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OBIIIA A XAPAKTEPUCTUKA PABOTDHI

AKTyaJIbHOCTH TE€MBI.

B macrosimeit guccepraiun paccMaTpPUBACTCA HECKOJIBKO XOPOIIO M3BECTHBIX
3aJlad KOMOMHATOPHOI Teopun unces. TemaTnka Haleil pabOThl CBs3aHa, C 3aMe-
YaTeJbHbIM PE3yJIbTaTOM KOMOMHATOPHON Teopuu uuces — reopemoit b.JI. Bau
nep Baprenal, goxkazannoit uM B 1927 roy. STa TeopeMa yTBEpXKIAET, UTO IIPH
JI0DOI packpacke MHOYKECTBa IIEJIBIX YUCEJ B KOHEUHOE HUHCJIO I[BETOB HaiiieTr-
csd apudMeTnUuecKasl IPOrpeccusi IPOU3BOILHON JIIMHBI, BCE DJIEMEHThI KOTOPOI
packparienbl B oguH n ToT XKe 1Betr. Teopemy B.JI. Ban nep Bapnena A.4. Xwun-
qUH? [0 TpaBy Ha3BaJl KEMUYXKHUHOH Teopun umces. HecMoTps Ha KasKyTIyIOCH
IIPOCTOTY U €CTeCTBEHHOCTH TeopeMma Ban jiep BapjieHa cbirpaJjia 3HaUUTEIbHYIO
POJIb B PA3BUTHUH JIBYX Pa3J/Ie/IOB MaTEMAaTUKN — aJ|JIATUBHON KOMOMHATOPUKN 1
KOMOMHATOPHO 3projudeckoit Teopun. OTMeTnM, 4To 00e yKazaHHbIe 00JIacTh
MaTEeMaTUKKU CBSI3aHbI MEXKIy COOON TeCHEHITMM 00pa30M M HAXOJATCS Ha CTHIKE
TaKUX HAyK, KaK aJJIUTUBHAs ¥ aHAJUTHUECKAs TEOpHUsl UUCE], Teopus rpadon
u Teopust guHamuueckux cucreM. Cama 1o cebe Teopema b.JI. Ban nep Bapuena
SIBJISIETCST OJIHUM U3 (DYHJIAMEHTAJIBHBIX PE3YJIbTaTOB Teopur Pamcest (¢M., HAITPHU-
Mep, Kuuru®).

B 1953 rogy K.®@. Por* nosyuni sameuaresnbioe o6obiieHne TeopeMbl Ban
nep Bappena. VMcnonb3ys KiaccndecKuil MeTOJT TEOPUU UUCEST — MeTOH, Xap/d—
JIurnsyna, K.®. Por jlokazaJi, 4To J11000€ MHOYXKECTBO EJIbIX YUCEJI TOJIOKUTE b
HOI IJIOTHOCTH 00sI3aTEJIbHO COJEPXKUT apuPMETHIECKYIO IIPOIPECCUI0 JIJINHbI
Tpu. Bojiee Toro, oH mosiyunsi KOJUYIECTBEHHYIO OIEHKY Ha MJIOTHOCTH TOMHO-
x)ecrB {1,2,..., N} 6e3 nporpeccuit ayuunl Tpu. [locie paborer K.@. Pora Bo-
TPOCHI, CBSI3aHHBIE C TTPUJIOYKEHNEM KPYTOBOTO METO/a K 3a[adaM 0 MHOYKECTBaX
6e3 apudMeTIecKnx MPOrPEeCcCuil JVIMHBI TPH, PACCMATPUBAJIUCH TAKUMU U3BECT-
HBIMH CIIeIuajncTaMu 1o Teopun unces, Kax JI.P. Xud-Bpayn®, E. Cemepenn® n
7K. Bypren”.

Teopembr K.®. Pora, /I.P. Xud-bpayna, E. Cemepenn u 2K. Byprena or-
HOCATCsI K OIEHKE MaKCHMaJbHOU 1ioTHOCTH nojmuokecrBa {1,2,..., N} 6Ge3

YVan der Waerden B. L. Beweis einer Baudetschen Vermutung // Nieuw Arch. Wisk., 15, 1927, 212-216.

2 Xunwun A. 5. Tpu xxemuyzxunbl Teopun uuces | M.: Equropuan YPCC, 2004.

3I'pozem P. Hauana teopuu Pamces / M.: Mup, 1984.; Graham R. L., Rothschild B. L., Spencer J. Ramsey
Theory / Wiley Interscience, Series in Discrete Mathematics, 1980.

‘Roth K. F. On certain sets of integers (I) // J. London Math. Soc., 28, 1953, 245-252; Roth K. F. On certain
sets of integers (II) // J. London Math. Soc., 29, 1953, 20-26.

5 Heath—Brown D. R. Integer sets containing no arithmetic progressions // J. London Math. Soc. (2), v. 35,
N. 3, 1987, 385-394.

6 Szemerédi E. On sets of integers containing no arithmetic progressions // Acta Math. Hungar., v. 56, 1990,
155-158.

"Bourgain J. On triples in arithmetic progression // GAFA, 9, 1999, 968-984.
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nporpeccuii ayinabl Tpu. Tosbko B 1975 rony E. Cemepenn® |, orBeuas Ha u3BectT-
HBIH BOTpoCc Dpjenia u TypaHa, U UCHOJIB3Ys COBEPIIEHHO JIPYTO METO/I, JIOKa-
3aJI, 9TO JIF0O0E MHOXKECTBO TIeJIbIX UHCEJI IIOJOXKHUTEJbHON IJIOTHOCTH COJEPXKUT
aprpMeTuIeCKIE IPOIPECCUH 410001 JJTUHDBL. DTa, CJIOXKHAsL PAdOTa, IPE3BbIYAITHO
CUJIbHO IIOBJIMSIA Ha, PA3BUTHE KOMOMHATOPHONI TEOPHHU UNCEI, 8 TaKXKe Ha CMEXK-
HbIE JIMCIUTIINHBL. Tak, OCHOBHON WHCTPYyMeHT B jokasarenbcrBe Cemepe i, Tak
Ha3bIBaeMasl JIeMMa PeryJaspHOCTH, CTaJa, Ha CETOMHSIITHUN JIeHb, OHIM U3 BaXK-
nefinmax Merojios Teopun rpacdon (cm. paborh?). Kpome Toro, uepes HecKoJIbKo
ser nocsie Cemepeju, I. @roperentepr!? nepejiokasal ero reopeMy ¢ 110MOILIBLIO
METOJIOB 3projudeckoii Teopuu. I'. Propcrendepr 0bHAPYKMJI CBA3b MEXK1y KOM-
OMHATOPHBIMU OO'bEKTAMHU U JIMHAMUYECKUME CUCTEMaMU (TaK Ha3blBACMbIfi 11PHH-
nun coorsercTus Ooperenteprall) u ocHoBas HOBYIO HayKy — KOMGHHATODHYIO
PTOAUIECKYIO TEOPUIO, KOTOPAsT 3aHUMAETCS PA3INIHBIMU CBSI3IMEI MEXK Ly KOM-
OMHATOPHBIMHU CBOMCTBAMHU MHOXKECTB M COOTBETCTBYIOIUMHI XapaKTEPUCTUKAMIA
JIMHAMUYECKUX cucTeM (CM., Harpumep, paboThit?).

OcHoBHasi 3a/la4a HACTOSIIEH JIUCCEPTAIMNA COCTOMT B HMOJIYUEHUU KOJIMUE-
CTBEHHBIX OIICHOK JIjist JIByMepHoit Teopembl Cemepeu. ['oBops KpaTko, oHa CO-
CTOWT B CJIEJIYIONIEM: HACKOJBKO OOJIBIIMYIO MOIIHOCTHh MOYKET MMETh ITOAMHOMKE-
CTBO JIByMepHOi perieTku 6e3 xoudurypanuii suna (r,y), (x + d,y), (z,y + d),
rjie d > 07 Takue TPORKM HA3BIBAIOTCS Y20A0KAMU WA PAEHOOEOPEHHBIMU NPA-
MOY20NOHOMYU MPeY20sbhuKamu. [IepBblil pe3yabTaT B 9TOM HaIPaBJICHUU ObLI
nokazan M. Aran n E. Cemepenn'? B 1974 rogy ¢ moMomnipio KOMOWHATOPHBIX

8 Szemerédi E. On sets of integers containing no four elements in arithmetic progression // Acta Arith. Acad.
Sci. Hungar., v. 20, 1969, 89-104 ; Szemerédi E. On sets of integers containing no k elements in arithmetic
progression // Acta Arith., 27, 1975, 299-345.

9Szemerédi E. Regular partitions of graphs // Colloques Internationaux CNRS, 260 — Problems Combina-
tories et Théorie des Graphes, Orsay, 1976, 399401 ; Kohayakawa Y. Szemerédi’s regularity lemma for sparse
graphs // Foundations of Computational Mathematics, Selected papers, IMPA conference, January 1997, Rio
de Janeiro, Springer, 1997 ; Kolmds J., Simonovits M. Paul Erd6s is 80 (mog pemakuumeii D. Miklds, V.T. Sés,
T. Szényi) / v. 2, Proc. Collog. Math. Soc. Jéanos Bolyai, 1996.

10 Pyrstenberg H. Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic progres-
sions // J. d’Analyse Math., v. 31, 204-256, 1977.

Y Burstenberg H., Katznelson Y., An ergodic Szemerédi theorem for commuting transformations // J.
d’Analyse Math., v. 34, 275-291, 1978. Furstenberg H., Katznelson Y. and Ornstein D. The Ergodic Theoretical
Proof of Szemerédi’s Theorem // Bull. Amer. Math. Soc., v. 7, N.3, 527-552, 1982.

12 Fyrstenberg H. Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic progres-
sions // J. d’Analyse Math., v. 31, 204-256, 1977 ; Furstenberg H. Recurrence in ergodic theory and combina-
torial number theory / Princeton (N.J.), 1981 ; Furstenberg H., Katznelson Y., An ergodic Szemerédi theorem
for commuting transformations // J. d’Analyse Math., v. 34, 275-291, 1978 ; Furstenberg H., Katznelson Y. and
Ornstein D. The Ergodic Theoretical Proof of Szemerédi’s Theorem // Bull. Amer. Math. Soc., v. 7, N.3, 527—
552, 1982; Bergelson V., Leibman A. Polynomial extentions of van der Waerden’s and Szemerédi’s theorems //
J. Amer. Math. Soc., v.9, N.3, 1996, 725-753 ; Bergelson V., Leibman A. Set—polynomials and polynomial exten-
sion of the Hales—Jewett theorem // Ann. of Math. (2), v.150, N.1, 1999, 33-75; Furstenberg H., Katznelson Y.
A density version of the Hales—Jewett theorem // J. Analyse Math., 57, 1991, 64-119; Leibman A. Multiple
recurrence theorem for measure preserving actions of a nilpotent group // Geom. func. anal., v.8, 1998, 853-931.

13 Ajtai M., Szemerédi E. Sets of lattice points that form no squares // Stud. Sci. Math. Hungar., 9, 1974,



MeToioB. OHU [OKa3aJjH, 4TO JIH000E MOJMHOXKECTBO JBYMEPHON PEIIeTKHU I10JI0-
YKUTEJIbHOM ILJIOTHOCTH 00si3aTe/IbHO COJEpKUT yroJiok. B 1978 roay pesyibrar
0 paBHOOEJIPEHHBIX IIPSIMOYTOJbLHBIX TpeyrojibHUKaX Obl1 mepejokazan [. Drop-
crenbeprom u 9. Karnesnbconom!* ¢ moMOIIBIO METOJIOB 3ProjnyecKkoil Teopui.
HoxkazarennctBo M. Atan u E. Cemepenn naer odenns caabble BepXHUE OIEHKH Ha,
IJIOTHOCTh MHOKECTBa, JIByMEPHO# pereTku 06e3 yroJikon. Jlokazareiabcrso Pop-
crenbepra n KarHeabcoHa siBigercd HeadHEKTUBHBIMUA B TOM CMbICJIE, UTO OHO
BOODIIIE HE JaeT HUKAKWX BEPXHUX OIEHOK Ha YKa3aHHYIO MJIOTHOCTH. B croeit
buiicosekoit padore’® B.T. Tayspe uciosb30Bas OpurnHaibible MoAudUKaLMI
KJIACCUYECKHUX METO/IOB TEOPUHU UUCEJI, TAKUX KaK KPYTI'OBOI METO/ U METOJI, TPUIO-
HOMETPUYIECKUX CYMM, U [TOJIyUNJI IPUHIUINAIBHO HOBbIE KOJIUIECCTBEHHDIE OICH-
KI B 3aJadax Tuna Teopembl B. Cemepeqn. B Toit xe pabore!® B.T. ayspc eme
pa3 MpUBJIEK BHUMaHUE K BOTPOCY O nojydennn 3pHeKTUBHBIX OIEHOK B 3aJiate
00 yroJsikax. B nuccepralinontoit paboTe yaa1och cO3/aTh OPUTHHAIbBHBIE 1 IIPUH-
[UTTHAJIHLHO HOBBIE TEOPETUKO—IHCJIOBbIE KOHCTPYKIINN, TTO3BOJIAIONINE, B OTJINIHE
OT ProJIUIECKOI0 1 KOMOMHATOPHOT'O MOJIXO/I0B, MOJIYYaTh XOPOIINE KOJIMIeCTBEH-
HbIE OIEHKM B PacCMaTpPUBAEMbIX MHOI'OMEDHBIX 3a/1a4aX.

B nacrosiiiiee BpeMsi HOMyJISIPHOCTD TEMATUKHU, CBIZAHHONW ¢ OIMUCAHHBIMU Bbi-
I1e 3aJla9aMy, JOCTATOUHO BEJIMKA: B pa3Hble T'OJIbl UMK 3aHIMAJIKICH 3aMeUATe b
HbIE CHEIUAJNCTHI B 00JIACTH TEOPUN TNCEsT, KOMOMHATOPHON TEOPUN INCEST 1 KOM-
OMHATOPHOI SpronvecKoit Teopun, Takne Kak ¢puiaacopckue jgaypearsl K.@. Por,
7K. Bypren, T. I'ayspc, T. Tao, a Takxke I1. Qpgem, E. Cemepenn, C. Ilenax, P.
Pajio, B. Pej, II. ®@panka, JI. Jlosac, U. Pyxa, C.B. Kousirun, P.JI. I'paxewm, I1.
Typan, I @opcrendepr, . Kammenncon, B. Beprenncon, A. Jleitoman, B. Ocr,
B. Kpa, I"A. ®peitman, 1.P. Xud-Bpayn, B. [lom, A. Basor, A. IITapkomnu, I
duekerr, M. Aran, H. Kan, B. I'pun, M.—Y. Yanr, B. By u apyrue.

Hayuynas HOBuU3HA pabOTHI.

B nacrosimeit pucceprainm yaajaoch Co31aTh OPUTMHAJIBHBIE METOILI U ITPUMe-
HUTH NPUHIUINAAJILHO HOBbIE MOJM(DUKAIINU KJIACCUICCKUX METOJIOB TEOPUU UH-
ceJl, TIO3BOJISTIONINE, B OTJINYNE OT UCIOJIb3YIONNXCS paHee 3PTOANIeCKOr0 U KOM-
OMHATOPHOI'O IOJXO/0B, HOJIYYaTh XOPOIIKEe KOJUIECTBEHHbIE OIIEHKHU B 3a1a4€e 00
yroJjikax. OCHOBHOIl pe3yJsibTaT O JByMepHOM 0000IeHnn TeopeMbl E. Cemepen
SIBJISIETCS] PEIIeHNEeM JIOCTATOUHO JABHO CTOsBIIEH 3a/adu’ |, Biepsblie ¢hopMyIin-

9-11.

Y Purstenberg H., Katznelson Y., An ergodic Szemerédi theorem for commuting transformations // J.
d’Analyse Math., v. 34, 275-291, 1978.

15Gowers W. T. A new proof of Szemerédi’s theorem // Geom. func. anal., v.11, 2001, 465-588. u Gow-
ers W. T. A new proof of Szemerédi’s theorem for arithmetic progressions of length four // Geom. func. anal.,
v.8, 1998, 529-551

16 Gowers W. T. A new proof of Szemerédi’s theorem // Geom. func. anal., v.11, 2001, 465-588.

7 Ajtai M., Szemerédi E. Sets of lattice points that form no squares // Stud. Sci. Math. Hungar., 9, 1974, 9-11;
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POBAHO ClIeNMAJIUCTaMU 110 PrOMUECKONl KOMOMHATOPHKE, a 3aTeM YIIOMAHYTOM
B.T. Tayspcom (M. pabory!®), B KOHTEKCTE HOSBUBIINXCS OPUIMHAJLHBIX BapUaH-
TOB UCIOJIb30BaHUS B MOJIOOHBIX 33/a9aX KJIACCHIECKIUX TEOPETUKOIUCTIOBAX Me-
TO/10B. JloKazaHHbIe Pe3y/ibTaThl sIBJISIOTCS HOBBIMU, 11OJIyUYEHHBIMU aBTOPOM Ca-
MOCTOATETHHO. KpoMe TOTo, HOBBIMU ABJISIIOTCS He TOJLKO CAMU Pe3yIbTAThl, HO U
MeTO/Ibl X 000CHOBaHMs. TakK, BIIEpBbIE METOJ, TPUTOHOMETPUUECKUX CYMM COEJIM-
HEH ¢ TeOPETUKO-TPadOBBIM TOIXOAOM, UTO TMPUBEIO K MOJYUYECHUIO HAMIYUIIETO
Ha CETrOJIHSIIHNN JIeHb PEe3yJIbTaTa 0 MHOXKECTBaX, He COJepKallux yrojkos. Ho-
BbIMU SIBJIAIOTCSA KOHCTPYKIUU ITOCTPOCHU JIMHAMUYECCKUX CUCTEM C MeJJICHHOM
CKOPOCTBHIO KPAaTHOI'O BO3BPAIEHUsA, & TaKKe MeTOJ J0Ka3aTeJbCTBa CYIIEeCTBO-
BaHWUs HETPUBUAJIBHBIX PEHICHUNA JIMHEHHDIX YPABHEHU C 3JIeMeHTaMU U3 MHOXKe-
cTBa OOJIBIINX TPUIOHOMETPUUECKUX cyMM. I[0/IX0/1, CBSI3aHHBIM ¢ IIOCTPOEHUEM
JUHAMUYECKUX CUCTEM C MEJIJICHHOW CKOPOCTBIO OJIHOKPATHOIO BO3BPAICHUS CY-
IMIECTBEHHO BUJIOU3MEHEH U HEeTPUBUAILHO JOpabOTAH.
OcHOBHBIE PE3YIHTATHI IUCCEPTAINN COCTOAT B CJIELYIOIIEM :

1. Jlioboe muoxkecrso A C {1,2,..., N}? mommuoctu N?/(logloglog N)¢, rue
¢ > 0 — nekoropast 3pdekTuBHAsT KOHCTAHTA, COJEPKUT YIOJIOK.

2. Jlokazana CTPYKTypHasi TeopeMa ¥ IJIOTHBIX TOJIMHOXKECTBAaX JBYMEpPHOI
PeIeTKH.

3. Tosyuen kpurepuii a-paBHOMEPHOCTH MHOXKecTBa A B TepMUHAX MaTpH-
16l cMexknocTu rpada (G4, accomuupoBaHHOTO ¢ A, a TakyKe B TepMHUHaX
aoTHOCTH A B JIeKapTOBBLIX MPOU3BEJACHUAX OOILINNX ToArpadoB rpada

Ga.

4. Jlioboe muokectso A C {1,2,..., N}? mommnocrn N?/(loglog N)°, rne
C > 0 — nekoropast 3ppekTrBHasE KOHCTAHTa, COAEPIKUT YIOJIOK.

5. Tlosydennbl npuMepbl JUHAMUYIECKUX CUCTEM C MEJJIEHHOW CKOPOCTHIO KpaT-
HOT'O BO3BpAIICHUS.

6. Jlokazambl TeopeMbl 00 OIIEHKE CBEPXY JJIsi CKOPOCTH MHOTOMEPHOH BO3BPa-
AEMOCTH.

7. Iloctpoenbl ipuMepbl JIMHAMUYECKUX CUCTEM C 3aJIaHHON CKOPOCTHIO OJ[HO-
KPaTHOT'O BO3BPAIICHUSA.

Furstenberg H., Katznelson Y., An ergodic Szemerédi theorem for commuting transformations // J. d’Analyse
Math., v. 34, 275291, 1978.
18 Gowers W. T. A new proof of Szemerédi’s theorem // Geom. func. anal., v.11, 2001, 465-588.



8. Haiisena merpuBuajbHasd OlEHKa CHU3Y IS UMC/IA PELICHUH ypaBHEHUs
r 4o =114 47, nae Bee 1y, 1 IPUHAJIERKAT MHOXKECTBY 00JIb-
IIUX TPUTOHOMETPUUECKUX CYMM, & TAKKe CHCTEMbl JIMHEHHDIX ypaBHeHui
C IIEPEMEHHBIMY U3 MHOXKECTBa HOJIbINMX TPUTOHOMETPUICCKUX CYMM.

9. Ilomyven pe3yabTar, CymecTBEHHO YTy dIIaloNuii TeopeMy Hanr o ctpoeHnn
MHO>KECTBa OOJIBIITUX TPUIOHOMETPUUIECKUX CYMM.

Meroibl JloKa3aTeIbCTBa yTBEPK IeHUit, c(DOPMYJIMPOBAHHBIX B IIyHKTaX 1 u 4
COBEPIIEHHO pa3jnuvnble. IlepBolil MOAX0/ onmupaeTcs Ha CTPYKTYPHbIE pe3yabTa-
ThI O [JIOTHBIX MOJMHOXKECTBAX J[BYMEPHO#H pererku (MyHKT 2), & BTOPOii UCIOJIh-
3yeT cBoiicTBa MHOXKecTB bopa. Oba MeTo/1a JJaf0T CyIIeCTBEHHOE IPO/IBUKEHHIE B
M3BECTHOI M TPYIHOI 3ajiade O yrojkax. XOoTs B KOHTEKCTe JaHHOW 3aJ1auM BTO-
poit MeToJl cuJbHee, TeM He MeHee, OH MPUHIUNHAJILHO He TTO3BOJIAeT MOJIyIaTh,
UHTEPECHbIE caMU 110 cede, YTBEP:KJICHUSI O CTPYKType ILIOTHBIX IIOJIMHOXKECTB
{1,2,...,N}2. Kpome Toro, BTopoii METOJ| HCIOIbL3YeT HEKOTOPbIE Pe3yJIbTATH,
JIOKA3aHHbIE C IPUMEHEHHEM IIepBOro, boJjee cjadboro, mojaxoa.

Heobxoumo orMeTnTh, 4T0 pesysiabrarbl, chOPMYyJIUPOBaHHbIE B MyHKTaX 1—
4, a TakxKe B MyHKTaxX 8 m 9 KacaioTcs BONPOCOB TPAJUITMOHHO OTHOCAIIUXCS K
9ProJMIeCcKOil, KOMOMHATOPHON TEOPUHM UHMCes] W, TaK Ha3bIBAEMbIM, OOPATHBIM
3ajJadaM aJIMTUBHON TEOPUU dHuceI. JacTh pe3yabTaToB, HaIpuMep, TYHKT 6,
SIBJIAIOTCS €CTECTBEHHOMN IepedOopMyJIMPOBKON OCHOBHBIX YHUCJIOBBIX TEOPEM HAa
sI3bIKE TEOPUM JUHAMUYECKUX CHCTEM.

MeToapl nccjieJOBAHUS.

B pabore ncroib3yercss MeToj TPUIOHOMETPUIECKUX cyMM 1 aHam3 Dyphe,
KOMOMHATOPHBIE METO/Ibl, METO/Ibl T€OPUU I'PAPOB, METO/IbI TEOPUU JIMHAMUYECKUX
CHCTEM, a TaKKe MeTOJIbl aJTATUBHON KOMOMHATOPHON TEOPUH YUCE.

Teopernyeckas n npakTuyiecKas II€HHOCTD.

Huccepranusi HocuT Teoperuveckuit xapakrep. Merojibl, pazpaboraHHbie B
Hell, MOT'YyT OBITH MOJIE3HBI MPU JIaJbHEHIIeM UCCIeIOBAHIE 3a/1a1 O JIBYMEPHBIX
¥ MHOTOMEPHBIX 00001eHnsix Teopembl CeMepe/in, a TakKe MOI'YyT HPUMEHSITHCs
IPU pelieHuu IPYTUX MpodsieM KOMOMHATOPHON TEOPUN YUCENT U aJIITNTUBHON KOM-
ounaropuku. Ee pesysbrarbl MOryT ObITH UCIOJIB30BAHBI B 3PTOAUUIECKON TCOPUH,
METPUIECKON TEOPUH Uucesl U aJINTUBHON TeOpUu duces. Pazaennsl nucceprannm
MOT'YT COCTaBUTh COJIEP>KAHUE CIEelNaJIbHBIX KYPCOB JIJIsT CTYJACHTOB U aCIUpPaH-
TOB, 00YYAIOIIUXCs 110 CHEIUAJIbLHOCTH MaTeMaThKa.



Arnpobanusa paboThl.

PesyibraTbl HacTOsINEH Juccepralul HEOJHOKPATHO JIOKJIa IbIBaJINCh aBTO-
POM Ha MHOI'OYMCJIEHHBIX MEXKYHAPOJHbIX KOH(MepeHiusx n cemuHapax. Ile-
PEUYUCIUM CIepBa KOH(EPEHIN: MeXKIyHapojHas KoHdepennus “CoBpeMeHHasd
TEOpHst JIMHAMUYECKUX CHCTEM | ee IPUJIoKeHust K HebecHoi Mexanuke” (1. Mock-
Ba, 2002 1.); msiTas MeXKIyHapoHas KoHbepeHus “Anredpa u TeopHsi TUCEIT: CO-
BpeMenHbie pobsieMbl 1 nipusokenust” (. Tyma, 2003 1.); MexKjLyHAPO/HAST KOH-
dbepennus “XXIIT Apudmernueckue nuu’ B 'pane (Ascrpus, 2003 r.); Mexty-
HapojHas KoHdepenius “JlnodanToBblil aHAJIN3, PABHOMEPHOE paclIpejie/ieHue u
ux npuiokennst” B Muncke (Besapycn, 2003 1.); MexryHapojHas KoHdepeHIiiusi
“Hoseiimue pocrmxkenus B ajyuruBaoil kombunatopuke” B [lamo Anpro (CLIA,
2004 1.); MexxryHapojHast KoHdepeHiys “AHAJIUTHICCKIe METOJIbl B TEOPUHU Ui~
ceJi, TeOpUH BeposTHOCTEH n Maremarudeckoil crarucruke” (Cankr—IlerepOypr,
2005 1.); mex yrapojnas kondepennns “Teomerpuueckue merojpl B Gusuke” B
Benorexe (Ilosbimna, 2005 1.); MextyHapoiHas KoHdepeHus “AINTHBHAST KOM-
ounaropuka’ B Bpucrose (Anrsms, 2005 1.); MexayHapoHast Kondepeniuns “Be-
positHocTh 1 sprojudeckas reopust” (CILIA, 2006 1.); MexjyHapoHAst MIKOJIA
n kKoHdepenrus “Aurusaas kombunaropuka’ B Monpease (Kanama, 2006 r.);
“Anajiurndeckue U KOMOMHATODHBIE METOJbI B Teopun quces u reomerpun’ (.
Mocksa, 2006 1.); “InodaHToBbl U aHAJUTHIECKHE TPOOIEMBI TCOPUU Tuces (T
Mocksa, 2007 r.); JJomonocosckue arernst B MOCKOBCKOM IOCYIapCTBEHHOM Y H-
Bepcutetre B 2002, 2004, 2006 rr.

[Tepeuncium Teneph cemMuHapbl : KadeapajbHblil ceMuHap Kadejapbl Teo-
puun [uces 1oj; pykoojcrsoM wi—kopp. PAH FO.B. Hecrepenko n ji.p.—m.H.
H.T'. Momepurnna; KadeapajbHblii ceMuHap Kadeapbl JUHAMUYECKUX CHCTEM
noj; pykosojcreom akajg. PAH JI. B. Anocosa, jg.¢p.—m.u. B. M. 3akasiokuna n
K.p.—m.H. A. A. Ilpuxonbko; cemunap “AHaauTHIeCKass TEOPHUT UNCET MO PYKO-
BoscTBOoM 1.(b.—m.H. A. A. Kapairyonr; cemunap “Apudmernka n reomerpust” Mo/l
pykoBojactBoM 1.¢.—M.H. H.I. Momesuruna u m.¢.—m.u. A. M. Paitropojckoro;
cemnaap “T'aMUIBTOHOBBI CHCTEMBI U CTATUCTHYECKAs MeXaHWKa T110JI PYKOBOJI-
crom akaji. PAH B.B.Kozmosa u wi—xopp. PAH [.B. Tpemesa; cemunap
“JInHAMUYECKUE CHCTEMbl U 3Projudeckasi Teopusi I0J PYKOBOJCTBOM aKa]l.
PAH /1. B. Anocosa, j.¢.—m.u. A. M. Crenuna, g1.¢p.—m.1. P. 1. I'puropuyka; cemu-
Hap “TpuroHomerputiecKkre CyMMbI U UX IPUIOXKEHUsA I10JI PYKOBOJICTBOM JI.(b.—
m.H. H.T. Momesutuna n k.p.—Mm.H. A.B.Ycrunosa; cemunap “Teopusi hyHK-
Uit 1 ee npujaoxKkeHusi 1oj; pykoojacTsoM J.¢.—M.H. C. B. Konsruna, x.d.—M.H.
B.B. Iemugosuua n x.p.—m.u. A. C. Kouayposa.



IIybnukamnum.

PesynbraThl quccepraiun onyoankoBanbl B 10 paboTax, ClIMCOK KOTOPBIX MPHU-
BOJUTCS B KOHIIE aBTOpedepara.

CrpyKrypa m 00bem pabOTHhI.

Huccepraimst n3jaoxkena Ha 173 cTpaHWIaX ¥ COCTOUT W3 BBEJIEHMSsI, 0D
XapaKTEePUCTUKN PAabOTDI, CIICKA, UCIOJIL30BAHHLIX 0003HAUEHNH U COKPAIIEeHUIA,
ISITH TJIAB ¥ CITUCKA MCIIOJIHL30BAHHBIX MCTOYHUKOB, BKJOYa0Iero 126 HanmMeHo-
BaHMUIL.

KPATKOE COOEP2KAHUE /INCCEPTAIINMN.

Hwuccepranyst jeinTcsi Ha TSTh TJiaB. B mepBoil ryiaBe aroTCst MOCTAHOBKH
OCHOBHBIX MPOOJIEM W W3JIaraeTcs UX MCTOpHUs. Bropas riaBa IMOCBAIICHA TTOJTY-
YeHWIO KOJIMIECTBEHHBIX OIEHOK B 3aJa9e O JIByMepHOM 0000miernn Teopembr Ce-
Mepenu. B s9Toit raBe MoKazaHO HECKOJBKO PE3YIbTATOB O, TaK HA3bIBAEMBIX,
Q-paBHOMEPHBIX MHOXKecTBax. Hampumep, mosyden TeopeTuko-TpadoBbIil Kpu-
Tepuil —PaBHOMEPHOCTH MHOXKECTBAa B TEPMHUHAX BTOPOIO COOCTBEHHOI'O 3Ha-
YeHWs COOTBETCTBYIONIEH MATPHUIlbI cMeXKHOCTH. Kpome Toro, B 3Toii rjiaBe J10-
Ka3aH HOBBIA OOIMMI pPe3yabTaT O CTPOEHUU TIOTHBIX TTOAMHOYKECTB MHOYKE-
crBa {1,2,..., N}?, KoToprulii BMecTe ¢ HOyYeHHLIME panee TeopeMaMu ob o
pPaBHOMEPHBIX MHOXKECTBAX, MPUMEHSIETCsT TIPH JI0Ka3aTe/IbCTBE HAIIETO OCHOBHOIO
pe3ysibTaTa O JBYMEPHBIX YroJiKaX. B TpeTbeil TyiaBe K 3ajade 00 yrojkax ImpH-
Mmengerca Merog; 2K. Byprena, cBazannbiii ¢ MuaoxkecTBaMu bopa. Takoit momxosn
N03BOJISCT YCUIIMTH BEPXHUE ONEHKH Ha IJIOTHOCTDL moamuoxkects {1,2, ..., N}
6e3 paBHOOEPEHHBIX MPAMOYTOJBHBIX TPEYrOJHLHUKOB. B deTBepTOil TytaBe Io-
JIy9eHbl MPUMEPhl JIUHAMUYIECKUX CUCTEM C MEJJIEHHON CKOPOCTHIO KPATHOTO W
OJTHOKPATHOTO BO3BpallieHus. JlokazaHHbIe Pe3yabTAThI €Ie pa3 yKa3bIBAIOT Ha
TECHYIO CBsI3b MEXKJy 3aJa9aMi KOMOMHATOPHOW TEOPUW TUCESI W SPTOAMIECKO
Teopueii. B maTo#l Ty1aBe J0Ka3aHO HECKOJIBKO TEOPEM O MHOXKECTBaX OOJIBITIIX
TPUTOHOMETPHUIECKUX cyMM. Takne MHOYKeCTBa MOSIBJIAIOTCA BO BCEX 3a/1a9aX KOM-
OMHATOPHON TEOPUU HKCEJI, TIPU PEIICHUN KOTOPBIX HCHojb3yercs meTo Oypbe
(HampuMep, OHM BCTPEYAIOTCS B 3ajadax 00 apudMETHIeCKUX MPOrPECCUusiX U B
zajlatax 06 yrosikax). [Tosromy, kak ormedaer Layspce B csoem obzope 12, pesyiin-
TAThl O CTPYKTYPE MHOYXKECTB OOJILINX TPUTOHOMETPUIECKIX CYMM UPE3BBITAiHO
BayKHbI. MBI JJOKa3bIBAEM, ITO PACCMATPUBAEMbIE MHOXKECTBA NMEIOT CHJIbHBIE a1
JINTUBHBIE cBoiicTBa. KpoMme Toro, B IATOI ITaBe COMCKATEIEM TIOTyYeHO HECKOTh-
KO MIPUJIOXKEHU K 3aadaM KOMOMHATOPHON TEOPUU THCe.

19 Gowers W. T. Rough structure and classification // GAFA, Special Volume - GAFA2000 "Visions in Math-
ematics", Tel Aviv, (1999) Part I, 79-117.



ConepxkaHue rjaBbI 2.

OCHOBHBIM PE3YJIbTATOM HACTOSINEH TVIABBI SIBJISIETCS TEOPEMa O JIByMEPHOM
obobmmennn Teopempr K. Cemepesu (cMm. Teopemy 8 Huke). Mbr HatdHeMm ¢ 0630pa
PEJINEeCTBYIOIMNX PE3YJIHTATOB.

[Iycrs N — marypasabnoe uucyo. [Tomoxum

ar(N) = %max{ym . AC[ N,

A — ne cozepKuT apudMeTHIecKuX nporpeccuii jaunnt k}
Ucnonb3ys kpyrosoit meros, K.@. Por B 1953 rony nokaszas reopemy??.

Teopema 1 (Pot). IIycmv N — namypaasvnoe wucro, N > 3. Tozda

1

N —_—.
as(N) < log log N

Pesynbrar K.@. Pora 6b11 3atem yayumen J.P. Xud-Bpaynom B padore?! u
E. Cemepenn B crathe??. HezaBucuMo Jpyr oT jpyra 006a 9THX aBTOPa MOy YN
cJie Ly IonLy o onenky jist az(N).

Teopema 2 (Xud—-Bpayu, Cemepenn). [lycmo N — namyparvhoe wucio,

N > 3. Toeda .
) < oy

2de Koncmanmy ¢ moscno 63amo pasnoti 1/20.

Hawyummii, Ha CerofHsIuuil 1eHb, pe3yabTaT o6 OleHKe CBEpXY BEeJUIUHbI
az(N) npunagnexut 2K. Bypremny?3.

Teopema 3. (Bypren) Ilycmv N — namypanvhoe wucao, N > 3. Tozda

log log N
o (1)

as(N) < log N

20Roth K. F. On certain sets of integers (I) // J. London Math. Soc., 28, 1953, 245-252.

2 Heath-Brown D. R. Integer sets containing no arithmetic progressions // J. London Math. Soc. (2), v. 35,
N. 3, 1987, 385-394.

22 Szemerédi E. On sets of integers containing no arithmetic progressions // Acta Math. Hungar., v. 56, 1990,
155-158.

2 Bourgain J. On triples in arithmetic progression // GAFA, 9, 1999, 968-984.



A. Bepenyi B pabore®* IOJTY TUJT HUXKHIOKO OleHKY Besimautbl ag(N) (cM. Takke

paborbi?®). P. Pankun B crarbe? 0606mu pesynsrar A. Bepenjia na ciyuaii Beex
k> 3.

Teopema 4 (A. Bepena, P. Paukun). [lycmv € > 0 — awoboe deticmesu-
meavroe wucao u k > 3 — namypaavnoe. Tozda daa ecex docmamourno 60AUWUT
N, svinoarero

ap(N) > exp(—(1 + ¢)Cx(log N)l/(k_l)) ,

ede Cl HEKOMOPAA MOAOACUMENOHAA IPHEKTNUCHAA KOHCTNAHIMG, 306UCAULALA
moavko om k.

Teopembr K.@. Pora, E. Cemepemu, 1.P. Xud—Bpayna n 2K. Byprena orno-
caTest K onenke Besmauibl ag(N). Joaroe Bpemsi BOIPOC O MoBejeHUN (DYHKIH
ap(N) npu k > 4 ocrasajicst orkpbirbiM. Jluib B 1975 rojy E. Cemepesn jrokazad,
ut0 ax(N) — 0 mpu N — +o00 as Beex k > 4 (eM. cratou?’).

AsbrepHaTnBHOE J0KazaTehLcTBO TeopeMbl E. Cemepean ObLIO MPeIIosKeHO
I. Diopcrenbeprom B pabore? (Gosiee 1POCTOE JOKABATENLCTBO U3JIOKEHO B CTa-
the??). Ero mojxos ucnosibsyer Merojibl aprojudeckoii reopuu. I. @opcerenbepr
nokasaJi, ato Teopema E. Cemepe in s5KBUBaJIEHTHA, Y TBEPKICHUIO O KPATHON BO3-
BpAIAaeMOCTH JIJIsI TIOUTH BCEX TOYEK B MPOU3BOJILHON JIMHAMUYECKON CHCTEMeE.

K coxaJsiennio, metojpr Cemepenn gafoT odeHb cyiabble BEPXHUE ONEHKHU J1JIsi
ar(N). Dproguueckuii moax0/] BOOOINE He JaeT HUKaKUX oneHok. Toabko B 2001
rogy B.T. Tayspc® nomyuni nepsuiit 3¢ eKTHBHBII Pe3yJIbTaT 0 CKOPOCTH CTPEM-
JieHust K HyJIt0 Bejudaunbl ag(N) st k > 4.

Teopema 5. (Tayspc) Jas ecex namypasvnove N > 3 uk > 4 cnpasedauso
HEPABEHCTNEO

ar(N) < 1/(loglog N)*,

2 Behrend F. A. On sets of integers which contain no three terms in arithmetic progression // Proc. Nat.

Acad. Sci., 23, 1946, 331-332.
25

emphSalem R..; Spencer D. C. On sets of integers which contain no three terms in arithmetical progression
// Proc. Nat. Acad. Sci. Wash., 28, 1942, 561 — 563 ; Salem R., Spencer D. C. On sets which do not contain a
given number of terms in arithmetical progression // Nieuw Arch. Wisk., 23, 1950, 561 — 563 ; Moser L. On
non—averaging sets of integers // Canad. Math. J., 5, 1953, 245-252.

26 Rankin R. A. Sets of Integers Containing not more than a Given Number of Terms in Arithmetic Progression
// Proc. Roy. Soc. Edinburgh, 65, N.4, Sec. A, 1961, 332-344.

2T Szemerédi E. On sets of integers containing no four elements in arithmetic progression // Acta Arith. Acad.
Sci. Hungar., v. 20, 1969, 89-104 ; Szemerédi E. On sets of integers containing no k elements in arithmetic
progression // Acta Arith., 27, 1975, 299-345.

28 Purstenberg H. Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic progres-
sions // J. d’Analyse Math., v. 31, 204-256, 1977.

29 Purstenberg H., Katznelson Y. and Ornstein D. The Ergodic Theoretical Proof of Szemerédi’s Theorem //
Bull. Amer. Math. Soc., v. 7, N.3, 527-552, 1982.

30Gowers W. T. A new proof of Szemerédi’s theorem for arithmetic progressions of length four // Geom.
func. anal., v.8, 1998, 529-551 ; Gowers W. T. A new proof of Szemerédi’s theorem // Geom. func. anal., v.11,
2001, 465-588.



__9k+9
2de Konemanma cp = 272

Paccemorpum asymepmyio pemerky [N]? ¢ 6asucom e; = (1,0) n ey = (0, —1).

[TycTn
1

)=
A — ne conepxur tpoek Buga (k,m), (k+d,m), (k,m+d), d>0}. (2)

L(N max{ [A| : AC[L,N]* u

Tpoiiky u3 (2) Mbl Gyjiem HazbiBaTh yeoarom. B pabore’! M. Atan u E. Cemepein
nokazasu, uro seauunna L(N) crpemurcs k 0, korja N crpeMutcst K GeCKOHeu-
HocTH. ['OBOpS TOUHEe, OHU TTOJIYIWJIN JlaXKe DoJiee CUIIbHBIN Pe3ysIbTaT.

Teopema 6. (Aran, Cemepenmu) Ilyems 0 < § < 1 — deticmeumenvioe
yucao, N — namyparvnoe wucao u S = {(0,0),(0,1),(1,0),(1,1)} — edurnuunvii
weadpam. Tozda moboe muoscecmeo A C [N?, |A] > dN? codeporcum apdunmoit
0bpaz S, mo ecmv mmoorcecmeo aS + b, 2de a € N u b € N2,

Barem Teopema 6 Oblia nepegokazana . PecreHbeprom B KHUreS2,

Acho, 4To 3aj1aua PO YIrOJKU SBJISIETC JIBYMEPHBIM 0000IIEHUEM 3a)1au1 O
MHOXKecTBax 0e3 apudMeTndecKnx MPOrpeccuil JUIMHBI TPU B TOM CMBICJIE, TTO
pasercTBo limy o L(N) = 0 Bieder limy_. az(N) = 0.

B.T. Tayapc (cm. crarbio®) nocrapus sonpoc o ckopoctr cxopumoctu L(N)
k 0. B pabore®* B. By, passuBas M0JX0J U3 CTATHU>® MPEIJIOKII CICLYIONEe
pererne sroro Bonpoca. Ilycrs logy) = log N w juis I > 2 nonoxuwm log N =
log(log_y; V). Takum obpasom logy N ecth pesysibrar B3arus jorapudma ot
qucsiaa N | pa3 noapsii. Hasee, nycrs k — Hambosibiliee HaTypaJibHOE UHUCJIO,
Takoe, 1ro logy N > 2. Torna nonoxuwm log, N = k.

Teopema 7. (By)

100
LIN)< ———.
( )_10g}</4N

B pa6orax3® 6bL1 110yUeH ciieyonui pesyiibrar.

31 Ajtai M., Szemerédi . Sets of lattice points that form no squares // Stud. Sci. Math. Hungar., 9, 1974,
9-11.

32 Furstenberg H. Recurrence in ergodic theory and combinatorial number theory / Princeton (N.J.), 1981.

3 Gowers W. T. A new proof of Szemerédi’s theorem for arithmetic progressions of length four // Geom.
func. anal., v.8, 1998, 529 551.

3V V. H. On a question of Gowers // Ann. of Combinatorics, 6, 2002, 229-233.

35 Solymosi J. Note on a generalization of Roth’s theorem // Discrete and computational geometry, 825-827,
Algorithms Combin., 25, Springer, Berlin, 2003.

36 [ITxpedos H. JT. O6 ommoit 3amaqe Tayspca // JTAH, 400, N 2, 169-172, 2005 ; IIxpedos . /]. 06 ommoit
sazade Tayspca // UAH, 200, N 2, 176-217, 2006.
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Teopema 8. IIycmov 6 > 0, N > expexpexp(d~©), C > 0 — nexomopas
appexmusnasn xonemanma u A C {1,..., N}?* — npoussoivroe nodmmosicecmeo,
mowgrocmu ne menvwe, wem SN2, Tozda A codeporcum mpotixy euda (k,m), (k+

d,m), (k,m+d), ede d > 0.

Takum obpasom nosydena orenka sesudauabl L(N) csepxy L(N) <
1/(loglog N)“1, rue Cy = 1/C.

Kpowme Toro, B 9170M )e maparpade Mbl MOJTyIUM TPOCTEHIITYO OIEHKY CHU3Y
Jist Besimansbl L(N).

Teopema 9. /Jlaa aobozo € > 0 cyuecmeyem N. € N, maxoe wmo daa ecex
g2+s

namypasonoir N > Ne, evinoaneno L(N) > N~ TsleN .

JlokazaTenbcTBO TeopeMbl 8 cojiepKuTcst B naparpadax 2.2, 2.3 u 2.4.

[Taparpad 2.2 nocssiiieH MOHSATHIO Q—PaBHOMEPHOCTH.

[Tycrs N — narypasbnoe uncsio. Obosnauum uepes Zy = Z/N7Z MHOXKECTBO
BoIgeToB 110 Mojyio N. Ilycrs A npoussosibnoe muoxkecrso us Zy, |A| = ON.
Byem obosradarh Toit ke OYKBOit A XapaKTepucTuiecKyio yHKIHIO 3TOr0 MHO-
x)ecrsa. Oyukius f(s) = A(s)—0d naspiBaercs banancosoti GyHKIueil MHOKECTBA
A. O6osraunm gepe3 D 3aMKHYTHIT AUCK HA KOMIJIEKCHOH TIJIOCKOCTH C TIEHTPOM
B 0 u paguycom 1.

Omnpenenenue 1. Oyukius f n3 Zy B D HazpiBaeTcs a—pasHomeprots, ecan
Z Z f(s)f(s = k)|* < aN”. (3)

Byaem ropoputTh, 9T0 MHOXKECTBO A SIBJIsSIETCST Q—paBHOMEDHBIM, €CJIU ero Oa-
JIAHCOBasA (PYHKIINS v paBHOMEpPHA.

[Iycrn Ey x Eo nexkoropoe nojmuoxectso Zi u f : Z3% — D — nekoropas
dbynkiust. Byjem mucars f @ By X Ey — D, ecin Bue By X Fy dynkuust f pasua
0.

Onpepesienne 2. [lycrs « sitoboe jeiicrBurensioe uucio, a € [0, 1]. [ycrs
E4 x Ey — HeKoTopoe Mo MHOKECTBO Z?\,. Oyurnusa f : Fy X Fs — D HaspiBaercsa
a-pasromepnoti, omuocumenvio basuca (€1, €s), eciu

DD f(8)f(s+ues) fls+ren) f(s+uer +re) <ol BB (4)

[Iycrs muoxkecTBO A HpI/IHa,zLﬂeH(HT HEKOTOPOMY MHOXKecTBY Fq X Ey. Otpe-
JICJTAM TIJIOTHOCTH Oy, = O5) 1 Y, = ;2 110 opmysaM O, = 1/|Ey]- Zp_ A(meg+
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per1), vk = 1/|Fs| ‘Z;])V:l A(kej+pey). Oyukruio f(s) = (A(s)—0,) - (B X Es)(8)
Ha30BeM ba.nanco6oti pyHnkuueir muoxkecrsa A.

Bynem rosoputhb, uro muoxkecrso A C Fy X Fy aBisiercss a—paBHOMEPHBIM,
OTHOCUTEHHO Gazuca (€1,€3), eciu ero GajaHcoBas (DYHKIUS —PaBHOMEPHA,
OTHOCHUTEJILHO 3TOro Hasuca.

Haie nepsoe npejioxkenne OTHOCUTCS K CATyaluu, Korja MHoxkecTBo A C
FEy X By gaBnsiercss —pasHoMepHbiLM, 0mHocumenvro basuca (€1, €s), a caMu MHO-
xectBa Fy, Fy SBISIOTCT Q—PaABHOMEPHBIMU 8 CMBLCAE onpedesenus 6.

Teopema 10. IIycmv mnoorcecmseo A npunadaeocum Ev X Eo u umeem
mowgnocmo |A| = O|Fy||Es|. Hyemw |Ey| = BN, |Es| = GoN u mmnoorce-
cmea By, By acamomea 107330324 3246132 pasromeprvimu. ITyems marsice A se-
NAETCA (L—PAGHOMEDPHBLM, OmHocumervro basuca (er,es), a = 10710854 N >

101006131 82) ™ w Y2, |6 — 8> < aBaN. Tozda A codeporcum yzorok.

B naparpade 2.3 Mbl paccmarpuBaeMm cuTyaluio kKorja mHoxkecrBo A C
Ey X Esy ne asasemes a—pasnomepnoim, a Fr, Eo npouseosvmol. B 3T0oM ciiydaem
CITPABE/IJINBO CJIE/IYIONIEE TTPEJIIOKEHHE.

Teopema 11. ITycmv mmoocecmeo A C Ey X Es, umeem mowmnocms |A| =
S| Er||Es|. ITyemv o > 0 deticmeumenvroe wucio u A He a—pasHomepHo, 0mHo-
cumenvro basuca (€1,€s). Toz2da cywecmesyrom muoocecmea G1 C Ey u Gy C Ey
ONA KOMOPBIL BHINONHEHO

[A((G1 x Ga)| > (64 277a™) |G, |Gy u (5)

|G1|,|Ga| > 27" min{| E1|, | Es|}. (6)

Haxomnerr, B mocyieiieM maparpade 2.4 Mbl JJOKa3bIBAEM CTPYKTYPHYIO TEOPEMY
O JIeKaPTOBbIX POU3BEJIEHUSX IJIOTHBIX 110 MHOXKeCTB [N].

Mgl OyjieM roBopHuTb, UYTO JAByMepHasi apudmerndecKas mporpeccusi P ecrb
npasusvoHull keadpam, ecim P = P X Py, tie P, P, oiHOMEPHBIE TPOTPECCUH C
OJINHAKOBBIMU PA3HOCTSIMKU U PABHOI MOIIHOCTH.

Teopema 12. ITycms 0 < € < § — nexomopoie wucaa u nycmo os) = KsP,
K € (0,1], p > 4. IHyemv mmoscecmeo W codeporcumesn 6 {1,..., N}, |W| =
SN2 u N > (Ca)~ V" o0e C = 210000 ¢ = 100p u cy = 27128, 4 o = afe).
Tozda cywecmeyrom npasusvivie keadpamor Pr, ..., Py C{1,..., N}? u pas6u-
enue W na muoorcecmea W N Py, ..., W N Py u B, daa xomopwxz 6vinosneno
1) s aob6oz0 i muootcecmeo W aeasemesn a(Sp (W))—pasromeprovim 6 npo-
epeccuu P;.
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2)  Jas aobozo 1 svinoaneno |W N Pl > ¢|P| u |P)| > N,
3) |B| < 4eN?.

3 31010 yTBEpKJICHWST BHITEKAET CJIE/IYIOIasi TeopeMa.

Teopema 13. [Tycmo Wy, Wy C Zy — nexomopuie muoscecmesa, |Wi| = 51N,
W5 = BN, ¢ € (0,1) nexomopoe wucno, a(s) = Ks?, K € (0,1], p > 4 u
a = a((B15s). Hpednorooscum, wmo muoocecmso A codeporcumes 6 Wi x Wo,
Al = S|Wi||[Wa| u N > (Ca®)~ MV 20 ¢ = 210000 ¢/ = 100p u
co = 27128 Tozda cywecmseyem makot npasusvuod keadpam P = Pp x P,
|P| > Ne u mnoscecmesa Ri,Ry, R € (W1 N P), Ry € (WyonN Py,
|Ry X Ro| > (B162|P|, obaadarowue caedyusumu ceoticmeamu : Ry, Ro aean-
romes o(0p, (R1))Y2, a(6p,(Ry))?pasnomeprvimu , coomeememeenno, 6 Py u
P2 u 5R1><R2(A) Z 0 — 4C

B nociejneit vactu naparpada 2.4 mbi 00bejunsiem reopembt 10, 11, 13 u ¢
MOMOIIBIO UTEPATUBHON MPOIEYyPhI JOKA3bIBAEM OCHOBHYIO TeopeMy 8.

ConepxkaHue rjaBbl 3.

B riaBe 3 Mbl ji0Ka3biBaeM ycuienue TeopeMbl 8 (cM. paboTer®’).

Teopema 14. Ilycmv § > 0, N > expexp(6~©), ¢ > 0 — wnexomopas
sfppermuenan xoncmanma u A C {1,...,N}* — npouseoavroe nodmmosce-
cmeo, mowgmocmu ne menvwie, wem ON?. Toeda A codeporcum mpotiky cuda

(k,m), (k+d,m), (k,m+d), 2de d > 0.

Takum obpazom nosyuena ouenka Bejmuunbl L(N) csepxy L(N) <
1/(loglog N, rue Cy = 1/c.

HokazaresibcTBo Teopembl 14 cojepxkurcs B naparpadax 3.2, 3.3, 3.4, 3.5 u
3.6.

[Taparpad 3.2 nocssiien cpoiicTaM MHOKecTB Bopa’®.

[Iycts N u d marypaabnble uucia, € > 0 — geiicrBurenbHoe ducyio n 6 =
(91;---;911) e T

Onpenenenune 3. Muoxecrsom Bopa A = Ay, y HazbIBaeTCS MHOKECTBO

MN-n={n€eZ]||n| <N, |nb;|| <emnaj=1,...,d}.

3 Ixpedos U. 1. 06 onmom o6obmernnn Teopembr Cemepenn // JIAH, 405, N 3, 315-319, 2005 ; Shkredov I. D.
On a Generalization of Szemerédi’s Theorem // Proceedings London Math. Soc., 93, N 3, 723-760, 2006.

38 Bourgain J. On triples in arithmetic progression // GAFA, 9, 1999, 968-984.
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Onpenenenne 4. Ilycts 0 < Kk < 1 — Hekoropoe uucjo. Muoxecrtpo Bopa
A = Ap. N HasbiBaerCst pezyaspnvim, ecaun st ioobix €' N, rakux 4ro

/ K / R
_ | < N-N|l<-2 N
e—el<igoat * | < 1004
BbBITIOJIHEHO A
R LR | S
[Ag e N

B pacore® 6nu1a moKazaHa TeMMa.

JIlemma 1. IIyems 0 < £ < 1 nexomopoe wucao v Ag . n muootcecmeo Bopa.
Tozda cywecmeyem napa (€1, N1) co ceolicmeamu

€ N
§<51<s u 5<N1<N

makasa, 4Y1Mo MHOHCECIBO0 BOpCL A9751’N1 ABAACTNCA PELYNAPHBIM.

Omnpenenenune 5. [lycts € € (0, 1] mexkoropoe ancio u Ag e, N, — MHOKECTBO
Bopa, 8 = (61, ...,604). Perynsiproe muoxecrso Bopa A" = Ay o v HasbiBaercs
e-conposovcdarowyum muoxecrsa A, ecoim 0 = (61,...,04,04:1,...,0441), k>0,
eep/2 < & < egy, eNy/2 < N' < eNy. U3 jiemmbl 1 BbITEKaeT CyNeCTBOBAHUE
TAKOI'O0 MHOYKECTBA.

B naparpade 3.3 Mbl jaem onpejenenne (o, €)-paBHOMEPHBIX MOJMHOXKECTB
MHOXKeCTB Bopa, a TakKe MHOXKECTB sIBJSIIOIIUXCsE (Qr, € )~PABHOMEPHBIME, OTHO-
CUTEJTHLHO TPSIMOYTOJbHON HOPMBI.

[Tycrs f — dyukius us @ B C npunmnmaromasi KOHEIHOE UNCJIO HEHYJIEBbIX

snadenuii. O6o3naunm vepes f(x) koadpduunenr Oypoe Gynkuun f
flz) =" f(s)e(—sz),
SEZ

_ 2mix

e e(x) = e ™",

Omnpenenienne 6. [Tycrr A — muoxecrso Bopa, @ C A, |Q| = 0|A|, a,e —
HEKOTOPbIe MOJIOKHUTeNbHbIe yncyaa u A ecth e—conpoBox jatoniee Muoxectsa A.
PaccMorpum MHOXKECTBO

B={meA|[[(@Qn (A +m)—5N +m)l > alA]}.

39 Bourgain J. On triples in arithmetic progression // GAFA, 9, 1999, 968-984.
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MuoxkecTBo () Ha3bIBAETCs (v, €) —PAGHOMEPHDILM, €CIII

|B| < alAl, (7)

|T1| S Sxem(@) = 3 < 0. ®)
meA

(Q@NA—=0AT |l < afAl. (9)

IIycrs Ay, As — muoxecrsa Bopa, € > 0 nekoropoe uuciao u A’ ectn e
conposoxk jatoiee Muoxkecrsa Aqj. Ilycrs rakxke Ep, EFy — HEKOTOPBIE OIMHOMXKE-
crBa A1, Ao, coorBercrenno, u |F1| = B1|A1|, By = o] As|.

Onpenenenne 7. Oyuknua f : A X Ay — D wnaswsaercs (o, e)-
PAGHOMEPHOTI, OMHOCUNEALHO NPAMOY2ONLHOTE HOPMBL, CCIII

IR ane =D D D D N (m—k =) (u—k —i) x

iEAleAQ k. m,u
Y N (k+r =) f(rm) f(r,u) < aBiB N A |7 (10)

O6osnaunm Muoxkectso A’ B dopmysie (10) uepes Aq(e).

Omnpenenerne 8. Ilycts A C Ey X Ey, |A| = 00102|A1]|A2|, 0 > 0u f(s) =
A(s) — 6(Ey x Ey)(s). Ilyers fi(s) = f(s1 4+ 1, s2)A'(s1), I € Ay. Pacemorpum

MHOXKeCTBO
B ={l€ At | |l fillvnne > aBIBIN () FIAP|Al}

Muoxectso A HazbiBaercs (v, aq, €) —paHOMEPHBIM, OTHOCUTEJILHO HPSIMOYTOJIb-
Hoit HOpMbI, ecan | B| < aq|A4].

[TepBoe npejioxkenue naparpada 3.3 OTHOCUTCH K CUTYallMK, KOIJIa MHOXKe-
crBo A C Ey X By ssusiercs (, aq, €) —pasHoMEPHBIM, OTHOCUTNEALHO TUPAMO-
Y20NbHOT HOPMbL, & camu MHOXKeCTBa [, Eoy sBisiiorcs (o, €)—pasHoMePpHbLMU B
cMbIcye onpejienenus 6.

[Tycrs A mekoropoe muoskectso Bopa, A = Ag., v, 0 € T u Ey, By C
A, By = Gi|A|, |Es| = B2|Al. Obosnauum uepes P j1ekapToBO MPOU3BEICHUE
E1 X EQ.
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Teopema 15. IIycmov mrnoocecmeo A npunadaeocum Fy X By u umeem mouy-
nwocmw |Al = O|Ey||Fs|. Myemv mmoocecmea Ey, By acasomen (ag,2710%) -
pasromeproimu, g = 272006%3838 o = (2710902 /(100d). IIycmo maxoice
A asasemes (o, o, €)—PasHOMEPHHIM, OMHOCUMEALHO NPAMOY20ALHOT HOPMOL,
a=27100§12 o =2775 u

1
log N; > 2% log — . (11)
£1¢€
Tozda A codeporcum mpotiky euda {(k,m), (k+d,m),(k,m+d)} ¢d#0.

[Tycts A C Ey X By ne cogepxkur tpoek suja {(k,m), (k+d,m), (k,m+d)}
¢ d # 0. B maparpade 3.4 Mbl JI0Ka3bIBaeM CJIEAYIOIIH pe3yibTar.

Teopema 16. [lycmv mmnooicecmeo A npunadsesrcum P, umeem mouynocmo

|A| = 0|Er||Es| u ne codeporcum mpoex suda {(k,m),(k + d,m),(k,m + d)}

d # 0. Iyemv mmoocecmea Ey, By sasasomen (ag, 27102) —pasnomepnvimu,
g = 272000596318 348 o — (2710042) /(100d), & = 27102

1
log N > 2% log — .
£0€

Tozda cyuecmeyem mmosicecmeo Bopa A u maxoti sexmop y = (y1,92) € 72,
umo ona mmoscecme Fy C Ey N (A+y1), Fo C EsN (A 4+ y9), svimoaneno

|Fi| > 2762 BN, |Fo| > 276 oA w (12)
5F1><F2 (A) >0+ 9500537 (13)
IIpu smom das A= Aé,é,]\? evinoaneno 0 = 0, > 27gy u N > 275N,

B jokazaresibcTBe MoCIeiHer0 yTBEP:K IeHNsT UCIIOIb3yeTCsi TeopemMa, 15.
Cdopmysinpem ocHOBHO# pe3ysibTaT naparpada 3.9.

Teopema 17. IIyemv A = A(0,e9, N) nexomopoe mmoscecmeo Bopa, 0 €
T u yeavdi sexmop s = (s1,82). Iycmo €,0,7,6 € (0,1) — sewecmeenvie
yucaa, Ey, Ey nexomopwe mnoocecmesa, F; = Gi|A|, i = 1,2, E = Fy x Ey
nodmmooscecmeo (A + s1) X (A+s2), A CE, 0g(A) =6+ 7 ue < k/(100d),
k= 2719(78,85)°03. Ilpednonrosicum maroice, wmo

N > (27 W0g) 2" () o) (14)

u o < 271978185, Toz0a cywecmeyem mmoscecmeo Bopa N = A0 &', N'),
0 € TP, D <2(78,3,) 9073 +d, & > (27%)Pgy, N' > (2719%)PN u yeawui

16



sexmop t = (t1,t2), max wmo das muoocecns Ef = (Ey —t1) NN, EYy = (B —
to) NN, E' = E{ X EY) svinoaneno

1) B > Ay N]/16;

2) B, E) aeamomen (0,€) — pasromeprvimu nodmmoscecmeamu N ;

3) 5E/<A—t) Z (5-|—7‘/16.

B nocsienaem maparpade riaaBbl 3 Mbl 00beiuHsieM Teopembl 16, 17 u ¢ momo-
IO UTEPATUBHON TPOLEAyPbhl JTOKa3biBaeM OCHOBHYIO Teopemy 14.

Copep>xaHue rjaBbl 4.

[Iycrs X — HekoTOpOE MHOMKECTBO ¢ CHIMa—aJredpoil ero moaMooxkects B.
Ilyctb Takxke T' — m3mepumoe, coxpaHsioliee Mepy i oTobpaxkenue X B cebs.
Beroay nuxke Gyjem caurars, uro u(X) = 1. Yersepka (X, B, u, T) nasbiBaet-
ca dunamuveckotl cucmemots ¢ unsapuarmmot mepot. XOpoIIo U3BECTHAsT TEO-
pema A. Ilyankape o Bozppamennn®’ yTBep»Kaaetr, 4To s BCAKOTO M3MEPHMO-
ro muoxkectBa I/ C X, pul/ > 0 cymecrByer HarypajabHoe n > 0 Takoe, 9TO
W ENT"E) > 0.

[Ipeanono:kum, JTOMOJHATEIBHO, YTO X — METPUUECKOe IPOCTPAHCTBO C MET-
pukoit d(-, ), a B — GopesieBckast curma—asredbpa. B srom ciyuae Teopema [Tyan-
Kape MOxKeT ObITh 1epedopMyIMpoBaHa CJIEAYIONIUM 00PA30M.

Teopema 18. [Tycms X — mempuueckoe npocmpancmeo ¢ mempukot d(-, -)

u p — obopenescras mepa wa X. Ilycmo T — omobpasicenue X 6 ceba, coxpana-
rousee mepy . Tozda das nowmu ecex moverx T € X 6uiN0ANENO

liminf d(T"z,2) =0. (15)

n—oo

Kak mbi ormeuann soime I @operentepr!! (em. Takxe?)

[Tyankape Ha ciydail HECKOJIbKUX CTeleHei oToopaskeHus 1.

000011111 TEOPEMY

Teopema 19. I[Tycmv X — npocmparcmeo ¢ cuzma—an2edbpoti U3MePUMDBLET
mmoorcecme B u p — mepa na X . Ilyemv T — omobpasicenue X 6 cebs, corpars-
owee mepy i, uk > 3. Toeda das 1100020 usmepumozo muoscecmesa E ¢ pl > 0
cywecmeyem namypasvroe n > 0 makoe, wmo

WENT"ENT En...nT-*nE)y >0,

10 [Tyanxape A. Hosble meronnl HebecHoit Mexanuku / Wsbpannbie Tpyapt. T. 2. M.: Hayka, 1972.

41 Furstenberg H. Ergodic behavior of diagonal measures and a theorem of Szemerédi on arithmetic progres-
sions // J. d’Analyse Math., v. 31, 204-256, 1977.

42 Furstenberg H. Recurrence in ergodic theory and combinatorial number theory / Princeton (N.J.), 1981 ;
Furstenberg H., Katznelson Y. and Ornstein D. The Ergodic Theoretical Proof of Szemerédi’s Theorem // Bull.
Amer. Math. Soc., v. 7, N.3, 527-552, 1982.
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Ecin X — merpuueckoe npocTpaHcTBoO, TO TeopeMa 19 MoxkeT ObITh nepedop-
MYJIMPOBaHA, CJIEJIYIOITIM 00Pa30M.

Teopema 20. ITycmv X — mempuueckoe npocmpancmeso ¢ mempurot d(-, )
u b — bopeaesckas mepa na X . ITycmo T — coxpansouwee mepy 1 omobpasicenue
X 6 cebsa u k> 3. Toeda das noumu ecex x € X

liminf max{d(T"z,z),d(T*"z,z),...,d(T* "z 2)} =0.

n—oo

B pabore®® . ®ropcrentepr n 9. Kannenbcon nepenecsn Teopemy 19 na ciy-
Yail HECKOJIBKUX KOMMYMuUpyrousux orodpakennit. Mul cchopmynnpyeMm ux Teope-
My B CIydae, Korga X siBJISETCS METPUUECKUM MPOCTPAHCTBOM.

Teopema 21. IIycmv X — mempuueckoe npocmparcmeo ¢ mempukoti d(-,-)
u p — bopenescran mepa mwa X . Ilyemv k> 2 u 11, Ts, ..., T, — coxpanarouwue
MePY b KommymupyrouLue omobpascenus X 6 ceba. Tozda daa nowmu ecexr x €
X 86inoaneno

liminf max{d(1{'z,x),d(Tyz,x),...,d(ITyz,z)} =0.

n—oo

dkpuBaseHTHOCTH TeopeMbl E. Cemepen Teopemam 19 wim 20 ObLIBI JOKa3a-
na [. ®opcrenbeprom™, 4o ykaspBaeT Ha TECHYIO CBA3b MEXKTY dPrOJUUICCKOl
Teopueil 1 KOMOMHATOPHBIMU 3ajiladaMi 00 apudMeTHnIecKux MPOrpecCusix.

[1aBa 4 110CBsilleHa KoAUYeCmeeH LM aclieKTaM BO3BpalliaeMocTu. B Heit Mbl
MOJIYYNM BEPXHUE U HUXKHUE OTEHKN CKOPOCTU KPATHOTO BO3BPAINEHUS JIJIsT MET-
PUYECKUX 1IPOCTPAHCTB ¢ KOHEUHOI xayc0pdosoii Mepoii. B pabore®® M. Boruep-
HUIAH JIOKa3aJl, 9T0 e B JuHamuueckoit cucreme (X, B, u, T, d) npocTpancTso
X objiajiaer KOHEYHOM xaycjiopdgoBoit Mepoit, To Teopema Ilyankape 18 moxer
OBITH 3HAYUTETHHO ycusaeHa (HUKe Mbl copMmyaupyeM Teopemy Borepaurana
6ostee crporo). Tlocsie 9T0ro pesysbrara BOSHUKAET eCTeCTBEHHBIH BOTPOC O MOJTY-
YEHUU aHAJIOI'MYHbIX YCUJIEHHbIX BapuaHTOB TeopeMm 20 u 21 jyist 1poCcTpaHCTB €
KOHEUHOI xayciopdoBoit Mepoii. B naparpade 4.2 Mbl IOJIyIUM TaKUe BapUaHTbI
auist reopembl 20 u gactuaHo Teopembl 21 (cayuait k = 2). Hamum pesysibrars
JIAIOT GeprHue ONEHKN CKOPOCTH KPAaTHOTO BO3BpalleHus. B maparpade 4.3 Mbl

43 Furstenberg H., Katznelson'Y., An ergodic Szemerédi theorem for commuting transformations // J.
d’Analyse Math., v. 34, 275-291, 1978.

4 Furstenberg H. Recurrence in ergodic theory and combinatorial number theory / Princeton (N.J.), 1981.

45 Boshernitzan M. Quantitative recurrence results // Inventiones mathematicae, 113, Fasc. 3, 1993, 617-631.
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HOJIYUUM HUMCHUE OLEHKH JIJIsi CKOPOCTH KPATHOIrO BO3BpalleHud. B cBoeM s10-
Ka3aTeabcTBe Mbl HpuMensieM onenku A. Bepenja u P. Pankuna juist BeJimunHbl
ap(N) (cMm. Teopemy 4 Bbiiie).

[Tpexie vem copmysimposaTh TeopeMy BolepHuliana 1 Halll OCHOBHOM pe-
3yJILTAT MBI JIAJINM HECKOJILKO ONpPEIe/eHU.

Pacemorpum mepy Hp(+) na X, onpejiesieHHyI0 Ciiejiy oM 0opa3om

H,(E) =lim H)(E) , (16)
0—0
e h(t) — neorpunaresbhas (h(0) = 0) HenpepbiBHAs Bo3pacraioiias (HyHKIU,
a H)(E) = inf{>_ h(d;)}, ryie inf 6epercst 110 e Goiee 4eM CHETHBIM TIOKPBITHAM
E orkpeiTeiMu MEOXKecTBaMu { B;}, diam(B;) = d; < 6.
Eciu h(t) = t¥, o noayvaem obbrunyio mepy Xayciaopda, Koropyro 0603HaIUM
aqepes Hy(+).

Buemnusisi mepa Hp(+) siBasiercss curMa—aJ/IUTUBHON Ha cUrMa—a/redpe MHO-
xkecrs, uamepumbix 110 Kapareogopu. Xopouo ussectno?®, uro sra curma—
aJiredpa CoJIEpXKUT Bce DOpeJIeBCKUEe MHOXKECTBA.

Byjiem rogoputh, uro mepbl i u Hj coenacosanvi, eciiv jirodboe (I—u3Mepumoe
MHOXKECTBO siBJisteTcst Hj,—m3mepuMbiM (B cMbiciie u3mepumoct o Kapareogopu).

Omnpenenenune 9. [lycts z € X. Yucno
C(z) = C"(z) := liminf{n - h(d(T"z,z))}

n—oo

Ha3bIBACTCA KOHCMAHMOT 6036paw,erHus TOUYKN .

B crarse?” M. Boiepuuiian 1mosydmsi 1epBblii KOJMYeCTBeHHbIH aHaJIor Teo-

pembl 18. [Toxoxkwmit pesysabrar HezaBucuMo jgokazas H.I. Momesurun B pabore®®.

Teopema 22. Ilyemv» X — — Mmempuueckoe npocmpancmeo, uMelouee
Hp(X) < o0, a T — omobpasicenue X 6 cebsa, corpansrousee mepy . Tycmo
maxorce mepoi b u Hy, coenacosanv. Tozda das noumu écex, ommocumesvmo me-
poi 1, mouek x us X ewvinoanerno C(x) < oo.

B pabore*® M. BomtepHuIian moyun psaj IpUIOKEeHHi TeopeMbl 22 K pasiind-

HBIM AuHaMudecknM cucremam. O nmpuioskeHnn TeopeMbl Borepruiiana K Teopun

IIEITHBIX Apobeil ¢M. cTaTbio™Y.

46 Bozanes B. H. Ocuopbl Teopunn Mepsl / Mocksa—Wikesck: HULL "Perynapras n XaoTudecKas AuHaMuKa",
2003.

47 Boshernitzan M. Quantitative recurrence results // Inventiones mathematicae, 113, Fasc. 3, 1993, 617-631.
48 Mowesumun H. I. 06 ommoit Teopeme Ilyankape // YMH, 53, som. 1, 1998, 219-220.
49 Boshernitzan M. Quantitative recurrence results // Inventiones mathematicae, 113, Fasc. 3, 1993, 617-631.

50 [TIxpedos H. JI. TIoBTOPSEMOCTD HEIOIHEIX UACTHBIX Y IEMHLIX Ipodeit // YMH, T. 57, N. 4, 2002, c. 189—
190.
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B crarne® b1 0KazaH pesysbTaT, HeCKOJILKO YCHIIHBAIONIH TeopeMy 22.

Teopema 23. [Iycmv X — mempuueckoe npocmpancmeo, uMeu,ee
Hp(X) < o0, a T — omobpasicenue X 6 cebs, coxpansowee mepy . Ipedno-
ao0orcum, mo mepos i u Hy coenacosanv. Toeda C(x) unmeepupyemasn (no mepe
1) pynryua u das 1106020 p—usmepumozo A 6vinoaneno

[ Cwan< ). (17

Ecau orce Hyp(A) =0, mo fA x)dp = 0 06e3 ycao6us co2AACOBAHHOCTIU MED [t
u Hy,.

Kpowme Toro, B 10it ke pabore ObLI 110JIy4eH Pe3yJibTaT O CKOPOCTH BO3Bpallie-
HUS JIJIS BIIOJIHE OTPAHUYEHHBIX METPUIECKUX IPOCTPAHCTB.

Omnpeneaenne 10. [Iycrs G — BuojHe OrpaHUYeHHOE HOJAMHOXKECTBO B X . €
- onmponuetdi muoxecrsa G (cienys A H. Kommoroposy®?) Hasbiaercs Beqmyn-
na H.(G,X) = logy N.(G, X) , tne No(G, X) - nanmenbliiee KOJMIECTBO TOUEK
KOTOPOE MOXKET ObITh B € - CETH STOI0 MHOXKECTBA.

O603na1um depe3 N (X) aucio N (X, X).

Onpenenenne 11. Bo3bMmeM 1npousBoJibHOE HaTypaJibHoe N u nycth € X.
Yucio

Cy(xz) =min{ d(T"z,z) | 1 <n < N}

HazoBeM /N — KOHCTaHTOM BO3BPAIIAEMOCTH JIJISI TOYKHU .

Teopema 24. [Iycmv X — 6noame 02paHuvennoe MEMPUIECKOE NPOCTPAH-
cmeo ¢ mempukoti d(-,-), dynkyueid N(z) = N,(X), diam(X) = 1 u T
omobpasicenue X 6 ceba, corpanauwee mepy [

IIyem» A C X — oboe p—usmepumoe mmostcecmeo u g(x) deticmsumens-
nasa neyovearowas Gynruug, ozpanuvennad wa [0,1], maxas wmo das awbozo
t € (0,1] cywecmeyem unmezpanr Crmurmoeca ftl Ny(z)dg(z),

2de Ny(z) = min(u(A), N.(A, X)/N). Tozda evnoaneno caedyrousee nepasen-
cmeo

/A 9(Cov(@))dp < nf{ (1 / Na()dg(2) }.

S IIxpedos H. /1. O Bosepamaemoctu B cpeinem // Mar. samerku, T. 72, Boim. 4, 2002, 625-632.
52 Koamozopos A. H. O HEKOTODBEIX aCHMITOTHYECKIX XaPaKTEPUCTHKAX BIOJIHE OrPAHHTIEHHBIX METPHICCKIX

upocrpauncts // JAH, Tom 108, 3, 1956.
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Bepuemcs K TeopemaM 19 u 21. B nmaparpade 4.2 Mbl JIoKa3blBaeM HEKOTOpbIE
UX KOJIMIECTBEHHBIC BAPUAHTHI.

[Iycrs S u R 1aBa xommymupyroujus 0TOOparkKeHns MpOCTPaHCTBa X, COXpa-
HSTIOITIE MEPY L.

Omnpenenenune 12. Ilycrs x € X. Hucmo
Csr(x) = C’QR(:L') = liminf {L"Y(n) - max{h(d(S"z,z)), h(d(R"z,z))}},

rie L7 (n) = 1/L(n), nasbiBaerca xoncmanmoti 00Moepemennozo (Ui Kpammo-
20) 6036pPAUWEHUA TOUKY T.

Teopema 25. I[lyemv» X — — Mmempuueckoe npocmpancmeo, uMeouee
Hp(X) < 0, a S, R - xommymupyrowue omobpasicerus X 6 cebs, corpamsi-
wue mepy . Ipednososicum, wmo mepw v u Hy coenacosanv. Toeda Cgp(x)
unmezpupyeman (no mepe p) Gynryua u o 4106020 p—-usmepumozo A 6vinoa-
HEHO

/ACS’R(SIJ)CZ,LL S Hh(A) . (18)

Ecau oce Hp(A) =0, mo [, Csp(x)dp = 0 bes ycaosus cozaacosannocmu mep
Mmou Hh.

[To anajioruu ¢ onpejesiennem 11 Mbl J1aJiMM OIPEJIeJeHIe KOHCTAHTDI BO3BPa-
AEMOCTH TOYKHU MOJ, JeUCTBUEM JBYX KOMMYTHUPYIOIUX OIEPATOPOB.

Onpenenenne 13. Bozbmem 1npousBoJibHOE HaTypaJsibHoe N u nyctb © € X.
Huco

C’]%R(x) = min{ max{d(S"z,z),d(R"z,z)} | 1<n <N }
HazoBeM N — KOHCTAHTON OJJHOBPEMEHHOI BO3BPAIIAEMOCTH JIJisl TOUKH .
Teopema 26. I[Tycmv X — 6noane ozpanuiennoe MEMPUIECKOE NPOCTNPAHC-
meo ¢ mempukot d(-,-), dynwyuei N(z) = N,(X), diam(X) =1 u S,R —
omobpasicerus X 6 ceba, corpanaouyue mepy (.

ITyemv» A C X — aoboe p—uamepumoe mroscecmeo u g(x) deticmeumenvhas me
yowearowas Pynruu, oepanuuennad wa [0, 1], maxas wmo das aobozo t € (0, 1]

cyuiecmeyem unmezpan Cmusmuoeca ftl Ny(2)dg(2),
2de Ny(z) = min(u(A), N.(A, X)L(N)). Tozda dan ecex namyparvnor N 6ovi-

NOAHEHO HEPABGEHCINEBO

[ (¥ i < mf{ glom(A) + [ Naz)dat) )
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Hrak, B Teopemax 22, 23, 24, 25, 26 nmorydeHbl BepxHue OMeHKHN JJIs HHTerpa-
g0 ot pyukuit C'(x) u Cg g(z). B naparpade 4.3 nosyaum nusrchue oneHKy jiist
(byHKITMI KpaTHOTO BO3BpAINEHUs B CJIydae KOIjia Ha IpocTpaHcTBe X JeficTByeT
HECKOJIbKO crerneneit oroopaxkenust 1. Tak kak crerenn orodbpaskenusi I KOMMY-
TUPYIOT, TO Mbl aBTOMATUYECKHU TOJyIaeM HIXKHIOIO OIEHKY (DYHKIUU KPATHOTO
BO3BPAIIEHUST W B CUTyallnn Korja Ha X JIeHCTBYeT HECKOJIbKO KOMMYTHUPYOIIX
O0TODpAYKEHMA.

Cdopmynmpyem ocHOBHOW pesysbrar naparpada 4.3.

[Tycrs k — dukcupoBannoe HarTypajbHoe dncio, k > 3. Ilyctb juist BCSIKO-
ro marypaibioro N sagano memycroe muoxecrso AN C Zy. e comepxkaiee
apudMeTnieckux nporpeccuit jumnsl k. O6o3nadnm miornocrs muoxecrsa AN
B Zx 1epe3 p(N), p(N) = |AN)|/N. Torma p(1) = 1. ITo teopeme E. Cemepesn
umeeM p(N) — 0, npu N — oo.

Teopema 27. ITycmo ¢ : N — RY — npoussorvras monomonno 603pacma-
rowyas Gynxyua, X = [0,1], p — mepa Jebeea na X u {ANIX_, — nocmpoen-
HaA éviuLe nocaedosamervHocms muostcecms. Toeda cyuecmeyem JuHaMUYECKAA
cucmema (X, B, u, T,d) maxas, wmo p u xaycdopdosa mepa Hi coznacosan,
H(X) =0, u daa noumu scex, omuocumesvno mepvi 1, mover T u3 X 6uno-
HEHO

imin Mmax "r,x 2y x (k=Dngy o
ln_mf {p(n) {d(T"z,x),d(T*"z,x),...,d(T , )}}21. (19)

Hanomunaem, uro gepe3 Hy mbl obo3Haudaem xaycaopdoBy mepy ¢ pyHKIuei

h(t) = t.

CaencrBue 1. I[Tycmv k — namypasvroe wucao, k > 3 ue > 0 — awoboe deti-
cmeumenvroe wucao. Tozda natidemca dunamuveckasn cucmema (X, B, pu, T, d),
X =[0,1], p — mepa Jlebeza, 1 u xaycdopdposa mepa Hy coznacosanv, Hi(X) =
0 u nosootcumenvras appexmuenas xoncmanma Cl, 3asucausas mosvko om k
Maxas, wmo a4 nowmu 6cex moyuex r € X 6vnoAHeHO

1
lim inf {ﬂ max{d(T"z,z),d(T*"z,z), ..., d(T* Vg, :L’)}} >1, (20)
2de p(n) = exp(—(1 4 &)Cr(logn)/+=1),

Metos, pa3BUTBHIN I JTIOKA3aTEIbCTBA OCHOBHOM TeopeMbl 27, MOXKeT ObITh
NPUJIOXKEH K M3ydeHnto GyHKIMN 0ObIaHOI (He KpaTHoii) Bosspaiaemoct C(z).
B naparpade 4.4 Mbl jl0Ka3bIBaEM CJIEJLYIONIUI PE3YJIbTaT.
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Teopema 28. Ilycmo f > 1 — awboe deticmsumenvroe wucro, X =
0,1] u o — wmepa Jlebeea na X. Toeda cywecmsyem uHaMUMECKas CUCMEMA
(X, B, 1, T,d) maxas, wmo p u xaycdopdosa mepa Hy cozaacosannv, Hi(X) =1
U OAA NOYMU BCET, OMHOCUMEALHO MePvl Jlebeza, movex © u3 X 6uinosHeHo

Cy(x) == lminf {n - f-d(T"z,z)} = 1. (21)

n—oo

CopepxxxaHue rjiaBbl 5.
[Iycrs N — marypasbnoe aucio. Ilycrs f : Zy — C — npoussosibHast HhyHK-
must. [Ipeodbpazosanue Oypoe dyuknun f 3agaercs dopmyioit

7o) =3 fme(=nr). (22)

neZn

rie e(z) = e 2™@/N Tna kospdunpmenros Oypwe dynxiun f cupaseyimso pa-

BeHCcTBO [lapceBass R
D IFEP =N DY fm). (23)

re€LN nely

[Iycrs O, — peiicrBurenbibie unciaa, 0 < a < 0 < 1 n nycrb A — HEKOTO-
poe MOJIMHOXKeCTBO Zy MotHoctn 0N. PaceMorpum muoosicecmeo Ry, boavuwiux
mpu2onomempureckur cymm A

Ra=TRa(A)={reZy : |A@)| >aN }. (24)

Bajiauy 0 uzydeHun crpykTypbl MuokecTB Rq(A) nocrasusn B.T. Tayspc B 0630-
53
pe’”.

B 2002 rogy M.~ Y. Yaur fokaszaja CIepyIOMuil pe3yabTaTot,

Teopema 29. IIycmv 6, — deticmsumenvrvie vucaa, 0 < a <6 <1, A —
npoussosvroe nodmmoosicecmso Ly mowmocmu ON u muoocecmeo R, onpedene-
no pasencmeom (24). Tozda natdemes mmoocecmeo A = {A1,..., A\ } C Zy,
Al < 2(6/a)?*1og(1/8) maroe, wmo ecawuii aaemenm r muoscecmea Ry nped-
CMABAAEMCA 6 BUIE

r = Z 52')\1' (mod N) , (25)

ede g; € {—1,0,1}.

®3Rough structure and classification // Geom. Funct. Anal., Special Volume - GAFA2000 "Visions in Math-
ematics", Tel Aviv, (1999) Part I, 79-117.
% Chang M.— C., A polynomial bound in Freiman’s theorem // Duke Math. J. 113 (2002) no. 3, 399-419.
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Paspupas noaxos 13> (cM. Takxke®®) Yanr npuioxKusia csoil pesyjabTar K Jo-
KazaresberBy TeopeMbl Opeitmana’®’ 0 MHOKECTBAX ¢ MaJeHbKoil cymMoii. JIpyrue
npusoxKenus TeopeMsl 29 mosmyuni B. ['pun B crarse®®. Bompoc o ¢cTpyKType MHO-
xKecra Ry, KOIJIa napaMerp o 0Jin30K K 0, usyqascs B paborax® 90 61 cum. rakoxe
0030p®2. B mpyroit pabote® B. ['pun mokasas, 9To B HEKOTOPOM CMBICJIE TEOPEMa
M.—Y. Hanr spisiercst TOUHOI.

Mu1 BuiM, 9TO pe3yabTaThl O CTPOCHUN MHOXKECTBa R, ABJIAIOTCS BayKHBIMU
T KoMOnHaTopHoit Teopun unces. B §5.2 nsiToil ryiaBel HacTosmel Juccepanim

Mbl JIOKA3bIBAEM CJIEJIYIOILYIO TEOPEMY.

Teopema 30. ITycmv §,a — dedicmsumenvnoie wucaa, 0 < a < 6, A — npo-
u360AvH0€ NoIMHoHcecmeo Ly mougnocmu ON |, k > 2 — wemmoe u MHoMCECMBO
R onpedenero pasencmeom (24). Hyemo maxoce B C R, \{0} — npoussosvnoe
mmoorcecmeo. Toeda seauruna

Ty(B) ::\{(rl,...,rk,r’h...,r;ﬁ)EB% C =14+ H(26)

HE MEHDWE, YEM
(504%

2%
W\B\ : (27)

Taxkum obpazom, Teopema 30 OKa3bIBAET, YTO MHOXKECTBO R, 00J1a1aeT CUJIb-
HOI a/I/IUTUBHON CTPYKTYPOIl.

[Tpumensis Texauky HopMm B.T. Tayapca (cm. craThio®), B ciemytomeM mapa-
rpade §5.3 MbI nojyuaem obodOIeHne reopeMbl 30 Ha CHCTEMBbI JIMHEHHBIX yPaB-
HEHUil.

I[Iycrs k — marypasbnoe uncio, d > 0 — nenoe. [lycrs A = (a;;) — marpuna

64)

5 Ruzsa I. Generalized arithmetic progressions and sumsets // Acta Math. Hungar., 65 (1994), 379-388.

%6 Bilu Y. Structure of sets with small sumset // Structure Theory of Sets Addition, Astérisque, Soc. Math.
France, Montrouge, 258 (1999), 77-108.

ST @petiman I. A. Ocnopanust CTPYKTYpPHOII Teopuu cjozkeHus MHoxkecTs / Kazamckuii roc. nes. uncr., Ka-
3aHb, 1966.

8 Green B. Arithmetic Progressions in Sumsets // Geom. Funct. Anal., 12 (2002) no. 3, 584-597.

¥ H0oun A. A. |/ Teopus unucen (nog pes. I.A. @peitvana, A.M. Py6unosa, E.B. Hosocenosa), Kayuuunckuit
roc. yuus., Mocksa (1973), 163-174.

60 Besser A. Sets of integers with large trigonometric sums // Astérisque 258 (1999), 35-76.

61 Lev V. F. Linear Equations over F, and Moments of Exponential Sums // Duke Mathematical Journal 107
(2001), 239-263.

2 Konyagin S. V., Lev V. F. On the distribution of exponential sums // Integers: Electronic Journal of Com-
binatorial Number Theory 0 # A01, (2000).

63 Green B. Some constructions in the inverse spectral theory of cyclic groups // Comb. Prob. Comp. 12
(2003) no. 2, 127-138.

64 Gowers W. T. A new proof of Szemerédi’s theorem // Geom. Funct. Anal. 11 (2001), 465-588.
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(27 k x (d + 1)), tie saementni (a;;) MaTpunpl A onpesenaoTes o dbopmyiie

(1,  eciu B apomunom paszyoxenun (j — 1) ma (i — 1)-om mecre crout 1
nl<j<2%,
a;; =4 —1, ecan B gBomunHOM pasznoxkenunu (j — 1) na (i — 1)-om mecre crour 1
n 29k < j <241
0, nHaue.

Hanomunaem, 4To JBOMTHOE pPAa3/IOKEHUE HATYDPATBHOTO THCJA 7 OMPEeIAeT
no npasuiy n =y n;- 271 rne i > 1un; € {0,1}.

Teopema 31. IIycmv 0, — deticmsumenvhvie wucia, 0 < a < o, A —
npoussosvHoe nodmmoncecmeo Ly mowmocmu ON, k — namypasvroe wucao,
d > 0 — yeaoe u muooscecmeo R, onpedeneno pasencmeom (24). Ilyemv makoice
B C Ry \{0} — npoussorvroe mnoocecmeso. Pacemompum cucmemy ypasrenud

2d+1k

> ayr;=0, i=1,2,...,d+1, (28)

j=1

ede anemenmul (a;;) mampuyn, A = (a;j), onpedesenvi dopmyaoti eviwe u 6ce
r; € B. Toeda wucao pewenuti cucmemo, (28) ne menvuie, wem

dak ok 2
(rgle) 29

B naparpade 5.4 Mbl 110JlydaeM HECKOJIbKO 1PUJIoKeHuit Teopembl 30 K 3a/1a-
JaM KOMOWHATOPHOW Teopuu duces. Mbl BeIBoJ UM 13 TeopeMbl 30 1 HepaBeHCTBA
B. Pynuna% reopemy M.~ Y. Yanr. Bojiee Toro, Mbl JI0Ka3bIBAEM PE3YIILTAT, YCH-
JIUBaONUil Teopemy 29.

Teopema 32. ITycmv N — namypaavroe wucro, (N,2) = 1, §,a — deii-
cmeumenvhoie wucsa, 0 < a < § < 1/16, A — npoussosvroe nodmmostcecmeo
Zy mowmocmu ON u mmooscecmeo R, onpedeaeno pasencmeom (24). Tozda cy-
wecmeyem muoorcecmeo N* C Zy,

|A*] < max(2'%(6/a)*log(1/6), 2°log?(1/6)) (30)

maxkoe, wmo daa aobozo evivemna 1 € R, cywecmeyem nabop Ai, ..., Ny u3 ne
bonee, wem 8log(1/9) anemenmos N* maxot, wmo

M
r= Zsi)\;‘ (mod N), (31)
i=1

85 Rudin W. Fourier analysis on groups / Wiley 1990 (penpunT uznanus 1962 roga).
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ede g; € {—1,0,1}.
Kpome moeo, ecau wucao N — npocmoe, mo natidemcs muoorcecmeo A C Zy,

[A] < 2"%(6/)* log(1/0) log log(1/9) (32)

makoe, wmo oas 4106020 euwema T € Ry cywecmeyem wabop A, ..., Ay u3 He
bonee, wem 8log(1/6) anemenmos A maxot, wmo

r= Zgi:\i (mod N), (33)

i=1
ede g; € {—1,0,1}.

B Tom ke maparpade MbI moJyuaeM npusiokenue TeopeMbl 30 K yKe yImoMsi-
Hapieiica Teopeme Opeiimana.

[Tycrs K — npoussosibaoe nojgmuoxkectso Zy u € € (0,1) — soboe jeiicru-
TesibHoe uncio. Muoocecrneom Bopa B(K, €) 6 Zy Ha3bIBaeTCst MHOXKECTBO

B(K,e) ={x € Zy : H%H < e, s Beex r € K},

e ||-|| — osnauaer nesyio gacth geiictBuTesbHOrO Yncaa. O CBOHCTBAX MHOXKECTB
Bopa cM. crarsiof.

Teopema 33. IIycmv N — namypasvroe wucao, (N,2) =1, 0 < § < 2726
— deticmeumenvroe wucio u A — npouseosvroe nodmmoscecmeo Zy, |Al = IN.
Toz0a 2A—2A codepoicum mmosicecmso Bopa B(K, €), 2de | K| < 21°57log(1/6)

ue=1/(2%log(1/6)).

Couckaresb CIuTaeT CBOUM MPHUITHBIM JIOJTOM B MEPBYIO OUepeib Mo0JIaro-
JIapUTh JIOKTOpa (pusnKo-MareMaTuieckux Hayk, npodeccopa H. . Momesuruna
3a MMOCTOSHHBIN WHTEpeC 1 BHUMaHKe K paboTte. Kpome Toro, conckaresb Oaroia-
put akajgemuka PAH, npodeccopa 1. B. Anocosa n 1i.—xopp. PAH, nmpodeccopa
FO. B. HecrepeHnko 3a HEOJHOKPATHYIO TOMOIIb M IOJJIEPKKY, 8 TaK¥Ke JIOKTO-
pa PpU3MKO-MaTeMaTuuecKux HaykK, npodeccopa B. B. PbikukoBa 3a psiji IEHHBIX
3aMeYaHU.

% Bourgain J. On triples in arithmetic progression // Geom. Funct. Anal. 9 (1999), 968-984.
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