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OO6mnrag xapaKTepucTukKa padboThl

AKTyaJIbHOCTb TE€MBI

PeH_[eHI/Ie BEPOATHOCTHBIX 3a/Ja4, CBA3aHHBIX C JUCKPETHBIMU pacClipeaeJIeHUuAMMN, 1aCTO
MIPABOJUT K W3YYEHWIO CYMM CJIYYaWHBIX WHAWKATOPOB, TO €CTh CYMM CJIyYalHBIX
BeJIMYUH, KaxK/ad U3 KOTOPLIX NMPUHUMAECT 3HAYEeHUd U3 MHO2KECTBA {O, 1} (DOpMy.HbI
AJIgd  TOYHOI'O pacipelesjieHud CYMMbL CﬂyqaﬁHbIX NHIWKATOPOB B 60.HBLHI/IHCTB€
CJIydaeB ABJIAIOTCA I'POMO3AKHMU U Hey,ZLO6HbIMI/I AJId MTPAKTUYIECKOTI'0 UCITIOJIb30BaHUA.
CTaH,ZLapTHbIM METOA0M HpeoJoJIeHud ISTUX pr,ZLHOCTefI ABJIAETCA HNCIIOJIB30BaHUE
AIMPOKCUMAIUI MCCJIEyeMOro PacpeIeIeH st ¢ IIOMOIIBIO IPEIE/IbHBIX TEOPEM.
Kitaccuueckasi Teopema Ilyaccona jijig cxembl uctibitanuit bepnysiim U snsiercs Ipu-
MEPOM HPUMEHEHHUs AIMIPOKCHUMAINUA K CymMMaMm CjydailHbix uaaukaropos. Ciemyer
OTME€TUTb, 4YTO 3dTa TeopeMa IPpUMEHHMa TOJIbKO K CyMMaM HE3aBUCUMbBIX OJWHAKOBO
pacmpeIeneHHbIX WHINKATOPOB, B TO BpeMs KaK B OOJIBIIMHCTBE MPAKTUIECKUX 3a70aY
YYIACTBYIOT CYMMBI 3aBHCHUMBIX HHIMKATOPOB, 3aYaCTYIO ¢ PA3HBIMU PACIPEIeTeHHIMIA.
B Takux ciaydasx TpebyeTcs MPpUMEHATh WHBIe METOIBI IIyaCCOHOBCKOI amIpOKCHMAIINH,
K IpHMepy, Ipeaoxkennsie B paborax B.A. CesactbanoBa 2, A.M. 3y6kosa 3, B.I.

4 wn wacro HCIIOJIb3yeMblil B mocseHee BpeMsa Metoj; Yena-Creitna 56

Muxaiisiosa

OiHOM M3 MepPBBIX 3a/1a4 /I CYMM 3aBUCHMBIX CJIYYaiHBIX HWHIUKATOPOB, IMOJTHOCTHIO
HCCJIEJOBAHHOI BO BCceX OOJIACTAX H3MEHEHHs IIapaMeTpOB, SBJSETCd KacCHIecKas
3aJlada O pa3MeIleHnn YacTuIl o gdeitkaM. [lycts n gactur pazmemnaiorces mo N sgdeiikam

He3aBUCUMO U paBHOBepoATHO. O603HaUUM 4epes (i = pp(n, N) 4ucio sdeek, cojepKa-

LCwm., nampumep, Ilupses A.H. Bepoamnocms. B 2 ka. — M.: MITHMO, 2004, 1. 1, §6.
2Cepactpanos B.A. ITpedeavruiti saxon ITyaccona 6 creme cymm 3A6UCUMDBLE CAYMATIHOLET 6EAUNUH, —

Teopus BepositHOCcTEl U ee npumenennsi, 1972, . XVIL, Boin. 4, c. 733-738.
33y6xos A.M. Hepasencmea das pacnpedesenus cymmvr GYHEUULT 0M HE3QEUCUMDIT CAYMATHOLET

seaunun.—Maremaruueckue 3amerku, T. 22, omep 5 (1977), c. 745-758.
‘Muxaitnos B.I. Hemopopbie ouenxu mouHOCIAU NYACCOHOBCKOT aNNPOKCUMAUUY OAL  CYMMDL

3ABUCUMBLE CAYHATHBLE undukamopos. —(ODBO3peHne TPUKIATHON U MPOMBIIILIEHHON MareMaTuku, 1994,

BhITl. 4, 1. 1
5Barbour A.D., Chen L.H.Y. An introduction to Stein’s method. — World Scientific, 2005.
6Barbour A.D., Holst L, Janson S. Poisson Approzimation. — Oxford University Press, 2002



HIMX B TOYHOCTH I YACTHIL. B 3aBHCMMOCTH OT B3aUMHOIO HOBeAeHUS 1, N BbIIEJAIOTCS
00s1aCTH, B KOTOPBIX HPEJIeJbHOE PACIPEICICHUE (i ABIeTCa pacupeaeaenueM Ilyaccona
MJIM HOPMAJIbHBIM PACIIPEIEJICHIEM .

HoBbiM 06001menneM KIacCHIecKOil CXeMbl pa3MeleHns JACTHIL [0 S9eiKAM SBIIeTCa
MHOTOSTAIIHASA CXeMa, a TaKzKe ee IpPeIeJbHBIl BapHaHT — CXeMa pa3MeIleHHd C
OECKOHEYHBIM YHCIOM 3TAmoB. B gaHHOil paGoTe MBI M3ydaeM ABYXITAIHYIO CXeMy U
cxeMy ¢ GeCKOHEYHBIM YHCIOM JTAIOB.

Bynem cuuTaTh, 9TO MHOMKECTBO A9€€K Pa3/eJeHO Ha CJIOU U B J-M CJIO€ CONEPIKUTCA
N; aueex. Ha mepsom srame Ny HCXOAHBIX YacTHI HE3aBHCHMO pasMemniaiorcd mo Ny
S9efiKaM IIepBOrO CJI0d B COOTBETCTBUH ¢ pactpeeennem pll) = (pgl) , pgl), s pg\%)) Ha
BTOPOM dTame N] g9eeK IepBoro CJI0s pacCMATPUBAIOTCA KaK YACTUIBI, 1 OHM HE3aBHCHMO
pasmemaiorca 1o No gueiikamM BTOpPOrO CJI0g BMECTE C HONABIIMMH B HHUX HCXOIHBIMU
YACTHIAMA B COOTBETCTBHH ¢ pacrpeneennem pl2) = (pgz),pg), ,pg\z)) Pasmemenus
POJIOJIZKAIOTCST AHAJIOTUIHO 11 Pa3, TO €CTh Ha IIOC/AeHeM drale siaeiiku (m — 1)-ro ciiost
pasMeInarTca no aueiikam m-ro ¢aosa. Takyro cxeMy pasMelleHus eCTeCTBeHHO Ha3bIBaTh
m-3ranHoii. Bygem uepes ,ugqm)(No,Nl, ey N, p, ...,p(m)) = ;L?(«m) 0003HaYATH YUCJIO
SYEEK 1M-T0 CJI05, B KOTOPbIE MOIMAJI0 POBHO 7" MCXOAHBIX YaCTHUIL.

HecKosIbKO 1037K€  [1€PBOrO  VIIOMUHAHUS JAHHOH CXeMbl pa3MEIIeHHsT © ObLI

9 B KOTOPOM GBI PACCMOTPEH OJMH BAPHAHT JIBYXITAITHOH CXEMBI.

OILyOJINKOBAH TE€3UC

[IycTh siveiiku 11epBOIo ypOBHS Pa3MeIalTcs 10 sd4deilikaM BTOPOro yPOBHS B COOT-
BETCTBUM C PABHOMEPHBIM pacIlpejiesienneM; 0003na4nM depe3 Aj; cobbitue [j-a aueiika
1-ro cyiost monasa B i-10 gueiiky 2-ro ciosl|. Ilocsie 3Toro 4acTuibl pactupeaeasiioTcst 1o
g9eifkaM BTOPOTO CJIOS B COOTBETCTBUU CO CAYYIARHBIM BEKTOPOM BEPOSITHOCTEH T TAKWUM,
aTo TP = 25\7:11 N%X(Aﬂ), 3nech X (A) - unpukarop cobbitust A. TlosydueHHOe TaKuM
00pa3oM pa3MeleHne aHaJOTIIHO PABHOBEPOATHON Ha 0ODOMX ITANaX JBYXITAITHON cXxeMe

pa3MereHns.

JIIs1 pa3IMIHBIX [EJBIX HEOTPUIATETbHBIX THCEI '], ..., T's 0003HAYUM T = (71, ..., Ts),

"Komraun B.®., Cesactbanos B.A., Yucraxos B.IL. Cayuatinse pasmewernus.—M.: Hayka, 1976.
83yoxor A.M., HIubanos O.K. Muozocmynenvampie CTembs PA3MEULLHUSA HACTMUY NO ANelKaM. —

O603p. mpukJI. U npombinui. Marem., 2002, T. 9, Boim. 1, ¢. 115-116.
9Arneswa C.B. Jeyzamannvie pasmewenus u dsotinas Q-pynryus. — O603p. IPHKI. U TPOMBIILIL.

MareM., 2003, T. 10, Bpm. 1, c. 82.



M IyeTs X = (21, ..., Tg), a X< = x]fl...x]§5. BBejiem npousBoasinyio ¢GpyHKIUIO
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Beckoneunasa cxema pasMelnienus, B KOTOPO# m = 00 W YaCTHUIIBI, MTOMABIINE B OTHY
sg4eiiKy Ha JII0OOM 3Talle, CUYUTAIOTCS CKJICHBIINMECA B HOBYIO YaCTHILY, Obljia BIEPBBIE

ynoMmsaHyra B crarbe Kmurmama 0

B TepMHUHAX MOJeJeil MONYJIAIUOHHON TIeHEeTUKH.
DTa cxemMa Hu3ydaJiach Ha IMPOTAXKEHHH JOJITOIO0 BPEMEHH, W IIepBble JI0Ka3aTe/IbCTBA
IIpe/IeJIbHOM TeoOpeMbl JI/isi BpEMEeHH OXKUJIAHUS JI0 OObeJIMHEHHs BCeX YACTHUIl, KOTOPYIO
MBI yCTAHABJIMBAaeM B TpeTheil TyiaBe, OBLIM TOJYYEeHbl KaK YaCTHBIH ciaydail B

11. CJIe,ILyeT OTMETUTH, YTO JOKa3aTe/JIbCTBO B

MOJIEJIIX MaTeMaTHIeCKOW TeHeTHKN
3TUX paboTax OBLIO BechbMa CJIOKHBIM M HCIOIB30BAJIO CHEIMaJbHbIe CXeMbl CcIabo0it
CXOJIMMOCTH CJIYYafHBIX MPOIECCOB K MAPKOBCKUM IiensiM. B jgaibueiinem 6ojiee mpocToe

JI0KA3aTe/ILCTBO ObII0 HOIYyYeHO B OTHOCHTEIBLHO HepasHeil pabore 2, koTopas Taxske

MICIIOJb30BA/IA Pe3yJIbTAThl JPYIUX aBTopoB 5.  Bosee obmee 10Ka3aTelbCTBO IS
HEPABHOBEPOATHBIX PA3MEIIEHHIT ObLIIO YCTAHOBICHO B HEOIYOJIMKOBAHHON crarbe 4. B
OTJIMYME OT HPUBEJIEHHBIX PA0OT, J0KA3aTE/JILCTBO JIUCCEPTAINE sIB/IsieTCs D0Jiee TTPOCThIM
U HCIOJIb3YET HOBbIE OLEHKH JIJI «XBOCTOBY» PaclpeJIeeHUus YUC/Ia HEIYCThIX S9€eK B

KJIACCUYECKO# cXeme pa3MelleHus 4YacTulil.

1°Kingman J.F. The coalescent. — Stochastic Proc. Appl., 1982, vol. 13, pp. 235-248.

ey, mampumep, Donnelly P. Weak convergence to a Markov chain with an entrance boundary: ances-

tral processes in population genetics. — The Annals of Probability, 1991, vol. 19, no. 3, pp. 1102-1117.
12Goh W.M.Y., Hitczenko P., Schmutz E. Iterating random functions on a finite set. — preprint, 2006.
13Dalal A., Schmutz E. Compositions of random functions on a finite set. — Electronic Journal of

Combinatorics, 2002, vol. 9, R26.
McSweeney J.K., Pittel B.G. Ezpected coalescence time for a nonuniform allocation process. —

preprint, September 2008.



Ilenp paboTsl

[Hesib paboTHI - HWCC/IeIOBAHKE MPEJIETbHBIX pacpeeeHuil Yucjia sS9eeK, COJeprKalux
dbuKCcHpoOBaHHOE YHCJIO YACTHI[, B JBYXITAITHOI CXeme pa3MeIeHus], a TaKyKe YCIOBH
o0beIMHEHNST BCEX YaCTHI[ W PacipejiesieHusi MOMeHTa OObeJUHeHUsl BCeX YaCTUIl B

OeCKOHEJHOI cxeMe pa3MelleHusi YacTHIl 10 ddeiikaMm.

Hayunas noBu3zHa

OcHOBHBIE PE3YJIBTATHI JTUCCEPTAIMHI ABISIIOTCA HOBBIMH M COCTOAT B CJIELYIOIIEM:

1. Haiimensl yc/ioBus, mpu KOTOPBIX B JBYXITAIHOW CXeMe pa3MeIleHus YacTHIl 10
sg4deifkaM paclipe/ie/leHre Yuc/ia svueek, Co/lePyKalluX 3aJaHHOe YNCI0 YaCTHUIl, CXOIUTC K
pacupesenenuio [Iyaccona.

2. Haiigennsr yciaoBusi, Ipu KOTOPHIX B JBYXITAITHOI CXeMe pa3MelleHus J9acTHIl 10
sg4deifikaM paclipe/ie/leHre Yuc/ia sueek, CoJ/lePKaliuX 3a/JaHHOe YUCJI0 YaCTHUIl, CXOIUTCI K
HOPMaJIbHOMY PacIlpe/leJIEHUIO0, U 110y YeHbl OIEHKU CKOPOCTHU CXOJMMOCTH.

3. B kjaccudeckoil cxeme pa3MelleHHs 4YacTHUI[ 110 s4YeiiKaMm MOJy4YeHbl HOBbIE
HePaBeHCTBA JJISI MOMEHTOB 4YHuCJla s4YeeK, COJIePKaluX 3a/JaHHOe YHUCJI0 YaCTUIl, U JIJIs
«XBOCTOB» paclpejie/ieHus] YucJia 3all0JIHEHHbIX siUeex.

4. B cxeme paBHOBEPOSITHOIO pa3MelleHus YACTUIL 10 siueiKam ¢ OECKOHEYHbIM YUCJIOM
9TAIOB HAaAEHB HEOOXOJMMBbIE U JOCTATOUYHBIE YCIOBHSA, NPH KOTOPHIX MpeaeTbHOe
pacmpeeaeHne IUcaa 00beINHEHHBIX YACTUIl HEBBIPOKICHHO.

Tak>ke HOBBIM CIIOCODOOM JOKa3aH paHee M3BECTHBI (haKT, ITO B CXeMe C OJIMHAKOBBIM
KOJIMYIeCTBOM sTUeeK Ha KaxKJIOM 3Talle, Tpee/bHOe paclpejieieHne BpeMeHN OyKHIAHUS
JI0 MOMEHTa 00beIMHEHNS BCEX YACTHUIL CXOUTCA K PacIpee eHuI0 CYMMbI OECKOHETHOTO

pPdda He3aBUCUMDBIX 3KCIIOHEHIIMAJILHO pacClpede/IeHHbIX Cﬂy‘{aﬁHbIX BEJIMYUH.



MeToapl nccJIeJ0BAHUS

B amccepramum wmcroJib3yercss MeToa MOMEHTOB JI0Ka3aTe/hCTBA TPEIeJIbHBIX TEOPeM,
Bapuaius Metoja B.I. Muxaiiiosa 15 jokazaTesbCcTBa ACHMIITOTHYECKON HOPMaJIbHOCTH

U 1IpAMble KOMOMHATOPHO-BEPOSTHOCTHBIE METO/IbI.

TeopeTquCKaﬂ n nmpaKkTnmvdeCkad nNeHHOCTb

Jluccepramuss HMeeT TeOpeTHYeCKHil XapaKTep. [Tonydyennbie pe3yabTaTbl MOTYT
OBITh HCIOJb30BAHLI B MaTeMAaTHIECKHX MOJAEIX OMOJIOTMH K AaHAJIU3€ aJIIOPHUTMOB.
Paspaborannbie B jiccepTaiiy MeTOJIbI MOTYT OBITH ITOJIe3HbI crernuagauctam MI'Y um.

M.B. Jlomonocosa 1 Maremarudeckoro wacruryta um. B.A. Creksosa.

Arnpobamnusa paboTel

V310:keHHBIE B AUCCEPTAINN PEe3YIbTAThl HEOJTHOKPATHO JTOKJIAILIBAINCH HA CEMHHAPE
" JluckpeTHbIe 3aa4UN TeOpHH BeposgTHocTeil" moa pykoBoacTsoMm a.¢d.-m.H. A.M. 3ybkoBa
B MLV um. M.B. Jlomonocosa (2002-2006 rr.), a Takke Ha cemuuape OTaena JUCKPETHONR
maremaruku B Maremarndeckom mucruTyTe WM. B.A. Crexnosa PAH (2005 r.), na
Cunmvmnosuymax 1o Ilpukiaagnoit u IIpomeinuiennoit Maremartuke, (2002 u 2003 rr., Coun)
u Ha KoH(epenun "Berpamuecs mporeccol B caydaiinoii cpee", @pankdypr, I'epmanns
(2004 r.).

IIy6nukamunm

Pesynbrars! nuccepranun onyOIMKOBaHbBI B 6 paboTax, CIUCOK KOTOPHIX MPUBEIEH B KOHIIE
aBTopedepara. B coBmecTHBIX paboTax BKJIaa HaydHOro pykoBomuTesnas A.M. 3yOkosa
COCTOSNT B IIOCTAHOBKE 33721 U BHIOOpPE METOo/1a, a AUCCEPTAHTa - B IMOUCKEe M pa3pabOTKe

AJO0Ka3aTeJbCTB.

5Muxaitnos B.I. Ilenmpaavrnas npedeavras meopema 044 cTemb. HE3A6UCUMO20 PA3SMEULECHUA %LaACTIULY,

no auetixam. — Tpyasr Maremarudeckoro uncruryra AH CCCP, 1981, . 157, c. 138-152



CrpyKTypa auccepranyuu

Iuccepraliyst COCTOUT W3 OIJIABJIEHUsI, BBEJECHUS, TPEX TJIAB U CIIMCKA JUTEPATYPhl, HAC-

quTHIBaKoONEro 33 HanMeHoBauus. OO0t oobem muccepranuu - 96 CTpaHMIIL.
KpaTKOG coJepxKaHnue auccepranun

Bo BBemenum npusejeH KpaTKuii 0030p MO TeMaTHKe PabOThI, M3JI0KEHBI eI HC-

CJIeJ0BaHudd, a TaKzKe IIepevInC/I€Hbl OCHOBHbLIE IIOJIYyY€HHbIE€ DE3YJIbTAThI.

IlepBag rimaBa cocrout mu3 AByX naparpador. B mepBoM w3 HUX HCCJIEILYeTCS paB-
HOBEPOSITHASI, BO BTOPOM - MOJIUMHOMHUAJIbHAS CXeMa JBYXITAITHOTO Pa3MeEIeHUs] IacTHII.
[TonmmuoMuabHas cxeMa siBJisieTcs: 0oJiee O0IIeit; JIJisi pPABHOBEPOSTHON CX€MBI CXOUMOCTD
K pacrpeenennio [Iyaccora mokasana B yCJIOBHSIX, KOTOPbIE He CJIEIYIOT U3 aHAJOTHIHOMN
TEOpeMbl JIjIsi TOJIMHOMUAJILHON cXeMbl. B CBA3W ¢ 3THM pe3yJibTaTbl, OTHOCSIINECST K
PaBHOBEPOSITHOMY PaCIpe/ie/IeHUIO, BblJIeJIEHbl B OT/I/IbHbII naparpad.

B ciryyae paBHOBEpOSITHON CcXeMbl BEKTOPbHI BEPOSITHOCTEH Ha, 000MX ITalaX COCTOAT

U3 OJMHAKOBBIX YHUCEJI: p(l) = (N%’ s N%)’ p(z) = (1\%, ey N%)

VeraHoBJIeH CJIeyIOMMi pe3yIbTar:
Teopema 1. Ecau 6 pacnosepoammoti d6yromannoti cxeme pasmeu,erus wacmuty, r >
1 ¢ukcuposaro, No, N1, No — oo mak, wmo Ny = o(Na), Ng = O(N7y) u

B’ — )\ € (0,00),
k
P(u£2):k:)—>%e_>‘, kE=0,1,...
(2)

,ZLJISI II€epBOI'o0 MOMEHTa [4y = IIOJIYYI€HDI ABHbIE aCUMIITOTHYIECKUE (bOpMYJH)I C OICHKaMH
OCTAaTOYHBIX YJICHOB.

Jlemma 1. B pasrosepoammoti deyramannotd creme npu sobom r > 2
N _M Ny 1 1
E (2) _ 0 M(1+0| —+ — 4+ —
oy SN L e M + Ny + No + Ny )
ecau Nog — 0o, Ng = O(N1), N1 = O(N3), a ecau Ny — 00, Ng = o(min{ Ny, Na}), Ny =

O(N1), mo
N Ny 1 N
Eul? = 0 (1+O(—°+—+—2>).

rINy 1 Ny No My

7



Bo Bropom naparpade riasbl 1 Mbl U3ydaeM MOJUHOMUAJIBHYIO CXEMY JIBYXITAIHOI'O
pa3MelleHns 4acThUll, TO eCTh TaKyl0 CXeMy, B KOTOPOH paclpe/e/leHus BEPOATHOCTEH Ha
O6OHX dTallaX MOI'yT OTJIM1aTbCdA OT PaBHOMEPHOI'O.

Ob6o3HaunM dYepes pg) = max(pgl), . ,pg\l,l)), pf) = max(p?), . ,p%)).

Jlokazana Teopema [lyaccona /g Takoil cXeMbl pa3MeITeHus:

Teopema 2. Ecau napamempo. 0syrcmynenuamoti cTemv, PA3MEULEHUS USMEHAIOM -
cA max, 4mo min (No, Nlli[r/mil) pil) — 0, min(No,Nl)pS?) — 0, Epg) — X € (0,00),
mo

@ _ A

P(ur —k)ﬁﬁe_ , k=0,1,...

[Ipu jl0ka3aTe/IbcTBe ITON TEOPEMbI UCIIOJIb3YETCs CJIe/IYIOlIee YTBepzKIeHre, OTHOCSI-
nieecss K OObIYMHON MOJIMHOMHUAJILHON CXeMe pa3MelleHusl U LPEeJCTaBJILoNee CaMOCTOs-
TeJIbHbI nmHTEpeC.

Teopema 3. IIpu mobviz yesviz [,m > 1, 1+ m < Ny, cnpasediusv, nepasencmaea

1 N l "R
Clomry (1=0) (1 - —) < Hm o
Ny No—m EwEpun,
1

(1- pil))QNo |

— 1 -1
B wacmmuocmu, ecau l,m > 1 ¢dukrcuposans, a min (NO, Nl1 (min(t,m)) )p,(kl) — 0, mo

< Ol N (50)

Epm = o(EpEpim).

[Ipu ycjioBusix Teopembl 2 HaiiJIeHO pacipejejeHne MaKCUMAJIbHOTO 3aloTHEHUs
SYEEK.
Teopema 4. Ecau napamempo, 06Yrcmynenuamots Cremovl PA3MEU,eHUAs USMEHANOMCSA

max, ¥mo min (NO,Nll_[T/Q]_ >p§) — 0, min(Np, Nl)piz) — 0, E/L7(~2) — X € (0,00), mo

P(max{j : M;Q) >0}=7r)—=1—e? P(max{j: ,ug.Q) >0 =r—1)—e

Bropasg riaBa jauccepraiiuu cOCTOUT U3 JABYX maparpadon. OHa MOCBAIIEHa TOKa3a-
TeJILCTBY IEeHTPAJbHOI Tpee/IbHOM TeOpeMbl B JBYXITAITHOI cXeMe pa3MelleHus YacTull,

B KOTOpOI'?'I YJaCTUIbI Ha II€pBOM 3Talle pasMellaloTCAd B COOTBETCTBUU C MOJITMHOMHAAJIbHBIM



pacipe/jesieHueM p(l), a Ha BTOPOM 3Talle - B COOTBETCTBUU C PABHOBEPOSTHBIM pacIipe-

1 1
JeJIeHueM p(2) = (E, ceey m)

B unepsBom mnaparpade ycraHap/MBaeTCs YTOYHEHHE YIOMSIHYTOH BbIIIE€ CTaTbU 15

Y
HEOOXOUMOe IS JOKA3aTeTbCTBA TPEIEJbHON TeopeMbl [ JIBYXITAIHON CXeMBbI
pa3MeIeHns YacTuIl. Mpr we mnpuBoguM (HOPMYTUPOBOK, OTHOCAIIUXCSA K ITOM
YACTH JUCCePTAINU, TOCKOJIbKY MaHHBbI mnaparpad sgBJIdeTCS BCIOMOTATETHHBIM, a
GOpPMYTUPOBKI TOBOJIBHO TPOMO3IKHAMH.

Bo BropoMm maparpade, moib3ysach MOJTYUYEHHBIMU Pe3yIbTaTaMU, Mbl JTOKA3bIBaeM
MEHTPATBHYIO TPEeJeTbHYI0 TeopeMy /IJisi HOPMUPOBAHHONW CIyYallHON BeTUINHBI uq(?) B
JIBYXSTAITHOIN CXeMe pa3MeIeHus.

VnTepuperupyeM IBYXITAIHYIO CXeMY pa3MellleHus cieayomuM odopa3oMm. llycTs
A9eifKi epBOro yPOBHS Pa3MeNaroTCs MO g9eilkaM BTOPOT'O YPOBHS B COOTBETCTBHH C
PAaBHOMEDHBIM paclpejesieHneM; 0003HadnNM 4epe3 Aj; cobwitne [j-s1 sdeiika 1-ro ciios
nonaja B i-10 siaeiiky 2-ro cios|. [Tocse 9Toro gacTuipl pacrnpeiensoTcs 1Mo sdeikam
BTOPOI'0 YPOBHSI B COOTBETCTBHUH CO CJYyYailHBIM BEKTOPOM BEPOSTHOCTEH T TaKHUM, YTO

(1)

T = Zé\f:llp;l)X(Aﬂ), saech X (A) - nugukarop cobbitust A, p;’ - BEPOATHOCTH stieex

EPBOIO CJIOH.

(2)

Cumras r > 2 bukcnpoBanHbiM, 0603HaunM 0> = Dy, . Beegem paccrosaue
2 — 2 2
() = sup [P0~ (1) — Epl?) < ) — d(2)],
x

rae @ (x)-pyHKnus CTaHIAPTHOrO HOPMAIBHOTO PACTPEICTCHUS.

(1) M0y

O6o3HaunM 4epes p,~ = max(p; s PN,
Jlokazana cJie/iyolas Teopema.

Teopema 6. Ilycmv | - durcuposannoe namypasvroe wucao, Co, 3, a1, a9

(1)

Hekomopvie nocmoannvie u 6 creme ceputi No, N1, No — 00, py ' — 0 max, wmo

NH—I
L — Co>0,Nopt" < < o0,
N2

@

N
0<041<—0<042<oo,E,u — 00.

Ny

@y _of LY _ (11
p(r )—O(Ng),a—mm(m,l)-

U3 reopembl 6 ciieyer

Toezda



Teopema 7. Ilycmv | - durcuposarnoe wnamypasvroe wucno, Co, [, a1, -

R

nexkomopuie nocmoarnwe u 6 creme ceputi No, N1, No — oo, py ' — 0 max, wmo

Nl-‘rl
]i/'l — Cp > O,Nopg) < B < oo,

2

N,
0<0z1<ﬁo<a2<oo,E,u1(n2)—>oo.

1

Tozda Ona mobozo Pukcuposanrozo r > 2 pacnpedesenue CAYYATEHOT GEAUNUHDL

e —Bpu”) crodumc 0 0
o A K CMaHOGPMHOMY HOPMAALHOMY PACTPEIEAEHUIO.
i

Tperbda ry1aBa jauccepranuu COCTOUT u3 JBYX naparpadon. B meil nsydaercst cxema
pasMeIeHnst YaCTHI], B KOTOPO 9uCI0 3TanoB 6eckoHedHo. MbI HAXOIUM HEOXOIUMBbIE W
JIOCTATOYHBIE YCJIOBHSI, IPH KOTOPBIX IpPeIeabHOe PacIpeIe/ieHre Ynucia 00beInHEeHHBIX
JACTHUI[ COCPEIOTOYEHO B 1, a TakzKe paclpeje/leHre BPEMeHU OXKHIAHWS T0 MOMEHTa
00ObeMHEHNs] BCEX YACTHUIL B YaCTHOM CJIydYae, KOTJa KOJHMYECTBO A9€eK B KarKIOM CJIOe
OJIMHAKOBO W PABHO YHCJ/IYy M3HAYAJIHHO Pa3MeNaeMbIX YaCTHII.

PacemarpuBaercst mpomece pasMelneHus 4acTUll M0 CJI0AM s9eeK CJIeAyIONero BUa.
Ha nmepsom srtame Ny MCXOAHBIX YACTHUIL HE3ABUCHMO M PABHOBEPOSITHO Pa3MEIIAIOTCS
mo N gueiikaMm mepBoro caog. JacTHIlbl, TOMAJAIOININEe B OJHY U TY Ke sTUeiiKy MepBOro
C710s1, OODbEJUHSIOTCA B OJIHY HOBYIO YACTHUILY; IIPH 3TOM B IEPBOM CJIO€ IIOJYUAETCS
carydaifHoe 4ucio 1] 00beIMHeHHBIX YacTUll (PABHOE YUCTY ST9eeK TePBOTO CJI0s, 3aHATHIX
HCXOMHBIME 4acTuiiamm). B obmem ciayudae wa (k + 1)-M stame 1 06beuHEHHBIX
qacTui, Haxomdmuxcss B Nj sueiikax k-ro cjiosi, He3aBHCHMO (JApyr OT Jpyra W OT
IPEJILICTOPUU) U PABHOBEPOATHO pasmemaiorca mo Niyp sueiikam (k + 1)-ro cios;
YACTHUIBI, MONAJAI0NINe B OAHY U Ty Ke sueiiky (k + 1)-ro cios, obbeauHsoTCsd, B
pe3yJbTare 4ero moJaydaercd piq OObennHeHHbIX dactun, B (k + 1)-m cuoe. Ilpu
C/IeJTAHHBIX MIPEJIIIOIOKEHUIX TIOCIe/I0BaTe/IbHOCTD Y, Y1, ... obpa3dyeT 1enb Mapkosa c
HEBO3PACTAOIINMHI TPAECKTOPUSIMH.

B nepBom maparpade riiaBsl 3 Jloka3aHa CJaeIyIonas TeopeMas

Teopema 8. Ecau N, = rkn>11(f)1 N > 2, mo

o0

1
P 1 >1,>0 <% — < 00.
lms}20 o N <o
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Bo Bropom mnaparpadge Mbl uzydaem OECKOHEUHYIO CXeMy, B KOTOPO#l pa3Mepbl
CJIOEB OJIMHAKOBbBI U COBIAJAIOT € YUCJIOM M3HAYAJILHO Pa3MellaeMblX 4YacTHUll, TO €CTb
No = Ny = No = ... = n. O003HauuM dYepe3 T, LIePBbIi MOMEHT, KOI/a
BCe YACTUILI OOBeTUHSAIOTCS B oamy. [lokazaHo, 4TO mpenesbHOE pacipejeeHne
Tn, TPHU JIMHEHHOH HOPMHUPOBKE $BJISETCSI paclupejieleHneM CyMMbl He3aBUCUMBIX
SKCIIOHEHITNATBHO PACIPeIeIeHHBIX CJIYYAHBIX BeJTUINH.

'

Teopema 9. Ilpu n — oo pacnpedenenus CAYMAEHOLT GeAUNMUN Gy = & CTOOANCA K

pacnpedesenuro cymmo, & = Z;’il §j, 2de cayuatinve seaununsvt §1,82, . .. HE3ABUCUMbL U
P& <a)=1-—eUD2 p >0 j=12,. ..
Jlist loka3arebcTBa TPEOYIOTCS JIBe JOMOJHATE/IBHBIX JIeMMbl. [looxKum
T(0) =0, T() = min(t: 4 <), 0 =T(G)~T(G+1), j=n—1L ..

31ecp 1j - «BpeMd Ilepexofa» OT j + 1 oObeJUHEHHBIX YaCTHUIL K j OObeIuHeHHBIM

JacTHUIAM, IpHYeM
{n; >0} ={min(t : ¢ <j) >min(t : ¢y < j+ 1)} = {¢py1 =7 + 1}

Caenyromast OleHKa siBJIsSIeTCsT HOBOIl 10 CPaBHEHMIO C JI0Ka3aTeJIbCTBaMH B paboTax
[0 MaTeMATHYECKUM MOJIEJISIM SBOJIOIMOHHON IeHeTHKN (YHOMSIHYTasl BBIIIE CTAThs 11),
a TaKxKe C JI0OKa3aTe/bCTBaMu crareil 1214

Jlemma 2. Ecau k <n, mo
L2
P{n, =0} < m .

JlokazaTebCcTBO ITOI JIEMMbI HCIOJIB3yeT HOBBI pe3yJbrarT i KJIACCHYeCKOil
cxeMbl pa3meriennst dactuil.  OGo3HaYMM depe3 [iy(m,n) UHCIO HEMYCTHIX sT9eeK
IIPH PABHOBEPOSITHOM PA3MeEIEHUN 1 4YaCTUll 10 7T s4eiikaM B KJIACCUYeCKO#l cxeMme
pa3MelneHust.

Jlemma 3. Ecau k <m <n, mo

P{i(m,n) < k} < P{i(m,n) = k} < k?
P{i(m,n) <k+1} = P{ay(m,n)=k+1} — 3(n—k)’

11



ABrop BbIpazkaer rayOOKy0 OJ1arogapHOCTb HAYYHOMY PYKOBOIUTEIO, JOKTOPY
dusuko-maremarndeckux wayk A.M. 3yOkoBy 3a mOCTOsiHHOE BHHMaHuEe K pabore u
IEHHBIE COBETHI, & TakzKe Hpodeccopy, JOKTOPY (pH3HKO-MaTeMaTHIeCKuX HayK B.A.
Barytuny u mokropy dpusnko-maremarndeckux Hayk B.[. MuxaitnoBy 3a MHOrOYHCJIEH-

HbIE O6CY}K,IL6HI/IH " BazKHbIE€ 3aM€E€YaHUI.
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