenko, 2012), B HeKo-
TOPBIX 3aJlauax cTpaxoBaHusi( HATPUMEp, O CBsA3U PUCKOBOIT Mojean Kpamepa-
Jlyunbepra u cucrembl G/G /oo em. B [56]( Lipsky, 2011). Unrepecto npusio-
KeHre OECKOHEUHOKAHAJILHBIX CUCTEM B TECTUPOBAaHUU( OTJIA/IKE) TPOrPAMMHO-
ro obecuiedenusi, npejioxkentoe B [36]( Dohi, Matsuoka, Osaki, 2002). B sroii
cratbe Iucyo cO0eB( 6aroB) MporpaMMbl HHTEPIPETUPYETCS KAK UTHCIO 3aHs-
THIX IIPUOOPOB B OECKOHEUHOKAHAJILHOI cucreme obcykKupanus. PazBurue 5To-
ro mojxojga MOxkHO Haiitu, Hampumep, B [47|( Huang, 2006). Ects npumoxe-
HUst Teopun ouepejieit B Guostorun( Hanpumep, [21]( Arazi, 2004), [74]( Schwabe,
2012)), npu MOJeMPOBAHUU CHCTEM PeMOHTa( HAIPUMED, CAMOJIETHBIX TAPKOB,
cysos uim rpysosukos [41]( Ferreira, 2013)).

CucreMbl ¢ DECKOHEUHBIM UKUCJIOM IIPHOOPOB MOTYT OBITH PACCMOTPEHDI B
KauecTBe MAarKOPUPYIOIIUX JIJIsi MHOIOKAHAJLHBIX CHCTEM, TaK KaK 4HUCJO 3a-
SIBOK B OECKOHEYHOKAHAJILHO CHCTeMe OleHUBACT CHU3Y YKUCJIO 3asBOK B CUCTE-
Me C JIIOOLIM KOHEYHBIM YHUCIOM IIPpUOOPOB U HEOrpaHUIeHHOI ouepepio. Takxke,
MPU U3YUYEHUU HEKOTOPHIX CJOXKHBIX CUCTEM, ObIBAET MOJIE3HO PACCMOTPETh Oec-

KOHEUHOKAHAJbHYIO CUCTEMY, Kak 0oJiee MpOCTyIO Jijist aHajm3a. Kpome Toro,
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TAKME CUCTEMbI PACCMaTPUBAIOT, KOTA B U3y4YaeMOil cucreMe ouepeh ne obpa-
3yercs, 110 KakuM-sin0o npudnnam [66]( Postan, 1977). OrmeruM, 4ro mojaxobl,
MCHOJIB3YEMble JIJIs1 U3y YeHnr DECKOHEUHOKAHAJIBHBIX CUCTEM, OKA3bIBAIOTCSI 110-
JIE3HBIMU JIJIST 38189 MACCOBOTO OOCTYKUBAHU B CIydae BHICOKOI 3arpy3ku [4](
Boposkog, 1972).

OcHOBHas1 TPYHOCTD [P JIOKA3ATETHCTBE MPEJIETbHBIX TEOPEeM JIJIsT HCITa
peboBanuii ¢(t) B MOMEHT BpeMeHu t — HalTH YCJIOBUsI HA XapaKTEPUCTUKHU
CHCTEMbI, ONKMCBHIBAIONINE BXOMSIIMHA TOTOK M IPOLEAYpPY OOCIYyKUBAHUS, DU
KOTOPbIX OyJIeT UMEeTh MECTO IIPeJIe

lim ——= = 1.

% Eq(t)

JlokazarejibCTBY 9TON CXOJAUMMOCTHU JIJIsi KaXKJIO'0 U3 PacCMaTpPUBAEMbIX HaMU

Dq(t)
Eq

BXOJISIIINUX MOTOKOB U TMOCBSAIIEHA OCHOBHAS UACTD JUCCEPTAIUN.

EcTecTBeHHBIM Pa3sBUTHEM TEOPUKM MACCOBOI'O OOC/IYXKUBaHUS i OECKO-
HEUYHOKAHAJIBHBIX CHCTEM SIBJISCTCSA HCCJEJOBAHKE CUCTEM C BXOJHBIMH I1OTO-
KaM# Bce OoJjiee oOiero Bujia. B Hacrosieir pabore IpUBOJLTCI Pe3yJbTarbl
JUIst cucreM ¢ iBaxK bl croxacruaeckum yacconopekum( JCIT) u perenepupy-
IOIUM BXOJHBIMK MOTOKaMu. [IoTOKM mepeMeHHo#l MHTEeHCUBHOCTH MHTEPEeCHbI,
[IOCKOJIbKY MOI'YT OBbITh HCIOJIB30BAHbI IPU TOCTPOCHUU MOJEIEi MHOI'UX pe-
aJIbHBIX 00BEKTOB. B 3TOM cilyuae MHTEHCUBHOCTb MOXKET 3aBUCETH OT BPEMEHH,
6oJ1ee TOro, ObITH CJIYUIARHBIM IIPOIECCOM.

JCII morokn siBAAIOTCSA €CTeCTBEHHBIM 0000IIEeHneM ITyacCOHOBCKOTO TI0-
TOKa, TOCKOJLKY B JAHHOM CJIy4Yae MHTEHCHUBHOCTHL MOYKET ObITh CJIyYailiHbIM
IPOIECCOM. Perenepupyroriue moTOKH MPECTABIAIOT HHTEPEC JJIsl aHAJII3a, 110~
CKOJIBKY TaKUMU SBJISIIOTCA OOJIBIIMHCTBO TOTOKOB, OOBIYHO HCIOJIL3YEMbIX B
TEOpPUM Ouepeieil B KauecTBe BXOJIHbIX 10TOKOB( HAIIPUMED, MAPKOBCKHI [IOTOK,
MOJIyMapKOBCKuii moTok u jip.). Cpady ormerum, ato JICII motok siisiercs pe-
reHepUPYIONUM TOJBKO B TOM CJIydae, KOTJa €ro cjiydaiiHas MHTEHCUBHOCTH —

pererepupytomuit mpomecc. CuCTeMbl ¢ TAKUM BXOJISIIIM ITOTOKOM CJIOXKHBI JIJIs
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aHaJIM3a, TTOCKOJIbKY 3JIeCh B ODIIEM CJIydae He yIaeTCs BhIMUCATh siBHbBIE (hop-
MYJIbI JIJIST XaPaKTEPUCTUK CHCTEMBbI.

B jiuccepranum paccMOTPEHBI 33,1241, CBSI3aHHDIE C JI0KA3ATE/ILCTBOM IIPE-
JIETILHBIX TEOPeM JIJIsT OJJHOMEPHBIX PACIpeeseHnii Yucya TpebOBaHmil, HaX0 s
IMUXCSA Ha, OOCTYKUBAHUK B cucreMe. A Takske Oojee obmas 3aa4ua — J0Ka3a-
TEJILCTBO (PYHKITMOHAJIBHBIX TEOPEM JIJIs 9TOIO IPOIecca. DTOi IpodiieMe OCBsI-
menbl crarbu [48]( Igloi, 2005), [65]( Lu, Pang, 2015), [17]( Anderson, 2016), [5](
Boposkos, 1980) u 1. JTokazaresbeTBo ¢1aboil CXOAUMOCTH B (DY HKIIMOHATHHOM
POCTPAHCTBE TTPOU3BOJANTCS B JiBa dTala. Bo-mepBbixX, J0Ka3bIiBaeTcs cJiabast
CXOJIMMOCTH KOHEUHOMEPHBIX PACIIPEJICJICHUN PacCMaTPUBAEMOTO IPOIECCa, BO-
BTODPBIX, IIPOBEPSIETCsI YCJIOBUE TIOTHOCTH Juist 3Toro mporecca [26]( Billingsley,
2013).

Kparkoe cogepkaHne padboThbl

1. B T'nmase 1 paccmarpusaercst cucrema ¢ JICIT xomsitium morokom. OCHOB-

HOE BHUMAHWE YJIEJISeTCsl aCUMIITOTHYECKOMY aHaJIM3y MPOIECca, PaBHOTO

qUCIy TpeOOBaHUIA B CHCTEME B TaHHBI MOMEHT BpeMenn. Brimucana mpo-

M3BOIsAIAast (PYHKIINS OJHOMEPHDIX PACIPEIeIeHI 9TOTO MPoIecca, JTOKa-

3aHbl aHAJIOI'U 3aKOHA OOJIBIIUX YUCE U IEHTPaAJbHOMI Ipejie/bHON Tepe-

Mbl. B KadecrBe cireicTBuUil Oy 9eHBI IPEJIEIbHBIE TEOPEMBI JIJIsSI CUCTEM,

KOTOPBIE SIBJISTIOTCST 9aCTHBIMU CiIydasMu ncxonnoit. Hanpumep, mmst cu-

crembl ¢ perenepupyforum JCII BxogsnmM moTokom, a Tak»Ke JiJisi CUCTe-

MBI C TTIOJIy MAPKOBCKUM MapPKOBCKH MOJLYJTMPOBAHHBIM BXOJIAIIUM TTOTOKOM.

2. B I'maBe 2 paccmaTpuBaeTcs cucreMa ¢ pereHepupyOmuM BXOJIANIAM 10~

TokOM. [lJis1 ee m3ydennst BROJAsITCS gpyrue, OoJjiee mpOCThie CHCTEMbI, Ma-

YKOPUPYIOIIHE MCXOHYI0. B HUX TpeboBaHuMsT MOCTYNAIOT IPYINaMu CJIy-

YaiiHOro o0'beMa 4Yepe3 H.0.p. HPOMEKYTKU Bpemenu. [ljist aTux cucrem

MOJIyUeHBI TPeebHbIE TeOPEeMbl JIJIsT UKhCJia TPeDOBAHUMN, HAXOSIIIXCS

Ha 0OCIyKuBaHuu. Jlanee, ST pe3ysbTaThl IEPEHOCATCA Ha CIydail pere-

HEPUPYIOIIETO BXOAAIIETO MTOTOKA. YCIOBUAA Ha BXOJAMMI MOTOK, ITPU KO-
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TOPBIX CIPABEJJINBLI YTBEPXK IEHUSI 9TOM IJIaBbI, JJOCTATOYHO JIETKO ITPOBE-
PATD, MOCKOJIBKY OHM COCTOSIT TOJIBKO B KOHEYHOCTH MOMEHTOB CTPYKTYP-
HBIX XaPaKTEPUCTUK, OIMCHIBAIOIIUX CUCTEMY, 1 HE 3aTPAaruBaioT IJ1yOOKMUX
CBOMCTB BXOJIIINET0 MOTOKA.

3aMerrM, 9TO M3y4YeHHE CUCTEeM C T'PYIIOBBLIM IHOCTYILIEHHEM TpeboBa-
HUI MOXKET UMETb M CaMOCTOSITEIbHBIA MHTEPEC, O 9eM CBHUJETEIbCTBY-
er, nanpumep cratbs [68|( Purdue, 1981), rie paceMmorpena cucrema Tua
GI* /M /oo, nns KOTOPOil TOJIyHeHo MpejejbHoe pacipe/ieseHne qucia
3aHSITBIX IPUOOPOB U APYTHE PE3yJIbTAThI.

B I'maBe 3 uzyuaercsi cucrema ¢ 1yacCOHOBCKUM BXOJISIIIIAM TTOTOKOM, MH-
TEHCUBHOCTb KOTOPOI'O 3aBUCAT OT BPEMEHU M PaCIPeeeHueM BPEeMeH
0DCIy>KUBAHNsI, UMEIONINM TSKEJIbIH XBOCT. B mepBoil 4acTu MOJIyUYeHbI
YCJIOBHUsI, TIPH KOTOPLIX KOHEUHOMEPHBIE pPACIPEIeeHNs] HOPMUAPOBAHHO-
ro U MEeHTPUPOBAHHOIO MPOIECCa, PaBHOTO YHCJIYy TPeOOBAHUI B CHCTEME,
cabo CXOIUTCSI K KOHEIHOMEDHBIM PACIpPEIeeHHsIM T'ayCCOBCKOIO IIPO-
necca. Bo BTopoit 4acTy ryiaBbl HaiiIeHbl YCIOBUsT JIJIs CJIabO0il CXOIMMOCTH
pacipejiesienuii ocieoBarebHocT poieccos ¢(t1') K pacipe/ieseHuo
rayCCOBCKOIO Iporecca npu 1 — 00, B IPEIIOJOKEHIH, 9TO UHTEHCHB-
HOCTH BXOJISAIIETO MYACCOHOBCKOTO IMTOTOKA MTOCTOSIHHA.

Hayunaga HoBusHa. Pe3ynbrarsl paboThl ABAIOTCS HOBBIMU. VX MOXKHO

Paz3JIeJINTh B CJEAYIONNE JBE T'PYIIIIbI.

— JlokazaTeabCTBO MPEIeNIbHBIX TeopeM Jijist poriecca ¢(t), paBHOTO THCITy Tpe-

OboBaHUil B cucTeMe B MOMEHT BpeMeHHU t, B OECKOHEUHOKAHAJbHBIX CUCTEMaX C

JCII n perenepupyionmmMn BXOJHBIMHU TTOTOKAMHU, TIPU  — 0O.

— Haxox ienne yesioBuit hyHKIMOHATBHOM cx0iuMOCTH 1potieccoB ¢(t1') K rayc-

coBckomy tpoteccy npu T — oo, t € (0,h), h > 0.

TeopeTuveckadg n mpakTuyiecKad 3HAYNMOCTb paboThl. PaboTa Ho-

CUT TeopeTUuIecKuit xapakrep. Ee pe3ynbrarsl, Kacaliprecss 6eCKOHeTHOKAHAJ b

HbBIX CUCTEM O6C.Hy}KI/IBELHI/IHj MOI'yT OBITD WHTEpECHDbI CIIelInaJINCTaM B obsracTn
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BETBSIINXCS TPOIECCOB, TIOCKOJIBKY CX0XKa CTPYKTYPa PACCMATPUBAEMBIX 00hEK-
T0B. OTMETHM, YTO MOCKOJBKY PE3YJILTATHI JIJIsi CUCTEM OOCIY>KUBAHUST UMEIOT
LIMPOKOE [PAKTUIECKOe IIPUMEHEHHE, TO padoTa UMeeT U IPAKTUICCKYIO 3HAIU-
MOCTD.

MeTtoapbl uccijeaoBaHud. B nuccepraiiun NCIONb3YIOTCA pa3JIndIHble Me-
TOJbLI U PE3yJIbTaThbl MAaTEMaTUIECKOIO aHAJM3bI, TEOPUH BEPOSTHOCTEH U Teo-
PUM CIYYAHAHBIX MPOIECCOB: METOJ XapPaKTEePUCTUIECKNX (PYHKIUH, pe3yabTar
06 acummnroruke ceeprku Qynknuii [16], reopema o HesiBHO# QyHKIMM, TEOpe-
Ma O CJIydaiiHOll 3aMeHe BpeMeHu B IpeJiesibHbiX Teopemax [39], makcumasibHbie
HEPABEHCTBA TeOpUH JleMuMapTuHIraaos [30], kpurepuii cxoiuMoCT B 1IPOCTPAH-
CTBE HEMpepbIBHLIX (GyHKIuHii [4].

Amnpobarusa pe3yabraTros. [Io TeMe juccepraiiuu ObLIN CleIaHbl JOKIa-
JIbl Ha CJIEJIYIONIUX CeMUHApax MeXaHHKO-MaTeMarumdeckKoro gakysbrera MIY

nMm. M. B. Jlomonocosa:

e DoJibiiom cemunape KadeJpbl TEOPUU BEPOSTHOCTEH 110 PYKOBOJICTBOM

neiicreuresnbioro wiena PAH, npodeccopa A. H. lupsiesa (2016 1.),

e Crercemunape Kadeapbl TEOPUU BEPOATHOCTEH 10T PYKOBOICTBOM
a.d.-m.H., mpodeccopa JI. I. AdanacweBoit (2013-2016 rr., HeomHOKpAT-

HO).

OcHoBHBIE Pe3yabTaThl pabOThl JTOKJIAABIBAINCH Ha CIAEAYIONMX KOH]e-
peHnusx: Pesyabrarsl auccepTaliii JOKIa bIBAINCH Ha MEXKLyHapPOIHON Hay -
HOI KOH(EPEHIIUK CTYJICHTOB, ACIUPAHTOB U MOJIOJLIX yuéHbix "Jlomonocos" (r.
Mocksa, 2014 — 2016 r.r.), "XXXII International Seminar on Stability Problems
for Stochastic Models" (Trondheim, Norway, 2014), "16th Applied Stochastic
Models and Data Analysis International Conference (ASMDA2015)" (Piraeus,
Greece, 2015), "Mexynapoaasi KOHGEPEHIHs MO0 CTOXACTHICCKAM MeTo1aM"
(Abpay-dropco, Poccusi, 2016), "VIII Moscow International Conference on
Operations Research (ORM 2016)" (Moscow, Russia, 2016).
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ITy6aukamuu. OcHOBHBIE PE3YIbTATHI IUCCEPTAINN COJAEPKATCA B PabO-
rax [88]- [99], npejcraBientbix B KoHIE criucka jureparypbl. Cpejin HUX Tpu
cTaThy B XKypHaJax u3 nepednst BAK.

O6o03Ha4YeHNs ¥ COKPAIIeHus. Ecii He oroBopeHo nnade, 3a UCXOHOE
BEPOSITHOCTHOE TTpOCTpancTBO TpuHsTo (2, F,P), U Bce ciaydaiiHble 37€MEHTHI
[IPEJITIONAraloTCs 3aJaHHbIME Ha 9TOM IPOCTpancTBe. s ciiyuaes, paccMOTPEH-
HBIX B JUCCEPTAIMN, JOKA3ATEIHCTBO CYHMIECTBOBAHNSA €JMHOTO BEPOATHOCTHOTO
IIPOCTPAHCTBA, JIJIST HECKOJBKUX CAYUYaiHBIX 3JIEMEHTOB OIMUPACTCA HA TEOPEMY
Koumoroposa( A. B. Bysunckuit, A. H. [upses, 2016 |8, [uasa I|) u onyckaer-
Csl B TEKCTE Jccepraiuy B cuity obieit uzsecrnocrn. OyHKIMU pacipe/ie/ienust
CJIyUaliHbIX BEJMYUH HOJAraloTCs HEMPEePLIBHBIMY CIPaBa, TaKUM 0Opa3oM JIJIst
ciaydaiinoii Besmaunbl £ eé dynknus pacrpejenenns pasna Fe(r) = P(€ < ).

CyMMa 110 [IyCTOMY MHOXKECTBY UHJIEKCOB II0JIAraeTCsi pABHOM HYJIIO, a IIPO-
W3BEJICHUE — CJIMHAILE.

B pabore ucioib3yoTes caejyoiie o0menpruHsaThie 0003HAUEHMS:

ILH. — HOYTU HABEPHOE.

Ly — exopumMocTb 10 BeposiTHOCTY.

4 PaBEHCTBO PACIPEJICJICHUN.

R = (—00, +00) — MHOXKECTBO JICHCTBUTETHHBIX THCEII.

0(A) — wnamMenblmasi curma-ajreOpa, MOPOXKJIEHHAS CHCTEMON MHO-
xeets A.

I(A) — unukarop MHOXKecTBa A.

Huist dynkuuii f(t) u g(t) sauucs f(t) ~ g(t) upu t — 0o ozuauaer, 4To
f(t)
7

tlggoﬁ =L

Hnsa dyuxmmit f(t) u g(t) samucs f(t) = 0(g(t)) mpu t — oo o3mauaer,

yro lim L8 = 0.

00 9(t)
B(t) =1— B(t), rne B(t) — Gynxmus pacupe/esenus.

N(0,1) — nopmasbHOe pacupejiesieHue ¢ HyJeBbIM CPEJIHUM U eIMHUIHOI

JACIepCcuei.
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Er{ =E([F).

H.0.P.C.B. — HE3aBUCUMbIE OJINHAKOBO PACIIPE/eJCHHbIE CJIydaiiHble BeJiu-
YUHBI.

H.C.B. — HE3aBHCHUMbIE CJIyUailHble BEJIUINHBI.

JCIT — nBaxkbl CTOXaCTUIECKHI TyacCOHOBCKUIA.

BiarogapaocTh. ABTOp BhIpazkaer riyOOKyIo 0J1aroJapHOCTD U IPU3HA-
TEJILHOCTH CBOUM HAYUHBIM PYKOBOIUTEJSIM JIOKTODPY (PUBHKO-MaTEMATHIECKUX
Hayk, npodeccopy JI. I. AdanacreBoit 1 kauugaty GU3MKO-MaTEMaTHICCKIX
Hayk, gonenry E. E. BamToBoit 3a mocraHoBKy 3ajia4d U IIOCTOsiIHHOE BHUMAHKE
K pabore. ABTOD BBICOKO I[EHUT COACHCTBHE U BHUMAHKE, OKA3aHHOE PadoTe CO-
TPYAHUKAMHU KadeIpbl TEOPUU BEPOATHOCTEH MeXaHUKO-MaTeMaTHIecKoro goa-

kysabTeta MI'Y nm. M. B. Jlomonocosa.
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I'naBa 1. IlpeaenbHbie TeopeMbl JIJid CUCTEMBbI
oOcaykuBaHNs ¢ DECKOHEYHBIM YHCJIOM
IIPpUOOPOB U ABAXKILI CTOXACTHUECKUM
IIyaCCOHOBCKNM BXOALAMIAM IMOTOKOM

B janmo# TiaBe mpejnoaraeTcsi, YTo MpoIrece MOCTYIIeHNsT TpeboBaHumil
X (t) sBastercs Bax /bl croxacruaecknM myacconoBekum( JCII) morokom. Dot
TOTOK 3aC/Iy>KMBACT BHUMAHWA, TaK KaK OH SBJSETCA 000OIIEHNeM MHOTUX T10-
TOKOB, HAIIPUMED, MapKOBCKHU-Mo/1yinpoBantoro noroka [80]( Thorisson, 1983),
110J1y MAPKOBCKOIO MapPKOBCKH MOJLYJIMPOBAHHOIO TI0TOKA, 110TOKa, JIbonca n T.i1.,
JaCcTO UCIOJIL3YEMBIX B TEOPUHU OUepeieil B KAUeCTBE BXOIHBIX MOTOKOB.

MpbI npejioiaraeM, 9To CpeJHEro BpeMeHn oOCIyKUBaHus TpeOOBaHKN He
cymmecrsyer. OjiHa U3 IEePBLIX PAbOT, B KOTOPLIX U3yYaJUCh HOJ00HbIE CHCTEMDI,
— cratba H. Kamana |51]( Kaplan, 1975), rie oKa3aHbl pejiesibHbIE TEOPEMbI
Jutst aucia tpebosanuit B cucreme GI /G /oo.

OcHoBHAs 1€/ TJIaBBl — aHAJM3 ACUMIITOTHYECKOTO MOBEJIEHUST ¢ POCTOM
BPEMEHH [POLECCa, ONPEJIEAIONIEro YMCI0 3aHsThiX IpubOpoB. Boinucana npo-
M3BOJIsIIIAst (DYHKITHS OJHOMEPHBIX PACIPEIeICHII 3TOr0 MPOIecca U J0KA3aHb
AHAJION 3aKOHA OOJIBINNX YHCE] W MEeHTPaJbHON TpejiesibHOi TepeMbl. B kaue-
CTBE CJIEJICTBUI MOJYUYEHBI MPEJIbHBIE TeOPEMbBI JIJIsI CUCTEM, KOTOPbIE SBJIsI-
FOTCsI YACTHBIMU CIydasiMy UCxoHoil. Hampumep, cucrema ¢ pereHepupyonym
JCTI BXOAAIIMM ITOTOKOM, a TAKXKE CHCTEMa ¢ TT0JIyMaPKOBCKUM MAPKOBCKH MO-
JYJIMPOBAHHBIM BXOJISIIIUM [TOTOKOM.

Pesysibrarsl, 1puBejieHHbIE B JIAHHOM TJiaBe jiucceprainu, oiyO/imKoOBaHbI

B [90], [91].
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1.1. Onucanue cucreMbl

PaccmarpuBaercst 6eckoHeTHOKAHAIbHAS CHCTEMa ODCYyKUBAHUST. 3asiB-
KU, IOCTYIAIONINE HA BXOJ[ CUCTEMbI, 00Pa3yioT JIBAXK/ bl CTOXACTUICCKUN TTyac-
conosckuii( JICIT) norok A(t). Caenys [42]( Grandell, 1976) najum onpesesierue
JICII nporecca.

Omnpenesierne 1. [Tycmos na sepoammocmuom npocmparcmee (2, F,P) zadan
cayuatinotd npovece A(t), umerowud ¢ sepoammnocmyio 1 neybwviearouue nenpe-
POIGHBLE CIPAGA MPAEKMOPUL, U HA TMOM HCE BEPOATNHOCTIHOM NPOCMPAHCMEE
aadan cmandapmuwi nyacconoscrkut npouece {A*(s),s > 0}, ne sasucauyui
om {A(t),t € R}. Tozda JICII npouecc {A(t),t > 0} onpedeasemes npu nomo-
wu PopmyAni

A(t) = A*(A(1)).

B jamnoit pabore mpeamosaraem, uro A(t) = ft)\(y,w)dy, e
{\My,w),y > 0} — HeoTpuIATEILHBIH W OrPAHUIEHHBIH ¢ BepOOHTHOCTbIO 1 cra-
IIMOHAPHBIH B IMMUPOKOM CMbBICJIE caydaiiibiii mporecc. [Ipu arom mpormece A(t)
OyjleM HasbiBaTh BejyluM 1poreccom, a A(t) unrencusuocroio JICIT noroka
{A(t),t > 0}. Oboznauum EA(t) = A < co. Byuem cunrars, 410 jiiist HHTEHCUB-

HOCTH BXOJAIIET'O IIOTOKa BLIIIOJIHEHO CJIeYIOoIee yCJIOBHE.

Yciaosue 1. ,.ZZJLﬂ HEKOTNOPBLT NOAOHCUMEADHDLL TLOCTNOAHHDIT O, Co UMEET, ME-

Cmo HeEPaseHCIMeo

I7(z)| = |cov(A(0), AM(z))| < 0 — dan x> 0. (1.1)

(1+2x)
Bpemena obciyKuBanusi 3asiBOK MPEJCTABASIOT COOOI mociesoBaTe -

noctb {n;}5°, m.o.p.c.s. ¢ bynknueii pacnpenenenus B(x). Obosnaunm B(z) =

1 — B(x).

VeaoBue 2. Cywecmsyiom nososcumenrvhoie nocmosannvie ¢y, co 40 < A <1

maxue, 4mo npu ecexr t > 0

q__<Bl)<—2

(1+6)A ~ (1A (12)
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(0.9
U3 (1.2) caenyer, uro [ xdB(x) = oo, Tak uro pacnpejenenne B(x) nmeer
TsiKesbii xBocr [29]( BOpOBOKOB A A., Boposkos K.A., 2008).
OcHoBHOE BHUMaHME B JJAHHOM paboTe HAIpaBJIeHO Ha U3yTeHHUe MPOIecca
q(t), KOTOpBIi TpejcTaBIgeT COOON YUCJIO 3asiBOK, HAXOJAIIUXCSA B CHCTEME B

MOMEHT BpPEMEHHU {.

1.2. BcnomorarejbHble pe3yJabTaThl

Ilombaysich coitcrBamu JICII nmpornecca [42|( Grandell, 1976), moxio mo-
JIYIUTh (DOPMYJTY JIJIsi pactpejiesielnst BeposiTHocTeil ¢(t) mpu 1i0boM (puKrcupo-

BaHHOM t

¢ k
P(g(t) = K) = EP (q(t) = KA(1) € [0,00)) = E (Mﬂ i) ) )
t —_—
rie p(t) = [ B(t — x)A(z)dz.
0
Ucnonbsyst dopmyay (1.3), mosydaeM, 9To Mpou3BOJisias (hyHKIU JJist

q(t) numeer BUJ

P(u,t) = iuk P(q(t) =k) = iukE (e‘p(t) (p(]:'))k) = EePW0-u) (1.4)
k=0 k=0

13 sroro coornomenus u croiicts JICIT mpomecca [42]( Grandell, 1976) crenyer,

qTOo
t

Ea(t) = EE (()|A(0). £ € [0.00)) = En(t) = A [ Blo)dy

Eq(t) = EE (¢2(1)|A(), ¢ € [0,00) = Ep(t) + Ep(0).

Yeqosus (1.1) u (1.2) maor Bo3MoKHOCTL Hafitu onenkn st Ep(t) u

Dp(t). OueBujro, aro onenka st Ep(t) umeer Buy nipu ¢ — 0o

Ao By <

Ay I
1-A '

S (1.5)

Haiiiem onenky st Dp(t).
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Jlemma 1.1. ITyemo ewnoanenvs yeaosus (1.1) u (1.2). Tozda das nexomopot
nosaosrcumenvnots konemanmove C', npu docmamouno Goavwur t umeem mecmo

caedyrouee HepaseHcmaeo
Dp(t) < C(#* 247 4722 1 ¢~ In? ¢, (1.6)

Hoxasamenavecmeso. Ilo onpenenenuio

),
o)
=
N

I

o\c*

Y

IS

o\ﬁ
os]
Ping

N

|

I
N~—

o]
~

I
=

(@)

@)

<
=

>~
P
£
v>/
P

<
N

QA
(4

I

0

rje
t

du
0= [ G

0

Takum obpaszom, jucrnepcust nporiecca q(t) oleHuBaeTcss CBepTKON (hyHKIMIA

1
T i g(z). BaMeTnM, 9TO WMeEeT MECTO SKBUBAJEHTHOCTH, IPU Z — OO

In(1+ 2) ecan a = 1,

9(z) ~
(142" econ a # 1.

Brraucienme acUMITOTHKH CBEPTKH m u g(z) OyJer omMpaThes Ha CJIEITY-
IOIIYIO JIEMMY:

Jlemma. (aemma 2, o ceepmraz) [16]

IIyemv das nenpepvisnox dynryut (t), x(t) > 0, t > 0, npu t — oo cnpa-

6edAUBYL ACUMNMOMUNECKUE npe&cmaeneuu.ﬂ

p(t) ~ @ott (Int)", x(t) ~ xot” (Int)"”
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u nycmo

Tozda

1. npup>—-1,v>—-1,U, 1 — npoudsosvHoie

U(p+ DI (v + 1)t1+“+”(ln t)ﬁ—i—ﬁ;

I(t) ~
(t) ~ @oxo T(itvt2)
2. npu p > —1, v=—1, i npouszsosvrom u v > —1
I(t) ~ LoXo0 ! t’“‘(ln t)ﬁ—i_ﬁ—'—l'
7+ 1 ’

3. npu p>—1, v <=1, 4, V- npoudsosvhwie

1) ~ pot*(Int)" / T (s)ds

4. npup=—-1l, v=—-1,u>-1,7v>—-1

1 N 1 (Ing)Frtt
n+1 v+1 t ’

1(t) ~ ¢oxo <

5. npu = —1, v < =1, u, v — npoussosvruvie

10~ ™ [ xos

6. npu p< =1, v< -1, u=v, u=70

10 ~ ey (s [ xds v [ plslas )
7. npup < =1, v< =1, pu=v, 0 >0
10) ~ oty [ x(s)ds
0
8. npup <=1, v<—=1,pu>v, I V- npoussorvroie

I(t) ~ ot (In 25)”/0OQ x(s)ds.
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U3 sroit memmbl cireyer, aTo Hadijgercs: mocrosinaas C' > 0 Takasi, 910
npu o = 1:

CDp(t) <At {0 < A < 1/2} +In* T {A = 1/2} +IntI{1/2 < A < 1} ;

npu o # 1:

1 1
5Dp(t) <t It {A=1/2,0< a <2} + ZH{A =1/2,a > 2} +

+tOT{A > 1/2,0 < a < 2} +t22T{A > 1/2,a > 2} +
F2OAI{0 < A<1/2,0<a <2} +t 2 ntI{0 < A <1/2,a=2}.

OObeuHsist HpUBeJIeHHbIe OleHKU, 1oJydaem (1.6).

[]
1.3. OcHOBHBIE TEOPEMBI U UX JI0KA3aTEJIHCTBA
t _
O6osnaunm ((t) = [ B(x)dx, rorna Ep(t) = A\3(1).
0
Teopema 1. Ecau swnoanens ycaosus (1.1), (1.2) uw o> 2A —1, mo
q(t)=—*<—>1nput— oo. 1.7

Joxasamesvemeo. 3anuiinem xapakrepucrudeckyto dbyukuuto st ¢*(t) — 1

o(z,t) = B¢ (OY = Eexp {—p(t)(l — e%) — zz} :

iz

O6osnaunm Gj(z,t) = exp {—p(t)(l —e™®) — zz} Tax xax |G,(z,t)| <
1 ¢ BeposiTHOCTBIO 1, TO cormacho Teopeme Jlebera 0 MazKOPUPyEMOii CXOTUMOCTH

7utst jtokazareberia (1.7), 1ocTaTouHo yeTaHOBUTH, YTO

InG,(2,t) 20 (1.8)

1pu pUKCUPOBAHHOM 2z U T — 0O.
[IpejcraBum In Gp(z, t) B coleiyomem Bujie:
- ( r) )
InG,(z,t) =iz | ——= — + R(t),
19



rne R(t) = p(t) <€>‘é?t) —-1- Aé’?t))

st Beimosaenns (1.8) mocrarodno, 9Tobbl ipu ¢ — 00

20 19

AB(t)
R(t) 2 o0. (1.10)

[Tockosbky nipu Jiobom € > 0

o) E(o(t) — A3())° _ Dp(t)
P(‘Aﬂ() )S 20802 20B0OF

10, Kak caegyer u3 (1.6), cxogumocts (1.9) umeer mecro, ecim « u A yjoBie-

TBOPAIOT HEPaBEHCTBY

a>2A — 1.

Coornomenue (1.10), caepyer uz (1.9) u nepasencrsa |e* — 1 — x| < “%2, T >

0. []

Teopema 2. Ecau evnoanenv yeaosua (1.1), (1.2) u a > max(A,1 — A),

mo npu t — 0o umeem mecmo caabas croduMocms pacnpe@memm GECAUYUHDL

“(4) = 2BOABQ
q*(t) 550

Hoxazameavcmeo. B coorsercrsun ¢ (1.4) xapakrepucrudeckasi QyHKIMs JJis

K HOPMaALHOMY pacnpedesenuro, ¢ napamempamu (0,1).

q*(t) umeer BuJ

o) = BT = Eexp {p(0)1 = e7) - i /A500) |

O603HaYNM

®,(t, z) = E(exp{izq*(t)}[p(t),t = 0) = exp{—p(t)(1 - 6\/W) AB(t) 5

Bamerum, uro | @, (¢, z)| < 1 ¢ BepositHocTbIO 1, HOITOMY B crity TeopeMbl Jlebe-
ra 0 MaskKOPUPYEMOH CXOJIMMOCTH JIJIsl JIOKA3ATENbCTBA, TEOPEMbI 2 JIOCTATOYHO
IOKA3aTh, ITO

2
In®,(t, z) & —%, t— o0, (1.11)
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1pu pUKCUPOBAHHOM Z.

Pacemorpum caejyronee npejcrasienue st In @, (¢, 2):

N O _ 2l
In®,(t,2) =iz (\/W Aﬁ(t)) 2 NG + R(t), (1.12)

rjae
R(t) = p(t) (em —1-— \/W(ff)+ 2A5(t)> .

N3 (1.12) coepyer, 9ro Jiisi JOKA3ATEILCTBA TEOPEMbI JOCTATOYHO YCTAHOBUTD

cJIeJIyIoIe COOTHOIIEHNS:

P B B, (1.13)

R(t) 20, (1.14)

1pu pUKCUPOBAHHOM 2z U T — 0O.
Badukcupyem tpoussosbhoe € > 0. Tak kak Ep(t) = A\G(t), 1o no nepa-

BeHCTBY HeObIeBa, nMmeeM

N3(1) (1.15)

(el (=280 _ Dot
VB T eB(Y) e2MB(t)
Kak caenyer uz (1.5) u (1.6), coornomenue (1.13) Gyuer BbIIOJHEHO DU TaKKX

a 1 A, KOTOpbIE YJIOBJIETBOPSIOT CJIE/YIOINUM HEPABEHCTBAM
l1-A—-a<0, —a+A<0. (1.16)

Tak uro a > max(A, 1 —A), 0 < A < 1.
Coornomenwe  (1.14)  cmemyer wmw3  (1.15) wm  HepaBeHCTBa

. . 2 3
e — 1 —ix + 5| < %, Bepnoro npu Beex x > 0. ]

U3z meopem 1 m 2 oueBUIHLIM 0OPA30M BBITEKAIOT YTBEPXKICHUS CAed-
cmeus 1.

Caenctsue 1. [Tycmo B(t) ~ ct™® u noaosicum a; = cA(1 — A)7L.
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o Ecau svnoanenv ycaosus (1.1), (1.2) ua > 2A — 1, mo

q(t)

P
B — 1 nput — oo.

o Ecau sunoanenv ycaosus (1.1), (1.2) u o > max(A,1 — A), mo umeem

MECTMO CXOOUMOCTG NPU t — 00
1) — tl_A
at) Zal 7 4 ey,
/altl—A

B kadecTBe MpuMepOB PACCMOTPHUM CJIEIYIONIHEe JaCTHLIE CIIyYan.

IIpumep 1. Ilycrn {fj} n {7; }] | — JIBE HE3aBUCHMBIC TTOCIIEI0BATCI b
HOCTH OJIMHAKOBO PACIPEJCJCHHBIX BHYTPH KaxkK 0 MOCIEI0BATEILHOCTH HE3a-
BUCUMBIX CJydaiinbix sejuund u F(t) = P(my < t), Em = p < oo, E§ = a,
D& = og < 00.

Cuyuaiinple BeIMUnHbL £ U Tg — HE3aBUCUMBI ¥ HE 3aBUCAT OT MOCJIeI0BA-

reaprocreit {§;},2, n {7;};2, npuiem

1
P(T0<Yf —/
[

Bregem cayuaiinoe Oy panue S, = Z T; U CIYUTAIONINI TIPOIECC

=0
N(t) =min{k > 0:S; > t}, n > 0. 3amerum, ITO B JAHHOM CJIydae TPOTECC
N(t) umeer cranunonapubie npupaiierus |6](Boposkos A.A., 1986), To ectb 1O

pacnpeaeneruio mpu u > 0

4

N(t+u) — N(t) £ N(u) — N(0) £ N(u). (1.17)

BajauM uHTencuBHOCTL BXogsmero JCII moToka ciempyiommuM coOTHOIIeHUEM
o0
At) = GL(N() =),
=0
rie [(A) — unaukaropuast dbyHkus coobitust A.

Bamernm, 910 A(t) sABIIsIETCS CTAIMOHAPHBIM mporieccoM u EA(t) = a. g

OIIpeJiesIeHHsI YCIOBUIA, IIPH KOTOPBIX Oy/IyT BBIIOJHEHBI IPEJIEIbHBIE 1Me0peMbl
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1 n 2, waiigem onenky st cov(A(t), A(t + w)). Yaursisas (1.17), umeem mpu
u>0

7=0 k=j
=5 3 EGGIN() = j N(t+u) = k) +
J=0 k=j+1
+ S ECT(N(t) = 4, N(t +u) = j) =
=0

= a’P(N(t+u) — N(t) > 0) + (07 + a®) P(N(t +u) — N(t) = 0) =
= a’(1 — P(19 > u)) + (07 + a®) P(19 > ).

2 O__
Takum obpazom, cov(A(t), A(t + u)) = % [ F(y)dy.
u

VICIo/ib3ysi 310 paBencrso, mnoaydaem, 4ro eciu F(y) ~ cy™P uc > 0, 1o
meopema 1 6ymer Beimogaena mpu S > 2A u 0 < A < 1, a meopema 2 — npu
f>max(A+1,2-A)u0 <A<, O

3aMeTuM, 9TO B PACCMOTPEHHON cucreMe mporece A(t) sBJISeTCs pereHe-
PUPYIOIIUM, TOYKHA PEreHeparui — MOMEHThI cKadkoB mporecca N (t). Mbl pac-

o o oo o0

CMOTPEJIM CUCTEMY, B KOTOPOii Cydaiinble BeJUIUHbI {éj}jzo W {Tj}jzo, Ha, KO-

TOPBIX cTpouTcst mporiece A(t), sBisitorcst HesapucumbiMu. Citydail, Korjia aru

BEJIMYMHBI MOI'YT ObITh 3aBUCUMbBIMU, OyJIeT PACCMOTPEH B CJIEJIYIOIIEM [TYHKTE.

1.4. CnencTBus MOJy4YeHHBIX PEe3yJbTATOB

B 5T0M 11yHKTE MbI pacCMOTPUM OECKOHEUHOKAHAJIbHBIE CUCTEMbI, JIJ1si KO-
TOpbIX BbINOJIHEHO yesoBue (1.2), a maTencuBHOCTH BxOfgmero JICII moroka
SIBJISIETCSI CTAIIMOHAPHBIM pereHepupyooimM mnporeccom. Chopmynupyem u Jio-
KayKeM CJIeJICTBUS TeopeM 1 1 2 Jijisl 9TUX CUCTeM, a TaKKe JJIsI YaCTHOIO CJIyvadl,
Korjia, matencnBrocTh BXozsmero JICIT moToka — mosymMapKoBCKMit MapKOBCKH

MO/JIYJINPOBAHHBIN IIPOIIECC.
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PesysibrarThl, NnpuBeJieHHbIE B 3TOW 4YacTH JIUCCEPTAIMU, OIMyOJIMKOBAHBI

B [91].

1.4.1. Perenepupyiomuii ABaXKJbl CTOXACTUYIECKUI ITyaCCOHOBCKUIA

BXOJLIIUN ITOTOK

JCIT norok A(t) siBiisiercst pereHepupyIoiM, €Ci ero iy dailHasi HHTeH-
CHBHOCTD A(t) sIBJISIETCST PETEHEPUPYIONM crydaiimbiv mporeccom [1]( Adamna-
cbeBa, Bymunckas, 1980). Onpenesienune, cBoicTBa U psiji IPUMEPOB TaKUX O-
TOKOB, MOXKHO Hafitn B crarhe [20]( Adanacnesa, Bamrosa, 2014).

O6osznaunm §; moment j-it pereneparmu nporecca A(t), (j > 0) u 7, =
0, —0;_1, (j > 0), _1 = 0. [MocaegoBareabHOCTD {Tj};il COCTOUT M3 H.0.D.C.B.
¢ dyunkiueit pacupegenenust F(t) = P(mp < t), Erp = p < 0o. [Tockosibky mbl
PACCMATPUBAEM CTALMOHAPHDBIA pereHepupyromuii HPOIECC, 0 Ty He SABACHT O
nocenosarenpioctn {7;} %) n Fy(t) = P(mo < ?) 1 f Fly
Teopema 3. Ecau A(t) cmayuonaprod peeenepupymuwu npouecc u

sup; M(t,w) < Ay < 00 ¢ eeposmmocmwio 1, mo
()] = |cov(A(0), A(1))] < 4X2, P(rg > t) = AN2, Fo(t) mpu t > 0.  (1.18)
Towasamenvemso. Tlo onpeacsnenuio mpu ¢ > 0 umeenm
r(£) = cov(M0), A(£)) = EAO)A(t) — EA(0)EA(E) =
— E(MO)A(t) (I(ry > ) + I(ry < 1)) ) —
—E(A0) (I(ro > t) + I(ry < £)))E(A®) (Um0 > £) + I(rp < 1))).

3amernm, 9To MOCKOJILKY A(t) perenepupytomniuii mporecc, 10 A\(0) u A(t)

ycaoBHO HesaucuMbl ipu yeaosun {1y < t}. Tlosromy
E(A0)A(t) |70 < t) = E(A0)|70 < H)E(A(E)|m0 < 1).
Vcnomnb3yst mocsie/iiee paBeHcTBO, HAXOAUM

r(t) = E(AO)A(t)|mo > t) P(1p > t)+
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+E(A(0) |10 < t)EA(E) |10 < t)P(10 < t)P(109 > t)—
—E(X\0) |1 > t)E(A(t)) P(10 > t)—
—E\0) |10 < H)E(A(t)|m0 > t) P(19 < t)P(19 > t) =
= P(70 > t) (E(A(0)A(8) |70 > t) + E(A(0) |70 < H)E(A(t)|70 < t) P(10 < t)—
—E(X(0)|70 > t)E(A(t)) — E(A(0) |10 < )E(A(t) |0 > t) P(19 < ).

[Tockosbky A(t) < Ajy ¢ BEPOSTHOCTBIO 1, TO M3 MOCJIEHETO HEPABEHCTBA OUe-

BUTHBIM 0Opasom cieyer (1.18). O

Caenctsue 2. B yciosuar meopemor 3, ecau F(t) < ct™, d > 1, mo
e meopema 1 eepra npu d > 2A, 0 < A < 1.
o meopema 2 eepna npu d > max(A+1,2—-A), 0 <A< 1,
Boseparmasce k npumepy 1, ormernu, 4o npouece A(t) siByisiercsi perese-
PUPYIOIIMM, ¢ TOUYKaMi perexepannu §; = zj: 7i, 7 > 0. Bamernm, 4TO 371€CH He
IIPEJIIIONIArAeTCsl HE3aABUCUMOCTD & U Tj HijI:I(()a)K,ZLOM j >0, 1 1 HaXOXK JICHUST

OIEHKH JIJIsT KOPPEJISIUOHHO# (byHKIMN mpotiecca A(t) JTOCTATOUHBIM SIBJISIETCSI

tpebosanne P(&; < A\y) = 1.

1.4.2. Bxoagaimmii TOTOK, yIPaBJIeMbIil TI0JTyMapKOBCKUM MapPKOBCKU

MO/1yJIMPOBAHHBIM MHPOIIECCOM

D1 noroku obpazytor BaxKubI nojkaacce JCII morokos. Coyuaiinas mwh-

TCHCUBHOCTbL TaKOI'O IIOTOKa IIPEJACTABJIACTCA B CJIICYIOIIEM BUJIE

A(t) = f MU () = k), (1.19)

rie {U(t),t € (—o0,+00)} — cranmoHAPHDIH TOJYMAPKOBCKHUIi MPOIECC, TPH-
aumatonuii 3nadennst {0, 1,2, ...}, a {\g, Ay < C < 00,k > 0} — coBOKynmHOCTH
HEOTPUIIATE/ILHBIX YMCe/I. B TaKOM CJlydae MHTEHCUBHOCTH \(f) TakxKe sB/Isercs

cralMoHapHbiM nporeccoM. Kak uzecrHo(cm. nanpumep, [9]), pacupesjeserue
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U(t) onpenensiercst apymst marputiamu P = (p;;) 1 G = (G;;(x)). Iepsast co-
crouT u3 BepositHOCTEH nepexosa us (i) B (7), a Bropast — u3 gpyHkuuii pacipe-
jeserusi Bpemen Haxoxienust U(t) B cocrosiusix ¢ = 0,1,2,... upu yciuosuu,
a0 coeyonmmM cocrosinreM oyer j. yers {t,}, -, — MomenTsl ckaukos U (1)
u U, = U(t, +0). Torga P asisgercs Marpurieil mepexoHbIX BEPOSATHOCTEH JJTst
BroxkenHoit nenu Mapxkosa U,,. 3amerum, ato mporece A(t) sBiseTcs perenepu-
DYIOIIMM 1 B Ka4eCTBe ero Touek perexepaiiuu {6;},—, MOXKHO B35ITh MOMEHTBI
nonajanust nenu U, B HEKOTOpoe (PUKCUPOBAHHOE COCTOSHUE, HAIPUMED, B HY-

jgesoe. Tosoxum
eozlnf{tZOU(t):O}, ezzlgfl{tn>ez—1Un:O}a 221,2,,

T="=0, =0 —0;_1, 1 =1,2....

Harma 1e1b — BBISICHUTD YCJIOBUSA, IIPH KOTOPBIX JIJIsT OECKOHEUHOKAHAJILHON CH-
CTEMbI C IOJIYMAapPKOBCKUM BXOJISIIHUM IIOTOKOM OyJIyT CIIpaBeIuBbI yTBEPXKIe-
Hust meopem 1 u 2. JIjist 5T0r0, KaK CjlejyeT u3 meopemo, 3, HeOOXOIUMO BbIsIC-

HUTHh aCUMITOTUYECKOE MOBEJCHUE TIPU T — OO BEPOATHOCTU

o

1
P(T() > t) = E_Tl / P(Tl > y)dy

t

3aMeTnM, YTO NepUoJ pereHepaliun 7;, j > 1, COCTOUT U3 BpeMeHH, KOTOpoe Ipo-
necc U (1) mpoBOJUT B HYJIEBOM COCTOSIHUHU TOCJIE MOMAJIAHNS B HETO, ¥ BPEMEHN
BO3BpAIlleHUs B HYJE€BOE COCTOSHUE IMOCJE BBIXO/A U3 HETO.

Ompenenum
vjr, =min{n > 0: U, = k, upu yciosuun Uy = j}.

Teopema 4. ITycmov soinosnens, caedyroujue Yeaosus.
1. Cywecmesyem dynrkyus pacnpedesenus G(x) ¢ Koneunvm cpednum ma-

Kaa, 4mo npu docmamouno boibUUL T
1 —-Gij(r) <1—-G(x), daai,j=0,1,....
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2. Hatdymea € (0,1), nocmoannaa C > 0 u yeaoe ng makue, 4mo
P(voo > n) < C(1— )" npun > ny. (1.20)

Tozda das aobozo h € (0,1), nexkomopwvix nocmosnnwx Cy, Cy u ecex docma-

mo4YHO 60/waux T 6bINONHAEMCA HEPABEHCINBO
P(r; > z) < Cy(1 — G(z'™") + Coe ", (1.21)
ede v = —1In(1—p).

oo o
Joxazameavcmeo. Bpenem mocsie1oBaTeIbHOCTD {nj}jzo H.0.p.C.B. ¢ PYHKIHEH

pacipegenennst G(x). s moboro M > ny uMeem MEmnovIKy HEpaBEHCTB

P(p >z) <P (an>az,1/00§M) +P (an>x,V00>M> <

j=0 J=0

<P <U {inj >ZL’,V00=TL}) —|—P(V00 > M) <

j=0
M n

< ZP (an >x,1/00—n) + Py > M) <
n=0 7=0

M
< ZTLP (771 > %) P(V00:R)+P(VOO > M) <

M
S ZTL (1 -G (%)) P(l/()() = n)—l—P(Voo > M) S (1 -G (%)) EI/OO—J’-C(l—B)M.
Monaras M = [z"], ans h € (0,1), u v = —In(1 — 3), nonyqaem (1.21). []

Caencrue 3. B ycaosuax meopemvl 4 Oai cucmemv, 00CAYHCUSAHUA C GTO-
dawgum nomokom unmencusnocmu \(t), onpedeasemotc coommowenuem (1.19),
UMEIOM MECTO YMEEPHCICHUA.

1. Ecaul—G(x) < e daa nexomopozo ¢ > 0, mo 6uinoAsnA0MCA MeEOPEMbL
1wu?2.
2. BEcaul —G(z) < 5 daad > 0, ¢ > 0 npux — 00, mo meopema 1

guinoanena npu § > 24, a meopema 2 — npu 6 > max(A + 1,2 — A).
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Jokasamenbecmeo. 1. B cuiy meopemuvr 3, xoppessiiinontast Gyukimst ()

npu t — 00 OyJleT OlEHUBATHCS IKCIOHEHIUAJIBHON, TaK 9TO meopembl 1

u 2 clipaBejlJINBhHI.

. U3 (1.21) ana h € (0,1) u mobom pocrarodno MagoMm € > 0 nveem

c —ya" L
P(Tl > 33) < EVOOx(g(l_h) t+e — p(1=h)(6—¢)

npu r — 00. 31aech C' — HEKOTOpas MOoCTosHHAsA. TakuM oOpa3oM, TOJIy-

yaeM, UTO JIJIsT HEKOTOpOil moctossHHoi C] uMeeT MeCcTo OIleHKa,

Cl

upu t — 00.

Ecin 6 > max(A 4+ 1,2 — A), to naitgyres € > 0, h € (0,1) just ko-
TOPBIX BbiOHEHO (1.22) u, crasno 6biTh, meopema 2 BepHa. AHAJIOTHYHO
YCTaHABJIMBACTCs CIIPABEIJIMBOCTL meopemuv, 1 upu o > 2. ]

IIpumep 2. [lpeanonoxum, 9ro mosymapKoBekuii nporece U(t) umeer

KOHEIHOE MHOXKECTBO COCTOSHHUN W MaTpHUIla IepeXOJHBIX BepodTHocTeill P —

HEIIPUBOJIUMA U HemeproandHa. Torma jjst HeKoToporo ng > 0

Pii(no) > 0, mpu Bcex i,7 =0... N,

rie Pij(ng) = P(Up, = j|Up = 4). llpu k > 0 u n > ny, nmeem

rae 5

P(I/()O > kn) < (1 — B)n,

= min P;y(ng). fAcno, aro 0 < § < 1. [locneanee HEPaBEHCTBO MOXKHO
2

IepernucaThb B CJIEAYIONEeM BU/IE

P(vgo > n) < (1 — B)*.

DTO 1 03HAYAET, UYTO CIIPABEINBA BTOPAs TaCTh MeOPeMbl 4.

Bee muoxkectso nap cocrosiumit {(4, 7),4,j = 0,1, ..., N} pasobbem Ha jiBa

Kiacca Ko u K crenytomum obpasom. Ecin 1—Gi(x) < e %% 1 HeKOToporo
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¢ij > 0,10 (i,5) € Ko. Ecimm (4, j) € Ky, 10 1 — Gj(z) < ;;Jj npu r — 00. B

KauecrTBe Maxkopupytomeit pyukipn G(x) Bo3bMmem G () = min G;;(z), koTopast
2,

1ipu koneduHoM N siBjisiercst (PYHKIMEN paclipejiesieHusl.

Ecmu knace Ky yer, ro 1—G(x) < e” % nys nekoroporo g > 0 u meopemwi

1 n 2 Bceryma mMeOT MecTo. B mMpoTuBHOM ciiydae JJisi HEKOTOPOU MOCTOSHHOIM

Ch, mmeem
Co
1 —G(x) ~ — npu x — 0,
xd
rae 0p = min d;;. Tereph, BOCTIONB30BABIINCH caedcmeuem 3, TIOJTydaeM, 9To
(iaj)EKl

ecim 0 < A < 1, To meopema 2 6yjer umers mecro 1ipu dy > |A — 1/2| 4 3/2,
a meopema 1 — 1pu ycjaoBuu, 4to oy > 2A. ]

ITpumep 3. Pacemorpum JICIT morok A(t) ¢ uarercuBaoCTBIO A(t), KOTO-
past SIBJISIETCS TI0JIy MAPKOBCKUM MapPKOBCKU MOJLYJTUPOBAHHDBIM IIPOIECCOM. DTOT
IPOIIECC YIPABJISIETCs OyMapKOBCKUM Tiporieccom U (t), KoTopblit mMeeT cuaer-
HOe MHOXKeCTBO cocrosiiuii. [Ipeanonoxkum, aro U(t) — mporecc pasMHOXKeHHsT
u rubesm. Marpuna nepexofHbix BepogTHocTedl [P onpegensiercs caempyomyum

obpazom
po1=1, piix1=pi, pii-1=1—pi
pi j =0, npu |j —i| > 1.
[IycTs BBIMOIHEHO yeaoBue 1 meopemo, 4  Ipu Beex ¢ = 1,2. ..

1
pi<g—€ (1.23)

Jutst Hekotoporo € > 0. [lokaxkeM, 4TO TOr/a CIpPaBeJINBLI YTBEPKICHUS CAe0-
cmeus 3. JIad sroro HaM J0CTaTOYHO MOKA3aTh, YTO CAydaiiHas BeJTUIHHA Ly
CTOXACTUYICCKUA MaKOPUPYETCd eOMETPUIECKU PACIIPE/ICJICHHON CIyYailHOl Be-
JIMYUHON 1.

st 9TOro paccMoTpuM CaydaiiHoe OJykjaaHue S, 3aJaBaeMoe PEKyp-

PEHTHBbIM cooTHOLeHuem S, = [S,_1 + Sn]+ upu n > 0, Sy = 0. Buecs {&,},,
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— H.0.p.C.B. U

1 1
P(fnzl):§—g, P(fn:—l)zé—l—{:‘,

E¢, = —2¢, DE, = 1 — 4e%. Tlycrb Dyg — 4MCIIO 1MAroB JI0 HEePBOro HOMaaHns

Sy B (0) u3 cocrosmms (1). Torma
P(vio>n)=P(S >0,5,>0...5,>0) <P(S, >0).

CoryacHo NEHTPAJIBHOI NpeiesIbHOM TeopeMe, UMeeM TIPHU JIOCTATOYHO OOJIBININX

5,01 ()

2
rie ®(z) = vers [ e~Fdy. Ucnombays B mannom ciyuae onenky |15|( Feller,
1084),

n

T

1 2

_ T
2

6 )
T\ 2m

I[IoJiydaceM aCUMIITOTHYIECKOE HEPABEHCTBO IJId BEPOATHOCTHU

1—®(x) <

1 C2TL
P(S, >0) < ———e™ 2 1.24
2e

Ipu N — 00. 3JeCh ¢ = Nt Takum oOpa3oM, IpU JOCTATOYHO OOJBITUX T

CIIpaBeJIJINBA CJICYIONasl [EI0YKa HePABEHCTB
P(VOO > n) = P(Vl() >n — 1) < P(/V\lo >n — 1) < P(Sn_l > O) <

]_ c2 n—1 52 n
e < (6_2) , (1.25)

: cy/2m(n — 1)

YTO U JIOKA3bIBAET BBLINIOJIHEHUE YCJIOBUSI 2 meopemovt 4. Tak 4TO MMeeT MecTo

caedemeue 3. N
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I'naBa 2. IlpeaenbHble TeopeMbl JIJid CUCTEMBI
00CayKMBaAHNS C pereHepupyomnM BXOAIIIM
IIOTOKOM

B nacrosieil riase paccMaTpuBaeTCs CUCTEMa ¢ PEreHePUPYIOIIAM BXO-
JISIIIUM [OTOKOM. B ob1mem cirydae, Jjisd CUCTeM ¢ TaKUM BXOJSIIUM [IOTOKOM HE
V/IaeTCs1 SIBHO BBINUCATH KaKHe-JIMO0 XapaKTepUCTUKU Jisi iporecca q(t), pas-
HOTO 4ucy TpeboBanuii B cucreme B Moment t. Jlns amasmsa mporecca q(t)
BBOJIATCS JIBE BCIIOMOTATEJILHBIC MasKOPUPYIOIIME CUCTEMbI S 1 Sy, BXOISAIIMI
IIOTOK B KOTOPBIE OTJIMYAETCA OT UCXOJHOr0. A MMEHHO, B cucreMmy S BCe Tpe-
OoBaHMs, KOTOPLIE IPUILIK OBl B cucTeMy S Ha JAHHOM IIEpUOJE pereHepalinn,
[OCTYNAIOT I'PYIIOI B €ro Hadaje, a B cucreMy S — B Koune. Mccnegosanne
OJ00HBIX CUCTEM C IPYIIOBBLIM IOCTYILIEHUMEM TpeOOBaHMii, UMEeT U CaMOCTO-
STeNbHBII HHTEpec, 9To moaTBepzKaaerca padoramu |52]( Keilson, 1988), [57|(
Liu, 1990), [58]( Liu, 1991).

Hanee, B TeopemMax st CUCTEM C IPYIIIOBBIM TIOCTYILICHHEM TPeOOBaHMit
JICJIAETCA CIydaiiHas 3aMeHa BpeMeHM. KUIIOYeBbIM B 9TOM HEPEXOJe sABJISeTCs
TO 0OCTOATEILCTBO, YTO IIEHTPUPOBAHHLII MPOIECC, PABHBII YNCIy TpeOOBAHMIL
B CHCTEMe, sIBJISIeTCsl YCJOBHBIM OTpHIaTesibibiM JemuMaprunragom [70]( Rao,
2012). [Ipumenenue jpeMUMAPTUHTAJIOB B TEOPUU OUYEpEeil TOCTATOTHO HOBO,
Briepsbie oHo Berpedaercs B [18]( Angrishi, 2015) u cocTonT B npuMenenun Jie-
MUMaPTUHTAJILHBIX HEPABEHCTB Jijisi TaHjeMubix cereit tuna GI/GI/1.

CronT OTMETUTH, YTO IAPAMETPLI HPEJEJBLHOIO PACHPEIEICHI TTPOIEC-
ca ¢(t) u B 9TOM 1yiaBe BbIPAXKEHbI Y€Pe3 [POCTHIE XaPAKTEPUCTUKK BXOJISIIIErO
IIOTOKA, TAKKE KaK MaTeMaTUIeCKOe OXKUJIAHNE [IEPUOIOB pEereHepalii 1 MaTe-
MATHYECKOe OXKUJAHUE CKAYKOB BXOJAINEr0 MOTOKA Ha MepHOJax pereHepalun,
YTO MOXKET OBITH YI00HO JIJIsi IIPUJIOXKEHMUIA.

[1aBa opranmuzosana ciejpyrommum obpaszom. B 1.2 paercst onucanue pac-

CMaTPUBAEMOI CUCTEMbI, MaXKOPUPYIOIIUX CUCTEM U CBA3U MCXOJHON U MarKOPH-
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PYIOIIMX CUCTEM Yepe3 TOCAeS0BATEbHOCTD CIYUaiHbIX CyMM. 371ech XKe (hop-
MYJIUPYIOTCSI OCHOBHbBIE PE3yJibTaThl JaHHO# riiaBbl. B 11.3 j0Ka3bIBaioTCs 11pe-
JIleJIbHbIE TEOPEeMbl JIJIs [OCJAEJ0BATEJIbHOCTU CJYy4YalHbIX CYyMM, BBEJICHHbIX B
1.2, JUid Hecaydaiinoro wHjaekca. LleaTpaabHoit 3ajadeil 1.4 aBasgeTcs mepexos
K CJyYaliHOMY MHJIEKCY B IIPeJIeJIbHBIX TeopeMaXx, MOy YeHHBIX B I1.3. DTOT Iepe-
XO/T OIIUPACTCA Ha MAaKCHUMaJbHbIC HEPABEHCTBA JJId OTPUIATEbHBIX YCIOBHBIX
nemuMapTunraion. [1.3 3aBepiaer joka3aTesibcTBO TeopeM. B HeM TpOn3BOINAT-
Cd nepexoJ|, K HecJIydaiHOW HOPMUPOBKE B IPEJICJIbHBIX TeopeMax JiJid CyMM CO

CJIy4YalHbIM UHJIEKCOM.

2.1. Cucrembl € TPYIIIOBBIM MOCTyTJIEHNEM TpeboBaHMIA

Mycrs {&}.0, n {7}i0; — 1OC/IEI0BATENBHOCTH HOJOKUTEIBHBIX H.0.D.
n
B KaXKJIOU MOCJEIOBATEIbHOCTH CJydaiiibix Besnant. O6osuadum 0, = > 75,
=1
90 = O, ET1 = a. Z
Paccmorpum G6eCKOHETHOKAHAJIBHYIO CHCTEMY OOCTYKUBAHUSA S, B KOTO-
poii TpebOBaHUsl MOCTYIIAIOT B MOMEHTRI 6; rpynmnamu oobema &;, ¢ > 1. Takum
obpasoM, 4ncyio TpeboBaHuilt B rpyie & W WHTEPBaJ T; MOI'YT ObITh 3aBUCH-
Mmbl. Ilycrs F — o-ajrebpa, 1MopokjieHHas CJAydaiHON I[0C/Ie/[0BATEIbHOCTHIO
{fia Ti}?iy
Bpemena obceny:kuBanus 3astBok {n;,7 > 1} mpejacrapiasior coboii moce-
JIOBATEJIHHOCTD H.0.P.C.B. ¢ (dyHKIWmel pactpesenenust B(t), He 3aBUCAIILYIO OT
{fi, Ti}fiy
OcHoBHOE BHUMAaHWE B JIAaHHON TJIaBe, KaK W Be3Je, HAPABJIEHO Ha, N3y ve-
Hue mporecca ¢(t), KOTopblil IpejcTapser coboi 9ucjao TpeboBaHU, HaxXOIsl-
IUXCsT Ha, ODCIYy>KUBAHUM B MOMEHT BPEMEHH t.
JlokazareibCTBO 1pejieibHbIX TeopeM Jiist ¢(t) Oyjer HpoucxojuTh B Tpu
mara. CHadasa JOKa3bIBAIOTCs TpeJesibHble Teopembl st ¢(6,), n — 0o. 3a-

TEeM B 3THUX TeopeMaxX MPOU3BOJUTCS CJydaiiHasd 3aMeHa BPEMEHHU, Iepexoji OT
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ungekca n Kk N(t), N(t) = max{n : 0, < t}. 1 okanunBaeTcs j0Ka3aTeIbCTBO

nepexojiom o1 reopem 1A q(Oy () K Teopemam s q(t).

2.1.1. ®opMyIMPOBKaA TE€OPEM JIJisI BJIOXKEHHOT'O ITPOIlecca

[Tockonbky

no & "
=2 D s >0 =0, n>1, Up=) & Ug=0

k=1 j=1 i=1

TO Xapakrepucrudeckas Gyukiys q(60,) umeer Bu

n &k
®,(2) = Eexp (izq(0,)) = E H H Erexp (iz]I (77Uk_1+j >0, — Qk)) =
k=1 j=1
— EH (0, — )€™ + B(6, — 6))"". (2.1)

3nech F — o-ajrebpa, NOPOXKJICHHAsT CIyYalHbIMI BestnauHaMu {&;, 7; }ooq. Vc-
nosib3yeM cokpartienne ExE = E(§|F), € — cnyuaiinas Besnanna.

Huddepentupys (2.1) u noaaras z = 0, HaXOAUM
Eq(0,) = EM,, Dq(60,,) = EM,, + DM,

rie M, = > ko(Qn — Op).
k=1

CdopmynupyeMm OCHOBHOI Pe3yJIbTAT 3TOTO MyHKTA.

Teopema 5. Ecau
En = oo, E€? < 00, ET] <00, 7> 2,

mo npu n — o0 UMENM MECImno crodumMocmu no pacnpede/wuwo

q(0n) — AB(nEm1) 4

N 0,1 2.2
AB(nEm) (0:1), (2:2)
u no Gepo,ﬂmnocmu
q(‘gn) P
BlnEr) — A\ (2.3)

151 moKa3aTebCTBa 3TOM IIPeebHON TeopeMbl TOTPEOYIOTCsI HEKOTOPbhIE

BCIIOMOTI'aT€JIbHbIE PE3YJIbTATbI, [IpDUBECAEM HX B CJACAYIOIIEM IIYHKTE.
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2.1.2. BcmmomorarenbHbIE PE3YJIbTATHI

Bgejiem obo3HatueHusi, KOTOpble HE pa3 Oy/yT HCHOJb30BATHCS Jlajee B
sroit ryiaBe. I[lycrhb ¢(x) — HEKOTOpast MOJI0KUTE IbHAST BO3PACTAIOIAst (DYHKIUS.

Onpenennm cuepyorpe dyHKimu st > 0
Bin(x) = B (2E1) + ¢()), Boae(x) = B (2E1 — ¢(2)),
By (z) = B (2E7), D(2) = Byax(z) — Bpin() (2.4)
1 COOBITHSA
H,i=A{w:10,—0;—(n—9)En|>¢(n—1i)}, 1<i<mn, (2.5)
H; ={w:|0; —iEn| > ¢(i)}, i > 1.
Tak:xe OyJeT ToJIe3HO 0DO3HAYEHUE

M, Zfz (0, —6;), n>1. (2.6)

Bameuanue 1. Ommemum, wmo das mobot gynryuu 0 < @(n) < n 6ydym

UMETMD MECMO c,/Ledymuwe Hepasercmea.

1. Jna 1 < i < n—@(n) 6 cayuae, x02da Bim(n —i) < B(6, — 0;) <

Biaz(n — 1), umeem

&B (6, — 0;) — EGB(0, — 6;)| < (§4E&)D(n—i)+|&—E&| By (n—i) nun.
(2.7)

2. Maa 1l <1 <n, umeem
& B (0, — 0;) —E (&B(0, — 0;))| < & + E& nom. (2.8)

[Ipu nokazaresbCcTBe PeAeabHbIX TeopPeM OyIeT MoJIe3Ha, CJIe Y OIS JIeM-

Ma.
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tl—é

(B
0 < 0 < 1/2. Tozda natidemea monomonno sozpacmarousas dynryus o(t)(

t
Jlemma 2.1. [Iyemv B(t) = [ B(y)dy — oo npu t — oo, ¢(t) =
0

0 < ¢(t) < t) maxaa, wmo % — 0 nput — 00 u umeem mecmo crodumocmo

1

VB(1)

ede pynxyus D(x) onpedesena 6 (2.4) ¢ nomowwro dynryuu o(x).

lim
t—o0

/ D(x)dx =0, (2.9)
p(t)

oxazameavcmeo. He orpannamBast OOIHOCTH, IIPU JOKA3aTEJIHLCTBE CUUTAECM

Em = 1. Banmimewm ¢(z) B caeayomem Buje

0
rie a(x) = (%) — MOHOTOHHO yOBIBaeT K HyJI0 Ipu & — o0. [losaTomy

26(x)(a(x) + zd(z)) — a(z)xB(x) _ _a(x)
2(8(x))*? — ()7

I/ICHOJIEBYH IIOCJICJIHIOIO OIICHKY MO2KHO 3allMCaTb CJACAYIOINE HEPABEHCTBA

¢'(x) =

Lo Lo
1=¢'(z) = 1—e(x) 1+¢'(x) ~ 14e(z)

Bnech e(x) = \;% Haijijilem O1eHKy CBEpXy JJ1s1 MHTerpaJa
t t L () t—o(t)
_ _ — T _
/Bmam(x)da: = [ Bla—st) =5 < T / Bly)dy <
o) p(t) p(t) = (p(t))
Bt —o(t)) — Ble(t) — ¢(e(t)))
- 1 —e(p(t)) ’

AHaJIOTUYIHO IIOJIy4YaeM OINEHKY CHU3Y

[~ Bt + (1) — Ble(t) + $(e(1))
[ Bt > T+ =(o(0) |

o(t)
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3 npuBeieHHBIX OLIEHOK CJIEJIyeT, 9TO

1 t
m@é D(z)dx <

< Bl =ot) = Ble(t) — o(e(t)) — Bt + 6(1) + Ble(t) + o(e(t))
a (1 —e(e(t))v/B(¢)

2((t)) ) .

T Ty 7 (A0 60) = Bt + 6(6)
_ | Blel) + #le(t) = Ble(t) — de(t)) _ Bt +6(t) — Bt — o) |
(1 —e(e(t)))v/B(t) (1 —e(e(t)))\/B(1)
2e(0(1))

<P+ oM) =Bt —o(t) ,  elelt) B+ o) = Blelt) +¢le(t) _
o (T=ele®))VB(1) (1 —e%(p(t))) B(t)

SameTnm, 9TO

11 — ety 29 = Blo(t) + 6(o(1)) _

p(t)
_ (5(@(1?)))5 Bt + o) — Blet) + o(e(t))
#(t) VBV Be(t))

Bt + (1)) = Ble(t) + dp(t))
BE) (Bl (o(1)’
st mio6oit nostoxkurebuoi dbyukiuu b(t) dyHKIms
Blt+¢(t)) — By + o(y))
F(t,y) =
=R ()

MOHOTOHHO yObIBaeT 1o ¥y, 0 < y < t. [loaromy 10 Teopeme o HesiBHOW (PyHK-

— (1)

nmu [12]( JTrocrepuuk, Coboien, 1965) cymecrsyer dbyukius ¢(t) Takas, 4ro

Bt + (1) = Blel) + 6(e®) _
BE) (Ble)) > (p(t))

I[Iycrs b(t) = Cy (%) , A > 1, | — mekoropasl MOJIOXKUTEJbHAS 0~

crostanas. [Ipu Takom BeibOpe b(t)
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1. I'l; = 0 npu t — o0;

2.
o(1)
B(t)

[Tokaxkem (2.10). [ockombky ¢(t) < ¢, TO

o) ) (B (o)

B0 B+ o) — Bleld) + oe() =
b (B(1)'
= Blt+ o)t +o(6)/2 =
MO B ( Bt + (1) )“) Aot
B(t + o(t)) £ (B(t)/*°

Hasee, Tak Kak

Bt + o(t) — Bt — 6(t) _ 20(t)B(t — ¢(t)) _
B(t) - B(t) A(t)

[Tocnennee cienyer 3 MeNOYKN HEPABEHCTB:

— 0 npu t — o0. (2.10)

I, =

tB(t — ¢(t)) = (t — (1) B(t — (1)) + ¢(t) B(t — o(t)) < B(1).
[Tosromy Iy — 0 upu t — oo. Jlemma jiokazaHa. O

Jlemma 2.2. ITyemo {X;},2, — nocaedosamenviocmo n.o.p.c.6., X; > 0. Obo-
n

snavwum S, = > X;, n > 1. Ipednonoorcum, wmo EX] < oo, r > 2. Toeda
i=1
natioymea nocmoannovie C1 u Cy makue, wmo

1 c2
P (]S, —ES,| >¢,) < Clnr—l + Cs exp <_2nEX12) , n>1.

Bdecv ¢, = o(n), n — co.

Jlokasamenbcmeo. 3aMeTHM, 9TO
P(S, —ES,| >c,) =P (S, —ES,>c,) +P(ES,— S, >c,).

[T OTieHKN MEePBOTO CJIATaeMOTO MCIOJB3YEM CJIETYIONTYIO JIEMMY.

Jlemma.( c¢-nepasencrsa, [55]( Loeve, 1977))
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E|IX + Y| < E|X|"+E|Y|, 20ec, =1 mpu0 <r<1uc =2"1 npu
r>1.

Mcnosb3yst 9Ty JeMMy B HalleM CJydae HOJIydaeM, 4To IIpu Bcex n > 1
HaiigyTesa nocroguusie Ch u Cy Takue, 4TO

nEX7 1
<
(REX1 +¢,)" = 1

P(En > EEn—l—Cn) < (i

st iioboro r > 1. JIist ONEeHKH BTOPOTO CJIATaeMOTO UCTIOJIB3YeM CJIe YOIt
PE3yIIbTAT.

Jlemma.(Teopema 2.1, [61]( Maurer, 2003))

Myemv Xq,..., X, —n.ce., EX? < oo, X; > 0. Ionoocum Sy = zk:Xz-. Tozda

i=1
orat>0un>1, umeem

t2
P(ES, —S,>1t)<exp | ——
23 EX?
i=1
CoriacHo 3TOi JIeMMe [oJIydaeM, YTO
P(EZ,—Z,>¢,) <exp| ————— | =exp 5 EX? )
25 EX2 |
i=1
O6be/MHsIA IPUBEJICHHBIC HEPABEHCTBA, M0JIy9aeM YTBePK/JICHAE JIEMMObI. O

[Tockonbky {N(t) < k} = {Sk > t}, To nmeer mMecto pesysbrar.

Caenctsue 4. [lycmov {7;}

n
(0.9]
1 — NocAedoBaAmMENLHOCTL H.0.D.C.6., Oy = > T,
i=1

N(t) = max{n: 0, <t}, Erf < oco. Ecau r > 2, mo daa nexomopox nocmo-

annwx C7, C5

p (‘N(t) - Eiﬁ

Bdecv ¢y = 0(t), t — 0.

(ctETp)?

1 *
1 + 02 exp <_FT12) , n Z 1. (211)

tT

> Ct) < Cf
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B JlokazaTesibcTBe TEOPEMbI O KJIFOUEBYIO POJIb UT'PAET YTBEPXKJICHUE CJie-

JAYIOIIEil JIEeMMBbI.

Jlemma 2.3. ITycmo

En = oo, E€? < 00, ET] <00, 7> 2,

mo
1.
M, —EM, ,
S0 22 B ) mpu e — oo, (2.12)
B(nEm)
2.

lim SV — ABWER) _ (2.13)
n—00 ﬁ(nEﬁ)

Bdecv M, = S"&B (0, — 0;), wax 6viio onpedenero 6 (2.6).
i=1

Jokazamervemeo. 1. nst moboro § > 0 u groboit dhyuknmn 0 < ¢(n) < n,

nMeeM

P (1M, ~ EM,| > 6/B(nEr)) =
=P [ |IM, — EM,| > 6\/B(nEr), () Huile) | +

1<i<n—p(n)

+P [ [M, —EM,| >6y/BnEn), | Huile)| <

1<i<n—p(n)

n—ep(n)
<P<Z &B (0, — 6;) — E&B (6, — 6;)] > \/ B(nEr), () ﬁn,i(s))Jr

i=1 1<i<n—e(n)
+P ( > |&B (6. —0;) — E&B (0, — 60;)] > \/ (nEm), () ﬁn,i(e)) +
i=n—ep(n)+1 1<i<n—¢(n)

n—1

+ > P(Hie) =17+ I3 + 13
i=p(n)
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N3 nemmbr 2.2, npu ycnosun, uro Er{ < oo, r > 2, ciaegyet, 4TO psj

o0
> P(H;(g)) cxoaurest, npu ¢(n) yAoBIAETBOPSIONIEM CJIE/YIOMIEMY YCJIOBHIO

¢*(n)

n

— 00 TpHU N — Q. (2.14)

Bribepem dbynkmnuio ¢(n) paBHoii 91oit ke dyukiwn u3 semmMer 2.1. B rakom

caydae lim I3 =
n—0o0

cnonn3yst (2.7) n (2.8) mist onenku 17, nveem

n—e(n)
o
]{L <P & + ESZ n — Z) > Z ﬁ(nEﬁ) +
1

’L:

n—ep(n)

+P [ > |&—E&\Bdr(n—¢>>g BEn) | <
=1

ke I pe, &,
=T J3En) & Z T BmEn) (0 ; Barln = 1)

IlepBoe cnaraemoe cxomuTCs K HYJIO COIJIACHO semme 2.1, IpA COOTBET-

CTBYIOIIEM BbiOOpe (DyHKIWHI @ 1 ¢, yaoBaeTBopsomux jemme 2.1. Tasee

1 n—p(n) 1

> Bl —1) < gy Barle(m)B(nEm) =

= B (p(n)) — 0 mpu n — oo.

Corntacro (2.7), (2.8) u HepasercTBy HebObiiena, nMeem

n Dfl ©(n)
2 = 5/2 B(nEm)’

[Tockosibky p(n) BbiOpana yposierBopsitoniei semme 2.1, ro I} — 0 npu

n — oo.
2. Tak ke, KakK B MPEJIbIJIYIIEM MTYHKTE, MOJyYaeM

n—e(n) n—e(n)

EM,= > E&(B(0,—0;) — Bap(n—i)) +E& Y Bar(n—i)+
1=1

1=1
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+ Z Egz —0;) = Jr 4+ T8+ TP

n—p(n)
J < Euy Z D(n —1i) +E& Z P(H.

i=p(n)

n—p(n)

J3 =E& Y Bar(n—i),
1=1

Orenkn Ji' u J§ cpasy caeaytor u3 aemmos 2.1. VI3 onpenenenns By (n—1i),

nMeeM

~Eep(n) N8 — EXB(nEr)
B(nEm) B(nEm)

[Tocsieinee HepaBEHCTBO MOJIYYEHO C TTOMOIIBIO OIEHKU CBEPXY CYMMbI Psijia MH-

rerpajiom. Jasee, pu soibope p(n), pasuoit aroit GyHkiuu B jiemme 2.1, 1osy-

qaem (2.13).

2.1.3. /Iloka3aTeJIbCTBO TEOPEM JIJid BJIOXKEHHOT'O ITPOIIECCa

Ob6o3HAYNM
q(6,) — \B(nEn)

T = A En)

YuaursiBas (2.1), naxomum

n & .
E]: (eiSQ*(Qn)) H (1 + (BW ) (9 .y )) e~ ls Aﬁ(nEﬁ).

7=1
3rech, Kak u panee, F — g-anrebpa, MOPOXKJICHHAs CJYIalHBIME BEKTODaMU
{éiﬂ_i}z?il‘
[Tockosbky In(1+ z) = 2(1 +€(2)), te £(2) < |z| u |2| < 1/2 (cem. [78]),

TO 1IPU (PUKCUPOBAHHOM S UM JIOCTATOYHO OOJIbIINX t BbIIOJHAIOTCS PABEHCTBA,

1nEf(“q ) ijln(l—i—(e\/m 1B(6, —9)>
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AB(nEm) =
_ (eVPRUED _ Zg‘j ( +e ((e\/m —~1)B(6, — Qj))) —

)\B(HE’H)

Orcrozia, UCOJBb3yst pasjokenne €' B OKpecTHOCTH HyJis U onpejesnenne M, (

cM. (2.6)), numeem

- M, — \B(nE 2 M,
InEx (ezsq (Gn)) — is ( 6(” 7'1)) . S_— + R,

A3(nEry) 2 AB(nEm)
re
R, = e\/waen) — 1= i + s* M,+
A3(nEr)  2AB(nEm)
. 2 n
T <ewﬁ<n&1> - 1) ZngQ(en —0;) = R+ Ry.
j=1
U3 semmor 2.3, B yCAOBUSIX MEOPEMBL H, UMEIOT MECTO CXOAUMOCTH
M, — \B(nE M,
BnEn) Houw—2— 51 1pu n — o0.
A3(nEm) AB(nE)
[Tockomnbky Juist Jioboro x > 0 cripaBej;IMBO HEPABEHCTBO
e 1 +x2|<x3
e’ —1—ix+—| < —
2'7 6
TO

3
n 1 S _ 1 53 Mn p
il < 6 ( Aﬁ(nEn)) Mn = 6 ( )\ﬁ(nEﬁ)) AB(nEr) 0

upu n — 0o. st |RY|, ucnonssyst e — 1| < z, x > 0, a rakke MOHOTOHHOE
yobiBamue (byHKIUU B, mojydaeM, 9TO HANJeTcs ng Takoe, 4To MpU N > Ny

IIO4YTHU HaBEpHOE

(6, —6,))

|Ry| < (W) 2236]

42



_ M,

< $*B(0y — Op—on = E

< s Bl “) 3B nEr) T A nETl | @
j=n—e(n

13 nmocnennero HepaBeHCTBA U AemMb, 2.5 caemayet, uto R, 20 npu n — oQ.

]

_S5_
Mrak, MbI IIOKa3aJii CXOJIUMOCTH E £ ( is5y ) Lo Ipu N — 00, MOITOMY
2
E (ei55h —< o)
e'®Pn) — e~ 2 npu n — 00. JTO 3aBepIIaeT JJOKA3ATEIHLCTBO TEOPEMbI. []

ke meopemsl 5 Cpa3dy IOJIy9a€TCd aHaJIOI' 3aKOHa OOJIBIINX THUCEJT JJIA

q(0,), n > 0, chopmynupyem ero.

CanencrBue 5. [lycmo
En = oo, E€? < 00, ET] <00, 7> 2.

Tozda umeem mecmo crodumocmdvp no GEPOAITMHOCTNU

q(0,)
B(nEm)

2\ npun — oo. (2.15)

2.1.4. Cay4aiiHasg 3aMeHa BPEMEHU B MPeIeJIbHBIX TeopeMaX

st ocyImecTBIeHUs epexojia K ciaydaiinomy unjekcy B (2.2) u (2.15)
VCTIOJIL3YEeM CJICYIONUi Pe3ysIbTaT.
Teopewma.( Durret, Resnik, 1977) IIycmv Y, LN Y., n—oou
1. @ N N, t = 00, daa cayuatnor sesuvun N makuz, wmo P(0 < N <

o0) =1,

2. dan ecex A maxuz, wmo P(N € A) > 0

P(Y, € %N € A) = P(Y € %), (2.16)
3. ecau A, = | HlETX Y, — Y|, mo
m—n|<nc
lim sup limsupP(A,.>¢|N € B)=0, (2.17)

c=0{B:P(B)>0} n—oo
mozda

YN(t) — Y.
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B namewm ciyuae N(t) = max{n : 0, <t}.

JlokazaresibCTBO 1epexo/ia K CJydaliHOMY WHJIEKCY OyeM MPOBOJIUTD JIJIst
pesysbrara TeopeMbl 5. [lockonbky crpaseminBoctsb (2.16) ciemyer u3 pesyiib-
TaTa meopemu, H, KOTOPBIH nMeeT Mmecto, ecan Eny = oo, Er{ < oo, r > 2
E£? < 00, TO JIOCTATOYHO HANTH yCJIOBHsL, IPU KOTOPLIX BbinoaHero (2.17). 3a-

MeTuM, dTo ycsiosue (2.17) B HaleM ciydae MOXKHO MepernucaTh B TaKOM BUJIE

limlimsupP [ max |Y,, =Y, >¢) =0. (2.18)
c—0 500 |m—n|<nc
OCKOJIbKY N = Eiﬁ = const.

[Tposepka 3roro MakcuMaJibHOI'O HEpaBEHCTBA OyJIeT CTPOUTHCS HA TOM OC-
HOBAHHUH, UTO YCJIOBHO OTHOCUTEJILHO 0-aJreOphl JF IEeHTPUpOBaHHAS IIOCJIEI0-
BaTEJILHOCTb CyMM 5, SIBJIS€TCs YCJIOBHBIM OTPHUIATEIbHBIM JIEMUMAPTUHIATIOM
oTHocuTesbHo JF. Tak 4TO MOXKHO HCIOJb30BaTh MaKCHUMaJbHbIE HEpaBEHCTBA
JIJISI YCJIOBHBIX OTPUIIATEJLHBIX JEMUMAPTUHTAJIOB.

Omnpejiesienre yCIOBHOTO OTPUIATEIHLHOTO JEMAMAPTHHTA]a MOXKHO Hafi-

i, Hanpumep, B |70]( Rao, 2012). s ynobcrsa npusejem ero.

Omnpepnenenne 2. L'-nocaedosamenvnocmo {S,,n > 1} cayuatinws seauvun,
onpedeseHuT Ha noarom eeposmmocmuom npocmpancmse (2, A, P), naswea-
EMCA YCAOBHBLM OMHOCUMENOHO T-ANA2e0PBL F 0OMmpuyamesvHoiLm 0emumapmum-

2anoM, €CAU B8HINONHEHO HEPAGEHCTNEO
Er[(Sj+1—5;) f(S1,...,8)] <0, j>1 (2.19)

s N10001 NoKoMNOHEHMHO Heybvisarowet Gynkuuu [, daa Komopot mamema-

muueckoe oocudanue (2.19) onpedeaeno. 3decv F - mexomopas o-nodaszebpa

A.

Obo3HaYNM



rjue

1, ecmm ny, 4+ > 0, —0;,
Gij(n) =

0, wHaue,

st 1> 1ul <j <&, Yy=0.dna kparkocru obozuauaem E (£|F) = ExE,
P (A|F) = Pr(A).

Jlemma 2.4. Ilocaedosamenrvrocms

{Zm,n — Ym - Yn}

m>n

0bpasyem Ycaro8Hvll OMPUUAMENLHBLT JeMUMAPMUHLAN OMHOCUMEALHO J 0Ad

at00020 n > 0. 3deco, kak u panee, F — o-anrzebpa, noporcoennas cAy4atiHoLMmu

sexmopamu {&, T}

oxasamenavcmeo. Ilo onpenenenuio, mpu m > n

E]:((Zm—i—l,n_me)f(Zn—i—l,n; ) Zm,n)) — Ef((ym—l—l_ym)f(zn—i—l,n; ceey Zm,n)) —

=SS TER(((C = ) — (BERCT — ERC)) £ (Zusiis - s D))+

i=1 j=1

Um 41

+ > Er((Gnt = ErCuit ) F(Zusims -y Zmn)) = I + 11,
j=1

[Tockombky nipu Jiiobom 1 < j < Uy,41 BETHIWHBI

1 1
Crrg—tl,j - Efgrnlil,j u f(Zn—&-Lm sy Zm,n)

YCJIOBHO HE€3aBHUCHUMbI OTHOCHUTECJILHO f, TO

Er((C0i — ErCiiil ) f(Znsims - Zmn)) =0, 1 < j < &

[Tosromy

Tenepn paccmorpum 1.
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Brejiem ciepytomine coObITHs
—{w: M=y =—1},1<i<m, 1<j<¢.
OrmernM, 91O TOT/IA

= {WIC$+1:0, Zjn:l} = {w:@m—9i<nUi_l+j <9m—|—1_(9i}-
(2.21)

Orcionia ciejyer, 9To Jjs Beex ¢ > 1
Pr(Aij(m)) = B(0 — 6;) = B(Omr1 — 0;), 1 <j <&
PaccmoTpuM oTaembHO KaxK10e cjaaraeMoe B JBOWHON cymme [,
Nij(n,m) =Ex( (¢ =) f(Znsims - s Zmm)) —

_(Ef Z‘H_l Ef )E}'f( nJrlna---aZm,n)-

3aMeTumM, ITo
(E]:Cm+1 E}-Cz]) E]: (f(Zn-l-l,m SR Zm,n)) -

= — (E(Qm — Hz) — §(9m+1 - 9@)) E]—' (f(Zn—H,m sy Zm,n)) :

Hagee, B cumy (2.21), numeem
Ex((¢7 =) f(Zusins s Znn)) = —E£f(Zugims -+ Zman)I{ Aij(m)} =

= —Er(f(Znsin, -+ Zmm)|Aij(m)) Pr{Asj(m)} =
= —Ex(f(Zusrns - Zunn) | Asj(m)) (B0 — 0) = B(Osr — 65))

Takum obpasom,
NZJ(TL m) —(F(Qm — 92) - E(Qm—i—l — 92)) .

’ (E}' (f(ZnJrl,na ) Zm,n)‘Aij’(m)) —Er (f(ZnJrl,na ) Zm,n))) :

46



[TockoubKy byHKIMsST B MOHOTOHHO yObIBAET, TO
B(6,, — 0;) = B(0yi1 — 6;) >0, 0 <i<m.
DTO o3HaYaeT, ITO JIJIsI JOKA3aTETbCTBA JJEMMbI OCTAETCsl TTOKA3ATh
Er(f(Znsins -y Zmn)Aij(m)) — Ex(f(Znsims - s Zmn)) > 0. (2.22)
3aMerumM, ITo
Er(f(Zutins - Zinn)Aij(m) = Br([(Zyias -2 Zin))

rje

(
L + [‘j— Z’? ecim 1 <1 <n,

7\

Zim = Zk,n+1—fj man < i<k,

Zin st k<1 < m,

)

\

mssn < k< m.
[losromy Z}, > Zyyn, n < k < m. CieoBaTebHO, U3 TOKOMIOHEHTHOI'O
HeyObiBaHus [ MOJydaeM HepaBeHCTBO (2.22).

Taxum obpazoM, JI0KA3aTEIHLCTBO AEMMbL 2.4 3aBEPIIEHO. ]

Urak, nocJiejioBaTe/ibHOCTD

{a(0) - Equn)}zo:o

00pasyer yCIOBHBIA OTHOCHTEIBLHO J OTPUIATENbHBIA JIEMUMAPTUHTATL. DTOT
pe3ysIbTaT MHTEPECEH TEM, UTO B CHCTEMAaX, MOJO0OHBIX PACCMATPUBAEMOI, TNCIIO
TpebOBaHK, HAXOJAIIMXCS Ha OOCAyKUBAHUU, OYJET YCJAOBHBIM OTPUIATEIb-
HBIM JIEMAMAPTUHTAIOM ( BO3MOYKHO, HEITPEPHIBHBIM ).

Kax y»Ke ObLIO cKazaHO, JJjis CJAyJaiiHON 3aMeHbl BpeMEeHHU B IIPeIesIbHOI
TeopeMe Tpedyercs J0Ka3aTh MaKCHMabHOe HepaBeHCTBO (2.18).
Jdemma 2.5. 1. ITyemo ET) < 0o, 7 > 2, EE < 00 u f(t) = fg?(:ﬁ)dw — 00,
t — o0, mozda daa mobotii nocmoannott 0 < ¢ < 1 cnpasedausv, caedyrousue

ymeepocdenus, oad npedesos no 6ePoAMMHOCIU.
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Er (Yn - Yn(l—c))2

CE T PEn) O 22
2. _—
. . Fhn(l—e)
. FonEr) < (229)
3. ( )2
.. Exr(Ya—Yaa4e
S T ey (2:20)
- EFY?
F n Cc
lim lim — 9 <, (2.27)

c—0n—o0 62 (nE7'1>

I1. Ecau x momy oce daa dynruyuu 5(t) umeem mecmo yeaosue

lim lim =0, (2.28)

mozda das 110600 nocmoannoti 0 < ¢ < 1 cnpasedausn, caedyrousue ymeepoicde-

HUA, OAA NPEIEN0E NO BEPOATHOCTIU

1.
2
Er (Y, — Yaa-0)
lim 1i — 0 2.99
g o =Sy 229
2. L
. . Fn(l—e)
lim lim ——"0=9) < 1 2.30
i 52 By < 220
3. ( ;
. . E]: Yn_Yn(H—c)
lim 1 — 0. 2.31
i = S ) 230
- EFY?
lim lim — 0+ < q. (2.32)

c—0n—o0 B(nETl)

Hoxasamenvcmeo. Tlpusenem mokazarenberBo (2.29), ocTajbHble CXOIUMOCTH

MOJIyYAI0OTCsl aHAJOTUIHBIM 00pazoM. [lockobKy, st m < n

Er (Y, —Y,)" = ifi (B0, — 6;) — B(6,, — 6,)) (B(6,, — 6;) + B(0,, — 6;)) +

m

+ zn: &B(0n — 0,)B(0, — 0;) <2 & (B0 — 0;) — B(6, — 0;)) +

1=m+1 =1
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n

+ Y &B(0n — 0:) = 2L + I

i=m+1

Huxe ucniosnibzyem obosnauenusi, Beejiernbie B (2.4) u (2.5), onenku (2.7) u (2.8),
a Tak»Ke paccyxjeHus jgemmbl 2.2 st moboro § > 0 u dyakiun ¢(n), onpe-

JlesisieMoit jemmoit 2.1, numeem

B(nEm) i=1 e
1 m 5
i PORRE =
(ﬁ(nEﬂ) i) 2)
1 m—p(m) | | 5
<P\ SmEm ; & (Bur(m—i) = Bar(n 1)) > 7 | +

1=1

—l—P( | U ( )ﬁm’i(é)) +P (5(71157'1) Z & > g) .

1<i<m—ep(m i=m—p(m)+1

1 m—gp(m) ' ' 5
+P (5(nE7‘1) Z & (Dm—i) +D(n—1)) > Z) +

[To nepasencrBy YeOnlesa, nmeem

m—p(m)
Inm 1 E& B o
i (ﬁ(nEﬁ) ~ 5) =5/ d/4 B(nEm) Z:ZI Betr( Betr( )+
LS Rl (D(m — i) + D(n — i) +
5/45(7“57'1) i1
LS p (Hi(e)) + ES o) 1) L) + L(n) + L),



OnennBasi CBEpXy CYMMY MHTEIPAJIOM IOy IaeM, 9TO

B(nEr) — B(mEr)  B((n —m)En)
B(nEr) " B(nEm) ) ’

e C' — nocrosinnast. He orpannanBast 0OMHOCTH Mpenoo)um, a1o Erp = 1 u

Jmngc<

JUIg > m
) - ) iB@Mx SgBuwa
B(n) [B(x)de+ [B(z)dr [ B(z)dx
9 m 0
n—m?(m) _n—m
m B (m) m
[Tosromy

Ii(n) n—m  B((n—m)En)
B(nEm) = C( n * B(nET) ) '

Hanee, mockonbky Iy(n) < 311(n), TO JOCTATOUHBIM YCJIOBUEM JIJIsT CXOUMOCTH
Ii(n), Iy(n) x mymo Gymer (2.28).13 semmv, 2.2 crenyer, aro npu Er] < oo,
r> 2

I3(n) — 0 mpu n > m,n — oo.

1 nakowner, I4(n) — 0, n — oo jst p(n) B3sToit n3 Aemmor 2.1. Onenum 11, ,,.

st moboro § > 0

p<””"” >5><P : nfn)@(e =5 N )
> i n — Uj = ni\E
B(nEm) f(nEmn) i=m+1 2 m+1<i<n—ep(n)
1 n—e(n) L 5 .
P zB Hn (91 =) an
+P | 3rEr ';15 ( ) > 5 +1<L<J i(e) | +
1=m m —p(n)
1 n 5 Rl 5
P 7 - <P cr n
T BaEn) Z(f “3 = nETl .Z wln =) >3 |+
1=n—p(n =m
1 n—gp(n) 5
B(nEm) iz;—lg | | 4

o0



n—em) 1 n 5
+ D PHw@)+P| o= > &>5

nEr
1=m+1 B( 1) i=n—¢(n)+1
[Tpumensist nepapencTBo HebbileBa Jijisi IEPBOI'O, BTOPOI'O U YETBEPTOI'O CJiara-

eMOro, IMeeM

L, 1 By &V |
" (5(”'571) - 5) = §/4 B(nEn) 2 Darln =i+

i=m+1

1 E& " A 1 E&io(n)
PSRy 2, P 2 PO S ) =

=m+1 t=m+1
n—p(n)

1 E& =
< 5/ 5(nEn) / B ((n —x)Emn) dz+

m+1

n—p(n) n—(n)
I En e — 1 E&ip(n)
+5/_45(n571) / D(n — z)dx + Z P (Hni(e)) + 6/2 B(nEr)’

13 npuseneHHbIX COOTHOLIEHUH caeayer, 9To eciau Iy, — 0 npu n — 00, To

I, — 0 npu n — oo. H

ITpoBepka ycsoBusg (2.18). cnomnsys oboznauenue (2.20), MOXKHO 3a-

MUCATH, YTO

Q(en) o AB(nETl) _ Yn + E]-'Q(gn) - AB(TLETI) _
AB(nEm) VAB(nEm) AB(nEm)
Y, M, — EM, EM, — A\3(nEmn)

= —— + +
VABMET)  \/AB(nEm)
[TockosibKy Tperhbe ciaraemMoe HecsydaiiHo u coryiacHo (2.13) cxoaurest K HYITIO,
TO NPOBEPKY ycjaoBus 2.18 MOXKHO TPOBOAWTL B JiBa Iara — JJisg MEPBOIO M
BTOPOI'O CJlalraeMoro.

ITpoBepka yciaoBug (2.18) AJjisi mEPBOro CJIATAEMOTO.

P ( max 5) <
|[n—m|<nc

[Tockombky
Yo Yy,

\/5(mE71) - \/5(”'571)

ol



mE7’1 B(nEm)

‘Ym - Yn‘
<P max ———— 4+ max
|[n—m|<nc 6(nE7‘1) |n— m\<nc

5><

|[n—m|<nc

1 1 €
+P | max |Y, — >— | =
(n m<nc| | VB(mEr)  +/B(nEm) 2)
=P < max |Y, — Y| > —+/B(nEm) )
n<m<n(l+c)
+P < max |Y,, — Y,| > —+/B(nEm) )
(I—c)n<m<n

—|—P< max Y,

1
n<m<n(c+1) \/ﬁ(mETl) \/ B nETl

1 1
P x |Y, —
i <n<1%élm<n ol e VBGER

=ri(n) +ro(n) +r3(n) + ry(n).

bolm
v

DO ™

)

JlJtst OIEHKM STUX BEPOSTHOCTEH Oy/IeM MCIIOIb30BAThH CJIEIYIONINN Pe3yIbTar:
Jlemma. [30, Caencrsue 18|( Christofides, Hadjikyriakou, 2013)

IIyemo nocaedosamenvrocmo {S;,j > 0} asasemes ompuyamensvnom ycios-
HOLM  OTVHOCUMEAbHO T-aizebpor F  demumapmumrzanom, mozda oad 1100020

x>0

AP£r <maX Sy > x) <Er (Snl[ { max S > x}) . (2.33)

1<k<n 1<k<n

Eciu {S;,j > 0} ecrb orpunaresnsuptii jemumaprunrat, to {—S;, 5 > 0}
TAKIKE ABJISIETCA OTPULATELHBIM JIEMUMAPTUHIAJI0M. TOr1a IPUMEHstst JIBaXK bl

HepaBeHcTso (2.33) mosydaem, dto st goboro x > 0

/\P].-(max | Sk| >a:) g)\P]:<maX SkZ:z:) —l—)\P]:(maX —SkZ:c) <

1<k< 1<k<n 1<k<n

2
< B[Sl (2.34)
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Ucnonnayst (2.34), onenum Bepositroctu 71(n), r2(n), r3(n) u r4(n). Iockoabky

ro(n) < EPx ( max |Ym — Yn(l,c)’ > Z 6(nE71)> +

n(l—c)<m<n

+P (‘Yn _Yn(l—c)’ > Z ﬂ(nEﬁ)) <

E Yn_Yn —02 E Yn_Yn —02
<E\/]—"(2 (1))_|_E]-"(2 (1)).
(i) 5(”'57'1) (%) 5(”'57'1)
Awnasornano
E-(Y -Y,)?
rl(n) SE\/ .7:( n2(1+0) ) '
(5)” B(nEn)
Hausiee

1 1

1 1
ra(n — E\/E n(c+1 27
n(l—c)<m<n ) \/ﬁ(nETl)

> )+
4
g
P <Yn(lc) > Z) <

(\/B 11_ c E7-1) 6(711E7'1)> E\/E]-“(Yn - Yn(lfc))2—|—

2
1 | 2
(x/ﬂ (1—cEn) B(nEﬁ)> EEx (Yo o)”.

Nrak, cXoauMocTh K HyJII0 1pu 1. — 00 u ¢ — 0 juist BepositHocreit r1(n), ro(n),

r4(n)<P<(maX Yo — Yoa—o)

1 B 1
n(l —c)En) +/B(nEmn)

r3(n) u ry4(n) ciepyer u3 OUEHOK AemMbl 2.5.
ITpoBepka ycaoBus (2.18) aJjisi BTOporo cjaraemoro.

B sTom CJIyda€ HaM HY>KHO IIOKa3aTb, YTO BBLIIIOJIHEHA CJIEYIOIIad JIEMMa.

Jlemma 2.6. [Tycmv M, Z& (0, — 0:), B(t) = oo, t — 00, EE < 0o u

) 0. (2.35)

Er" < oo, r> 2. Tozda daa ,/wo6020 e>0

m — EMy, M, — EM,

\/ mETl \/ mET1

93
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c—0n—oo |m n|<nc




oxazameavcmeo. Hanomuum, 1ro

He orpannunBasi OOIIHOCTH TIPEJITOJIOKUM, ITO M > N. 3aMETUM, 9TO JIJIsi

we () Huile)

1<i<n—p(n)

BBITIOJIHEHO

a C JIpyroi cTopoHbl

fz‘E(@n - 91') - Efig(en - 91') > (& - Efz‘)Bctr(n - Z) - (Efi + fi)D(n - Z)
[Tosromy

A, — B, < M, —EM, < A, + B,, (2.36)

e A, z(@ — E&)Bur(n — i), By = le(Egi +&)D(n — ).
13 (2 36) cJIeJlyer, 4To -

(M,, — EM,,) — (M, — EM,)| < | Ay — An| + B + B

Nrak, s w € N H,i(e), umeenm
1<i<n—p(n)

‘(Mm —EM,) (M, —EM,)| _

VBmEn)  \/BnEn)

_ |(My —EMy) — (M —EMy)| )
B(HETl) ﬁ(mETl) B(HETl)
_ 14w = A | But B, (A, 4B 1 _
\/Tﬁ \/Tﬁ m+ Bn) \/W VBmEm)|

= Ii(n,m) + Iy(n,m) + I3(n, m).

Jajee Mb Oy/ieM HCIOB30BATH MakcuMajbHoe HepasercTBO Kosmoroposa |8,

LCnasa V|( Bynuncknii, Hlupses, 2016), npusegem ero ¢hbopMynpoBKY.
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Iyemv X4, ..., X, — n.c.6. maxue, wmo EX; = 0, DX, < o0, 1 < i < n.
n
Ionoorcum S, = Y. X;, d2 = DS,. Toeda das awobozo x € R cnpasedaueo

1=1
pPacerCIMeEo

p (max 1S5 > d ) <2P (\sn\ > (1 — \/§)dn> . (2.37)

1<i<n

I3 nepasencrsa (2.37) ciemyer, 9To

ElA — A,
< | n(l4c) |

P max [i(n,m) > ¢, H,i(e) ] < . (2.38)
n<m<(l+c)n 1<i<Qg0(n) ev/B(nEm)
Pl max DLm)>e (| Hule) (Buiiro) + B) (2.39)

, < ;
nsm<(l+c)n 1<i<n—p(n) 7 € V (nETl)

P max  I3(n,m) > e, m Mile) | <
n<m<(1+c)n 1<i<n—¢(n)

< E(Ayi4e) + B

1
n(l+c) (\/m \/5 1 —|—c ETl)) (240)

3aMeTuM, 4TO UMEET MECTO HEPABEHCTBO

E(A,, — A,)? < D& (Bi(mET) + Bi(nET)), (2.41)
rie 51(t) ft x)dr. A TakXKe CXOJUMOCTD
0
i B4 )+ r0) B4 ) B () Bin) = 0.
n—00 6(”) n—00 B(n) n—00

[Tosromy, ucnosb3ys (2.38), moaydaem, 9ro

lim lim P max  [i(n,m) > e, ﬂ H,i(e) ]| =0.

c—0 n—0o0 n<m<(1+c)n I<i<n—p(n)
3 (2.39) u aemmor 2.5, a TakKe ONEHKH
1 B
flnll o) oy neBm) _y (2.42)
B(n) nB(n)
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nMeemM

lim lim P max Iy(n,m) > ¢, H,:(e) ] =0.
¢—0 n—0o0 n<m<(l+c)n 2 ) 1<i<QsO(n) -

3 (2.40), (2.41), (2.42) u semmo, 2.5 cremyer, 910

lim lim P max  I3(n,m) > e, ﬂ H,i(e)| =0.

¢—0n—o0 n<m<(l+c)n
1<i<n—p(n)
Takum obpaszomMm, rojydaem, 4To

My, — EM,, M, — EM,

\/ B(mET) V/ B(mEm)

lim lim P max
c—0 n—oo ‘m n‘<nc

HaJjiee, uz semmo, 2.2 ciejryer, 4ro

— EM,, M EM,,
lim lim P max

> ¢, U H,.e)] <

c—=0n—o0 Im—n|<nc| |/ mETl \/ B(mEr) |<i<meo(n)
< i | —
< lim P U  Hue)| =0 (2.44)
1<i<n—¢(n)
O6bennstis (2.43) u (2.44), nosnyqaem (2.35). O

Takum obpaszom, yeiaosue (2.18) mpoBeprin, a 3HAYUT MOJIYIEH TePexo)] K

caydaiitnoit 3amene Bpemenu. Cdopmynupyem ero.

Teopema 6. ITycmv ET] < oo, 1 > 2, E& < 0o u ewinoaneno ciedyrouiee

ycaosue

lim lim flet)

c—0 n—oo B() =0

Toz0a

4O \/;ﬂ_ M ES_)ETl) 4 N (0,1), nput — .

[IpousBosisi aHAJOrHYHBIE BBIKJIAJIKH, a Takxke ucrnosb3ys (2.24)-(2.27),

MOXKHO TIOJIYUATH aHAJOT 3aKOHa, OOJILITTUX TUCEJI B 3TOM CJIyUae.
CaenctBue 6. Ilycmv Eny = oo, ETf < oo, 1 > 2, E€? < co. Tozda
Q(QN(t))
B(N(t)Em)

L\ npu t = .
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2.1.5. Ilepexoa K HecJIy4daitHO!T HOPMUPOBKE

JToKazkeM CJIeJyIoInii BCIIOMOraTeIbHbI PE3YIbTAT.
Jlemma 2.7. FEcau ET] < oo, 7 > 2 u f(t) — 00, t — 00, mo umeem mecmo
CTOOUMOCTD N0 GEPOATNHOCTIU

B(N@)En) — B (1)
p(t)

£>O, t — 00.

Jlokasameavcmeo. dna w € {w ; ‘N(t) — ELn

< Ct}, 0001 (BYyHKIUN ¢; 1

HEKOTOpOil KoHcTaHThl C', mMeeM

B (¢) B (t) a
(1+%En) [B(y)dy - [ Bly)dy .
< oy 0 <C %B(t).
OfE(y)dy

AHaJOrnvHO moJIydaeM OIEHKY CHU3Y

BINWER) -8 . [4
B (t) B 2

——7, 0 < d < 1/2. B stom ciyuae

Ilycts ¢ = (ﬁ(f))
9 + 20
“ (1) = plt) — 0, t — 00.
12 t

(t)-

[Tpu sTom, coryiacHo ciejicTBuIO 4,

T1

P(N(t)—Ei

>Ct>—>0,t—>oo.

Takum obpaszom, JjiemMMma, JJ0Ka3aHa. ]

[TockosibKy umMeer mecTo cjiejiyloiiee npejcraienue, 1 = 1,2

q(On@) — A(BIN(#)Em) — B(E) + B(1)) pt)  _
AB(t) B(N(t)Em)
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(0]\7 Aﬁ E7'1
E7'1 ETl

HCHOJIbSyH MOCJIeTHEE TIPEJICTABICHUE U JIEMMY 2.7, MoJIydaeM CJIeIYIONLYIO Teo-
pemy.

Teopema 7. ITycmv Eny = 0o, ET] < 0o, 1 > 2, E& < 00, mo

Q(QN(t))
B(N(t)Em)

Bonee moeo, ecau 6bINONHEHO YCaosUE:

i fm 5

ﬁ>)\nput—>oo.

=0,

q(On) — AB(2) 4, N (0,1), nput — oco.
A3(0) o

2.2. CucteMbl C pereHepupyoIInM BXOAIINIM IIOTOKOM
2.2.1. Onucanue Mo/iejm

PaccmarpuBaercsi GecKOHEUHOKaHAJIbHAsE cUCTeMa S ¢ PEreHepUPYIONM
BXOJIANTM TOTOKOM X (1), 3ajaHHbIM Ha (DUIBTPOBAHHOM BEPOSTHOCTHOM TIPO-
CTPaHCTBE (Q,}", {Fttiso P), bumbrpamua {Fi},., cornacosana ¢ mponeccom
X(t). Ilpusenem ompenenenne takoro noroka [20|( Adanacnesa, Barmrosa,
2014).

Omnpenenenne 3. Cayuatnoi npoyece { X (t),t > 0} ¢ neybvisarouyumu nenpe-
POBHOLMU CACEA MPAEKMOPUAMU HAZVEAETNCA PELEHEPUPYIOULUM TLOTMOKOM, €C-
au cywecmeyem neybuearowan nocaedosamenvrocmo {0;,1 > 0}, g = 0 map-
KOGCKUT MOMENMOG, omuocumenvho duavmpayuu {F},s o makuz, wmo nocae-

dosamenvrocmas
{Riticg = {(X (01 +t) = X(05-1)),0i — Oi—1,t € [0;0; — 0;_1) },=

cocmoum u3 H.0.p. CJLy"‘tClUUH’bLLL' INEMEHTOE.

o8



Beauuwunw 0; w m; = 0; — 0;_1( 1 > 1) naswearomes i-m momenmom peze-

HEPAUUL U T-M NEPUOIOM PE2ENEPAUUL, COOMBEMCMBEHHO.

Cunraem, aro X (t) — quciao TpebOBaHUI MOCTYIUBIIMX B CHCTEMY 00CIIy-
)upanus kK Momenty Bpemenu t, X (0) = 0. O6oznaunm & = X (6;) — X (0;-1)
— 4KcjI0 TpeDoBaHUil, PUIe/IINX 3a (—il Iepuoji pereHeparuu, ¢ > 1.

2, — TOCJe0BATEIbHOCTD

B coorBerctBum ¢ onpedenenuem 3, {7}
H.0.D.C.B.

13 onpedenenusa 3 caemyer, 9To & u 7; He3aBUCUMBL Ipu ¢ 7# j. OOo3na4nM
A= gL

Bpemena obcirykupanust 3asBOK {7); };-; 00pasyroT 10CJIE0BATEILHOCTD
H.0.p.C.B. ¢ dyHKImed pacupejenenusi B(t), He 3aBUCAILYIO OT BXOJAIIETO 1O-
roka X (t). Xsocr pacupejenenns B(t) obosnauaem uepes B(t) = 1 — B(t).

OcCHOBHOE BHEMAHHUE B JAHHOI IJIaBe HAIIPABICHO Ha N3YYCHHUE IIPOIECCa

q(t), paBHOTO YHCJY 3asIBOK, HAXOJAIIUXCS HA OOCIYKUBAHWU B CHCTEME S B

MOMEHT BpPEMEHU {.

2.2.2. ®opMyaupoOBKa pPe3yJIbTATOB

O0603Ha4YUM

Ormerum, ato eciau Eny = oo, To lim f(t) = oo.
t—00
[IpuBeieM OCHOBHBIE PE3YJILTATHL TJIABDI.

Teopema 8. [Tycmv En; = oo, ET] < 0o, r > 2, E€} < 0o, mozda

t
& P\ npu t — oo,

(t)

Teopema 9. ITycmv ET] < oo, 1 > 2, E&} < 00 u svmnoaneno ciedyrouee

=

yC/LOGUG
lim lim Blet)
c—0t—00 ﬁ(t)

— 0. (2.45)
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Tozda
Q(t) T )‘B(t) iN(O 1)
AB(t) ’

3aMeTHM, UTO B KJIACC PACIPEJICNICHN, YIOBIETBOPSIONNX (2.45), BXOJAT,

npu t — o0.

HAIPUMep, PEeryJsipHO MeHsonmecs yukinun ¢ urjgekcom 0 < a < 1 [29)(

Boposkos, Boposkos, 2008).

2.2.3. Maxxopupyoniue CuCTeMbl

st u3yvuenns aCUMITOTHIECKOTO TOBEJIeHUsI ouepein B S, BBOIUM JBE
BCIIOMOIaTeJIbHbIEe cUcTeMbl S7 u Sy. B ST TpeboBanus mocTymaioT B MOMEHT
0,1 rpymumnoii oobema &, ¢ > 1. Bropas cucrema So aHaJOru4uHa IEPBOi, TOJIHKO

rpyrmia obbema &; mocTymaeT He B HadaJie Meprojia, a B ero Koure( T.e. B MOMEHT

0;).

5 §i+ 51»
s s [
S, —0
o, 6, 0.,
5 o Hr—tton — ———+—0
o9, 0. o,
& & #
S e [
S2 — 0
01'4 0; 0i+1

[Tpeanonaraem, 9ro cucreMbt S, S1 1 Sy 3a/aHbl Ha OJHOM BEPOATHOCTHOM

upocrpancrse. Byjem obosnavars ¢;(t) — uncio rpeboBanuii B cucreme S;, i =
1,2.

Jlemma 2.8. Ilowmu naseproe svinoaneno ciedyrouiee deotinoe HepPaseHcmeo

@1 (Onw+1) — Everr < at) < @ (One) + Envpy1s >0, (2.46)
ede N(t) = max{n: 0, <t}.

Hokasamesvemeo. 1. U3 onpenenenns: cucrem Sy u S ciejyer, aro npu n > 1

q(0n) < q2(6,) 1.1
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[Tosromy nipu t > 0
Q(QN(t)) < C]Q(QN(t)) I1.H.

Hagee
q(t) < q(Onw) + v < @One) +Evp+1, T2 0.

2. Ilockonbky mpu n > 1 uMeeT MeCTO HEpaBEHCTBO

Q(en) Z Q1(9n) I1.H,

To tipu t > 0
Q<9N(t)+1) > Q1(9N(t)+1) II.H.

Tax kak q(On()11) < q(t) + Enyr1, To ipr ¢ > 0

q(t) > q(‘gN(t)—H) - fN(t)H > Q1(9N(t)+1) - fN(t)H I.H.

Jlemma 2.8 nokazana.

[]

st jasibHedinero u3sioxKenust yj06HO BBECTH BCIOMOIaTeJIbHbIE T1POIEC-

0 0 o0
col. IIyers w = {u;}.-,, v = {v;},~,, a = {a;},-; — nocaenoBarTenbHOCTH HE3a-
BUCHMBIX OJIMHAKOBO DPACIIPEJICJICHHBIX, BHYTPU KaxKJIO# MOCJIeI0BATEIbHOCTH,
CJIYUIAHBIX BEJIMIUH TaKue, 9TO @ He 3aBUCAT OT U, ¥. CiryvailHble BeJINIUHbI B
U MPUHUMAIOT TeJOUnCIeHHbIe 3Hadenus. [Ipeanonaraem, aro P(a; > t) = B(t).
OnpejiesinM Jiisi KaXK10ro Habopa TaKuxX MOCAe0BATEIbHOCTEH CJIeIyIo-

IO TTOCJIEJIOBATEIHHOCTH CyMM

n U
So(w,v,a) =Y > T(ay, 1y > Ve —Vi), n>1, Sy=0, (2.47)
i=1 j=1
n n
e Uy, = > u;, Uy =0, V, => v, Vo =0.
=1 =1
CMbIC/I 3TUX 0DO3HAYEHUI [IPOSICHSIET CJIeAYTOIIasi JIeMMA.

JIemMma 2.9. Hmerom mecmo caedyroujue pasencmean no pacnpedesetuio
d
1. ¢2(0,) = S,(&,7,m), n>0;
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&1
2. q1(0) = 2T (0; > 0,) — Eusr + Sul€, 7). 0 >0,

Jj=1
2de

(577-?77) — (giuTiuni)a (5,77,777) (ézu Tis 1 ) (fi-i-laTi?n&-H')? ¢ > L (248)

Jlokasameavcmeo. 11.1 cpasy ciaenyer us onpejesenus cucreM S u So.
O6ozuatum C, = Y &, n > 1. Bequauny ¢(6,,) MOXKXHO TIpE/ICTABUTH B

1=1
Brnae CyMMBbI

n &
- Z (ZH (77C1-,1+j >0 — 92‘1)) , n> 1. (2.49)

i=1 \j=1

Tornma st n > 2

@1 () = Z (nj > 0n) +§:<ZH NCi_y+j > On — O ))

1=2 j=1

f §z+1
Z (n; > 0,) +Z<Zﬂn(;ﬂ>9 9))
Jj=

=1 J=1

n §l+1
—Z]I n; > 0y) +Z<ZH (nc,4+j > On 9)>§n+1.

Hnst k > 2, 110 pacupejiesieHuio UMEIT MECTO PaBEHCTBA,
k
d
Cr=8&+ Z& =Ch 4y + &1,
i=2

d
Ner+Cp_+5 = Moy +5-

[TosTomy
&
01 (0n) =D Ty > 0,) = &uia + Sul€ 7).
j=1
O]

Uz nemm 2.7 u 2.8 ciejryer, 94To 110 PACIPee/IeHUIO BbIIIOJHEHO CJIe/YoIee

HEPABEHCTBO

&1
Z]I (n; > Onwy+1) — Envyar + Sva (&, 7. 1") — Evayar < q(t) <

J=1
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S SN(t)(£7 T, 77) + gN(t)+17 t Z 07 (250)

re N(t) = max{n : 0, < t}. Janee, nockosbky Benndauna {yy41 uMeer cob-
CTBEHHOE 1IPeJIeJIbHOE PACIIpeie/ieHue, TO IPUMEHsis Pe3YJbTaTbhl IIyHKTOB 2.3.1-

2.3.6 na Sy (&, 7,m) 1 Snpy+1(&', 7', '), nomygaem pesyanraTnr meopem 7 n
8.
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I'naBa 3. ®yHKIIMOHAJIbHbIE IIPEJIe/IbHbIE TEOPEMbI

B nepBoit yacTu 9T0# rJ1aBbl U3y4aeTCs CXOAMMOCTb KOHEYHOMEDPHBIX Pac-
upejesienuii nponecca ¢(t), paBHOro duciy rpeboBanuii B 6eCKOHEUHOKAaHAIbHOI
CUCTEMEe B MOMEHT BPpEeMEHH t, C IIyaCCOHOBCKMM BXOJSIITUM IIOTOKOM U MHTEHCHB-
HOCTBIO 3aBHCAIIEH OT BpeMeHH. [[okazaHno, 4To KoHeIHOMEpHBIE PACIIPEIe/TeHHS
HOPMHUPOBAHHOIO U MEHTPUPOBAHHOTO Tporecca q(t1') cxoaarcs K KOHETHOMEp-
HBIM PaCIpeJIeJIeHUsIM TayCCOBCKOro mporecca mpu T — oo, t € (0, h).

Bo Bropoii wactu nokasbiBaercsi, 4to mporecc ¢(t) sABISeTcst yCIOBHBIM
OTPHUIIATEJbHBIM JIEMUMAaPTUHIAJIOM B HEIIPEPbIBHOM BpeMeHu. biiarojapst aromy
YIaeTCsT TPOBEPUTH YCJIOBHE TLIIOTHOCTH JJist Tiporiecca ¢(t), B TpemoIoKeHIH,
YTO UHTEHCUBHOCTD BXOJSIIEr0 IIyacCOHOBCKOIO IIOTOKA — IOCTOsHHA. [loaTomy
B 9TOM YaCTHOM cJjydae uMeer MecTo C-CXOMUMOCTh HOPMUPOBAHHOI'O IIPOIIECCa

q(tT) x rayccoBckomy tporeccy mpu T — oo, t € (0, h).

3.1. Onucanue cucremMsbl

MpbI paccMaTpuBaeM cucreMy 00CTyKUBaHUS ¢ OECKOHETHBIM THCJIOM TPH-
6opoB. MoOMEHTHI NTOCTYILIEHNsT TPeOOBAHUIT 00PA3YIOT MyaCCOHOBCKUIA TTPOIIECC
X (t) ¢ uarencuBrocThio A(t). [Ipeamnonaraem, aro mist narercuBrocTr A(t) BXO-
JALLIErO MOTOKA, BLITIONHEHO CHIEAYIOIIee YCioBHe.

Yenosue 1. O6osnauwum A(t) = [ Ay)dy. Hatdemes xoneunoe wucao 7 > 0,
0

A > 0 u nocaedosamenvnocmo { Sy}, makue, wmo Sy — 0o npu k — 0o u
O<Sk—5k_1§TuA(Sk):)\Sk, ]{321; S():O.

Cuiesryer oTMeTHTD, 4TO U3 Yeao6usa 1 caejyer, 9To npejen %A(t) cyle-
cTByeT 1pu t — 0O U paBeH .

MbI mpemosaraem, 9To BpemeHa obciyxuBamus {7;}5°; — H.0.p.C.B. C
bynxmmeit pacopesenenua B(x), B(z) = 1 — B(z). Bygem camrtarsh, 9to 3Ta

(hyHKITHS yIOBIETBOPAET CIAEAYIOMEMY YCIOBUIO.
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YcioBue 2.

B(t) ~ % npu t — 00, (3.1)

dasa mexomopozo 0 < A < 1 u medarenno menaowetica na beckoHewHocmu

dynxyuu L(t) [14]( Cenema, 1985).

[Tycrs q(t) — uncio rpebosanuii B cucreme B Moment spemenu ¢t u ¢(0) = 0
1.H. 3a/1a1a COCTOUT B U3yUEHUH aCHMITOTHIECKOTO ToBeieHust mporecca q(t1)

npu T — oo s t € (0,h), h > 0.

3.2. CxoamMOCTh KOHEYTHOMEPHBIX pacIIpeaesIeHui

Cdopmynupyem HaIl pe3yJibTar.
Teopema 10. IIpednonrooicum, umo ycrosus 1 u 2 8vinoanenvi, mo KoHnewHo-

MepHbLEe Pacnpedesenis npouecca

q(T) — p(tT)
L(T)T=2

cAab0 crodamcs npu T — o0 % KOHEUYHOMEPHDIM pacnpe@e,/LeHUﬂM uernmpupo-
sanHo020 2ayccosckozo npoyecca £(t) ¢ xKosapuayuonnoll Gynrkyuet
A 1-A 1-A

Bdecv p(tT) = 7§(Tt — z)\(x)dx, t € (0,h).

Yr0o0bI I[IPOACHUTL OCHOBHYIO HIEI0, MCIIOJIb3OBAHHYIO B HOKaA3aTE/ILCTBE

Teopemo, 10, HauHEM C paccMOTpeHusi 60J1ee IIPOCTOro CIydasd.

3.2.1. YacTHblil ciry4aii: ”THTEHCUBHOCTh BXOJSAIIET0 IOTOKA — MOCTO-

AHHA

[Ipenmonaraem, 9To BXOAMAIINN B CHCTEMY ITOTOK — ITyaCCOHOBCKM ITPOTIECC
MHTEHCUBHOCTHA A. 3aMeTHUM, UTO Ycaoeue 1 Beerja BBIIOJHEHO B 9TOM CJydae.

Bynem obo3nadarh 3Ty cucremy S*.

65



st Toro aTobbl JlokasaTh meopemy 10, pukcupyem HEKOTOPhIE MOMEHTHI
Bpemvenn 0 < t; < ... < t,_1 < t, < oo. Obo3HaunM YUCIO TPEOOBAHMIA,
KoTopbie nocrynuin B cucremy Ha [Tt;_1;Tt;] u obciyuiuch Ha uHTEpBAJIE
[Ttj;Ttj11], qepes Z; J1st Hekoroporo ¢dukcuposannoro 1, riae 1 < i < j < n.

3/1ech MBI IIpejnoaraeM, 9ro tg = 0, t,.1 = 0.

Jlemma 3.1. Jlaa cayuwatinoir sesuvut 52;, 1 < 7, cnpasedausnv, caedyroujue
ymeepocdenu
T , ¢T : : .
o &ij u &y nesasucumol, dan i F k, j # 1,

o fg UMEET, NYACCOHOBCKOE pacnpedesenue ¢ napamempom ozg;-, ede

Tt; L .
ajj = A /T (B(Tt; —y) — B(Ttjy1 —y)) dy
ti—1

onal<i1<n,1<j53<n,1<7.

Hoxazameavcmeo. Brejiem BeKTOD

T _ T T
& = (i it - Ein)s

re 1 <1 <n.

T T
u & , g k # | cnenyer us

3aMeTHM, UTO HE3aBUCUMOCTH BEKTODPOB {k
CBOICTBA HE3aBUCUMOCTH YHUCJIa CKAYKOB IIyaCCOHOBCKOIO IPOIECCa Ha Herepe-
CEKAIOIINXCsI MHTEPBaJIax U HE3aBUCKUMOCTH BpEMEH OOC/IY KUBAHUSI.

[Tokaxxkem HE3aBUCUMOCTH KOOPJAMHAT BEKTOPA f_;T, 1 <11 < n. Ing sro-
ro pUKCUpyeM HEOTPUIATEILHBIC HEJIble YUCJIa {kj}jzl O6o3Haunm pg; — Be-
POSATHOCTH TOIO, 4TO TpeboBaHKe, KOTOPOE LPUILIO B CUCTEMY Ha HHTEPBAJIE
[Tti_1,Tt;], obcnyxures na [Tt;, Tt;41]. Ucnonab3ys Gopmyity mosiHol BeposaT-

=T
HOCTH HAXOJUM COBMECTHOE PACIpee/IeHre KOOPIUHAT 3TOr0 BeKTopa &;

P(glj;:klafg;—i—l :ki+1,---,f£ :kn) =
NI

pr— M ><
N2k1+g+...+kn kilkica! o k(N — Kk — kipr — ... — kp)!
X (pzj;) (p21;+1) T (p%) (1 — pg; — P£+1 — ... = pg;l)N ki—kip1——kn o
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N
Tt = Ttion)” w1y _
N1 N

n /\p” th 1)) )\pg;.(Tti—Ttifﬂ _ ﬁ P ( zj; _ kj) .

j=i

j=i !

~T
Takum o0OpaszoM, MbI MOJYUYUJIA, UTO KOOPJMHATHI BEKTOPa &  HE3aBUCHMBI.

T

YVTBepKIeHne, 4To f MMEIOT IyaCCOHOBCKOE PaClpeJIe/IeHIe C IapaMeTpoM «y;,

cJiejlyeT U3 1eNOYKNd PABEHCTB IPEJIbIIYIIEro PaccyKIeHns, nTak

kj
Ol (Tt = Tt)™ rir o,

T
P (&= ki) = ] )
;!
TG B
rje p;ﬂ = ﬁ 1l (B(th —y) — B(Ttj11 — y)) dy. Takum o6paszoMm, BTO-
ti1
past 9acTh JeMMBI JIOKA3aHa. O

JlemMa 3.2. Ecau evinoaneno Yeaosue 2, mo daa gynsyuti of., 1 <i<j<n

Zj’

UMeen, Mecmo me&ymuaﬂ acumnmomuxa

A
T 1-A
Qg ~ T L(T)T*=d;; npu T — o0,

2de dij = (tj—i-l — ti)liA + (tj — ti_l)liA — (tj — ti)liA — (tj—i—l — ti_l)liA.
Jlokasameavcmeo. Jlis yupolneHus: 3a0icu pacuyeToB BBejeM 0003HaueHIe
Tt;
T — . )
Hij = /\/0 B(Tt; —y)dy, i < j,

TOrJ1a %Tj MOXKeT OBITH IIEPEIUCAHO B CJIEIYIONEM BU/IE

T T T T
= Mij = Hi—1j = Mij+1 T Mi1jg1

. T :
Haiijiem acumiTorudeckoe noBeeHue fi;;. JJisg 9T0ro paccMOTpUM CIIy dan:
1. Ilycts @ < 5. U3 Yeaosua 2 cnemyer, ato pjis jgioboro € > 0 U JoCTaATOTHO

OOJIBININX T BBIMOJHEHO HEPABEHCTBO

(L +e). (3.2)



AnajornaHo, U3 onpejeenns MeJIEHHO MEHSIIONUXCsT (DYHKIWHA CJieiyer,

10 Jist Jiiobbix a > 0, € > 0 u jocraroaHo O0JIbIINX T
(1—¢e)L(t) < L(at) < L(H)(1 +¢€). (3.3)

13 (3.2) n (3.3) nosydaem, 4o s soboro € > 0 Haiijercs t rakoe, 410

gt >t

Tti_ ti_
uh = )\/ B(Tt; — y)dy — AT/ B(T(t, — 2))d= >
0 0

ti[,Tj—z 1 tiETj—z LT
> (-7 | <T(<t§t— s = At [ (<tj(t— Bl
> (1— 5)2)\£(T)T1‘A/Oi(tji—zz)A —

A
1-A

[TomobubIM 06pa3oM, ucoib3ys HepaBeHCTBa (3.2) u (3.3), HAXOIUM BEpX-

— (1—¢)? LITYT (72 — (15— t,)172)..

HIOIO OIICHKY ,uz; O6’be,ZLI/IHHH 9TH PE3YJIbTAThI, II0JIyd9a€M 3KBHBAJICHTHOCTD

A
,uiTj ~ —[J(T)Tl_A (tl_A — (t; — ti)l_A) Juist Jo0bIx 1 <1< j<n

1—-A J
(3.4)
npu 1" — 00.

. Iycrs ¢ = 5. O6o3naunm

Torpa pl = N (Tt;). Haitnem acummrorutdeckoe mosesienne unrerpana I (t)
npu t — oo. [lockosbky, /s goboro 0 < v < 1 umeer MecTo cJiejyioriee

npejacraBjaceHue

0= By + / "Bly)dy = 1) + L),

Y

naitnem acumnroruku I1(t) n Io(t).
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e llcnosnb3yst nepasencrsa (3.2) u (3.3), nosydaem, 9ro jyist J1060ro € > 0

Haitjierca ¢ rakoe, 4To npu Beex ¢t >t

L#) = /t Bly)dy — ¢ /t Blat)dz > (1— o)t /t (ﬁt(;)zgdz:

1 1
= (1—e)t2 /ﬂ_l ﬁiiz)%dz > (1—e)72L(1) /ﬂ_l j_i —
= (1-¢)? e L(#) (1 - tWMlA)) .
1—A
AHaJIOrmIHO OJTyYaeM OIEHKY cBepxy. Takum obpaszom, mpu t — 00
tl—A
Io(t) ~ = L(8).

e 3ameruMm, UTO JJIsi TEPBOTO WHTErpajia MMEET MECTO HEPABEHCTBO
Ii(t) < t7, mockosbky B(x) < 1 jua Beex x. CrenoBaTesbHO, €Cin
BeIOpaTh 0 < 7 < 1 — A, 1o raBHbIM wienoM acumnroruku [ (t) Oyaer
tl—A

O0beaunsas 9TH OLEHKHU, UMeeM
tl_A

)
1-A

I(t) L(t) upu t — 0.

[ockonbky pl = M (Tt;), o anst moboro i > 1

A
T C(T TlfAtlfA .
ILLZZ 1 é ( ) (3 (3 5)

npu 1" — 00.

T
ij

acumnroruk (3.4) u (3.5). ]

Yreepxkaenne Jlemmor 3.2 caenyer u3 nMpeacTaBIeHUs JIs o, U TPUBEICHHBIX

JIemma 3.3. IIycmo d= (dy1,dys ... dip,dao, dog ... dop, ... dpy,). Ob03HaMUM

g€ i
VRS2

Ecau Yenosue 2 svinoaneno, mo

~T
& S N(0,D) npu T — oo. (3.6)
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3decw é_T (5117 S i < Y 3, & ) D — duazonanrvrnas mampu-

Ua co SHaAYEHUAMU

{dlla d12 ce dlna dzg, d23 RN dzn, RN ,dnn}

na ee 2.aa6n0tl duazonasy, 20e {d”} _, onpedenenni 6 Jlemme 3.2.

Hoxasameavecmeo. Yrepxkjienue caejyer us Jlemmor 3.2 n cieyonero cBoii-

CTBa I1yaCCOHOBCKOI'O pacupejesneHusi. Eciu ciydaiinas BejaudnHa () HMeeT

O—=A
VoS

IIyaCCOHOBCKOE PACIPEJICJICHUE ¢ [IapaMeTPOM A\ U Cf =f

Cf i>./\/'(0,62) npu A — 0.

T

jI/IOé —

Tax Kak f IMeeT IIyacCOHOBCKOE paclpe/iesieHue ¢ apaMeToM

oo corsiacHo Jlemme 3.3 nipu T — oo, TO

mel<i1<n,1<7<n.
[TockouibKy ciydaiiible BEJIUINHbBI {5 ] | HE3aBUCUMBI, TO U3 IOKOM-
HOHEHTHOM CXOAMMOCTH CJIeJIyeT CXOAUMOCTh BekTopoB. Nrak, Jlemma 3.3 joKa-

3aHa. ]

CropmysinpyeM u jokaxkem aHajor Teopemw, 10 jajst cucreMb S™.

Teopema 11. Ecau das cucmemnv, S* evinoaneno Yeaosue 2, mo

) _’Lﬁ T Tl A
el CY N(OR)npuT—>oo
A _
VLT
3decv sexmop cpednux p = (t%_A, t%_A, e ,t}fA), MATPULA KOBAPUAUUL

R = (1j) cocmoum u3 snemenmos rij = t;_A —(t; — t) P a1 <i<j<n.

oxazamenavcmeo. 3amerum, uto jJs jgoodoro 1 < k <n

q(Tty) = Z Z gm’

1=1 j=k
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nosromy Bextop §1 = (q(Tt1),q(Tts),...,q(Tt,)) MOXKHO HPEACTABUTH B CJIe-
JIYIOIIEM BHJIE
q =Cér.

1
3nec C' — MaTpuiia ¢ MOCTOSHHBIMU KO DUIIMEHTAMI pa3Mepa @ X Mn.

Hanpuwmep, misg n = 4 marpuna C' uMeer BU/I

(1111000000\
0111111000
0011011110
\0001001011/

3aMeTnM, 9TO BEKTOD
(" — 25T AL(T)Od
VST L)

ql =

—
—

MokHO Tepercarh kak ¢¢ = CEL. TlockobKy 5Ti>§°° upu T — 00, TO
ﬁi(ﬁ'ﬁo" npu 1T — oo. Cormacuo Jlemme 3.3 cnydaiiubiii BeKTOp £ nMeer
HOpMaJIbHOE pacipejiesieHue.

3/1ech OBLIO MCIOJB30BAHO CJIEJYIONIEe CBONCTBO TayCCOBCKOI'O PaCIIpe-
Jenenns. Ecim Bektop X nmMeeT HOpMaJibHOE pacIpejiesieHue ¢ IapaMerpaMu
(1, 23), To agist 060t Mmarpuiibl A BekTop AX Oyjier nMeTh HOpMaJbHOE Pacipe-
nenenue ¢ napamerpamu (Ap, ALAT). Urak, sekrop CE™® umeer HOpMaIbHOE
pacipe/jiejene ¢ HyJIeBbIM CPEJHUM U HEKOTOPON KOBApPUAIMOHHOW MaTPUIIEH.

Y1o0bl HARTH BUJI STOI MATPHUIIBI, 3aMETUM, UTO JJid ¢ < k MBI UMeeM CJIEe/Iyi0-

1ee pPaBeHCTBO

Tt
cov(q(Tt).a(Tte) = [ BTt~ y)dy = p
0
[TosTomy nmajiee Bce ciieryeT u3 JoKa3aTeabcTBa Jlemmor 3.35. ]

Takum obpasoM, B ciydae, Korya A(t) = const, Teopema 10 mokazana.
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3.2.2. /Toka3aTeqabCTBO B OOIIEM CJTydae

[Tpenonokum, 9T0 WHTEHCUBHOCTH BXOJSIIEr0 MOoTOKa A(t) YIOBJIETBO-
paer Yeaoeuro 1. 3aMeTnuM, 9TO YTBEPXKICHUS JIEMM, KOTOPbIE ObLIN JOKa3aHbI
B IPEJIbLAYIIEM [IYHKTE, OCTAIOTCs BEPHLIMU U B 3TOM caydae. PaccMoTpum nx
OJIHO 32 JPYTUM. YTBepxKaenue Jlemmo, 3.1 COXpaHAETCs ¢ TOi JUIIL pasHUTei,
9TO B 9TOM CJIydae

Tt
T — 5} . D .
of= [ (BTt~ ) - BTt~ ) M)y
Tt; 1
Jlemma 3.2 bopMmynupyercsi Tak »Ke, KaK ¥ B CJIy4ae IMOCTOsSTHHOW MHTEHCUBHO-

cru. Ha nokazarenncrse Jlemmo, 3.2 ocranoBuMCst Dojiee JieTaJibHO.

Jlemma 3.4. Ecau Yeaosua 1 u 2 svinoanenvs, mo daa dynruyuu oziTj ymeep-

orcdenue Jlemmnr 3.2 umeem mecmo.

Hoxazamenrvcmeo. Obo3HATUM

Tti_
mz; = / B(Tt; — y)A(y)dy.
0

T

Wcrnosn3yst 310 0b03HaYEHNE, (;; MOXKHO TIEPENUCATDH B CIIEJYIONEM BUJIE

T T T T T
Qjj = Myj — My — My + My_yj4- (3.7)

Wrak, 9T00bI HAHTH ACUMIITOTUKY 0427; upu 1" — 00, JIOCTATOYHO HAATH aCUMII-
TOTUKY JIJIsI mg; npu 1' — o0, 1 <1 < j < n. byaem noka3niBaTh 3Ty JeMMY
Tak e, Kak Jlemmy 3.2, B JiBa 1mara.

1. Ilycrh 2 < 7. s sToro ciydast HaM JIOCTATOYHO MOJIYIUTH aCUMIITOTUKY

uHTerpaJia Juisd 1 = 1, j = 2

TH
Jr = / B(Tty — y)A(y)dy.
0

[Iycts N(T) = max{k: S, <Tt1}. Beumy wmonoronnoctun ¢yHKIMK
B(Tty — y), uMeem

N(T)-1

)— . Sk+1
Jr<Ji= 3 BTt - Si) / A)dy =
k=0 Sk
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N(T)-1
=X Y B(Tty— Sp1)(Sk1 — S).-
k=0

. 1
[Tockouibky to > t1, TO st J0boro € > 0 Hajijercs Tg( ) TaKoe, 4TO

_ L(Tty — S
B(Tty — Spy1) < (1+¢) (T(t2 = Sk)kA)
Juist Beex k > 0. I[Tosromy
N(T)-1
L(Tt Siy1— S
JE <A1 +e)T Z 2= 5 St S
k= t2 T)
N(T) 1 5
L(T k)) 1 Sk+1 — Sk
= A1+ )T 2L(T Z :
= (-3 T
DTo o3HavaeT, 4To Haiijercs T5(2) Takoe, 4ro jisa 1T > max(Tg(l) , TE(Q))
N(T)-1
J+<>\(1—|—82T1 AL Z Q—Tk Tk;+1_7"k)7
k=0
e rp = % Tora
N(T) ¢
Tkl — Tk body 1 1-A 1-A
—_— = t — (o — 1 upu 1 — oo.
z;(@—?“k)A /o PR TN
Nnmeem
Ji < Rl +e DT 2L(T)

Juist J1i060ro €1 > 0 1 Beex JOCTATOIHO 00JbImuX 1. AHAJOTUIHO MOJTyYaeM
orienky cuuzdy. Urak, miasd Bcex ¢ < j MBI MOJYUYUIN CJETYIONIYIO SKBUBA-

JICHTHOCTDb

A _ _ _
mTJNﬂ(t]1 A (t;—t;) A)T1 AL(T) mpun T — 0.

t —_—
. Paccmorpuwm cayuait, korpa ¢ = j. O6osnaunm I(t) = [ B(y)A(t — y)dy,
0
rorpa pl = I(Tt;). Haiinem acumnroruxy dynxmun I(t) npu t — o0,

HCIIOJIb3Yyd IIpeJCTaBJICHUE

1= "Bl — y)dy + / "Bt — g)dy — L(0) + B),

Y
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Juts ioboro 0 < v < 1. HaitjieM acuMITOTHKY KaykJIOIo U3 CJlaraeMbIX Mpu
t — 0.
e Paccyx/as aHAJIOTMYHO NEPBOH YacTh Toi JeMMbl ( ciaydail juist 1 <
J), nosydaem

A
1—-A
el

o Jlasee, samernm, uro I1(t) < [Nt —y)dy = A(t) — A(t —t7) ~ A\t7
0

L(t) ~ ——t""2L(t) upu t — oo.

npu t — 0.
Urak, ecim BoiOparh 0 < v < 1 — A, TO TJIaBHBIM HWJIEHOM aCUMIITOTHKN

I(t) 6yner t=2. Urak, noayuaem, 4ro jyis goboro 1 <i < n

A

T 1-A 1-A
I =,
MG ~ T ——t; = L(T)

T

Jlemma 3.4 caegyer n3 MOIydeHHBIX AaCUMIITOTHK JIJIsT M;; 1 IPEJICTABIICHHSI (3.7)

T
JUTSE Q5. O

Bameuanue 2. Fcau svinoamenv, ycrosua 1 u 2, mo, kax amo caedyem u3

ACMMDBL 3.4, UMEEM MECMO ACUMNMOMUKE

p(IT) ~ =2 (1) B L),

NOIMOMY HECAOHCHO NOKAZAMDB, MO ymeepocdenue meopemove 10, moorcem
bvims nepenucano 6 boaee npocmot popme.
[Tpusejiem 31y hopMysIMpPOBKY.
CaenctBue 7. Ilpednoroocum, wmo ycaosus 1 u 2 6uinosnensv, Mo KomewHo-
MEPHBLE PACNPeJeNeHUs NPOUECCa
a(tT) — 5 (7)1 L(T)
L(T)T-4

caabo crodames npu T — oo % KOHEYHOMEDHDBIM pacnpede,/LeHu,ﬂM 2ayccoecrozo

npouecca £(t) ¢ nyaesuim cpednum U K08apuAUOHHOT PYHKUUET

Rt t+u) = ﬁ ((F4u)™2 — '), (t>0,u > 0).
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HaJjiee, NCIIOIB3Ys MOAXO/, IIPUBEIEHHDIN JIJIs CJIydasi TTOCTOsIHHOW MHTEH-
cuBHOCTH, 11oJiydaem Teopemy 10.
Bameuanue 3. Paccmompum cucmemy ¢ NYaccono8CKUM SLOOAULUM TOMOKOM

unmencusnocmu A(t), 2de A(t) asasemca nepuoduneckot gynkyued ¢ nepuodom
Alr)

7> 0. Ecau Yenosue 2 evinoaneno, mo meopema 10 6vinoanena u A = =

3.3. 1laoTrHOoCTH

Teneps nepeiijieM K JI0OKa3aTeIbCTBY CJ1a00# CXOIUMOCTH B IIPOCTPAHCTBE
C'[0,1]. DTo mpocTpaHCTBO BCEX HENPEPLIBHBIX JCHCTBUTENbHBIX (BDYHKIUI Ha

3aMKHYTOM ejinHrnaHOM wHTepBaJe [0, 1], MeTpru3oBaHHOE PACCTOSTHUEM MEX Ty
ayMst byukmsavu ¢ = x(t) u y = y(t):

p(z,y) = sup |z(t) —y(t)]. (3-8)

0<t<1

OrmernM, 4TO cipabasi CXOIMMOCTHL pacupejesneruit B C' He cieayerT u3 cja-
00ii CXOIMMOCTH KOHEUYHOMEPHBIX pachpesejaenuii. Ho B npeamnosoxenun orno-
CUTEJILHON KOMIIAKTHOCTH CJ1abasi CXOJUMOCTL KOHEUHOMEPHDBIX PaCIpe/ieIeHuit
Biieuer ciaabyio cxogumocts pacipeeienuit 8 C[0, 1]. TlockobKy nmpocTpancTBo
C'[0, 1] cenapabesibHO U 1OJIHO, U3 TeopeMbl 1IpoxopoBa cjejyer, 4To OTHOCH-
TeJibHas KOMIIAKTHOCTh cemedicTsa BepositnocTabix Mep Ha (C[0,1],C[0, 1]) 9k-
BUBAJICHTHA TLJIOTHOCTH 3TOTO ceMeiicTBa. Takum 00pa3oM, UMeeT MECTO CJIEIy-
IOIUI pe3yJIbTaT.
Teopema.( Boposros, 1980 [5, cmp. 21])
Iyemoy X, (u), n > 1, X(u) — cenapabesvrvie npoyeccvi 6 Npocmpancmee
(R(0,1),R(0,1)), C[0,1] C R(0,1).
as mozo, umobw X, oA X, n — 00, m.e. daa aobozo R(0,1)-usmepumozo
dynryuonara f, nenpepwsnozo ¢ "mourxax"npocmpancmesa C[0,1] ommocu-

meavho pasHomepnoti mempuru (3.8), umeem mecmo

P(f(X,) <z) = P(f(X) <z), n— oo,
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HE0OX00UMO U DOCTNAMOYHO BVINOAHEHUE YCAOGUT.

1. Cywecmesyem 6cr0dy naommoe na [0, 1] muoocecmeo S makoe, wmo xomneu-
nomeprvie pacnpedeaenus { X, (u), w € S} caabo cxodamesa x pacnpedene-
nuam { X (u), u € S}.

2. Hasa arwbozo € > 0

limlimsupP [ sup |[X(u) — X(v)]>¢e] =0. (3.9)
c—0 noco lu—v|<ec
[TockobKY CXOMMMOCTH KOHEIHOMEDPHBIX PACIPEIEJeHUl HAMHU y2XKe I10-
KazaHa, TO JJIs1 JoKazareabcTBa C-CXOIUMOCTH JIOCTATOYHO MPOBEPUTH YCJIO-
pre (3.9). luist 97010 CHOBa BOCIIOJIB3YEMCsl METOJAMHU TEOPUH JIeMUMapPTHHIa-
Jio. IIpoBejiem ero B jiBa 3raia:

1. Jlagum ompejiesienne yCJIOBHOIO HEIPEPLIBHOIO OTPHUIATEIHLHOTO JTeMIMap-
tuHraja. llpuBegemM paccykIeHust, ¢ MOMOIIBI0 KOTOPHIX M3BECTHHIE MaK-
cUMaJibHbIE HEPABEHCTBA JJIs JIEMUMaPTUHIAIOB B JIMCKPETHOM BPEMEHH,
MOKHO II€pEHECTH Ha CJIydail HEeIPEPbIBHOIO BPEMEHHU.

2. IlokaxkeM, 9TO yCJIOBHO TEHTPUPOBAHHBIN mpotiece ¢(t1') sBaseTcs yCaoB-
HBIM OTHOCHTEIHLHO o-aJareOphbl, 00pa30BaAHHOW BXOMSAIIUM TTOTOKOM, OTPH-
[ATEeJLHBIM JIEMUMAPTUHIAIOM B HEIPEPLIBHOM BPEMEHHU.

Omnpepesienne 4. [ycmo {Sy,t € [0, T} - cayuwatinod npoyece, onpedenernovii
na noanom sepoammuocmuom npocmpancmese (2, A, P). Omom npoyecc naswvi-
BAEMCA YCAOBHLM OMHOCUMEALHO F  OMPUUamesvHuM 0EMUMAPMUH2ANOM C
HENPEPLIBHVIM BpemeHem, ecat oaa ecex 0 =ty < t; <ty < ... <ty =T,

k > 1 nocaedosamenrvrocmo
{5,0<j<k—1}

AGAACTNCA  YCAOBHLLM  OMHOCUMENLHO F  0OMPuuamesvhoim 0emMumapmum2a-
AOM 6 QUCKDETHOM 6PEMENU, 6 CMulcae onpedesenus npusedennozo 6 [30](
Christofides, Hadjikyriakou, 2013).

3decv F — o-nodanzebpa A.
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Ornpejiesienre OTPUIATENILHOTO YCJIOBHOTO JIEMUMAPTHHIAIA B JIMCKPETHOM Bpe-
MeHU cHOPMYIMPOBAHO TaKKe B ONPEJIETCHUN 3 JUCCEPTAIIN,

Vrak, BepHEMCs K PACCMOTPEHUIO GECKOHETHOKAHAJIbHOW CUCTEMbI, OIlH-
CAHHOI B HawaJe 9TOf IIaBbl, U mporiecca ¢(t), PABHOTO THUCITY 3aHATHIX TTPHOO-
POB B 9TOil CHCTEME B MOMEHT BPEMEHH t.

[IycTs Bpemena mpuxo/ia TpeOOBaHuil B CHCTEMY 00pa3yIoT TTOC/Ie[0BATE b
nocrb {6;}:°,, a Bpemena obcayxkusanust — {n; }. . Torna Moxem 3amucarnb

qr(t) = q(tT) —Erq(tT) = > "= > BT -6,),
i 0;<tT 1. 0;<tT
e ¢ =T (n; > tT — ;).
Jlemma 3.5. Cayuatinwd npouece {Qr(s,t) = qr(t) — q_T(S)}tzs’ s,t € (0,h),
T > 0 AsaaemeA Yer08HBLM OMHOCUMEALHO F OMPUUATIEALHYM DEMUMADTIUT-

2a/.10M.

Hoxaszameavemeso. Ilyctb s = hy < hy < hy < ... < hy = h, TO Hy»XHO

JIOKa3aTh, 4TO

Ex (Qr(ho, i) — Qr(ho, hn)) f(Qr(ho, ho), - - ., Qr(ho, hn)) <0

JIUTsl JTI00O0# TIOKOMIIOHEHTHO HeyObiBatoteit ¢pyukmnuu f. Ilo onpenenenuto, mme-

eM

Er (Qr(hos has1) — Qr(ho, b)) f(Qr(hos ho), - -, Qr(ho, b)) =

= Ex (@r(hns1) — Gr(hn)) f(Qr(ho, ho), - .., Qr(ho, hn)) =

=y Ef((cf"“T—cfnT—Ef<?"+lT+Ef<f”T) f(QT(h()?hO),---,QT(hOahn)))

> (T =BT (@ulho ko), Qrhos ) ) = LTI

Z'ShnT<9¢§hn+1T

[Tockosbky mpu JiroboM ¢ takoM, uto {h,T < 6; < h, 1T}, Beuaunbl

¢t — B w f(Qr(ho, ho), - - -, Qr(ho, hn))

YCJIOBHO HE3aBUCHUMbBI oTHOCHTeN bHO JF, To [1, = 0.
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Teneps pacemorpum I,,. Beenem caejyromiye coObIThs

Ai(n) = {w : Cih”“T—gh”T = —1}, 1<i<n.

]

OrmernM, 91O TOT/IA
Ai(n) = {w : Cih”“T = O,Cih”T = 1} ={w:h,—0; <n <hy1—0;}. (3.10)
13 nocsennero ciaejyer, 9To jijsi Beex ¢ > 1
Pr(Ai(n)) = B(hy — 6;) — B(hys1 — 6;).
Paccmorpum oT/iesibHO Kaxkjioe ciaraemoe B I,
Ni(n) = <C¢h"+1T - Qh”T) F(Qr(ho, ho), ..., Qr(ho, hy))—

- (EfCih"HT - EfC@-h"T> F(Qr(ho. ho), - .., Qr(ho, hn)).
3aMeTumM, ITo
<EFCZ-h”HT — EfCih"T> Erf(Qr(ho, ko), ..., Qr(ho, hy)) =
= — (B(hT = 6;) — B(hyaT — 0;)) Exf (Qr(ho, ho), - . ., Qr(ho, hay)).
Hamnee, B cuy (3.10) nmeem
Ex (¢["" = ¢ F(@rlho. ho), .., Qrlho, b)) =

= —Exf(Qr(ho, ho), ..., Qr(ho, hn) ) T{A;(n)} =
= —Ex(f(Qr(ho, ho), -, Qr(ho, hy))|Ai(n)) Px {Ai(n)} =
= —Ex(f(Qr(ho, ho), -, Qr(ho, hn))[Ai(n)) (B(hy — 0;) — B(hps1 — 6;)) .
Taxuy oGpasou

Ni(n) = —(B(hn — 0:) = Blhys1 — 67))-

(Ex (f(Qr(ho, ho), - .., Qr(ho, hy))|Ai(n)) — Ex (f(Qr(ho, ho), - -, Qr(ho, 1)) -
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[TockobKy dyHKIMST B MOHOTOHHO yObIBaeT, TO
B(hn — 92) - B(hn—i—l - 91) 2 0, 1 91 S hn
DTO 03HAYAET, UTO JJIsI JOKA3ATEJIHCTBA JIEMMbI OCTACTCS [TOKA3ATh, ITO

E}‘(f(QT(ho, h()), . ;QT(hO; hn)) |Al(n))—E}‘(f(QT(h0, ho), <oy QT(hO; hn)) > 0.
(3.11)

SameTnm, 9TO

Er(f(Qr(ho, ko), - .., Qr(ho, hn))|Ai(n)) = Ex(f(Q7(ho, ko), - .., Q7 (ho, hn))),

rje

Q- (ho, hi) Q*T(ho,hk)Jrl—Cf’“T a1 <1<k,
T\1o, k) — _
Q7 (ho, hi,) s k < i <n,

g 0 < k < n.
[Tosromy Qi(ho, hi) > Qr(ho, hy), 0 < k < n. CreoBaTebHO U3 TOKOM-
IOHEHTHOTO HeyObiBaHus f mosydaeM HepasencTso (3.11). O
Cdopmysnpyem ciiecTBie U3 pesyabrara, Uit YCIOBHLIX OTPULATE]IbHBIX
JIEMUMaPTUHIAIOB B JIMCKPETHOM BPEMEHH.
Jlemma. [30, caedemeue 18]( Christofides, Hadjikyriakou, 2013)
nyemv {Sp,m € N} — yeaosnoidi ompuygamesvnvili deMuMapmunzan 0mHocu-
meavrno F. Tozda daa moboti usmepumoti ommocumenrvro F cayuatinot eesu-

wurvl € marotl, wmo € > 0 noumu wasepHoe, umeem

ePr (max S, > 5) < EzS,. (3.13)

1<k<n

[TepeneceM 3TOT pesy/bTaT Ha ClAyuail JeMUMapTUHTAI0B ¢ HelPePbiBHbIM
spemeneM. Ho nepejt atum cpopMyupyeM cliejlyioliee olpejieeHue:
Omnpenenenne 5. [osopam, wmo cayuatinod npoyece { Sy, t € [0,T]} — cena-

pabeavnuil, ecau natdymes usmepumoe mmoocecmso B, P(B) = 0 u cuemmnoe
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nodmmoocecmeo 7 C [0,T] makue, wmo das 4106020 3aMEHYMO20 UHMEPEANA

A C R u awboz0 omxpoimozo unmepsana (a,b) C [0,T], mroocecmea
{w: Si(w) e At € (a,b)} u {w: Si(w) € At € (a,b) N7}

omauvaomea ne bosee uem na nodmmooscecmee B.
Cpagy ormerum, 4T0o JIO0OH JAeHCTBUTEILHO 3HAUHBIA mporecc Sy, t €
[0, 7] C R nmeer cemapabensryio Bepenio |37, crp. 57|( Doob, 1953).
cnonb3yst npuBeeHHble 3aMEeIAHNS, Oy IaeM:
Teopema 12. [Tycmo {S,t € [0,T]} cenapabeavnoi yeaosnvii ommuocumenrvho
F ompuvyamenrvornoiti demumapmunrzan. JIas 1060t cayvatinot sesuvunos € > 0

n.H. NOAOHCUM,

AT:{wEQ: sup St>€}.

0<t<T

Tozda
ePr(Ar) < Ex(SrI{Ar}). (3.14)

Hokasamenvcmeo. CornacHo aHAJOIUYHON TeopeMe Jiist JeMUMAPTHHIAJIOB B
nuckpeTHoM BpeMernnu( cM. (3.13)) momywaem, UTo HepaBeHcTBo (3.14) BBITOTHE-
HO, €CJIH CyTIPEMyM OepeTcs 1Mo KOHETHOMY O IMHOYKECTBY TTapaMeTpa, BKIIOTast

OuT.

[TockonbKy
n o0

lim P (( JDx | =P |JDk ]|,

n—o0
Jtst J11000ii ocsietoBaresbiocru Dy, € A, To HepasencTBo (3.14) ocraercs cripa-
BEJIIMBBIM, KOIJla I1apaMeTp t B cylpemMyMe npoberaer c4eTHoe HOJAMHOXKECTBO
0,T]. 3 cenapabelbHOCTH TPOIECca, MHOXKECTBO A7 oTimyaercs oT cooTBeT-

) ) T

CTBYIOITIETO MHOXKECTBA, TJIe TapaMeTp MpuHuMaer 3uadeHus B uarepsage [0, 17,

Ha MHOXKECTBO Mepbl (. DTO JIOKA3bIBAET TEOPEMY. O
13 (3.14) crenyer, aro

APx(Ar) < 2E5|Sy). (3.15)
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Bepuemcst k narieii 3aja4de. Iycrsb

rie F — o-ajarebpa, obOpa3oBaHHas BXOJISIINM MOTOKOM. [ljisi joKa3aTeshcTBa

mtorHocTr ¢(t1) Hy»KHO MOKa3aTh, 9TO Jiisi JJIOOOTO € > (), BBITIOJHEHO

lim lim sup P ( sup |q(tT) — q(sT)| > z—:) = 0.

=0 7T 45 lu—v|<§
[Tockombky
P ( sup |q(tT) — q(sT)| > 5) <P < sup |q(tT) — q(sT)| > 6/2\/£(T)T15> +
|t—s|<6 |t—s|<d

P <p Exq(tT) — p(tT) + p(sT) — Exq(sT)| > 6/2\/£<T)T15> =

_p ( sup |q(tT) — q(sT)| > 8/2\/W) "

t<s<t+d
+P (t—séligd 9(tT) = a(sT)| > ¢/ 2\/W> +
+P (tsulig [Erq(tT) — p(tT) + p(sT) — Erq(sT)| > 5/2\/W> n

= Iip+ Lir+ sy,
N3 gemwmbr 20 n (3.15) caemyer, 9To

Er |q(tT + 6T) — q(¢T)| _ E|q(tT +9T) — q(iT)| _
VI 2PLT)TP VERPLMT

Ii; <E

) \/ E (g(tT) — g((t+O)T))* \/ \PUT) = p(T(t+0)) + 2p(T9)
= (¢/2)2L(T)T1-7 (¢/2)2L(T)T'-7 |

Ucrnonb3yst iemMy 3.5, nmeem
0< lim I <O = (t+0)72 426075,
—o0

a MO0ITOMY

lim lim I3, = 0.
0—=0T—00 7
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AnanoruanbiM o6pasom rnosydaercs onenka I¢,. CXOMUMOCTH st ciaraemMoro
1157 B 0b1IeM citydae, 110Ka He fCHO KaK 1oJ1yuuThb. Ho ecsn npeinonokurs, 4To
MHTEHCUBHOCTD BXOJISIIIEIO HOTOKA HOCTOsiHHA, T.e. A(f) = A, Torja unrepBaJibl
MEXK/]1y TOCTYILIeHHEM TpeOOBaHMIi CTAHOBSITCS H.O.P.C.B. U CXOJUMOCTD

lim lim IIs7 =0
0—0T—o0

cpasy cJjejyer U3 JIeMMbI 2.5, B IIpeAnoJoKennu, ato & = 1, 1 > 1.

Takum obpazom, mis mporecca ¢(t) B OECKOHETHOKAHAIBHON CHCTEME ¢
IIyaCCOHOBCKMM BXOJIAINKMM IIOTOKOM IIOCTOSIHHOM MHTEHCUBHOCTH YJIAJI0Ch JIOKa-
3aTh (DYHKIMOHAJILHYIO TIPeesbHyio Teopemy. Chopmymupyem ee.

Teopema 13. Ilycmb svinoaneno ycirosue 2, a makoce uHmencusHocmy 6Lo-
dawe20 nomokxa X\ nocmoanna. Tozda nocaedosamenrvrocmsv NPpoueccos

q(tT) — p(iT)
L(TT-5 "

t € (0,h)

C-crodumea npu T — 00 K 2aycCOBCKOMY NPOUECCY € HYAEEHIM CPEIHUM U

KoBapuUaUUoHHoT yrKuuet

A
R(tt+u) = - ((t+ w)' A —ul ™), > 0,u>0.
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SaKJIIOUYeHne

B juccepramuyu HaiijleHbl YCIOBUsT JIJIsSI CXOJAMMOCTH HOPMHPOBAHHOI'O U
LEHTPUPOBAHHOI'O IIPOIECCA PABHOI'O 4UC/Iy TpeOoBaHuil B cucreme B (DUKCHU-
POBAHHBII MOMEHT BpemeHH t, npu t — 00. PaccMOTpeHbl caydail pasjimaHbIX
BXOJISAIIUX IIOTOKOB. DTO JIBAXK]Ibl CTOXACTUUECKUI ITyaCCOHOBCKUI U pereHepu-
pytomuit moToku. OCHOBHBIE PE3yJIbTaThl PabOTHI 3aKJIIOUAIOTCS B CJICIYIOIIEM.

1. JlokaszaTeqbCTBO MpeebHBIX TeopeM Jyisi mporiecca ¢(t) paBHOIO UHCITY
TpeOOBAHWI B CICTEME B MOMEHT BpeMeHn t, B 06CKOHETHOKAHAJIHHBIX CHCTE-
MaX C JIBaXKJIbl CTOXACTUICCKUM IIyaCCOHOBCKMM BXOJAIIMM ITOTOKOM, IIPH
t — 00.

2. JlokazaTesbCTBO HPEJIEJbHBIX TeopeM s mporecca ¢(t) paBHOTO 4UCILy
TpeOOBaHMI B cUCTEMe B MOMEHT BpeMeHH t, B OECKOHEUHOKAHAJIbLHBIX CH-
cTeMax C PereHepUpyIoNIUM BXOJIAIINM IIOTOKOM, IIPU £ — O0.

3. Haxoxmenne ycioBuit (hyHKIMOHATBHON cxopumoctn mporeccos q(tT)
rayccoBckoMy tporieccy npu T — oo, t € (0,h), h > 0.

KpaTko npusejieM pe3yJsibTaThl KaXKJ0# U3 IJ1aB.

B nepsoii ryiaBe ObLia paccMOTpeHa OeCKOHEUHOKaHaJbHas CUCTEeMa 00-
CIIY>KUBAHUS C JIBAXK /bl CTOXACTHIECKUI TTyaCCOHOBCKUM BXOJISAIIMM TTOTOKOM 1
OECKOHEUHBIM CPeJIHIM BpeMeHu 0bcry KuBanus TpeboBanusi. [{iist mporecca q(t)
ObLIM JIOKA3aHBbI aHAJIOI'M 3aKOHA, DOJILIINX YKCEJ U IEHTPAJbHON MPeIesbHOM
TeopeMbl. B KadecTBe cJie/ICTBUII OBLIN PACCMOTPEHBI CUCTEMBI ¢ PereHepupPyio-
M BxojsnmmM JCII moTtokoMm, a Takxke cucrembl ¢ Bxossium I CII moTokoMm,
YIIPaBJIsieMbIM IIOJIYMapKOBCKUM MapKOBCKH MO/JIyJIMPOBAaHHBIM IIpoleccoM. M3-
BECTHO, YTO €CJIM BXOJISAIIUI IIOTOK — IIyaCCOHOBCKHUN C MHTEHCHUBHOCTBIO A, TO
IPOIIECC %/;—fg) MMeeT TIpeJiesIbHOe CTAHIAPTHOE HOPMaJIbHOE pacIipejiesieHne,

1IPU YCJOBUH, YTO

B(t) = /Otg(y)dy — 00, t — 0.
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Takum obpazom, pesdyJibTarhl riaBbl 1 0600maT 3roT (hakT, Ha ciaydail jBa-
YKJIbI CTOXACTUUIECKOTO MyaCCOHOBCKOI'O BXOJISIIETO TIOTOKA CO CTAIMOHAPHO MH-
TEHCUBHOCTDHIO, KOTOPasi UMEET KOPPEJISIUOHHYIO (DYHKIIMIO JIOCTATOUHO OBICTPO
CXOJIATIYIOCS K HYJTIO.

Bo BTOpOil rmaBe paccMoTpeHa OG€CKOHETHOKAHAJIbHAS CUCTEMa MacCOBO-
10 00CJIyKUBAHUSL C PETEHEPUPYIOIUM BXOAuM motokoM. s mpomecca q(t)
JIOKA3aHbI QHAJIOTH 3aKOHA DOJIBIIUX YNCEesT W HMEHTPAJBHON TTPeJIe/IbHO Teope-
MbI. 3aMETHM, UTO B 11€PBOil ryiaBe ObLIa PACCMOTPEHA CUCTEMA C PEreHepUpPyo-
M JIBAXKIhI CTOXACTHIECKUM MTYaCCOHOBCKUM BXO/ISIIITMM TTOTOKOM M MTOKa3aHO,
4TO HpeJieJibHbIE TeopeMbl Jist ¢(t) UMEIT MeCTO 1pU HEKOTOPOM DoJiee cjiabom
YCJIOBUU Ha KOBapHallnio nHTeHcuBHOCTH BXojsAmero JICII moToka, yem 1o, 9TO
nosiyuero B 97oii riase( B caydae JCII Bbopsiiero moroka MoxkeT TpebOBATHCs
MEHee OJJHOTO MOMEHTa y TepuojioB perenepanuu). Ho 910 u monsrHo, Beb j1Ba-
JKJIbl CTOXACTUYIECKUI MyaCcCOHOBCKUI MOTOK uMeeT 6oJjiee OnpeJie/IeHHbINH BU/I,
YeM pereHepUpYIONIHii U TOITOMY MPOIIE JJIsi aHAJN3A.

B rTperbeii 1yiaBe Obljia paccMOTpeHa OeCKOHEeUHOKaHaJbHasi cucTeMa 00-
CJIY2KUBAHUS C IyaCCOHOBCKMM BXOJISIIIIUM ITOTOKOM, ¢ MKHTEHCUBHOCTBIO 3aBHUCsi-
Imeil OT BpeMeHU, U BpeMeHaMU OOC/TY>KMBaHUsT XBOCT pacpeie/ieHnsl KOTOPhIX
SIBJIETCS PEryJIsipHO MeHsIorelics byukmueit. Kak v B mepBbIX JIBYX IJlaBax U3y-
qaeTCs ACHMIITOTHIECKOE TTOBeIeH e Tporiecca ¢(t) — Iucao TpeboBaHui B CHCTE-
Me B MOMeHT Bpemenwu t. B mepBoit wacTn 3T0i T/1aBhl MOKa3aHa CXOAMMOCTH KO-
HEIHOMEPHBIX PaCIpPeJIe/IeHnii HOPMUPOBAHHOTO U IEHTPUPOBAHHOTO MPOIIECCa
q(t) K raycCOBCKOMY LIPOIECCY, SIBHO BbIIMCAHA KOBAPUAILIMOHHAs (DYHKIIUS 3TOIO
nporecca. Bo BTOpoit 4acTu 3TOi IrIaBhl JIeIaeTcs MOTMBITKA TPOBEPUTH YCIOBHE
MJIOTHOCTH JIJIST HOPDMUPOBAHHOTO ¥ IeHTpupoBanHoro ¢(t). st sroro moka-
3bIBAETCs, 9TO ¢(t) SBJISETCS OTPUIATETBHBIM YCIOBHBIM JIEMAMAPTUHTATIOM B
HEPEePBhIBHOM BpeMeHu. DBjarogaps 3ToMy MOXKHO HCIOJIb30BATh MaKCHMAJIb-

HbI€ HEPaBEHCTBa, M3BECTHbLIEC [JId JJEMHUMAPTUHTAJIOB. ()I[H&KO7 npn 1IpoBEPKE
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IJIOTHOCTH BO3HUKAIOT HEKOTOPBIE CJIOXKHOCTU B OIEHKAX W JIO KOHIA JIOBECTH
IPOBEPKY 3TOrO YCJOBUA, YJlaeTCd JIMIIb B CJIy4ae MOCTOAHHOW MHTEHCUBHOCTH.

Yro kacaercs paszBuTusi U 0000IIEHUST, 1TOJYUEHHBIX PE3YJILTATOB, CTOUT
CKazaTh O (DYHKIMOHAJBHBIX MPEJCTBHBIX TeOpeMax JIJisi CUCTEM C JIBaXKJIbl CTO-
XaCTUIECKUM U PereHepupyoluM BXOJAAMNUMEI MoTOKaMu. /okazaTenbcTBa Ta-
KX TeOpeM COCTOAT U3 JIByX dacteil. IlepBas — jgoKazarembcTBO CXOIUMOCTH
KOHEUHOMEPHBIX pPaCIpeJIeJICHUil, siBIseTcst 000DIIEHNEeM CXOINMOCTH OJHOMED-
HBIX paclipejie/ieHnii, KoTopas u OblLIa JIOKa3aHa B juccepraiuu. Bropasi 4yacThb
— [IpOBEpPKa yCJIOBUS IJIOTHOCTH paciipejesieHuil nporecca. Ero jjokazareibcrBo
JIOCTATOYHO IIPOCTO OYJIET 1OJIyHaThCs, €CJAU UCIOJIb30BATh HAOJIIO/IEHUsS O TOM,
YTO UCCIEYEeMBbIit TIpoIiece 06J1a/1aeT CBOMCTBAMYU OTPUNIATETHHOTO JTeMUMAPTUH-

TraJia.
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