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ÎÁÙÀß ÕÀÐÀÊÒÅÐÈÑÒÈÊÀ ÐÀÁÎÒÛ

Àêòóàëüíîñòü òåìû.
Çàäà÷à àñèìïòîòè÷åñêîãî àíàëèçà âåðîÿòíîñòåé âûñîêèõ âûáðîñîâ ãàóñ-

ñîâñêèõ ïðîöåññîâ ÿâëÿåòñÿ àêòóàëüíîé óæå â òå÷åíèå äëèòåëüíîãî ïðîìå-
æóòêà âðåìåíè. Ðàçðàáîòàí ðÿä îáùèõ ìåòîäîâ åå ðåøåíèÿ â äèñêðåòíîì è
íåïðåðûâíîì ñëó÷àÿõ. Ê íèì îòíîñÿòñÿ ìåòîä ñðàâíåíèé, ìåòîä ìîìåíòîâ1,
îñíîâàííûé íà ôîðìóëå Ðàéñà, è ìåòîä äâîéíûõ ñóìì2, áàçèðóþùèéñÿ íà
ëåììå Ïèêàíäñà è èäåå ïîäñ÷åòà âåðîÿòíîñòè íà èçìåëü÷åíèè ïàðàìåòðè-
÷åñêîãî ìíîæåñòâà. Ìíîãèå çàäà÷è àñèìïòîòè÷åñêîãî àíàëèçà âåðîÿòíîñòåé
ìîãóò áûòü ñâåäåíû ê çàäà÷å î ðàçîðåíèè.

Ïóñòü ñêîðîñòü ïîñòóïëåíèé äîõîäîâ íåêîòîðîé êîìïàíèè c > 0 à ñóì-
ìàðíûå ðàñõîäû ïðåäñòàâëÿþò ñîáîé ñëó÷àéíûé ïðîöåññ Xt, t ≥ 0, X0 = 0.
Ïóñòü òàêæå u � íà÷àëüíûé êàïèòàë êîìïàíèè. Òîãäà â ìîìåíò âðåìåíè
t êàïèòàë ñîñòàâëÿåò âåëè÷èíó u + ct − Xt. Ðàçîðåíèå ïðîèñõîäèò, åñëè â
êàêîé-ëèáî ìîìåíò âûïîëíÿåòñÿ ñîîòíîøåíèå u + ct−Xt < 0. Òàêèì îáðà-
çîì, âåðîÿòíîñòü ðàçîðåíèÿ åñòü

ψ(u) = P(inf
t≥0

(u + ct−Xt) < 0) = P(sup
t≥0

(Xt − ct) > u).

Êëàññè÷åñêèì ïðèìåðîì çàäà÷è î ðàçîðåíèè ÿâëÿåòñÿ ìîäåëü ñòðàõîâà-
íèÿ Êðàìåðà-Ëóíäáåðãà3, â êîòîðîé c > 0 � ñêîðîñòü ïîñòóïëåíèÿ âçíîñîâ,
Xt =

∑Nt
j=1 ηj, Nt � ïóàññîíîâñêèé ïðîöåññ èíòåíñèâíîñòè λ > 0, à ηj � íåçà-

âèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû, ïðåäñòàâëÿþùèå
èíäèâèäóàëüíûå ñòðàõîâûå âûïëàòû òàêèå, ÷òî Eevη1 < ∞ äëÿ ëþáîãî v > 0

1Ïèòåðáàðã Â.È. Ìåòîä Ðàéñà äëÿ ãàóññîâñêèõ ñëó÷àéíûõ ïîëåé. Ôóíä. è ïðèêë. ìàòåì. 1996. 2.
187�204

2Ïèòåðáàðã Â.È. Àñèìïòîòè÷åñêèå ìåòîäû â òåîðèè ãàóññîâñêèõ ñëó÷àéíûõ ïðîöåññîâ è ïîëåé. Ì.:
Èçä-âî ÌÃÓ, 1988

3Cramer H. Collective Risk Theory, Esselte, Stockholm (1955)
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è c > λEη1. Òîãäà äëÿ âåðîÿòíîñòè ðàçîðåíèÿ âûïîëíÿåòñÿ îöåíêà

P(sup
t≥0

Xt − ct > u) ≤ e−uv0,

ãäå v0 > 0 � (åäèíñòâåííûé) êîðåíü óðàâíåíèÿ λ(Eevη1 − 1) = vc.
Ðÿä âîïðîñîâ, ñâÿçàííûõ ñî ñëó÷àéíûì áëóæäàíèåì ñ îòðèöàòåëüíûì

ñíîñîì äîïóñêàåò èíòåðïðåòàöèþ â ðàìêàõ çàäà÷è î ðàçîðåíèè4. Òàêæå âàæ-
íûìè äëÿ ïðèëîæåíèé îêàçûâàþòñÿ ñëó÷àè çàâèñèìûõ âûïëàò, âûïëàò ñ
òÿæåëûìè õâîñòàìè ðàñïðåäåëåíèé5.

Â òåîðèè î÷åðåäåé ðàññìàòðèâàåòñÿ âåëè÷èíà

Q(t) = sup
0≤s≤t

(Q(0) + ξ(t)− µt, ξ(t)− ξ(s)− µ(t− s)),

íàçûâàåìàÿ çàãðóæåííîñòüþ î÷åðåäè, ãäå ξ(t) � ñóììàðíûé îáúåì âõîäÿ-
ùåãî òðàôèêà íà èíòåðâàëå [0, t], à µ � ñêîðîñòü îáðàáîòêè äàííûõ. Q(0)

� çàãðóæåííîñòü â íà÷àëüíûé ìîìåíò âðåìåíè. Çàäà÷à íàõîæäåíèÿ âåðî-
ÿòíîñòè ïåðåïîëíåíèÿ P(Q(T ) > u) òàêæå ñâîäèòñÿ ê çàäà÷å î ðàçîðåíèè6.

Ðåçóëüòàòû èññëåäîâàíèé ïðîöåññà ïåðåäà÷è äàííûõ â ñåòè èíòåðíåò ïî-
êàçàëè, ÷òî äëÿ ïðîöåññà ξ(t) õàðàêòåðíà àâòîìîäåëüíîñòü7. Äàííîå ïðåä-
ïîëîæåíèå áûëî ðåàëèçîâàíî â ìîäåëè ξ(t) = BH(t), ãäå BH(t) � äðîáíîå
áðîóíîâñêîå äâèæåíèå ñ ïîêàçàòåëåì Õàðñòà H. Òî÷íàÿ àñèìïòîòèêà äëÿ
âåðîÿòíîñòè (ðàçîðåíèÿ) ïåðåïîëíåíèÿ ψ(u) ïðè u → ∞ áûëà ïîëó÷åíà â
ðàáîòå Þ.Õþñëåðà è Â.Ïèòåðáàðãà8.

Äëÿ ξ(t) =
∫ t
0 Z(s)ds, ãäå Z(s) � ñòàöèîíàðíûé öåíòðèðîâàííûé ãàóññîâ-

ñêèé ïðîöåññ ñ êîâàðèàöèîííîé ôóíêöèåé R(t), ðàçëè÷àþò äâà ñëó÷àÿ:
4Mikosch T., Samorodnitsky G. The supremum of a negative drift random walk with dependent heavy-

tailed steps. Ann. Appl. Probab. 2000, V. 10., pp. 1025�1064
5Embrechts P., Veraverbeke N. Estimates for the probability of ruin with special emphasis on the possibility

of large claims. Insurance: Mathematics and Economics, 1, 55�72, 1982
6Gaussian �uid models; a survey. Symposium on Performance Models for Information Communication

Networks. Sendai, 23-25.01.2000
7Norros I. A storage model with self-similar input. Queueing Systems. 1994. 16. 387�396
8H�usler J., Piterbarg V. Extremes of a certain class of Gaussian processes. Stochast. Proc. and Appl. 1999.

83. 257�271
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• äëèííîé ïàìÿòè ∫∞
0 |R(t)|dt = ∞,

• êîðîòêîé ïàìÿòè ∫∞
0 |R(t)|dt < ∞.

Ìîäåëü ñ íåïðåðûâíîé, ìåäëåííî ìåíÿþùåéñÿ (ñëó÷àé äëèííîé ïàìÿòè)
íà áåñêîíå÷íîñòè R(t) ñ ïîêàçàòåëåì a = 2H− 2, H ∈ (1/2, 1), ðàññìîòðåíà
Þ.Õþñëåðîì è Â.Ïèòåðáàðãîì9, à òàêæå Ò.Äüåêåðîì10. Äëÿ íåå ïîëó÷åíà
àñèìïòîòèêà âåðîÿòíîñòè ðàçîðåíèÿ â ñëåäóþùåì âèäå:

ψ(u) = (σ4(1− a)(2− a)4/a2)−1/(2−a)

√
πHB1−a/2

√
R(u)√

Bg(u)
×

Ψ


 1√

R(u)σu


 (1 + o(1)),

ãäå g = g(x) � ìèíèìàëüíûé êîðåíü óðàâíåíèÿ

g2R(gx) = R2(x),
σ2

u = sup σ2
u(s) = (2/(1 + cs)2)

∫ s
0 (s− v)R(uv)/r(v)dv,

σ2 = limu→∞ σ2
u =

(2− a)1−aaa

2c2−a(1− a)
, B =

c2a3

4(2− a)
,

Ψ(u) � õâîñò ôóíêöèè ðàñïðåäåëåíèÿ ñòàíäàðòíîé ãàóññîâñêîé ñëó÷àéíîé
âåëè÷èíû.

Ïóñòü ζ(t) � öåíòðèðîâàííûé ãàóññîâñêèé ïðîöåññ ñî ñòàöèîíàðíûìè
ïðèðàùåíèÿìè. Îïðåäåëèì îáîáùåííóþ êîíñòàíòó Ïèêàíäñà êàê

H(ζ) = lim
T→∞

H(ζ, T )

T
,

ãäå
H(ζ, T ) = E exp{max

t∈[0,T ]

√
2ζ(t)− Eζ2(t)}.

9H�usler J., Piterbarg V. On the ruin probability for physical fractional Brownian motion. Stochast. Proc.
and Appl. 2004. 113. 315�332

10Dieker T. Extremes of Gaussian processes over an in�nite horizon. Stochastic Processes and their
Applications, 115, p. 207-248, 2005
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Ê.Äåáèöêè11 ïîêàçàë, ÷òî êîíñòàíòà îïðåäåëåíà è ïîëîæèòåëüíà, åñëè äèñ-
ïåðñèÿ ïðîöåññà ζ(t) íåïðåðûâíî äèôôåðåíöèðóåìà íà [0,∞), ñòðîãî âîç-
ðàñòàåò, ïðàâèëüíî ìåíÿåòñÿ â íóëå ñ ïîêàçàòåëåì α0 ∈ (0, 2] è íà áåñêîíå÷-
íîñòè ñ ïîêàçàòåëåì α∞ ∈ (0, 2). Êðîìå òîãî, òðåáóåòñÿ, ÷òîáû

∂(lnEζ2(t))

∂t
≤ Ct−1

ïðè t →∞ äëÿ íåêîòîðîãî C > 0. Ïóñòü äëÿ íåïðåðûâíîé êîâàðèàöèîííîé
ôóíêöèè R(t) ïðîöåññà Xt âûïîëíåíû óñëîâèÿ

limt→∞ tR(t) = 0,∫∞
0 |R(t)|dt < ∞,∫∞
0 t2R(t) < ∞,

∫∞
0 R(t)dt > 0.

Òîãäà12

ψ(u) =
H(Gc√

2ζ)

Gc2 e−c2G2Be−Gcu(1 + o(1)),

ãäå G =
∫∞
0 R(t)dt, B =

∫∞
0 tR(t)dt. Ê ñîæàëåíèþ, òî÷íîå çíà÷åíèå îáîáùåí-

íîé êîíñòàíòû Ïèêàíäñà èçâåñòíî äëÿ î÷åíü íåìíîãèõ ïðîöåññîâ.
Ä.Ïèêàíäñ13 ïðåäëîæèë ñïîñîá âû÷èñëåíèÿ àñèìïòîòèêè âåðîÿòíîñòè

P(max
t∈T

X(t) > u)

äëÿ ñòàöèîíàðíîãî ïðîöåññà X(t) ïðè u →∞, à èìåííî, åñëè X(t) � ñòàöè-
îíàðíûé öåíòðèðîâàííûé ãàóññîâñêèé ïðîöåññ ñ êîâàðèàöèîííîé ôóíêöèåé
R(t), òàêîé ÷òî R(t) < 1, t > 0 è R(t) = 1− |t|α + o(|t|α) ïðè t → 0, òî

P(max
t∈[0,p]

X(t) > u) = Hαpu2/αΨ(u)(1 + o(1)), u →∞.

11Debicki, K. (2001), Generalized Pickands constants, CWI Report PNA-R0105
12Debicki K. Ruin probabilities for Gaussian integrated processes. Stochast. Proc. and Appl. 2002. 98.

151�174
13J. Pickands, Asymptotic properties of the maximum in a stationary Gaussian process, Trans. Amer. Math.

Soc. 145 (1969) 75�86
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Çäåñü Ψ(u) � õâîñò ôóíêöèè ðàñïðåäåëåíèÿ ñòàíäàðòíîé ãàóññîâñêîé ñëó-
÷àéíîé âåëè÷èíû, Hα � êîíñòàíòà Ïèêàíäñà, îïðåäåëÿåìàÿ ñëåäóþùèì îá-
ðàçîì.

Ïóñòü Bα(t) � äðîáíîå áðîóíîâñêîå äâèæåíèå (ò.å. ãàóññîâñêèé äåéñòâè-
òåëüíîçíà÷íûé ïðîöåññ ñ íóëåâûì ñðåäíèì è êîâàðèàöèîííîé ôóíêöèåé
r(t, s) =

1

2
(|t|α + |s|α − |t− s|α), α ∈ (0, 2]). Òîãäà ñóùåñòâóåò ïðåäåë

Hα = limT→∞
Hα(T )

T
,

Hα(T ) = E exp(max0≤t≤T

√
2Bα(t)− |t|α).

H = α/2 íàçûâàþò ïàðàìåòðîì Õàðñòà è èíîãäà èñïîëüçóåòñÿ îáîçíà÷åíèå
BH(t) äëÿ äðîáíîãî áðîóíîâñêîãî äâèæåíèÿ ñ ïîêàçàòåëåì Õàðñòà H. Äëÿ
H = 1/2 ìû ïîëó÷àåì îáû÷íûé âèíåðîâñêèé ïðîöåññ.

Äàííûé ìåòîä íàõîæäåíèÿ àñèìïòîòèêè áûë îáîáùåí íà øèðîêèé êëàññ
ãàóññîâñêèõ ïîëåé è ïðîöåññîâ è ïîëó÷èë íàçâàíèå ìåòîäà äâîéíûõ ñóìì14.
Âî âòîðîé ãëàâå íàñòîÿùåé ðàáîòû ïðåäëîæåíî îáîáùåíèå äàííîãî ìå-
òîäà, êîòîðîå ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ çàäà÷è î ïåðåñå÷åíèè äâèæó-
ùåãîñÿ áàðüåðà. Äàííîé çàäà÷åé, ò.å. çàäà÷åé íàõîæäåíèÿ âåðîÿòíîñòè
P(sup[0,T ] Xt − f(t) > u), çàíèìàëèñü Ì. Ëèäáåòòåð15, Äæ. Êðàéåð, è äð.
Âàæíîé ðàáîòîé ÿâëÿåòñÿ ñòàòüÿ Ñ. Áåðìàíà16, ãäå ïîêàçàíî, ÷òî

P( max
0≤t≤T

X(t)− f(t) > u) = F ′(0)(v/w)(2π)−1/2u−1e−u2/2(1 + o(1))

ïðè u →∞ äëÿ ñòàöèîíàðíîãî öåíòðèðîâàííîãî ãàóññîâñêîãî ïðîöåññà X(t)

ñ åäèíè÷íîé äèñïåðñèåé è êîâàðèàöèîííîé ôóíêöèåé r(t). Çäåñü ïðåäïîëà-
ãàåòñÿ, ÷òî r(t) 6= 1 äëÿ t > 0 è ïðàâèëüíî ìåíÿåòñÿ â íóëå ñ ïîêàçàòå-

14Ïèòåðáàðã Â.È. Àñèìïòîòè÷åñêèå ìåòîäû â òåîðèè ãàóññîâñêèõ ñëó÷àéíûõ ïðîöåññîâ è ïîëåé. Ì.:
Èçä-âî ÌÃÓ, 1988

15Leadbetter R. On crossings of arbitrary curves by certain Gaussian processes. Proc. Amer. Math. Soc.
16, 60�68, 1965

16Ñ. Áåðìàí. Âûáðîñû ñòàöèîíàðíîãî ãàóññîâñêîãî ïðîöåññà çà âûñîêèé äâèæóùèéñÿ áàðüåð. Ñëó÷àé-
íûå ïðîöåññû. Âûáîðî÷íûå ôóíêöèè è ïåðåñå÷åíèÿ. Èçä. �Ìèð�, 133�164, 1978
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ëåì 2 ≥ α > 0, êðîìå òîãî, ñóùåñòâóåò ïðåäåë p = lim
t→0+

f(t)/(1 − r(t))1/2;
f(t) ñòðîãî ïîëîæèòåëüíà ïðè t > 0 è 1 − f(t) ïðàâèëüíî ìåíÿåòñÿ â íó-
ëå ñ ïîêàçàòåëåì β ≥ α/2; v è w ñóòü íàèáîëüøèå ðåøåíèÿ óðàâíåíèé
u2(1 − r(1/v)) = 1, uf(1/w) = 1. F (x) � íåêîòîðàÿ ôóíêöèÿ, êîòîðàÿ
âûðàæàåòñÿ â ÿâíîì âèäå ÷åðåç α, β, p.

Öåëü ðàáîòû.
Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå òî÷íîé àñèìïòîòèêè âå-

ðîÿòíîñòè ðàçîðåíèÿ â ìîäåëè, ãäå óáûòêè îïèñûâàþòñÿ ïðîèíòåãðèðîâàí-
íûì ãàóññîâñêèì ñòàöèîíàðíûì ïðîöåññîì, à äîõîäû - äåòåðìèíèðîâàííîé
íåîòðèöàòåëüíîé ôóíêöèåé (è â ÷àñòíîñòè, ëèíåéíîé), ïîëó÷åíèå àñèìï-
òîòè÷åñêîãî ðàñïðåäåëåíèÿ ìîìåíòà ðàçîðåíèÿ, à òàêæå îáîáùåíèå ìåòîäà
äâîéíûõ ñóìì äëÿ ñåìåéñòâà ãàóññîâñêèõ ïðîöåññîâ ñ ïëîñêèì ìàêñèìóìîì
äèñïåðñèè.

Íàó÷íàÿ íîâèçíà.
Ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè è ñîñòîÿò â ñëåäóþùåì:

1. Ïîëó÷åíà òî÷íàÿ àñèìïòîòèêà âåðîÿòíîñòè ðàçîðåíèÿ â ìîäåëè, ãäå
óáûòêè îïèñûâàþòñÿ ïðîèíòåãðèðîâàííûì ãàóññîâñêèì ñòàöèîíàðíûì
ïðîöåññîì, à äîõîäû - íåîòðèöàòåëüíîé ëèíåéíîé, ñòåïåííîé, èëè ïðà-
âèëüíî ìåíÿþùåéñÿ íà áåñêîíå÷íîñòè ôóíêöèåé.

2. Äîêàçàíà ïðåäåëüíàÿ òåîðåìà äëÿ ìîìåíòà ðàçîðåíèÿ â äàííîé ìîäåëè.

3. Íàéäåíà îáîáùåííàÿ êîíñòàíòà Ïèêàíäñà äëÿ íåêîòîðîãî êëàññà ãàóñ-
ñîâñêèõ ïðîöåññîâ.

4. Íàéäåíà àñèìïòîòèêà âåðîÿòíîñòè ïðåâûøåíèÿ óðîâíÿ ñåìåéñòâîì ãàóñ-
ñîâñêèõ ïðîöåññîâ ñ ïëîñêèì ìàêñèìóìîì äèñïåðñèè (ò.å. äèñïåðñèåé,
çàâèñÿùåé îò óðîâíÿ, è ñõîäÿùåéñÿ ê êîíñòàíòå).

6



5. Íàéäåíà àñèìïòîòèêà âåðîÿòíîñòè ïåðåñå÷åíèÿ äâèæóùåãîñÿ áàðüåðà
äëÿ áàðüåðîâ, íåëèíåéíî çàâèñÿùèõ îò óðîâíÿ.

Ìåòîäû èññëåäîâàíèÿ.
Â äèññåðòàöèè èñïîëüçóþòñÿ ñîâðåìåííûå ìåòîäû òåîðèè ìàêñèìóìîâ

ñëó÷àéíûõ ïðîöåññîâ (ìåòîä ñðàâíåíèé, ìåòîä ìîìåíòîâ, ìåòîä äâîéíûõ
ñóìì), ìåòîäû àñèìïòîòè÷åñêîãî àíàëèçà (ìåòîä Ëàïëàñà).

Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ öåííîñòü.
Ðàáîòà íîñèò òåîðåòè÷åñêèé õàðàêòåð. Ðåçóëüòàòû è ìåòîäû ðàáîòû ìî-

ãóò ïîëó÷èòü ïðèìåíåíèå ñîáñòâåííî â òåîðèè âåðîÿòíîñòåé, òåîðèè ñëó÷àé-
íûõ ïðîöåññîâ, à òàêæå â òåîðèè î÷åðåäåé.

Àïðîáàöèÿ ðàáîòû.
Ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü íà ìåæäóíàðîäíîé êîíôåðåí-

öèè "Extreme value analysis", Ãåòåáóðã, Øâåöèÿ, 2005, íà ñåìèíàðå ïîä ðó-
êîâîäñòâîì Áóëèíñêîãî À.Â., Ïèòåðáàðãà Â.È., Øàøêèíà À.Ï. â 2004, 2005,
2006 ãã., Áîëüøîì Êàôåäðàëüíîì Ñåìèíàðå â 2006 ã. è íà ñåìèíàðå �Ñòàòè-
ñòèêà ýêñòðåìàëüíûõ ñîáûòèé� ïîä ðóêîâîäñòâîì Ìàðêîâè÷ Í.Ì. â ÈÏÓ
ÐÀÍ, 2006 ã. Òåìàòèêà ðàáîòû áûëà ïîääåðæàíà ãðàíòîì ÐÔÔÈ 04-01-
00700.

Ïóáëèêàöèè.
Ðåçóëüòàòû äèññåðòàöèè îïóáëèêîâàíû â 3 ðàáîòàõ, ñïèñîê êîòîðûõ ïðè-

âåäåí â êîíöå àâòîðåôåðàòà. Ðàáîò, íàïèñàííûõ â ñîàâòîðñòâå, íåò.
Ñòðóêòóðà è îáúåì ðàáîòû.
Äèññåðòàöèÿ ñîñòîèò èç ââåäåíèÿ, äâóõ ãëàâ è ñïèñêà ëèòåðàòóðû. Îáúåì

äèññåðòàöèè 85 ñòðàíèö, ñïèñîê ëèòåðàòóðû âêëþ÷àåò 41 íàèìåíîâàíèå.

ÑÎÄÅÐÆÀÍÈÅ ÄÈÑÑÅÐÒÀÖÈÈ.
Âî ââåäåíèè ïðèâîäèòñÿ îáçîð ëèòåðàòóðû íà òåìó ðåçóëüòàòîâ äèñ-
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ñåðòàöèè è ìîòèâèðóåòñÿ àêòóàëüíîñòü âûáðàííîé òåìû ïî ãëàâàì. Êðîìå
òîãî, âî ââåäåíèè ñôîðìóëèðîâàíû îñíîâíûå ðåçóëüòàòû äèññåðòàöèè, à
òàêæå îïèñàíà åå ñòðóêòóðà.

Â ïåðâîé ãëàâå äèññåðòàöèè ðàññìàòðèâàåòñÿ çàäà÷à î ðàçîðåíèè äëÿ
ãàóññîâñêîãî ñòàöèîíàðíîãî öåíòðèðîâàííîãî ïðîöåññà X(t):

P(u) = P(sup
t≥0

(
∫ t

0
Xsds− ctθ) > u),

ãäå θ > 1/2, c > 0.
Ïðåäïîëîæèì, ÷òî R(t) � äåéñòâèòåëüíàÿ, äâàæäû äèôôåðåíöèðóåìàÿ

êîâàðèàöèîííàÿ ôóíêöèÿ ïðîöåññà X(t), óäîâëåòâîðÿþùàÿ óñëîâèÿì:
(i) G =

∫ ∞
0

R(s) ds > 0;
(ii) èíòåãðàë H =

∫ ∞
0

sR(s) ds êîíå÷åí;
(iii) u2−2/θ

∫ ∞
u1/θ

sR(s) ds → 0, u →∞.
(Åñëè R(s) = sγ(1 + o(1)) ïðè s → ∞, òî ïîñëåäíåå óñëîâèå îçíà÷àåò, ÷òî
γ < −2θ.) Òîãäà ñïðàâåäëèâà

Òåîðåìà 1. Â âûøåïðèâåäåííûõ óñëîâèÿõ
1) ôóíêöèÿ

v(τ) =
(1 + τ θ(2θ − 1)−1)2

4G(2θ − 1)−1/θc−1/θτ − 4Hu−1/θ
.

èìååò åäèíñòâåííóþ òî÷êó ìèíèìóìà τmin = τmin(u) â îêðåñòíîñòè τ = 1

äëÿ äîñòàòî÷íî áîëüøèõ u;
2)

P(u) =

√
R(0)√
2π

u−1+1/θ(2θ − 1)1/2−1/θc−1/θθ−1×

× exp



−u2−1/θ (1 + τ θ

min(2θ − 1)−1)2

4G(2θ − 1)−1/θc−1/θτmin − 4Hu−1/θ



 (1 + o(1))

ïðè u →∞.
Äëÿ 1/2 < θ ≤ 1 ïîëó÷åíû ñëåäñòâèÿ, â êîòîðûõ óêàçàííûé ìèíèìóì

íàéäåí.
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Ñëåäñòâèå 1. Ïóñòü 1/2 < θ < 1. Òîãäà ïðè u →∞

P(u) =

√
R(0)√
2π

u−1+1/θ(2θ − 1)1/2−1/θc−1/θ×
× exp

{
−u2−1/θθ2 (2θ − 1)(−2+1/θ) c1/θG−1

}
(1 + o(1)).

Ñëåäñòâèå 2. Ïóñòü θ = 1. Òîãäà ïðè u →∞

P(u) =

√
R(0)√
2π

c−1 exp{−Hc2

G2 } exp {−uc/G} (1 + o(1)).

Ïðîâîäÿ àíàëîãèþ ñ òåîðåìîé Ê.Äåáèöêîãî17 â ñëó÷àå θ = 1, íàõîäèì,
÷òî îáîáùåííàÿ êîíñòàíòà Ïèêàíäñà ïðîöåññà η(t) =

c

G
√

2

∫ t

0
Xt dt â ñëó÷àå

íåïðåðûâíî äèôôåðåíöèðóåìîé R(t) (è óäîâëåòâîðÿþùåé óñëîâèÿì èíòå-
ãðèðóåìîñòè) ðàâíà (

√
R(0)c)/(

√
2πG).

Òåîðåìà äîêàçûâàåòñÿ ïðèìåíåíèåì ìåòîäà Ðàéñà è ìåòîäîâ àñèìïòîòè-
÷åñêîãî àíàëèçà. Ýòî ïîçâîëÿåò íå òîëüêî óñòàíîâèòü òî÷íóþ àñèìïòîòèêó
âåðîÿòíîñòè ðàçîðåíèÿ, íî è ïîëó÷èòü ïðåäåëüíóþ òåîðåìó äëÿ ìîìåíòà
ðàçîðåíèÿ.

Ââåäåì ìîìåíò ðàçîðåíèÿ ñëåäóþùåé ôîðìóëîé

τu = inf{t ≥ 0 : u− (
∫ t

0
Xsds− ctθ) ≤ 0}.

Îáîçíà÷èì

κ(x) = tmax + u3/(2θ)−1c−3/(2θ)(2θ − 1)1/2−3/(2θ)
√

2Gθ−1x,

ãäå tmax =
(
u(2θ − 1)−1/c

)1/θ
τmin, τmin îïðåäåëåíî â òåîðåìå 1.

Òåîðåìà 3. Â óñëîâèÿõ òåîðåìû 1

P (τu < κ(x)| τu < ∞) → Φ(x)

17Debicki K. Ruin probabilities for Gaussian integrated processes. Stochast. Proc. and Appl. 2002. 98.
151�174
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ïðè u → ∞, ãäå Φ(x) � ôóíêöèÿ ðàñïðåäåëåíèÿ ñòàíäàðòíîé ãàóññîâñêîé
ñëó÷àéíîé âåëè÷èíû.

Ðàññìîòðèì îáîáùåíèå òåîðåìû 1 íà ñëó÷àé, êîãäà äîõîäû ïðåäñòàâëåíû
ïðàâèëüíî ìåíÿþùåéñÿ ôóíêöèåé â ñìûñëå Êàðàìàòà. Çàìåòèì, ÷òî òàêîå
îáîáùåíèå íå ïîëíîñòüþ âêëþ÷àåò â ñåáÿ óæå äîêàçàííîå óòâåðæäåíèå �
íàïðèìåð, âàæíûé ñëó÷àé θ = 1.

Îïðåäåëåíèå. Ïîëîæèòåëüíàÿ èçìåðèìàÿ ôóíêöèÿ f(x) íàçûâàåò-
ñÿ ïðàâèëüíî ìåíÿþùåéñÿ â ñìûñëå Êàðàìàòà íà áåñêîíå÷íîñòè, åñëè
limx→∞ f(λx)/f(x) = λρ äëÿ ëþáîãî λ > 0.

Ïóñòü äëÿ íåêîòîðîãî t0 > 0

f(t) =
∫ t

t0

∫ x

t0
L(r)dr dx,

ãäå L(r) � ïðàâèëüíî ìåíÿþùàÿñÿ èçìåðèìàÿ ëîêàëüíî îãðàíè÷åííàÿ
ôóíêöèÿ ïîðÿäêà ρ, ρ > −1, ò.å. L(r) = rρl(r), ãäå l(r) � ìåäëåííî ìå-
íÿþùàÿñÿ ôóíêöèÿ, èëè

f(t) =
∫ t

t0

∫ ∞
x

L(r)dr dx,

ãäå L(r) � ïðàâèëüíî ìåíÿþùàÿñÿ èçìåðèìàÿ ëîêàëüíî îãðàíè÷åííàÿ
ôóíêöèÿ ïîðÿäêà −1 ≥ ρ > −3/2 (ïðè ρ = 1 òðåáóåòñÿ, ÷òîáû èí-
òåãðàë ∫∞

t0
L(r) ñõîäèëñÿ). Îáîçíà÷èì θ = 2 + ρ è ðàññìîòðèì ìîäåëü

Yt =
∫ t
0 Xsds− f(t), ãäå êîâàðèàöèîííàÿ ôóíêöèÿ R(t) ñòàöèîíàðíîãî ãàóñ-

ñîâñêîãî öåíòðèðîâàííîãî ïðîöåññà Xs ïî-ïðåæíåìó äåéñòâèòåëüíàÿ, äâà-
æäû äèôôåðåíöèðóåìàÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì (i), (ii).

Òåîðåìà 2. Â âûøåïðèâåäåííûõ óñëîâèÿõ
1) äëÿ äîñòàòî÷íî áîëüøèõ u ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå u1/θq(u)

óðàâíåíèÿ
Gu + Gf(t)− 2tf ′(t)G + 2f ′(t)H = 0.
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Åñëè êîâàðèàöèîííàÿ ôóíêöèÿ óäîâëåòâîðÿåò ìîäèôèöèðîâàííîìó óñëî-
âèþ (iii'):

u2−2/θq(u)−2
∫ ∞
u1/θq(u)

sR(s) ds → 0, u →∞,

òî
2) ôóíêöèÿ

S3(τ) =
u2−1/θ(1 + f(u1/θq(u)τ)/u)2

4Gq(u)τ − 4Hu−1/θ

èìååò åäèíñòâåííóþ òî÷êó ìèíèìóìà τmin = τmin(u) â îêðåñòíîñòè τ = 1

äëÿ äîñòàòî÷íî áîëüøèõ u;
3)

P(u) =

√
R(0)√
2π

u−1+1/θ(2θ − 1)1/2θ−1q(u) exp{−S3(τmin)}(1 + o(1))

ïðè u →∞.
Ðàññìîòðèì îáîáùåíèå òåîðåìû 3 íà ñëó÷àé ìåäëåííî ìåíÿþùèõñÿ

ôóíêöèé. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2.
Îáîçíà÷èì

κ(x) = tmax +
√

2Gu3/(2θ)−1q3/2(u)(2θ − 1)1/2θ−1x,

ãäå tmax = u1/θτmin, τmin îïðåäåëåíî â òåîðåìå 2.
Òåîðåìà 4. Â óñëîâèÿõ òåîðåìû 2

P (τu < κ(x)| τu < ∞) → Φ(x)

ïðè u → ∞, ãäå Φ(x) � ôóíêöèÿ ðàñïðåäåëåíèÿ ñòàíäàðòíîé ãàóññîâñêîé
ñëó÷àéíîé âåëè÷èíû, à

τu = inf{t ≥ 0 : u−
(∫ t

0
Xs ds− f(t)

)
< 0}

� ìîìåíò ðàçîðåíèÿ.
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Âî âòîðîé ãëàâå èçó÷àåòñÿ àñèìïòîòèêà âåðîÿòíîñòè ïðåâûøåíèÿ âû-
ñîêîãî óðîâíÿ ñåìåéñòâîì ãàóññîâñêèõ ïðîöåññîâ ñ ïëîñêèì ìàêñèìóìîì
äèñïåðñèè.

Ëåììà. Ïóñòü X(t), t ∈ [0, T ] � ãàóññîâñêèé öåíòðèðîâàííûé ñòàöè-
îíàðíûé ïðîöåññ ñ êîâàðèàöèîííîé ôóíêöèåé r(t), óäîâëåòâîðÿþùåé óñëî-
âèÿì r(t) = 1−|t|γ + o(|t|γ), t → 0 äëÿ íåêîòîðîãî γ > 0 è r(t) < 1 äëÿ âñåõ
t > 0. Òîãäà

P( max
t∈[0,Tu−2/γ ]

X(t) > u) = Ψ(u)Hα(T )(1 + o(1)), u →∞,

ãäå Ψ(u) � ôóíêöèÿ ðàñïðåäåëåíèÿ ñòàíäàðòíîé ãàóññîâñêîé ñëó÷àéíîé âå-
ëè÷èíû;
äëÿ ëþáîé p(u) ≤ T, u−2/γ = o(p(u)) âûïîëíåíî

P( max
t∈[0,p(u)]

X(t) > u) = Hαp(u)u2/γΨ(u)(1 + o(1)), u →∞;

äëÿ ëþáîé κ(u) = o(u−2/γ)

P( max
t∈[0,κ(u)]

X(t) > u) = Ψ(u)(1 + o(1)), u →∞;

åñëè fθ(u) > 0, ïðè÷åì u2fθ(u)u−2θ/γ → c > 0 ïðè u → ∞, òî äëÿ ëþáîãî
S > 0

P( max
t∈[−Su−2/γ ,Su−2/γ ]

X(t)
√

1− fθ(u)tθ > u) = Hθ
γ(S)Ψ(u)(1 + o(1)),

ãäå
Hθ

γ(S) = E exp( max−S≤t≤S
(
√

2χ(t)− |t|γ − c|t|θ/2)), (1)

χ(t) � äðîáíîå áðîóíîâñêîå äâèæåíèå ñ ïîêàçàòåëåì Õàðñòà γ. Ñóùåñòâó-
åò Hθ

γ = limS→∞Hθ
γ(S).
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Ïóñòü ξu(t), t ∈ [0, T ], u ∈ [0,∞) � ñåìåéñòâî äåéñòâèòåëüíîçíà÷íûõ
ãàóññîâñêèõ ïðîöåññîâ ñ íóëåâûì ñðåäíèì è ï.í. íåïðåðûâíûìè òðàåêòîðè-
ÿìè, òàêîå ÷òî äèñïåðñèÿ

Eξu(t)
2 = σ2

u(t) = 1− f(u, t)(1 + o(1))

ïðè u → ∞ ðàâíîìåðíî ïî t ∈ [0, T ], ãäå ôóíêöèÿ f(t, u) ≥ 0 îïðåäåëåíà
äëÿ u > 0, 0 ≤ t ≤ T è íåïðåðûâíà íà ýòîì ìíîæåñòâå; f(t, u) → 0 ïðè
u → ∞ ðàâíîìåðíî ïî t. Ïóñòü ñóùåñòâóåò åäèíñòâåííîå t0 = t0(u), òàêîå
÷òî f(t0, u) = 0, t0 ∈ (0, T ) äëÿ âñåõ u, è äëÿ íåêîòîðîãî θ > 0 è t → t0

f(u, t)− fθ(u)|t− t0|θ = o(|t− t0|θ), fθ(u) > 0

ïðè t → t0 ðàâíîìåðíî ïî u (ò.å. äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
δ(ε) > 0, òàêîå ÷òî äëÿ âñåõ u, äëÿ âñåõ |t − t0| < δ(ε) âûïîëíå-

íî |f(u, t)− fθ(u)|t− t0|θ|
|t− t0|θ < ε). Ïóñòü òàêæå êîððåëÿöèîííàÿ ôóíêöèÿ

Eξu(t)ξu(s)/(σu(t)σu(s)) = ru(t, s) < 1 ïðè t 6= s, íåïðåðûâíà, è äëÿ ëþ-
áîãî ïîëîæèòåëüíîãî ε ñóùåñòâóþò δ(ε) > 0, u0(ε) > 0 òàêèå, ÷òî äëÿ âñåõ
u > u0, |t− s| ≤ δ è íåêîòîðîãî γ ∈ (0, 2] âûïîëíåíî

1− ε ≤ 1− ru(t, s)

|t− s|γ ≤ 1 + ε.

Ïðåäïîëîæèì òàêæå, ÷òî ñóùåñòâóåò limu→∞ t0(u)(u2fθ(u))1/θ = t∞, t∞ ∈
[0,∞].

Òåîðåìà 1. Ïóñòü âûïîëíåíû âûøåïðèâåäåííûå óñëîâèÿ. Òîãäà
1) åñëè äëÿ íåêîòîðîãî D1 > 0 âûïîëíåíî min

|t−t0|≥D1

(1 − σ2
u(t))u

2 → ∞,
u2fθ(u) →∞ (u →∞), òî ïðè u →∞

äëÿ u2fθ(u)u−2θ/γ → 0:

P(max
t∈[0,T ]

ξu(t) > u) =
Hγ

u1+2/θ−2/γ(fθ(u))1/θ
exp



−

u2

2



×

× 1√
2π

∫ ∞
−t∞

e−|t|
θ/2 dt (1 + o(1));
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äëÿ u2fθ(u)u−2θ/γ → c > 0 (åñëè t∞ = 0, òî â ïðàâîé ÷àñòè ñëåäóåò
äîáàâèòü ìíîæèòåëü 1/2):

P(max
t∈[0,T ]

ξu(t) > u) =
Hθ

γ√
2πu

exp



−

u2

2



 (1 + o(1)).

äëÿ u2fθ(u)u−2θ/γ →∞:

P(max
t∈[0,T ]

ξu(t) > u) =
1√
2πu

exp



−

u2

2



 (1 + o(1));

2) åñëè u2f(u, t) → f0(t) ïðè u →∞ ðàâíîìåðíî ïî t ∈ [0, T ], òî

P(max
t∈[0,T ]

ξu(t) > u) =
Hγ√

2πu1−2/γ

(∫ T

0
exp{−f0(t)/2}dt

)
×

× exp



−

u2

2



 (1 + o(1));

3) åñëè u2f(u, t) → 0, ïðè u →∞ ðàâíîìåðíî ïî t ∈ [0, T ], òî

P(max
t∈[0,T ]

ξu(t) > u) =
THγ√

2πu1−2/γ
exp



−

u2

2



 (1 + o(1)).

Äîêàçàííàÿ òåîðåìà ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ çàäà÷è î äâèæóùåìñÿ
áàðüåðå.

Ñëåäñòâèå 2. (çàäà÷à î äâèæóùåìñÿ áàðüåðå)
Ïóñòü ξt, t ∈ [0, T ] � ãàóññîâñêèé öåíòðèðîâàííûé ñòàöèîíàðíûé ïðî-

öåññ ñ åäèíè÷íîé äèñïåðñèåé, ï.í. íåïðåðûâíûìè òðàåêòîðèÿìè è êîâàðè-
àöèîííîé ôóíêöèåé R(t), R(t) = 1−Ctγ + o(tγ) ïðè t → 0, C > 0, γ ∈ (0, 2]

è |R(t)| < 1 ïðè t > 0. Ôóíêöèÿ f(t, u) îïðåäåëåíà äëÿ u > 0, 0 ≤ t ≤ T è
íåïðåðûâíà íà ýòîì ìíîæåñòâå. Îáîçíà÷èì m(u) = min

0≤t≤T
f(t, u), m(u) =

o(u) ïðè u →∞. Ïóñòü âûïîëíåíî îäíî èç óñëîâèé:
1) äëÿ êàæäîãî u ñóùåñòâóåò åäèíñòâåííàÿ òî÷êà t0 = t0(u), t0 ∈ (0, T )

ìèíèìóìà ôóíêöèè f(u, t) ïî t, ïðè÷åì äëÿ íåêîòîðîãî, íå çàâèñÿùåãî
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îò t0, D1 > 0 âûïîëíÿþòñÿ ñîîòíîøåíèÿ min
|t−t0|≥D1

u(f(u, t) −m(u)) → ∞,
f(t, u)/u → 0 ïðè u →∞ ðàâíîìåðíî ïî t, è

f(u, t)

u
− m(u)

u
− fθ(u)|t− t0|θ = o(|t− t0|θ), fθ(u) > 0

ïðè t → t0 ðàâíîìåðíî ïî u (ò.å. äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
δ(ε) > 0, òàêîå ÷òî äëÿ âñåõ u, äëÿ âñåõ |t − t0| < δ(ε) âûïîëíåíî
|f(u, t)/u− fθ(u)|t− t0|θ|

|t− t0|θ < ε), ãäå u2fθ(u) → ∞ (u → ∞), è ñóùåñòâó-

åò ïðåäåë t∞ = limu→∞(u2fθ(u))1/θt0(u);
2) uf(t, u) → f0(t) ïðè u →∞ ðàâíîìåðíî ïî t;
3) uf(t, u) → 0 ïðè u → ∞ ðàâíîìåðíî ïî t. Òîãäà â ñëó÷àå 1) äëÿ
Pf(u) = P( max

0≤t≤T
ξt − f(u, t) > u)

åñëè u2fθ(u)u−2θ/γ → 0, òî

Pf(u) =
HγC

1/γ

(u + m(u))1+2/θ−2/γ(2fθ(u))1/θ
exp



−

(u + m(u))2

2



×

× 1√
2π

∫ ∞
−t∞

e−|t|
θ/2 dt (1 + o(1));

åñëè u2fθ(u)u−2θ/γ → c > 0, òî (åñëè t∞ = 0, òî â ïðàâóþ ÷àñòü ñëåäóåò
äîáàâèòü ìíîæèòåëü 1/2)

Pf(u) =
Hθ

γC
1/γ

√
2π(u + m(u))

exp



−

(u + m(u))2

2



 (1 + o(1));

åñëè u2fθ(u)u−2θ/γ →∞, òî

Pf(u) =
C1/γ

√
2π(u + m(u))

exp



−

(u + m(u))2

2



 (1 + o(1));

â ñëó÷àå 2)

Pf(u) =
Hγ√

2π(u + m(u))1−2/γ

(∫ TC−1/γ

0
exp{−2f0(t)}dt

)
×

× exp



−

(u + m(u))2

2



 (1 + o(1));
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â ñëó÷àå 3)

Pf(u) =
TC−1/γHγ√

2π(u + m(u))1−2/γ
exp



−

(u + m(u))2

2



 (1 + o(1)).

Àâòîð âûðàæàåò ãëóáîêóþ áëàãîäàðíîñòü ñâîåìó íàó÷íîìó ðóêîâîäè-
òåëþ ïðîôåññîðó Ïèòåðáàðãó Â.È. çà ïîñòàíîâêè çàäà÷, öåííûå ñîâåòû è
îáñóæäåíèÿ.
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