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Îáùàÿ õàðàêòåðèñòèêà ðàáîòû.Àêòóàëüíîñòü òåìû.Èçó÷åíèþ ìàòåìàòè÷åñêèõ âîïðîñîâ, êàñàþùèõ-ñÿ óðàâíåíèé âÿçêîé ñæèìàåìîé æèäêîñòè, ïîñâÿùåíî ìíîãî ðàáîò êàê ðîñ-ñèéñêèõ, òàê è çàðóáåæíûõ àâòîðîâ. Îäíîé èç ïåðâûõ â ýòîé îáëàñòè áûëàðàáîòà ß.È. Êàíåëÿ 1, â êîòîðîé èññëåäîâàëàñü çàäà÷à Êîøè äëÿ îäíîìåð-íîãî íåñòàöèîíàðíîãî äâèæåíèÿ âÿçêîãî ñæèìàåìîãî ãàçà â ïåðåìåííûõËàãðàíæà:
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q(t, 0) = q(t, 1) = 0, σ(t, 0) = σ(t, 1) = 0, (4)ëèáî óðàâíåíèÿ (1)�(3) ðàññìàòðèâàþòñÿ íà âñåé ïðÿìîé. Çäåñü e = e(v, θ)� âíóòðåííÿÿ ýíåðãèÿ, σ = −p(v, θ) + µ(v)ux � òåíçîð íàïðÿæåíèÿ, q =

q(v, θ, θx) � òåïëîâîé ïîòîê, θ � àáñîëþòíàÿ òåìïåðàòóðà, p � äàâëåíèå,
µ(v) � âÿçêîñòü.1Êàíåëü ß.È. Îá îäíîé ìîäåëüíîé ñèñòåìå óðàâíåíèé îäíîìåðíîãî äâèæåíèÿ ãàçà//Äè�. óðàâíå-íèÿ � 1968. �ò. 4, �4, ñ. 374-380. 1



À.Â. Êàæèõîâ 2,3, A.A. Amosov 4, C.M. Dafermos 5, T. Nagasawa 6 äîêà-çàëè ãëîáàëüíîå ñóùåñòâîâàíèå ñèëüíûõ ðåøåíèé çàäà÷è (1)�(3) ñ íà÷àëü-íûìè óñëîâèÿìè ïðè ðàçëè÷íûõ ïðåäïîëîæåíèÿõ íà �óíêöèè e, σ, q.Èçó÷åíèþ ïîâåäåíèÿ ðåøåíèÿ ïðè t → ∞ ñèñòåìû (1)�(3) òàêæå ïî-ñâÿùåíî ìíîãî ðàáîò. Ñ.Í. Àíòîíöåâ 7, E. Feireisl 8 è S. Jiang 9 èññëåäî-âàëè ïîâåäåíèå ïðè áîëüøèõ âðåìåíàõ ñèëüíîãî ðåøåíèÿ çàäà÷è Êîøè èíà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû (1)�(3) ñ ãðàíè÷íûìè óñëîâèÿìè (4).Â ñëó÷àå ãðàíè÷íûõ óñëîâèé
q(t, 0) = q(t, 1) = 0, σ(t, 0) = σ(t, 1) = −R(t) < 0,ãäå R(t) � çàäàííàÿ �óíêöèÿ, ïîâåäåíèå ðåøåíèÿ ïðè áîëüøèõ âðåìåíàõèçó÷àë B. Duomet 10.�ëîáàëüíîå ñóùåñòâîâàíèå ñëàáîãî ðåøåíèÿ è åãî ïîâåäåíèå ïðè áîëü-øèõ âðåìåíàõ èññëåäîâàëèñü òàêæå äëÿ ìíîãîìåðíûõ óðàâíåíèé âÿçêîéñæèìàåìîé æèäêîñòè. Îäíàêî âîïðîñû ñóùåñòâîâàíèÿ ãëîáàëüíîãî ñèëü-íîãî ðåøåíèÿ â ñëó÷àå òåïëîïðîâîäíîãî ãàçà è åäèíñòâåííîñòü ñëàáîãî ðå-øåíèÿ ïðè áîëüøèõ íà÷àëüíûõ äàííûõ îñòàþòñÿ îòêðûòûìè.Â ñëó÷àå äîñòàòî÷íî ìàëûõ íà÷àëüíûõ äàííûõ ñóùåñòâîâàíèå ãëîáàëü-íîãî ñèëüíîãî è ñëàáîãî ðåøåíèé è ñõîäèìîñòü ê ñîîòâåòñòâóþùåìó ñòàöè-2Êàæèõîâ À.Â. Òåîðèÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèé îäíîìåðíîãî íåñòàöèîíàðíîãî äâè-æåíèÿ âÿçêîãî òåïëîïðîâîäíîãî ãàçà//Êðàåâ. çàäà÷è äëÿ óðàâí. ãèäðîäèíàìèêè, Äèí. ñïëîø. ñðåäû.� 1981. � ò. 50, ñ. 37-62.3Êàæèõîâ À.Â., Øåëóõèí Â.Â. Îäíîçíà÷íàÿ ðàçðåøèìîñòü "â öåëîì"ïî âðåìåíè íà÷àëüíî-êðàåâûõçàäà÷ äëÿ îäíîìåðíûõ óðàâíåíèé âÿçêîãî ãàçà//Ïðèêë. ìàòåì. è ìåõàíèêà. � 1977. � ò. 41, ñ. 282-291.4Amosov A.A. The existene of global generalized solutions of the equations of one-dimensional motionof real visous gas with disontinuous data//Di�. Eqs. � 2000. � V. 36, pp. 540-558.5Dafermos C.M. Global smooth solutions to the initial-boudary value problem for the equations ofone-dimensional nonlinear thermovisoelastiity//SIAM J. Math. Anal. � 1982. � V. 13, pp. 397-408.6Nagasawa T. On the one-dimensional motion of the polytropi ideal gas no-�xed on the boundary//J.Di�. Eqs. � 1986. � V. 65, pp. 49-67.7Antontsev S.N., Kazhihov A.V. and Monakhov V.N. Boundary Value Problems in Mahanis ofNonhomogeneous Fluids// North-Holland, Amsterdam, New York. � 1990.8Feireisl E. and Petzeltova H. Unonditional stability of stationary �ows of ompressible heat-onduting�uids by large external fores//J. Math. Fluid Meh. � 1999. � V. 1, pp. 168-186.9Jiang S. Large-time behavior of solutions to the equations of a one-dimensional visous polytropi idealgas in unbounded domains//Comm. Math. Phys. � 1999. � V. 200, pp. 181-193.10Duomet B. Asymptoti behaviour for a non-monotone �uid in one dimension: The positive temperaturease//Math. Meth. Appl. Si. � 2001. � V. 24, pp. 543-559.2



îíàðíîìó ðåøåíèþ ïðè t → ∞ äîêàçàíû, íàïðèìåð, â ðàáîòàõ D. Ho� 11è A. Matsumura, T. Nishida 12. Â ñëó÷àå áîëüøèõ íà÷àëüíûõ äàííûõ ñèòó-àöèÿ çíà÷èòåëüíî ñëîæíåå. Òåì íå ìåíåå P.-L. Lions 13 óñòàíîâèë ãëîáàëü-íîå ñóùåñòâîâàíèå ñëàáîãî ðåøåíèÿ äëÿ ñèñòåìû óðàâíåíèé, îïèñûâàþùèõäâèæåíèå àäèàáàòè÷åñêîé æèäêîñòè:
∂tρ + div(ρu) = 0,

∂t(ρu) + div(ρu ⊗ u) + a ▽ (ργ) = µ∆u + (ζ + µ) ▽ divu,ïðè γ ≥ 3d
d+2 è ðàçìåðíîñòè d = 2, 3. Çäåñü a > 0 � ÷èñëî, ζ � âòîðîé êî-ý��èöèåíò âÿçêîñòè. E.Feireisl è H. Petzeltova 14 îáîáùèëè ðåçóëüòàò P.-L.Lions íà ñëó÷àé γ > d

2 , d = 2, 3. Ïîâåäåíèå ïðè áîëüøèõ âðåìåíàõ ãëîáàëü-íîãî ñëàáîãî ðåøåíèÿ ýòîé ñèñòåìû èññëåäîâàëîñü, íàïðèìåð, â ðàáîòàõB. Duomet 15, J. Neustupa 16.Èçó÷åíèå ïîâåäåíèÿ ïðè áîëüøèõ âðåìåíàõ ðåøåíèÿ íåëèíåéíûõ óðàâ-íåíèé âÿçêîé ñæèìàåìîé æèäêîñòè, â ÷àñòíîñòè, èçó÷åíèå èõ óñòîé÷èâî-ñòè, ìîæåò áûòü ñâåäåíî ê èññëåäîâàíèþ ñïåêòðàëüíûõ ñâîéñòâ îïåðàòî-ðà, îïèñûâàåìîãî ëèíåàðèçîâàííûìè ñòàöèîíàðíûìè óðàâíåíèÿìè. Âî âñåõðàáîòàõ, óïîìÿíóòûõ âûøå, ëèíåàðèçàöèÿ ïðîâîäèëàñü íà ïîñòîÿííîì ðå-øåíèè (u0, ρ0), íå çàâèñÿùåì îò x, ÷òî ïðèâîäèò ê ñòàöèîíàðíûì äè��å-ðåíöèàëüíûì óðàâíåíèÿì ñ ïîñòîÿííûìè êîý��èöèåíòàìè. Ñïåêòðàëüíàÿçàäà÷à äëÿ òàêèõ óðàâíåíèé ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ôóðüå ñâîäèòñÿ êèññëåäîâàíèþ ñïåêòðà ìàòðèöû, ñì. M.R. Levitin 17, M. Nunez 18. Â äèññåð-11Ho� D. Strong onvergene to global solutions for multidimensional �ows of ompressible, visous �uidswith polytropi equations of state and disontinuous initial data//Arh. Rat. Meh. Anal. � 1995. � V. 132,pp. 1-14.12Matsumura A., Nishida T. The initial value problem for the equations of motion of visous and heat-ondutive gases//J. Math. Kyoto Univ. � 1980. � V. 20, pp. 67-104.13Lions P.-L. Mathematial Topis in Fluid Mehanis, Vol. 2 � Oxford Siene Publi., Clarendon Press.:Oxford, 1998.14Feireisl E. and Petzeltova H. Unonditional stability of stationary �ows of ompressible heat-onduting�uids by large external fores//J. Math. Fluid Meh. � 1999. � V.1, pp. 168-186.15Duomet B. Hydrodynamial models of gaseous stars//Rev. Math. Phys. � 1996. � V.8, pp. 957-1000.16Neustupa J. Seleted Topis in the Theory of Stability, Vol.3 � CTU Reports, Czeh tehnial universityin Prague: Praha, 1999.17Levitin M.R. Vibrations of visous ompressible �uid in bounded domains: spetral properties andasymptotis//Asimptoti Analysis. � 1993. � V.7, pp. 15-34.18Nunez M. Spetral analysis of visous stati ompressible �uid equilibria//J. Phys. A: Math. Gen. �3



òàöèè èññëåäóåòñÿ ñïåêòð ñòàöèîíàðíûõ ìîäåëüíûõ óðàâíåíèé, ñâÿçàííûõñ îïèñàíèåì òå÷åíèÿ âÿçêîé ñæèìàåìîé æèäêîñòè, íî ñ ïåðåìåííûìè êî-ý��èöèåíòàìè.Ñïåêòðàëüíûå çàäà÷è äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïåðå-ìåííûìè êîý��èöèåíòàìè � ýòî îáøèðíàÿ îáëàñòü ìàòåìàòè÷åñêîé �è-çèêè, êîòîðàÿ óæå ñòàëà êëàññè÷åñêîé. Ïîäðîáíûé èñòîðè÷åñêèé îáçîðýòîé îáëàñòè, ïî íàøåìó ìíåíèþ, ïðèâîäèòü íåöåëåñîîáðàçíî, òàê êàê ìíî-ãèå åå ðàçäåëû (òåîðèÿ ñàìîñîïðÿæåííûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ,àññèìïòîòèêà ñïåêòðàëüíîé �óíêöèè è äðóãèå) íå èìåþò ïðÿìîãî îò-íîøåíèÿ ê äèññåðòàöèè. Îäíàêî, ìû íå ìîæåì íå îòìåòèòü ðàáîòóÌ.Â. Êåëäûøà 19, èç êîòîðîé âûðîñëà âñÿ ñîâðåìåííàÿ òåîðèÿ íåñàìîñî-ïðÿæåííûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ (ñì., íàïðèìåð, È.Ö. �îõáåðã,Ì.�. Êðåéí 20, Ì.Ñ. Àãðàíîâè÷ 21). Â äèññåðòàöèè îñíîâíûì àïïàðàòîìäëÿ èññëåäîâàíèÿ ñïåêòðàëüíîé çàäà÷è ÿâëÿåòñÿ ìåòîä ïñåâäîäè��åðåí-öèàëüíûõ îïåðàòîðîâ. Ïîýòîìó ìû äîëæíû îòìåòèòü, ÷òî òåîðèÿ ïñåâäî-äè��åðåíöèàëüíûõ îïåðàòîðîâ øèðîêî èñïîëüçîâàëàñü ïðè èññëåäîâàíèèñïåêòðà ñàìîñîïðÿæåííûõ è íåñàìîñîïðÿæåííûõ îïåðàòîðîâ (ñì., íàïðè-ìåð, Ë. Õåðìàíäåð 22, Ì.Ñ. Àãðàíîâè÷ 21, Ì.À. Øóáèí 23).Â äèññåðòàöèè ðàññìàòðèâàþòñÿ ñòàöèîíàðíûå ìîäåëüíûå óðàâíåíèÿ,ñâÿçàííûå ñ îïèñàíèåì òå÷åíèÿ âÿçêîé ñæèìàåìîé æèäêîñòè, çàäàííûå â
Rd, d = 2, 3, ñ ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè. Áåðåòñÿ ëèíåàðèçàöèÿýòèõ óðàâíåíèé íà çàäàííîì ñòàöèîíàðíîì ðåøåíèè (u(x), ρ(x)), çàâèñÿùåìîò x. Îíà ïðèâîäèò ê ñèñòåìå óðàâíåíèé ñ ïåðåìåííûìè êîý��èöèåíòà-ìè. Èññëåäóåòñÿ ñòðóêòóðà ñïåêòðà îïåðàòîðà, îïèñûâàåìîãî ïîëó÷åííû-ìè óðàâíåíèÿìè ñ ïåðåìåííûìè êîý��èöèåíòàìè. Äîêàçàíî, ÷òî ñïåêòð2001. � V. 34, pp. 4341-4352.19Êåëäûø Ì.Â. Ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå �óíêöèè äëÿ íåêîòîðûõ êëàññîâ íåñàìîñî-ïðÿæåííûõ óðàâíåíèé//ÄÀÍ ÑÑÑ�. � 1951. � ò. 77 � 1, ñ. 11-14.20�îõáåðã È.Ö., Êðåéí Ì.�. Ââåäåíèå â òåîðèþ ëèíåéíûõ íåñàìîñîïðÿæåííûõ îïåðàòîðîâ â ãèëü-áåðòîâîì ïðîñòðàíñòâå. � Ì.: Íàóêà, 1965.21Àãðàíîâè÷ Ì.Ñ. Ýëëèïòè÷åñêèå îïåðàòîðû íà çàìêíóòûõ ìíîãîîáðàçèÿõ. Äè��åðåíöèàëüíûåóðàâíåíèÿ ñ ÷àñòíûìè ïðîèçâîäíûìè. Èòîãè íàóêè è òåõíèêè. ò. 63. � Ì.: ÂÈÍÈÒÈ, 1990, . 5-129.22Õåðìàíäåð Ë. Àíàëèç ëèíåéíûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ ñ ÷àñòíûìè ïðîèçâîäíûìè, Òîì3: Ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû. � Ì.: Ìèð, 1987.23Øóáèí Ì.À. Ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû è ñïåêòðàëüíàÿ òåîðèÿ. � Ì.: Äîáðîñâåò, 2003.4



îïåðàòîðà ëåæèò â äîïîëíåíèè ê íåêîòîðîìó ñåêòîðó S, ò.å. â C\S. Êðîìåòîãî, óñòàíîâëåíà äèñêðåòíîñòü ñïåêòðà â îáëàñòè C\S âñþäó, êðîìå îò-ðåçêà, íà êîòîðîì ñïåêòðàëüíàÿ çàäà÷à òåðÿåò ñâîéñòâî ýëëèïòè÷íîñòè ïîÄóãëèñó-Íèðåíáåðãó. Òàêæå óñòàíîâëåíà îöåíêà ðåçîëüâåíòû, êîãäà ñïåê-òðàëüíûé ïàðàìåòð ëåæèò â ñåêòîðå S. Èññëåäîâàíèå ñïåêòðà ïîäîáíîãîîïåðàòîðà ñ ïåðåìåííûìè êîý��èöèåíòàìè è äîêàçàòåëüñòâî îöåíêè ðå-çîëüâåíòû ðàíåå íå ïðîâîäèëèñü.Öåëü ðàáîòû. Öåëüþ äèññåðòàöèè ÿâëÿåòñÿ èññëåäîâàíèå ñïåêòðà îïå-ðàòîðà, îïèñûâàåìîãî ìîäåëüíûìè ñòàöèîíàðíûìè ëèíåàðèçîâàííûìè óðàâ-íåíèÿìè âÿçêîé ñæèìàåìîé æèäêîñòè, è äîêàçàòåëüñòâî ñåêòîðèàëüíîñòèîïåðàòîðà.Îñíîâíûå ìåòîäû èññëåäîâàíèÿ. Â äèññåðòàöèè èñïîëüçóåòñÿ àï-ïàðàò ïñåâäîäè��åðåíöèàëüíûõ îïåðàòîðîâ, îáùàÿ òåîðèÿ íåñàìîñîïðÿ-æåííûõ ëèíåéíûõ îïåðàòîðîâ.Íàó÷íàÿ íîâèçíà. Îñíîâíûå ðåçóëüòàòû ðàáîòû ÿâëÿþòñÿ íîâûìè èñîñòîÿò â ñëåäóþùåì:
• äîêàçàíî, ÷òî ñïåêòð îïåðàòîðà, îïèñûâàåìîãî ìîäåëüíûìè ëèíåàðè-çîâàííûìè ñòàöèîíàðíûìè óðàâíåíèÿìè âÿçêîé ñæèìàåìîé æèäêî-ñòè ñ ïåðåìåííûìè êîý��èöèåíòàìè, ëåæèò â äîïîëíåíèè ê íåêî-òîðîìó ñåêòîðó S, ò.å. â C\S, ïðè÷åì â îáëàñòè (C\S)\[a, b] ñïåêòðäèñêðåòåí, ãäå a, b ∈ R, a, b > 0;
• ïîëó÷åíà îöåíêà ðåçîëüâåíòû îïåðàòîðà, îïèñûâàåìîãî ìîäåëüíûìèëèíåàðèçîâàííûìè ñòàöèîíàðíûìè óðàâíåíèÿìè âÿçêîé ñæèìàåìîéæèäêîñòè ñ ïåðåìåííûìè êîý��èöèåíòàìè, êîãäà ñïåêòðàëüíûé ïà-ðàìåòð ïðèíàäëåæèò ñåêòîðó S.Òåîðåòè÷åñêàÿ è ïðàêòè÷åñêàÿ öåííîñòü. �àáîòà íîñèò òåîðåòè-÷åñêèé õàðàêòåð. Ïîëó÷åííûå ðåçóëüòàòû ìîãóò áûòü èñïîëüçîâàíû äëÿèññëåäîâàíèÿ ïîâåäåíèÿ ðåøåíèé ïðè t → ∞ ñîîòâåòñòâóþùèõ íåñòàöèî-íàðíûõ óðàâíåíèé, à òàêæå â âîïðîñàõ ñòàáèëèçàöèè ýòèõ óðàâíåíèé.5



Àïðîáàöèÿ. Îñíîâíûå ðåçóëüòàòû äèññåðòàöèè äîêëàäûâàëèñü íåîä-íîêðàòíî íà ñåìèíàðàõ â Ì�Ó ïîä ðóêîâîäñòâîì ïðî�åññîðà À.Â. Ôóðñè-êîâà (2004 �2008) è â Èíñòèòóòå Âû÷èñëèòåëüíîé Ìàòåìàòèêè �ÀÍ(2006);íà ñåìèíàðå ïîä ðóêîâîäñòâîì ïðî�åññîðà Å.Â. �àäêåâè÷à â Ì�Ó(2007);íà ñåìèíàðå ïîä ðóêîâîäñòâîì ïðî�åññîðà Þ.À. Äóáèíñêîãî â ÌîñêîâñêîìÝíåðãåòè÷åñêîì Èíñòèòóòå (2007), íà Ìåæäóíàðîäíîé êîí�åðåíöèè "Ma-thematial Hydrodynamis"ÌÈÀÍ (èþíü 2006), íà Âñåðîññèéñêîé êîí�å-ðåíöèè "XXVIII Êîí�åðåíöèÿ ìîëîäûõ ó÷åíûõ ìåõàíèêî - ìàòåìàòè÷åñêî-ãî �àêóëüòåòà Ì�Ó" (àïðåëü 2006), íà Âñåðîññèéñêîé êîí�åðåíöèè "Ëîìî-íîñîâ -2006" (àïðåëü 2006), íà Ìåæäóíàðîäíîé êîí�åðåíöèè "Äè��åðåí-öèàëüíûå óðàâíåíèÿ è ñìåæíûå âîïðîñû" , ïîñâÿù¼ííîé È.�. Ïåòðîâñêî-ìó, Ì�Ó (ìàé 2007); íà Âñåðîññèéñêîé êîí�åðåíöèè "Ñîâðåìåííûå ìåòîäûòåîðèè �óíêöèé è ñìåæíûå ïðîáëåìû" , Âîðîíåæ (�åâðàëü 2007); â Êðûì-ñêîé îñåííåé ìàòåìàòè÷åñêîé øêîëå-ñèìïîçèóìå , Êðûì (ñåíòÿáðü 2007); âØêîëå-ñåìèíàðå "Íåëèíåéíûé àíàëèç è ýêñòðåìàëüíûå çàäà÷è" , Èðêóòñê(èþíü 2008).Ïóáëèêàöèè. Ïî òåìå äèññåðòàöèè îïóáëèêîâàíî 8 ïå÷àòíûõ ðàáîò
[1 − 8]. Ïóáëèêàöèé íàïèñàííûõ â ñîàâòîðñòâå íåò.Îáúåì è ñòðóêòóðà ðàáîòû. Äèññåðòàöèÿ ñîñòîèò èç òðåõ ãëàâ, ðàç-áèòûõ íà ïàðàãðà�û, è ñïèñêà ëèòåðàòóðû. Ïîëíûé îáúåì äèññåðòàöèè �97 ñòðàíèö, áèáëèîãðà�èÿ âêëþ÷àåò 57 íàèìåíîâàíèé.Êðàòêîå ñîäåðæàíèå äèññåðòàöèè.�àññìàòðèâàåòñÿ ñòàöèîíàðíàÿ ìîäåëüíàÿ çàäà÷à, ñâÿçàííàÿ ñ îïèñàíè-åì òå÷åíèÿ âÿçêîé ñæèìàåìîé æèäêîñòè:

µ

ρ(x)
∆u(x)− 1

ρ(x)
▽ p(ρ(x)) = f(x), (5)

−ρ(x)divu = 0, (6)ãäå x = (x1, . . . , xd) ∈ Rd, d = 2, 3, µ > 0 � êîý��èöèåíò âÿçêîñòè,
∆ =

d∑

j=1

∂2

∂x2
j

, ▽ =

(
∂

∂x1
, . . . ,

∂

∂xd

)

,6



íåèçâåñòíûìè �óíêöèÿìè ÿâëÿþòñÿ ñêîðîñòü æèäêîñòè u(x) = (u1(x), . . . ,

ud(x)) è ïëîòíîñòü ρ(x) > 0, à çàäàííûìè �óíêöèÿìè ÿâëÿåòñÿ ñèëà f(x) =

(f1(x), . . . , fd(x)) è äàâëåíèå p(ρ) ∈ C1(0,∞), ïðè÷åì p′(ρ) ëèáî ñòðîãî ïî-ëîæèòåëüíà, ëèáî ñòðîãî îòðèöàòåëüíà. Âñå �óíêöèè â (5), (6) óäîâëåòâî-ðÿþò ïåðèîäè÷åñêèì êðàåâûì óñëîâèÿì ïî xj ñ ïåðèîäîì 2π. Ýòî ýêâèâà-ëåíòíî ïðåäïîëîæåíèþ, ÷òî x = (x1, . . . , xd) ïðîáåãàåò òîð T d = Rd/2πZd.Äëÿ ïðîñòîòû ïîëîæèì µ = 1. Ïóñòü (u(x), ρ(x)) � ïðîèçâîëüíîå ðå-øåíèå ñèñòåìû (5), (6). Ëèíåàðèçóåì ýòó ñèñòåìó íà óêàçàííîì ðåøåíèè èðàññìîòðèì ñëåäóþùóþ ñïåêòðàëüíóþ çàäà÷ó:
1

ρ(x)
∆u(x) + b(x) ▽ ρ(x) + c(x)ρ(x) = λu(x), (7)

−ρ(x)div u(x) = λρ(x), (8)ãäå
b(x) = − 1

ρ(x)
p′(ρ(x)), c(x) = −▽p′(ρ(x))

ρ(x)
+

▽p(ρ(x))

ρ2(x)
− ∆u(x)

ρ2(x)
. (9)Çäåñü λ ∈ C � ñïåêòðàëüíûé ïàðàìåòð. Îòáðîñèì ÷ëåíû ëåâîé ÷àñòè ñèñòå-ìû (7), (8), ñîäåðæàùèå ρ(x), êîòîðûå ÿâëÿþòñÿ ÷ëåíàìè íèçøåãî ïîðÿäêàâ ñìûñëå ýëëèïòè÷íîñòè ïî Äóãëèñó-Íèðåíáåðãó, è ðàññìîòðèì ñíà÷àëàñïåêòðàëüíóþ çàäà÷ó:

1

ρ(x)
∆u(x) + b(x) ▽ ρ(x) = λu(x), (10)
−ρ(x)div u(x) = λρ(x). (11)Â ãëàâå 1 èññëåäóåòñÿ ñòðóêòóðà ñïåêòðà îïåðàòîðà, îïèñûâàåìîãî ëå-âîé ÷àñòüþ óðàâíåíèé (10), (11), çàäàííûìè íà òîðå T d. Ïàðàãðà� 1 ïîñâÿ-ùåí ïîñòàíîâêå çàäà÷è.Ââåäåì ïðîñòðàíñòâî H = L2(T

d) × . . . × L2(T
d)

︸ ︷︷ ︸

d

×H1(T d) ñ íîðìîé
‖y‖2

H =
d∑

j=1

‖yj‖2
L2

+ ‖yd+1‖2
H1,

7



à òàêæå ïðîñòðàíñòâî J = H2(T d) × . . . × H2(T d)
︸ ︷︷ ︸

d

×H1(T d) ñ íîðìîé
‖y‖2

J =

d∑

j=1

‖yj‖2
H2 + ‖yd+1‖2

H1,ãäå Hk(T d), k = 1, 2, � ïðîñòðàíñòâà Ñîáîëåâà. Îáîçíà÷èì ÷åðåç A(x, D) =

{anm(x, D)}d+1
n,m=1 äè��åðåíöèàëüíûé îïåðàòîð, êîòîðûé çàäàåòñÿ ëåâîé ÷à-ñòüþ ñèñòåìû (10),(11). Îáëàñòü îïðåäåëåíèÿ D(A(x, D)) è îáëàñòü çíà÷å-íèé R(A(x, D)) îïåðàòîðà A(x, D) óäîâëåòâîðÿþò ñîîòíîøåíèÿì

D(A(x, D)) = J, R(A(x, D)) ⊂ H.Ïåðåïèøåì çàäà÷ó (10),(11) â âèäå
(A(x, D) − λE)U(x) = 0, (12)ãäå U(x) = (u(x), ρ(x))� âåêòîð ðàçìåðíîñòè d+1, d = 2, 3, E � åäèíè÷íûéîïåðàòîð.Îïðåäåëåíèå 1. Òî÷êà λ ∈ C íàçûâàåòñÿ ðåãóëÿðíîé òî÷êîé îïåðà-òîðà A(x, D) : J → H, åñëè îïðåäåëåí îãðàíè÷åííûé îáðàòíûé îïåðàòîð

(A(x, D) − λE)−1 : H → J . Ìíîæåñòâî âñåõ ðåãóëÿðíûõ òî÷åê íàçûâà-åòñÿ ðåçîëüâåíòíûì ìíîæåñòâîì îïåðàòîðà A(x, D). Ýòî ìíîæåñòâîîáîçíà÷èì r(A(x, D)).Îïðåäåëåíèå 2. Ìíîæåñòâî σ(A(x, D)) = C\ r(A(x, D)) íàçûâàåòñÿñïåêòðîì îïåðàòîðà A(x, D).Îïðåäåëåíèå 3. Çàìêíóòûé îïåðàòîð A(x, D) : H → H íàçûâàåòñÿñåêòîðèàëüíûì, åñëè ñóùåñòâóþò ϕ ∈ (π
2 , π), a0 ∈ R è M > 0 òàêèå, ÷òîñåêòîð Sa0,ϕ = {λ ∈ C : | arg(λ − a0)| ≤ ϕ, λ 6= a0} ëåæèò â r(A(x, D)) è

‖(A(x, D)− λE)−1‖ ≤ M
|λ−a0| äëÿ ëþáîãî λ ∈ Sa0,ϕ.Áëèçêèå îïðåäåëåíèÿ äàíû â êíèãàõ Ò. Êàòî24 è Ä. Õåíðè25.Ïàðàãðà� 2 ïîñâÿùåí ïðîâåðêå ýëëèïòè÷íîñòè îïåðàòîðà B(x, D), êî-òîðûé îïèñûâàåòñÿ ëåâîé ÷àñòüþ ñèñòåìû (7),(8). Óñòàíîâëåíî, ÷òî óêà-çàííûé îïåðàòîð ýëëèïòè÷åí ïî Äóãëèñó-Íèðåíáåðãó. Îäíàêî, ó îïåðàòîðà24Êàòî Ò. Òåîðèÿ âîçìóùåíèé ëèíåéíûõ îïåðàòîðîâ. � Ì.: Ìèð, 1972.25Õåíðè Ä. �åîìåòðè÷åñêàÿ òåîðèÿ ïîëóëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé. � Ì.: Ìèð, 1985.8



B(x, D) − λE ýëëèïòè÷íîñòü ïî Äóãëèñó-Íèðåíáåðãó òåðÿåòñÿ ïðè íåêî-òîðûõ λ äëÿ íåêîòîðûõ x. Ýòî ïðîèñõîäèò èç-çà òîãî, ÷òî ñëàãàåìîå −λ âêîìïîíåíòàõ îïåðàòîðà B(x, D)−λE, ïîðîæäåííûõ óðàâíåíèåì (8), âõîäèòâ ñòàðøèå ÷ëåíû.Â ïàðàãðà�å 3 ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîð A(x, D), ïîðîæäåííûéëåâîé ÷àñòüþ ñèñòåìû (10), (11), èìååò ïîñòîÿííûå êîý��èöèåíòû, ò.å.
A(x, D) = A(D) íå çàâèñèò îò x. Äëÿ íåãî ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿçàäà÷à:

(A(D) − λE)U(x) = 0.Ñ ïîìîùüþ òåîðèè ðÿäîâ Ôóðüå íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è ñîîòâåò-ñòâóþùèå èì ñîáñòâåííûå âåêòîðû îïåðàòîðà A(D). ×èñëî
λ1(ξ) = −|ξ|2

ρ
, ξ ∈ Z

d, d = 2, 3, (13)� ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì êðàòíîñòüþ d − 1, à
λ2,3(ξ) = −|ξ|2

2ρ
± 1

2

√

|ξ|4
ρ2 + 4bρ|ξ|2, ξ ∈ Z

d, d = 2, 3, (14)� ÿâëÿþòñÿ ïðîñòûìè ñîáñòâåííûìè çíà÷åíèÿìè. Çàìåòèì, ÷òî
λ3(ξ) = −|ξ|2

2ρ
+

1

2

√

|ξ|4
ρ2 + 4bρ|ξ|2 → bρ2, |ξ| → ∞.Ñëåäîâàòåëüíî, λ̂ = bρ2 � òî÷êà íàêîïëåíèÿ ñîáñòâåííûõ çíà÷åíèé λ3(ξ)ïðè |ξ| → ∞. Èìåííî â òî÷êå λ = bρ2 òåðÿåòñÿ ýëëèïòè÷íîñòü ïî Äóãëèñó-Íèðåíáåðãó îïåðàòîðà A(x, D) − λE. Â äèññåðòàöèè äîêàçàíû ñëåäóþùèåëåììû:Ëåììà 1.3.1. Ïóñòü d = 2. Ïðè ëþáîì ξ ∈ Z2\{0} ñóùåñòâóþò 3âçàèìîîðòîãîíàëüíûõ ñîáñòâåííûõ âåêòîðà. Ñîáñòâåííûé âåêòîð

FU(ξ)ei(x,ξ) = (ξ2,−ξ1, 0)ei(x,ξ) (15)ñîîòâåòñòâóåò ñîáñòâåííîìó çíà÷åíèþ (13), à ñîáñòâåííûå âåêòîðû
FU(ξ)ei(x,ξ) =

(

ibρξ1, ibρξ2,
|ξ|2
ρ

+ λ2,3(ξ)

)

ei(x,ξ) (16)9



ñîîòâåòñòâóþò ñîáñòâåííûì çíà÷åíèÿì (14).Ëåììà 1.3.2. Ïóñòü d = 3. Ïðè ëþáîì ξ ∈ Z3\{0} ñóùåñòâóþò 4âçàèìîîðòîãîíàëüíûõ ñîáñòâåííûõ âåêòîðà. Äâà èç íèõ, ñîîòâåòñòâóþ-ùèå ñîáñòâåííîìó çíà÷åíèþ (13), îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:äëÿ ξ2
1 + ξ2

3 6= 0

(−ξ3, 0, ξ1, 0)ei(x,ξ),
(

ξ2
1ξ2

ξ2
1 + ξ2

3

,−ξ1,
ξ1ξ2ξ3

ξ2
1 + ξ2

3

, 0

)

ei(x,ξ);äëÿ ξ2
1 + ξ2

2 6= 0

(−ξ2, ξ1, 0, 0)ei(x,ξ),
(

− ξ1ξ2ξ3

ξ2
1 + ξ2

2

,− ξ2
2ξ3

ξ2
1 + ξ2

2

, ξ2, 0

)

ei(x,ξ).À äâà äðóãèõ ñîáñòâåííûõ âåêòîðà, ñîîòâåòñòâóþùèå ñîáñòâåííûì çíà-÷åíèÿì (14), îïðåäåëÿþòñÿ �îðìóëîé
(

ibξ1, ibξ2, ibξ3,
|ξ|2
ρ

+ λ2,3(ξ)

)

ei(x,ξ).�àññìîòðèì ìíîæåñòâî
M = {λ ∈ C : λ = λ(ξ) îïðåäåëåíû â (13), (14)ïðè ξ ∈ Z

d, d = 2, 3}. (17)Â ñëåäóþùåé ëåììå áóäåò äîêàçàíî, ÷òî σ(A(D)) ⊂ M ∪ {bρ2}.Ëåììà 1.3.3.Ïóñòü λ /∈ M è λ 6= bρ2. Òîãäà îïåðàòîð (A(D)−λE)−1 :

H → J îïðåäåëåí è íåïðåðûâåí, ò.å. λ ∈ r(A(D)).Ñëåäñòâèå 1.3.1. Ñïðàâåäëèâî ðàâåíñòâî M ∪ {bρ2} = σ(A(D)).Ëåììà 1.3.4. Äëÿ ïðåäåëüíîé òî÷êè λ̂ = bρ2 ñîáñòâåííîãî çíà÷åíèÿ
λ3(ξ), îáðàç îïåðàòîð (A(D) − λ̂E) : J → H íå çàìêíóò â H.Â ñëåäóþùåé ëåììå äîñòàòî÷íî òî÷íî îïèñàíî ïîäìíîæåñòâî êîìïëåêñ-íîé ïëîñêîñòè, ñîäåðæàùåå ñïåêòð îïåðàòîðà A(D).Ëåììà 1.3.5. Ñóùåñòâóþò êîíñòàíòû C0, C1, C2 > 0 òàêèå, ÷òî10



ìíîæåñòâî M ∪ {bρ2} ñîäåðæèòñÿ â ìíîæåñòâå
M ′ = {λ ∈ C : Imλ = 0, Re λ ∈ (−∞,−C2) ∪ (0, C0]}∪

∪ {λ ∈ C : Re λ ∈ [−C2, 0], Imλ ∈ [−C1, C1]}. (18)Ýòà ëåììà íåîáõîäèìà ïðè äîêàçàòåëüñòâå ñåêòîðèàëüíîñòè îïåðàòîðîâ
A(D) è A(x, D), à òàêæå äëÿ èññëåäîâàíèÿ ñòðóêòóðû ñïåêòðà îïåðàòîðà
A(x, D).Äëÿ äîñòàòî÷íî ìàëîãî α > 0 ðàññìîòðèì ñåêòîð

Sα = {λ ∈ C : 0 ≤ | arg(λ − C0)| < π − C1

C0
− α, λ 6= C0}, (19)ãäå C0, C1 > 0 � ÷èñëà èç (18). Çàìåòèì, ÷òî Sα ∩ M ′ = ∅.

Òåîðåìà 1.3.1.Ñïåêòð σ(A(D)) îïåðàòîðà A(D), ñîñòîÿùèé èç äèñêðåò-íîãî ìíîæåñòâà òî÷åê è îäíîé òî÷êè íàêîïëåíèÿ {bρ2}, ëåæèò â C\Sα.Ïðè ýòîì σ(A(D)) ⊂ M ′.Â ïàðàãðà�àõ 4�8 èññëåäóåòñÿ ñïåêòð îïåðàòîðà A(x, D) ñ ïåðåìåííûìèêîý��èöèåíòàìè. �àññìîòðèì îïåðàòîð A(x, D) ñ êîý��èöèåíòàìè, �çàìî-ðîæåííûìè� â íåêîòîðîé òî÷êå x0, ò.å. îïåðàòîð ñ ïîñòîÿííûìè êîý��è-öèåíòàìè A(x0, D). Ïîäñòàâëÿÿ â �îðìóëû (13),(14) ρ = ρ(x0), b = b(x0),ïîëó÷èì âûðàæåíèÿ äëÿ λj(ξ) = λj(x0, ξ), j = 1, 2, 3. Îïðåäåëèì ìíîæå-ñòâî
M(x0) = {λ(x) = λj(x0, ξ), ãäå λj(x0, ξ) îïðåäåëåíû â (13), (14)ïðè ρ = ρ(x0), b = b(x0), ξ ∈ Z

d, d = 2, 3}. (20)Ïðè λj(x0, ξ) = λj(ξ) ìíîæåñòâî M(x0) ñîâïàäàåò ñ ìíîæåñòâîì M ,îïðåäåëåííûì â (17). Â ñèëó ëåììû 1.3.5 ìíîæåñòâî M ∪ {bρ2} ñîäåðæèò-11



ñÿ â ìíîæåñòâå M ′. Ïîýòîìó ìíîæåñòâî M(x0) ∪ {b(x0)ρ
2(x0)} ñîäåðæèò-ñÿ â ìíîæåñòâå M ′(x0), ãäå M ′(x0) îïðåäåëåíî â (18) ïðè C0 = C0(x0),

C1 = C1(x0), C2 = C2(x0). Ââåäåì ñëåäóþùèå êîíñòàíòû: N0 = max
x0∈T d

C0(x0),
N1 = max

x0∈T d
C1(x0), N2 = max

x0∈T d
C2(x0). Òîãäà îáúåäèíåíèå ⋃

x0∈T d

(M(x0) ∪

{b(x0)ρ
2(x0)}) ñîäåðæèòñÿ â ìíîæåñòâå

M1 = {λ ∈ C : Imλ = 0, Re λ ∈ (−∞,−N2) ∪ (0, N0]}∪
∪ {λ ∈ C : Re λ ∈ [−N2, 0], Imλ ∈ [−N1, N1]}. (21)Äëÿ äîñòàòî÷íî ìàëîãî β > 0 îïðåäåëèì ñåêòîð

Sβ = {λ ∈ C : 0 ≤ | arg(λ − N0)| < π − arctg
N1

N0
− β, λ 6= N0}. (22)Î÷åâèäíî, ñåêòîð Sβ íå ñîäåðæèò ìíîæåñòâàM1. �àññìîòðèì êîðåíü λ3(x, ξ),îïðåäåëåííûé â (14) (ñî çíàêîì ïëþñ ïåðåä êâàäðàòíûì êîðíåì) ïðè ρ =

ρ(x), b = b(x). Çàìåòèì, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò ÷èñëî δε > 0òàêîå, ÷òî äëÿ âñåõ ξ ∈ Zd : |ξ| > δε âûïîëíåíî íåðàâåíñòâî
sup
x∈T d

|λ3(x, ξ) − b(x)ρ2(x)| < ε.Îòðåçîê [a, b] =
⋃

x∈T d

b(x)ρ2(x) ëåæèò íà âåùåñòâåííîé ïðÿìîé R è íå ñîäåð-æèò íóëÿ. �àññìîòðèì ñëåäóþùóþ êîìïëåêñíóþ îêðåñòíîñòü Oε îòðåçêà
[a, b]:

Oε = {λ ∈ C : min
x∈T d

|λ − [a, b]| < ε}. (23)Äëÿ h ∈ H ðàññìîòðèì óðàâíåíèå
(A(x, D)− λE)U(x) = h(x), x ∈ T d. (24)Îïðåäåëèì îïåðàòîðû

R̃1
λ(x, D)h(x) =

∑

ξ∈Zd,|ξ|>δ0

(A(x, ξ)− λI)−1(I − Q(x, ξ, λ))(Fh)(ξ)ei(x,ξ) (25)è
R̃2

λ(x, D)h(x) =
∑

ξ∈Zd,|ξ|≤δ0

(A(x, ξ)− λI)−1(I − Q(x, ξ, λ))(Fh)(ξ)ei(x,ξ), (26)12



ãäå I � åäèíè÷íàÿ ìàòðèöà, ýëåìåíòû ìàòðèöû Q(x, ξ, λ) � ýòî íåêîòîðûåýëåìåíòû, âîçíèêàþùèå ïðè äåéñòâèè îïåðàòîðà (A(x, D)−λE) íà ìàòðèöó
(A(x, ξ)−λE)−1ei(x,ξ). Ïðàâûé ïàðàìåòðèêñ ê îïåðàòîðó A(x, D)−λE áóäåìèñêàòü ïî �îðìóëå:

R̃λ,γ,ε(x, D) =







R̃1
λ(x, D) + R̃2

λ(x, D), |λ| ≥ γ, λ ∈ Sβ

R̃1
λ(x, D) + R̃2

γ(x, D), |λ| < γ, λ /∈ Oε.
(27)Îòìåòèì, ÷òî â ðàâåíñòâå (27) ïðè |λ| < γ îïåðàòîð R̃2

γ(x, D) åñòü îïåðàòîð
R̃2

λ(x, D) ïðè λ = γ. Ìàòðèöà (A(x, ξ) − λI)−1 â (25), (26) ÿâëÿåòñÿ îáðàò-íîé ê ñèìâîëó ïñåâäîäè��åðåíöèàëüíîãî îïåðàòîðà (A(x, D)−λE), è ïðèêàæäîì x ∈ T d èìååò ñîáñòâåííûå çíà÷åíèÿ λj(x, ξ), j = 1, 2, 3 è òî÷êó íà-êîïëåíèÿ λ̂ = b(x)ρ2(x). Ñîáñòâåííûå çíà÷åíèÿ è ñïåêòðàëüíûé ïàðàìåòð
λ èç îêðåñòíîñòè òî÷êè íàêîïëåíèÿ ïðè êàæäîì x ∈ T d èñêëþ÷àþòñÿ â(27). Äëÿ ýòîãî â ðàâåíñòâå (27) âûáèðàåì ÷èñëî γ ïî �îðìóëå

γ = max{N0 + ε,
√

N2
1 + N2

2}, (28)ãäå ε � ÷èñëî èç (23), N0, N1, N2 � ÷èñëà èç (21)26. Â ðàâåíñòâàõ (25),(26) âûáèðàåì ÷èñëî δ0 = δ0(γ) äîñòàòî÷íî áîëüøèì. Ñòðóêòóðà ìàòðèöû
Q(x, ξ, λ) â (25), (26) âûáðàíà òàê, ÷òîáû ïðè ïîäñòàíîâêå Rλ,γ,ε(x, D)h(x)â ðàâåíñòâî (24) âìåñòî U(x) ïîëó÷èòü ñóììó åäèíè÷íîãî îïåðàòîðà è êîì-ïàêòíîãî äëÿ ñëó÷àÿ |λ| < γ, λ ∈ Oε, à â ñëó÷àå |λ| ≥ γ, λ ∈ Sβ, ïîëó÷èòüñóììó åäèíè÷íîãî îïåðàòîðà è îïåðàòîðà ñ ìàëîé íîðìîé. Äåëàÿ ýòó ïîä-ñòàíîâêó ïðè |λ| ≥ γ, λ ∈ Sβ, ïîëó÷èì

(A(x, D)− λE)R̃λ,γ,ε(x, D)h(x) =

= (E + Kγ(x, D, λ))h(x) = h(x), |λ| ≥ γ, λ ∈ Sβ, (29)ãäå Kγ(x, D, λ) : H → H � íåêîòîðûé îïåðàòîð, äëÿ êîòîðîãî âåðíà ñëåäó-þùàÿ òåîðåìà:Òåîðåìà 1.5.1. Ïóñòü λ ∈ Sβ. Ñóùåñòâóåò λ0 ∈ R : λ0 > N0 + ε,
λ0 >

√

N2
1 + N2

2 òàêîå, ÷òî äëÿ ëþáîãî |λ| ≥ λ0 âûïîëíåíà îöåíêà
‖Kγ(x, D, λ)‖ < 1.26×èñëî γ âûáèðàåòñÿ ïî �îðìóëå (28) ëèøü íà ïåðâîì ýòàïå. Â äàëüíåéøåì ìû áóäåì óâåëè÷èâàòüýòî çíà÷åíèå. 13



Ïîäñòàâëÿÿ R̃λ,γ,ε(x, D)h(x) â óðàâíåíèå (24) âìåñòî U(x) â ñëó÷àå |λ| < γ,
λ /∈ Oε, ïîëó÷èì

(A(x, D)− λE)R̃λ,γ,ε(x, D)h(x) =

= (E + Tγ,ε(x, D, λ))h(x) = h(x), |λ| < γ, λ /∈ Oε, (30)ãäå Tγ,ε(x, D, λ) : H → H � îïåðàòîð, äëÿ êîòîðîãî äîêàçàíà ñëåäóþùàÿòåîðåìà:Òåîðåìà 1.5.2. Îïåðàòîð Tγ,ε(x, D, λ) : H → H êîìïàêòåí ïðè ëþáîì
λ /∈ Oε, |λ| < γ.Îïðåäåëèì ñåêòîð

S1 = {λ ∈ C : | arg(λ −
√

2γ0)| ≤
3π

4
}, (31)ãäå γ0 > γ � íåêîòîðîå ÷èñëî. Èç âûáîðà ÷èñëà γ0 ñëåäóåò, ÷òî S1 ⊂ Sβ. Èçòåîðåì 1.5.1, 1.5.2 ïîëó÷åí ñëåäóþùèé ðåçóëüòàò.Òåîðåìà 1.6.1. Îïåðàòîð Rλ,ε(x, D), ÿâëÿþùèéñÿ ïðàâûì îáðàòíûìê îïåðàòîðó A(x, D) − λE, îïðåäåëåí äëÿ âñåõ λ ∈ S1. Êðîìå òîãî, ïðèëþáîì ε > 0 â îáëàñòè (C\S1)\Oε îïåðàòîð Rλ,ε(x, D) îïðåäåëåí äëÿ âñåõ

λ, çà èñêëþ÷åíèåì äèñêðåòíîãî ìíîæåñòâà òî÷åê.Âçÿâ âìåñòî îêðåñòíîñòè Oε, îïðåäåëåííîé â (23), îêðåñòíîñòü Oεj
èóñòðåìëÿÿ εj ê íóëþ, ïîëó÷èì òåîðåìó:Òåîðåìà 1.6.2. Îïåðàòîð A(x, D)−λE ïðè âñåõ λ ∈ S1 èìååò ïðàâûéîáðàòíûé Rλ(x, D). Êðîìå òîãî, ïðè λ ∈ (C\S1)\[a, b] ïðàâûé îáðàòíûéîïåðàòîð Rλ(x, D) îïðåäåëåí âñþäó, çà èñêëþ÷åíèåì äèñêðåòíîãî ìíîæå-ñòâà òî÷åê.Äëÿ äîêàçàòåëüñòâà ñîîòíîøåíèÿ Ker(A(x, D) − λE) = 0 óñòàíîâëåíî,÷òî Im(A∗(x, D) − λE) = J∗, ãäå (A∗(x, D) − λE) : H∗ → J∗ � îïåðàòîð,ñîïðÿæåííûé ê (A(x, D) − λE) : J → H, à ïðîñòðàíñòâà H∗, J∗ ñîïðÿ-æåíû ñîîòâåòñòâåííî ïðîñòðàíñòâàì H, J . Ýòî äåëàåòñÿ â ïàðàãðà�å 7 ñïîìîùüþ êîíñòðóêöèè, àíàëîãè÷íîé êîíñòðóêöèè, ïðèâåäåííîé â ïàðàãðà-�å 6. Îáúåäèíÿÿ ðåçóëüòàòû ïàðàãðà�îâ 6 è 7, ïîëó÷åíà îñíîâíàÿ òåîðåìàïåðâîé ãëàâû:Òåîðåìà 1.8.1.Ñïåêòð îïåðàòîðà A(x, D) ëåæèò â äîïîëíåíèè ê ñåê-òîðó S1, ò.å. â C \ S1. Êðîìå òîãî, â îáëàñòè (C \ S1) \ [a, b] ñïåêòð14



ñîñòîèò èç ñîáñòâåííûõ çíà÷åíèé êîíå÷íîé êðàòíîñòè.Çàìå÷àíèÿ 1.8.1. Ñïåêòðàëüíûå ñâîéñòâà îïåðàòîðà A(x, D) ïðè λ ∈
[a, b] â ñëó÷àå ïåðåìåííûõ êîý��èöèåíòîâ íå èçó÷åíû. Íàïîìíèì, ÷òî âñëó÷àå ïîñòîÿííûõ êîý��èöèåíòîâ ïîêàçàíî, ÷òî ýòîò îòðåçîê âûðîæ-äàåòñÿ â òî÷êó, ïðè÷åì ýòà òî÷êà ÿâëÿåòñÿ òî÷êîé íàêîïëåíèÿ ñîá-ñòâåííûõ çíà÷åíèé.Âî âòîðîé ãëàâå äèññåðòàöèè äîêàçûâàåòñÿ îöåíêà ðåçîëüâåíòû îïå-ðàòîðà A(x, D), ýëåìåíòû êîòîðîãî çàäàíû â (10), (11), êîãäà ñïåêòðàëüíûéïàðàìåòð ëåæèò â íåêîòîðîì ñåêòîðå, ñîäåðæàùåìñÿ â S1.Â ïàðàãðà�å 1 ãëàâû 2 ðàññìàòðèâàåòñÿ îïåðàòîð ñ ïîñòîÿííûìè êîý�-�èöèåíòàìè A(D), ýëåìåíòû êîòîðîãî îïðåäåëåíû â (10), (11) ïðè ïîñòîÿí-íûõ �óíêöèÿõ ρ(x) è b(x), è äëÿ ýòîãî îïåðàòîðà äîêàçûâàåòñÿ ñëåäóþùàÿëåììà:Ëåììà 2.1.1. Ñïðàâåäëèâà îöåíêà

‖(A(D) − λE)−1‖ ≤ m

|λ − C0|
, λ ∈ Sα,ãäå Sα îïðåäåëåí â (19), m > 0 íå çàâèñèò λ ∈ Sα.Èç òåîðåìû 1.3.1 è ëåììû 2.1.1 ñëåäóåò ãëàâíûé ðåçóëüòàò äëÿ îïåðà-òîðà ñ ïîñòîÿííûìè êîý��èöèåíòàìè A(D), îïðåäåëåííîãî íà òîðå T d.Òåîðåìà 2.1.1.Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:1. Îïåðàòîð A(D) ñåêòîðèàëåí, ïðè÷åì åãî ñïåêòð ëåæèò â C\Sα.2. Ñïåêòð îïåðàòîðà A(D) ñîñòîèò èç ñîáñòâåííûõ çíà÷åíèé êîíå÷-íîé êðàòíîñòè è îäíîé òî÷êè íàêîïëåíèÿ bρ2.Âî âòîðîì ïàðàãðà�å ãëàâû 2 äîêàçûâàåòñÿ îöåíêà íîðìû ðåçîëüâåí-òû îïåðàòîðà A(x, D) ñ ïåðåìåííûìè êîý��èöèåíòàìè, ýëåìåíòû êîòîðî-ãî çàäàþòñÿ ëåâîé ÷àñòüþ óðàâíåíèé (10),(11). Äëÿ ýòîãî äîñòàòî÷íî äî-êàçàòü îöåíêó íîðìû ïðàâîãî îáðàòíîãî îïåðàòîðà Rλ(x, D) ê îïåðàòîðó

(A(x, D) − λE), òàê êàê èç ðåçóëüòàòîâ ïàðàãðà�à 8 ãëàâû 1 ñëåäóåò, ÷òîîí ÿâëÿåòñÿ ðåçîëüâåíòîé. 15



Îïðåäåëèì äëÿ ìàëîãî ζ > 0 ñåêòîð Sζ ñëåäóþùèì îáðàçîì:
Sζ = {λ ∈ C : | arg(λ −

√

2γ0)| ≤
3π

4
− ζ}.Òåîðåìà 2.2.1. Ñóùåñòâóåò ÷èñëî F > 0 òàêîå, ÷òî äëÿ λ ∈ Sζ

‖Rλ(x, D)‖ ≤ F

|λ −√
2γ0|

.Èç òåîðåì 1.8.1 è 2.2.1 ïîëó÷åí ñëåäóþùèé îñíîâíîé ðåçóëüòàò î ñïåê-òðàëüíûõ ñâîéñòâàõ îïåðàòîðà A(x, D).Òåîðåìà 2.2.2. Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:1. Îïåðàòîð A(x, D) ñåêòîðèàëåí, ïðè÷åì åãî ñïåêòð ëåæèò â C\Sζ .2. Â îáëàñòè (C\Sζ)\[a, b] ñïåêòð îïåðàòîðà A(x, D) ñîñòîèò èç ñîá-ñòâåííûõ çíà÷åíèé êîíå÷íîé êðàòíîñòè.Òåîðåìà 2.2.2 äîêàçàíà äëÿ îïåðàòîðà A(x, D), êîòîðûé ïîëó÷åí ëèíåà-ðèçàöèåé ìîäåëüíûõ ñòàöèîíàðíûõ íåëèíåéíûõ óðàâíåíèé âÿçêîé ñæèìà-åìîé æèäêîñòè è îòáðàñûâàíèåì ÷ëåíîâ íèçøåãî ïîðÿäêà.Â òðåòüåé ãëàâå äîêàçûâàåòñÿ àíàëîãè÷íàÿ òåîðåìà äëÿ îïåðàòîðà,ñîäåðæàùåãî ÷ëåíû íèçøåãî ïîðÿäêà, à èìåííî äëÿ îïåðàòîðà B(x, D), êî-òîðûé îïðåäåëÿåòñÿ ëåâîé ÷àñòüþ óðàâíåíèé (7), (8). Ñëåäóþùàÿ òåîðåìàîïèñûâàåò ãëàâíûé ðåçóëüòàò ðàáîòû.Òåîðåìà 3.0.3. Ñóùåñòâóåò ñåêòîð S êîìïëåêñíîé ïëîñêîñòè C, òà-êîé, ÷òî äëÿ îïåðàòîðà B(x, D), îïèñûâàåìîãî ìîäåëüíûìè ñòàöèîíàð-íûìè ëèíåàðèçîâàííûìè óðàâíåíèÿìè âÿçêîé ñæèìàåìîé æèäêîñòè (7),(8), âåðíû ñëåäóþùèå óòâåðæäåíèÿ:1. Îïåðàòîð B(x, D) ñåêòîðèàëåí, ïðè÷åì åãî ñïåêòð ëåæèò â C\S.2. Â îáëàñòè (C\S)\[a, b] ñïåêòð îïåðàòîðà B(x, D) ñîñòîèò èç ñîá-ñòâåííûõ çíà÷åíèé êîíå÷íîé êðàòíîñòè.16
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