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1 Hekotopnble noHaTHs 00IIeil TOIIOJIOTNN’

(Bkarouasi HamtoMuHaHUs 10 Kypcy “BBesienune B Tomosioruro”,
KOTOPBbIE HE SIBJSIOTCS 9aCThIO IIPOrPAMMBbI HACTOSIIEr0 Kypca)

Onpenenenne 1.1. Mempurot p Ha MHOKecTBe X Ha3bIBaeTCs oToOpakeHue p @ X X
X — [0,00), YIOBIETBOPSIIOIIEE AKCHOMAM:

plr,y) =0 <& x=y Vr,yec X (akcuoma TOXKjIeCTBA);
plx,y) =ply,x) Vr,y € X (akcmoma cuMMeTpun);
) <

3. plx,2) < p(x,y) + py,2) Va,y,z € X (akcmoma TpeyroJbHUKA).

[Mapa (X, p) HaseiBaeTcs mempuyeckum npocmpancmeom. Logmpocrpanctso Y C X aB-
TOMATHUYICCKU ABJIACTCA METPUICCKUM IIPOCTPaHCTBOM.

Jluamempom Y masbiBaercsa diam Y := sup p(x,y). MHOXKECTBO ¢ KOHEIHBIM JTHAMET-
z,yeYy
POM HazbIBaeTcs ozparudertvim. [Ilaposoti oxpecmrocmvbro Ha3bIBAETCS

B.(z) :={y € X | p(y,r) < e}.

Pacecmosanue orY C X no Z C X — p(Y, Z) = glf p(y, 2).
ez

Ecim p(y,Y) = 0, To y — mouka npu%OC’HOSeHUﬂ Y. Bamwranuem Y wnasbiBaeTcs
Y :={muoxkectBO TOuexk npuxocHopenust Y }. Ouesmmno, uro Y C Y. Muoxkectso Y
Ha3bIBACTCS 3amkHymoLm, ecin Y = Y. Touka & HasbBaeTcs eHympenneti moukot Y,
ecsm cymmectByer € > () takoe, aro B.(xz) C Y (B wactHocth, x € Y'). Buympennocmuio Y
Ha3bIBaeTcsd COBOKYIHOCTD Int Y C Y ero BHyTpennux Touek. MHoxKecTBO Y HazbIBaeTCs
omxpvimoim, ectn Y = Int Y.
Bamaga 1.2. Ilycts X — merpudeckoe mpoctpancTBo. Torga Y C X OTKpPBITO TOTIa U
TOJILKO TOra, Korma X \ Y 3aMKHyTO.

Teopema 1.3 Ilycmo X — mempuueckoe npocmpancmeo. Tozda
1 O X omxpoimo;
2 O 0 omxpoimo;

3 O obsedunerue |J U, 06020 nabopa omxpvimuvix nodmmoscecms U, C X omrpwimo;
acA



k

4 O nepecevenue [ U; koneunozo nabopa omxpvimoiz nodmmoscecms U; C X omkpoimo;
i=1

1 3 0 samxnymo;

2 3 X samrnymo;

3 3 nepeceuenue (| F, 06020 nabopa samrnymoix noomnosicecms F, C X samrnymo;
acA

k

4 3 obsedunenue |J F; konewnozo nabopa samknymor nodmmoscecms Fy C X samrxny-
i=1
mo;

HokazareabcTtBo. B cuny npemsiaymieit 3agaqun k O = k 3 V k. Cpoiicrsa 1 O u 2 O

oudesunnbl. Jokaxem 3 O. [lycres U = |J U, u © € U. Torna naiigercst takoe «, 91O
acA
reUy,m Bs(a) c U,. Torna Bg(a) cU,cU.
k

Hokaxkem 4 O. Ilycrs U = () U;, « € U. Torua umeercst nabop ; (i = 1,.. ., k) takux,
i=1

gro z € B, (x) C U;. llycrs € := min{ey, ..., e }. Torma B.(z) C B, (x) C U; Vi. Snaunr,
B.(z) CU. O
3agadga 1.4. I[lokazaTb, 9TO OT KOHEYHOCTH HEJIb3s OTKA3aThCs.
Bagada 1.5. Jlokasars, uro B.(x) oTKpbITO.
3agada 1.6. [lokazarb, uro IntY orkpsITo.
Bagaua 1.7. Jlokaszarsb, 9rT0 Y 3aMKHYTO.
Onpenenenne 1.8. Tononsozueti Ha MHOXKecTBe X HA3BIBACTCH CUCTEMAa €r0 MOJIMHO-
JKECTB T (9T MOJMHOZKECTBA HABBIBAIOTCS OMKPbIMbLMU ), YIOBIETBOPSIONIAS CJIE LY FOTIIM
AKCHOMAM:

1) X er;
2) Der;

3) eem U, eTVae A o |J U, €r;
acA

k
4) ecmu Uy,..., Uy €T, 10 U; € T.
i=1

[Tapa (X, 7) HazeiBaeTcs monosozuyeckum npocmparcmeom. Muoxecrso Buga F' = X\U,
e U € 7, Ha3BIBAETCA 3GMKHYMOIM.

Bamaya 1.9. [lpoBepursh jjist 3aMKHYTBIX MHOXKECTB cBoficTBa 1 3 — 4 3.

IIpumep 1.10. MeTtpudeckoe NPOCTPAHCTBO SABJSIETCH TOTOJIOITIECKUM.

Bagada 1.11. IIpuectn nprmMep TOMOJIOTHYECKOrO IpocTpancTBa (X, T), He CBSI3aHHO-
r0 HU ¢ KaKOi MeTpHKOii (TOBOPAT: TOMOJIOTUS HE METPU3YeMa).

Onpegnesienne 1.12.  Oxpecmnocmuio toukn x € X (nmonmuokectBa Y C X ) Ha3bIBa-
ercs JI060€ OTKPBITOEe MHOXKECTBO ee (ero) cogpepzxkariee. Touka npukocrosenus Y C X
— Takas Touka r € X, 910 JI06ast ee OKPeCTHOCTh UMEET HelrycToe mepecedenue ¢ Y. 3a-
Mmuikanue Y — 9TO MHOYKeCTBO Y BCeX TOUeK MpuKocHosenns Y (Tak uro Y C Y). Touka
x € Y nasbiBaeTcd enymperHeti TOUKON Y | ec/id HalljieTcs Takas OKpecTHOCTh U To4Ku x,
qro x € U € Y. CoBOKYITHOCTh BCEX BHYTPEHHUX TOUYEK Y HA3BIBAECTCI GHYMPEHHOCTNHIO
Y u oboznauaerca Int Y.



3amaua 1.13. Y C X 3aMKHyTO TOIJIa U TOJILKO TOTJIa, Korja Y = Y.
Banaua 1.14. Y 3aMKHYTO.
Omnpepesienne 1.15. Ilycrs Y C X, (X, 7) — Tonosoruveckoe npocrpasctso. Tormo-
aorust 71 :={UNY | U € 7} HasbiBaercs Tomosorueit, undyyuposannot T Ha Y .
Bamaga 1.16. IlpoBeputs jj1s0 7| AKCUOMBI TOIOJIOTUH.
Bagada 1.17. Ilycrs (X, px) — Merpudeckoe npocrpatcTso. Torma Tonosoruto Ha Y C
X MOXKHO BBECTHU JIByMsI CIIOCOOAMMU:

1) px HMOPOKJAET Ty, KOTOpas WHIYIUPYeT T1,

2) px 1pU OrpaHUYEHHHU HA Y JAeT Py, KOTOPas IOPOKIAET Ty, .

HokazaTh, 4T0 7| = T, .
Omnpenesienne 1.18. IlonmuokecrBo Y C X HasbiBaercs (6c100y) naommuvim, ecim
Y = X.
Bamaua 1.19. Ilycrs Y], C X u Yy C X — OTKpBITHIE ILUIOTHBIE ITOJAMHOXKecTBa. Toraa
Y =Y NY; — oTKpbITOE TIJIOTHOE TTOIMHOYKECTBO.
Omnpenenenne 1.20. Orobpaxkenne f : X — Y Tomojiormveckux mpoCTPAHCTB HA3bI-
BAETCST HENPEPLIGHLIM 6 mouke To € X, ecau st o60it okpectrocTH obpasa V (f(xo))
cymiecTByeT Takas okpectHoctb U(xg), aro f(U(xg)) C V(f(xg)). Orobpaxkenue, nemnpe-
PBIBHOE B KaXKJIOW TOUYKE, HA3BIBACTCA HENPEPOLEHIM.

Teopema 1.21 Chredyrouwue ycarosusi sK6USAAEHMHDL:
1. f: X =Y nuenpepvisro;
2. 0aa mobozo omxpumozo V C'Y npoobpas f~HV) omxpum 6 X;

3. Ons mobozo samxnymozo F C'Y npoobpas f~1(F) samxnym ¢ X.

IoxkazatenbcTBo. [lockonbky f~H(Y\V) = f1(Y)\ (V)= X\ f"YV), To yciopus
2 1 3 9KBUBAJIEHTHBI.
[Tycts Teneps f HempepsiBHO, V' C Y — oTKpbITOE MHO)KecTBO. Torma mubo mpoobpas
V' mycr, 1, TeM caMbIM, OTKDPBIT, JT6O0 COIEpKUT HeKoTopyio Touky x: f(x) € V. Torma no
OIPeJIeIEHNIO JIJIs JIF00OH TaKkoii TOUKH Haifijiercs Takast okpectHocts U(x), aro f(U(x)) C
V,r e U(z) C f~HV). Takum obpasom, kaxaa rouxa f~!(V) — BHyTpenuss.
O6parHo, mycTsb BoinosaeHo yeaosue 2. Torga s V= V(f(x)) B KadecTBe HCKOMOTO
U moxno B3atb U = f~1(V). O
Bapaua 1.22. Ilycte X = Fy U Fy, tne F} u Fy, — 3amkuyteie, f : X — Y. Torma f
HEIPEPLIBHO TOTJIA U TOJBKO TOrjia, Korja f|m : F1 — Y u f|g, : F» — Y HenpepbiBHBIL.
Bamauga 1.23. Ilycrts f, : X — R — menpepbiBuble hyHKINN, CXOuduecsd K f paBHO-
mepnuo Ha X. Torya f HernpepbiBHAS.
Bamauva 1.24. Ilycre X u Y — merpudeckue npocrpanctsa. /lokazars, aro f : X — Y
HEIPEPhIBHA B TOYKE Ty B CMBICJE OTOOPAXKEHUI COOTBETCTBYIOIIUX TOIMOJOTMIECKIX
[POCTPAHCTB TOIJIa W TOJBKO TOrJa, KOrja s Jioboil mociemoBaresbHoctu {x,} ¢
lim z, = xy umeem nhi& f(x,) = f(wo).

n—oo
Omnpenenenne 1.25. Orobpaxkenne f: X — Y Ha3bBaeTCSI 20MEOMOPHUIMOM, €CTTA

1. f — Oumexkrug;

2. fu f~! nenpepnIBHLL



3amaua 1.26. IlpuBecTtn npumep OMEKTHUBHOI'O HEIPEPBIBHOTO OTOOPAXKEHUs, HE ABJIs-
IOIIEroCst TOMEOMOPQPU3IMOM.

Onpenesnienue 1.27.  B5a3ot monoiozuyu T Ha3bIBAETCA TaKasl CUCTEMa OTKPBITHIX MHO-
KecTB B, 94T0 /11000€ T—OTKPBITOE MHOXKECTBO IIPEJICTABSETCS B BUJIE UX O00bEIMHEHUS.
SBamaua 1.28. Kaxkue yc/ioBusi HAJI0 HAJOXKHUTH Ha IPOU3BOJBHYIO CHCTEMY IIOJIMHO-
kecTB By, 9T00BI B pe3ysibTare B3sATHS WX MPOU3BOJIbHBIX O0bEINHEHUN Oy IUTh HEKO-
TOPYIO TOIOJIOTHUIO !

Omnpepesienne 1.29. Ilycrs (X, 7x) u (Y, 7y) — Tonosorudeckue npocrpancrsa. Pac-
cvMoTpuM B X X Y crenyroniyio 6a3y TOIOJIOIUN:

BZ:{VXW|V€Tx,W€Ty}.

[Tosryuennoe Toroorndeckoe IIpOCTPAHCTBO HA3BIBAETCA Jekapmosvim npouseederuem X
nyY.

Bagada 1.30. Ilposeputsh (¢ ucnosp3oBaHueM Hpeablyieil 3agaqn), ato X X Y neii-
CTBUTEJILHO TOMOJIOTUYIECKOE TIPOCTPAHCTBO.

Samaua 1.31. Jokazatb, uto X X Y u Y x X romeomopdHbI.

Bamaua 1.32. Jlokasarb, uto (X X Y) x Z u X X (Y X Z) romeoMmopdHBbI.

Bagada 1.33. Ilycrs (X, px) u (Y, py) — Merpudeckue npocrpascTsa. Oupegesnm Ha
X XY cienymoriyie pacCTOAHUS:

Pmax((T1, Y1), (T2, y2)) = max{px (z1,22), py(y1,92)},

pal(1,90), (22, 12) 1= (1, 22) + 23 (1, ),
p+((z1,91), (T2,92)) := px (1, 22) + py (Y1, 92)-

JlokazaTh:

1) YTo 5T0 MeTpHKH.

2) Yro coorBercrByommue Tonogornu Ha X X Y COBIAJAIOT.
Bagada 1.34. [lokasarb, 4ro moaMHOXKecTBa mpsiMoit (a,b), [a,b) u [a,b] HE TOMEO-
MOPHBI.

1.1 CBg3HOCTHh U JIMHEIHAA CBA3HOCTDH

Omnpenenenne 1.35. Tomosoruyueckoe npocTpancTBo X HA3BIBAETCH HECEA3HBIM, €CJIH
BBIIIOJIHEHO OJIHO U3 CJIEJYIONIUX (OUEBUIHO, SKBUBAJIEHTHBIX ) YCIOBHIA:

e [IpocrpancrBo X mpejcraBisgeTcd B BHJE OO0bEJIMHEHUS JIBYX HEIePeCceKaronuxcs
HEIYCTBIX OTKPBITBIX MHOXKECTB.

e [Ipocrpancreo X mmeer HemycToe moaMHOXKeCTBO A, He coBmajaomee ¢ X U SBJIs-
Ioleecs OJJHOBPEMEHHO OTKPBITBIM M 3aMKHYTHIM.

e [IpocrpancrBo X mpejcTaBisgeTcsd B BHJE OObEJIMHEHHUS JIBYX HEIePeceKaroluxcs
HEILyCTBIX OJTHOBPEMCHHO OTKPBITBIX U 3aMKHYTBHIX MHOXKECTB.

B nporusaOM citydae X Ha3bIBACTCS CEAZHBIM.

Omnpenenenne 1.36. IlpocrpancTtBo X HaA3BIBACTCH AUHETHO CEA3HBIM, €CIIU IS JTEO-
OBIX JIBYX TOYEK To,T; € X CyIIecTByeT HempepbiBHOE oTobpazkenue (nymo) f : [0, 1] —
X, £(0) = w0, f(1) = o1,

Bamaua 1.37.  Orpesoxk [a,b] C R cBssen n auHeiiHo cBA3EH.

4



Teopema 1.38 ITycmo X = |J X, xaorcdoe X, ceasno, a (| Xy # 0. Tozda X ceasmo.

HoxkaszarenbctBo. Ilycrs X necsasno, X = AUB, ANB =0, A u B — nenycrole
oTkpbITOo-3aMKHyThIe. Torma kaxmaoe X, = (X, N A) U (X, N B). Ilo onpenenennio un-
JIYIIUPOBAHHON TOIOJIOIMK 9TU MHOXKECTBA OTKPBITO-3aMKHYyThIe B X,. Ilockosnbky X,
CBSI3HO, TO OJIHO M3 HUX IIyCTO. SHAYUT, KarxKja0e u3 X, LEJIUKOM COIEpKUTCs b0 B A,
ymbo B B, KoTOpble He mepecekatorcs. [Ipm sTom, Tak kak A m B HemycTol, a X paBHO
00beIMHEHNTO X, TO XOTs OBI 110 OJTHOMY U3 X, COJIEPKUTCS B KaxKoM u3 A n B. 3naqnr,
N X, = 0. IIporusopeune. O

(0%

Teopema 1.39 Ilycmov 6 monoaozuueckom npocmparcmee X 0an A00ux 08yx movex
u Yy umeemcea ceasnoe noonpocmpancmeo Py, ux codeporcawjee. Tozda X ceasno.

HoxkaszarenbctBo. Ilycrs X mecsasno, X = AUB, ANB =0, Au B — nemycrole
OTKPBITO-3aMKHYTHIe. Torma Haiimgyres a € A, b € B u coorBercrBytomee P,,. Torma
Py = (PupyNA)U(P,pNB). 9T MHOKECTBA OTKPBITO-3aMKHYTHI B Py, 1 HemycTsl (1iepBoe
cozepkuT a, Bropoe — b). [Iporusopeune co cBA3HOCTBIO Py, O

3amaga 1.40. (O6pa3 cBI3HOIO IPOCTPAHCTBA IIPU HEITPEPBIBHOM OTOOPAXKEHUU CBA3EH.

Teopema 1.41 Jlunetino ceasznoe npocmpancmeo c8A3HO.

HoxkazarenbctBo. Ilo npenpiymmeii 3amaqde f([0,1]) cBasuo, rue f = fi, 2, — U3 oupese-
neuns juHeitnoit ceasnocru. Ilonoxkus Py, ., := f([0, 1]), MoxkeM BoCIOIBb30BATHCA TEO-
pemoii 1.39. U

Bamaua 1.42. Ilpuectu npumep CBSI3HOTO, HO HE JIMHEHHO CBA3HOIO MPOCTPAHCTBA.

1.2 KoMnakTHOCTBH, Xayc/10pdOBOCTb, HOPMAJILHOCTh

Omnpenenenne 1.43. Tomoornaeckoe IPOCTPAHCTBO HA3BIBACTCS TaYCOOPPHOEHIM, €CITH

Jyist 1obbIX x, y € X, x # y, Haiiayresa Takue okpectaoctr U(x) u U(y), aro U(z)NU (y) =

Samauya 1.44. Ilpusectu npumep Hexayca1opdoBa TOMOJIOTUTIECKOrO TPOCTPAHCTBA.

Bamaya 1.45. Jlokasarb, 9TO J€KAPTOBO MPOU3BEIEHUE XayCIOPMOBBIX MPOCTPAHCTE

xaycs1o0pdoBo.

Samaua 1.46. lokazaTb, 9TO B XaycI0p¢OBOM IIPOCTPAHCTBE KazK [asd TOUKA 3aMKHYTA.

Omnpenenenne 1.47. Tonosorudeckoe TpocTpancTBO X HA3BIBAETCH HOPMAALHBIM, €C-

JIL OHO Xayc1opdoBO U Jist JTIOOBIX JIBYX HEIIEPECEKAIOIINXCA 3aMKHYTHIX MHOXKECTB F) 1
5 TBYIOT HeII K necst okpecTHocTH Uy 11 Us 9.

F5 cymectBytor nenepecekaromuecs okpecraoctu Uy O Fy u Uy D F:

3amaua 1.48. Bcesgkoe MeTpuyeckoe MPpOCTPaAHCTBO HOPMaJIbHO.

Onpepenenne 1.49. Ilokpoitue {V}sep usmenvuaem (sasisgercs 6oiee MeJIKUM, €M)

{Us}aca, eciiu st Besikoro [ Haidijercs takoe o = «3), uro Vi C U,.

Teopema 1.50 ITycmv X — nopmanvnoe mononozuueckoe npocmpancmeo, {U;}N
KoneuHnoe omxpouimoe nokpwvimue. Tozda cywecmeyem boaee meaxoe nokpvmue euda Vi,

VvV, cU.

HokazaTeabcTBo. PaccMoTpuM 3aMKHYThIE MHOYKECTBa,
N
F={(x\JU| ct, F=Xx\U,
i=2

5



U COOTBETCTBYIOIINE B CUITYy HOPMAJBHOCTH OKPECTHOCTU
ViDF, ViDF, Vinvi=9.

Torta, MOCKO/IBKY KazKjiasi TOUKa F| mMeeT He mepeceKarontyocd ¢ Vi oKpecTHOCTb Vi 1,
TaKuM 00pa30M, He MOXKeT OBITH TOYKON MPUKOCHOBeHUsT V7,

VinE =0, VicVic(X\F)=U

u (V1,Us,...,Uy) — nokportue. lamee, 3amensiem Us va Vo u 1. 1. ]

amaga 1.51. Ilycrs f : X — X — mempepniBHOe oToOpakeHue xaycaopdoBa mpo-
crpaHcTBa. JloKa3aTh, 4TO MHOXKECTBO HeNOABIZKHBIX Touek Fjy := {v € X | f(z) = «}
3aMKHYTO.

Bamaua 1.52. [lokazarh, uro X xaycgmopdoBo TOrja u TOJIbKO TOrja, KOT/ia JuaroHab
A:={(z,y) |z =y} C X x X zamxuyra B X X X.

Bamaga 1.53. Jlokaszarb, uro orobpaxkenne f : X — Y B xaycaopdoBo mpocTpaHCTBO
Y HempepsIBHO TOrAa U TOMBKO Torga, Korga rpaduk 'y := {(z, f(x)) |z € X} C X x Y
3aMKHYT B X X Y.

Jlemma 1.54 (Ypbicona) ITycms X — HOPMAAbHOE TNONOAOZUMECKOE NPOCTNPAHCMEO,
Fy u Fy — samxnymoie nenepecexaroujuecs mmodxcecmea. Tozda cyuecmeyem maxas
nenpepvisnas gynkyua f: X — [0,1], wmo f|g, =0, f|lp = 1.

JlokazareabcTBO. I3 HOpMaJILHOCTH CJIELyeT, UTO JJjisi JI0OOro 3aMKHYTOro F' um ero
okpecrroct U, F C U maiiziercs jpyras okpectHocTs V, Taxas, ato F C V. C V C U,
qro Oyaem obosnadars V €U (cM. 1okazareabeTBo TeopeMbl 1.50).

Ompenenmum V,, it JBONTHO-PAIMOHAIBHBIX ¢ MHJIYKIHEH [0 CTEIEeHN 3HAMEHATE IS
(1. e. crauasna st 0 u 1, morom st 1/2; morom gt 1/4 u 3/4, norom s 1/8, 3/8,
5/8, 7/8 u tak najee). [osoxkum Vo u V) paBHBIME T€M HEIEPECEKAIOIIUMCS OTKPBITHIM
MHOZKECTBaM, cojepzkamuM Fo u Fj, KOTOpbIe CYyNIECTBYIOT II0 ONPEIEJCHUI0 HOPMAJIb-
nocru. Ilycrs, 1m0 npejmnosoxennio unaykiuu, V, onpejenenst 1o 2% B snamenarese g.
Paccmorpum

F:=V., U:=Viu,
ok ok

TOTJIa TIOJIOZKUM V21i+11 =V, durypupytomem juig F' u U B paccyKjeHUN U3 HadaJIa
2k+
JI0Ka3aTeJbCTBA.
[Tomy4ennbie V,, aBIAI0OTCA OTKPBITBIMU 110 IIOCTPOEHUIO, IIPUIEM

1. Fy C W,
3. ecim q1 < qa, TO Vg, € V4,.

Ompenemnm s soboro s € [0,1]: Vi == |J V,. Torma V; orkpsrto st smoboro s (kak
q<s

oObeINHeHe OTKPBITHIX) U yioBaeTBopser 1 — 3. JleitcrBuresnbHo, 1 u 2 oueBHIHBI, a
3 ciemyer M3 TOTO, YTO MEXKJIy JIIOOBIMH JIByMS YHCJIAMU MOYKHO HAfTH JIBa JBOMIHO-
PAIMOHAJILHBIX.

Teneps onpenermm ynknuio f: X — [0, 1], nonoxkus f|r =0 u f(z) :=sup{s|z &
Vi}. Iokazxkewm, aro f mempepwiBHa. Ilycth 29 u € > 0 npousBosbHbL. [lycts 5o = f(x0).
Paccmorpum

U<I0) = ‘/80-&-% \Vso—i'

6



D10 NEHCTBUTEIHHO OKPECTHOCTD Ty, pudeM i jiroboro « € U(xg)

T € VSOJrﬁa T ¢ ‘/80*%7

TaK 9TO

€ €
So—zﬁf@)SSO‘i‘Z—l,

Bamaya 1.55. 3aMKHYTOE [IOJIMHOXKECTBO 3aMKHYTOIO ITOJIMHOXKECTBA 3AMKHYTO B 00b-

f(x) — flao)| < g <e. O

eMJTIOIIEM TTPOCTPAHCTBE.
Bagada 1.56. (Teopema Twurie o npogomzkenun) [ycrs X — HOpMaibHOE TOMOIOI e~
ckoe npocTpanctso, F' C X — 3amkHyTOe mojnpoctpancTtso, f : F' — R — HenpepoiBaas
dyuknus. Torna f npomomkaercs 1o wHerpepbiBaoit dyukiuu g : X — R. Eciu f orpa-
HUY€HA, TO U § MOXKHO BBLIODATb OT'PAHUYEHHON TOW YK€ KOHCTAHTOII.

Onpenenenne 1.57. Hocumenem pynruyuu f: X — R HasbiBaercs

supp f = {z € X [ f(z) # 0}.

Teopema 1.58 Ilycmv X — nopmanavroe monosoeuueckoe npocmparcmeo, {Uy} — Ko-
HewHoe omrpvimoe nokpwvimue. Tozda cywecmeyrom makue HenpepvieHvle GYHKUUY Py
X —[0,1] C R, wmo

1. supp ¥, C Uy,

2.5 halz) = 1.

Cucmema gynxyut 1, nasvieaemces pasdbueHnem eguHnubl, noguunHerdsim {U, }.

Bameuanwne 1.59. [locrarouno nokanbHOl KoHewHOCTH {U, }: y KazKI0ii TOUKH CyIIie-
CTBYeT OKPECTHOCTh, [IePEeCeKAaoIasiCs UMb ¢ KOHeIHbIM ancaoMm {U, }.
JoxkazaTreabcTBo. Coracao Teopeme 1.50 naitnem nosbie mokpeitug W, €V, € U,. Ilo
JleMMe Y PBICOHA CYIIECTBYIOT HEIPepPbIBHbIE (OYHKITIH

9,1 X — [O, 1], 00¢|WQ 1, 6)04|(X\Va) =0.

Takum 06pazom, supp b, C Vo C U, a Oulw, > 0. Iomoxum 6 := )" 6,. Do KOHEUHAS
CyMMa, HeIpPEpPBIBHBIX (DYHKIUN 1, TaKUM 0Opa3oM, HenpepbiBHasA (GyHkmusa. [Tockoibky
{W,} — nokpeitue, a § > 6, > 0 va W,, 1o > 0. 3HaUUT, MBI MOXKEM IOJOKHUTh
Vo = %‘1. OueBuHO, 9TO 06a YCJIOBHUS BBIOJIHEHBI. U

Onpenesienne 1.60. Tomosornmdyeckoe mpocTpancTBO X Ha3BIBACTCS KOMNAKMHDIM, €C-
JIM U3 JII0OOOT0 €ro OTKPBITOI'O MOKPBITHSA MOYKHO BBIJIEIUTH KOHETHOE TOJIIOKPBITHE.
Bamaua 1.61. Jlokasarb, 94T0 OTPE30K |a, b] KOMIAKTEH.

Bamaga 1.62. [lokazarh, 9TO 3aMKHYTO€ OJIMHOXKECTBO KOMIIAKTHOI'O IIPOCTPAHCTBA
KOMTIAKTHO.

3amaua 1.63. JlokazaTb, YTO KOMIIAKTHOE ITOJIMHOXKECTBO XaycI0pdoBa IpocTpaHcTBa
3aMKHYTO.

Teopema 1.64 Komnaxmmnoe xaycdopdhoso npocmparcmeo HopMaibHO.

Hoka3zareabcTBo. [lycrs F' C X 3amruyTo u x ¢ F. [lokaxkeM, 9TO CyIIECTBYIOT Herre-
pecekatommuecsi okpectaoctu U(x) u V(F). B cuy xaycmopdosoctn mis moboro y € F



nafigyrca rakue V, > y u Uy 3 x, aro V,, N U, = (. Oxpecruocru V, 06pa3yior HOKpbI-
tue [, 13 KOTOporo MOKHO BbIOpaTh KOHeuHoe HoAnokpwiTue Vi, ...,V , Tak Kax F'
KOMITAKTHO (cM. 3ajady 1.62). Tlomokum

N
V(F):=V,U...UV,,, U :=[\U,.
j=1

[Iycty Tenepsr Fy C X um Fy, C X — 3amkmyTbele. [lo mepBoil wacTn moka3aresbcTBa

ONpeJIe/IMM st KaxKJoro ¢ € F) oTKpbIThle Hemepecekarommuecst Muoxecrsa U(x) o x

u V(z) D Fy. Torma {U(x)} — orkpbiToe mOKpbITHE F), N3 KOTOPOrO MOYKHO BBIJICJIUTH
n n

KoHeuHoe noanokpeitue U(xy),...,U(x,). Muoxkecrsa |J U(z;) u () V(x;) — uckombre
‘ i=1

=1
HelepecekaroIuecss okpectaoctu Fy u Fj. 0

Bamaya 1.65. JlokazaTh, YTO HENPEPBIBHBIN 00pa3 KOMIIAKTa KOMIIAKTEH.
Bagaga 1.66. Ilycrs f : X — R' — menpepoiBras DyHKINS HA KOMIAKTHOM IIPO-
crpanctBe X. Torya f orpanudena m npuHAMaeT HAUOOJIbIIECE M HAUMEHBIICE 3HATCHUSI.

Teopema 1.67 Henpepuignoe buexmusroe omobpascenue KoMnNaKmHmozo npocmparcmed
Ha xaycdopPoBo ABAAEMCA 20MEOMOPPHUIMOM.

HokazareabcTtBo. Ilycts f: X — Y — HenpepoiBHasg Ouekims, mpudeM X KOMITAKTHO,
a Y — xayciopdoso. [liis oKazaresberBa JIOCTATOYHO II0KA3alTh, 9TO 00pa3 IIPOU3-
BOJILHOT'O 3aMKHYTOTO mojaMuoxKectBa ' C X gaBigerca 3aMKHYTBIM B Y. [lockosibky X
— KOMITAKTHO, TO F' Toxke KoMmakTHO (cM. 3amady 1.62), suaqut, f(F') TOxKe KOMIAKTHO.
Ho rak kak Y xayciaopdoso, To B aroMm ciyuae f(F') 3amkuyTo (cMm. 3amady 1.63). U
3amagya 1.68. [lekapToBO IpOM3BeeHNE KOMIIAKTHBIX MPOCTPAHCTB SBJISAETCH KOM-
HAKTHBIM.

2 Mmboroobpa3uga n KacarejbHble BEKTOPA

Onpenenenne 2.1. [wadkum mHo2000pasuem padmepHocmu m HA3BIBAETCS Celapa-
HesbHOE XaycI0PdOBO TOIIOJIOTUIECKOE TPOCTPAHCTBO M |, cHabKEeHHOe 24a0KUM AMAACOM,
T. €. OTKPBITBIM HOKpbITHEM {U,} 1 HabOpoM romeomophusmos ¢, orobpazkaromux U,
Ha OTKpPBITHIE mojmHO)KecTBa V, C R™ (pasmeprocts m MHOro0Opasus M o6o3HadaeTcst
dim M). Ounn 3anator B U, aokasvnvie kKoopdunamat. Ilpu srom Tpebyercst, 910061 0TOOpa-
JKEHUS 3amenv, Koopdunam (i gynkyuu nepexoda) gpagogl tg(UaNUg) = o (UsNU3)
OBLIN TJIAKUMHI KaK BEKTOP—(YHKITUH, 33 IaHHbIe HA OTKPBITOM MHOXKecTBe B R™. [1a0-
Kol cmpyKkmypoll Ha3bIBaeTCsl MAKCUMAJIBHBII TIajKuii aTiac (He COBCeM CTPOroe MOHs-
THE).

3ameuanwue 2.2. Ecin He TpebOBATDH IVIQIKOCTH, TO MHOI0OOpa3ue Ha3bIBAETC Mono-
N02UMECKUM.

Bamaya 2.3. IlpuBectn mupummep MHOTOOOpa3Usi C HECOTJIACOBAHHBIMU TV TKIMU
CTPyKTypaMu, T. e. ¢ aByMs Takumu mmagxumu atiaacamu (Ui, ¢;) n (Vj,;), [ro
{(Ui, i), (Vj,1;)} He aBasieTcs rIaikuM aTIacoM.

Sagaua 2.4. Jlokazatb, uro S™ u RP" aBIg0TCA TJIQJIKIMUA MHOTOOOPA3USIMHA.
Bamaga 2.5. DByayr jm raagkumu MHOrooOpasusiMi I'DAHUIA KBaJIpaTa U BOCbMEpPKa
(momvmokecTBa R?) 7

Onpenenenne 2.6. 2n-mepHOEe MHOr00Opa3me HA3BIBACTCS KOMNAEKCHO-GHAAUMUYGEC
KuM, ecsii Bce (PYHKIUN 3aMEHbI KOOPJIMHAT sIBJSIOTCH KOMILICKCHO-QHAJTUTUICCKUMH.



Bagada 2.7. JlokazaTh, 9T0 S? — KOMINIEKCHO-aHAJIMTHIECKOE MHOTOO0OpA3He.
Omnpenenenne 2.8. OQOynkimua f : M — R naswBaercs 2aadkoll, ecau s 000
toukn P € M u nekoropoit kKaptbl (Uy, @), comepxkameit P, byukmus fop ! : V, — R,
3aJlaHHas Ha obstactu B R, siBjisiercst ri1aKoii.

Bamaya 2.9. Jlokazarh, 9TO U3 TJIAJKOCTHU 110 OTHOIIEHUIO K HEKOTOPOI KapTe CJie/lyeT
[JIIKOCTD 110 OTHOIIIEHUIO K JII0OOiA.

Omnpenenenne 2.10. HemnpepoiBaoe otobpazkerne f : M — N riaaJxux MHOr0OOpas3mii
Ha3bIBACTCS 2AadKuM, ecn s joboit toukn P € M u mekoropbix kapT (Uy, ¢a), co-
nepxamteit P, u (Ug, ¢), conepxameit f(P), (3o kaprer na M u N, coOTBETCTBEHHO)
orobpazenne ¢j o f o oV, — Vi C R", zajannoe na obnactu 8 R™ n naspisaemoe
AOKAALHDIM NPEICTNABACHUEM TITH KOOPIUHAMHOT 3anucvlo [, SBJISI€TCS TJIAQJIKUM. 371eCh
dimM =m u dim N = n.

3agaya 2.11. lokasarb, 9TO U3 IVIAJIKOCTU 10 OTHOIIEHHWIO K HEKOTOPOM Iape KapT
cJIeAyeT TJIaJKOCTh 110 OTHOIIEHUIO K JIFO0OIA.

Onpenenenne 2.12. DBuekrtusHoe riajgkoe oroopaxkenue f : M — N raajiKux MHOTO-
obpasnit HaseiBaeTcs duddeomoppusmom, ecim f1 aBigerca rIaIKIM.

3amaua 2.13. IIposeputhb, 9T0o HOpMYJIbI

k
k x

\/52 — (1) — (222 — ... — (:L‘”)27

k _ ey L
\/1 4 (y1)2 T (yz)z NI (yn>2
satator auddeomopdusm B.(0) C R" u R™.
Bamaya 2.14. llpuBectu npumep riajkoro romeoMopdusMa, He siBJISIOMErocs aud-
deomopduzMOM.

Jlemma 2.15 Ha arwbom enadkom mruozoobpasuu, M cywecmeyem amaac ¢ kKapmamu,
dugppeomopprivmu omrpumomy wapy ( omryda no 3adave 2.13 scemy R™.)

HoxkazarenabcrBo. [lycrs (U,, ¢,) — Hekoropsiii ariaac Ha M. s jmoboit © € M BbI-
6epeM Upy(y) 2 . Iycrb e(x) crois Mano, 9t0 Be(y)(Pa(z) () C V@) € R™. Toraa

(U Ba)y w €M, Upi= 000y (Bew)(Pa) (2), 8o = $aw)p,»

— HMCKOMBIi1 aTJiac. U
3ameuanwue 2.16. [l 1106010 KOHETHOrO aT/Iaca KOMIAKTHOTO MHOTOOOpa3usl CyIie-
CTBYET IMOJUMHEHHOE pa30ueHusi eJIMHUIIbI, TOCKOJIbKY OHO HOPMaJIbHO.

Teopema 2.17 /laa 2100020 KoHeuH020 amMAaca KoMNaxmmozo mro2oobpadus M cyuie-
cmeyem noduuHeHHoe 24a0K0€e pa3bueHus eOUHULDL.

JokazaTeabcTBo. [IpexK/ie Bcero 3aMeTuM, 9TO JOCTATOYHO MMOCTPOUThL pa3OueHue eu-
HUIBI JJIsI HEKOTOPOI'O U3MEJIBIEHI NCXOAHOr0 aTiaca. B KadecTBe TaKOro N3MesIbaeHmst
BeIOepeM (cymmecTByIomuii B cuity jemMsl 2.15 u Teopemst 1.50) Taxoit atiac (Wps, 75), aro

73(W3) = B1(0) C R™, W5 =75 (B1-c(0)) — nokpsrrie M.

Ompenenum riiagkyo Gyaknuio Ha R™:

I S
W) = { I=G=272 , mpn [l < (1—e/2)%,
0, npu ||z]| > (1 —¢/2)%



Torna
supp h C Bi_./2(0), 0<h(z) <1, h(xz) > 0 na B;_.(0).

Tlostoxxum

_ [ h(7s(2)), upnx € Wp,
X5 =10, npu © & Wp.

Torna x5 € C*(M),0 < x < 1,supp xs C Wpn xp > 0na W5. Bnaunr, ¢ := 35 x5 > 0,
a g = xg/1 — uckomoe C'*°-pa3buenue eJIUHUIILL. U

Bamaua 2.18. Jlokasarh cyliecTBOBaHHE IOJIMHEHHOTO Pa30UeHUs €IWHUIbI I
JIOKAJIbHO-KOHEYHOTO aTiiaca (HEKOMIIAKTHOIO) MHOI0OOpa3usi.

Teopema 2.19 Ilycmov f : R" — R — enadkan dpynxuus, npuvem grad f # 0 na
M = fYyo). Toeda M — zradkoe mmozoobpasue. [Ipu 5mom 6 Kauecmee AOKANOHYIT
KOOPOUNAM MOICHO 63AMb Hekomopue n — 1 us b, ... z". Tax wmo dim M =n — 1.

HokazareabcTBo. lIpumensem Teopemy o HesBHOU dyHKIMU. VIMeHHO, 1IyCTh

aof af .
= 1 n
To = (zg,...,25) €M grad fz, = | =—, ... # 0.
( 0’ ) 0) ) 0 8131’ 7axn B
xo
Bes orpanmdenus oOITHOCTU MOXKHO CUUTATH, UTO 6 ‘ O [To Teopeme o HegBHOI
byrKIEN HaiiTyTcs okpectHocTh V oToukm (xf, ..., xf ) B , nHTEpBaT (T — €&,y +

) € R' u C*®-¢pynkima g : V — R' takne, uro
L f(z',..., 2" Hglat,..., 2" ) =08V,
2. g(zd, ...zl ") =,
3. g(zt, ...,z ) e (af —e, 20 +¢) npu (2. 2" eV,

4. rouka (z',...,2") € M N (V x (z§ — &,z + €)) onpenensercsa ycjaosuem 1" =
g(xt, ...z,

Ompeiesum KapThbl CJIEYIONUM 00pasoM:
Ui=Mn(Vx(z)—ecxl+e), ¢:U—=R" o' . .  2"):= . 2" eV
Torma, o 1) u 3) obpaTHbIM K ¢ Gyer
o Mt v = (2 e (et ).

[TpoBepum, 9TO HOJIYUYEHHBIH aTyac gBjsgeTcs riaajakuM. [lycTb, 6e3 orpanuydeHus OOII-
nocru, Hapsiy c¢ (U, ) Touka Ty comepskurca takxe B (U, @), rae ¢ : (z!,...,2")

(22,...,2™). Torga na (U NU) umeem

gb/gofl(xl, . ,x"il) = @(xl, o ,x"fl,g(xl, o ,x”fl)) = (332, . ,x"il,g(q:l, . ,x"il))

— TJIaJIKas 3aMeHa KOOD/IMHAT. 0J

Omnpenesienne 2.20. (TenzopHoe omnpejelieHne KacaTeJIbHOIO BEKTOPA)
(Kacamenavrowm) eexmopom & B Touke P € M Kk mMHOroo6pasmio M Ha3bIBACTCS COOTBET-
crBue, KoTopoe Kaxoit Kapre (Uy, pq) (JMOKaabHOl cucteme kKoopguHat (z),....27M)) B
okpecTHOCTH P cTaur B coorBercTBue Habop uucesn (EL, ... &™), Ilpu sTom Tpebyercs

BBIIIOJIHEHHUE TEeH30PHOI'0 3aKOHa, CBA3LIBAIOIICI'O Ha60pb1 quceJjl, KOTOpbIE CTaBATCA B
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COOTBETCTBHE PA3HBIM CHCTEMaM JIOKaJIbHbIX Koopauuatr. Vmenno, ecin xkapre (Ug, pp)
(JIOKaTBHOM cHcTeMe KOOpIAMHAT (Th,...,T}J)) CTABUTICA B COOTBETCTBHE HAOOD €HCE

(&5 -+, €5, O

rJie 110 HOBTOPSAIONIEMYCsl BBEPXY M BHHU3Y HHJICKCY j MOJIPA3yMEBACTCs CyMMUPOBAHIE.
Bagauya 2.21. (ompasganue onpejenenns) [lycrs v : (—1;1) — M — rinajkoe oTobpa-
xkenne, 7(0) = P. Torma coorBercrBue

dxt dx"
. 1 n
E i (xh, .o a") ~ <_dt"”’_dt>t:0

ABJIAETCA BEKTOPOM B P. 371ech B JIOKaIbHON cucteme Koopauuar (x', ... z™) orobpaske-
Hue vy 3ajano kak (zl(t),...,x"(t)).

Bagaua 2.22. Kaxplil KacaTeJbHbIE BEKTOP B TOUKE P OIHO3HAYHO OIPEIEIAeTCSI
CBOUMU KOMIIOHEHTaMU OTHOCHTEJIHLHO OJHOM CHCTEMbI KOOPINHAT.

Takum 06pa3oM, MHOXKECTBO KacaTeIbHBIX BEKTOPOB B Touke P (kacameavroe npo-
cmparncmeo Tp(M)) sBisieTcsi KOHEYHOMEDHBIM BeIleCTBEHHBIM JIMHEHHBIM TPOCTPaH-
crBoM pasmeprocT dim M. ITpu 3TOM, OYE€BUIHO, OLEPAIE HE 3aBUCAT OT BLIOOpPa JIO-
KaJILHOH CHCTEMBI KOODMHAT.

Omnpenesienne 2.23. (Omnpenesienne KacaTeJbHOrO BEKTOPa Uepe3 KpUBBIE)
Pacemorpum e riagikue kpusble y; ¢ (—1,1) — M u v, : (=1,1) — M, ynosierBo-
PSIIOIIUE YCJIOBUSIM:

e v(0)=P

e /s HEKOTOPOIi (CJieIoBaTe/IbHO, J11060i1) cucteMbl Koopaunar (x!, ... ™) B oKpecT-

noctd P BblmosHsgercs ycioBue:

m
k k 2 _ 42

S [ n0) — a*(e)]” = o), (1 0).

k=1

Takue KpuBbIE HA3BIBAIOTCS CONPUKACAIOUUMUCA: Y1 ~ Ya.

Bce kpuBble, yIOBIETBOPSIONIAE IEPBOMY YCJIOBHUIO, PA30MBAIOTCH HA KJIACCHI COIPH-
KaCAIOMIMXCsl. DT KJIACCHI HA3BIBAIOTCA KacameavHoimu exmopamu K M B Touke P.
Onpegnesnenne 2.24. (OnpemesieHne KacaTeJabHOTO BeKTOpa Yepes auddepen-
nupoBanus) Jluneiinoe orobpaxkenue D : C*(M) — R, 1. e. muneiinniii GyHkIpona Ha
IIPOCTPAHCTBE TVIAIKNX (DYHKIINI, HA3BIBAETCA 0nepamopom duddepenuuposarus B TOUKE

P e M, ectn

® 3HAYECHUS €ro ONPEIEISIIOTCS TOJIBKO 3HAYeHusIMU (DYHKIUI B OKpecTHOCTH P, Tod-
Hee, ecun f,g € C°°(M) TakoBel, uT0 f = g Ha HEKOTOPOii okpectHOCTH U TOUKH
P, 1o D(f) = D(g) (“omeparop 3a1an Ha pocTKax (yHKImHii”);

e BhInosIHEHO ycyioBre Hbiorona—Jleitbnuna
D(fg) = f(P)D(g) + g(P)D(f) ana moberx f,g € C%(M).

Haszosem Taxkoii oreparop auddepeHImpoBanust Kacameavhom eexmopom K M B TOUKe

P.
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Bagaua 2.25. Ilycrs (x',...,2") — JloKajibHAsg cucTeMa KOODJMHAT B OKPECTHOCTH
PeM,P=(x},...,27),a& € TpM B cMBIC/IE IEPBOTO ONPE/IEICHUs IMEET KOODIHHATHI
¢'. Torma cooTBeTcTBHE

HE 3aBHUCUT OT BBIOOpa JIOKAJBHOI CHCTEMbI KOOPJAUHAT U OIIpeJieideT oneparop maudde-
PEHIIMPOBAHMUSI.

Teopema 2.26 Onpedenerusn 9K6UBANEHMHDL, MOYHEE, ECTNECMBEHHOE COOMBEMCMBUE
KpuBasA <> KACAMEALHOIT 8EKMOP K KPUBOT 68 JaHHOT cucmeme KoopoOuHam <

< Judpeperyuposarnue no e2o0 HaNPaBACHUIO

noposcdaem u3oMopPuaM NPOCMPAHCNE KACAMENLHBT GEKMOPOE 6 CMBICAE MPET ONpe-
denerudi.

okazareabcTBo. MbI JI0KaykeM 3KBUBAJIEHTHOCTb MEPBBIX JABYX. B cuiy 3agaun 2.21
JUIA KOPPEKTHOTO 3aJaHnsd oToOpazKenns [' MHOXKecTBa KJIACCOB KPUBBIX B ‘TE€H30pHBIE”
BEKTODPBI JIOCTATOYHO (B OJJHON CHCTEMe KOODJMHAT) IMIPOBEPUTH UTO W3 7y, ~ Yo CJIEIYET,
qro &, = &,,. HeiicrBurennno,

(@R (n(t) = 2M(P) — (2P (1e(t) — 2 (P))]”

t—0 t

)

OTKyZa &y, = &,. DTa Ke BBIKJIaJIKa [OKa3bIBaeT, YTO JBE KPUBBIE COIPUKACAIOTCA TOTA

U TOJILKO TOTJIa, KOTJI[a OHM MMEIOT OJMHAKOBBII KacaTeJbHbI BEKTOp. 3Ha4uT, [ KOp-

PEKTHO OIpeJIe/IeH0 U MHLEKTHBHO. 3adUKCHPYeM CUCTeMY KOOPIUHAT X' B OKPECTHOCTH

P. Omnpegnennm orobpazkenne A (ObITH MOXKET, 3aBHCsIIEE OT BbIOOPA CHCTEMbI KOOD/TH-

HaT) B 0OPaTHOM HAIIPABJICHUH, COIIOCTABJIAA BEKTOPY & ¢ Koop/uHaTamu ¢ B BHIOpAHHOM

cucreMe, “IpaMyio”, T. €. KpUBYIO C apamMeTpudecKuM 3aganueM x'(t) = x'(P) + ¢ - .
dz’

Torma W’ =& uT oA =1d. Takum obpaszom, I' — cropbekius. 0
P

3anaya 2.207. JlokazaTh 9KBHBAJIEHTHOCTH TPEThero onpeesenus (depes muddepen-
[UPOBAHMUSI) KACATEJIHLHOTO BEKTOPA JIBYM JIDYTHM.

Onpenenenune 2.28. Ilycrs f : M — N — rnagkoe oroopaxkenue, P € M. /ug-
depernyuarom (kacamervrovim omobpasicenuem) f B Touke P Ha3bIBaeTCsl 0TOOpasKeHUE
KacaTeIbHbIX npocTpancTs dfp : TpM — TypyN, onpejesieHHOe OJHUM U3 CJIEIYIONTUX
9KBUBAJIEHTHBIX CIIOCOOOB, COOTBETCTBYIOIIUX TPEM OIPEIE/ICHUsIM KacaTe/IbHOIO BEKTO-
pa.

Iepssbiii crioco6. [Tycrs (UM, oM UM — VM c R™) — kapra M B okpectnoctu P,
(UN, N : UN — VN Cc R") — kapra N B okpectnoctu f(P), (zt,...;2™) u (v}, ..., y")
— COOTBETCTBYIOIINE JIOKAJbHBIE CUCTEMbI KoopauHat. JlokasibHOe IpejicTaBieHne oToo-
paxkenus f, Tounee, orobpaxkenne o o f o (eM)71: VM — VN noxer 6biTh ommcano
KaK Habop pyHKIH

yt =t ™),y = (L a™).
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[Tycrs BekTOp € € TpM craBuT B COOTBeTCTBHE cucTeMe Koopauuat (x!, ... x™) nabop

(€1,.. ., &™) (roBopAT: UMeeT yKazaHHble KOOPJMHATHLI B 3TOi CHCTeMe), TOr/Ia M0 Olpeie-
JIEHUIO [0JIaraioT ero obpasom 1 = (dfp)€ BEKTOpP ¢ KOODIMHATAME

_op
~ Oxt
(cymmmpoBanue nojpasymeBaercs) B cucreme (yl, ... y").

Bropoii crioco6. O6o3uaunmM uepes [y] Kiace conpuKacaionmuxcs KPUBbIX KPUBOIL 7.
TTostoxxum

n '3

(dfp)y] == [f o]

Tperuii criocob. Paccmorpum orteparop jnddepentupoanusd £ B Touke P € M. To-
rja 3Hadenne oneparopa auddepentmposanus (dfp)é na dyakium g € C°(N) 3amaercs
dopmyiioit

((dfp)§)(g) == &(g o f).
3agada 2.29. Jlokasarh 5KBUBAJIEHTHOCTb TpexX omupejeseHuii auddepeHuaia.
Omnpepesienne 2.30. Paccmorpum riajkoe orobpazkenue f : M — N, f(Fy) = Q.
Touka Py € M wnasbiBaercs pezyaaproti moukotd f, ecau nuddepeHimal

dfpo . TPOM — TQON

siBjIsiercst suuMopdusmoM (orobpazkenuem “ua”). Touka QQp € N Ha3bIBAETCS PE2YAAPHHIM
snavenuem f, ecim moboe P € f~1(Qq apiasderca peryaapHoil TOUKoi f.

Teopema 2.31 (JIemma Cappga) (6es doxazameavcmea) [Tycmo f: M — N — 2aa0-
xoe omobpastcenue, M u N — xomnaxmuwvie mHoz000pasus. Tozda mroorcecmeo G C N
PERYAAPHULT 3HAMEHUT [ — omKpouimoe 6crody NAOMHOE MHONCECTBO.

Onpenenenue 2.32. Orobpaxkenue f : M — N Ha3bIBaeTCd nozpyotceruem, €Cid B
Kazk10it Touke P € M nudbdepennuan dfp : TpM — Typ)N aBisgercsa MOHOMOP(hU3MOM.
Ecau pu stom f @ M < f(M) Bammuo ogaosnaquo, a f(M) samuyro B N, To f(M)
HA3BIBACTCS GAONHCEHUEM.

Samaua 2.33. [IpuBectu npumep MorpykKeHus, B3aUMHO-OJHO3HAYHOTO Ha 0Opa3, HO
HE SABJISIOIIEr0CS BIOYKEHIEM.

Omnpenenenne 2.34. Bioxenne, sgpJsionieecs ToMeoMOp@dU3MOM Ha 00pa3, Ha3bIBaeT-
CS BAONHCEHUEM 6 CUNDHOM CMBLCAE.

Bagaua 2.35. s KOMIAKTHBIX MHOTOOOpA3Mil BJIOYKEHUE BCEIJIa SIBJISIETCS CUJIBHBIM.
Onpegenenune 2.36. Ilommuoxecrso L C M, dim M = m, Ha3bBaeTcs 24a0KuM noo-
MH02000pasuem, ecau cyiecrByer takoit arinac (U, ¢,) MHOro06pasus M, aro {U, N L}
— rIaaKuii ariaac L B TOM CMBICTIE, 9TO

9004|UaﬂL : Uoz NnL— Va N Rl, Rl C Rm

DTOT aTIac Ha3bIBACTCA HOPMaAvHbuiM. Takium obpasom, dim L = [, a (m — [) Ha3bBaeTcst
Kxopaameprocmoro. [Ipu srom L oKasbIBaeTCst 3aMKHYThIM.

Samaua 2.37. okaxkwure.

3agaua 2.38. Ilycts f: M — N, a (g € N — perynsapnoe snadenne f. Torga Mg, =
f1(Qo) sBnsiercs raaakum nogmuoroobpasmem, dim Mg, = dim M — dim N. B kadectse
JIOKAJIbHBIX KOOD/JHMHAT B OKPECTHOCTH HEKOTOPOil TOukH My, MOKHO B34Tb HEKOTODBIC
(m — n) koopmuuat M.

Sagava 2.39. IlpuBectu nmpumep Takoro BJIOYKEHUS, 9TO 00pa3 HE sIBJISIETCS ITOAMHO-
roobpasuem (¥ j1azke MHOT0OOpas3ueM).
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Teopema 2.40 Ilodmmnoorcecmeo A C N asasemcs nodmnozo006pasuem moz0a u mMoAbKoO
mozda, k0204 OHO ABAAEMCA 00PA30OM HEKOMOPo2o MHo2000pasus M npu eroocenuu 6
CUNBHOM CMDBICAE.

Hoka3zarenabcTBo. Ecimm A C N sBisieTcst 1o IMHOr006pa3neM, TO TOXKICCTBEHHOE 0TOD-
pakeHune OyJjieT roMeoMopdr3MoM Ha 00pas3, a o OIPeJIe/IEHUIO TTOIMHOI000pa3us — I10-
Py ?KEHUEM.

O6patno, nycts f: M — N — cuibHoe riajikoe Bioxkenne. CBORCTBO OBITH TOJIMHO-
roobpas3meM MMeeT JIOKAJIbHBI XapakTep: JOCTATOYHO PACCMOTPETh OTKPBITOE MOKPbI-
tue {N;} B N g A, u A; = AN N;. 910 CBOUCTBO MHBAPHAHTHO OTHOCUTEbHO (-
nuddeomopdusmon: MuokectBO A C N dBJIsIeTCs MOJMHOI000pa3ueM TOTJIa U TOJIHKO
torja, korja g(A) C N’ asasierca nogmuoroobpasuem, rie g : N — N’ — muddeomop-
dbusm. Pacemorpum cemeiicto kapr ¥ = {¢; : N; — R"} mHOroo6pasust N, mokpbiBa-
forux A. Ilycrs @ = {¢; : M; - R™}ien — Takoit armac M, aro f(M;) C N; (ecan
HY?KHO, MeHsieM uHjekcarmio). [lockoibKy f siBiisiercss BJIOXKEHHEM, B YaCTHOCTH, TOMEO-
MopdusMoM Ha 006pas, To MoKHO BeiGpaTh ¢ n ¥ tak, uro f(M;) = ANN,. Torga B cuty
MHBAPUAHTHOCTU OTHOCUTEIHLHO TP HeOMOPMOUIMOB CUTYAIUA CBOJUTCA K CJIEIYIONICH.
U:={Vi} =p;i(M;) CR™ f = fi=vife;': U— R"— C>®-nnoxenne. Hayo naittu jo-
KaJIbHO Takoii quddeomopdusm, aro obpas jexxkut B R"™"™. Ho 3To mpocTo Teopema 06 06-
patHoit dyukun. MMenno, jokaabHO cymectsyior (2, ... x'm), 1 <4 < ... <14, <n,
u rajakoe orobpaxkenue g : R — R} ™™, uro sro rpaduk. Takum obpasom, BBe/s B
okpectaoctu B R" KoopmHaTh

(:Eil, L (g(w“, . ,xim))jl, L (g(m“, o ,xim))j"*m),

nosryaaem, aro f(U) 3amaercs Kak pa3 Kak KOODJMHATHAS THIEPIIOCKOCTh. [lomguepk-
HEM, YTO JIOKAJN30BaTh 3a/1a9y y/IaJI0Ch TOJIBKO OJIarojgaps TOMY, YTO BJIOXKEHHE B CUJIb-
HOM CMBbICJIe. A JIOIIOJIHUTE 70 aTjiaca BCero MHOrooOpasmsi MOXKHO B CHJIY 3aMKHYTOCTH
obpa3sa. O

Bameuanne 2.41. Moxno no-pasnomy pemath sonpoc cuntars Ju (0,1) x {0} € R?
noaMHOroooOpasuem. IIpaBuiibHO Bee Ke He cunTaTh. Ec/m caurarh — HAJ0 B OIpejie/IeHIn
IIOJAMHOr000Opa3us 3aMeHUTh ‘aryiac’ Ha “Habop Kapt’.

Teopema 2.42 (Cnabasi reopema Yuruu) [lyemv M — zaadkoe Komnaxmmoe MmHo-
eoobpasue. Tozda natidemesa maxoe namypasvroe wucao K, wmo cywecmeyem eaooicenue
(6 cunvrom cmvicae) f: M — RS,

JokazaresabcTBo. Ilycrs {U,}E_| — komeunwrtit atnac M, (xl, ... a™

cucrema koopguHatr B U,, npudem ¢, : U, = B, = Bi(a,) C R™, tne B,(b) — map
pajuyca r ¢ neatpom B b. Ilyers BS := By (a,), npuiaem {US := ¢ ' (BS)} no-npexknemy
HOKpbIBatoT M (BO3MOXKHO B CUJLy HOPMAaJILHOCTH). BhiGepem Terepb

) — JIOKaJIbHAas

fo € C(R™), fo =1mna B, supp fo C B,.
[IycTb gz : M — R onpenenennt gt k=1,.... mua=1,..., L dopmynamn

_ | fal@a(P))ze(P) mpu P € Us;
9a(P) = {0 upu P & U,.

k
«

[Ipu stom Bemosasercs gk (P) = % (P) npu P € UZ. Takum obpasom, m - L bynxmuit g*
zataror C'°°-oTobpazkeHne

g: M —R™F,
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Ompeneum Temepnb

p: M= RE=R""E o(P) = (@; Ja(pa(P))).

Torna rkdy > rkdg. Ecn P € U, o

k k
rkdg|p > rk (E)ga—@) > rk (axa_(p)) o
oz, Oxh

[Tockonbky 10 coobpazkenusim pasmepruoctu rkdp < m, to rkdy = m. Mbr nokazasm,
YTO ¢ — HOIPYKEHHE.

Teneps mokazkeM, 9TO (p UHBEKTUBHO, T. €. SABJsIeTCa Oueknueir Ha obpas. [lycrs P #
Q). Tornma maiinerca Taxoit Homep «, aro P € UZ u, caemoBarensno, fo(pa(P)) = 1.
Ecmn npu stom f,(0a(Q)) < 1, To Bce mokazano, eciu ke fo(pa(Q)) =1, 10 Q € UZ,
Tak uto g*(P) = 2% (P), ¢*(Q) = 2%(Q). Iockonbky P # Q, To Haiisercss KoopauHaTa
250(P) £ 28(Q), 1ax w10 g2(P) £ 9(Q) n ¢(P) £ ¢(Q).

Tak kak M xommakTHO, a ¢(M) C R¥ xaycaopdoso, To o Teopeme 1.67 ¢ spisercs
roMeoMopdu3MoM Ha 00pa3 u, CJIe/I0BATEIbHO, BJIOYKEHUEM B CIITBHOM CMBIC/IE, TOCKOJIBKY
@(M) KOMIIAKTHO ¥ 3aMKHYTO. 0J

Teopema 2.43 (CusbHasi Teopema YutHu) (6e3 doxaszamesvcmea) B npedvidyuet
meopeme MOHCHO 63amb p =2 -dim M + 1.

JokazaTeabcTBo. Ujes nokaszaTebecTBa COCTOUT B TOM, 9TOOBI CTAPTOBAB OT KAKOI'O-
JI6O BJIOYKEHUSI, IIyTeM MPOEKTUPOBAHUS Ha JIMHEHHBIE MOIIPOCTPAHCTBA MEHbIIEH pas-
MEPHOCTH, MMOHU3UTH Pa3MepHOCTh. COOTBETCTBYIOIIHUE IMOIPOCTPAHCTBA HAMIYTCS I10
semme Capra. 0

3 KacareabHoe paccjsioeHmue

Omnpenenenne 3.1. Ilycts dim M = m. Oupenenmum N = T, M — mmnozo06pazue su-
HETUHBLT INEMENMOE WIH Kacamesvroe paccaoerue M. N Kak MHOXKECTBO COCTOUT U3 T1ap
(P,§),tne P € M,a& € TpM, . e. KacaresbHbIi BeKTOP. TOMOIOrHS U CTPYKTYpa MHOTO-
obpasns 3a/1aeTcd IPU IOMOIIM OMEKTUBHBIX 0TOOparKeHUil HEKOTOPBIX IIOIMHOXKECTB [N
Ha OTKPBITHIE HOJMHOKecTBa R*™, KOTOPBIE 06bABIIAIOTCA TOMEOMOP(MHU3MAMI I KAPTAMHI
(rak uro dim N = 2m). Umenno, ecim (U, ) — nokanbHast kapra Ha M, TO B KadecTBe
yKazaHHOrO moaMHOkecTBa N Gepercss muOkecTBO 1ap (P §) ¢ P € U, a B KauecTBe
otoGpakernns: B R*™ cienyiommee orobpaxenue O:

O(P &) = (..., 2™ & &™),

(S
0 0
_ 1 m _ 1 m
QO(P)—(.T,,.CE )7 €_£8x1++€ 8$m7
T. €. £ Kak KacaTe/IbHbIil BEKTOP CONOCTAB/IAET cucreme Koopauuar (z!, ... x™) nabop &

Torta 3aMeHbI TIepEeMEHHBIX IIPH [IEPEX0JIe OT OJIHON TaKoi KapThl K JPYTOil OCYIIECTBIIsI-
I0TCs 110 NIEPBOil TPyIIle ePEeMEHHBIX TaK, KaK ObL1o HA M, a 10 BTOPOil — IIpU TOMOIIHT
MaTpuIlbl fIKoOM 3aMeHbI 1epBoil rpyIbl. B yacTHOCTH, OHM TV IKUE.

Bameuanne 3.2. Ecuu M 6b110 MHOr0Oo6pasueM riajgkocru CF, to T, M — MHOroo6-
pasne Kacca CF~1.
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4 MHaoroobpa3us ¢ KpaeMm
Beenem ciemyromue 0003HAUEHUS:
R} Cc R", R} :={(z',...,2") e R | 2" > 0},

Ry i={(z',...,2") € R"| 2" = 0}.

o . n 1
ITon muddepennupyemoctbio nenpepbisHoit dyuxknuun f @ R} — R Mbr Oyzem nonu-
MaTh caenytoriee. [{nsg BHyrperHux Tovek (z™ > 0) coxpaHuM obObIaHOE HOHATHE. JIIst
rpanmaHbIX ToueK (Ty € RET) MBI GyzieM TpeGoBaTh CIIPaBEJIMBOCTH PA3/IOKCHIIS

ERYESES ST RER IO Y. =
i=1 T 0

Torma f; = 2L(i), (i=1,2,...,n—1), a

f = lim f(x(l),...,xg’*l,xg_Fh)_f(x(l]ju"ngl?xg)
" h—+0 h

(1)

(OZTHOCTOPOHHSIST YaCTHAST TTPOM3BOIHAS ).

Omnpenenenne 4.1. CenapabenbHoe XaycaopdOBO TOMOJIOTHIECKOe TPoCcTpaHcTBO M
HA3BIBACTCA MHO02000pA3UEM C KPAeM, €CIH CYIIECTBYEeT TAKOE €ro OTKPBLITOE HOKPBITHE
{Ua} n xoopaunaTHBIe TOMEOMOPGU3MEL @4 : Uy — Vo, C RY, e V,, C RY — orkpbiThIe,
a QYHKINU 3aMEHBI KOOPIUHAT

©s0a" + Vap = aUa NUg) = Vo = ©u(Us N Up)

ABJIAIOTCA IJIaAKHMU B YKa3aHHOM CMBICJIC.
Haszosem Touky P € M snympenned, ecmn 2l (P) > 0 u epanuunots, ecaun zl(P) = 0.

Jlemma 4.2 Onpedeserue epaHuMaHbLT U GHYMPEHHUT MOYEK HE 3A6UCUM OM 8bLO0PA NO-
KaAbHOU CUCTEMDL KOOPOUHAIN.

HokazareabcTBo. [lonmyctum mporuBHOEe: B OKpecTHOCTH P € M WHIyNUpOBaHBI JIBe

JIOKAJIbHBIE cucTeMbl koopauuar (z',....2") u (y',...,y") us R}, u R’ ,, npuuem
2"(P) > 0, a y"(P) = 0. Takum obpasom, Ha camom jene (zl, ..., z") ocymiecTsiis-
1o romeomopdusM okpectHoctd U > P ma orkpeitoe V. C RZ, a (y',...,y") — na

V CRY, (mepexo/is K mepecevyennio, cauraeM 0b6a romeoMopdu3Ma 3aJaHHBIME Ha OJTHOM

okpectHocTn). Bosaukaer GyHKIug nepexona, T. e. iaajkuii romeomopdusm ¢ 1 Vo — V|
y* = F(t, ... a"), npuaem

1oy" = (zt, ..., 2") >0,

2. y"(P) = gp"(x(l), nxg) =0,

T. e. y" = " JoCTHTAaeT MUHUMYyMa B Touke (x),...,z0). Tak kak V orkpoito B R}, TO
(x},...,20) — BHyTpEHHs, JOKHBI OBITH BBIOJHEHBI yCJIOBUS JIOKATHHOTO SKCTPEMYMA:
A"
e =0, (t=1,...,n)
@)
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a7
Ozt (zd,..\zl)

OIpeJIeJIeHnsI OJJHOCTOPOHHEH JacTHOl mpousBoaHoil (1) mpomomkaer paboTaTh MPaBUIO
muddepeniuposanus (ymMHOXKeHHe MaTpul] Skobu). [

Onpenenenne 4.3. Hazosem xpaem wmm epanuuett OM wmuoroobpasusi ¢ kKpaem M

MHO2KECTBO €I'0 I'PaAaHUYIHBIX TOYEK.

Ho Torna det = 0 ¥ He CyIEeCTBYeT IVIaJIKOrO 0OPATHOTO, TOCKOJILKY JIJIs

Teopema 4.4 Kpati asasemcs mruo2000pasuem Ha eOUHULY MEHDUWLET PA3MEPHOCTNU.

JlokazareabcTBO. B KadecTBe aTjiaca Bo3bMeM OrpaHMYeHNd KapT Ha Kpaii. []
Samaua 4.5. IlpoBepuThb BBINOJIHEHHE BCEX YCJIOBUIA.

Onpenesienue 4.6. Muoroobpasue Ha3bIBACTCS OPUEHMUPOBAHHDIM, €CITH HA HEM BbI-
OpaH aTac ¢ MOJIOKUTEILHBIMU SKOOnaHaMu Bcex (byHKImit mepexoma. Keym Takoit atiac
MOXKHO BBIOPATh, TO MHOr00Opa3une HA3bIBACTCS OPUEHIMUPYEMDBIM.

Bamaya 4.7. OpueHTHpPOBATH OPUEHTHPYEMOE CBSI3HOE MHOT0OOpa3me MOXKHO POBHO
JIByMsI CIIOCODAMU.

Samaua 4.8. HaszoBem 3aMKHYTHIN IyTh B MHOTOOOpasuu M dezopuenmupyroujum, ec-
Jm umeercss Habop kapt Uq, ..., U, HOKpBIBAIOIMINX €ro, IpUYeM KazkKjas IepeceKaeTcs
TOJIBKO C JIByMsI COCEJTHUMHU, & BCE AKOOMAHBI TIEPEX0Jia, KPOME OJTHOTO, IOJIOXKHUTETHHBI.
JlokazaTh, 910 MHOrooOpasue HEOPHMEHTUPYEMO TOTJIa W TOJBKO TOI/A, KOTJA MMeeTCs
JIE30PUEHTHUPYIONIUI Ty Th.

Bagada 4.9. HasoBem so0kaavholi opuenmayueti BbIOOp opuentanuu (T. e. 6a3uca) B
KazKJI0M KacaTeJbHOM IpocTpaHcTBe. JIoKaabHas OPUEHTAIUS AOKAALHO NOCTNOAHNG, €C-
Ji Ji71s Kaxk 10t KapThl U crangapTHbI Oasuc 0; 3a/1aeT JIOKAJbHYI0 OPUEHTAINIO B IIPe-
Jies1aX KapThl JTUO0 BO BCeX TOYKAX COBIAIAIOINIYIO C JIAHHOIM, JIMOO eif TPOTUBOTIOIOKHYIO.
Jlokazarh, 9T0 MHOrooOpa3ne OPUEHTUPYEMO TOTJIa U TOJILKO TOTJIa, KOTJIa UMEETCH JIO-
KaJIbHO ITOCTOSHHAS OPUEHTAIIUSI.

Bagauga 4.10. Jlokazarnb, uro Muoroobpasua St , S? , S™ | T? opuenTUpyeMbl.
Samaua 4.11. Jlokaz3aTbh, 9TO KOMILIEKCHO-QHAJIUTHICCKOE MHOTOOOpa3ne OpUeHTUPYe-
MO.

Bagaua 4.12. JlokaszaTs, uTo jsenta Mebnyca i IpoeKTHBHAA mI0cKocTh RP? — meopn-
E€HTHUPYEeMbIe MHOTOOOPA3HsI.

Teopema 4.13 Kpaii OM opuernmupyemozo mnozoobpasus M asisemcs opuenmupye-
MDBILM MHO2000DA3UCM.

1

HoxkazareabctBo. Ilycrs artnac {U,, (2, .

n

.,al)} ma M (2 > 0) aBisiercst OpHEHTH-

pyromuM, det gz—‘; > 0. Ha OM Bosbmem arnac W, = U, N OM ¢ Jn0KaJIbHBIMU
Plij=1
koopuuatamu (), ..., x""1). TlokaskeM, 9TO OH SIBJISIETCS OPUEHTUPYIONIUM, T. €. JIJIs
n—1
i
moboit P € W, N Wg Bomonnderca det gz—‘; > 0. Ilockonbky na W, N W3 umeem
Bl 5=1
zy =a3 =0, 10 gx? =0,i=1,...,n— 1. Takum obpazom, B Touke P
Tp
oui ||" oui || oan
x x x
0 < det 8? = det 8? -ag. (2)
x
T8 i j=1 Tollij= ©7P
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B Ttouke P

ox" . ap(xp(P),...,2f(P) +h) —al(xs(P),...,25(P))
= lim —
6xg h—+0 h
n(xL(P), ... %P h
— lim wa(xﬂ( )7 7xﬂ( )+ )
h——+0 h

[TockoJIbKY J0Ipeie/IbHOE BhIparKeHHe MOJIOKUTEIBHO, TO TPeJie]l HEOTPUIATE/IEH, a 110~

CKOJIbKY, B cuity (2), OH HEHYJIEBOIl, TO OH TIOJIOXKUTEJICH: g%% > 0. Torma u3 (2) mosy-
e slp

qaeM, 910 det gx_% > 0. U

o 1l j=1

IIpumep 4.14. O6paTHoe HeBepHO: JjieHTa Mebuyca HeopHmeHTHpyeMa, a ee Kpail S*

OPUEHTUPYEM.

5 PumaHoBa MmeTpuka

Onpegenenune 5.1.  Pumanosoti mempukoti Ha MHOro0Opasun M Ha3bIBA€TCsT COOTBET-
CTBHE ¢, KOTOPOE KazKJI0i1 JIOKaIbHOI cucTeme Koopauuar (), ..., x™) B U, conocTassier
Habop rmaakux gysknmii g7 1 U — R, mpuiem

1. B kaxk0it Touke x € U marpuna ||g;;|| — cuMmerpudeckas (HEBBIPOZKIEHHAS) II0-
JIOXKHUTEJIBHO OIIPe e/ IeHHAS;

i . B
2. BBINOJIHSETCA TEH30PHbBII 3aKOH: (DYHKIUHU @),;, OTBEYalOIIie CUCTeMe KOOpJMHAT
(x%, e ,xg‘), VIOBJIETBOPAIOT B KazKJIOM TOYKe U3 IepecedeHusl KOOPAMHATHBIX
OKPECTHOCTEN
e J
gB . ga 8xa (9xa
kKl — Y95 5 & l
Oz Ozg

(HO ITIOBTOPAIOIINMCA UHICKCaAM — CyMMI/IpOBaHI/Ie).

[Tapa (M, g) Ha3BIBAETCS PUMAHOBHIM MHO200OPAZUEM.

Bamaua 5.2. llepBoe ycioBue 10CTaTOYHO TPOBEPUTD I Kaxk10it Touku P € M Toyb-
KO B OJIHOH KapTe.

Omnpenenenne 5.3. Ilpu pabore ¢ TeHzopamu HaM y0O0HO BBECTH CJIEIYIOIIUE COTJIa~
mennst 06 obosHadennsix. Mbl Oyiem 0b03HAUATH JIOKaJIbHBIE cucTeMbl KoopauHat (U, ¢),
(U, "), (U", ") u 1. 1., a coorsercrpyiomue koopaunarol — (zt,... ™), (z',...,2™),
(..., 2™") u 1. 1 Takum o6pasoM, MOXKHO CKA3aTh, 9TO &' 9TO Ha caMoM jeje .
Kpome Toro, mo mHpekcaM, MOBTOPSIOIMIMMCS BBEPXY U BHU3Y, OyJ/IeT MOIpa3yMeBaTbCs
cymmMmupoBanue. B aTux 0603HaueHUsAX TEH30pHbIE 3aKOHBI ITPEO0PA30BaHus /it KOOP/IU-

HaT BEKTOPA U PUMAHOBOU METPUKU TPUMYT BUJI:

e = g o’ 02" 0d/
C gt 93" = 95 Gt i’

Jlemma 5.4 Pumarosa mempuka 3a0aem CKaAAPHOE NPOU3EEIEHUE KACAMENHBIL GEKMO-
pos ;11 € TpM no dopmyare

& = g(&,7) == g€’
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HokazaresnbcTso. Bee acHo, KpoMe nHBapuanTHOCTH: 5;E'7 = g€ 1)) KOTOpaAs mpo-
BepSIeTCS HEITOCPEJICTBEHHO 110 OIPEIE/IEHUI0 PIMAHOBOH METPUKH U HEPBOMY OIpejie/ie-
HUIO KacaTeJIbHOro BeKTopa. [J

3amaga 5.5. I[IpoBectu 3Ty BBIKIAJIKY.

Onpenenenne 5.6. Buaunetinot $opmol Ha30BeM PUMAHOBY METPHUKY 0€3 YCJIOBUS
1).

agada 5.7. [IpoBepuTh SKBUBAJIEHTHOCTD OUpeIe/IeHIiT OnIMHeHOE (DOPMBI HaT TOY-
KOI 9epe3 TeH30PHbBI 3aKOH 1 KaK (hOPMBI HA KacaTeTbHOM ITPOCTPAHCTBE.
Onpenenenne 5.8. Ilycts f : N — M — rnajikoe orobpazkenue, ¢ — OuyinHeinas
dopma Ha (kacarenbHbIX BeKTOpax K) M. Oupesenum 3HadeHue ee 06pamHozo obpasa

f*g Ha BekTOpax é 7€ TpN dopmyioil
(F9) (€D = g((dfp)E. (dfp)).

B koopjmnatax MOXKHO ONIpeIeuTh OOpaTHbIl obpas ciejytonmuM mytem. IlycTb

(xt,. ) — KoopjuHATHl B okpectHoctu P, (y',...,y™) — B okpectnoctu f(P), a
(f! (:L’l "), .. fm(xl, ...,&™)) — coOoTBeTCTBYIONas KoopauHaTHas 3ammch f. Torma
(B K oopgmHaTax (x 1 L z)
‘ oft oft
(f79)ij =g 5 Ot Ol

3amaga 5.9. I[IpoBepurh coryiacoBaHHOCTH ITUX JIBYX OIPEJICICHMIA.

Bagada 5.10. [okazats, uro ecau i : N — M — morpyzKenne (B 9aCTHOCTH, BJIOXKe-
HEE), & ¢ — puMaHoBa Merpuka Ha M, 10 i*g — pumanoBa Merpuka Ha N. [Touemy 310
HE TaK /IS MPOU3BOJILHOIO OTOOPaYKeHus !

Onpenesnenune 5.11. Ilyctb ¢ : N — M — Bk/odenue noaMmaorooopasusg N B puMaHo-
Bo MHOTOOOpasmue (M, g). Torma i*g HasbiBaETCS UHIYUUPOBAHHOT PUMAHOBON METPHUKOI
Ha rojaMuoroobpazun N.

Teopema 5.12 Ha scarxom rkomnaxmuom mmozoobpasuu M cywecmsyem pumanosa
MEMPUKQ.

HokazarenbcTio. [lycts F': M — R” — Bioxenne u3 reopembl Yurnu. Torga F*gRe
— pumanoBa merpuka Ha M. []

Bagada 5.13. JlokazaTh 9Ty TEOpeMy € IIOMOIIbIO pasbueHus ejuHuIpl (63 TeopeMbl
Yurmu).

6 TeH30prI IIepBbl€ olIpeJec/ieHndA N CBOICTBa

Onpenesnienne 6.1.  Tensoprowm nosem tuma (p, q) panra (BaJeHTHOCTH) P+ ¢ HA MHO-
roobpasun M pasMepHOCTH N HA3BIBAETCS COOTBETCTBHE, COHOCTaBﬂHmmee KaxKJI0f cu-
creme koopauHart (r) = (z!,... 2") cucremy nP riajkux gyHKuuit T i, HA3BIBACMBIX
KOMNOHEHMAMU, TIPIIEM JIJIsI JIIO6bIX cucreM KoopauHat (z) u (') (c o6mep1 06J1aCThIO)
COOTBETCTBYIOIIUE KOMIOHEHThI CBA3aHBI TEH30PHBIM 33KOHOM

iy _ ity o't Ox Oxr  Oala

T e =it :
31l Jieda Goin T Qe Ot T Ol

Bagada 6.2. Ilokasarb, uto Tensop tuna (1, 1), MHBAPUAHTHBII OTHOCHTEIBHO OPTOIO-
HaJIbHBIX 3aMeH KOOPJIMHAT, IIPOIOPIIMOHAEH TEH30PY 5;-.
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Saza4da 6.3. Ilokazarb, 4TO TEH30p TpeThell BaJeHTHOCTH, HBAPUAHTHBIN OTHOCHTE/Ib-
HO IIPOM3BOJILHBIX 3aMeH KOOPJIUHAT, PABEH HYJIIO.

Sagaua 6.4. Haiitu obmmii B TeH30pa 9eTBEPTO BAJIEHTHOCTH, HHBAPUAHTHOIO OT-
HOCHUTEJIbHO IIPOM3BOJILHOM 3aMEHbI KOOD/IMHAT.

3asava 6.5. BoipasuTh ciies MATpUIbl B BUJE Pe3yJbraTa TEH30PHBIX Olepalinii.
3asaga 6.6. BoipasuTh jeTepMUHAHT MATPUIBLI B BUJIE PE3YJIbTaTa TEH30PHBIX OIlepa-
.

Bamaua 6.7. Jlokazarh, uro Besmuunbl C C;C’ij , C}C’,ZC;“, BLIPAKAIOTCS depes Kodg-
dbunmentsr Mmuorowena det (C' — AE) .

3amaya 6.8. Haiitu Tur Tenzopa, KOMIOHEHTBI KOTOPOTO CyTh KO3 DUIIMEHTHI

1. BEKTOpPHOTO NIPOU3BE/ICHNUS,
2. cMeIaHHOTO TPOU3BEJIEHN

BekTopoB B R?. TIokasaTb, 9T0 9TH TE€H30PbI HOIYUAOTCS APYT U3 JAPYra IyTeM HOIbIMa-
HUsI WM OIIYyCKAHWsI UHIEKCOB (OIpejIe/IeHue — HUKE).
Bagada 6.9. Ilycrs X mmeer Basentaocts (1,0), W — (0,1). Haiitu panr onepartopa
XoW.
Onpepesienne 6.10. Tensopuoe moie Tumna (0, 1) Ha3bIBAETCS KOBEKMOPHDIM.
Cornacno 3ajaue Beiie dz’ = grad ! gBigercsa KOBEKTOPOM.
3amada 6.11. B Touke KOBEKTODPHI SBJIAIOTCA (PYHKIIMOHAIAME Ha BEKTOPaX.
Bagaua 6.12. Basucsl {2} 8 TpM u {dz?} 8 Tj M ppoiicTBenHbL.
Pacemorpum C° (M )-muneiinoe orobpazxenue L(vy, ..., v, at, ..., aP) 3aBucsmee oT ¢
BEKTOPHBIX U P KOBEKTODHBIX M0JIell, n npuanMaroriee 3Hadenns 8 C(M). Pacemorpum
COOTBETCTBUSA

T — Lr, Lr(vy, ..., vga", ... dP) = T;ll;:v{l Lvlea a; ,
u
L— Ty, Tr: (zh, ... 2") ~ (TL);II?’ = L( 8' ey 8. cda™, ... da'r).
e Oxit Oxda
3amaya 6.13.

1. Ly moJmjMHeeH U HEe 3aBUCUT OT BbIOOPa CHCTEMBI KOODJIMHAT.
2. Ty, neficTBUTEIBHO YJIOBIETBOPSET (P, ¢)-TEH30PHOMY 3aKOHY.
3. DTH oTOOpaXKeHUsT B3AaUMHO OOPATHBI.

Onpenesienne 6.14. Ilycrsb jgams! aBa TeH30pHBIX moJist A (p, ¢): T u S. Onpegennm
Tenzopnoe 1ojie T+ S, nazpiBaemoe cymmot T u S, nonaras

Wiy epined i1
(T + S)jl...ji T T'j1...j§ + Sjl...jz'
JIlemma 6.15 9mo deticmsumenvro menzop muna (p,q).

JokazaTeabcTBOo. I cnocob. Hajio npoBepuTh TEH30PHBII 3aKOH.
Bamaua 6.16. IlpoaenaiiTe BBIKIAIKY.

2 cnocob. Cymma JIByX TMOJTUIHHEHHBIX oToOpaskeruit L + Lg ABIsSeTCS MOTMITHHEe -
HBIM OTOOpa’KeHWeM TOT'O Ke THIla, PAaBHBIM Ly, g. O
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Omnpenesienne 6.17.  Ecm T} — rensopuoe nosie na M, a f € C*(M), To, ouenm-
HO, TEH30PHBIM II0JIEM ABJIeTC npouséederue MyHKmun Ha Tersop f -1 : (zl, ... x™) ~
§ i
Ji--Jq°
Onpepesienne 6.18. Tlosie S tuna (p, q) nonyueno us nosist T tuna (p, q) nepecmanos-
Aq.dpedp

(3 1] ..
Kot 6eprrur (HIKHIX — aHAJTOTHIHO) undekcos ¢ HoMepamu a u b, ecrm Sj 7 o =

i1eipeianip
Je-Jg
JlokazaTebCTBO TOrO, YTO MOJIYYEHO TEH30PHOE T10J1€, 0UEBUIHO, €CJTH Mbl PACCMOTPUM

COOTBETCTBYIOIINE MOJUINHEHHBIE OTOOpaYKEHUSI.
3amayga 6.19. Ilokazarh Ha IpuUMepe, YTO MEPECTAHOBKA BEPXHETO U HUXKHETO WHIIEKCA
He $IBJISIETCS TeH30PHOI onepartueii. Pacemorpers corywait Tensopa tuma (1, 1) (auHeitroro
onieparopa). [losyanTh B 9aCTHOCTH, UTO HOHATHE CHMMETPHYHOCTH ONEPATOPa C]’: = Cl-j
3aBUCHUT OT CUCTEMBI KOOPIUHAT.
Omnpepesienne 6.20. Ceepmrott mensopa T Tuna (p,q) MO BepXHEMY HMHJEKCY C HO-

MEpOM @ U HUXKHEMY WHJEKCY ¢ HOMepoM b HasbiBaercst Tersop S tuna (p — 1,q — 1),

onpeeadeMblil
clp—1 11...5q—1%%q.-.Ip—1
dg—1 T ZT < Jb—1%Jbe--Jg—1"

D10 JeficTBUTEIBHO TeH30pHOe Mose Tumia (p — 1, — 1), TOCKOIBKY

.41 -1\ _
Lg(vy,...,v4-15a",...,aP7") =
_ I 9 o1 b1 gyt g p—1
= T(vl,...,Ua_l,%,va,...,vq_l,a,...,a ydxt a’, ..o adPT),
a .y .
ox* 0x'
oxt Ozt

TaK UTO IpaBasd 9acTh HE 3aBUCUT OT BBHIOOPA CHCTEMbI KOOPIUHAT.
IIpumep 6.21. Cgeprka C! Tenzopa tuna (1,1) — cies JMHeHOrO oepaTopa.
Onpenesienue 6.22.  Tenzoprvim npousdsedenuem T'®S IByX TEH30PHBIX T0J1ei 1’ THia
(p,q) u S Tuna (r, t) Ha3BIBaeTCS TEH30PHOE T10JIe TUlA (P71, ¢+1), 3a1aBaeMoe GOpMyIIOit
B 5eeeyd 81 eyl Tptlyeeeyd

(T8 g = T3 Siai e
CootsercrByiomee Lrgg €CTh IPOCTO MPOU3BEICHIE TTOJUIMHEHHBIX OTOOParKEeHNH, a Cie-
JIOBATEJILHO — IIOJIMJIMHEHHOE OTOOpayKeHne COOTBETCTBYIONMX apryMeHToB. Takum obpa-
oM, T'® S neficTBUTEILHO TEH30PHOE TIOJIE.
agada 6.23. Jlokasarb, 9TO JIOKAJIBHO JIJIS JIFOOOWH CHCTEMbI KOODJAMHAT UMeeT MeCTO
pasJIozKeHue

iy O -
T=T"" ® . dzl.

Ji.. Jq Ori o Oxiv

OHO eIMHCTBEHHO.

Onpenenenne 6.24. Ilycrs b;; — HeBBIpOXKAEHHOE TersopHoe moste Tuma (0,2). Ilox
HEBBIPOZK IEHHOCTDIO ToHnMaeTcst yceaosue det | by, || # 0.

Samaua 6.25. IlpoBepuTh HE3ABUCUMOCTH TOTO YCJIOBUsI OT BHIOOPA CUCTEMBI KOOPIU-
HAT.

Banaua 6.26. JlokazaTb, YTO KOMIOHEHTbI 0OPATHOI MaTPHILI bk, 1. e. ynosaersops-
rommeit yesosuio Hrby; = §7 ) obpazytor Tensop tuna (2,0).
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Omnpepesienne 6.27. Oneparust nodnamus undekca y Tenzopa T tuna (p, q) mpu moMo-
1y b ecTh KOMIIOBUIINSA Ollepaluii TeH30pHoro Ipousseaennd ¢ b u ceeprku. Ilomyuaem
rersop S tuna (p + 1,q¢ — 1) Hanpuwmep, jay1s mepBoro mnjexca:

Silmierl o bilz‘TiQ..Aip+1
J15dq—1 7 LJ15--50q—1"

AHaJIOFI/I‘{HO, OIlyCKaHne NHJIEKCa:

ieipo1 g iitedipoa
Jiseesdg+1l ©T TI1T g2, jg4n
Omnpepesienne 6.28. Oupenennm cummempuposarue terzopuoro noss T runa (0, q)
Kak !
Sym (T)j17"'7jq - T(j17~--7jq) = a : : 790‘(1)7"'7jo(q)’
" oS,
a aAbMEPHUPOBAHUE

1 o
Al (T)jy, gy = T, g = P PRGN
" 0€S,

OdeBuHO, 9TO 9TO TEH30pHBIE ornepanuu. lloyueHHOe TP CUMMETPUpPOBAHUH (CO-
OTB., aJIBTEPHUPOBAHUN) I0JI€ SBJSETCS CUMMEMPUHECKUM (COOTB., KOCOCUMMEMPUHE-
C?{Z’LL,/\/L) B TOM CMBICJIE€, YTO UX KOMIIOHEHTDBI HE MEHAIOTCA IIPU IIEepeCTaHOBKe IBYX MHICKCOB
(COOTB., MEHSIOT 3HAK IIPU [IEPECTAHOBKE JIBYX COCEJHUX UHJIEKCOB).
agada 6.29. Jlokakure, 9TO aJbTEPHUPOBAHNE SIBISETCS JTMHEHHBIM OTOOparKeHIEM,
OCYTIECTRJIAIONINM TPOEKTUPOBAHNE HA KOCOCUMMETPHUYECKHE TEH30PbLI, & CUMMeTpUude-
CKHe JIeXKaT B €To sjIpe.

JIemma 6.30 Kococummempuueckoe menzopnoe noae T;, ; wa M, dim M = n (m. e.
noae MaKCuMaibHOl BAAEHMHOCTU) 0Npedeasemca moavko 00not ceoel (cywecmee-
not) xomnonenmots Tha. . Ocmansvnvie omauvaromes om nee 3naxom +1, mounee,

,-Tzlzn - To‘(lQ...n) - (_1>0T12...n‘

Cywecmsennasn xomnonenma T 6 dannoli mouxke omuocumenvro dpy2o0t cucmemvt KOOp-
duHam NOAYUAEMCA OOMHONCEHUEM HA ONPEIEAUMENL MAMPUYDL AK0OU 3amerbl.

HokazareabcTBo. llepBoe yTBepxkaenue oueuano. lamee,

ox  Ogin Oz Pgo) ox’
T/ n’:,I% Y —]_U T e e 7 Tn:dt ~ Tn
e bt Ot o™ Z( ) ox! o™ 12 oz 12
Jlemma okaszaHa. O

Omnpenenenne 6.31. Onpenenum snewnee npoudsederue R =T N P 1ByX KOCOCHM-

MeTPUYCCKUX TeH30poB Tj, ;, u P i, dopmyoit

1 g
Ril...ik+q - ConSt : ﬂZ1ZkP - _' Z (_1) TO‘(ll’LkP

Tt 1 htg] L ot 1o Bhtq)
t O’ESk+q

C TOYHOCTBIO A0 MHOZKHUTEJIA, 9TO KOMIIOSUIINA TEH30PHOI'O IIPOU3BEACHUA U aJIbTEPHUPO-
BaHMdAg.
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g paborsl ¢ Kococummerpudeckumu Terzopamu tura (0, q) HCIOTb3yeTcs TakzxkKe
s3bIK uddepennnaababix popm. TodHee, 110 OIPEIETIEHUIO BHEIITHETO YMHOXKEHUA,

dz"™ A ... Ndz' = Z (—1)%d2"" @ ... @ dx').

o€S,

3agada 6.32. IIposepbre.

Samaua 6.33. JlokazaTb, YTO BHEIIHUE MIPOU3BEICHUST OA3UCHBIX KOBEKTOPOB 00Opa3y-
10T 6a3UC B IPOCTPAHCTBE KOCOCUMMETPUYECKUX TeH30pOB (B Touke). Haiitu pasmepHocTh
IIPOCTPpaHCTBa CUMMETPUYICCKHUX TEH30POB. MCCJIG,HOB&TB BO3MO2KHOCTB Pa3JIO2KCHNA TCH-
3opa tuna (0,q) B CyMMy CHMMETPHYECKOTO U KOCOCHMMETPHYECKOTO.

TOF,IL& pa3JjiozKenue TeH3opa I10 6a31zlcy nu3 HpOI/IBBe,ZLeHI/Iﬂ IIPUMET BUI:

T = Tiigda @ .. @de = Y Y To)olipde”™ ® ... @ de” =
11<...<iq €Sy
= Yieici, D (T, da" W @ @datt) = YT, g dat AL A date (3)
7€5 i1<...<ig

OTO U HA3BIBAETCH 3AIUCHIO B BUjE JuddepeHuaibHoit (hopMbI.

Takum obpazom, B cuty basucHocTr (3aja4a) pasyioxkeHus (3) OIHO3HAYHBI.
Samaua 6.34. Ilokaxkure, 9T0 JUId TOJIyYeHUS (POPMYJIbI BHEITHEIO YMHOXKEHHUS Ha
sa3biKe quddepennuaabubIX OPM JOCTATOUHO IEPEMHOKUTE BIPAYKEHUS, & 3aT€M, IIyTeM
[IEPECTAHOBOK (C yYeTOM 3HAKOB) YIOPSAIOYUTH JrbDepPEeHIHaIbL.

Bapmaua 6.35. (caencrsue us semmbl 6.30) Boipazkenne (/det ||g;|dzt A ... A dz™ saB-
JISIETCST TEH30POM OTHOCUTEJIHHO 3aMeH KOOPJUHAT C TOJIOKUTETHHBIM SKOOUAHOM. 3/1eCh
gij — PUMaHOBa METPHKA.

DTO BhIpayKeHME Ha3bIBaeTCs (hopmoti ob6sema. [1o32ke MbI OrTpe 1e/IuM HHTErpaJj i CMO-
>Ke€M BBIUHUCISITH 00beM PUMaHOBa MHOIOOOpa3M.

7 KoBapuantaoe nuddepeHInpoBaHie

3amaua 7.1. Ilokaxkute, 910 00BITHOE YacTHOE JI(DdEPEHITNPOBaAHNE KOMIIOHEHT TEH-
3opHOro nojisg B R" He aBjsteTcss TEH30pHON olepalineii.

XoTuM oIpejie/InTh Ha TeH30pHbIX mossX B R TeH3opHyto omeparuio (p, q) ~> (p, q +
1), KoTOpas COBIAJAET B JIEKAPTOBBIX KOOPJAMHATAX C YaCTHBIM Jud depeHImpoBaHueM.

JI1s1 3TOrO HAJIO MPEZK /e BCErO MOIBITATHCA 3aICaTh PE3yJIbTaT YacTHOTO Juddepen-
[IMPOBAHKSA B JPYTUX KOOPIMHATAX.

O6cymM cHavada, ciaydail BekTopHoro nosa T¢. Ilyers 2! — nexapToBa cucTeMa Koop-
qmaar B R™, a 2 — HekoTOpas KpuBOJMHEiiHASI crcTeMa KoopanHaT. Torma uIs HCKOMOii
oneparuu V I0KHO OBITh

i axi, 81’] i
(VT)) = 5o (V)

J

oT"
oxd’

(VT); =

Torna

T Qi Oad" 09 \ OxF
02" 027 9a' 9T 0z™ Oz Oa? v 90 <8x1) B

Oz Oxd OxF dxm™ Oxd Oxi Oxd'  Oxd \ OxF

-/ ¢ J i ’
(VT = dz" Ox? 0 (8:6 Tk) _
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,OTF ,0rt 9%
- 6 / 577’1 Tk N o~ 7
b0 e T ot 9 0k
TaKIM 00pa3oM,
it 8T ! il i’ 3mi/ ani
(VT)J/ - a k/] 5 Fj/k/ - ﬁxz : axj,axk,.
Js xosexToproro nosst T; pomxuo 6brte (V1) = 95 a (V1) = g;; g;cjj/ (VT);;
Torna
ozt 9xf 0 (0"
VT ilq = ” 7 p
(VI)is Ox¥ OxJ" Ox) (axz )
_ Ox' 02 oz 9T, o™ N ox' Oz T, 9 [0z
T 927 927 Oxi Oxm Dxi | Oxi Ba " Oxd \ O
, 0T} 022*  Qxt Ol
5/ 5771 T/ N P - 7y
¢ % g T grivet 0at 0a
nJjin 2 k! . ;
0Ty / .y 0°x ox' 0’
(V) Oxd’ vih Y Qwigxt Ozt Oxd’
Jlemma 7.2 HUmeem T, = —T%,.
HokazarenabcTBo. [Ipomuddepennupyem ToXK1€CTBO 81.{, . am—i/,/ = 6%, mo ™
Oxt Oxk k

=1 -/ =1 -/ "
0 D2t ox" Oz *r’ dx™ r o .
= Oxm Ok Ozt * ok 9xm"9x  Oxm’ ™ ks

Teopema 7.3 Ha M = R" onpedesena mensopnasn onepayus NV, deticmsyrousee 1a nose
T no gopmyae

J1---Jq
V)L 0 - 2 171 g1 il q T' ¥ Ay
S pE—
( )Ji jqam axm ]q +Z , r'm/ ]; 17”j;+1 Jsmm
s=1
a gynwyuu I' npeobpasyromes no npasuay
211 - ’ 11 ./
T Oz Oz’ Ox* ooy ox" 9%
JRET ot Qxd” Ak IR 9xt 9xd" Ok

HokazareabcTBo. ABHbIil B V ycTaHaB/JIMBaeTCd aHAJOIMYHO BBIKJIAJIKAM JIJIST BEK-
TOPHBIX U KOBEKTOPHBIX II0JIEIA.
3amauga 7.4. IlpopenaiiTe 3Ty BBIK/IAJIKY.

Haiiyiem 3axon npeodpasoBanus [

-/

4 i aTZ ! il
Vk;/T = (VT)k" = W + T FT’k”
11 (9TZW 8xkl a axi” . ax
v ”TZ TT FZ// = . Tz FZ// y =
k a Ak + k ﬁxk” axk/ <ale ) al' k
axkl 8$i// aTZ/ il 8xkl 82xiﬂ ! 8IT” i
- k" i/ k! + k! k! 7 + 7 FT”k’” .
Ox*" 0" Ox Oxk" Ox* Oxt ox’"
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C sipyroit ¢cTOpOHBI,

axkl 3x al’kl al’i// 3T’/ ro il
V //T 17 /V Tl 1" 1 / _'_TT FZ’ /
KT 0 g O 9z \ dxk 'k
[TosTomy
’ &L’kl axi// -/ ’ 8.Tkl aQSUi” /81,”” 11
" 1" -7 F:‘/k;/ == TT’ 1" ’ / + " ’ F:‘”k”'
oxk" Oxt Oxk" OxF dxr ox”

B cmty npousBosbHOCTH 10J1g 1™ TIOTydaeM

! ! -1 ! / 1"
ox" 0z* Oz ox” 0xF  9%*xt
ox™" Ok Ozt Oz Ox*" OxF Oz

F //k// FZ lk/

Kak nokazano Ipu 10Ka3aTE/JIbCTBE JIEMMbI 727

11

oz ox¥ 9%zt 02K o 02z" 91
! k! k! ! - ! k! k! - ! k! I
ox™" 0xk" OxF Ox ox™" 0zF" Ox ox" 0x*" Ox

i

Onpenenenue 7.5. Ha riagkom MHOroobopasun M 3ajaHa onepayus K08apuaHmHo20
Jupeperyuposarua (mmm addurnas céasnocmy) V, ecau st KaxkI0i KapThl 3ajaH
HaboOp TIaJKuX (PyHKITHiT FJ &» IPE0OPA3yIONINXCA IIPU 3aMeHe KOOPJANHAT 110 (hopMyJIe

Oz 07 Oz _, N ox’ 0%z
dxt Oz’ Oz~ Ik T Qi Oad Ok

!
F;’k/ ==
Torna neitctBre V 3asiaeTcs
) o Ld . .
i1...0p 01 05— 1T%s4+1.--Tp ig i 11...0p r
<VT) JQ7m - axm (1—.771](]) + Z 7}1 ]q F m Z j—yjln-jsflTjsﬁ»l'--qujSm’
s=1 s=1

3ameuanue 7.6. Kak moka3bIBaloT IIpOBE/IEHHBIE BBIKJIAJIKN, pacCMaTpuBaeMbie ‘B 00-
paTHyio cTopony’, V sBJIisieTcsI TEH30PHOMI ollepaliueii.

3ameuanmue 7.7. CyrecrBoBaHnme CBA3HOCTEH Oy1eT CJIeI0BATh U3 TEOPEMBI CYIIEeCTBO-
BaHUsI PUMAHOBON CBSI3HOCTH.

Onpenenenne 7.8.  Tenzopom kpyuerus cBazHocTn 1'% 5k HASDIBAETCH TEH30D, 3a/aBae-
MBIiT B KazKJI0f1 cucTeMe KOOP/IMHAT PaBeHCTBOM §)° k= ij g

JIemma 7.9 Q deticmeumenvno asasemcs mensoproim nosem muna (1,2).

3anaya 7.10. IIposepurs.
Omnpenenenne 7.11. Caasuocts [ HazwbBaercs cummempuyroti, ecam ) = 0.

JIemma 7.12 Csasnocmov YV obaadaem ceoticmeamu
1. onepavyus V auneting nad R;
2. onepavyus NV meH30pHaA;

3. KOBAPUAHMHAA NPOU3BOOHAA PYHKUUY (MEH30Pa HYAEB020 Parea) coenadaem ¢ 2pa-
of .
duenmom: V. f = o=
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4. onepayus ¥V HG 6EKMOPHBLIT U KOBEKMOPHIT NOAAT UMeem, 610

g o1
ViT' = 2 + TT,
oT;
VT, = Dok — ;T

5. 0aa npoussosvHulr meH3opHux noset T u S evnosrsemces dopmyaa Jletornuua

V(I'®S)=(VT)®8S+Te(VS).

HoxkazarenabcTBo. CpoiicTa oveBnibl, kpome (5). [IpoBepum ero, Hampumep Jist Bek-
TOPHBIX MOJICH.

Vi(T'S7) = Gi’f (T'S7) + T" ST, + T'S'T, =
= (0ak )S] + Tzaak(sj) + TrSJFZk: + TZSTFZk =
oT" 057
= (a + TS + Tl(a— +PTY,) =

= (VkTZ)SJ —i—T’(Vk.SJ). U
3agaua 7.13. Ilpojenarh 3Ty BBIKJIAJIKY JIJIs IPOM3BOJIBLHBIX TOJIEH.

Teopema 7.14 Csoticmea (1 —5) 0dnosnauno 3adarom kosapuarmmoe dugddepenuuposa-
. i

nue. Tounee, natidymes eduncmeennvim obpasom pynxyuu Iy ydosaemsoparouue saxo-

HY UBMEHEHUA U3 onpedeneHus ceasznocmu, a deticmeue V. Ha npou3sosvnom noae 6ydem

3adasamuvcs Gopmyaoti u3 mozao sce onpedesecHU.

HokazareabcTBo. O603HATINM €; = 8 -u el =da’. Torna bynxmun [ ik JLOJIZKHBI OJIHO-
3HATHO OIPEIEIATHCA U3 (hopMyII

Vie; =hej,  Vie' = =€l (4)
@opmyJibl HE TPOTUBOPEYAT JIPYT JPYTY, TaK KaK U3 CBONCTB (1 - 5) IIoJry4daeM, 4To

Vi(T'Ty) = (ViTHT; + TV T;) =

oT" oT; =, ,
(a z ”lkT]) ot (axk _Fg’“Tj) "=

= Vi(T'T,) + Iy TT, - Ty T,

0

(BOCIIO/TB30BAIIACE CBOMCTBOM 3) M B CHJIy IPOM3BOIBHOCTH TofTeii IV — I, =0.
3aMeTuM, YTO HPH BBIBOJIE 3aKOHa m3MeHerus [, B Teopeme 7.3 Mbl TIOTB30BA/NCDH
TOJIBKO COOTHOIICHUEM BHJA U3 II. 4, TaK UTO JOCIOBHOE ITOBTOPEHUE STON BBIKJIAJIKIH
JlaeT UCKOMBIIl 3aKOH M3MEHEHMUSI.
Ocrasocs BbiBecTu hopmyity Jtst auddbepeHImpoBanus TPOU3BOJIbHBIX moJteii. Pac-
eMoTpuM ciaydait mosist Tuma (1, 1). Ilycrs jokasabHO

T:T;ei®ej.
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Torna ' ‘
ViT, = (V1) = (V(Tje; @ &),

mk —

= ((VT}) @ e; @ € +T;(Ve;) @ € + Tje; @ (Ve?))

l
m;k

Ty, i 7\! i YIANY
= T 4 (1) @), — (Ties © (D)., =
o1, i Id
= gk + Tl — T O

Bamaua 7.15. IlpoBectu BBIKJIAJIKY B OOIIEM CIydae.

Onpenenenne 7.16. Addunnas cummerpudnas CBI3HOCTb V Ha PUMAHOBOM MHOTO-
obpasuu (M, g) Ha3bIBaETCA pumanosoli (Wn cozaacosannoli ¢ mempurot) ecaun Vg = 0.
3anmaga 7.17. B sTom ciaydae V KOMMYTHPYeT C OIEPAIUSIMI MOHATHSA U OILyCKaHUS
UHJICKCOB.

Teopema 7.18 Ha pumarosom muozoobpasuu (M, g) cywecmesyem, npusem eOuHcmeek-
HaA, PUMAH0Ba céA3Hocmb. Ipu amom ee koappuyuernmut (cumeorv, Kpucmogpdens) pas-

oy
L <agkr n g;r 3gjk>

2 oxd oxk ox" (5)

i
ik ™ 9

HokazareabcTBo. [lokaxkem, uTo cumBosibl Kpucroddens pumanoBoii cBA3HOCTH 00sI-

3aHbI y10BJIeTBOPATH (5). Tem cambim Gy/ier nokasaHa e uHCTBEHHOCTH. [0 onpeesienuro,

9945 , "
0= Vigi; = a_x;z = 9rilik = Gir -

Omycrus nngexc I = giTng U TUKJIMYECKHU IIePeCTaBIsIsl UHAECKCHI, IOy YAM

0gi
ax,z = L'jik + Lijr,
OGri
Ol Likj + Trij,
99k
5o = i + D

CHO)KI/IM IIEpBLIE /IBa PaBEHCTBa 1 BHIYTEM U3 HUX TPETHE. HOJ’Iy‘HAl\I, C y49€TOM CUMMETPpUU
i T
I = Iy at0

ork  Oxd  OxJ
= Djpi + Ui + Ui + Uiji — Uiy — Dy = 21550 = 2girF§k

1, yMHOXkKad Ha 00paTHyIO MaTPHILy K §ij,

r _1 ir 39z‘j X Ogri _ agk‘j
k9 oxk  OxJ oxrt )’

J1st ToKa3aTebecTBa CyIeCTBOBAHUSL IOCTATOMHO ONPEIENUTh KOIDMUINEHTHI CBA3-
HOCTH € moMoIbio (opmyst (5) (mpoBepbTe 3aKOH M3MeHeHus ). O
Onpenenenne 7.19. Cucrema KOODIMHAT €6KAUIOBA € MOYKY 3PEHUA MEMPUKY, ECITT
gij B Hell MOCTOSHHLI (M CJI€I0BATE/ILHO, 3aMEHON KOOPAMHAT IPUBOALTCA K 0;5).
Cucrema KOOPJHHAT €6KAUI06A ¢ TOYKYU 3PenuA cea3nocmu, ecin B Hei I = 0.
3amaua 7.20. JlokazaTb 9KBHUBAJIEHTHOCTb 3TUX TPeOOBAHUI i1 PUMAHOBOIN CBA3HO-
CTH.

39i;;  Ogri Ok
9y | Tk Thi _ Ujit + Dije + Digj + Uiy — Tiji — Djri =
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8 HapaJIJIeJIbHOG IepeHneceHue n reoJesnieCkKkume

[TapasmenbHoe IepeHeceHne — crocod cpaBHEHUS KacaTe/bHBIX BEKTOPOB B PA3HBIX TOU-
kax. Ha mmockocT — “IIOCTOAHCTBO KOOPAMHAT ', T. €. paBEHCTBO HYJIIO UX YaCTHBIX IIPO-
U3BOJIHBIX. EcTecTBeHHO B 00INEM ciiydae MoTpedOBaTh PaBEHCTBO HYJIIO KOBapUAaHTHOI
MIPOM3BOHON. DTO CJIMINTKOM YKecTKoe TpeboBaHue. [Ipuxoauress ocyIecTBIsATh ePeHoc,
T. e. TpebOoBaTh KOBAPUMAHTHOI'O ITOCTOSHCTBA KOMIIOHEHT 110JIs “BH0JIbL KpuBoit'. I1pu sTom
pe3yJibTaT, BOODIE TOBOPsS, 3aBUCAT OT KPHUBOM, JdaxkKe ecyi KOHIbI obrue. [lepeiimem K
TOYHBIM OIPEJICTICHISM.

[Iycts Ha muOrooOpasunm M 3amana addunnas ceasuoctb V. [lycrs Touku P u )
Ha M coenmnensl riajkoil kpusoit v : [0,1] — M, y(0) = P, v(1) = Q. Ha kpusoit
BO3HUKAET BEKTOPHOE TI0JIe CKOPOCTeill £ (BCIOMHUM TPeThe OIpeJIesIeHne KacaTeTbHOrO
BEKTODA).

Onpenenienne 8.1. Kosapuarmnotl npouseodnoti menzopnozo noas T muna (p,q)
8doab Kpueotl 7y HasbpiBaercs TeHsopHoe mose Vi (1'), ompesessemoe Kak CBEPTKa TEH-
30PHOIO IMPOU3BEICHUS KaCATEIbHOIO IOJIsi ¢ KOBAPUAHTHON mTpon3Bo iHOM T

(V4 (D)ot = &V,

jl""?jq seesdq

Onpenenenne 8.2. Bekrophuoe nojie T HA3bIBACTCT NAPAAIEALHOIM 600N Y OMHOCU-
meavro V, ecn Vi (T') = 0.
BanumieM 3T ypaBHeHHsl B JIOKAIbHBIX Koopaunarax (x!, ... z"). Eciu

1 n _dxk(t)
0 = @0, =

TO ypaBHEHUs NPUMYT BUJ

. dxR(t) (0T 4
k i L p _
VLT = — a7 +T'T:, | =0,

dz*(t) OT® L drR(t)  dT i drF(1)
— oty ——=— + 1T, —— =0.
dt Ox dt dt dt
Onpenesienue 8.3. IlociieiHee paBeHCTBO HA3BIBACTCA YPAGHEHUEM NAPAANEALHO20 Ne-
peHecenus 6eKmopa 800ab Kpugol.
Bajiava mapaJue/IbHOrO MepeHeCeHNs BhITJISIINT CJIEIYyIONIM 00pa3oM. 3ajjana TJal-

Kasl KpUBasd 7y, coeauHsionas Todkn P u () Ha mMHOroobpaszmm M co cBA3HOCTBIO V, U
BekTOp v € TpM. Hajyio naiitu Taxoit BekTop w € ToM, 4T0 nMeeTcss KOBapHAaHTHO I10-

crosiunoe BeKTopHoe 1oJie V' (t), mpudem V(0) = v u V(1) = w. [TockosbKy 3a/1ady MOXKHO

peniaTh Hoc/IeI0BaTEJIbHO JIJId ITOC/IEJ0BATE/IbHBIX KYCKOB 7, Ka}KILbHU/I N3 KOTOPBIX JIC2KHUT
B IIpegesiax ,[LeI;‘ICTBI/Iﬂ OILHOIU/I CUCTEMBbI KOOpAMHAT, TO MO2KHO CUUTATh, YTO KpUBasd JICZKUT
B OJTHOII KOOPJMHATHON OKPECTHOCTH.

Bosnukaer 3ajiada perieHnsi CUCTeMbl OOBIKHOBEHHBIX JTuddepeHnnaibHbIX ypaBHe-
HUil TIePBOTO MOP# KA OTHOCHTEIBHO dhyHKmit V(t) ¢ nauanbubiM 3nadenuem V(0) = v°,
pa3pelieHHoi OTHOCUTEILHO TTPOU3BOIHBIX. KaK M3BeCcTHO, pelieHne Takoil CUCTEMBbI Cy-
IIECTBYET, €JIMHCTBEHHO U TPOJo/KaeTcs 10 ), T. e. t = 1.

CoorsercrBenno, Bektop w = V(1) € ToM nasviBaercs napansesvnvim v € TpM
600Ab 7.

JIlemma 8.4 [lycmv (M, g) — pumanoso mnozoobpasue. Cummempuyeckas agdunna
ceaznocmo V na M asasemes pumanosoti mozda u mosvko mozda, koeda coomeems-
CMBYIOULEE NAPAANENEHOE NEPEHECEHUE COTPAHAEM CKAAAPHOE NPOUZBELIEHUE BEKMOPOS NO
OMHOWLEHUIO K (.
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HokazarenbcrBo. [lycts V — pumanoBa, (., ., ) — CKaJgpHOE NIPOU3BEIEHHE, TOPOK IeH-
Hoe g, V(t) u W(t) — BeKTOpHBIE TOJIsI, YIAOBJIETBOPSIIOIINE YPABHEHUIO HAaPAJIIeTBHOIO
d

nepenecenus 810k 7y : [0,1] — M. Hazo nokazars, uro £(V(t), W(t)) = 0.

d

V), W(@) = V5 (V(1), W(1)) = &V (VW) =

= gk(vkgij)viwj + fkgij(VkVi)Wj + fkgijvi(Vij) =
=" 0 VIW? + gy (V5 VYWY + gy, VI(V3W7) = 0.

O6paTHO, ec/in 3TO COOTHOIIEHUE BBITIOJTHEHO JIIsT TAPaJIIeIbHBIX [0/ BIIOJIb KPUBOIA,
TO JIs IPOUBBOMIBHBLIX BeKTopoB &, V u W Bbmonuserca EFViIWIV g, = 0 orkyna (Geps
basucusle BekTopa) Vigi; = 0. O
3ameuvanme 8.5. Ilapasienbnoe mepenecenre MOXKHO OHPEJIETUTD I KyCOYHO—
TJIaAKNX KPUBBIX KaK KOMIIO3UIIUIO HepeHeCGHI/Iﬁ IIO0 I'JIadKK1M CbpaFMeHTaM.
Onpenenenne 8.6. Kpupas v Ha mHOroobpasuun M ¢ addunHOl cBI3HOCTBIO V Ha-
3BIBAETCA 2€00e3UMECKOl, ecii BEeKTOPHOE TI0JIe ee CKOPOCTel MapaJlIebHO BJIOJIb ITON
kpusoit: V;(¥) = 0.

B JokanbHbIX KoopauHaTax (xl, ... 2") moaydaem ypaBHeHus

k
ddit(vkgi):o, i=1.....n,

rie £ = dd—gf. Orcrona ks
€T . .
et B e em) =0
dt (83:’“ + rkf ) )
d*z ;. da” da®

W—i_ Tk%ﬁzo, 2:1,...,n. (6)

Jlemma 8.7 Ilycmo P € M, v € TpM. Tozda cyuecmsyem u npumom eduncmeeHHas
eeodesuneckan y(t), ydosaemsopsowasn ycrosuam y(0) = P u 4(0) = v. Ipu smom
pewerue 24a0K0 3a6UCUM 0M HAYAALHOLT OQGHHIT.

okazareabcTBo. [locse 3anucy B JJOKaIbHBIX KOOP/IMHATAX B OKPECTHOCTU TOYKHU P 3a-
Jlava HaXO0XKJICHUs T'e0JIe3MIeCKOil CBOJIUTCS K PEIIEHUIO CUCTEMbI 1 OOBIKHOBEHHBIX JTUd-
depeHnuaIbHBIX YPaBHEHUII BTOPOTO IOPsJIKa C HAaYaJbHBIMHU YCJIOBUSIMU Ha, 3HAYEHUSI
pellleHnd 1 Ha 3HaYeHUs ero Mpon3BoIHOM B (), pa3perenHas OTHOCUTETHHO CTAPIINX ITPO-
M3BOJIHBIX. KaK m3BeCTHO, TaKoe pelreHune JIOKAJIbLHO CYIIEeCTBYET, € TMHCTBEHHO U TJIaTKO
3aBUCHAT OT HAYAJBHBIX JIAHHBIX. U

Samaua 8.8. Ecim aBe reogesmyeckne COMPUKACAIOTCS B HEKOTOPOI TOYKe, TO OHU COB-
aJatoT.

3agadga 8.9. Ilpu mapaJsiesibHOM IIepeHECEHNN BEKTOPa BIOJIb T'€0Ie3UTIeCKO PUMAHO-
BOl CBA3HOCTHU yI'OJI MEXKJIy HUM U KacaTeJbHbIM BEKTOPOM OCTAETCS TTOCTOSTHHBIM.

JIemma 8.10 (reomerpmiecknii cmbics cuMBoioB Kpucrodbddens) Jaa basuchor eek-

o .0 o I nld
mopnur noaet €; := 5 dannot cucmemuvi xoopdunam evinoaneno Ve, (e;) = I'e, (pas-
AooKcenue sexmopa no basucy). Unvimu caosamu, npu 6eCKOHEWHO MANOM NAPAALENLHOM
NePEHECEHUL, PENEPA € NO LMY HANPABACHUIO 00PA3bL PASAOHCAMCA NO UCTOIHOMY Penepy
¢ koappuyuernmamu I'G;.
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JlokazareabcTBo. Ilo omnpeenenuio

T S S 8 € i T
(Vo)) = (e (Ve =0t (%52 4 Theyr) =
— Y W—i_ rs¥j —i(rsj)—ji'

3amauya 8.11. Omnwucarh onepaiuio napaJsiebHOTO IePEHECeHNs B PUMaHOBOI CBI3HO-
CTH Ha MOBEPXHOCTH B T€OMETPHUIECKUX TEPMUHAX (IPOEKTHPOBAHIE).

Teopema 8.12 [Iycmwv (M, g) — pumanoso muozoobpasue. Jaa kascdot mouku Py € M
Hatdymes maxue oxkpecmuocms U u wucao € > 0, umo awobvie dse mouwky, 0KpecmHocmu,
U coedunsem eduncmeennas 2eodesureckas oaunvt menvwe €. Ilpu smom 2eodesuveckasn
20a0K0 3a6UCUM 0M CEOUX KOHUOG.

Bameuanue: €IMHCTBEHHAsI ¢ TOYHOCTHIO JI0 PellapaMeTpu3aliuu, T.e. YMHOKEHUsT Ha-
TYpaJbHOIO IMapamMerpa Ha KOHCTAHTY.
HoxkazareabcTBo. [lo jsemme 8.7 MOKHO Jyisi HEKOTOPOii okpectHocTu V' Touku (Fy, 0)
B MHOT000Opa3uu JUHEHHBIX 3j1eMeHToB 1'M | nMeroteii Bu,I

V={(Pv)eTM|PeU,l|v|<e}
JyIst HeKOTOPOit okpectHOCTH U TOUKE Py, ONPEIeUTD [IaKOe 0TOOparKeHre
E:V —-Mx M, (P,v) — (P, expp(v)),

e €Xpp CTABUT B COOTBETCTBHE BEKTODY v 3HaueHue y(1) euHCTBEHHOIN Teo1e3nIecKol,
BBIXO/IAMIEN 13 P 110 HanmpaB/eHnio v. B cuity JiokajibHOCTH, 710 1 TPOI0JIKaIOTCs Teo/ie-
3uveckue (pereHnst cucTeMbl JuddepeHIalbHbIX YPaBHEH!IT) ¢ MaJION JIJIMNHOM .

Berancimm  sixkobuan  E B (Fy,0). dgs  sroro  Hapsimy ¢ KOODAMHATAME
i

(«', ... a™0t, . v") B okpectnoctn (Fy,0) B TM, rme v = vz, paccMoTpuM
koopauHatel (z1, ..., 2% ad ... 28) B U XU C M x M. ]I KacaTeJbHOTo 0TOOPaZKeHHsT
dE nmMmeeM: , ,
ox} , ox! d
1 1 Yo
— =0 — =0, dp, expp,([v-t]) = =0

oxi 7 ovi dt
B CMBICJIEe BTOPOI'O OIIpe/IeJIeHnsT KacaTe/IbHOI'0 BeKTopa. TakuMm obpasom, Marpuiia Skobn
dp, & paBHA ( é }(
pasen 1. Takum obpazom, 10 TeopeMe o HedaBHOM dbynkimm, F nuddeomopdnro oTodparxka-
er HeKoTopyto okpectHocTh V' Touku (Py,0) € T'M na okpecrnocrs W' touku (Fy, Pp)
B M x M. Ilepexoist K MEHBIINM OKPECTHOCTSIM, MOyKeM cuuTarb, uro W' = U’ x U’,
upudeMm U’ cofep:KuTcs BHYTpHU IIapa JUaMeTpa € OTHOCUTEILHO ¢, T. €. HUXKHSAA I'DaHb
JIUTMH KPUBBIX, COEIMHSAIONINX MIEeHTD Iapa Py ¢ jiroboit ero Toukoii menbiie €/2. Torpa U’
— HUCKOMasi OKpecTHOCTh Touku Fy. leficrBurenbuo, mycts P u () — JBe IPOU3BOJIbHbBIE
roukn U'. PaccMOTpUM Te0/1e3M9eCKy 0 7y, BBIXOJSAIIYIO U3 TOYKH P’ 110 HAITpABJIEHNIO BEK-
Topa v, tyie (P',v) = E~Y(P,Q). Torua, no onpejenennto E, umeem P’ = P u (1) = Q.
Takum obpasom, Touku P u () coemHEeHBI reoje3ndeckoit v. OmupeaeneHnas TakuM 00-
pa3oM reojieanvecKasi, 0 yKa3aHHOI Teopeme, IVIaJIKO 3aBHCUT OT CBOUX KOHIIOB P u ().
Ompenenum ee jaiuny. B cuty moka3aHHO# BBIIIE JIEMMbI, JIHHA KACATEIBHOIO BEKTOPA

0

) rie [ — eiuHuYHas MaTPUIIA, & SKOOMAH B YKA3aAHHBIX KOOPIUHATAX
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K DeOJIe3NIECKOl TIOCTOSTHHA, [TO9TOMY apaMeTp OTJINYaeTCs OT HaTypPaabHOIO Ha MOCTO-
SIHHBI MHOYKHTEJIb, B JaHHOM ciaydae pasublil ||v||. Torga mmuna kpusoit v or 0 g0 1
pasra 1 - ||v]| < e. Ocranoch npoBepuTh €JAUHCTBEHHOCTD. [lycTh u3 P B () mpoBejeHa
reojie3nveckasi JJIMHBI MeHbIle €. Torma oHa SIBJISIETCS PellleHneM COOTBETCTBYIOIIEH 3a-
JIadd ¢ HAYaJbHBIMHU YCJIOBHUSIMU U MOTOMY €JIMHCTBEHHA, TaK KaK B 9TOM Cydae JjIMHA
KacaTeJIbHOTO BEKTOpa B HadaJse MeHblIe €-t, rie () = (), 1 OTCyTCTBHE eJIMHCTBEHHOCTI
IIPOTUBOPEYNIO ObI OMEKTUBHOCTH F . 0]

agada 8.13. Ilokazarh, 9T0 B KOOpJAMHATAX, 38JaHHBIX OTOOpaKeHHEeM eXp, Bce Fék
obpammaiorca B Py B HyJIb.

9 Tenzop kpuBu3snbl Pumana

Xotresioch ObI ONKMCATh Ha TEH30PHOM SI3bIKE OTJIMIHE Pe3yJibTaTa IMapaJsiieIbHOrO IepeHe-
CeHUsI CHadaJIa 110 ¢-My HAIIPABJIEHUIO, & IIOTOM II0 j-My OT II€pEHECEeHUs B JIPYTOM ITOPSII-
ke. KoHedHo KOHTYD He BaMKHYT, [TO3TOMY KOHTYDP ycTpemyseMm K Hy/i0. OKa3biBaeTCs,
pe3yJIbTaT CBsi3aH C €BKJIMIOBOCTHIO METPHUKH (B PHMAHOBOM CJIydae).

Beromy B aTOM maparpade CBA3HOCTD IPEIIojaraeTcd CMMMeTpudeckoii. Paccmor-
puM B TIpejiesiax JeficTBus cuctembl Koopaunat (xl, ... ") neiicteue ViV, — V, V), Ha

BekTopHoe 1ojte T (Tak 4ro pesynabrar — Tensop tumna (1,2)). [omydaem

VT = 7 +T rl>
7 82Tz or" ) rarrl ore TS s aTz T
ViVIT' = o+ ST+ T T (aWT )_lk(a +TP)
(ViV, = ViV T =
r ar:ﬂl ar;ﬁk’ or” ) or” ) aTS i ore ) T e TS
- (axk_axl> Gt gt Lk T r Lk = gpw i T T = T =
r 8]?3% ar:“k i s i TS
=T <W - o T hgly — Ly rk:) :
ObozHaxast '
% aF;l ar A 1 TS
Ri = ok~ gat + Tlir = Tl @)

IIoJIy4duMm, 9TO

JIlemma 9.1 Qynxuyuu R;kl 0bpasyrom men3op muna (1, 3).

IokazarenbcTBo. s moboro sekrophoro nonsa 1 dynkimun (ViV, — V,Vy) T, a
CJIe/IOBATENIBHO, U T Ry, 1), 00pasyior TEH30pHOE I0JIe THIIA (1,2). IockombKy Ry

S 7
(eq) RsJﬁl? TO

M o .o 0xF 02t 02" g 05 . 0xF o ox”
Ry v = (eq) Ry v = (eqg)” R, N W (eq') Gy Rs,klaxk/ o O
53' Ox® R dzk Ox' 92" . Ox® 92k 0! 92", Ox? 9xF Ox' 92

" ops’ IR LK 9t Oxt T T M Oxd 9xk Oxt Oxt T M Oxd dxF OxV Ozt
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3ameuanue 9.2. @akT, MOJYUYECHHBIN IPH JIOKA3ATEIbCTBE, MOXKET OBITH C(HOPMYIUPO-
BaH B OoJiee 00IIEM BHUJIE CJIEYIONIUM 0Opa3oM: KOI(MD@PUITMEHTH! JIMHEHHOW 3aBUCUMOCTHI
TEH30POB 00Pa3yI0T TEH30P.

Onpenenenue 9.3. Tenzop Ré,kl Ha3BIBACTCS MEH30POM KPUSU3Hv, Pumara cuvmer-
pUYECKOil CBA3HOCTH V.

JIemma 9.4 [Tycmo 6 nekomopoti mouke (a 3nawum, u 6 ee OKPecmHoCmu) MH02000pa3uA
M mensop rwpususnve Pumana Hexomopoli cuMMEmMPUYUECKol C8A3HOCNYU OMAUYEH OM
Hyaa. Toeda 6 okpecmmocmu Heab3ds 66ecmu €6KAUN0GHL KOOPOUHAMDL AaHHOT, CEAZHOCTIU.

JokazaTeabcTBOo. Ecin Obl Takne KOOPINHATHI CyIIECTBOBAJINA ObI, TO 110 OIPEIeIEHIIO
B HUX OOHYJIAIUCH ObI cuMBOJIBI Kpucrodders, a s3nadut, u Tenzop Pumana. [l

[lepeiijiem K MHBapUAHTHOMY OIpeeseHnio 1.
Onpenesienue 9.5.  Kommymamopom BeKTOPHBIX mojieil X n Y Ha3bIBAeTCA BEKTOPHOE
oJie
oYk yi ox*

XY= X0 _
X, Y] oxt oxt

g cuMMeTpUYIecKoil CBA3HOCTH
)% . . (OXk :
YE Ve X=X | — 4+ YT ) -V [ =— + XIT* ) = [ X, Y],
VX VY <axz + ]1) <axz + Ji [ ) ] ) (8)

B YaCTHOCTH, OIlepaIlis TeH30pHA.
Onpenenenue 9.6. OupenenuM onepamop Kpusu3Hol

R(X, Y)Z = VXVY(Z) - Vva(Z> — V[X,Y](Z)

On comnocrasisieT TpeM BEKTOPDHBIM 10JissM X, Y U Z HEKOTOpOe YeTBEpTOe BEKTOPHOE
noJie. BBujty sIBHOro HepaBHOIIPABUST TPETHETNO API'yMEHTA 110 OTHOIIEHUIO K TIEPBBIM JIBYM,
mbl mumeM R(X,Y)Z, ane R(X,Y, 7).

Teopema 9.7 Omobpasicerue R mpuaunetino. Caedosamervho, oo onpedeasem men3op
muna (1,3).

HoxkazareabctBo. Eciiu T' — Tpusuneiinoe orodparkenrne oT BEKTOPHBIX I0JIeil cO 3Ha-
YEeHUsIMU B BEKTOPHBIX IOJIAX, TO OTOOparKeHne

T(X,Y, Z,w) =w(T(X,Y, 2))

OyeT 4-TMHEHHBIM OT 3 BEKTOPHBIX U 1 KOBEKTOPHOIO IOJIsI CO 3HAYEHUSIMU B (DYHKITUSIX.
Taxum 06pa3oM, BTOpas 4acTh YTBEP:KIEHUS TEOPEMBI CJIeLyeT U3 IIEPBOIi.

TpunureiiHOCTb B TOYKe 04eBuHA. HeoOXouMo JJoKa3aTh KOMMYTUPOBAHUE C YMHO-
ykerneM Ha rragkue Gynknun. Joxaxem, aro R(X,Y)(fZ) = f- R(X,Y)Z:

VxVy(fZ) = VyVx(fZ) = Vixy|(fZ) =

=Vx((Vyf)2)+Vx(fVyZ)=Vy(Vx)Z) = Vy(fVxZ) =V ixy)(f)Z - fVixy)Z =
= (VxVy)Z+VyfVxZ +Vx(f)VyZ+ f(VxVyZ) = (VyVxf)Z =V xfVyZ—
~VyfVxZ - f(VyVxZ) = Vixy)(f)Z — [Vixy)Z =

= (VXVYf —~VyVxf— V[X,Y}(f)) Z + f((VXVYZ) - (VYVXZ) - v[X,Y]Z) =

32



= f ’ R<X7 Y)Z,

TaK Kak IepBas CKOOKa OOHYJISIETCSI, TOCKOIBKY

VxVyf—=VyVxf—=Vywf+Vy,xf=

2 2
~(XOVY) S+ (YIVIX) o =0,

[Iposepum Teneps coornorenne R(fX,Y)Z = f- R(X,Y)Z. Bamerum, aro
(V)T = (fX)"ViT = f X"V T = f-VxT,  Vyx=fVx

fXY]=VixY = Vy(fX)=fVxY = (Vv ) X = fVy X = f- [ X, Y] = (Vyf) X
[Tosrygaem, aro
R(fX,)Y)Z =VixVyZ —=VyVyxZ —VxyZ =

= IVxVyZ =V (fVxZ) = VixnZ + Vo, pxZ =
=fVXVWZ = Vy(f)VxZ — f(VyVxZ) = fVixv1Z + (Vyf)VxZ = fR(X,Y)Z.
Anasormano nokassiBaercs, uro R(X, fY)Z = f- R(X,Y)Z. O

Jlemma 9.8 Onpedesenus axsusarermmo.

0
ox T

JoxkazareabcTBo. /s 6a3ucHbIx mnoseit e; = nMeeM

R(e;,e)) 2" =V N, Z" =V N Z8 + Ve )28 =V, NV, 28 — VN, ZF,

nockosbKy Ve, 28 = (¢,)"V,, ZF = 6"V, 2% =V, Z*,

Viej - Vjei = Fé»iel - Féjel = 07 (9)
VxY* - VyXF =X Y], (10)
110 (8) TaK KaK CBA3HOCTL CUMMETPHYHA. Ilo uneitnocTn IIoJrydaeM pesyJibTaT. [

Teopema 9.9 (cummerpun terzopa Pumana)

1. xocasa cummempusa no noaam X u Y :
R(X,Y)Z+ R(Y,X)Z =0,

uIU

R+ Ry =0;
2. mootcdecmeo Hrobu:
R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y =0,
uAU

gkl T By Ry = 05

33



3. 0das mensopa Pumana pumarosots cea3HoCMU
(R(X,Y)Z,W) + (R(X,Y)W.Z) =0,
UAU 8 KOOPIUHAMAL

T .
Riju + Rji = 0, Riju = gier,kz,

4. 0aa mendopa Pumana pumarnosot cessnocmu
(RIX,Y)Z, W)= (R(Z,W)X,Y),

uAU 6 noop(?unamax

Rij i = Ripij-

HoxkazarenabcTBo. [IyHKT 1) ciesyer HermocpeacTBEHHO U3 OlpeiesieHnst TeH3opa Puma-
HA.

2). B cuty JmHEHHOCTH JIOCTATOYHO TPOBEPUTH Jist (KOMMYTHPYIOIINX) Ga3UCHBIX
nosteit. Ilo (9,10) muis 6asucHbIX mOITEH

R(ei, ej)er + R(ej, ex)ei + R(eg, €i)e; = Ve, Ve,ep — Ve, Ve er — Vieej€ht

+V5jvekei — Vekvejei — V[ej,ek]ei + VekVEiej — VeiVekej — V[ek’ei}ej =
= vei [eja ek] - VEj [eiv ek] - Vek [ej’ ei] =0.
Bepst koopmHaTy 3TOr0 BEKTOPHOI'O paBEHCTBA, HOJIydaeM (hOPMYJIy B KOOP/IMHATAX.
3). st mpousBosibHOI GrtnHeiHON hopMbl B TOXKJIECTBO TOJISIPU3AIIN

B(u+v,u+v) = B(u,u) + B(u,v) + B(v,u) + B(v,v)

IIOKA3BIBAECT, UTO KOCOCHMMETPHIHOCTH PABHOCHJIBHA BBIIOJIHEHUIO yeaoBus B(w,w) = 0
J1st JTI000T0 BEKTOpa w. BMecTe ¢ HAIMM CTaHIAPTHBIM PACCy?KICHHEM O JIMHEHHOCTH 5TO
CBOJIUT 33184y K IIPOBEPKe 15 JII0O0r0 BEKTOPHOTO 101 Z paseHcTsa (R(e;, e;)Z, Z) = 0.
C yuerom (9,10), gocTaTovHO 10KA3aTh, YTO

[TockonbKy /1t DYHKIUI KOBapHaHTHAs ITPOU3BO/IHAS COBIIAJIACT ¢ YACTHOM, & CBA3HOCTH
pUMAaHOBa, TO

a2
0xt0xI

n

82
0xi dx?
Boraurast n3 mepBoro COOTHOIEHUS BTOPOE U TOJIb3Y4Ch €Ille Pa3 CUMMETPUIHOCTHIO CKa-
JISPHOT'O TIPOU3BEJICHNUs, TIOJIydaeM TpedyeMoe COOTHOIIeHUE. UTOOBI MOJIyUIUTh BhIparke-
HIEe B KOOPJIMHATAX, 3aIUIIEM:

(Z,2) = 2(V;ViZ, Z) + 2N 2,V Z).

0 = (R(es, ej)er, er) + (R(ei, e5)er, ex) = grs(R(ei, €5)er) (e)® + grs(R(ei, e5)er) (ex)® =

= grsR:n,ij(ek)méls—i_gTsR;L,ij(el)méz = ngRl:,ij +g'l“kR;:ij = ngqu;,ij +gk?"R£ij = Ripij+ R ij-
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4). Jljist 1oKa3aTeIbCcTBa YA00HO PACCYKIATh ¢ KADTHHKON. Y OKTas/Ipa rpaBasi BepX-
Hsisl TpaHb OOO3HAYEHA Yepe3 ¢, B €e BEPIIMHAX CTOAT KOMIIOHEHTBI, HOMepPa KOTOPbIX
HaYUHAIOTCA C 7, & OCTAJbHbIE TPY MUKJIMIECKN ITePECTABIAIOTCA. [ pann, mMpuMbIKaIoIne
YIJIOM K BepIIHHAM I'DaHU %, Y KOTOPBIX BTOPOIl UHEKC — ¢, k 1 [, 0003HAYAIOTCA STUMU
OykBaMu. DTO JieBast BEPXHsisl, HUXKHsIsI 38 IHsIsl U HUXKHssI Iepe/Hss TpaHu. B BeprinHax,
IEHTPAJIHLHO CHMMETPUYHBIX yKe 0DO3HAUYEHHBIM, CTABATCSI KOMIIOHEHTBI C CHMMETPUY-
HBIMI HOMEpaMH, T. €., HAlIPIMep, HAIIDOTHB BePXHeN BePIMHHBI gy — HIKHAA [jq.

Riqkl

Riqu

Ryini

Rijgi

CyMMa KOMIIOHEHT, CTOSIIIIIX B BepIMHAX KarKI0i 0603HAYeHHON IpaHy, paBHA HYJIIO,
KaK CJIeJIyeT U3 y2Ke JJOKa3aHHbIX IIYHKTOB. /L1 rpanu ¢ 910 cpasy cieayeTr u3 TOXK/IECTBA
Axobu. [Iposepum 510, HAITPUMED, /I TPAHU (:

Rigrr + Riqri + Rari = — Ryt — Rgrii — Rgie = 0

OIIATH IO TOXK/JIeCTBY fK0oOu. Tenepnb C/I0KUM TOXKJIECTBA JIJId JBYX BEPXHUX I'DaHeil ¢ u
¢ M BBIYTEM JIJIsl HUZKHUX Kk 1 [:

0 = (Rigkt + Rikig + Rugr) + (Rigia + Riqri + Ryiki)—

—(Ryqii + Rikig + Rikgi) — (Rigk + Rikgi + Ryki) = 2Rigra — 2Rikgi- U

o xonra sToro maparpada Mbl Oy/1eM 3aHIMATHCST PUMAHOBBIMU CBSI3HOCTSIMU.
Onpenesenne 9.10. Cseprra Rj = R;il TeH3opa Pumana nazeiBaercs mensopom Puw-
wu JTaHHON puMaHoBOil cBsa3HOCTH. CBEpTKA IOC/E MOJHATUS UHJEKca Y TeH3opa Pudaun
R = ¢"R;; naswIBacTca ckaaapnoti kpueusnot.

Bamauga 9.11. Jlokazars, uTo TeH30p Puuun cummerpute.

Bamaga 9.12. Jlokazars ciegymomiee yTBepXKIeHIe

Teopema 9.13 /Jlaa pumanosoti c6A3HOCTU GHINOAHEHO TOHCIECTNEO

. 1 [ 9%ga %Yok *gik gy m P mp
Bigi = gir Fa = 2 \ Or9z* * oriort  dxtdx!  dridxk * gmp (Ll = Tl
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HokazarenbcTBo. Obo3Ha MM npu UKCHPOBaHHBIX ¢ U | depes Py, BEKTOpHOE mOJIE,
coBIaJlalolee B cucreMe Koopauuar (zt, ... z") ¢ I',;- B aroii cucreme koopiuxar

g”qul = Gir {a_xi - aqu - FZlek - Fskrpl -

T

ol
. ql T . s r .
= Gir 2 Alt () [_&p’f + T pk} =2 Altgy | gir ViPy + (Vigir) Oy | =

[TockombKy

Gir

2 g ox! oxd Oz’ 2 B

1 rs agsq + agsl . a.gql _ 1 agiq + agil agql
oxt  Ox1 Ozt )’

a npu ukcuposannpx ¢ u [ nosne g;, @y, — tuna (0,1), To

0 (0giq Oga O O9me  OGm O
g Ry = Aty |0 (G Ot Qo) _ (O O S0 )

oxk \ Ozt Ox1  Oxt ox! oxrd  Ox™

d°g; D gy

— A “q L L) —2¢, [T =
gy [(axk&vl * Oxkoxa 81’@1:1) Jmrtiq Zk}

_1 0 gig 0> gi - gy _1 giq P gi - 0y B

2 \0zFozt T Oxkore  Oxkoxi 2 \oxloxk  OxlOx?  OzlOx?

s m
il )

T m
—Y9mr lq F@k—i_gmr kq*i

9TO JlaeT TpeOyeMblil pe3ysbTar I0oCje ydeTa CUMMETPUIHOCTH CBI3HOCTU W METPUKHU.

O

CraencrBue 9.14 Ecau men3op kpusudHvl He 00paULGEMCA 6 HOAL 8 HeKOmopoli cucme-
Me KoopouHam, mo Ha MHO2000pa3ULU HEAB3A B86ECTNU AOKAAOHO MEMPUYECKU EBKAUIOEYL
KOOPOUHAMbL (MAMPUYA MEMPUECKO20 MEHZ0PA NOCMOAHKA) UAU AOKAALHO EEKAUIOEDL
6 cmuicae ceasznocmu (cumeonve Kpucmoddenrsn pasrow 1yamo).

Bamaga 9.15. Yewmy paBeH TeH30p KPUBU3HBI OJJTHOMEPHOTO MHOro0oOpasus 7

Teopema 9.16 Ha dsymepnoti eunepnoseprrocmu M crarapras KpususHa pasHa yoso-
enHotll eayccosoti: R =2 K.

JokazareabcTBo. [10CKOIbKY PaBEeHCTBO MPOBEPSAETCA TMOTOYEIHO, TO MOXKEM CUUTAThH,
9TO B OKPECTHOCTU ucciiemayemoit Touku P € M mHoroobOpasue 3a/iaHO B Bujie I'paduka

23 = f(2', 2?) B nexaproBbIX Koopauuatax, r3(P) = 0, KacarenbHag miockoctb TpM =
Oz'z?,

= (1707 %)) ro = (07 17 @)7
of \? of \? of of
911:14—(%), 92221—1-(@)7 912:921:%'@
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— KOMIIOHEHTBHI PUMAHOBOI MeTpuku B Touke P. V3 Buja KacaTebHOM MJI0CKOCTH TIOJTY-

JaeM, 4TO B TOYKe P BBIITOJIHEHO % = % = (0. 3HAYUT, TOCKOJIBKY

i 8f‘8f = a2f -af+af-ﬁ—0 B Touke P,
ok \ 0t 0xd )  Oxkdxt Oxd  Oxt OxkOxi ’

TO a%,c(gijﬂ p = 0. Tlosromy u T (P) = 0. TTo dopmysie u3 reopempr 9.13 (eumcTBennas

CYIIECTBEHHAs) KOMIIOHEHTA (/I KPATKOCTH ITUIIEM % = fi)

R12,12 :% < 62912 X 82921 52911 82922 )

oxlox?2  Oxlox?  O0z20x2  Oxlox?

= %{Q(flfé)m — ((f2)*)11 = ((f1)*)22} = (fufo + frfiz)e — (fafo)r — (fifr2)2 =
= fuafe + firfoo + fiafiz + fifioo — fiafi2 — fafie — fiafiza — fifie =

= furfa2 — fr2f12 = ﬁ; ﬁz

MIOCKOJIbKY KO3(MDMUITMEHTHI BTOPOIl KBIPATUIHON (DOPMBI

bij(P) = <ﬁj7ﬁ> = <(0707fij)? (Ov()? 1))> = fij7

a MaTpHuIla HepBOﬁ — €JMHNYHad, TaK YTO IIPpOU3BeIcHUEC I'JIaBHbIX KPHUBU3H COBIIaJacT
C OIIpeJie/INTeIEM MaTPUIBl BTOPOil (OpMBI. 3aMeTHM, ITO PaBeHCTBO Ri913 = K MBI
YCTAHOBHUJIN B CIIEIIMAJILHOM CHUCTEMe KOOPJIMHAT, CJieBa — KOMIIOHEHTa TEH30pa, CIIpaBa
— ckajsp. [lanee,

=K

Y

kl kl i Kl ir
R=¢"Ru=9"Ri; =9 9" R
Paccmorpum cummerpun ;i
Ri212 = —Ro112 = —Ri201 = Ray 1,

Ri15 = Rasij = Rpma1 = Rgmo2 = 0.

[TosTomy

R = 922911312,12 + 912912R21,12 + 921921312,21 + 911922321,21 =

_ R12712 (922911 _ gl2gl2 _ 921921 + 911922) —9. R12,12 - det HgZJH — Qe—’

DTO TEH30pHOe paBEeHCTBO. B Hammeil crenmanibhoii cucreMe koopauuar g;;(P) = 0;; u

R(P)=2-K(P). O

CaencrBue 9.17 [uyccosa kKpususna 3a6uUcum mosvko om nepeoti opmvl NOGEPTHOCTU
u, €2edo6aMeNvbHO, He MEHAEMCEA NPU UOMEMPUAL.

Jlemma 9.18 Ilycmo (zh,...,2") — xoopdunamovl, 6 oxpecmmuocmu mouku P € M, 20e
(M, V) — mHo2000pasue ¢ CumMmempuieckoli C8A3HOCMBIO, He 00A3GMENLHO PUMAHOEOU,
2(P) =0, Vi.Ilycmv& € TpM — npoussosvhwidi cexmop, a & = £.(i,]) — peayavmam
€20 nepenecenus no KoHmypy
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Toz0a i .
lim ¢

e—0 52

_ pk ¢l
= Ry ;€
oka3zareabcTBO. Boiuiem mpupartienne BJI0JbL HEKOTOPOIl KPUBOI OT Sy JI0 S:

d
0= di + lm£ 5 dgk = _Ffmglda:mu

1 C TOYHOCTBIO JO BTOPOI'O IIOPAIKaA

k

€5(5) = €5(s0) ~ Th(s0)€ (s0)Aa™,  Thy(s) = Ty (s0) + 5 m(s0) Aa

Takum obpaszom,

k

dek ~ {— (Ffm(so) + 881;:1 (so)m’) - (& (s0) — r;r(so)gp(so)mr)} dz™ ~

k

= [Tl (s0) + (-G (el () + T (sl (s0?(s0) ) A07] o

[lepeitem K 3aMKHYTOMY KOHTYPY, Oepsi Bce 3HaUYeHUs 110 HEIPEPBIBHOCTH B P, yurewM,
YTO TEPBOE CJIAraeMoe JIACT HOJIb, & 3aTeM y9ITeM KOHKPETHBIN BUJ KOHTYPa (B IIIOCKOCTH
JIBYX KOODJIMHAT) ¥ KOOPJMHATHOE BBIParKeHue i TeH3opa Pumana:

81“"C
g~ [ p fmFéT] 5737{ (%Ludu %du ) = 1o dpopmysie I'puna
. 0x 0 ox
e | / (aul ( 8u2) 2 (M W)) du” du® =
ox" dxz™  OJx™ Ox”
p. _ 12
]5 // <8u1 ou? oul 8u2) dudu

+IF 1 ] P& (87 -0 —37-01) = 2-Alty

_ [_ark .
orr lm pr

k

3 r Im= pr O li” pj D,ij

ork.
—— P 4T l]fpe’:“Q—&“ RF ¢ O
HartomauMm ciiegytoree onpe/iesicHue.
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Onpenenenne 9.19. JIBa orobpakenus fy, f1 : M — N rnagkoro muoroobpazus M
6e3 Kpas B MHOroobpasue N Ha3BbIBAIOTCA 2400K0 20MOMONHBLMU, €CTH CYIIECTBYET TaKOe
riaajikoe orobpazkenue F mMuHoroobpasust ¢ kpaem M x [0,1] 8 N, uro

F(P,0) = fo(P), F(P1)=fi(P), VYPeM.

STI/IM olrpeJesjieHrueM HE OXBAaTbhIBaCTCA IIOHATHUE TOMOTOIINU JIBYX HyTeIU/I, TaK KaK IIyTb
SABJIIETCSI OTOOparkeHneM MHOIo0Opasusi ¢ KpaeM — oTpe3Ka. UToObl ompejiesieHne pa-
6orasio, Mbl OyjeM cuuTaTh, YTO MyTh orobOpaxkaer He [a,b], a (a — &,b + €), Tak 4TO
(a —e,b+4¢) x [0, 1] aBiasercss maOroo6GpasueM. KoHedHO, IPU 9TOM MbI JIOJIZKHBI TPEGO-
BaTb, YTOOBI JJisi TOMOTOIINU JIBYX ITyTeil, coeuusonmux P u @),

F(a,t) = fo(a) = fi(a) = P, F(b,t) = fo(b) = f1(b) = @, vt e [0,1].

Bamaga 9.20. Ilouemy 310 HEOOXOMIMO 7

Eciu oTkazarbest or TpeboBaHUsI TJIAJIKOCTH, TO TIOJYUYUM OIlpejesienne (Hempepbis-
HOI1) 20MOMONUY HEMPEPBIBHBIX OTOOpayKeHUl fo U f1 MPOM3BOJIBHOIO TOMOJIOTUIECKOTO
npoctpancTBa M B mpocTpaHcTBO V.
3amaua 9.21. [lokaxkuTe, 9TO U3 HENPEPBIBHOI FOMOTOITHOCTH JIBYX TVIQJIKMX OTOOpa-
JKeHWI cIiejlyeT WX IJIaJIKas TOMOTOITHOCTD.

Teopema 9.22 Tenszop Pumana paser myao mozda u mosvko mozda, Kko2da pe3ysvma-
Mol NAPAANENLHOZO NEPEHECENUA MO O8YM 20MOMONHBIM NYMAM cO6nadarom (uau, 4mo
MO JHce Camoe, PE3YALMAM NEPEHECEHUA NO CINALUBAEMOMY 3AMEHYMOMY KOHMYDPY CO6-
nadaem ¢ UCTOOHbM GEKMOPOM,).

HoxkazarenbcTBO. Ec/u pe3ybTaT IepeHeceHus 1o CTAruBaeMOMY 3aMKHYTOMY KOHTYPY
COBIIQIAET C UCXOJHBIM BEKTOPOM, TO, B3sB B KAUECTBE HETO &-KOHTYP U3 HPEIbLILyIIei
JIEMMBI, TIOJTy9aeM O Heil, 9To Ten3op Pumana paBen HyJio.

O6partHo, ycTh Y9, 71 : (—¢,14+¢) = M — e romoronusie kKpussbie, vo(0) = 71(0) =
Py, 70(1) = 11(1) = Py, romoronust G : (—e,1 + ¢) x [0,1] — M ynosjersopsier 310My
yCJIOBHIO TIpH J1i060M ¢ (cauraem s mapamerpoM Ha (—e,1+¢), a t — ma [0, 1]). O6pazyem
BeKTOpHOE ToJte &(S) — KacareiabHoe BI0b (G($,t) npu dukcupoBanaoM ¢ (B 4aCTHOCTH,
&o(s) m & (s) — KacaresbHBIE K Yo U 71 ), U BEKTOpHOe moJie 1)s(t) — KacareJbHOE BIIOJb
G(s,t) npu dbukcuposanaom s. Obpasyem jist 3ajaHHOr0 BekTopa v € Tp, M BeKTOpHOE
noJie vg(t), tae vs(t) — pesyabrar nepenecenus v BJob Y (s) = G(s,t) nupn dukcupoBan-
HOM ¢ B TOUKY € HapaMeTpoM S. (3aMeTuM, 4TO [PU OIPEJIe/ICHUH TIePEHeCeHHsI B 001IeM
cllydae Mbl He TPeOOBAIM PEryJgpHOCTH, & TOJBKO TJIaJIKOCTh Kpuboii.) OkasbiBaercs,
noJie vg(t) KOBApMAHTHO MOCTOSTHHO BJI0JIb (G(S, t) Tipn (DUKCHPOBAHHOM S.

JleficTBUTEIBHO,

Veus) Vi Vh(t) = Vi) Ve (9 0a(t) = Vigi ) mva(t) = RS vl (& (s)nk ().

[To onpeyenenuto vy(t) BTOpoe ciaraemoe cjeBa PaBHO HyO. B chly paBeHCTBa HyJIO
Tenzopa Pumana, paBHa HYJIO IpaBas 4acTh. TpeTbe caraeMoe cjieba PaBHO HyJIO, TaK
Kak, monaras G(t,s) = (z'(t,s),...,2"(t,s)), nmeem

k s)k
(ORN0) L

047 D (81:’“) oxd 0 (8xk) 9%k 9%k

T sar\at ) oram\as ) T asor oios
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Urax, none V,, ;)vs(t) KOBAPUAHTHO IIOCTOSHHO BJOJIb KPUBOH 74(S) M 110 HOCTPOEHHIO

s

pasro 0 npu s = 0 (Tak Kax vo(t) = v). Cnegosarensno, V, )v,s(t) = 0 npu modom s, B
JacCTHOCTHU, IpHu S = 1.
Takum o6paszom, nockosbky G(1,t) = Py, 1o m1(t) =0 u

i d i m i
0= vm(t)vl(t) = Evl (t) + e (t)v]f(t) = _U1<t>7

T. €. v; HE 3aBUCHUT OT t. O

10 JuddepennumpoBanue m mHTerpupoBaHme andde-
peHInaAJIbHBIX (bopM

Pacemorpum pon3BOJIbHY IO CUMMETPUYECKYTO CBSI3HOCTH V Ha MHOroo6pasuu M (Hanpu-
Mep, PUMAHOBY CBAI3HOCTH HEKOTOPOI METPUKH) U BHEIIHIO T depeHIraibay o (popmy
w panra k, T. e. KococummMeTpudeckoe TenzopHoe mosie tuna (0, k). [IpocrpancTso Taknx
dbopm Gyaem oboznauarh depes AF(M). Torna onpesenen enewnuti duddepenyuan
epaduenm dw GopMbI w 110 hopMmyITe

k+1)!
d = i%mtw,
1 B KOOpAHHaTaX
1 g
(dw>j1~~~jk+1 - iy Z (1) vo’(jk+l)w0'(j1)---a(jk)’
’ UGSk+1

rjie 0003HAYEHO 0 (Ji) = Jo(k), & = BHIOUpPAETCA TAK, YTOOLI B KOOD/IMHATAX

1. kk+1 )

+(=1)7 = sgn (U(k +1)o(1)...o(k)

T. e. £ = (—1)*. Kax ciaemyer us onpegenenns, dw — sHemHas dopma panra k + 1.

Jlemma 10.1 I'paduenm dw me 3asucum om 6ubopa CUMMEMPUMECKOT CEAZHOCTIU.

Hmenno,
k+1

- Z(_1)8+1 8wjl---jsfljs+1---jk+l

js
p ox

(dw)

J1---Jk+1

HokazareabcTBo. 1o onpejie/iennio KOBApUaHTHON TTPOU3BOIHOMN

(dw)j1~~-jk+1 =
k
(_1)k o 6WUU )0 (k) a
- k! Z (=1) axﬁl(jkﬂ)k N Zwg(jl)""7(77'*1)ag(j7'+1)""7(jk)FU(JT)U(jk-s-l) -
’ UESk+1 r=1
_ (= o MW (jr)...ain)
k! Z (=1) Orolrin)
Uesk+1
(_1)k . @ «a
Y Z Z [FU(jr)U(ij) o Pg(jk+1)a'(jr) Wo(jr)...o(jr-1)ao(jri1)--0 (k) =

II0 Y€THBIM o€&S)41 =1
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(B cHITy CUMMETPHYHOCTH CBSI3HOCTH)

(-1 o OWo (). o)
Tk Z (=1) Orolkt)

aGSkH
k+1
Z S an L...k+1 OWr (1) (o) (ss1)-TGsr) _
k! ey T(s=Dr(s+ )71(k+1) Oxs
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3ameuvanue 10.2. Ipajguent guddepennmaabuoit GopMbl B KOOPIUHATAX MOXKHO 10~
JIyauTh “HeriocpecTBeHHbIM JuddepeniupoBanuemM’. VIMeHHO, e€cjiu Mbl 3aMETUM, HUTO
oObraHbBIN Tuddeperiinall GyHKIINNA COBIAJIAET C BHEITHUM, U, CJIeJ0BATEIHHO €r0 MOXK-
HO 0003HauaTh 4epe3 df, He omacasich myTaHuUIbl (310 1-popma, KoTopasi Beerma (Ko-
CO)CHUMMETPUYHA), TO JIJIs

Z Wiy i dx A LA dat

11 <...<ip

oTpeIe/ UM

> dwi i) Adrt AL A= Y Y L(;; 0““ 20N da AL LA da

11 <...<tp 11<...<t %0

Tora 3TO ompejiesienne coBIaIAET € JAHHBIM BBIIIE.
3amaga 10.3. IIposepurs.
3amaga 10.4. JlokaszaTb CJIEAYIONIYIO TEOPEMY:

Teopema 10.5 Ilycmo w(iy u we)y — duddepenvyuarvrvie dopmo, cmenenetd p u q cooms-
semcmeenno. Tozda

d(w) A we)) = dway Awe) + (1) wa) A dw)

HokazarenabcTBo. locTarodHo NpoBepuTh B OJHON U3 KapT jisg dhopM Buja (B CHLy
JIMHEITHOCTHU MTPOBEPSIEMOTr0 PABEHCTBA)

= fdz™ A ... Ada', w(g):gdle/\.../\dqu.
Torjia o mpeblIyIeMy 3aMedaHnio

d(wy Awez) = d(fgda™ A... Ada'» Ada* A ... A dade) =
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= %9 daP Ada A Nz Ada A Ndadi+ f % def Adz A ANz AdA. . Ndzit =
X Xz
0f k i1 i J1 Ji
= %dx ANdx™ A ... ANdz'? /\(gda: /\.../\qu)+

ok

= dw(l) A w2y + (—l)pW(l) AN dW(g). U

+(=1)P (fda™ A .. A da'?) A (% da* Ndz?t A /\dq:jq> =

Bamaga 10.6. JlokaszaThb CJIeyONIYI0 TEOPEMY:
Teopema 10.7 /laa 10601 gopmvr w umeem d(dw) = 0.

HokazaTeabcTBo. CHOBA JJOCTATOYHO IIPOBEPUTD [ GOPMbI BUjia w = f drtA. . Adz'».
Bosee Toro, ecim Teopema JoKazaHa JIIf W(1) U W(z), TO OHAa BEPHA M Jls UX BHEIIHEro
npousBejienus. /lefictBuTesbHO,

dd(W(l) A W(g)) = d(dW(l) VAN w(2) + (—1)pW(1) N dW(g)) =
= ddw(1) N w2y + (—1)p+1dw(1) A dwz) + (—1)pdw(1) A dwz) + (—1)p+pw(1) A ddwzy = 0.

TaxkumM 06pasoM, OCTAJI0Ch IIPOBepUTh i f 1 s dat. Vveem

of o’f 0*f 0*f ;
d(df) = d(5 7 d2*) = 5= da' A da® = > <axz‘ S~ o ) 4 Adat =0,

i<k
Yro kacaercs d:I:i, TO IPUMEHUM IIPOBEJEHHYIO BBIKJIQJIKY K f = xi:
dd(dz") = d(ddx’) = d(0) =0. O

Onpenenenue 10.8. Bremnsasa guddepennnanbias ¢popMa Ha3bIBACTCH 3aMKHYMOTU,
eciu dw = 0, 1. e. w € Kerd, u mounoti, ectu w = dw; 1y HEKOTOPOit POPMBI w1y, T. €.
w € Imd.

[To mpepiayeii memme (09eBUIHO, JUHEHOE) oTOOpaxkenne d 0bJaIaeT CBOMCTBOM
Imd C Kerd. Takum obpazom, jisi KaxKI0To k olpejeseHo (haKTOPIPOCTPAHCTBO k-
MEPHBIX 3aMKHYTBIX (DOPM 110 k-MEepHBIM TOIHBIM (pOpMaM. JTO JIMHEHHOE TTPOCTPAHCTBO
H*(M) naswisaerca 2pynnoti k-meprvix xozomonozuti de Pama muoroobpasus M.

HermnocpeacrBentno u3 onpeeeHust moIydaeM CAeIyIonee yTBEP:KIeHHE.

Teopema 10.9 ITycmv 2 € A¥(M). Paccmompum ypasnenue
dw = Q. (11)

1. Ypasuenue (11) umeem pewernue mozda u moavko moezda, xozda ) 3amMKHYMa U
Kaacc kozomonozudi [Q) = 0 € H*(M).

2. Jhobvie dea pewenua wy u wy ypasuenus (11) omavuaromes na samkrymyto gopmy:
d(w1—wy) = 0. Mnootcecmeo 6cex peweHuti ABAACMCA KAGCCOM CMEHCHOCTIU 100020
PEWEHUA W NO NPOCMPAHCNEY 3AMKEHYMVT k-popm.

3. Ipocmpancmeo ecex samrnymuix k-gopm usomopdro npamots cymme npocmpari-
cmea mounvix opm cmenenu k u HE(M). (9mom nywxkm ne ommnocumes x ypas-
nenuro (11).) O
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[To anajioruu ¢ o6paTHLIM 00pPa3zoM OUIMHEHHOM (DOPMBI MOYKHO OTIPEJICTUTH OOPATHDI
obpaz auddepeHnuaaIbHOl (HOPMBIL.
Onpenenenue 10.10. Ilycts f: M — N — rirajikoe oToOparkeHue IJIaJIKuX MHOI000-
pasuit, w € A¥(N) — auddepennnanbnas dopma. Obpammvim obpasom f*w 310it bOpMBI
Ha3bIBAECTC MOJIMJIMHEITHOEe 0TOOpaXKeHne BEeKTOPHBIX ToJieit na M:

f*w(ﬁla s 76}6) = w<de</l71)7 s 7de(’Uk))a 6@ S TPM
3amaga 10.11. Ilposeputs, uro noayauan auddepeHuagibHyo hopMmy.

Jlemma 10.12 ITycmo (2t ... , ™) — AOKAADHGA CUCTNEMA KOOPOUHAM, 6 OKPECTIHOCTU
PeM,a(y....,y") — 6 okpecmnocmu f(P) € N, max wmo aokarvro f : M — N
sadaemcs cucmemoti Gynruul

yt :fl(xl,...,xm),...,y":f"(xl,...,:z:m),

a opma w —
W= Z Wiy Yy Ayt AL A dy

’i1<...<ik

Toz0a 0bpammwii 06pa3 A0KANLHO NPEICMABAAEMCA HOPMYNOT

ffw) = Z Wiy (Yt ™),y (™)) X

11 <...<ip
xdf' (xt,. ™)AL AdFE(2t ™). (12)
doka3zaTeabcTBO.

f*((JJ)(Ul, Ce 77719) = W(dpf(ﬁl), Ce ,dpf(’(_fk)) = W(dpf(ﬁl), Ce ,dpf(gk)) =

= ( Z Wiy i (WYY A A dyi’“> (dpf(th),...,dpf(Uk)) =

i1 <...<tp

= Y wia Wy RYARE S Ly (dp () L dy™ (dp f(5) ) =

11 <...<ig
it gl {0 o OF
- Z Wiy ..., (yla e Y ) k! Alt[ - {%(Ul)h s Oin (’Ul)Jk} =
11<...<tp
= > wia (") RLAR o L (@) L df() ) =
11<...<i

= < Z wz‘l._ik(yl,...,yn)dfil /\/\d lk) (1717-"77719)‘ |:|

11 <... <0
Teopema 10.13 Obpammnwiti 0b6pa3 obaadaem caedyrouumu c60GUCMBEAMAU.

1. Ona f: M — N ug: N — K swnoansemcea (gf)* = f*g*;

2. f*dN = de*,
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3. [*(Kerdy) C Kerdys, f* nopoowcdaem omobpastcenue ro2omono2ui

f*: H*(N) — H*(M).

HokazareabcTBo. llepBoe cooTHorenue cjejyerT w3 Npeablayiieil jeMMbl. Jlokaxkem
BTopoe. U3 npenpiaymeit temMmbl, Teopem 10.7 u 10.5 u 3amedanus 10.2 moydaem

S (dw) = ( ( > wi, 1,...,y”)dyi1A.../\dyik>>:

11 <...<i

* n awzll n s i i

11<...<t s=1

= ) Za‘*’“ S (Nt a™, M )N A LA =

11<...<i s=1

Z d(wiy o (F 2t 2™, M ™)) AP A L A =

11 <...<i

=d ( Z Wiy (PR ™) )AL A dfi’“> = df*(w).

11 <...<ig

Hanee, ecrm dw = 0, o df*w = f*dw = 0, a ecm w1y — w2y = dw, TO

[ wmy) = ffwe) = ffwa) —we) = ffde=df'w. O

3amaga 10.14. BeiBecTu oTciojia, 9To rpymibl Koromosoruit uddeoMopdHBIX MHOTO-
obpasnii COBIAIAOT.
Onpenenenne 10.15. Dopwma €2 cremenu k wa M X I ne 3asucum om dt, ecou ee

3HaYeHUe Ha JI00Ooi crucTeMe BEKTOPOB BUIA (%, U1,...,Uk_1) paBHo 0.

Jlemma 10.16 Jlokaavno 2mo pasHOCUNDHO MOMY, YMO 6 PA3NONACEHUU NO CMAHIAPM-
HOMY 0a3ucy u3 eHewHux npoussedenuti dr' A ... A dz'* omcymcmeyrom caazaemoie,
codepotcauyue BHEWHUE COMHOMCUMent dt.

HoxkazareabcTBo. [lo onpenenenuio neiictBust hopMbl HA BEKTOP. U

Jlemma 10.17 Jhobas duddepenyuanrvran gopma 2 nwa M x I odnosnayuro npedcmasas-
emea 6 eude ) = Q) + Qg) A dt, 2de Q1) u oy ne sa6ucam om dt.

HokazareabcTBo. IlycTh j1emma jokazana it (pOpM ¢ HOCUTEeM B OjfHON KapTe. To-
IJla PACCMOTPHUM pasbueHre eIMHUIIbI { @, } Ha M 1 cOOTBETCTBYOIIEe “IIMINHIpIIecKoe”
pasbuenvie exunuin ¢! (x,t) = @, (x) na M x I. Torga

Q=) 0, Q= (Qia) + Q2 Adt) (ZQM> + (ZQ@,&)> A dt

— ncKoMoe paziioxkenne. s popm ke ¢ HocuTeeM B OJHOM KapTe JI0CTATOTHO 3aIICaTh
B JIOKQJIbHBIX KOOP/IMHATAX W CIPYHIIUPOBATH COOTBETCTBYIONINAE YUJICHBI.

O/THOBHAYHOCTH TaKKe JJOCTATOYHO ITPOBEPUTH B O/HON KapTe. /lelicTBUTEIbHO, ecn
w=Q +QAdt =y + Qo Adt u 1V, Q) = 11, Vo2 = 1, Qs yist J060I DyHKIMT ),
U3 pa30bueHns eJMHUIBI, TO, CyMMupys, nosydaem 2 = Oy u ) = Q. JlokaapHo ke 1 n
Qs B cruty siemMbl 10.16 MOXKHO OIpee/TNTh TOJIBKO OTHO3HATHO — OT/IE/INTD CIaraeMble
B pa3JIoyKEHUU 110 Da3ucy cojiepkaliiue u He cojepzKariue dt. O
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Jlemma 10.18 [Tycmov omobpasicerus fo u fi mrozo006pasus M ¢ N eomomonnn. Tozda
cywecmeyem aunetinoe omobpasicenue D @ A*(N) — A*=YH(M), ydosaemeoparouee ons
0001 W COOMHOWEHUIO

(fo = /D) (w) = £(dy D — Ddy)(w). (13)
HokazareabcTBo. [lycTs riajikoe orobpazkenue F' ocyiiecTBisger romoronuio fo u fi:
F:MxI— N, F(P,0) = fo(P), F(P1)=fi(P) YPe M.

st npousBosibHOl w Ha N pasmoxum F*(w) = O + Qy A dt 110 npebiayeii Jemme.

TTostoxxum
1

D(w) = / Qs (£)dt. (14)

B cmwry omHO3HAYHOCTH pa3/IOXKeHWsl B NPEIbIIyIeil jemMe [) KOPPEKTHO OIpe/iesieH.
Mockomwy f = p3F*, fi = ¢iF*, te

SOO:M_>MX[7 ()OO(P):(PaO)? Sale_}MXI? Sol(P):(Pal)7
TO

folw) =@(0),  fi(w) = (1) (15)

(B F*Q nogcrasisiem dt =0 ut =0 mwmm ¢t = 1). [lasee,

0
F*dNCU = dMX]F*(U = dMXI(Ql + QQ N dt) = dMﬂl + an(t) A dt + dMQQ Adt

DdN(w):/ (i%Ql(t)+dMQg(t)) dt:i(Ql(l)—Ql(O))+dM/Q2(t) dt.  (16)

0

B 1o ke Bpems
1

dyD(w) = dM/QQ(t)dt. (17)
Uz (15), (16) u (17) moaywaem (13). O

Teopema 10.19 Ilycmv omobpasicenus fo u fi mrozoobpasus M 6 N 2omomonnw. Toeda
o = fi e xozomonozuax.

JokazareanbcTBo. [IycTh 3amMKHyTass hopma w Ha N mpejcTaBisieT KJaacC KOTOMOJIOTHA
[w]. Takum obpasom, dyw = 0. st orobpazkerust D w3 mpebIayInei JeMMbl

(fo = f))(w) = £(du D = Ddy)(w) = du(Dw)

n 1aeT 0 B KOTOMOJIOTHSIX. O
agada 10.20. Brerancaurs Koromosiornn je Pama mHOTOOOpas3mit

1. Unrepsana (a,b).

2. Oxpyzxnoctn St
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3. EBkmmmoBa mpoctpancTBa R"™.

4. Cepnr S2.

5. Tlnockoctu R? ¢ o/iHO# BBIKOJIOTOl TOUKOIA.

6. Ilnockoctn R? ¢ ByMsI BEIKOJOTBIME TOYKAMIL.

3amaua 10.21. Jlokazarb semmy [lyankape: modbad 3aMKHyTasdg popMa Ha JIIOOOM MHO-
roo0pasnu SBJIeTCs JIOKAJTbHO TOYHOII.

Onpenenenue 10.22. Ilyctp Ha 11aJKoM OpHEHTHUPOBAHHOM MHOroobpaszum M,
dim M = n, 3agana dhopma w MakcuMasbHOI crernern (T. e. degw = n) ¢ KOMIAKTHBIM
nocuresieM B ojuoit kKapre (U, ¢,) ¢ koopaunatamu (x), ... x"). Buecs u manee, eciu ue

OTOBOPEHO MPOTUBHOE, TIOJ KapTOil BCET/Ia IMo/Ipa3yMeBaeTCsl KapTa n3 OPUEHTUPYIOo-
mero atyaca. Onpegenum uxmezpas ot w 1o U dopmyioit

/w = / Wy o dxl .. dxl. (18)

v oo ()R

JIemma 10.23 Unmeepan onpedenen koppexmmo, m. e. npasas wacmsv (18) ne sasucum
om 8vbopa NoKasLHLIE Koopduram 6 npedesax U.

HoxkaszarenbcrBo. Ilycrs (U, pg) — npyras kapra Ha U ¢ JIOKQJILHBIME KOOPIHHATAME
(xé, - ,;Eg) Tora 1o npaBumly 3aMeHbl KOOPJIMHAT B KpaTHOM uHTerpaJe u Jjiemme 6.30
B CIJIy TIOJIOYKUTEJILHON OPHUEHTUPOBAHHOCTUA 00EUX KapT

ox’
/ wa.“n dx;; . dxg = / sz,,,n - |det 8_xf dx(lx codal =
psU)cR" va(U)cR"
ox’
= / w? det || —L|| dzl ... dz" = / W o dal . de?. O

[0
Th

va(U)cR" va)cR"

Onpenenenne 10.24. Ilycte M — 1miajkoe OpHUEHTHPOBAHHOE MHOTOOOpa3ue,
dimM = n, dopma w mMakcumasbHO crenenn (1. e. degw = M) ¢ KOMIAKTHBIM HO-
curesieM. s nokanbao koreunoro arinaca {(Uy, o)} ¥ MOJUUHEHHOTO eMy pasbueHwst
eJINHUTIBI 1), OLPEIEIITIM UHME2PAN

o= 1010 (Unen ) = Y [ vuso
M ¢ Us

Samaua 10.25. Jlokasarhb CIeAyIONLYIO JEeMMY:

Jlemma 10.26 Humeezpan onpedeser KoppekmHo, m. €. HE 3asucum om 6ubopa

{(Uas Par, Va) }-

HokazareabcTBo. Eciu y Hac ecThb j1Ba pa3HbIX aTjaca, TO BO3bMeM UX 00beJIMHEHNE, a
pasbueHne eIMHUIBI JOTOJHIM HYyJIEBbIMU (DYyHKIUAMEA. 11 KaK10ro u3 HUX HHTErpaJl
He n3MeHuTcd. Takum obpasoM, HaJIO JI0Ka3aTh

I(M7 W, {(UOM Pas ¢a>}> - ](M7 W, {(Ua, Qplcw Wa)})
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HesaBucnmocThb (KaxKI0ro CJIaraeMoro) OT BbIOOPa KOODJMHAT, T. €. (., Y2Ke JOKa3aHa B
npebaymeit gemme. Mtak, ocranoch jjokasarh, 9TO

](M’ W, {(UOm Pas ¢a)}) = ](Mv W, {<Uoc> Pas ¢;)})

/
(o2

[Tomoxkum v, 1= ¥, — =1,...,N, TaKk 4ro

k
> Y%=0, k=N (19)
a=1

Torna moKazaTeIbCTBO CBOIUTCH K IIPOBEPKE (DOPMYJIbI

Z/”yaw:(), k=N, (20)

a:an

KOTOPYIO MBI OyJileM TpOBOJUTHL WHAyKIueit o k. T. e. mpemmosioxkum, uro jaugd k =
1,...,N — 1 u nmpousBoibHbIX Y, : M — R, ¢ suppy, C U, dopmyrna (19) Breder
(20) (myst k = 1 s1o TpuBnasbho). Ilycts menpepwiBHas yuknus x : M — [0, 1] pasua
1 ma suppyy C Uy c suppx C Uy. Takag dyHknms nmeercss B CHIy HOPMAJIbLHOCTH
Torojiorundeckoro npocrpanctsa M. (MokHO ocTpouTh 1 TJIajKyto, HO HaM JIOCTATOYHO
HerpepbiBHOi.) Takum obpazom,

N-1 N-1
XIWEW. W=D %= D X% Supp(x7a) € (Un N Ua).
a=1 a=1

[TosTomy

a=1

i/VaMZ/VNer -
-5 [ o

a:an
[Tockombky
N—-1 N—-1 N—-1 N—-1 N—-1 N
D a=X1) =D Ta=XD Y= TatXW= Yatw=) Ya=0,
a=1 a=1 a=1 a=1 a=1 a=1
TO MBI MOYKEM TIPUMEHUTD K (21) MpenooKenue uH Ly KIuH. O

OueBHIHO clleIyIoIee yTBEePK/IeHIe
IIpennoxkenne 10.27 Hnmeezpan asasemces aunetinoim omobpasceruem nad R

AL, (M,Or) — R.

comp

Omnpenenenne 10.28. Temneps MbI MOXKEM OIPEECTATD 005EM KOMNAKMHO20 OPUEHMU-
POBAHHO020 PUMAHOBA MHO2000pa3us KaK aOCOTIOTHYIO BEJIMYWHY WHTerpaJja oT (hOpMbI
obbeMa.

3amaga 10.29. Ilokaszarh, 4TO IpU CMeHE OPUEHTAIIMNA UHTErPAJI MEHsIeT 3HAK.
3amaga 10.30. Ilokasarnb, 4T0, IPU HEKOTOPBHIX €CTECTBEHHBIX OIPDAHMYCHUAX Ha Kap-
ThI, MOYKHO BBITUCJIATH HHTErPAJI OT (POPMBI CJIETYIONUM 00pa30M: pa3ouTh MHOTOOOpa3ue
Ha KYCKHU, KaXKJIbIil 13 KOTOPBIX JIE2KUT B OJHON KapTe, IPOMHTEIPUPOBATH OI'PAHIMICHUS
dOpPMBI B JIOKAJIBHBIX KOODJNHATAX, & PE3YJIbTAThl CJIOKUT.
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Teopema 10.31 (O6mas dopmyaa Crokca). Pacemompum 2aadkoe (Komnaxmmoe) opu-
enmuposartoe mrozoobpasue M ¢ xpaem OM , dim M = n, u enewnrorn dupdepernyuans-
nyto Popmy w (¢ Komnaxmmvm nocumenem na M, ecau MHo2000pa3ue HEKOMNAKMHO),
degw =n — 1. Hmeem mecmo caedyrowan obwas gpopmysra Cmoxca

Jae [ o (-] ). -

2de ¢ : OM — M — saooicenue kpas.

HokazarenabcTBo. B cuiy smneiinoct obenx gacreii hopmysibl (22) 110 w, J0CTATOYHO
ee IPOBEPHUTH [Ist (OPMBI W ¢ HOCHTEJIEM B OAHON KapTe (IIOCKOIBKY W = Y oW, TIe
{¥o} — pasbuenne enuHUIBI, HOMIMHEHHOE HEKOTOPOMY (JIOKAJIHHO) KOHEIHOMY ATIACY)
U UMEIOIIEN BT

w=f', ..., 2")de' A AdeFTE AT AL A da", dw = (—1)" 15;;61 A...Ndx",

rie f: R} — R — mnagkag dynknusa ¢ KoMnakTHbM HocuTesaeM. (CunmraeM KapTy
umerorreit o6pazom R} ). Hamomunm, uro 2 > 0 u OM xapakrepusyercs ycjaoBuem ' =
0. CooTBercTBEHHO, paccMOTpuUM cHadaja caydait k < n — 1, t.e. k # n. Jlokambao
BJIOXKEHIE Kpasi IMeeT BT

w:OM — M, o', 2" = (2, ..., 2" 10),

u dz™ = 0, Tak 910 ¢*w = 0 (cp. (12)). dna neBoit vacru (22) nmeem

/dw:/( 1)k 16‘?; da™ =

R’ R’
= (=1 / aafk da 3 dat ... da*rda" e =
x
R, V>
— (_1)k71 / {f(&?l, ’xk 17 +OO,.Tk+1, ,$n>—
R
—f(zt, .. 2 —oo, 2P ,m”)} det .. de*rdaF e =

= (=1)" / {O - O} dz' ... dz"tda*da™ = 0
n—1
R:
(3aKOHHOCTD IIepexo/ia I PABEHCTBO HYIIO B CHILy KOMIIAKTHOCTH HOCHUTEJIH).
Paccmorpum Teneps ciay4ait k = n. Tenepn

/dw—/ 2 e

+o00
= (=)~ / /ggfndx" do' ... dz"! =
Ry, MO



= (-1)" / flt, .. 2" 0)det .. da" T = (—1)" / YW
R, R,

(3aKOHHOCTH MEPEX0JIa U PABEHCTBO HYJIIO OJIHOTO IIPEJiesia B CHIIy KOMIAKTHOCTH HOCHTE-
JIs). O
Samaua 10.32. Brisectu u3 obmieit popmyianl Ctokca (hopMyib

1. I'puna;
2. Crokca;

3. Octporpackoro — [aycca.
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