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(Bkaroyasa HanoMuHaHUd MO Kypcy “BBenenue B Tomosoruio”,
KOTOPBIE HE ABJIMIOTCS YaCThIO IIPOrPaMMBbl HACTOSIETO Kypca)

Onpepenenne 1.1. Mempurot p na muoxkectse X HasbiBaeTcd oTobpazkenue p : X X
X — [0,00), yIOBJIETBOPSIONIEE AKCHOMAM:

plx,y) =0 <« x=y Vr,yec X (akcuoma TOKIECTBA);
p(z,y) = ply,z) Vr,y € X (akcuoma cuMMeTpHn);
) <

3. plx,2) < p(x,y) + p(y,2) Va,y,z € X (akcmoma TpeyroJbHIKA).

[Mapa (X, p) wHassiBaeTcs mempuseckum npocmpancmeom. Honmpocrpanctso Y C X aB-
TOMATUYECKHN ABJACTCA METPUYCCKHUM IIPOCTPAHCTBOM.

Jluamempom Y uasviBaerca diam Y := sup p(z,y). MHOXKECTBO ¢ KOHEIHBIM THAMET-
z,yey
POM HazbIBaeTcs ozparuvertvim. [llaposoti oxpecmrocmvbro Ha3bIBAETCS

B.(z) :={y € X | p(y,r) < e}.

Pacecmoanue ot Y C X mo Z C X — p(Y, Z) := glf oy, 2).
ez

Ecmu p(y,Y) = 0, To y — mouxa npu%:ocwoeemm Y. Bamvikanuem Y Ha3bpIBaeTCA
Y :={mmoxectBo Touek mpukocHopenus Y }. Ouepmano, uro Y C Y. MuoxkectBo Y
HA3BIBAETCS 3amkHymuLm, ecin Y = Y. Touka x HasbBaeTcs eHympenneti mouxot Y,
ecam cymectByer € > 0 Takoe, uto B.(x) C Y (B wactHocTH, x € Y'). Buympennocmuvio Y
Ha3bIBaeTcs COBOKYIHOCTD Int Y C Y ero BHyTpeHHux Todyek. MHOX)ecTBO Y Ha3biBaeTcs
omxpvimvim, ecnia Y =IntY.
3amaua 1.2. Ilycrb X — merpudeckoe npocrpanctso. Torga Y C X oTKpbITO TOI/IA U
TOMBKO TOrAa, Korga X \ Y 3aMKHYyTO.

Teopema 1.3 ITycmo X — mempuueckoe npocmpancmeo. Tozda
1 O X omxpumo;
2 O () omxpwimo;

3 O obsedunenue |J U, ar06020 nabopa omrpvimuix nodmmoscecms Uy, C X omrpuimo;
acA



k

4 O nepecenenue [ U; kKonewnozo nabopa omxpumoiz nodmuoscecms U; C X omxpoimo;
i=1

1 3 0 samrnymo;

2 3 X samknymo;

3 3 nepecevenue (| F, a06020 nabopa samruymoiz nodmmoscecms Fo, C X samrnymo;
acA

k

4 3 obsedunenue |J F; xoneurnozo nabopa samrxnymoir nodmmosncecmes Fy C X samrny-
i=1
mo;

HokazareabcTBo. B cuuy npempiaymeit 3agaan k O = k 3 V k. Coiictea 1 O u 2 O

ogeBuzanbl. Tokaxem 3 O. Ilycrs U = |J U, n x € U. Torna naiigercs takoe «, 9TO
acA
reUy,m BE(Q) c U,. Torna BE(Q) cU, cU.
k

Hokaxkem 4 O. Ilycte U = (| U;, « € U. Torpa nmeercs Habop €; (i = 1, ..., k) Takux,
i=1

aro z € B, (x) C U;. llyers € := min{ey, ..., e }. Torma B.(z) C B, (x) C U; Vi. 3uaunr,
B.(z) CU. O
3amaga 1.4. [lokazarb, 9TO OT KOHEYHOCTH HEJIb3s OTKA3AThCS.
Bapmaua 1.5. Jlokasarb, uro B.(x) OTKpPHITO.
Bamadga 1.6. /[lokazarb, uro IntY oTkpsiTo.
Bagaua 1.7. Jokazars, 9o Y 3aMKHYTO.
Ompenenenune 1.8. Tonosoczued nHa MHOXNKecTBe X Ha3bIBAETCA CUCTEMA €0 MOIMHO-
JKeCTB T (3TH MOJMHOYKECTBA HAZBIBAIOTCS 0MKDOIMbLML ), YIOBIETBOPSIIONIAS CIE/ Y IOTIIM
AKCHOMAM:

1) X e
2) Der;

3) ecu U, eTVae A, o |J U, €;
acA

k
4) ecmu Uy,..., U eT,10 N U; € 7.

i=1
[Mapa (X, 7) HazeiBaercss monoaozuseckum npocmpancmeom. Muoxectso suna F = X\U,
e U € 7, Ha3bIBACTCH 3AMKEHYMDBIM.
3amaua 1.9. Ilposepurh 1151 3aMKHYTBIX MHOXKeCTB ¢BoiicTBa 1 3 — 4 3.
IIpumep 1.10. MeTrpuueckoe IPOCTPAHCTRBO SABJSETCS TOMOJOTTYCCKUM.
Bamaua 1.11. Ilpuectu npuMep TOMOJIOTHYECKOTO TTPOCTPAHCTBA (X, T), HE CBI3aHHO-
IO HU ¢ KAKOH MeTPHKOii (TOBODST: TOMOJIOTUS HE METPU3YeMa).
Omnpenenenne 1.12.  Okpecmnocmovio Touku x € X (moxmuoxkecrsa Y C X)) Ha3bBa-
ercs 1060e OTKPBITOe MHOXKECTBO ee (ero) comepzkaiee. Touka npukocrosenus Y C X
— Takasg Touka r € X, 910 J1r0bast ee OKPEeCTHOCTh MMEEeT HEeIyCcToe mepecedenue ¢ Y. 3a-
Mmoikarue Y — 9TO MHOZKECTBO Y BCeX TOYeK NpuKocHoBennsg Y (Tak aro Y C Y). Touka
x € Y HaspiBaeTcd sHympenneli Toukodt Y, ecyin HaiiieTcd Takas OKpecTHOCTh U TOYKH T,
gyro x € U € Y. CoBOKYIIHOCTH BCEX BHYTPEHHUX TOUYEK Y HA3BIBAETCI GHYMPEHHOCT IO
Y u oboznauaercsa IntY.



Bagada 1.13. Y C X 3aMKHYTO TOTZIa U TOJIBKO TOrIA, Korma Y =Y.
Bagaua 1.14. Y 3aMKHYTO.
Onpepnenenne 1.15. Ilycrs YV C X, (X, 7) — Tonosorudeckoe mpocTpancTso. Tormo-
norus 7 :={UNY | U € 7} HaspiBaeTcs TOMOIOTHEH, undyyuposantot T Ha Y.
3amaga 1.16. IIpoBepurh juid 7y aKCHOMbI TOIOJOTHH.
Bamaga 1.17. TIlycrs (X, px) — Merpudeckoe pocTpancTBo. Torga Tonosoruto Ha Y C
X MOXKHO BBECTH JIByMs CIIOCOOAMMU:

1) px HOPOXKIAET Ty, KOTOpas MHIAYIUPYET Ti,

2) px TUpH OrPAHUYEHHN HA Y TAeT py, KOTOPAs MOPOKIAET T, .

Hoxazarb, 410 7| = T,y
Onpenenenne 1.18. [logvuoxectBo Y C X HaseiBaercs (6ctody) naommuvim, ecin
Y = X.
3amaua 1.19. Ilycts Y], C X u Yo C X — oTKphITHIE ILUIOTHBIE TOAMHOXKeCTBa. Tormna
Y =Y, NYs — oTKpBITOE ILIOTHOE IIOIMHOXKECTBO.
Omnpenenenne 1.20. Orobpazkenue f : X — Y TOHOJOrHYeCKUX IPOCTPAHCTB HA3bI-
BAETCS HENPEPuIEHLIM 6 mouke To € X, ecaun Jis m06oit okpecrrocT obpasa V (f(xg))
cymecTByeT Takast okpectHocts U(xg), aro f(U(xg)) C V(f(xg)). Orobpazxenne, nempe-
PBIBHOE B Ka K10l TOUKe, HA3BIBACTCI HENPEPBIEHBLM.

Teopema 1.21 Caredyroujue ycaosua sK6UBAAEHMHDL:
1. f: X =Y nenpepuieno;
2. 0ns mobozo omxpwimozo V CY npoobpas f~HV) omxpum 6 X;

3. daa mobozo samxnymozo F C'Y npoobpas f~1(F) samxnym ¢ X.

HoxkazatenbcTBo. [lockoabky f~H Y \V) = YY)\ f1(V)=X\["YV), 10 yciioBus
2 u 3 SKBHBAJICHTHHI.
[Iycts Teneps f wempepsiBao, V C Y — oTkpbiToe MHOXKecTBO. Torma mbo mpoobpas
V 1mycr, u, TeM caMbIM, OTKPBIT, JuOO COAEPKUT HEKOTOPYIo Touky x: f(x) € V. Torma mo
OTIPeJIeJIEHUIO JTst JTF00O0H Takoi TOUKH Hafigercs Takas okpectHocTh U(x), uto f(U(x)) C
V,r e U(z) C f~HV). Takum obpasom, kaxaaa touxa (V) — BHyTpeHuss.
O6parHo, mycrs BhimosaeHo yeaosue 2. Torga qis V= V(f(xo)) B KagecTBE HCKOMOTO
U moxno B3t U = f~1(V). O
apgauga 1.22. llycte X = Fy U Fy, toe Fy) u 5 — 3amkayThie, f: X — Y. Torma f
HENPEePbIBHO TOTJA U TOJBKO TOrna, Koriaa f|g : F1 — Y u f|g, : F» — Y HempepbIBHBIL.
Samaua 1.23. Ilycts f, : X — R — HenpepbiBHBIe DYHKINH, CXOAdIIHecs K f paBHO-
mepuo Ha X. Torma f #enpepbiBHAS.
Samgaua 1.24. Ilycrs X u Y — merpuueckue npocrpanctsa. /lokazars, aro f : X — Y
HelpepblBHA B TOYKE Ty B CMBICJIE OTOOPAYKEHUI COOTBETCTBYIOIIUX TOMOJOTMIECKHUX
IPOCTPAHCTB TOIJA M TOJBKO TOTJA, KOTJa s Joboil mocaegoBareibHocTd {x,} ¢
lim z, = xy umeem nlg& f(x,) = f(wo)-

n—ro0
Onpenenenne 1.25. Orobpaxkenne f : X — Y Ha3bIBaeTCd 20MeEOMOPHUIMOM, €CTTH

1. f — Ouexnus;

2. fu f~! HempepbIBHLIL.



3amaua 1.26. IlpuBectu npumep OMEKTHBHOIO HEIPEPHIBHOTO OTOOpaYKEHUsd, HE SABJIs-
IOIIErocs TOMEOMOPQI3MOM.

Onpenenenune 1.27. Basoti monoso2uu T Ha3bIBAETCI TaKas CHCTEMa OTKPBITBIX MHO-
JKecTB B, 4T0 11060 T-OTKPBHITOE MHOYKECTBO MPEJICTABISIETCA B BUJIE UX O0LETMHEHMUS.
3amaua 1.28. Kakue ycjioBus HaJI0 HAJOXKHUTH HA HPOU3BOJBHYIO CUCTEMY IIOJMHO-
kecTB By, 9T00BI B Pe3yJibTaTe B3SITHSA WX TPOU3BOJIBHBIX 00bHEIUHEHUN Oy IUTH HEKO-
TOPYIO TOIOJIOTHIO !

Onpenenenne 1.29. Ilycrs (X, 7x) u (Y, 7y) — Tonosorndeckue mpocrpascTsa. Pac-
cMoTpuM B X X Y ciaeayionyio 6a3y TOIOJIOTHH:

BI:{VXW|V€TX7W€T)/}.

[TosryaeHHOe TONOIOrHYeCKOe HPOCTPAHCTBO HAZBIBACTC Jekapmosbim npoussederuem X
ny.

Bamauga 1.30. Tlposeputh (¢ ucnonb3oBanuem npeabiayiieii 3agaun), 910 X X Y neii-
CTBUTEJIHHO TOIOJOTHIECKOE MPOCTPAHCTBO.

Bamadga 1.31. Jlokazarh, uto X X Y n Y X X romeomopdHBI.

Bamaua 1.32. Jlokasarb, uro (X X Y) x Z u X X (Y X Z) romeomopdHbi.

Bamaga 1.33. Ilycrs (X, px) u (Y, py) — merpudeckne npocrpancrsa. Oupegeanm Ha
X XY cienymoliue pacCTOAHUS:

Pmax((T1, Y1), (T2, y2)) = max{px (z1,22), py(y1,92)},

oo, 1), (22, 30)) 1= A/ P, 22) + 3 (310, 92).
p+((z1,91), (T2,92)) := px (1, 22) + py (Y1, 92)-

JokazaTsb:

1) Yro 910 MeTpUKH.

2) Yro coorBercrByomue Tomogorud Ha X X Y COBHAJAIOT.
Bamaga 1.34. [lokazaTh, uT0 MOAMHOXKecTBa npsiMoit (a,b), [a,b) u [a,b] He romeo-
MOpPQHBEIL.

1.1 CB43HOCTb M JIMHEHAA CBA3HOCTH

Onpenenenne 1.35. Tomogorundeckoe npocTpancTBO X HA3LIBAETCS HECBA3HBIM, €CITH
BBIIOJHEHO OJIHO U3 CJIEIYIOININX (OquH;LHO, aKBI/IBaﬂeHTHbIX) YCJIOBUH:

e [IpocrpancrBo X mnpejcraBisgercd B Buje 00bEIUHEHHS JIBYX HEIEePEeCeKAIONNXCs
HEIYCTHIX OTKPBITBIX MHOZKECTB.

e IIpoctpancreo X mmeer HemycToe mOAMHOKeCTBO A, He coBmagatortee ¢ X U ABJIsI-
Ioleecd OJTHOBPEMEHHO OTKPBITBIM M 3aMKHYTBIM.

e [Ipoctpancro X mnpejicTaBisercsd B BHUje OObEIUHEHHS JIBYX HEIEePeCceKaroNnxcs
HEIYCTHIX OJHOBPEMEHHO OTKPBITHIX U 3aMKHYTBIX MHOKECTB.

B nporusHOM cirydae X Ha3BIBAETCS CBA3HLIM.

Onpepenenne 1.36. Ilpocrpancrso X Ha3biBaeTCHd AUHEUHO CEA3ZHBIM, €CJU JIJIS JITO-
OBIX JIBYX TOYeK To,T; € X CylecTByeT HenpepbiBHOe oToGpazkenue (nymo) f : [0,1] —
X, £(0) = o, f(1) = 21,

Bamaua 1.37.  Otpesok [a,b] C R cBg3en u JuHeino cs3eH.
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Teopema 1.38 ITycmov X = |J X, kaorcdoe X, ceasno, a [ X # 0. Tozda X ceasmo.

HoxkazarenbctBo. llyers X mecpasno, X = AUB, ANB = (0, Au B — nenycreie
oTkpbITo-3aMKkHyTHIe. Torma kaxkmaoe X, = (X, N A) U (X, N B). [lo onpenerennio mn-
JIYIIUPOBAHHON TOIOJIOTUU 3TU MHOXKECTBa OTKPBITO-3aMKHYTbIe B X,. [lockonbky X,
CBSI3HO, TO OHO W3 HHUX IIYCTO. SHAUNT, KaxKmaoe u3 X, MeJIUNKOM COmep:KHuTCca anbo B A,
qubo B B, kotopbie He mepecekaiorcs. [Ipu stom, Tak kak A u B memyctw, a X paBHO
00 beInHEeHNIO X, TO XOTS OBI ITO OMHOMY U3 X, COMEPKUTCA B KaxKaoM u3 A n B. 3Haqur,
N X = 0. IIporuBopeune. O

(0%

Teopema 1.39 Ilycmwb 6 monoaoeuneckom npocmpancmee X 0aa A1006x 08YT mouer T
u Yy umeemcea ceaznoe nodnpocmparcmeo Py, ux codeporcawjee. Tozda X ceasmo.

HoxkazarenbcrBo. Ilycrs X mecasno, X = AUB, ANB = (0, Au B — nemnycroie
OTKpBITO-3aMKHYTHIe. Torma wHaiinyres a € A, b € B u coorsercrByomee P,,. Torma
Py = (PypNA)U(PypNB). 9Td MHOKECTBA OTKPHITO-3aMKHYTHI B Py, 1 HemycThl (mepBoe
CONIEPXKUT a, BTopoe — b). IIporuBopedne co CBA3ZHOCTHIO Py,. [

3amauga 1.40. O6pa3 cBA3HOIO HPOCTPAHCTBA HPU HEIIPEPHIBHOM OTOOPAXKEHUN CBSI3EH.

Teopema 1.41 Jlunetino ceaznoe npocmparcmeo c8A3HO.

Hoxkazareasctro. [To npensiymeit 3anaqde f([0,1]) cssasno, rae f = fy, -, — 13 onpese-
nenns jauneitnoit ceasuocru. llonoxkus Py, ., := f([0,1]), MOokeM BOCIONB30BATHCA TEO-

pemoit 1.39. U
Samaua 1.42. IlpuBecTu npumep CBSI3HOTO, HO He JUHEHHO CBSI3HOIO MPOCTPAHCTBA.

1.2 KoMnakTHOCTB, Xayca1opdOBOCTh, HOPMAJIIbHOCTH

Onpepenenne 1.43. Torosornyeckoe IpoCTPAHCTBO HAZBIBACTCA LaycAOPPHOEvIM, €CITH
Jutst mo6bIX ©,y € X, x # y, naiigyres takue okpectaoct U(x) u U(y), aro U(z)NU (y) =
3amaua 1.44. Ilpusectu npumep HexaycaopdoBa TOMOJOTHIECKOrO HPOCTPAHCTBA.
3amaua 1.45. Jlokasarh, 4TO JEKaApTOBO MPOU3BEICHUE XayCAOPMOBLIX TPOCTPAHCTB
xayc10pdoBo.

3amaua 1.46. JlokazaTb, 9TO B Xayc10p¢OBOM IPOCTPAHCTBE KazK 1asd TOUKA 3aMKHYTA.
Onpenenenne 1.47. Tonosiorndeckoe TpocTPaHCTBO X HA3BIBACTCA HOPMAADHBIM, €C-
JI OHO XaycopdoBO U 1isi JTIOOBIX JIBYX HEIIEPECEKAIOMIMXCS 3aMKHYTHIX MHOXKECTB F| u
F5 cymectBytor Henepecekatonuecs: okpectraoctu Up D Fy u Uy D F.

3amaua 1.48. Bcsgkoe MeTpuyueckoe MPpOCTPAHCTBO HOPMaJIbHO.

Ounpenenenne 1.49. Ilokpoite {Vs}gep usmesvwaem (apasgercs Gomee MEJIKUM, deM)
{Us}aea, ecan miast Besikoro [ Hafigercst takoe o = «3), aro Vi C U,.

Teopema 1.50 [Iycmo X — nopmanvroe mononozuneckoe npocmpancmeo, {U; Y,
KoHeuroe omrpuimoe nokpumue. Tozda cyuwecmseyem boaee meaxoe nokpvmue suda V;,

V,CU.

JdokazareabcTBo. PaccMoTpuM 3aMKHYTHIe MHOXKECTBA
N
F={(x\JU| ct, F=Xx\U,
i=2
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U COOTBETCTBYIOINE B CUJIy HOPMAJIBHOCTH OKPECTHOCTH
ViD I, ViD I, Vinvi=0.

Torpa, MOCKOMBKY KaxKaasd ToUKa F) mMeeT He IepeceKarolnyocd ¢ Vi oKpecTHOCTH V) W,
TakKuM 0Opa30M, He MOXKET OBITH TOYKOH IMPUKOCHOBEeHHA V7,

Vlﬂﬁlzw, ‘/1C71C(X\ﬁ1):U1

u (V1,Us,...,Uy) — nokpoirue. Jdasee, 3amensiem Us va Vo u 1. 1. O

Bamaga 1.51. Ilycrs f : X — X — menpepwiBHOE oTOOpakeHue xaycaopdosa mpo-
crpaHcrBa. JIoKa3aTh, 9TO MHOXKECTBO HemMOABIKHBIX Touek Fy := {v € X | f(z) = x}
3aMKHYTO.

3amaua 1.52. [lokasars, uro X xaycmopdoBo TOTJa U TOJBKO TOrA, KOIJIA IUaroHaIb
A:={(z,y) |z =y} C X x X zamrnyra B X x X.

3amaua 1.53. Jlokazarb, uro ecam orobpaxkenme f : X — Y xaycaopdoBbIx mpo-
crpaHcTB HenpepsiBHO, TO rpaduk 'y := {(z, f(z)) |z € X} C X x Y 3amknyr B X X Y.

JIlemma 1.54 (Ypswicona) ITycmos X — nopmasvhoe Monoio2udeckoe npocmparcmeo,
Fy u Fi — samkuymuve nenepecexaroujuecs muosicecmsa. Toeda cyuiecmsyem makas
nenpepuenan Pynruua f: X — [0,1], umo f|g, =0, f|lrm = 1.

HokazareabcTBo. 113 HOpMAJIBLHOCTH CJIEAYET, YTO s JI00Oro 3aMKHYTOTO F U ero
okpecrroctn U, F C U maiizercs apyras okpecrHocts V, takast, yto F C V. C V C U,
qro Oynem oboznadarh V €U (cMm. JokazaTeabcTBO Teopembr 1.50).

Onpenenum V, A4 1BOMYHO-PAITHOHAIBHBIX ¢ UHAYKIHEH IO CTEeNeHn 3HaMeHATeJId
(T. e. cnavasa miag 0 u 1, morom aag 1/2, morom mas 1/4 u 3/4, morom mist 1/8, 3/8, 5/8,
7/8 u rak manee). Iomoxkum Vo u V) paBHBIME TaKuM OTKPBITBIM MHOXKecTBaM U u V/
(cM. Hagaso mokasaresnbcrsa), uro Fy C Vo u Fy C X \ V4. [lycrs, no npeanonoxkenuto
MHIYKIWAN, V, oupenesensl 10 2F B 3mamenarese g. Pacemorpun

F .= iy UZ:‘/iH,

2k 2k

TOT/Ia TTOJIOYKUM V2]i+1 =V, durypupywomem g F u U B paccyzKjeHHN U3 HadaIa
2k+1
JIOKA3aTe/ILCTBA.
[Tony4ennsie V,, aBag10TCA OTKPBLITBIMHA 1O MOCTPOEHUIO, IIPUIEM

1. Fy C W,
2. Vie(X\F),
3. ecam qp < qg, TO Vg, €V,

Onpenemum gs awoboro s € [0,1]: Vi == |J V,. Torma V; orkpsito psa awboro s (kak
q<s

obbeinHeHe OTKPHITHIX) U yaosjaerBopser 1 — 3. JleiictBurenbro, 1 u 2 04eBHIHBI, a
3 crexyeT W3 TOTO, YTO MeXKIY JIOOBIMU JIBYMs YHCIAMH MOXKHO HAWTH /Ba JBOUYIHO-
DAIMOHAJIBHBIX.

Teneps oupenesum dynknuo f: X — [0, 1], nonoxus f|r, =0u f(z) :=sup{s|z &
Vi}. Hokazxkewm, uto f menpepwiBHa. [lycth 29 u € > 0 npousBoabnsl. [lycts so = f(xo).
Pacemorpum

U<I0) = ‘/So-&-i \Vso—i'
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D10 MEHCTBUTEIHHO OKPECTHOCTD T, MpudeM i Jjiroboro « € U(xg)

T € V80+37 T ¢ ‘/80*%7
TaK 49TO e e c
so- g Sf@)ssot g [fl@) = fla)l =5 <e O

Samgauga 1.55. 3aMKHyTOe MOJIMHOXKECTBO 3aMKHYTOTO ITOJIMHOKECTBA 3aAMKHYTO B 00b-
eMJTIOTTIIEM TTPOCTPAHCTBE.

Bapmaua 1.56. (Teopema Twurie o npogoszkenun) [ycts X — HOpMaIbHOE TOMOJIOIHYE-
cKoe mpocTpancTBo, F' C X — 3amMkHyTOe noanpocTpancTso, f : ' — R — HenpepbiBHAs
dyukiusg. Torna f mpomomkaercs 1o HenpepbiBHOM dyuknun g : X — R. Eciu f orpa-
HUYeHA, TO U § MOXKHO BBIODATh OIPAHUYEHHON TOM ke KOHCTaHTO. (|2, Teopema 3, crp.
87))

Onpenenenune 1.57. Hocumenem dpynryuu f: X — R Ha3pIBaeTCSH

supp f = {z € X | f(z) # 0}.

Teopema 1.58 Ilycmv X — nopmaavroe monosoeuueckoe npocmparcmeo, {Uys} — Ko-
Heurnoe omrpuimoe nokpumue. Tozda cywecmsyom makxue HenpepueHse GYHKUUY P, -
X —[0,1] C R, umo

1. supp ¥, C Uy,
2., Valzr) =1

Cucmema Gynkyut 1V, na3veaemcs pasdbueHnem egunnubl, nogunHednsim {U, }.

Bameuanue 1.59. locrarouno jokanbaol KoHewnocTH {U,}: y KazKa0i TOUKH CyTie-
CTBYeT OKPECTHOCTH, [ePeCeKaoIasiCs JUIlb ¢ KoHeIHbIM duciaoMm {U, }.
HokazareancrBo. Cornacao teopeme 1.50 Haiinem HoBble nokpeiTusgs W, €V, € U,. Ilo
JIeMMe Y PBICOHA CYIIEeCTBYIOT HelpephIBHbIE (hYHKITUN

Qa X = [0, 1], 004|Wa = 1, 9a|(X\Va) = 0.

Takum obpazom, supp b, C Vi C Uy, a Oolw, > 0. Iosoxkum 0 := )" 0,. D10 KOHEUHAH
CyMMa HelpepbIBHbIX (DYHKIUN 1, TakuM 0bpa3om, HenpepbiBHad (pynknusa. [Tockoibky
{W,} — nokpwitue, a § > 6, > 0 va W,, ro § > 0. 3Hauur, MBI MOKEM MOJOKHUTH
Yy 1= %“. OueBuHO, 9TO 00a YCIOBUS BBITIOJHEHHI. 0

Ompenenernne 1.60. Tonoiaoruueckoe mpocTpaHcTBO X HA3BIBACTCS KOMNAKMHbLM, €C-
JIX U3 JI00OT0 €ro OTKPBITOTO MOKPHITHS MOYKHO BBLAEINTH KOHEUHOE TOIIMOKPHITHE.
Bamaua 1.61. J[lokazarb, 94TO OTPE30K [a, b] KOMIAKTEH.

3amaga 1.62. Jlokazarh, 4TO 3aMKHYTOE MOIMHOYKECTBO KOMITAKTHOT'O MPOCTPAHCTBA
KOMIIAKTHO.

3amaua 1.63. Jlokasarb, 4TO KOMIAKTHOE MOJAMHOXKECTBO XaycIopdoBa NPOCTPAHCTBA
3aMKHYTO.

Teopema 1.64 Komnaxmmoe xaycdopdhoso npocmparncmeo HopmMasbHO.



HoxkazaTenbcTBo. [lycrs F' C X 3amkuyTro u x € F. [lokaykem, 9T0 CyIIECTBYIOT Helle-
pecekatormuecs okpectaoctu U(z) u V(F). B cuny xaycaopdosoctu s Jjoboro y € F
Haiiayres rakue V, > y u Uy > x, aro V, N U, = (. Oxpectroct V, 06pa3yior mMOKpbI-
Tue [, U3 KOTOPOTO MOXKHO BBIOpaTh KoHeuHoe HmoAmokpwiTue Vi ,...,V,,, Tak Kax F'
KOMIAKTHO (cM. 3agady 1.62). Tlomoxkum

[Iycts Temeps Fy C X mw Fy, C X — 3amkuyTbie. [lo mepBoit qacTu aoKa3zaTeabcTBa

ONpeIeIUM JIJisl KazxKJA0ro ¢ € F) OTKpBITHIe Hemepecekatonuecs Maoxkectsa U(z) S x

u V(x) D Fy. Torga {U(x)} — orkpbitoe mokpertue [}, M3 KOTOPOTO MOXKHO BbIJIEJUTD
n n

Komeunoe noxnokpeitue U(xy),...,U(z,). Muoxecrsa |J U(x;) u [ V(x;) — uckombie
] i=1

=1
HerepecekaInecs: okpectaoctn Fy u Fy. O

3amadga 1.65. Jloka3aTh, 4TO HEIPEPBIBHBIM 00pPa3 KOMIIAKTa KOMIIAKTEH.
Bagaua 1.66. Ilycts f : X — R! — menpepoiBHas DyHKIMS HA KOMIAKTHOM IIPO-
crpancrBe X. Torga f orpanumyeHa u NpUHEMAET HAUOOJIbINEE ¥ HAUMEHbBIIEE 3HAYCHUS.

Teopema 1.67 Henpepusroe buexmueroe omobpasicenue KOMNAKMH020 npocmpaHcmen
HG TAYCIOPPHOBO ABNACNCA 20MEOMOPPHUIMOM.

HoxkazatenbctBo. Ilycts f: X — Y — menpepoiBaas ouexnusi, mpudeM X KOMIAKTHO,
a Y — xaycmopdoso. st gokaszareabcTBa JOCTATOYHO TMOKa3amlTh, YTO 00pa3 MpPOW3-
BOJIBHOT'O 3aMKHYTOTO MojMHOXKecTBa F' C X gBigerca 3aMKHYTBHIM B Y. llockombpky X
— KOMIAKTHO, TO F' Toyke KOMIakTHO (cM. 3amady 1.62), snauur, f(F') ToKe KOMIAKTHO.
Ho rak xak Y xaycgaopdoso, To B 3rom caydae f(F) samkuyro (cm. 3azaay 1.63). O
3amaga 1.68. JlekapToBo mIpou3BeAeHNE KOMIAKTHBIX MPOCTPAHCTB SABJISETCS KOM-
MAKTHBIM.

2 Mmuoroobpas3us n KacarejJbHbIe BEKTOPa

Onpenenenne 2.1. KoMOakTHBIM 24a0KuM MHO2000pa3UEeM PA3MEPHOCTIU M HA3HIBA-
eTcs KOMIIAKTHOe cenapabeabHoe XaycaopdoBO TOIOJIOTHYECKOe TpocTpancTBo M, cHab-
JKEHHOE 24a0KUM GMAGCOM, T. €. OTKPBITHIM ToKpeiTHeM {U,} 1 Habopom romeomopdus-
MOB (04, OTOOpazkatomux U, Ha OTKpbITBIEe mojMHOxkecTBa V, C R™ (pasmepHocrts m
muoroobpasus M obosnavaercss dim M). Oun 3amaior B U, n0KaAbHbIE KOOPIUHAMBL.
[Tpu sTOM TpebyeTcs, YTOOBI OTOOPAKEHUS 3amerb, Koopdunam (Win @gyrkyuy neperoda)
@awgl c03(UaNUp) = 0o (UyNUg) G110 TIaAKEME KaK BeKTOP—(YHKINH, 33 JaHHBIE HA
oTKpeITOM MHOKecTBe B R™. [nadkoti cmpykmypoti Ha3bIBaeTCI MAKCHUMAIbHBIN 1A KA
amiac (He COBCEM CTDPOrOe IOHSITHE).

B obmiem (nekoMIakTHOM) ciiydae OymeM TpeboBaTh BMECTO CenapadebHOCTH BBIIOJI-
HeHWe 8mopotl akcuomv, cuemnocmy (HaJIndIne caeTHON 6as3bl).
3ameuanue 2.2. Eciu He TpeboBaTh IVIaIKOCTH, TO MHOrOooOpa3ue HA3bIBAETCS MON0-
NO2UMECKUM.
Samauya 2.3. IlpuBectn npumep MHOrOOOpa3usi C HECONJIACOBAHHBIME TJIQIKIMH
CTPYKTypaMmu, T. e. ¢ AByMmsa Takumu rragknvmu ataacamu (U, @) u (Vj, 1), aro
{(Ui, i), (Vj,1;)} He apiasercsa riaakuM aTacoM.
3amaua 2.4. Jlokazarp, uro S™ u RP" 4BAdI0TCA IVIQJIKUMUA MHOT'OOOpA3USIMH.



3amaua 2.5. DByayT Ju IagKuMu MHOTOOOPA3WsSAMU T'DAHHIA KBaJpaTa U BOCHMEPKA
(mommuozkecrsa R?) ?

Onpenenenune 2.6. 2n-MepHOe MHOrOOOpa3de HA3BIBACTCS KOMNAECKCHO-GHAAUMUYEC-
KUM, €CJIU Bce (PYHKIINN 3aMEHbI KOOPAUHAT ABISIOTCS KOMILIEKCHO-aHATUTHICCKAM.
Bagauga 2.7. Jlokazarb, 9ro S? — KOMIJIEKCHO-aHAJIATHIECKOE MHOTO00pa3He.
Onpenenenne 2.8. Pyuxmusa [ : M — R maswiBaercsa aaadkoti, ecan ajst 1ro0oii
touku P € M n mekoropoit kKaptsl (U, ¢4 ), conepzxarmeit P, dyukuua fop,!:V, — R,
3aJaHHag Ha obsgactu B R™, aBisercsa riaakoii.

Sagauga 2.9. JlokasaTh, 9TO U3 TJIAJKOCTU [0 OTHOIIEHUIO K HEKOTOPOH KapTe CJIeIyer
[JIQJIKOCTD IO OTHOIIEHUIO K JI000iA.

Onpenenenune 2.10. HenpepoiBaoe orobpaxkenue f : M — N rmaakux MHOr0oOpa3wmit
Ha3bIBAETCsl 24a0KuM, ecin st 1060t Toukn P € M n Hekoropbix Kapt (Uy, @), co-
nepzameit P, u (Up, @), conepxkameit f(P), (3ro kaptst Ha M m N, COOTBETCTBEHHO)
orobpazkenne @ o f o !V, — V5 C R", 3agannoe na obnacrn 8 R™ n naspiBaemoe
AOKAALHOIM NPEJCNaABACHUEM WU KOOPIUHAMHOT 3anucvlo [, sSBJIgeTCs TIQJIKIM. 3eCh
dim M =m u dim N = n.

3amaua 2.11. Jlokasarh, 4TO U3 TJIQJKOCTU TIO OTHOIIEHUIO K HEKOTOPOW mMape KapT
cJAeyeT TJIAAKOCTD [0 OTHOIIEHUIO K JIFO0OI.

Onpenenenune 2.12. DBuekTupHoe riajkoe oroopazxkenue f : M — N riajgkux MHOTO-
obpasnii HaspiBaeTcs Juddeomopdusmom, ecan f1 apagerca rIaTKAM.

3amaua 2.13. Ilposeputhb, 4T0 HOpMYJIbI

k

y* = * , k=1,...,n,
\/62 — (@2 = (@) — ... = (")
k
k i k=1,...,n,

N VIt W2+ @22 +... + (")’
sanator audbdeomopdbusm B.(0) C R" u R".
3amaga 2.14. IlpuBectu mpumep rIagkoro romeoMopdusma, He SBISOMErocs and-
deomopduzmMoM.

Jlemma 2.15 Ha mobom enadkom mmozoobpasuu M cywecmsyem amaac ¢ Kapmamu,
duppeomopdrivimu omrpumomy wapy ( omryda no 3adave 2.13 scemy R™.)

HoxkazareabcTBo. [lycrs (U,, o) — HekoTOpHIii attac va M. g awboit © € M BhI-
6epeM Uy (y) D . Ilyers e(z) croas Maio, 410 Be(y) (o) () C Ve € R™. Toraa

Uz, @), €M, Ug := @;(l;p)(Bs(x)(@a(oc)(*f)))a Pz = (Pa(oc)’ﬁlj

— HMCKOMBI# aTjac. U
3ameuanue 2.16. [1s 106010 KOHEYHOrO aT/iaca KOMIAKTHOTO MHOTO0OOpa3ns CyIie-
CTBYeT IOJYUHEHHOE Pa30HeHus eIUHHUIBI, TOCKOJIbKY OHO HOPMAaJIbHO.

Eciin He oroBopeHo NpoTHBHOE, BCe pacCMaTpUBaeMble MHOTOOOpa3us OyAyT IJIaIKH-
MH, I MBI OOBIYHO Oy/IeM Ha3bIBaTh HX MPOCTO MHOTOOOPA3HUSIMHU.

Teopema 2.17 Jlasa 2100020 KOHEYH020 AMAGCE KOMNAKMHO20 MH02000pasus M cyuie-
CMBYEM NOJUUHEHHOE 2A00K0€ PA3OUEHUA COUHUDL.



JokazareancTBo. [Ipexie Bcero 3amMeTnm, 9T0 JJOCTATOTHO ITOCTPOUTH Pa3OueHue eIu-
HUIBL JJI8 HEKOTOPOI'Oo U3MeJIbYeHUd UCXOJHOro ariaca. B KadecTsBe TaKOro n3MesIbieHusd
BbIOepeM (cymmecTByomHil B crty teMMbl 2.15 i Teopemsr 1.50) taxoit attac (W, 75), 910

73(W3s) = B1(0) C R™, Wg = Tﬁ_l(Bl_g(O)) — nokpbiTHEe M.

Onpegenum rinagkyo yHknuo Ha R™:

1
hw) = { wpi || < (1 - ¢/2)°,

0, npu [|z| > (1 —¢/2)%
Torna
supph C Bi_¢2(0), 0<h(z) <1, h(z) > 0 uva B;_.(0).
[Tostoxkum
_ [ h(7s(x)), upnx € Wp,

XB = 0, npu © & Wp.
Torna xg € C*(M),0 < x < 1,supp xg C Wsu xg > 0ma W§. Snaunur, ¢ := 35 x5 > 0,
a g 1= xp/1 — uckomoe C'*°-pazbuenne eAUHAIBL. O

3amaua 2.18. /[lokasarhb cyniecTBOBaHHE IOJYUHEHHOTO Pa30UEHUs €JIUHHUILI JIIs
JIOKAJTLHO-KOHEYHOTO aTjaca (HEKOMIIAKTHOTO) MHOIOOODA3Hs.

Teopema 2.19 Ilycms f : R" — R — anadkaa ¢ynxyua, npuvem grad f +# 0 Ha
M = f~Yyy). Toeda M — znadkoe mmozoobpasue. IIpu smom 6 Kauecmee AOKAALHYIT
KOOPOUHAM MOHCHO 63AMb Hekomopue n — 1 uz xt, ... 2", Tax wmo dim M =n — 1.

HokazareabcTBo. llpumensem TeopeMy o HesBHOI dyHKIUU. VIMeHHO, TyCTh

of 8f)

Ty = (g,...,70) € M, gradffo:(%""’axn

# 0.
2

a ‘ O ITo Teopeme o HesiBHOIT

dbynkuuy naiyres okpecrnoers Vorouxn (o), ...z~ B R

) € R' u C®-pyukuns g : V — R' rakne, uro

Bes orpannvenus oOUIHOCTH MOXKHO CUHTATDH, 9TO

, uaTepBad (rf — &, x) +
1 n—1 1 n—1 —

1 f(z', ..., glat,...,2" ) =08V,

2. g(xd, ..., xy ") =,
3. g(al,...,a" ) € (af — & ap +¢) upn (24, 2" ) €V,

4. TouKa ([171, o2 € MN(V x (zf — e,xf + €)) oupenensiercst ycaosuem z" =
glat,... 2"

OnpeneuM KapThl CJIEAYIOIMEM 00Pa30M:
Ui=Mn(Vx(zf—e,a0+¢), ¢:U—=R" o' . .  a")= @, . . a" eV

Torga, o 1) u 3) 06paTHBIM K ¢ OyIeT
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IIposepum, 4TO TOTyHYeHHBIH aTnac ABagerca riaaakuM. [Tycrs, 6e3 orpanmvenns obmi-

nocru, Hapany ¢ (U, ) Touka Ty comep:kurca Takxke B (U, @), rae ¢ : (zt,...,2")
(22,...,2"). Torma ma (U NU) nmeem

ot 2" =gt 2 gt ) = (2 2 g(at, . 2™ h)
— IJaJKasd 3aMeHa KOOPIMHAT. 0

Onpenenenne 2.20. (TemsopHoe omnpenesieHne KacaTreabHOr0 BEKTOPA)
(Kacameavrom) sexmopom & B Touke P € M k MHOroobpasuto M Ha3bIBAETCS COOTBET-
cTBme, KoTopoe Kaxuoit kapre (Uy, p,) (JMOKambHO#N cucreme kKoopamHat (x), ..., z™)) B
okpecrHoctu P crasur B coorsercrsue nabop uucen (€L, ... ™). Tlpu srom rpebyercs
BBIIIOJIHEHUE TEH30PDHOI'0 3aKOHa, CBA3BIBAIOIICIO Ha60pbl quceJr, KOTOpbIE€ CTaBATCA B
COOTBETCTBHE DA3HBIM CHCTEMaM JIOKaJbHbIX Koopaumuar. menno, ecan kapre (Ug, pp)

(oKasIbHOf cucTeMe KoopaunaT (rp, ..., T )) CTaBUICA B COOTBETCTBHE HAGOD HHCET
1 m
(&5, &5'), O

i — 8x}3€j
A ozl >

e 0 HOBTOPAIOIIEMYCS BBEPXY ¥ BHU3Y HHIECKCY j IOAPA3yMEBACTCA CYMMUPOBAHNE.
Bamaga 2.21. (ompasmanue onpesesenus) [lycrs v : (—1;1) — M — rnajgkoe orobpa-
xenne, 7(0) = P. Torga coorsercrsue

dz! dx"
. 1 n
&y (zr, ... 2") ~ (_dt b > .

ABJIeTCH BeKTOpoM B P. 311ech B JIOKaIbHOl cucreme koopaunar (!, ... z™) orobpaske-
nue 7 3ajano Kak (z'(t),..., 2" (t)).

Bamaga 2.22. Kaxkaplii KacaTeJbHBI BEKTOP B TOYKe P OJHO3HAYHO OIIPeIeJIsieTcs
CBOUMHM KOMIOHEHTAMHU OTHOCHTEIBHO OJHON CHCTEeMBI KOOPIUHAT.

Takum 00pa3oM, MHOKECTBO KacareJbHbIX BEKTOPOB B Touke P (kacameavhoe npo-
cmpancmeo Tp(M)) aBisieTcsi KOHEYHOMEDHBIM BEIECTBEHHBIM JIMHEHHBIM TPOCTPAH-
crBoMm paszmepuoctu dim M. Ilpu 3TOM, 04YeBHIHO, ONEpaIUU HE 3aBUCAT OT BLIOOpa JIO-
KaJIbHO# CHCTEeMBI KOOD/IUHAT.

Onpenenenne 2.23. (OnpepesieHne KacaTeJbHOTO BEKTOPA 4Yepe3 KPUBbBIE)
Pacemorpum nBe rmagkme kpuswie v : (—1,1) — M u vy @ (=1,1) — M, ynosaerso-
PSIOTIHE YCIOBUSIM:

e 1(0)=P

e /I HEKOTOPOIA (CJIeioBaTe/IbHO, J11000i1) cucTembl Koopaunar (z!, ..., 2™) B oKpecT-
HOCTH P BBLINOJHACTCA YCIOBUE:

SR (0) = ()]’ = o?),  (t —0).

k=1

Takue KpUBbIE HA3BIBAIOTCS CONPUKACAIOUUMUCA: Y1 ~ Ya.

Bce kpuBbie, yI0BIETBOPSIONIAE EPBOMY YCJIOBHUIO, PA30UBAIOTCH HA KJIACCHI COMPH-
KACAIOIMIUXCsI. DTH KJIACCH HABBIBAIOTCS Kacamesvhoumu sexmopamu K M B Touke P.
Ounpenenenne 2.24. (OnpenesieHne KacaTeJbHOr0 BeKTopa depe3 muddepen-
nupoBanus) Jluneiinoe orobpaxkenue D : C°(M) — R, 1. e. muneiinstit GyHKImonas na
MPOCTPAHCTBE TJIAAKUX (DYHKIINI, HA3BIBAETCSA ONEPamopom oudpdepenuuposarus B TOUKe
P e M, ectm
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® 3HAYEHUS er0 ONPEJICJIAIOTCH TOJIHKO 3HAYCHUAMHU (DYHKINI B OKpecTHOCTH P, TOY-
Hee, ecu f,g € C°°(M) TakoBel, 4T0 [ = ¢ Ha HEKOTOPOil okpecTHOCTH U TOYKH
P, 10 D(f) = D(g) (“omeparop 3a7an Ha pocTKax QyHKIHHA");

e BbIOJIHEHO yeaoBue Hpiorona—/leitbuuna
D(fg) = f(P)D(g) + g(P)D(f) ana mobex f,g € C=(M).

HazoBem Takoit oneparop auddepeHInpoBaHus KacamesvHoim eekmopom K M B ToUKe
P.

3amaua 2.25. llycrtb (xl, ..., 2™) — JIOKaJbHAs CHCTEeMa KOODJHHAT B OKPECTHOCTH
PeM,P=(z},...,20),a& € TpM B cMBICIIE TEPBOTO ONPEJIENEHAS UMEET KOODJIUHATHI
£ Torya cooTBeTCTBUE

n af . .
Foo S e
=1

HE 3aBUCUT OT BbIOOPA JIOKAJILHOI CUCTEMBI KOODJIUHAT U Onpe/e/iser oneparop audde-
PEHITMPOBAHUSI.

Teopema 2.26 Onpedeserus IK8UBAACHMMHDL, MOUHEE, CCMECMBEHHOE COOMBEMCMBUE
Kpusas <> Kacamesvhuili 6ekmop k kpusoti 6 danHot cucmeme KoopouHam <

< dupgepenyuposanue no €20 HANPABAEHUIO

nopostcdaem u3omopPusm NPOCMPAHCME KACGMENOHUT BEKMOPOE 6 CMULCAE MPET Onpe-
desenudi.

HdokazareabcTBO. Mbl J0OKazKeM 9KBUBAJEHTHOCTb HEPBBIX ABYX. B cuiy 3amaunm 2.21
JI7IsI KOPPEKTHOIO 3aJaHust orobpazkeHnus I' MHOXKeCTBa, KJIACCOB KPUBBIX B “TeH30pHBIE”
BEKTOPBI JIOCTATOYHO (B OJHON CHCTEMe KOOD/JMHAT) IIPOBEPHTH YTO M3 7y ~ 7o CJEIYeT,
uto &, = &,,. HeiicTBuTesbno,

k k k k 2
_ (@ (b)) — 27(P)) — (2" (12(t)) — 2"(P))
= lim ,
t—0 t
k=1
OTKYJA &y, = &y,. DTA JKe BBIKJIAKA MOKA3BIBAELT, UTO JBE KPUBLIE CONIPUKACAIOTCH TOTJIa
U TOJIBKO TOTJIa, KOTJa OHW HMEIOT OJWHAKOBBIM KacaTelbHBIH BeKTOp. 3HAUHT, I KOp-
DPEKTHO OTPe/ieJIeHO U UHBbEKTUBHO. 3aUKCUPYEM CHCTeMY KOODJAHMHAT X' B OKPECTHOCTH
P. Oupejpenum orobpazkenne A (ObITb MOXKET, 3aBHCSINEE OT BHIOOPA CHCTEMBI KOOD,H-
HaT) B OOPATHOM HAIIPABJIEHUH, COMIOCTABIsIA BEKTOPY & ¢ KoopauHartaMu ' B BRIOPAHHOM
cucreme, “npsamyio”’; T. e. KPUBYIO ¢ TapaMerpuueckuMm 3aganuem z'(t) = x'(P) +t - &
dz?

Toraa W) =& uloA =1d. Takum obpasom, I’ — ciopbexius. 0
P

3amada 2.207. JlokazaTh 3KBHBAJIEHTHOCTh TPEThero ompejenenns (depes muddepen-
IMPOBAHMUSI) KACATEJIBHOTO BEKTOPA JIBYM JIDYIHM.

Onpenenenune 2.28. Ilycts f : M — N — tmaakoe orobpaxkenue, P € M. Jlug-
depenyuanom (kKacamesvroim omobpasceruem) [ B Touke P HasbiBaeTcsi 0TOOpayKeHue
KacaTelbHbIX npocTpancTs dfp : TpM — TypyN, onpelenennoe OJHAM U3 CJeLyIONHX
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9KBUBAJICHTHLIX CIIOCO0OB, COOTBETCTBYIOMIX TPEM OMpeIe/eHIAM KaCaTeTbHOTO BEKTO-
pa.

Iepsbiit cnocob. [lycrs (UM, oM : UM — VM c R™) — kapra M B okpectnoctu P,
(UN, N : UN — VN Cc R") — kapra N B okpectnoctu f(P), (zt,...;2™) u (y',...,y")
— COOTBETCTBYIONIHE JOKAIBHBIE CHCTeMbI KOOPAMHAT. JIOKAIbHOE HpPEeICTaBIeHne 0T06-
paxenus f, Toanee, orobpaxkenne o o fo (PM)7L VM — VN yower GpiTh ommcano
KakK Habop pyHkmuit

yt =t ™),y = (L a™).

I[Tycts BekTOp & € TpM CTaBHT B COOTBETCTBHE cucTeMe Koopaunar (x') ... z™) mabop
(€Y, ..., &™) (roBopaT: MMeeT yKa3aHHbIe KOODAMHATHI B 3TO CHCTeME), TOTIA 10 OIpeIe-
JIEHUIO TOJTaraioT ero obpaszom 7 = (dfp)€ BEKTOp ¢ KOOpIAMHATAMHA

=g
Oxt
(cymMMmpoBaHHe mogpasyMeBaercd) B cucreme (yl, ... y").

Bropoii crtoco6. O6o3naunM uepes [y] KIace cCOMPUKACAIONMXCS KPUBBIX KPUBOIL 7.
[Tostoxkum

(dfp)y] == [f o]

Tpetuii cioco6. Paccmorpum oneparop quddepentuporanus £ B Touke P € M. To-
ria 3Hadenue oneparopa audddepeniuposanus (dfp)é Ha byuknuu g € C(N) 3amaercs
dopmyoii

((dfp)€)(g) :==&(g o f).

3amaua 2.29. JlokazaTb 3KBUBAJEHTHOCTDL Tpex onpejenenuit auddepenmnualia.
Onpenenenne 2.30. Paccmorpum riuagkoe orobpaxenue f : M — N, f(Py) = Qo.
Touka Py € M nasviBaercsd pez2yaapnot moyukot f, ecnn guddepennuan

dfpo : TPOM — TQON

siBaisieTcst snuMopduzmoM (otobpazxkenuem “ua’). Touka Qg € N HaA3BIBACTCSI PE2YAAPHbIM
snavenuem f, ecan moboe P € f~1Qq aBngerca peryaspHoil ToUKoi f.

Teopema 2.31 (Cappa) (6es doxazameavcmea) Ilyecmo [ M — N — 2aadkoe omob-
pastcenue, M — womnaxmuoe mnoz2o0bpasue. Toeda mmoocecmeo G C N peeysapHulc
aHaueHul f — omrpouimoe 6crody NAOMHOE MHONCECTEO.

Sameuanue 2.32. B obmiem ciydae N \ G umeer Mepy HYJIb.

Onpenenenne 2.33. Orobpaxkenue f : M — N Ha3bIBaeTCs nozpysiceruem, eCld B
Kaxk1oit rouke P € M nuddepennuan dfp : TpM — Typ)N aBiagercsa MOHOMOP(U3MOM.
Ecsu upu srom f: M < f(M) B3aumuo oxnosuaquno, a f(M) samknyro 8 N, ro f(M)
HA3BIBACTCS BAO0HCEHUEM.

3amaua 2.34. [lpuBectn npumep MorpykeHus, B3aUMHO-OJHO3HAYHOTO Ha 00pa3, HO
He SBJILAIONErocd BJIOKEHUEM.

Ompenenenne 2.35. Biioxenue, gpigmonieecs roMeoMopdu3MoM Ha 00pas3, Ha3bIBaeT-
CA BAONHCEHUEM 6 CUNADHOM CMBLCAE.

3amaua 2.36. i KOMIAKTHBIX MHOTOOOpa3uil BJIOXKEHUE BCEIJIA SBISIETCH CUJIHHBIM.

13



Onpenenenne 2.37. Ilogmuoxkecrso L C M, dim M = m, Ha3eiBaeTcs 24a0kum noo-
MH02006pasuem, ecau cyriecrByer Takoil ariaac (U, ¢,) MHOr00Opasus M, aro {U, N L}
— rnagkuil atiac L B TOM CMBICIE, YTO

()Oa|UuﬂL : Uoc NnL— Va N Rl, Rl C Rm

DTOT aTIac HA3BIBAETCS HOpMaAbHuiM. Takum obpasom, dim L = [, a (m — ) Ha3biBaeTCs
Kopasmeprocmuro. IIpu 3Tom L oka3biBaeTCss 3aMKHY THIM.

3amaua 2.38. Jlokaxkwure.

Sagaua 2.39. Ilycrs f: M — N, a o € N — perynspuoe 3nauenne f. Torma Mg, =
/71(Qo) aBnsiercs riagkumM noxmuoroodbpasuem, dim Mg, = dim M — dim N. B xauecrse
JIOKQJILHBIX KOODJHHAT B OKPECTHOCTH HEKOTOPO# Touku My, MOXKHO B3ATh HEKOTOPBIE
(m — n) koopaunar M.

3amaga 2.40. I[IpupecTtu npumMep TaKOTo BJIOXKEHHS, UYTO 00pa3 He sIBISIETCSA OIMHO-
roobpasuem (¥ jazke MHOTOOOpa3ueM).

Teopema 2.41 Ilodmnooscecmeo A C N asasemcs nodmuo2000pasuem mozda u mosvko
mozda, K020a OHO ABAAEMCA 006PA3OM HEKOMOPO20 MHo2000pasus M npu esoscenuu 6
CUABHOM CMbBLCAE.

HoxkazarenbcTBo. Ecin A C N sgBisercs HoAMHOIoo0pa3neM, TO TOKIeCTBEHHOE 0T00-
paxkenue OyIeT roMmeoMopdu3MOM Ha 00pa3, a Mo oIpeaeJeHUuI0 TOIMHOr000pa3ns — Io-
IPYKEHHUEM.

O6patno, nycts f : M — N — cuiabHOe riaagkoe BiaoxKenue. CBOiCTBO OBITH TOJIMHO-
roobpasmeM WMeeT JIOKAJIbHBIN XapaKTep: JOCTATOYHO PACCMOTPETH OTKPBITOE MOKPHI-
tue {N;} B N mng A, u A; = AN N;. D10 CBOICTBO HHBAPUAHTHO OTHOCUTEbHO (-
nuddeomopdusmoB: MEHOKeCTBO A C N sgBisiercsl MOAMHOr00Opa3sreM TOIIa M TOJIBKO
rorya, korga g(A) C N’ asiasercs noamuoroodbpasuem, rie g : N — N — auddeomop-
dbuzm. Pacemorpum cemeiicto kapt ¥ = {¢; : N; — R"} muorooGpasus N, nmokpbiBa-
tommx A. Tlyers @ = {p; : M; — R™}iep — makoii avnac M, aro f(M;) C N; (ecau
HY?KHO, MeHsIeM WHIeKCAIuio). [ToCKOIbKY f SIBJIsIeTCsl BJIOKEHHEM, B YaCTHOCTH, TOMEO-
Mopdu3zMom Ha 06pas, To MoxkHO BeOpaTh ¢ u U tak, uro f(M;) = ANN;. Torma B cuty
MHBApUAHTHOCTU OTHOCUTEJbHO judpHeoMopdu3MoOB cuTyalys CBOJAUTCH K CJeNyoniei.
U:={Vi} =0i(M;) CR"™, f = fi = ife; ' : U — R" — C®-nnoxenue. Hajo maiirn jo-
KaJIbHO Takoi quddeomopdusm, aro obpas mexut B R"™ ™. Ho 310 npocto Teopema 06 06-
patHoil dyHknun. MMeHHO, JOKaIbHO cymecTByior (2, ... x'm) 1 <4 < ... <14, <n,
u miagikoe orobpaxkenue g : R — RI™™, uto sro rpaduk. Takum obpasom, BBejs B
okpecraocTd B R" KoopauHaTh

(xil, o atm i — (g(:z:il, . 7xim))j1, L (g(:l?il, . ,xim))j"*’”),

nosydaem, aro f(U) 3amaercs Kak pa3 Kak KOODAMHATHAs HIEPIVIOCKOCTH. [Tomdepk-
HEM, 9TO JIOKAJTU30BaTh 3329y y/IaJ0Ch TOJIBKO OJIaroaps TOMY, 9TO BIOYKEHHUE B CHJIb-
HOM CMbICJIe. A JIONOJHUTD /IO aTjIaca BCETO MHOTOOOpa3us MOYKHO B CHJIY 3aMKHYTOCTH
obpaza. ([l

3Bameuanne 2.42. MoxKHO Mo-pazHOMy pemraTh Bompoc cantath i (0,1) x {0} C R?
nojiMHoroodpasuem. IpaBuibHo Bee 2Ke He cuuTaTh. Kein c4nTaTh — HAJI0 B OLPE/Ie/IeHUH
MOJIMHOTO00pa3us 3aMeHUTD “aryiac’ Ha “Habop kapt”.

Teopema 2.43 (Ouensp ciabas teopema YutHm) [Tycmo M — z2aadkoe Komnaxm-
Hoe muoz000pasue. Tozda watidemes maxoe wamypasvroe wucao K, wmo cywecmeyem
saoorcenue (6 cuavnom cmoicae) f: M — RE.
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Jokazareanctso. [Tycrs {U,}k_, — komeunsrii arnac M, (z},... 2™) — noxkanbnas

cucrema koopguuat B U,, npuuem ¢, : U, ~ B, = Bi(a,) C R™, tae B,(b) — map
paguyca r ¢ nentpom B b. [lyers BS := By_.(a,), npuaem {US := ¢ ' (BS)} no-npexknemy
nOKpbIBaOT M (BO3MOXKHO B CHJIYy HOpMaJIbHOCTH). BeiGepem Tenepb

fa € CCR™), fo=1mna B, supp fo C Ba.
[lycts g% : M — R onpepenenst gisg k=1,....mua=1,..., L dopmyramu

GE(P) = {éfa(%(P))x’;(P) Eﬁﬁ i ; gz

k
«

[Ipu s1om Bemosusercs gt (P) = x%(P) npu P € UZ. Takum obpazom, m - L dbynxuuit g~
zagator C°-orobpazKkeHnne

g: M —=R™",

Omnpenennm Temnepb

p: M —RE=R"" o(P):=(g(P); fa(¢alP)))

Torma rkdy > rkdg. Ecmu P € UZ, To

rkdg|p > rk (%) > rk (M) =m

), - oxl,

[Tockosibky 1o coobpazkenusam paszmepuoctu rkdy < m, 1o tkdy = m. Mbl nokazasu,
4YTO (0 — MOrpYyzKeHue.

Teneps mokazkeM, 9TO (o HHbEKTHBHO, T. €. gBJsgeTcsa Oueknueir Ha obpas. Ilycts P #
Q. Torga maitnercs takoit HOMep «v, uto P € UZ u, crenoBarebo, fo(pa(P)) = 1.
Ecau npu stom f,(0a(Q)) < 1, 10 Bee mokazano, ecau ke fo(pa(Q)) = 1, ro Q € UE,
tak uro g~ (P) = z*(P), ¢8(Q) = 2%(Q). Tockonbky P # Q, To maiigerca KoopauuaTa
2! (P) # 252(Q), max uro g (P) # g2°(Q) m (P) # ¢(Q).

Tak kak M kommakTHO, a p(M) C R¥ xaycaopdoBo, To 1o TeopeMe 1.67 ¢ dBiseTcs
romeoMopdu3MoM Ha 06pa3 U, CJ1eI0BaTe/IHHO, BIOKEHUEM B CUJIHLHOM CMBICJIE, TOCKOJIBKY
©(M) KOMIIAKTHO M 3aMKHYTO. O

Cdopmymupyem 6e3 goKa3aTe beTBa 00/Iee CHABHBIE PE3YIHTATH:

Teopema 2.44 (CunsHasi Teopema YurHu) (6ez dokasamenavcmea) Teopema sepna

U OAA He 00A3AMENDHO KOMNAKMHO20 MHO2000DA3UA, NPUUEM MONCHO 63amb K = 2 -
dim M + 1.

Teopema 2.45 (CunbHasi Teopema YutHu) (6e3 doxazamesvemea) B npedvdywed
meopeme Modtcho 63amuv K = 2 - dim M.

HokazareabcTBo. Iljed 10Kka3aTebcTBa COCTOUT B TOM, YTOOBI CTAPTOBAB OT KaKOT'O-
JIN00 BJIOXKEHWS, ITYTEM MPOEKTUPOBAHUS HA JIMHEHHbIE MOAITPOCTPAHCTBA MEHbBIIEH pas3-
MEPHOCTH, MOHU3UTh Pa3MepHOCTb. COOTBETCTBYIOININE MOANPOCTPAHCTBA HAMAYTCS IO
nemme Capra. 0
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3 KacareabHoe pacciioeHne

Onpepenenune 3.1. Ilycts dim M = m. Onpegenum N = T, M — mnozo06pasue su-
HEUHDLT IAEMEHMOB8 UIH Kacamenvhoe paccaoerue M. N Kak MHOZKECTBO COCTOUT U3 I1ap
(P,§),tne P € M,a& € TpM, . e. KacarebHBIN BEKTOP. TOMONOrHS U CTPYKTYPa MHOTO-
obpas3ud 3a/1aeTcs MPU MOMOIIH OMEKTUBHBIX OTOOParKeH!t HEKOTOPHIX MOAMHOXKECTB N
Ha OTKPBITHIE MOAMHOKecTBa R*™, KOTOpBIe 06 bABIISIOTCA rOMeOMOPMU3MAME U KAPTAMH
(tak aTo dim N = 2m). Umenno, ecau (U, p) — J0KagbHas KapTra Ha M, TO B KadecTse
yKazaHHOrO 1noaMuoxkectBa N Oepercs muoxectso uap (P,§) ¢ P € U, a B kauecrse
orobpakenns B R*™ crenyiomee orobpazxenue O:

O(P &) = (..., 2™ & .. &™),

e 0 0
1 m 1 m

SD(P)—@;'??x )7 €_£8x1++€ a.l‘"“
T. €. £ KaK KacaTe/IbHbIH BEKTOP CONOCTaB/seT cucreme koopaunar (x!, ... x™) nabop &
Torna 3aMeHBI TepeMEHHBIX IIPH [IEPEXO/ie OT OHONH TAaKO KapThl K JAPYTON OCYIIECTBII-
I0TC IO MEePBOil TPYyIIlle IepeMeHHbIX TaK, KaK Obl10 Ha M, a mo BTOPO# — MpH MTOMOIITH
MaTpuibl Zlkobu 3aMeHbl epBo#l rpynnbl. B 4acTHOCTH, OHU TJIaKHe.
Bameuanme 3.2. Eciu M 6bu1o MuOroobpasuenm riaaakocta CF, o T,M — MHOroo6-

pasue kuaacca CF1.

4 Mmuoroobpa3us ¢ Kpaem

Bsejem ciiejrytonpe 0bo3HadeHmsAd:
R} C R", R" = {(z',...,2") e R" | 2" > 0},
Ry :i={(z',...,2") € R"| 2" = 0}.

I . n 1
llon muddepennupyemoctsio menpepeisoit dbynknun f @ R} — R Mpr Oyzem momnm-
MaTh caenytworree. [Ins BHyTpenHux Todek (™ > 0) coxpanum oGbIaHOe HOHATHE. [lIs1
TPaHIIHBIX Touek (To € R{™) MBI GyeM Tpe6GoBaTh CHpaBeTHBOCTH PA3TOAKEHI

7 g - i i — — . 0 f_f
F@) = FE) + 3 i (o — ) to(@— @), lim 2L g
i=1 P 17— Zo|
Torpa f; = gg{;(fo), (1=1,2,...,n—1),a
b,y al R = fag, . mg ah)
Jn= hlg-rﬁo h (1)

(O,ZLHOCTOpOHHHH YaCTHaA HpOHSBOﬂHaH).

Ompenenernne 4.1. XaycaopdoBo TOMOJIOrHYecKoe MpocTpancTBo M co cueTHoit 6a30it
HA3BIBAETCSA MHO2000pa3UEM C KPAEM, €CJU CYIIECTBYeT TAaKOe er0 OTKPBITOE MOKPHITHE
{Ua} u xoopaunarusie roMeomopbusmel ¢, : Uy = V, C RY, re V,, C R, — oTkpbiThIe,
a (YHKIHH 3aMeHBI KOOPIUHAT

030" Vap = a(Ua NUg) = Vi = 0u(Us N Up)

SABJISTIOTCS TVIAJKAMA B yKA3AHHOM CMBIC/IE.
Hazosem touky P € M snympenneti, ecan x(P) > 0 u epanuunot, ecan x(P) = 0.
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JlemMma 4.2 Onpedeserue epaHUMHOLET U 6HYMPERHUT MOYEK HE 3GEUCUM OM 8bL00PA N0-
KaAbHOT Cucmemsv, K00pouHam.

HokazareascTBo. [lonyctum mporuBHoe: B okpectHoCcTH P € M WHIyNUpPOBaHBI JBE

JOKasIbHBIe cucTembl KoopauHar (z',....z") m (y',...,y") 3 R}, n R} ,» TIpEIeM
z"(P) > 0, a y*(P) = 0. Takum ofpasom, Ha camom gexe (z', ... z") ocymecTsis-
10T romeomopdusM okpectaoctrn U > P ma orkpeiroe V. C R?, a (y',...,y") — ma

VC R" , (mepexo/ig K nepecedenuio, cauraem 06a romeoMopdu3ma 3aJaHHBIME Ha, OTHOM
okpecTHOCTH). BosHukaeT (hyHKIUsS mepexoa, T. e. Taajkuii romeomopdusm ¢ : V. — v,
y* = ok (2t ... 2"™), mpuuem
1oy = (2!, ..., 2") >0,
2. y™(
T. e. Yy =
T, ...,

n (.1 ny
©"(xgy ..., 28) =0,
JTOCTUTACT MUHAMYMa B Touke (z4,...,zh). Tak kak V orkpeito B R}, TO
BHYTPEHHsIs, TOJKHDBI ObITH BBIIIOJTHEHBI YCJI0BUS JOKAILHOIO IKCTPEMyMa.:

o™
833i ( 1

LGyes )

P) =
()071
0) —

j

Ho Torna det %‘% o = 0 u He CyIIeCTBYET IJIaIKOr0 00PATHOTO, TOCKOJIbKY JIIs
Tigse-rT(

OIpeJIesIeHHsI OJHOCTOPOHHEH YacTHON mpou3BoaHoil (1) mpomoaKaer paboTaTh MPaBHIO

nuddepennupopanus (ymHOKeHHe MaTpun Jkobu). [

Onpenenenune 4.3. Hazoem kpaem wan epanuueti OM mHOrooOpasus ¢ kpaem M

MHOYKECTBO €r0 T'PAHUYHBIX TOYEK.
Teopema 4.4 Kpati asisemces mHo2000pa3uem 1o OUHUYY MEHbULET, PA3MEPHOCTIU.

HokazareabcTBo. B KadecTBe ariaca BO3bMEM OTpaHUYEHUS KapT Ha Kpaii. [
3amaua 4.5. IlpoBepuThb BBINOJHEHHE BCEX yCJIOBHIA.

Onpenenenne 4.6. Muoroobpasue Ha3BIBACTCS 0OPUEHMUPOCAHHBIM, €CJTU HA HEM BbI-
OpaH aT/Iac ¢ MOJOKUTETHLHBIME SKOOMaHAMU BeeX (byHKIUHI nepexona. Ecau takoit aTiac
MOZKHO BBIOPATH, TO MHOr00Opa3ue HA3BIBACTCA OPUEHIMUPYEMBIM.

Samaua 4.7. OpuHeHTHPOBATH OPUEHTHPYEMOE CBSI3HOE MHOr00Opa3ne MOXKHO POBHO
JIByMS CIIOCODAMH.

3amaua 4.8. HaszoBem 3aMKHYTBIH IyTh B MHOrOOOpasuu M dezopuenmupyouum, ec-
aun umeercs Habop kapt Uq, ..., U, MOKPBIBAIONINX €ro, MpUUYeM KarKIas IepeceKaeTcs
TOJIBKO C JIByM$ COCEJHUMH, & BCE sIKOOMAHBI MEPEX0/a, KPOME OJIHOIO, IOJIOKUTE/IHHDI.
Jlokazarh, 9T0 MHOr0ooOpa3ne HEOPUEHTHPYEMO TOIJ/a W TOJBKO TOTJA, KOTJIA HMEeTCs
JIC30PUEHTHUPYIONIU Iy Th.

Bamaua 4.9. HasoBem sokaavroll opuenmauyuet, BHIOOp opuenTanuu (T. e. 6asuca) B
KazKJI0M KacaTeJIbHOM HIPOCTPAHCTBE. JIoKanbHasdg OPUEHTAIUS AOKAADHO NOCTNOAHHA, €C-
JIM Ut Kaxkioit kaprel U crangapTHbii 6a3uc 0; 3aaeT JIOKAJIbHYI0 OPUEHTAIUIO B IIpe-
Jiesiax KapThl TUO0 BO BCEX TOYKAX COBIAMAIONIYIO C JIAHHOMN, MO0 €if MPOTHBOMOJIOKHY 0.
Jlokazarh, 9T0 MHOTO0Opa3Me OPUEHTUPYEMO TOTIA W TOJHKO TOTJIA, KOTJAA WMeeTCsl JIO-
KaJIbHO ITOCTOSTHHAA OPUEHTAIIHSI.

Bagauga 4.10. Jlokazarh, uro MHOroobpasuga S', S? , S® |, T? opueHTUPYeMBbI.
3amaga 4.11. Jlokazarh, 4T0 KOMILIEKCHO-aHAJUTHIECCKOE MHOT00Opa3ne OPUEeHTUpYye-
MO.

Bamaua 4.12. Jlokazarhb, uTo jgenta Mebnuyca 1 TpoeKTHBHAA MI0cKocTh RP? — meopn-
eHTHPYEeMbIe MHOIOOOPA3HS.
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Teopema 4.13 Kpati OM opuenmupyemozo muozoobpasus M ssssemes opuenmupye-
MBLM MHO2000DA3UEM.

JlokazaTeabCTBO. {[yCTb arnac {U,, (zL,...,2")} na M (2 > 0) aBjsercs opueHTu-
oz,

pytomm, det > 0. Ha OM Bosbmem aritac W, = U, N OM ¢ 10KaabHBIMA

WS

ij=1
Lo o2 Tlokazkem, 9TO OH SBIAETCS OPHEHTHDPYIONIAM, T. €. JJIs

n—1

oz
KOODIMHATAMH (T
oz,
P

moboit P € W, N Wg Boinonnderca det "
B

> 0. Ilockonpky na W, N Wz umeem
ij=1

dar :
aj:? =0,72=1,...,n — 1, TaK KaK OpH BHIYUCJIECHUH ITUX YACTHBIX
8

MPOU3BOIHBIX (PUKCUPYETCsl B TOM 4uCJIe U n-s KoopAauHara. Takum obpaszom, B Touke P

n

Lo

Y
= a3 =0, T0

L . (=1
0 < det 83:? = det 390? : gxg. 2)
xﬁ i,7=1 axﬁ i,j=1 ng
B touke P

Ory o Ta(@h(P),. . af(P) + h) = ai(wh(P), .. wj(P)
dxy h—+0 h

o Eb(P)a(P) )

a h—40 h

HOCKOJIbe AO0IIPEAC/JIbHOC BbIpazK€HUE II0JIO2KUTEJIbHO, TO 1IpeJe/l HeoTpuuaTe/JeH, a 110~

. . Oxl
CKOJIbKY, B cuiy (2), OH HEHYJIEBOIl, TO OH TOJOKHUTEJIEH: e . > 0. Torpa u3 (2) mouy-

S n—1
Oz
oz

B ij=1

IIpumep 4.14. OGpaTHOe HeBepHO: JeHTa Mebnyca HeopmeHTHpyeMa, a ee Kpail S*

OPUEHTHUPYEM.

qaeM, 9To det > 0. U

5 PwumaHoBa MeTpuka

Ompenenenune 5.1.  Pumanosoti mempuxot Ha MHOrooOpa3uu M Ha3bIBAeTCs COOTBET-
CTBHE ¢, KOTOPOE KazKI0ii JIOKAIbHOM cucTeme Koopauuar (z), ... ™) B U, comocrapiser
Habop rnankux gymrkmmit g : U — R, mpuaem

1. B kaxoit Touke x € U marpuma ||g;;|| — cumMerprdeckast (HEBBIPOXKIEHHAS) IO-
JIOZKHTEJILHO OIIPE/Ie/ICHHASI;

2. BBINOJIHAETCH TEH30PHBIN 3aKoH: (DYHKIUU g,fl, OTBEYAIONINe CACTEME KOOPJAHHAT

(x}g,...,xgl), VJOBJIETBOPAIOT B KaxKJAOW TOYKE M3 MEpecedeHusd KOOPIAWHATHBIX
OKPECTHOCTEHR
3 . Ozl 0z
9 = 955 5% 31
Oxj Ozy

(MO MOBTOPSIFOIIAMCS HHIEKCAM — CYMMEHDOBAHHE).

[Mapa (M, g) HA3BIBAETCS PUMAHOBbIM MHO200OPASUEM.
3amaua 5.2. IlepBoe ycjioBue 10CTATOYHO TPOBEPUTD LI KaxK10it Touku P € M Toyib-
KO B OJHOU KapTe.
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Onpepenenne 5.3. [Ipu pabore ¢ TeHzopamu HaM yA00HO BBECTH CJIEYIONINE COTJIa-
menus 06 o6o3naveHusix. Mbl Oyiem 0603HAYATH JOKaTbHBIE cucTeMbl Koopauaat (U, ¢),
! /
(U, ¢"), (U",¢") u . 1., a coorBeTcTBYOMEE Koopaunarel — (z!, ... x™), (z', ... 2™ 2,
11 1" ! ;
(7, ..., 2™) u . 1. Takum 06pa3soM, MOXKHO CKa3aTh, YTO T’ 3TO Ha caMoM jeje T’
Kpome Toro, no mmjiekcam, MOBTOPSIONINMCH BBEPXY W BHH3Y, OyJeT TO/pa3yMeBaThCs
cymmupoBaHne. B 3Tux 0603HaUYeHHSIX TEH30pHbIE 3aKOHBI IIPe0Opa30BaHUS /IS KOOP/IN-
HAT BEKTOPA M PUMAHOBOH METPHUKH HPUMYT B

ox’ 02" 0d/
R L L P

JIlemma 5.4 Pumarosa mempuka 3a0aem CKAAAPHOE NPOUSEEIEHUE KACAMENDHBL GEKIM0-
pos &, € TpM no dopmyase

/

fi/ — 51

(€)= g(E7) = gy

HokazarenbcTso. Bee ficHo, KpoMe HHBapHAHTHOCTH: gy = g€ 1", KoTOpas mpo-
BEpSIETCST HEITOCPEICTBEHHO MO OIpeIeIeHHI0 PHIMAHOBO! METPHKH U TIEPBOMY OIpeese-
HUIO KacaTeJbHOTO BekTopa. [

3amaua 5.5. Ilposectu 3Ty BBIKIAIKY.

Onpepenenune 5.6. Buaunetinotli gopmold HaA30BeM PUMAHOBY METPHKY 0€3 yCJIOBHS
1).

Samadga 5.7. [IpoBepuTh 5KBHBAJIEHTHOCTD Opeae/IeHnil OnInHeiHo# (bopMbBI HAJT TOU-
KO Yepe3 TeH30PHBIN 3aKOH U KaK (POPMBI HA KACATEeJILHOM IIPOCTPAHCTRE.
Onpenenenune 5.8. Ilycte f: N — M — rnagkoe otobpakeHue, g — OWJIMHEHHAS
dbopma Ha (kKacarenpHbIX BekTOpax K) M. Oupemenum 3uadenue ee obpamrozo 0bpasa
f*g Ha BekTOpax 5, 17 € TpN hopmyJtoii

(f*9)(E.7) = g((dfp)E, (dfp))-

B koopjamHaTtax MOXKHO ONpeJeuTh O0paTHbll o0pa3 cieayionum mnyrtem. llycThb

(x!,. ) — KoopAuHaTH B oKpectHoctd P, (y',...,y™) — B okpectnoctu f(P), a
(f? (:L‘l R fm(xl, ..., ™)) — COOTBETCTBYIOINAA KOOPANHATHAA 3amuch f. Torma
(B KOOp,ZLI/IHaTaX (x 1 L T)
] aft af
(f*9)ij = g Ot Ol

3amaua 5.9. IlpoBepurhb COrIACOBAHHOCTH ITUX JBYX OINPEJICJICHUI.

Bamada 5.10. Jlokazark, uro ecam i : N — M — morpyKenue (B 9aCTHOCTH, BJIOZKe-
HUe), a ¢ — puMaHoBa Merpuka Ha M, 10 1*g — pumanoBa Merpuka Ha N. [Touemy 310
He TaK JJIs IPOM3BOJIBLHOIO OTOOparKeHus 7

Onpepenenne 5.11. Ilycrb ¢ : N — M — BrioyeHue nojmMuorooopasus N B pumMaHo-
BO MHOrOOOpasue (M, g). Torna i*g HazpiBaeTCa UHIYUUPOBAHHOT PUMAHOBONH METPUKOM
Ha nojaMuoroobpazun N.

Teopema 5.12 Ha escakom xomnaxmmom muozoobpasuy, M cyuiecmeyem pumaHosa
MEMPUKA.

HokazarenbcTso. [Iycrs F': M — R” — sioxenne us reopembl Yuruu. Torga F*gRe
— puManoBa Merpuka na M. [J

Bamada 5.13. JlokazaTh 3Ty Teopemy ¢ MOMOIIBIO pa3OueHns equHUIbl (6€3 TeopeMbl
Yurun).
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6 Ten3ophl: IepBbIe oNpeaesieHus 1 CBOMCTBA

Onpepnenenne 6.1.  Tensoprvm noaem tana (p,q) panra (BaJeHTHOCTH) P + ¢ HA MHO-
roobpasuu M pasMEpHOCTH 7 HA3BIBACTCH COOTBETCTBHE, COLOCTABIISIONIEe KAazKIOH CH-
creme koopammar (v) = (z',...,2") cucremy nP* raagxnx dymnkmmit 7))/, Hasbmaembx
KOMNOHEHMaMy, TTPHYeM [Tt JI00bIX cucreM Koopauuat (x) u (2') (¢ obmieit obracTbio)
COOTBETCTBYIONIE KOMIOHEHTBI CBS3AHBI TEH30PHBIM 3aKOHOM

il i, 0T Oz Oz Qas

T P =T7"1" — — . —.
Bedq  TIeedaggin T Oyt it T 9l

Bamaua 6.2. Tlokasarb, 9To Ten3op tuna (1, 1), MHBAPUAHTHBIH OTHOCUTEIBHO OPTOTO-
HAJIBHBIX 3aMeH KOODJIMHAT, MPOIOPIUOHATIEH TEH30DY 6;

3amaua 6.3. [lokasarb, 4T0 TEH30P TPETHEN BAJEHTHOCTH, MHBAPUAHTHBIH OTHOCUTE, b
HO IIPOU3BOJIbHBIX 3aM€H KOOPAWHAT, paBEH HYJIIO.

3amaua 6.4. Haiitu oOmuit Buji TeH30pa 4eTBepPTOil BAJCHTHOCTH, HHBAPUAHTHOTO OT-
HOCHUTE/IHLHO IPOU3BOJILHON 3aMEHbI KOOPIMHAT.

3amaua 6.5. Bripas3uTh cjen MaTpuibl B BHIE Pe3y/bTaTa TeH30PHBIX OIIePAINii.
3amaua 6.6. BbipasuTh jieTepMUHAHT MATPUIBI B BUJIE Pe3yJibTaTa TeH30PHbIX Ollepa-
Ui,

Bagaua 6.7. Jlokaszarb, uro Besuuunbl CF C’;C’f , C}CﬁCf, BBIPAKAIOTCS depe3 KO-
dburmentsr Mmuorowiena det (C'— \E) .

3amaua 6.8. Haiitu Tun TeH30pa, KOMIIOHEHTH KOTOPOTO CYTh KOI(MDMHUITUEHTHI

1. BeKTOpPHOIro Ipou3BeJeHNUSI,
2. CMeNTaHHOTO TPON3BEIeHNS

BekTopoB B R?. TloKa3aTh, 4TO 9TH TEH30DPHI MOIYUAIOTCSA APYT U3 IPYTa MyTeM HOIbIMa-
HUsI WJIM OIYCKAHUS MHAEKCOB (OIpe/ieieHIe — HUZKe).
Bamaga 6.9. Ilycre X mmeer Banentaocts (1,0), W — (0,1). Haiitu panr omeparopa
X@W.
Onpepnenenne 6.10. Tensopuoe mose Tuna (0, 1) HA3BIBAETCS KOBEKMOPHbIM.
Onpenenenune 6.11. Tensopnoe moJie df siBiasgeTcss KOBEKTOPHBIM.

B uacrnoctu, (JloKaabHO 3ajaHnoe Tenzophoe nojsie) dr' = grad ' gBjisercs KoBeK-
TOPHBIM.
3amaua 6.12. B TouYKe KOBEKTOPHI ABIAIOTCA (DYHKIIMOHAJIAMUA HA BEKTOPAX.
Bagaua 6.13. Basucet {55} B TpM u {dz’} B TjM nBoiicrBeHHbL.
Ounpenenenne 6.14. Ilycrs gamsl gBa Ten30pHbIX m0s THNA (p, q): T u .S. Onpegennm
ter3oproe noJie 1T+ S, HaspiBaemoe cymmots 1T u S, nojaras

(T + 8055 = Ty + S5y
JIemma 6.15 9mo deticmsumenvro menszop muna (p,q).

HokazareascTBo. Hajo npoBepuTh TEH30PHbBIH 3aKOH. U

Saga4da 6.16. IlpojenaiiTe BBIKIaJIKY.

Omnpenenenue 6.17. Ecm T )" — rensopuoe nose na M, a f € C®(M), To, ouesui-
HO, TEH30PHbBIM 110JIeM ABJseTcsa npouseedenue dbynkiun Ha Tensop f -1 : (xl, ... x") ~

. 11...1p
f T?l]q :

20



Pacemorpum  C°°(M)-nuHeliHOe 110 KaKAOMY — apryMeHTy — OToOpazKeHwe
L(vy,...,vu5a", ... aP) 3aBucdamee OT ¢ BEKTOPHBIX U P KOBEKTODHBIX IMOJIeH, u
npunuMaioriee 3uadenus B C(M) (nuueitnas crpykrypa nag C°°(M) y BEKTOPHBIX H
KOBEKTOPHBIX TIOJIEii — B CMBICJIE IPEIBIIYIINX JABYX OIPEIeeHHI).

Paccmorpum cooTBeTcTBHSE

ol pY . lidp g1 j 1 P
Tw— Ly, Ly(vy,...,v5a,...,d°) = Ty ot oy ag

IIpW BBIYHUCJIEHUHW B TOUYKe, MPUHAJIeXKallell KoopimHaTHOW okpecTHOCTH U, 1

0 ) i“ i
,]q :L<8x]1’78x]q7 dl’ ,...,d:E )

LHTL, TL : (513'1,..., ) (TL)

Tyt cienyer 3aMeTUTD, 9TO (POPMATBLHO HEJIb34 MOJACTABIATE, HAIIPUMED, TEH30PHOE MOoJIe

%, MOCKOJTBKY OHO 3aJIaHO TOJIBKO Ha U, a He Ha M. Oanako MBI MOXKEM BBIYUCIUTH
d

snadenue B P € U, ecnu OyneM MOACTaBIATL HE a 7, & hg 5, re h — BeCKOHEYHO TIajKas

dyukiusg, pasnasg 1 B okpecrnoctu P u 0 Bue U, Tak 4rto ha > 3aJaHHO yKe Ha BCeM

M (w aHAJIOTHYHO [Tl APYTHX ApTyMeHTOB). JIerko BuaeTh, 4TO 3HAYEHNEe He 3aBHCHT OT

BeIOOpA h.

S3agadua 6.18.
1. Ly moauiauHeeH W He 3aBUCUT OT BBIOOpA CHCTEMBI KOOPIHHAT.
2. T, neficTBUTENIBHO YJOBIETBODPSIET (P, ¢)-TeH30PHOMY 3aKOHY.
3. DTH oToOparkeHusl B3aUMHO OOPATHHI.

Omnpenenenne 6.19. Iloae S tuna (p, ¢) moaydeno us nojs 1 tuna (p, ) nepecmanos-

K3 ...’Lb...ip .

o 11 ...
Kol 6eprnus (HHKHIX — aHAJOTHYHO) UHJeKco6 ¢ HOMEpaMU a U b, ec/u Sji...jz =

i1 i
J1---dq
Jloka3aTeIbeTBO TOTO, UTO MOy YeHO TEH30PHOE TI0JIe, OYEBUTHO, ECTU MBI PACCMOTPIM

COOTBETCTBYIOIIUE MOTUIUHEHHBIE OTOOPAYKEHUSI.
3amaua 6.20. Iloka3arb Ha npuMepe, 4TO MEPECTAHOBKA BEPXHEI'O U HUYKHEIO WHJICKCA
He SIBJISIeTCs TeH30pHOI onepaitneii. Pacemorpers caydaii Tensopa tuna (1, 1) (auHeitHOr0
oreparopa). IloJyduTh B 4aCTHOCTH, YTO TOHSITHE CUMMETPHIHOCTH OLEpATOpa C} = C’Z-j
3aBUCHUT OT CUCTEMBI KOODUHAT.
Ounpenenenne 6.21. Csgepmxoti mensopa T tuma (p,q) 0O BepXHEMY WHIEKCY ¢ HO-

MepOM an HI/I}KHeMy I/IH,ZLeKcy C HOMepOM b Ha3bIBaAECTCA TeH30p S TUIIQ (p — 1, q — 1),
74p 1, 11...5q—1%%q .- 74p 1
~Jg—1 " ZT -Jb—1%Jb---Jg—1"

D10 AEHCTBUTETHHO TeH30pHOE Tosie Tuna (p — 1, ¢ — 1), TOCKOIbKY

onpeaeadaeMbli

Ls(vi,...,v41;a",...,a"" ") =

xl

0 .
_E a1 b—1 i b p—1
= LT(Ulu---yrUabe;Ua?'--7Uq717a7"-7a ,dx,a,...,a ),
i

ox? % B
oxt Oxt'

TaK 49TO IIpaBasd YaCTb HE€ 3aBUCUT OT BI)I60pa CHCTEMbI KOOpJAHUHAT.
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Ipumep 6.22. Cseprka C! Tensopa Tuna (1,1) — cex JuHeiinoro oneparopa.

Omnpeaenenne 6.23.  Tensoprom npoussedenuem T'®S nByX TeH30pHbIX moJieil T' Tuma

(p,q) u S Tuna (r,t) HA3BIBaeTCS TeH30pHOE NoJIe TULA (p+7, ¢+1), 3aKaBaeMoe hopPMYJIOii
(T ® S)i'la---viprr - T?lywﬂ:p . Slip+17---7ip+r

J1seesdg+t J1yedg Ja+1s-odg+t”

CootBercrByioriee Ly gg €CTh MPOCTO MPOU3BEAEHNE TOMTNINHEHHBIX 0TOOpAKEH NI, & CJie-
JIOBATEJIbHO — MOJMJINHEHHOE 0TOOpaXkeHne COOTBETCTBYIONINX apryMeHToB. Takum obpa-
3oM, T'® S AeficTBUTEILHO TEH30PHOE TIOJIE.

amadga 6.24. Jlokasarb, 4TO JOKAJLHO JJIS JIOOOM CHCTEMBI KOOPAMHAT UMEET MECTO
pazIoKeHne

iv.iy O j j
T:le“"’ ®R...0 RXdrr @ ...® dx’.

1-Ja Hoin o Oriv
OHO enIMHCTBEHHO.
Ompenenenne 6.25. Ilycrs b;; — HeBBIpOKAeHHOE TeH3opHOe Tose Tuma (0,2). ITox
HEBBIPOZK IEHHOCTDBIO MOHIMaeTcs yeaosre det | by, || # 0.
3amaua 6.26. IlpoBepuTh HE3aBUCUMOCTH ITOTO YCJAOBUS OT BBIOOPA CHCTEMBI KOOPIH-
HAT.
Bagada 6.27. JloxasaTb, 4TO KOMIOHEHTHI oOpaTHoil MaTpuis! HF, 1. e. yroBaeTBops-
fomieit yeaosuio brby,; = 5{, obpasytor Tersop tuna (2,0).
Ounpenenenne 6.28. Onepanust noduamus undexca y Tenzopa T Tuna (p, ) Ipu TOMO-
mu b ecTh KOMIIO3UIIUS ollepalliii TeH30pHOro IpoussejieHus ¢ b7 u cseprku. Iloayyaem
ter3op S Tuma (p + 1,q — 1) Hanpuwmep, q1s mepBoro mhmexca:

U1dpdl | gpdqirni2eiptl
Sj17--~7jq—1 =b Tijlwqu—l'

AHamormaHO, OMyCKaHNe WHIEKCA!

iip=1 Ly piieipe

Jlsendg+1 ° 7 IV Jos g 41"
Ounpenenenne 6.29. Onpegennm cummempuposanue Terzopuoro nos 1T tuma (0, q)
Kak ]

Sym (T)j17--'7jq - T(j17"'>jq) = a : : 777’0‘(1)7"'7]’0((1)’
© €S,

a AABTNEPHUPOBAHUE

1 g
Alt (T>j17"'7jq = ﬂjl:"qu] = a Z (_1) EJ(l)?"'!jU(q>'
" 0€S,

OudeBm/IHO, 9TO 3TO TeH30pHbBIE omepanuu. [losydenHoe npu cummveTpupoBaruu (co-
OTB., AJLTEPHUPOBAHUH) MOJI€ SBASETCS CUMMEMPULECKUM (COOTB., KOCOCUMMEMPUYE-
CKUM) B TOM CMBICJI€, 9TO HX KOMIIOHEHTbI He MEHIIOTCS DK [IEPECTAHOBKE JIBYX HHJIEKCOB
(COOTB., MEHSIIOT 3HAK HPU MEPECTAHOBKE JIBYX COCEJIHUX HHJEKCOB).

Samadga 6.30. [lokakuTe, 4TO AIbTEPHUPOBAHUE SIBJISIETCSI JUHEHHBIM OTOOparKeHUueM,
OCYTIECTRJILIONUM TPOCKTHPOBAHNE HA KOCOCUMMETPHUUYECKUE TEH30PbLI, & CUMMeTpude-
CKHe JIeXKaT B €To sJpe.

JIemma 6.31 Kococummempuueckoe menzoproe noae Tp, ; wa M, dim M = n (m. e.
NOAE MAKCUMANLHOT BAAEHMHOCTIU) Onpedeademcs moavko 0dnol ceoel (cyuecmeer-
noti) Komnonenmot Tia_,. Ocmanviivie HEHYALBbE KOMNOWEHMbL OMAUYGIOMCA OM Hee
anaxom 1, mounee,

Elzn - To‘(lQ...n) = (_]-)JTIQ...YL‘
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Cyuecmeernasn xomnowenma T 6 dannoti mouke omuocumenvHo 0py20t cucmemov, Koop-
AuHaM NOAYHAEMCA QOMHOHCEHUEM HA ONPEIEAUNEAL MAMPULDL HK0DU 3aMEMHDL.

dokazareancTBo. llepBoe yTBepk)aerune odeBnHO. lamee,

ozt Ox'r oze® g oz’
Ty w =T, i —...— = —1)° — ... — | Tho..n = det || =—|| - T12..n-
... vein BT o ;( ) ol O 12... B 12..
Jlemma JlokasaHa. O
Onpenenenne 6.32. Oupenennm sHewree npoussedenue R =T A P aByX KOCOCHM-
u P, dopmyioii

MEeTPUYEeCKNX TeH30pOB 1;, ;.

1 o
Ril-..ik+q = const - ﬂi1...ik-Pik+1...ik+q] - W Z (_1) To’(il...ik‘Pik-{-l---ik+q)‘

’ 065k+q

C TOYHOCTHIO IO MHOKHUTE/IsI, 9TO KOMIIO3HUIUS TEH30PHOIO HPOU3BEJICHNUS U AJIbTEPHUPO-
BaHUS.

g paborsl ¢ Kococnmmmverpudecknmu Tenzopamu tuma (0, q) HCHOTIB3yeTcss TakiKe
a3bIK auddepennuanbubix opm. Todnee, 1o onpe/ie/IeHHIO BHEITHETO YMHOKEHUS,

dz"" A ... Nda't = Z (-1)%dz" @ ... @ da').

o0€Sy

3amaua 6.33. [Ilposepbre.

3amaua 6.34. Jlokazarb, 4TO BHENTHUE MPOU3BE/IEHNS OA3UCHBIX KOBEKTOPOB 00Opa3y-
10T 6A3KC B MPOCTPAHCTBE KOCOCHMMETPHYECKUX TeH30poB (B Touke). Haiitu pasMepHOCTH
IPOCTPAHCTBA CUMMETPUIECKUX TeH30POB. Vlcciie10BaTh BO3MOKHOCTD Pa3I0KeHHusT TeH-
3opa tuma (0, q) B CyMMy CHMMETPHYECKOTO U KOCOCHMMETPHIECKOTO.

Torpa pazjiozkenue Ter3zopa 110 6a3ucy U3 HPOU3BEEHUI IPUMET BU/L:

T = Til...iqd!EiI ®...@dr" = Z Z Ta(il)...a(iq)dxa(il) ® ... ®drl) =

11<...<iqg 0€ES,

= e > (-1)Ty 4 de™ @ @daC) = YTy, g da’ AL Adat (3)

0ESy 11<...<iq

OTO M Ha3BIBAETCS 3aNUCHIO B BHje auddepeHIuaIbHoi (hopMBbl.

Takum o6pazom, B cuity basucHocTH (3aga4a) pasaoxeHus (3) OJHO3HAYHBI.
3amaua 6.35. [lokaxkwure, 9T0 Ui TOJydeHUS (DOPMYJIbI BHENTHETO YMHOXKEHHS HA
sa3biKe JuddepeHuaabubX (GOPM JT0CTATOTHO HEPEMHOXKUTH BbIPAZKEHU, 8 3aTeM, IIyTeM
MePECTAHOBOK (C YYeTOM 3HAKOB) yIOPSAIOUYUTE MU DepeHInab.

Bapmaua 6.36. (caencreue u3 gemmbl 6.31) Boipaxkenne y/det | g ||dat A ... A da™ se-
JISIETCST TEH30POM OTHOCUTE/IHHO 3aMEH KOOPIMHAT C IMOJIOKUTE/IHLHBIM SIKOOMAHOM. 3/1eCh
gij — PEMaHOBa METDHUKA.

9T0 BbIpakeHue Ha3bIBaeTcsa gopmoti obsema. [1o3:xke MBI OlIpe e UM HHTEIPAJT B CMO-
ZKEM BBIYHUCIATH 00beM PUMaHOBA MHOTI'0O0Opa3us.
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7 KoBapuanTaoe muddepennupoBanue

Bamaga 7.1. Ilokakure, 4T0 00BIYHOE YacTHOE AubhepeHIupOBaHIe KOMIIOHEHT TeH-
30pHOro noJisi B R™ He siBjisieTcst TeH30pHOM onepariuei.

XoTuM OIpeJIeuTh Ha TeH30pHBIX HossaX B R Tensopuyto onepanuio (p, q) ~ (p, q +
1), KOTOpasi COBIATAET B JIEKAPTOBBIX KOOPAWHATAX ¢ YACTHBIM AU depeHInPOBAHIEM.

J11s1 TOr0 HAI0 MPEZKIe BCEro MOMBITATHCS 3AIIUCATh PE3YIbTaT 4acTHOrO mauddepen-
[IPOBAHUS B APYIUX KOOPIAWHATAX.

O6cyanm cHavasa caydait BekToproro moas 1T¢. Tlyets 2! — mekapToBa crmcTeMa Koop-
murat B R, a 2 — HekoTopast KpHBOIHHEHAS CHCTeMa KOOpIuHAT. Toraa 1uis HCKOMO
onepanun V T0JIKHO OBITh

oT" &'L’ Ox?
dad’ (VT) Ozt Oz’

~/ a J i ’
(VT = oz 89&4 8' (ax Tk) _

J Oxi Ox7 0z \ Ox¥
_ 0x" 927 da' OT* 0x™ N ox" Ol T o (0z"\
 Oxi Oxd OxF dxm Oxd Oxi Oxd'~  Oxd \OxF |
’ 8Tk/ K/ axil ani
IO e

(VT); =

= (VT);.

Torna

= 61,5’”

TakuM 00pa3oM,

./ (9TZ / - 3xi’ ani
VT Z‘/ Tk 151 FZ'/ ) = o ” 7.
(V) = g + 7" Ty N N R
Izt koBekTopHOTO No/1st T nozkHO 66iTh (VT);; = 25 a (V1)) = gjj gjjj, (VT);;.
Torna
oxt Ox’ 85Ek/
(V)i = o= ;
oz 0x7' axﬂ 8x
_ 0x' 02/ ox* 9Ty ox™ N ox' 077 T 9 [0z B
T 027 9z Ox' Ox™ 0xd | Oa¥ 0xd ¥ 0ad \ 0t )
. (Slk/ (5m/ aTk/ T 82..1']6,‘ ) axi 31{”
7 Qxm Oxidxt Ozt Oxd
nJjain 2 k! : ;
oTy .y .y 0°x ox' O0x?
VD)yjy = o+ Tplh,, — Th, =_—"—"—. -
(VT)is oI it YU Qnidxt Oxt Ol
Jlemma 7.2 Umeem I_‘f,/j, = —Fiﬁlj,.
JlokazareancTBo. lIpoauddepennupyemM ToxK1eCTBO gg”’l,, . g“";;, = ,i, mo x'™
62 i” 6 ,L'/ a ,[:// 82 7:/ a m// , _,
0= r . x, —+ l’ . m — x = F,Zm/k/ + Fin/k" U

ox™ oxk  Ox?"  OxF  Oxm'Ox" Oz
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Teopema 7.3 Ha M = R" onpedesena menszoprasa onepavyua V, deticmeyroujee na nose
T no dopmyae

J1-- Jq
q
il 0 zg Ayl i i "
(VD) e = 5, m( ) +ZT L — > T, a;,méﬂ Py
s=1
a pynxyuu I npeobpasyromes no npasuay
=1 -/ ! -1/ -/
” oxt oxi" Oxk ox" 9%zt
™ T, +
R 9t 9" 9k IR 9t Qad” Ok

JokazaTenbcTBO. fBHBI BH V yCTaHABJIWBAETCS AHAJOTHYHO BBIKJIAJIKAM IS BEK-
TOPHBIX ¥ KOBEKTOPHBIX MOJIEH.
3amaua 7.4. Ilpogenaiite 3Ty BBIKJIAJIKY.

Haiiem 3axon npeobpasosanus [

/

-/ -/ aTZ
Vk/TZ = <VT>’;€/ = a K -+ TT Fl/k/,
aTiH ok o [ox" oz
V //T TT FZ// " — 3 T’L // T
RS g T e = gk <8x’/ ) o L Lo
oxr oxt" OT" L Ok 92" Lo,
— 5 TZ A Tr FZ// 7
ozk" Ox? OxF + o0zk" Oxk dx? + ogr"F
C zmpyroit cTOpPOHBI,
o 0xM 0zt o 0xF ox roTt L
VkNT == —axk‘” _8 ’L/ Vle = axk,‘" 8xi’ (axk‘/ + T FT‘/k/) .
[TosTromy
! a kl 8 ill -/ ! a k/ 82 /[:N /a rll =1/
& 9 i S 9T 9T i
ozk" Oxi ox*" Oxk Oxr ox"

B cuty npousBosibnoctu nojisg 1 nosrydaem

’ ’ -1/ ’ ’ "
i ox" Ox* 02 oz" 0xF 0%
"k‘// r'k’! axru axk” axi/ - axru axk// az‘k/a.%m/ .

Kak mokazano npu jgoKa3aTe bCTBe JJEMMBI 7.2,

U 1

/ ’ -1/ ’ .1y . X
oz 0%  0*a’ 0?zF o2 0?xt O .

oz Oxk" 9x¥ Oz’ Oz 0x*" Oxk  Ox Oxk” Oxt'
Ompenenenne 7.5. Ha miajkom muoroobpasun M 3aj1aHa onepayus K06apUAHMH020
dugppepenyuposanua (nm addurnas ceasnocmob) V, ecau st KazkKaoH KapThl 3a/aH

Habop raajakux pyHkmii F?k, npeodpasyoNuxcs Mpu 3aMeHe KOOPJAUHAT 1o (opmyJie

o Oz 07 Ox* iy ox’ 0
IR 9xt 92" 9k IR T 9t QI Oxk

Torna neiictue V 3agaercsd

0 .

q
1. z5 1T8s41...0 'Ls i1.. r
<VT) Jq, &Em (TJl + Z T " pF Z T Js 1TJs+1-- jqrjsm’
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3ameuaHue 7.6. Kaxk nmoxkaswiBaloT MpoBeIeHHbIE BBHIKJIAIKN, paccMaTpuBaeMbe “B 00-
paTtnyio cropony”’, V dBjsgeTcs TeH30pHOI omeparueii.

3ameuanwne 7.7. CyliecTBoBaHue CBA3HOCTEH OYIET cJIeJoBAaTh U3 TEOPEMBI CYIIeCTBO-
BaHUd PUMAHOBOI CBSI3HOCTH.

Ompenenenne 7.8. Tenzopom kpyuenus CBE3HOCTH F;k HA3BIBAETCS TEH30D, 3a/1aBae-
MBI B KayKJI0il cucTeMe KOOPJANHAT PABEHCTBOM Q;,C = F}k — 1%,

JIemma 7.9 Q deticmeumenvho asasemes mensdoprvim noaem muna (1,2).

3amadga 7.10. IlpoBepurs.
Onpepenenne 7.11. Csasnocts ' naswsiBaercst cummempuynoti, ecau 2 = 0.

JIemMma 7.12 Cesasnocms YV obaadaem ceoticmaeamis
1. onepauusa V aunetina nad R;
2. onepavus NV men30pHai;

3. KOBAPUGHMHAA NPOU3BOOHAA PYHKUUU (MEH30PA HYAEB020 panea) cosnadaem ¢ 2pa-
duermom: Vi f = %;

4. onepavusd V nHa GERKMOPHHIL U KOGEKTMOPHHLL NOAAT UMEETTL eud

VkT = Dk —I—T]ij,,
oT; ;
Vil = o5 = T3l

5. 048 NPouseosvHuL Mmen3opHur noset T u S swnosnsemes popmysa Jletibrnuya

V(IT®S)=(VT)®S+T(VS).

HoxkazarenbcTBo. CpoiicrBa oveBuanbl, kKpome (5). IIpoBepum ero, HanpuMep Jist BeK-
TOPHBIX TOJEH.

Vi(T'S7) = %(TiSj)+TTSjFik+TiSTFik:
d i\ QJf i 0 j r QT i Qrg
oT"

A A A J A
— (g +TTTR)ST 4+ T (o + PTT,) =

= (ViTHS? +TY(VSY). O

3amaua 7.13. Ilpozgenarb 3Ty BBIKJAAJIKY /I TPOU3BOILHBIX MOJIEH.
3amaua 7.14. Ilposeputhb, 40 V KOMMYTHUPYET CO CBEPTKOIi.

Teopema 7.15 Csoticmea (1 —5) 0dnosnauno sadarom kosapuarmmoe dudpepenyuposa-
. i

nue. Tounee, natidymea eduncmeennvim obpasom dynrkyuu Iy, ydosaemsoparouyue saro-

HY USMEHEHUA U3 ONpedeseHua c8A3HocmuU, a deticmeue V Ha NPpou3eosvHoMm nose bydem

300a6aMbCa GOPMYA0T U3 M020 Hce onpedeseHus.
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JHoxkasaTenbcrBo. O603HaYNM €; = % u e = da’. Torga dynxmun I, nomxmb 0HO-
3HAYHO OIIPEIeAThCA U3 (POPMY.T

Ve = ngej, Vet = —F;kej. (4)

3aMeTnM, YTO MPH BBIBOJE 3aKOHA W3MEHeHWs Fj-k B TeopeMe 7.3 MbI MOJH30BAJIUCH
TOJBKO COOTHOINEHWEM BHJA U3 M. 4, TaK 4YTO JIOCJIOBHOE MOBTOPEHHE 3TON BBIKIAIKU
JIaeT UCKOMBIN 3aKOH U3MEHEHH.

Ocrasocs BoiBecTH opmysty g audhepeHnupoBaHus MPOM3BOJBHBIX HoJeit. Pac-
cMoTpuM caydaii moas tuna (1, 1). Ilyers okaabHO

T:T;ei®ej.

Torna ‘ .
ViTh, = (VT ) = (V(T e @ ¢0))!

mk —

= ((VI))®@e;@e +T)(Ve) @€ +The; @ (Vej))fn;k =

aTrln i 3\! i J !
= o T (LTe) @), — (Tiei @ (Te),, =
oT! , :
= a_ﬁ + T, -1, O

3amaua 7.16. Ilposecru BbIKJIaJKYy B OOIIEM CJIydae.

Onpenenenune 7.17. AddunHasg cuMMeTpUIHAS CBI3HOCTh V HA PEMAHOBOM MHOTO-
obpaznu (M, g) HA3BIBALTCA PUMaH060l (W CO2AGCOBGHHOT ¢ MEMPUKOT WIN CEAZHO-
cmwio Jlesu-Yusuma) ecau Vg = 0.

3agauga 7.18. B sTowm ciaydae V KOMMYTHDYeT ¢ ONepANUSIMU TOIHATHS U OMYCKAHUS
UH/ICKCOB.

Teopema 7.19 Ha pumarosom muozoobpasuu (M, g) cywecmesyem, npusiem edurcmeer-
HaA, PUMAHO8a ceasnocmo. TIpu smom ee koadduyuermot (cumeonrv Kpucmogddpeas) pas-

" 1 (g | Dgy O
Lo < gkr+ gjr gjk>. (5)

ik~ 9 g oxJ oxk ox"

HokazareancTBo. [lokaxkem, uTo cumBoJibl Kpucroddens puMaHoBOil ¢BI3HOCTH 00sI-
3aHbI yA0BIETBOPATH (5). TeM caMbiM Oy/IeT J0Ka3aHa € JUHCTBEHHOCTE. [1o ompeieienuto,

9gij . .
0=Vyigi; = _8m’z = Grilip = Girl'jy-

Onycrus nngexc I';j, = girfgk U NUKJIAYECKHU [epecTaB/isisd UHJIEKChI, 10JIyYUM

0gij
ax’z = L'jit + Lij,
OGi
8?9 = Dy + Dy,
dg;
a—;f = Diji + Ljpi-
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CJ10KUM TIepBBIE JIBa PABEHCTBA U BHIYTEM U3 HUX TpeThe. [[oydanm, ¢ yaeToM CuMMeTpIH
i T
I% = Iy, aT0

891’3’ Ogri  Ogi
Dok + 9pi  Ow Ujir + Tijre + Uikg + Thij — Uiji — Ujra =
= Ujri + Uik + Uik + Urji — Trji — Djra = 2051 = 29317,
1, YMHOZKas Ha 00paTHYIO MaTPHILY K G,

I 1 gir <39kr 3gj7~ . agjk) .

jk:2

OxJ i oxk  Oxr
Jlns oka3zare/ibCTBa CyNMEeCTBOBAHUS AOCTATOYIHO ONPEILTUTh KOIDMUIIMEHTHI CBSI3-
HOCTH € TIoMoTibio hopmyat (5) (mpoBepbTe 3aKOH H3MEHEHHsT !). O
Omnpenenenne 7.20. Cucrema KOOPJIUHAT €6KAUIOBG € MOYKU 3PEHUA MEMPUKY, €CIIT
gi; B Heil MOCTOSHHBI (K CJT€IOBATEIBLHO, 3aMEHOH KOODIMHAT IPHBOJIATCS K 0;;).
CucrtemMa KOOD/IMHAT €8KAUIO8G ¢ MOYKY 3PEHUA CEAZHOCMU, €CTTU B Hell F;k =0.
3amaua 7.21. Jlokasarb 3KBUBAJIEHTHOCTb ITUX TPEOOBAHUN Jijisi PUMAHOBOM CBA3HO-
CTH.

8 IlapaJjtesbHOE IEpeHECEHNE U T'e0/1e3nIeCKne

[TapaJiienbHoe mepeHecenne — CIOCOO CpaBHEHUsI KacaTeJbHbIX BEKTOPOB B Pa3HBIX TOY-
kax. Ha mimockocTn — “mOCTOAHCTBO KOOPAMHAT, T. €. PABEHCTBO HYJIIO UX YaCTHBLIX MPO-
u3BOJHBIX. EcrecTBeHHO B 00IeM cjydae MOTpeOOBATh PABEHCTBO HYJ/IIO KOBAPUAHTHOM
HPOU3BOJIHON. DTO CJIMIIKOM KecTKoe TpeboBanue. [[puxoaurcess ocymecTBIATh MepeHoc,
T. €. TpeOOBaTh KOBAPHAHTHOI'O ITOCTOSHCTBA KOMIIOHEHT 10 “BA0Ib KpuBoii”. [Ipu aTom
pe3y/bTaT, BOOOIIe TOBOPs, 3aBUCUT OT KPUBOI, jarke ecau KOHIBI oOmume. [lepeiizem k
TOYHBIM OIIPpEACJICHUAM.

[Tycts HAa MuHOTOOOpa3um M 3amana addurnas cBasuoctb V. Ilycts toukn P u @)
na M coenmuens rmagkoit kpusoit v : [0,1] — M, y(0) = P, v(1) = Q. Ha kpusoii
BO3HUKAET BEKTOPHOE TI0JIe CKOPOCTeil £ (BCIOMHUM BTOPOE ONpEJeIeHne KACATeTbHOTO
BEKTODA).

Onpenenenne 8.1. Kosapuanmnotl npouszeodnoli mensoprozo noas T muna (p,q)
60oav Kpusol y HasbiBaercs TeHsopHoe mose Vi (1'), ompenesnsemoe Kak CBEPTKA TEH-
30PHOrO MPOU3BEICHUs KACATEILHOIO MOJIsd ¢ KOBAPUAHTHON mpou3BoaHoi 1"
(V4(T))5 = €Ty,
Onpenenenune 8.2. Bekropnoe mnoJie T Ha3BIBACTCA NAPAAACALHM GIOAD Y OMHOCU-
meavro V, ecin V4 (T) = 0.
BanumeM 91U ypaBHEHUSI B JIOKAJbHBIX KOOPAUHATAX (:L’l, ..., x™). Ecim

dz* (t)

’}/(t) = ($1<t)7 s 7$n<t))7 fk = Ta

TO YpPaBHEHUS IPUMYT BUJI,

- dak(t) [OT! ,
k T — T —
&V dt Oxk + rk 0
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dz*(t) OT*

CdxF(t)  dT! - dx(t)
T, o 2 N,
dt Ok T g a Tl g

Onpenenenue 8.3. Ilociienee paBeHCTBO HA3BIBACTCS YPAGHEHUEM NAPAANEALHO20 Ne-
peHecenua 8eKMoOPa 8004b Kpueod.

Bajjaua mapaJIe/IbHOrO MepeHeCeHnsT BHITJISIINT CJIEAYONuM 00pa3oM. 3a1ana rial-
Kasl KpUBagd 7y, CoeIuHsIONas Todkn P u () Ha mHOroobpasuum M co cBa3HOCTBIO V, U
BekTOp v € TpM. Hano naiitn Takoit Bekrop w € ToM, 94T0 nMeeTca KOBaPHAHTHO IIO-
crostnoe BeKTopHoe moJte V (t), mpudem V(0) = v u V(1) = w. [TockonbKy 33121y MOKHO
penraTh nocjie10BaTe/IbHO JJid TOC/JIe10BATE/IbHBIX KYCKOB 7, Ka}K,ZLbIIU/I N3 KOTOPBIX JIC2KHUT
B IIpeJiesiax JefICTBHUS OJHONU CUCTEeMbl KOOPJUHAT, TO MOXKHO CUUTATh, YTO KPUBas JEKUT
B OJIHOIT KOOPJMHATHONW OKPECTHOCTH.

BosaukaeT 3aada perieHust CHCTeMbl OOBIKHOBEHHBIX Iu(dpepeHInaIbHbIX ypaBHe-
HUIl IEPBOTO TOPAIKA OTHOCHTETBHO bynKImit V(1) ¢ mavanbapiv snadennem Vi (0) = v’
pPa3peleHHoil OTHOCUTEbHO HPOU3BOAHBIX. Kak M3BecTHO, perieHne Takoil CUCTEMbl Cy-
MECTBYET, eUHCTBEHHO U MPOAozKaeTcs 10 (Q, 7. e. t = 1.

Coorsercrsenno, Bektop w = V(1) € ToM naswiBaercss napasiesvnom v € TpM
6doav 7.

JIemma 8.4 Illyemv (M, g) — pumanoso mmozoobpasue. Cummempuyeckas agdurnan
ceasznocmo V na M asasemcs pumanosol mozda u moavko moeda, Koz2da coomeems-
CMBYIOULEE NAPAINENDHOE NEPEHECEHUE COTPAHAEM CKAAAPHOE NPOU3BEIEHUE BEKMOPOS 1O
OMHOUWEHUIO K (.

HokazareabcrBo. [lycts V — pumManoBa, (., ., ) — CKaJgpHOe IPOU3BeIeHNe, TIOPOXKIeH-
Hoe g, V(t) u W(t) — BEKTOpPHBIE TOJIsA, YIOBJIETBOPSIONINE YPABHEHUIO HAPAIETLHOTO
nepenecenns B1o.1b 7y : [0,1] — M. Hano nokasats, uro L (V (t),W(t)) = 0. C yuerom
zayaan 7.14, obo3naqgas depe3 S CBEPTKY, UMEEM

SV, W) = == V(). W() = €"Vx (957 W) =

= ¢FVL(SS(g@ V@ W) = F(SSVL(ge V @ W) =
=SS(E"Vwg R VAW + gV, VW + gV eV, W) =0.

O6paTHo, €CJIi 3TO COOTHOIIEHHE BBIIIOIHEHO JI/Is MapaJIeIbHBIX 1016l BI0JIb KPUBOIi,
TO JJIsT TPOU3BOJIBHBIX BeKTOPOB &, V' u W BBINOTHSIETCST

SS(E"Vieg @V @ W) = EViWiV,g,; = 0,

oTkyna (6epst Gasucusle BekTopa) Vigi; = 0. O
3ameuanmue 8.5. [lapauiesibHoe mepeHeceHre MOXKHO OIPEAEIUTh JIjId KYCOYHO—
[JIAJKAX KPUBBIX KAaK KOMIIO3UIINIO [T€PEHECeHUIT TI0 TVIAKUM (pparMeHTaM.
Onpenenenne 8.6. Kpusag v na muoroodopasuu M c adpdunnoii cBaznoctoio V Ha-
BBIBACTCS 2€00e3Uuneckoti, eCii BEKTOPHOE TI0JIe ee CKOPOCTel MapaJliebHO BIOJb ITOM
kpusoit: V() = 0.

B siokanbubix Koopaunarax (zl, ..., z") noaydaem ypaBHeHus

E(V;&’):O, izl,...,n,
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re & = ddit. Orciona

dz* (0 ,
7 e er) =
d?x’ - da" dx*

S i i=1,....n.

dt2 + rk dt dt 07 ? ) , 1 (6)

Jlemma 8.7 Ilyemv P € M, v € TpM. Tozda cyujecmsyem u npumom eduHcmeeHHaA
eeodesunecran y(t), ydosaemsoparowaa ycarosuam ¥(0) = P u 4(0) = v. Ipu smom
pewenue 24a0K0 3a46UCUM 0M HANANDHHL OGHHIT.

JokazareancTBo. [Tocse 3anucu B JIOKaJbHBIX KOOPIMHATAX B OKPECTHOCTH TOYKH P 3a-
Jlavda HaXOXKJAEHUS reode3ndecKoil CBOANUTCS K PEIeHUI0 CUCTeMbl 1 OOBIKHOBEHHBIX Tud-
depeHInaTbHbIX YPABHEHUI BTOPOrO MOPSIKa € HAYAJbHBIMH YCJIOBHIMH Ha 3HAYCHHS
peIleHus 1 Ha 3HAYEHHUs ero Npou3BoaHOM B 0, pa3pelieHHast OTHOCUTEILHO CTAPIIUX MPO-
U3BOAHBIX. Kak M3BEeCTHO, TaKoe peleHne JOKaJIbHO CYIIEeCTBYET, INHCTBEHHO U TJIAIKO
3aBHCHUT OT HAYAJIbHBIX JaHHDbIX. |:|

Sanaua 8.8. FEcim aBe reojie3mveckne COMPUKACAIOTCS B HEKOTOPOil TOYKe, TO OHU COB-
aIAI0T.

Sagaga 8.9. Ilpu mapajieIbHOM HepeHECeHHH BEKTOPA BIOJIb Te0Ie3UIeCKOil puMaHO-
BOIl CBSI3BHOCTH YTOJI MEXKIy HUM M KaCATeJIbHBIM BEKTOPOM OCTAETCS MOCTOSTHHBIM.

JIemma 8.10 (reomerpuueckuii cmbica cuMBoiioB Kpucrobdens) Jas basuchus eek-
. R 8 & J— s
moprur noaet e; = 5~ dannoli cucmemvl Koopdunam evinoaneno Ve (e;) = e, (pas-
A0dHCERUE 8EKMOPa No 6a3ucy). Mnvmu cao6amu, npu OECKOHEUHO MANOM NAPAALEALHOM
NEPEHECEHUL PENEPA €4 NO T—MY HANPABAEHUIO 00PA3BL PA3AOACAMCA N0 UCTOOHOMY PENEPY

¢ Koappuyuenmamu I'g;.

HdokazareabcTBo. 1o onpejenennro

(Ve = (e (Vule) =5 (2 +Thier)) =

s a(5k> k sr s k sr k

3amaua 8.11. Omnwucarb olepaluio MapaLiebHOr0 MepeHeceHns B pUMAHOBON CBA3HO-
CTH HA MOBEPXHOCTH B T€OMETPUUYECKHUX TePMUHAX (IPOEKTHPOBAHMUE).

Teopema 8.12 Ilycmv (M, g) — pumanoso mnozoobpasue. rs wascdott mouru Py € M
Hatidymesa maxue oxkpecmuocms U u wucao € > 0, wmo a0bvie dse mouxu oxpecmuocmu
U coedunaem eduncmeennan 2eodeauveckan oaunsv, menvuie €. Ipu amom 2eodesuneckasn
2AG0K0 3G6UCUT O, CEOUTL KOHUO0G.

SaMevaHUe: eIMHCTBEHHAS ¢ TOYHOCTHIO IO pelrapaMeTpU3aluu, T.e. YMHOKEHUs Ha-
TYPATBLHOTO MapaMeTpa Ha KOHCTAHTY.
HoxkazareabcTBo. [lo semme 8.7 MOKHO Jiist HEKOTOPO#i okpectHocTr V' Touku (Fy, 0)
B MHOr00Opa3uu JIMHEHHBIX 3j1eMeHToB T'M | umeromeit Bu

V={(Pv)eTM|PecU,|v| <ce}
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JUist HeKOTopoit okpecTHocTH U Toukn Py, ONpeesnTh r1aKoe 0TodparkeHne
E:V - MxM, (P,v) — (P, expp(v)),

e eXpp CTABAT B COOTBETCTBHE BEKTOPY v 3HadeHue y(1) eMHCTBEHHOI reo1e3ndecKoi,

BBIXO/IAINEel u3 P 1o HanpasJieHuio v. B cuty JIOKaJIbHOCTH, 10 1 MpOI0J/IZKAIOTCA Ieo/ie-

sudeckue (perenns: cucreMbl guddepeHIualbHbIX YPABHEHHU ) ¢ MaJIOH JJTHHON 0.
Berancnnm  skobuan  E B (FPy,0). s sroro wHapamy ¢ KOOpIAHHATAMHU

(', ... 2™t o 0") B okpectnoctu (Py,0) B TM, rae v = o ai“ PACCMOTPUM
koopyuHarel (z1,..., 2w ... 28) B U XU C M x M. JTjis Kacare bHOro 0ToOpakeHus
dE umeeM: 9ai g p
le i le Yo
oo "% gm0 dmewmp(v-t)= T8 =v

0
B CMBICJIE BTOPOT'O OTIPE/IeJIeHIsI KACaTeIbHOTO BeKTopa. TakuMm obpa3zomM, MmaTpuiia Jkodun

é ; rje [ — eTMHUYIHAST MATPUIA, & SKOOHAH B YKA3aHHBIX KOODJAMHATAX
pasen 1. Takum obpazom, 1o TeopeMe o HesgBHO# dyuknun, K nuddeomopdHo oToOpazka-
er HekoTOpyIo okpectrocTh V' toukn (P, 0) € T'M na okpecrnocrs W' touku (Fy, Fp)
B M x M. Tlepexogs K MEHBIIUM OKPECTHOCTSM, MoxkeM cuutarh, uro W' = U’ x U,
npudeM U’ cofep:KUTCss BHYTPH Tapa JUaMeTpa € OTHOCUTEIBHO ¢, T. €. HUYKHSIS I'PaHb
JUTVH KPUBBIX, COEJUHSAIONINX MEHTD mapa Py ¢ Jroboi ero Toukoii, Mensbie €/2. Torpa U’
— HCKOMasg OKPECTHOCTH Touku Fy. eiictBuTenbuo, nycth P u () — JBe IPOU3BOJIHHDBIE
roukn U'. PaccMOTpUM reoe3nuecKyio 7y, BBIXOAANLY IO U3 TOUKH P’ 110 HAIPDABJICHUIO BEK-
Topa v, rae (P',v) = E7Y(P,Q). Toraa, no oupenenennto E, umeem P’ = P u (1) = Q.
Takum obpazom, Toukun P u () coeamuensl reofe3mwdeckoii v. Oupeaesennast TakuM 00-
pa3oM Teosie3nvecKas, MO YKa3aHHOW TeopeMe, TJIaJIKO 3aBUCUT OT CBOWX KOHIOB P u ().
Onpenenum ee qnuHy. B cury moka3aHHO# BBITIE JeMMBI, JJTUHA KAcaTeJIbHOIO BEKTOpPA
K e0/Ie3MIECKOl MOCTOSHHA, TIO9TOMY HAPAMETD OTJIMYAETC OT HATYPAJbHOIO HA MOCTO-
SIHHBIT MHOXKHTEJIb, B JAaHHOM cjydae paubiil ||v]|. Torma mauna xpusoii v ot 0 g0 1
pasna 1 - [[v]| < e. Ocramocs nmpoBepuTh eguHCTBeHHOCTD. IlycTh w3 P B () mposenena
reojiesnveckas JJIMHBI MeHbIle €. Tora oHa dBJsgeTcS pelleHneM COOTBETCTBYIONEN 3a-
JIAYW ¢ HAYAJbHBIMH YCJIOBUSIMU U MOTOMY €JIWHCTBEHHA, TaK KaK B 9TOM cJIydae JIJTUHA
KaCcaTeJIHbHOTO BEKTOPA B HaUae MeHbIIe €1, e y(t) = (), 1 OTCYTCTBHE €INHCTBeHHOCTH
nporuBopednio 661 OnekTuBHOCTH F . 0

3amaua 8.13. Ilokazarb, 94TO B KOOpJAMHATAX, 33JaHHBIX OTOOpaYKEHUEM €Xp, BCE F;k
obpataiorcd B Py B HyJIb.

dp, E paBHa

9 Tenzop kpuBu3ubl Pumana

XoTenoch GBI ONMMCATH HA TEH30PHOM SI3BIKE OTJHYUE PE3YJbTATa MaPaJIeJbHOTO MePeHe-
CeHMs CHaJaJja 110 i-My HAIIPABJEHHUIO, a II0TOM II0 j-My OT EpEeHeCeHUs B IPYIOM IIODsiJI-
Ke. KoHEYHO KOHTYD He 3aMKHYT, OITOMY KOHTYD ycTpemisgeM K Hy/0. OKasblBaeTc,
PE3YJIbTAT CBSI3aH ¢ €BKJIMIOBOCTHIO METPUKU (B PHMAHOBOM CJIydae).

Bceony B 9TOM maparpade CBA3HOCTD TPEANONaraeTcs CAMMEeTpUYeckoii. Paccmor-
puM B npejesax jeiicteus cucrembl koopaunar (z!, ... x™) neiicteue ViV, — V,V}, na
BeKTOpHOE Tosie T (Tak 4To pesyabrar — Tensop tuna (1,2)). [Tomygaem

oT"
ozl

VT = + 1T,
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i 82T1 aTT 7 7" F:“l ) aTs TS s 8T1 TG
VT = 92k 9l axkF’+T 8xk+r5’“<8l+T )— % (8 +TF)

(ViVi— ViV) T" =
e (ar:;l - ar;;k) orr ., orr.. OT°.. OT*

ook~ aat ) T awr T g e o~ ggr et Tl = TR

T 81—‘;[ arlr i z s

Oboznauasa )
7 8Fzzl ar i z s
@kl = Pk 0xl +F sl ak? (™)

II0JIy4UuM, 49TO

(VeVi—=ViVi) T =T R} .
Jlemma 9.1 Pynryuu R, obpasyrom mensop muna (1,3).

HokazareabcrBo. /s awboro sektopuoro mous 1 dyukmuun (ViV, — V,Vi) T, a
i i
ciaefosatenbuo, u T Ry ;). 00pasyloT TeH30pHOe HOJIe THIA (1,2). Hockombky R, =
S 7
(eq) Rs,kh TO

ko9l 9o’ s ko9l i
R o = () R o = ()" R Ox® Ox' Ox" (en)" Ox® _, 0Ox" Ox' Ox"
/ 7 / 1y . .
vk I o' kil I MOz 9zt Oxi T QxR Ok Ol O
-/ -/ s/
0zt OxF Oxl Ox . 0z° OxF Oz Ox' ; 0zt 9zF Ox O

=5 R — _ = |
@ Qxs’ M gk dxl' Qai Sk Oxd Oxk Ozt Ot GRLypd Gk Ozl Ot

3ameuanme 9.2. DakT, MOJyUYEHHBIN PH J10KA3ATEIBCTBE, MOXKET ObITH COOPMYIUPO-
BaH B 0oJiee 00IEM BHje CJeAyIOmnM oOpa3oM: Ko UImeHTH JIUHEHON! 3aBUCUMOCTH
TEH30pOB 00pPA3YIOT TEH30P.

Onpenenenne 9.3. Tenzop R’ okl HABBIBAETCSA MEH30POM KPUSU3HbL Pumana cummer-
pUYECKOi CBA3HOCTH V.

JIemma 9.4 ITycmo 6 Hexkomopotl mouke (a 3nawum, u 6 ee 0KPecmmocmu) mHo2000pa3us
M mensop xpususmns, Pumana nexomopol cummempuyueckot c6A3HOCMU OMAUYEH OM,
Hyaa. Toeda 6 okpecmuocmu HEAb3A 88ECTIU €68KAUOBHL KOOPOUHAMBL AHHOT CEAZHOCMAL.

HokazareabcTBo. Ec/in ObI TakKue KOOPAUHATHI CYIIECTBOBAIN ObI, TO IO OIIPeeeHUIO
B HUX OOHYJISIHCH OBl cUMBOJIBI Kpucroddens, a 3uauut, u Tenzop Pumana. O
[lepeiinem K MHBAPHAHTHOMY OIpeaeeHuio k.
Ompenenenne 9.5. Kommymamopom BeKTOPHBIX 1ToJ1eit X u Y Ha3bIBaeTCsl BEKTOPHOE
oJie
; oYk ; 0X k
" .
oxt ozt

X, Y]F =X

g cnMMeTprdecKo# CBA3HOCTH

oYk . (0X*
VyY* - Vy Xk = X @xz +Yfrk> % (%xz +XJF’“) =[X, Y], (8)

B YaCTHOCTH, OTIEPAIIUs TE€H30pHA.
Omnpenenenne 9.6. OupenesnM onepamop Kpusu3Hol

R(X, Y)Z = Vva(Z) - VYVX(Z) - V[X,y}(Z)

On comocraB/isieT TpeM BEKTOPHBIM TOjisiM X, Y u Z HEKOTOPOe J4eTBEPTOe BEKTOPHOE
noJjie. BBujy SBHOTO HEpABHOTIPABUS TPETHErO APTYMEHTA 110 OTHOIIEHHIO K MEPBBIM JIBYM,
mot ameM R(X,Y)Z, ane R(X,Y, Z).
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Teopema 9.7 Omobpasicenue R mpuaunetino. Caedosamenvro, ono onpedessem menaop
muna (1,3).

HokazareancTrBo. Eciin T — TpuimnHeiiHOe oTOOpakeHne OT BEKTOPHBIX IOJIeH CO 3Ha-
YeHUSIMH B BEKTOPHBIX IOJSIX, TO OTOOparKeHHe

T(X,Y, Z,w) =w(T(X,Y, 2))

OyaeT 4-TuHefHBIM OT 3 BEeKTOPHBIX U 1 KOBEKTOPHOTO IMOJIsI CO 3HAYCHUSAMHA B (DYHKIAIX.
Takum oOpa3om, BTOpast 9acTh YTBEPXKJACHUS TEOPEMbI CJIeyeT U3 IepPBOii.
TpununeitHocTh B TOUKe oueBuiHa. Heobxoaumo j1oKa3aTh KOMMYTHPOBAHHUE C YMHO-

kenneM Ha riaakne gynkmun. Jokaxkem, uro R(X,Y)(fZ) = f- R(X,Y)Z:
VxVy(f2) =VyVx(f2) = Vixy(f2) =

= VX((VYf>Z) + VX(fVYZ) - VY((VXf)Z) - VY(fVXZ) - V[X,Y](f>Z - fv[X,Y}Z =
= (VxVyf)Z+VyfVxZ +Vx()VyZ+ f(VxVyZ) = (VyVxf)Z —VxfVyZ—
~VyfVxZ — f(VyVxZ) = Vixyv|(f)Z — fVixyZ =
= (VxVyf = Vv Vif = View () Z+ F((Vx Vv Z) = (Vv Vi Z) = View Z) =
=f-R(X,Y)Z,

TaK KakK IepBas CKOOKa OOHYJISAeTCs, MTOCKOIbKY

VxVyf—=VyVxf—-Veo,.vf+ Ve, xf=

)szv']fk )qufk ViV, )(k' . V& )Lfk

[IpoBepum Teneps coornomenne R(fX,Y)Z = f- R(X,Y)Z. 3ameruMm, aro

(V)T = (fX)"VyT = f X"V, T = f-VxT,  Vx=fVx

[fX,Y]=VixY —=Vy(fX)=fVxY — (Vy ) X — fVyX = f-[X,Y] - (Vyf) X.
[Tosrygaem, 91O
R(fX,Y)Z =V ;xVyZ —VyVixZ —Vxy)Z =

= fVxVyZ —-Vy(fVxZ)— VixyiZ +Vivynx4 =
= fVxVyZ = Vy(f)VxZ — f(VyVxZ) = fVixv1Z + (Vyf)VxZ = fR(X,Y)Z.
Ananornano nokaswiBaercs, uro R(X, fY)Z = f- R(X,Y)Z. O

Jlemma 9.8 Onpedeserua sxsusarernmmot.
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JToka3aTeabcTBO. st Ga3HCHBIX MOJeH €; = 2

5.7 MMeeM

R(e;,€,) 2" =V N, 28 =V N Z8 = Vi, e 2 = VNV 25 =NV, 25,

n0cKoNIbKY Ve, 28 = (¢,)"V,, ZF = 6"V, 2% =V, Z*,

l l

VxY* - Vy Xt =X Y],

10 (8) Tak Kak CBA3HOCTH cuMMeTpuvHa. [lo JauHeiiHocTn mosydaeM pesysibrar.

Teopema 9.9 (cummerpun tenzopa Pumana)

1. xocasn cummempus no nossm X u 'Y :

R(X,Y)Z + R(Y,X)Z =0,

UAU
Rj,kl + Rij = 0,

mootcdecmeo Srobu:
R(X,)Y)Z+ R(Y,Z)X + R(Z,X)Y =0,

UAL
i i i _ Q.
R+ Ry + Ry = 0;

dasa mensopa Pumana pumanosoti ceasnocmu
(R(X,Y)Z,W) + (R(X, Y)W, Z) = 0,
U 6 KOOPOUHATNAT
Rijm + Rji =0, Rijr = 9ir B 115
oasa mensopa Pumana pumarosoti ceasnocmu
(R(X,Y)Z,W) = (R(Z,W)X,Y),

UAU 8 KOOPIUHAMAL
Riji = Riaij-

okazarenbcTBo. [IyHKT 1) cirejyer HEMOCpeICTBEHHO U3 ONpe/ieJieHns: TeH3opa Puma-

Ha.

2).

B cuay AmHERHOCTH HOCTATOYHO MPOBEPUTH JJisi (KOMMYTHPYIOIUX) Ga3uCHBIX
nosteii. TTo (9,10) ayst 6asucHbIX nosteit

R(ei, ej)er + R(ej, ex)e; + Rlex, €i)ej = Ve, Ve,ep — Ve, Ve er — Vieejj€ht

+ve]'v6k€i — vekvejei — V[ejﬁk]ei + Vekveiej — VeiVekej — V[ek,ei}e]‘ —
= Ve lej, ex] — Ve lei er] — Ve, [ej, €] = 0.

Bepst koopuHaTy 3TOro BEKTOPHOI'O paBeHCTBA, HoJIydaeM (hOPMYIY B KOOP/IMHATAX.
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3). Jlist npousBosibHOI GunHeiiHOH GopMbl B TOXKIECTBO MOJISAPU3AIIT
B(u+v,u+wv) = Blu,u) + B(u,v) + B(v,u) + B(v,v)

MOKA3BIBAET, 9TO KOCOCHMMETPUIHOCTh PABHOCHJIbHA BHINOJHEHHIO yestoust B(w,w) = 0
JUIs JTI000TO BeKTopa w. BMecTe ¢ HAIMIM CTaHJAPTHBIM PACCYKICHEEM O JTHHeHHOCTH 9TO
CBOAUT 33/1a4y K POBEPKeE 15 J1I000r0 BEKTOPHOIO 101 Z pasencrsa (R(e;, e;)Z, Z) = 0.
C yuerom (9,10), mocTtaTodHO 1OKA3aTh, YTO

(ViV;2Z,72) =(V;V,Z,Z).

[TockosibKy 11 pYHKIUI KOBapHaHTHAaA IPOU3BOIHAS COBIIAIACT C YACTHOM, a CBA3ZHOCTD
pUMaHOBa, TO

82

n
—82 4,2)=2(V;N 2, 7Z)+2N, 4,V ,;Z
axja$i<7>* (V;ViZ, Z) + 2V Z, N ; Z).

BoruuTas n3 mepBoro COOTHOIEHUS BTOPOE U MOJb3Y4ACH €llle pa3 CHMMeTPUIHOCTHIO CKa-
JIAPHOT'O IIPOM3BEIEHUs, MOaydaeM Tpebyemoe cooTHomeHne. UTodbl MOTYUYUTh BhIpazKe-
HUE B KOOPJWHATAX, 3aMUIIEM:

0 = (R(ei, e5)ex, er) + (R(eis ej)er, ex) = grs(R(eis e5)er) (€1)” + grs(R(ei, e5)er)" (er)” =

= gr‘sR;@,ij(ek)m(slS+gTSR;1,ij(el)m(slf: = gT’ZRZ,ij +gT’leT,ij = gerZ,ij "’gkrR;ij = Rukij+ R ij-

4). Ins gokaszareabcTBa ya00HO paccyKaaTh ¢ Kapruakoil Puc. 1. Y okTasapa npabasi
BepXHssd I'paHb 0003HAYEHA Yepe3 ¢, B €€ BEePIINHAX CTOAT KOMIOHEHTHI, HOMePa KOTOPhIX
HAYMHAIOTCS C ¢, & OCTAJIbHBIE TPH MUKJINIECKHU MMePeCTaBIIOTCA. ['padn, TpUMBIKAOIIe
VIJIOM K BepIIHHAM TPAaHU ¢, Y KOTOPBIX BTOPO# UHJEKC — ¢, k U [, 0603HAYAIOTCS ITUMHU
OyKBaMu. DTO JeBast BepXHsisl, HUKHsS 3a/IHsIs U HUXKHSS TepeaHss rpanu. B Beprmnax,
HEHTPAJILHO CUMMETPUYHBIX yKe 0D03HAUYEHHBIM, CTABATCH KOMIIOHEHTBHI ¢ CUMMETPHUY-
HBIMI HOMEpaMu, T. €., HAPAMep, HAIIDOTHB BepXHelt BepITUHbI Ry — HWKHAA g

CyMMma KOMIIOHEHT, CTOANINX B BepIINHAX KaXKJA0! 0003HAUEHHON I'DaHH, PABHA HYJIIO,
KaK cJelyeT U3 yKe JOKAa3aHHBIX MYHKTOB. [JIs TpaHu ¢ 9T0 cpas3y ciaeayeT u3 TOXKIECTBA
fAxobu. [Iposepum 310, HATTPUMED, [JId TPAHH (:

Rigrt + Riqi + Ry = —Rgitg — Rgrii — Ry = 0

omSATh 1Mo TOXKAECTBY fIk00u. Temephb CJIOKUM TOXKJIECTBa JJIsl JIBYX BEPXHUX I'DaHel ¢ u
q ¥ BBIYTEM JJIT HUKHUX k W [:

0 = (Rigkt + Rikig + Riugr) + (Rigit + Riqri + Ryiwi)—

—(Riqii + Rikig + Rikgi) — (Rigk + Rikgi + Rgki) = 2Rigi — 2Rikqi- O

o koHma sToro naparpada Ml Oy1eM 3aHUMATHCS PUMAHOBBIMU CBAZHOCTSIMU.
Omnpenenenne 9.10. Cseprka Rj; = R;il TeH30pa PuMana HazwsiBaeTca mexsopom Pu-
Yy JIAHHON puMaHOBO# cBsizHOCTH. CBEPTKA MIOCJIE MOJAHATHS MHIEKCA Yy Ten3opa Pudaun
R = ¢"R;; nasbiBaercs ckaaapHotl kpueusHot.
3amaua 9.11. Jlokaszarb, uTo Tenzop Puvyum cummerpudeH.

amaua 9.12. lokaszaTh cieayolnee yTBEpKIeHUIE
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Riqkl

Riqu

Rk

Rijgi
Puc. 1: Cummerpun Tensopa Pumana
Teopema 9.13 J[asa pumaro6oti c8A3HOCIU BUINONHEHO MOHCIECTNBO

1 8291 aQqu 829k 829ql
5 : e mp(LIRDD — D00 ).
2 (6xq8xk Oxior!  Or10x!  Oxidzk + gmp (Uil — TG T

,
Riqkl - giqukl -

HoxkazarenbcTBo. Ob603HaUnM 1pn (PUKCUPOBAHHBIX ¢ U [ depes @él BEKTOPHOE TIOJIe,

COBTIAJAIONIEEe B CUCTEME KOOPJIWHAT (xl, oo x) e F;l. B aToii cucreme koopauHaT

9ir Rogy = Gir [a—;ﬂ - 8;’ + Tl — T pl} -

or”
_ ql s _ r T _
= Gir 2Alt(k’l) {8:1:’“ + Fgl pk:| =2 Alt(k’l) Gir Vk(I)ql + (nglr) q)ql =

= 2Alt(k7l) [Vk<gzr(bgl)] .

[Tockousbky

1 rs (agsq + agsl . agql) o 1 (agzq + agil . agql)

girﬁg ox! Ore  Oxs) 2 \ 9zl Ox1  Oxi

a npn duxcupoannbx ¢ u [ none g; @y, — tuma (0,1), To

roo 0 agiq a.gil 8gql 8gmq 8gml agql m| __
GirBiqm = Altge L%k (8xl + oxt  9r' ) \ or + ort  Qxm ik | =

329' 829'1 329 !
= Alt < S T ) —2g,, 0 Tm| =
d) [(0$’“8xl T o ou 8wk8xl) Jmr g = ik
_ L gy Pgu  Pga \ 1 [ Py P Pga \
2 \0zkox!  OxkOx?  OxkOz! 2 \ 0zloxk  Oxloxe  OxlOx?
—Y9mr ;q F?]}; + Gmr 1];(1 ;‘7[17

9TO jaeT TpeOyemblii pe3ysjbTar MOC/ae ydera CUMMETPUYHOCTH CBSI3HOCTH W METPHUKH.

O
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CaencrtBue 9.14 FEcau men3op kpususmnov, He 00pauiGemca 6 Hoab 6 Hekomopot cucme-
Me K0OPIUHAM, O HG MHO2000DA3UY HEADIA BEECTNU SOKAADHO MEMPUYECKY EGKAUIOCDL
KOOPOUHAMbL (MAMPUYA MEMPUYECKO20 MEHZOPE NOCTMOAHHG) UAU AOKAGABHO EEKAUIOEDL
6 emwieae ceasnocmu (cumsoav, Kpucmoddeasn pasnv, wy.am).

3agauga 9.15. Yewmy paBen TeH30p KPUBU3HBI OJHOMEPHOTO MHOrO0Opasus 7

Teopema 9.16 Ha dsymeproti eunepnoseprrnocmu M ckarapHas Kpusudha pasHa yoso-
ennol 2ayccosoli: R =2 K.

HokazarenbcTBo. [[0CKOIBKY paBeHCTBO MPOBEPSIETCS MOTOYEYHO, TO MOXKEM CUUTATh,
YTO B OKPECTHOCTH HUccJeayeMoit Touku P € M MHOroodbpasme 3aJaHO B BUIe rpaduka
23 = f(x',2?) B gekaprosbix koopaunarax, °(P) = 0, kacarenbnas miockoctb TpM =

Ox'z?,
of af

Fl = (1707%% 7@)7

FQ - (0,1

of \? of \? of of
gll:l"’(%); 922:1‘1‘(@)7 9122921:%'@

— KOMIIOHEHTHI PUMAHOBOW MeTpuku B Touke P. I3 Buja KacaTeJibHOM MJI0CKOCTH TIOJIY-

JaeM, 9TO B TOUKe P BBIOJTHEHO % = % = 0. 3Ha9uT, MOCKOJIBKY

a(af 8f) o%f  Of of  0%f

(9L 9 I A P
ork \ Ozt OxJ orkoxt Ozl + oxt Oxkoxs B TOTHE 5

10 52:(g:j)|p = 0. HosTomy u I',.(P) = 0. Ilo dopwmyie u3 Teopemst 9.13 (eamucTBenHAS

CYIIECTBEHHAs) KOMIIOHEHTA (J/Is1 KPATKOCTH [IUIIIEM gg{i = fi)

R12,12 :% < a2912 4 82921 62911 a2922 )

oxlox?2  Oxlox?  O0z20x2  Oxlox?

= %{Q(ﬁfz)lz — ()1 = (f1)*)22} = (fufo + frfiz)2 — (fofar)r — (fifiz)e =
= fuafo + finfoo + frafio + fifize — fiafiz — fafuiz — fiafiz — fifize =

= fufor = frafr2 = Jf‘i; gz

MOCKOJIbKY KO3(DMUIUEHTHI BTOPOH KBaIPAaTUIHON (DOPMbI
le(P) = <FZJ7ﬁ> - <(0707 fij)? <0707 1))> = fij?

a MaTpHIla HepBOfI — €JUHNYHad, TaK 4YTO IPOU3BeJcHUE I'NIaBHbIX KPHUBHU3H COBIIaJaeT

= K,

C olpejejuTesieM Marpulpl Bropoit hopmMbl. 3aMeTuM, 4TO PaBeHCTBO [1919 = K Mbl
YCTAHOBUJIN B CIENHUAJILHON CHUCTeMe KOOPJWHAT, CJeBa — KOMIIOHEHTa TEH30pa, CIIPaBa
— ckajsp. [laee,
R = klR _ klRi _ kKl iTR
=0 =9 Lyy=9 9 Lkl

Paccmorpum cummerpun [

Ri212 = —Ro112 = —Ria01 = Roy 01,

Ri15 = Raoij = Rpm1 = Rpme = 0.
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[TosTromy

R = 922911R12,12 + 912912321,12 + 921921R12,21 + 911922R21,21 =

. R
= Riz1s (922911 _ 212 2y 911922) — 2. Ryp1y - det ||g¥ | = Qdetlﬁj_”.
ij

DTO TeH30pHOe paBeHCTBO. B Hammeil cmenmanbHOfl cucTeMe KoopauHatr g;;(P) = 0;; u
R(P)=2-K(P). U

Caenacrsue 9.17 [ayccosa kpususna 3a8ucum moavko om nepeots Gopmov. noSePTHOCTU
U, CAedoBAMENDHO, HE MEHAETNCA NPU UOMEMPUSAL.

Jlemma 9.18 ITycmw (z1,...,2") — xoopdunamu 6 oxpecmuocmu mouku P € M, 20e
(M,V) — muo2000pasue ¢ CuMMeMPUIECKOl CAZHOCMBIO, He 00A3AMEALHO PUMAHOBOT,
2(P) =0, Vi.llycmv & € TpM — npoussoavrudi cexkmop, a & = £.(i,]) — peayavmam
€20 nepeHecerus no KoOHmypy

)

%

Tozda i i
lim e —¢
e—0 52

k ¢l
= Rz,z'jf .

JdokazareancTBO. Boinuiiem mpupalieHne BI0Jb HEKOTOPOH KPUBOH OT Sg 10 S:

dfk g o da™ k k ¢l
0=—+T —_— de® = -TI dz™

n ¢ TOYHOCTBIO A0 BTOPOI'O IMOPAIKA

ory

é-k(S) ~ gk(so) - Fﬁm(SO)fl(So)Al’m7 Ffm(s) ~ Ffm(80> + or"

(so)Az".
Takum obpazom,

dek ~ {— (rfm(so) + 0812“:1 (so)Aaf“> - (& (s0) — F;T(so)fp(so)Axr)} de™ ~

= [Frtasaeon + (-G e () + Ty ()Tl (s0)(s0) ) 807 o
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[Tepeitgem K 3aMKHYTOMY KOHTYPY, Oepsi Bce 3HAUYEHUS [0 HEMPEPLIBHOCTH B P, y4rem,
9TO MEPBOE CJIATAEMOE JIACT HOJIb, & 3aTeM YUTeM KOHKDEeTHbIH BUJI KOHTYpa (B IIOCKOCTH
JIBYX KOODJIMHAT) M KOODJMHATHOE BhIDAZKeHUe JJis TeH30pa Pumana:

ork ox™ O™
g |- a;;n + Ffmfér 5”-% Ax" (%du1 + %d?ﬂ) = o ¢opmyste I'puna

ork B, O™ d O™
= |~ axpr ‘|‘F§€mF§;r ép//‘;l (w (AI‘ W) —w (A:L’ W)) duldu2:

ork Oz dx™  dz™ O
| a;r + il gp.//m (8u1 ou?  oul 3u2> du’ du” =

8F];m k 1l p 2 (ST SM__ ST M aFI;’L k1l p 2 2 pk  ¢p
= | =5 T Fimlpr | 876700705 =05:0") = 2:Alty; | — =7 + Iyl | &Fe” = €™ Iy, 58"

HanoMHuM cireyiommee onpeaeaenue.
Onpenenenne 9.19. JIsa orobpaxkenus fo, f1 : M — N raagkoro muaoroobpasust M
6e3 Kpasg B MHOT00Opasne N Ha3bIBAIOTCA 2440K0 20MOMONHBLMU, €CJIN CYIIECTBYET TaKOEe
riaajikoe orobpazkenue F MHOrooOpasusi ¢ Kpaem M x [0,1] 8 N, uro

F(P.0) = fo(P), F(P,1)=fi(P), VPeM.

STI/IM onpejgesjieHueM HEe OXBAaTbIBa€TCAd IMOHATHUE TOMOTOIINU JBYX l‘[yTeIU/I7 TaK KaK IIyTb
ABJIETCS OTOOpaKeHneM MHOT000pa3usl ¢ KpaeM — oTpe3ka. UToObl ompejesieHne pa-
Gorasio, Mbl OyjgeM cYduTaTh, 4TO IyTh oToOpazkaer He |a,b|, a (a — £,b + £), Tak 41O
(a —e,b+¢) x [0, 1] aBasgercs mHOroobpasueM. KoHEYHO, IPU ITOM MBI JTOJKHBI TPeGO-
BaTh, YTOOBI JJIsI TOMOTOIUK ABYX IyTei, coeauusiomux P u (),

Fla,t) = fola) = fila) = P, F(b,t)= fo(h) = (D) = Q.  Vie[0,1]

Bagauga 9.20. I[louemy 310 HEOOGXOUMO 7

Eciau oTKazaThest 0T TpeboBaHUs TJIAJIKOCTH, TO MOJYUYHM ONpe/eseHne (HempepbiB-
HOIi) 20M0MONUY HENPEPBIBHBIX 0TOOpaXKeHuil fo U fi HPOU3BOJBHOTO TOMOJIOTHYECKOTO
npoctpancTsa M B npocTpaHcTBO N.
3amaua 9.21. [lokaxure, 4TO U3 HENPEPLIBHONH IOMOTOITHOCTH JBYX IJIAJIKUX OTOOpa-
JKEHUH CJIe/lyeT uX rJiajKas TOMOTOITHOCTD.

Teopema 9.22 Tensop Pumana paser wyao mozda u moavko mozda, K020a pesyivma-
Mol NAPAAAEADHOZO TEPEHECEHUA NO O8YM 20MOMOTHBM NYMAM COBNadaom (Ui, 4mo
Mo JHce camoe, Pe3YALIMAM NEPEHECEHUA NO CINALUBAEMOMY 3AMEHRYMOMY KOHMYDPY CO6-
nadaem ¢ UCTOOHLM BEKMOPOM,).

HokazareancTBo. FEcn pesyabrar nepenecenus 1no CTaruBaeMoMy 3aMKHYTOMY KOHTYPY
COBIAJAET C MCXOAHBLIM BEKTOPOM, TO, B3dB B KAUeCTBE HEro -KOHTYD M3 HpeIbLayliei
JIeMMBI, IIOJIy9aeM IO Heil, 4To TeH30p Pumana paBeH HyJIoO.

O6parho, nycrb Yo, 71 : (—&,14+¢) = M — aBe romorounsie kpusbie, Yo(0) = 71(0) =
Py, 70(1) = 11(1) = Py, romoronust G : (—¢,1 +¢) x [0,1] — M ynomrersopsier 310MYy
ycstoBuio Tipu Jiobom ¢ (canrtaem s mapamerpom Ha (—e,1+¢), a t — na [0, 1]). O6pazyem
BeKTOpHOE ToJie & (s) — KacaresibHoe BA0Jb G($,t) npu dbukcupoanHoM ¢ (B 9acTHOCTH,
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&o(s) m & (s) — KacaresbHbBIE K Yy M 71 ), U BEKTOpHOE ToJie 1)(t) — KacareabHOe BIOJIb

G(s,t) upu dbukcupoannoM s. O6pazyeM s 3aJaHHOrO BekTOpa v € Tp M BEKTOpHOE

noJie vg(t), Tae vs(t) — pesyabraT mepenecenus v BIoab Y (s) = G(s,t) upu dbukcuponan-

HOM ¢ B TOUKY € mapaMeTpoM S. (3aMeTuM, 4To MPH ONpEJeIeHuH TIepeHeceHus B 00meM

cjydae Mbl He TPeOOBAIM PEryJasipHOCTH, & TOJBKO IJIaJKOCTh KpuBoil.) OkasbiBaercs,

noJie vg(t) KOBAPHAHTHO TOCTOSHHO BAOJb (G(S,t) pn (DUKCHPOBAHHOM S.
HeilicTBATEIBHO,

Ve (s) Vi Ve(t) = Vo) Ve Ui (t) = Vig (s)mave(t) = RS vl (4)EF (s)nl ().

ITo ompenenennio v,(t) BTopoe claraeMoe cieBa paBHO HYIO. B CHIy paBeHCTBa HYJIIO
Tensopa PuMana, paBHa Hyaio npasas 4acTh. TpeThe caraeMoe cjeBa PaBHO HYJIIO, TakK
kak, noiaras G(t,s) = (z'(t,s),...,2"(t, s)), umeem

6 m0]f = (s 20 )

027 9 [0aF oxl 9 (0xF\  0*aF  0%aF

~ 0s Oz \ Ot ot Oxi \ ds ) 0s0t Otds
Nrax, note V,, ;)vs(t) KOBapHAHTHO IOCTOSIHHO BJIOJIb KPHUBOi 74(S) M 10 HOCTPOEHMIO
pasHo 0 npu s = 0 (Tak Kak vg(t) = v). Cnegosaressbno, V, ;v,(t) = 0 npu modom s, B

JacTHOCTH, OpHa S = 1.
Taxkum obpazom, nockoabky G(1,t) = Py, o m1(t) =0 u

0 = Vi (1) = S0d () + Thenl (et (t) = Zei(0),

T. €. v] He 3aBUCUT OT {. U

10 /IunddepennupoBanne m mHTerpumpoBanme audde-
peHIaJIbHBIX (bopM

PaccMOTpuM IPOU3BOIBHY IO CHMMETPUIECKY IO CBSI3HOCTH V Ha MHOTo0Gpasuu M (Hanpu-
MeD, PHMAHOBY CBSI3HOCTb HEKOTOPON MeTpUKHN) U BHEITHIOKW Juddeperinuanbayio Gopmy
w panra k, T. e. KococummMeTpudeckoe TenzopHoe nose tuna (0, k). TIpocrparcrBo Taknx
dbopm Gyaem oboznauars wepes AF(M). Torna ompesenen enewnut duddepenyuan wim
epaduenm dw HopMBI w 1O PopMyIe

k+1
dw = :I:( —]: ) AltVw,
U1 B KOOpJHHaTaX
1 e
(dw)j1~~jk+1 = iy Z (1) Vo (1) Wo(ir)..oli) -
’ UGSk+1

rjie 0603HAYEHO 0 (Ji) = Jo(k), & = BHIOUpPAETCA TAK, 4TOOBI B KOOD/MHATAX

1...kE+1
+(—1)7 = ’
(=1)7 = sgn (a(k +1)o(1)... a(k;)) ’
T. e. £ = (—1)¥. Kax creayer u3 ompenenenns, dw — BHemHas dopma panra k + 1.
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Jlemma 10.1 I'paduenm dw me 3asucum om 6v00pG CUMMEMPUYUECKOT CEAZHOCTNU.

HUmenno,
k+1

:§ :( 1)5—1—1&*)]1 Js—1Js+1-- Jk+1

js
—~ oxI

(dw)

Ji-Jk+1
okazareabcTBo. 1lo onpeneleHU0 KOBapHaHTHON MPOU3BOIHOM

(dw)

Jleedke1r

(—1)* Owo(jy)...olin) o
- k! Z (_1) axglﬂkﬂ . qu (1)--0(r-1)ao(jri1).. ‘T(Jk)FU(jr)U(ij) -

_(=DF > (_1>0—3wa<jl>l.--a(jk> B

| o
k! esion O Ur+1)
k
(=1)* o o
! Z Z[ oo Giern) ~ Lolir)oGn) | Wolin).olr-1)ao(ria).oli) =
" IO YeTHBIM oeSk+1 r=1

(B CHILy CHMMETPUYIHOCTH CBSI3HOCTH)

_(=DF > (—1)r Lotin-otn) _

k! OxoUk+1)
UESk+1
am 1. k+1 0
Z Z sgn okt Wr(j1)..7(Gs—1)7(Gsr 1) (rs1) _
k! s st(1)...7(s = D)7(s+ 1)7(k+ 1) Oxs
S=1 7T k
k+1
3%(]'1)..r(jsfl)T(jsH)...T(m)
= Y- o =
s=1 T€SE
(B CHJIy KOCOCHMMETPHUYHOCTH W)
k41 O
' Z Z T(_l)T ]1~~~].>a—;;:+1~-]k+1 _
" s=1T€S,
k+1
| _1)\s+1 J1--Js—1]s+1--Jk+1
=K ;( 1) S . O

3ameuanme 10.2. I'pamuent auddepennuabHol (hopMb B KOOpAUHATAX MOYKHO IIO-
JIVIATH “HemocpeacTBeHHBIM auddpepennupopanuem’. VIMeHHO, €CJId MBI 3aMETHM, UTO
obprunbIit udpepeniral GyHKIMKU COBIAJAET C BHEITHUM, U, CJIEI0BATEJIHHO €10 MOXK-
HO 0obo3HauaTh 4epe3 df, He omacasich myTaHuibl (310 1-hopma, koropast Beerma (Ko-

CO)CHMMETPUYHA), TO JIJIs
E Wiy i dr™ AL A dx't

11 <...<tp
onpegeanm

D dwna) A AL Ade = YT YT ""“ OWisecin) oo g p . p daie,

11 <...<i 11<...<t 10

Toraa sTo onpeesieHne COBIAAET C TAHHBIM BHIIIIE.
3amaua 10.3. Ilposeputhb.
Samaua 10.4. /loka3aTb CJIEIYIOMYIO TEOPEMY:
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Teopema 10.5 Ilycmv w1y u wey — duddepenyuarvrvie dopmur cmenened p u q coom-
sememesenno. Tozda

d(wa) Awe) = dway A wee) + (=1)Pwa) A dw).

JokazaTrenbcTBO. J0CTaTOYHO MPOBEPUTH B ONHOI U3 KapT jjis dhopMm Buja (B CHIy
JMHEHHOCTH POBEPSIEMOI0 PABEHCTBA)

u)(1):fdxil/\---/\dxi”, W(z)zgdazjl/\.../\dqu.
Torma o npeblayIeMy 3aMmedannio

d(way Awez) = d(fgda™ A... Ade'» Ada* A ... A dade) =

= %g dePAdz A, AdxP AdaT A NdaT - f % dzPAdz A, AdxP Ada . NdxP =
X x
a-f k il ) jl .7
= | ggr det Adat AN dat A(gdz™ A ... Adate) +

+(=1)P (fda™ AL A da'?) A (% da® Ndz?t A /\dqu> =
T

= dW(l) AN w) + (—1)pw(1) A dw(g). O

3amaua 10.6. Jloka3aTb CJELYIONYIO TEOPEMY:
Teopema 10.7 /laa a060t gopmv, w umeem d(dw) = 0.

HoxkazaTeabcTBo. CHOBa JOCTATOYHO IIPOBEPUTH J1d GOPMBI BUIa w = f dztA. . Adz'.
Bosee Toro, ecin Teopema JoKasaHa /I W(1) U W(2), TO OHA BepHA M JJIf HX BHEIIHEro
upoussejienus. JleficrBuresibHo,

dd(way A w(z)) = d(dway Awe) + (—1)way A dwg)) =

= ddw(1) N w2y + (—1)p+1dw(1) A dwz) + (—1)pdw(1) A dwg) + (—1)p+pw(1) A ddwzy = 0.

TaxkuMm 06pa3oM, OCTAI0Ch IPOBEPUTD M1a f u aya dx'. Mmeem

of o’f 0*f 0*f ;
d(df) = d(7 7 d2*) = 5= da' A da* = > <axi S~ o ) dx Adat =0,

i<k
Yro kacaercs dr’, TO IPEMEHEM HPOBEICHHYIO BHIKIAAKY K f = x'
dd(dz") = d(ddz") = d(0) = 0. OJ

Ompenenenne 10.8. Bruemnssa auddepennuanbaas opMa Ha3bIBAETCA 3aMKEHYMOU,
ecum dw = 0, 1. e. w € Kerd, u mounoti, ectn w = dw;y jj1gd HEKOTOPOit HOPMBI Wy, T. €.
w € Imd.

[To mpeapiaymeii gevme (04eBUIHO, JUHEIHOE) oToOpaykenue d obagaer CBOHCTBOM
Imd C Kerd. Takum obpaszom, mjst KaxKJaoro k ompemesneHo (pakToOpIpoCTPAHCTBO k-
MEPHBIX 3aMKHYTHIX (DOPM TI0 k-MePHBIM TOIHBIM (hOPMaAM. JTO JIHMHEHHOE TPOCTPAHCTBO
H*(M) waswisaercst epynnoti k-mepnux kozomonrozuti de Pama vmoroobpasus M.

HenocpeacTBenno u3 omnpejeaeHus MoJdydaeM CaeIyIoee YIBEep:KIeHHe.
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Teopema 10.9 ITycmwv Q € A¥(M). Pacemompum ypasrenue
dw = Q. (11)

1. Ypasnenue (11) umeem pewenue mozda u moavko mozda, xkozda ) 3amrHyma v
waace kozomonozuti [Q] = 0 € H*(M).

2. Jlwbwie dsa pewenus wy u wy ypasuenua (11) omaunaromen na samrrymyio gopmy:
d(wy —wy) = 0. Muootcecmeo scex pewernuti ABAAEMCA KAGCCOM CMEHCHOCTU 4100020
PEWEHUA W NO NPOCTPAHCNBY 3AMERYMOE k-popm.

3. Ipocmpancmeso ecex samrnymuz k-dopm usomopdno npamots cymme npocmpar-
cmea mounux popm cmenenu k u H¥(M). (9mom nynxm ne omuocumes % ypas-
nenuto (11).) O

[To anajioruu ¢ obpaTHbIM 00pPa30M OUJIMHEITHOH (POPMBI MOYKHO OIIPEAETNTH OO PATHBI I
obpaz auddepennuaIbHOl GOPMBL.
Onpepenenune 10.10. Ilycrs f: M — N — riajakoe orobpazkeHue IIaKuX MHOT000-
pasuit, w € A¥(N) — auddepennnanbnasa dopma. Obpammvim 06pazom f*w 3Toit HopMbI
Ha3bIBACTCS MOJIUJIMHEITHOEe 0TOOpaXKeHe BEKTOPHbIX ToJiei na M:

fro(@, ... o) == w(dpf(th),...,dpf(T), U €TpM.
3amaua 10.11. [Ipopepurs, uro noayumin guddepernuaabayio Gopmy.

Jlemma 10.12 ITycmo (b, ..., 2™) — aokaavhan cucmema K00pOUNGM 6 0KPECTINHOCTIU
PeM,a(y,....,y") — 6 oxkpecmuocmu f(P) € N, max wmo aokaavro f : M — N
sadaemes cucmemoti Pynruutl

y :fl(xl,...,xm),...,y":f"(zl,...,xm),

a opma w —
W= Z Wiy s (Y YAy A LA dy'

11<...<ig

Tozda obpamnwiti 06pa3 A0KAALHO NPEICTNABAAECNCA HOPMYAOT

ffw) = Z Wiy (FH ™), (™)) X

11 <...<ip
xdf (ot .. ™)AL AdfE (2L ™). (12)
lokazaTeabcTBo.

[ (@)@, ..., 0) = w(dpf(Dh),...,dpf(Uk)) =

= ( Z Wil...ik<yla . 7yn)d?/il ARERWA dy““) (de(Ul)a e 7de(Uk)) =

11 <...<i

= Y wia sy RARE S Ly (dp () - dy™ (dp f(5) ) =

11 <...<ip
- Z Wiy (Y y") kAL {%(01)]1...&6% ('Ul)Jk} —
11 <...<ig
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> wia (Yt KA e () dfie ()} =

i1< . <ik
— ( > wia Wty A LA dfik> (Uh,. ., 0). O
i< <
Teopema 10.13 Obpamnwiti 06pas obaadaem cACIYOUUMU CBOTICTNEAMU.
1. dna f: M — N ug: N — K ewnoanaemea (gf)* = f*g*;
2. frdy =du f*;
3. f*(Kerdy) C Kerdys, f* nopooswcdaem omobpascerue ko2omor02u

f*: H*(N) — H*(M).

HokazareancTBo. [lepBoe cooTnolienue cieayer w3 npeabiayieit jgemmbl. Jokazxkem
BTOpOe. 3 npeapiaymieii temMbl, TeopeM 10.7 n 10.5 u 3amevanna 10.2 momydaeM

pa) =5 (a5 ot na ) ) -
11 <...<i
Owi. i : .
( Z Z wl E( .,yn)dys/\dy“/\.../\dylk>:

11 <...<tp s=1

= ) Zaw“ E(fN @t ™) A A A =

11<...<tp s=1

> dwia (fM e M) AP AL A =

11<...<ip

:d( S sl P AL A ) =i ()

11 <...<i

Hamee, ecm dw = 0, To df*w = f*dw = 0, a ecm w1y — w2y = dw, TO

[ way) = ffwe) = [flwg) —we) = ffdo =df*'w. O

3amaua 10.14. BeiBecTn 0TCIO/a, 9TO I'PYIILI KOTOMOJIOTHIE TuddeoMopdHBIX MHOTO-
obpa3uii COBIAJIAOT.

Onpenenenue 10.15. @opma (2 crenenn k wa M X [ ne 3zasucum om dt, ecau ee
3HAUYEHHEe Ha JII0OOH cucTemMe BEKTOPOB BUIA (%, U1,...,Ux_1) paBHo 0.

Jlemma 10.16 Jlokaavno 9mo pasHOCUNBHO MOMY, YIMO 6 PA3AOHCEHUU MO CMAHOGDM-
HOMY 0a3UCY U3 BHEWHUT Npoudsedenul dx™ A ... A dx'* oMmecYMemsyrom, CAa2aeMble,
COOEPAHCAULUE BHEULHUE COMHOACUMENY dt.

HokazareabcTBo. 1o onpeaenennio jieiicTBusg (GOpMbI Ha BEKTOP. O

Jlemma 10.17 Jhobas dupdepernvyuanvhan gopma  wa M x I odnosnawno npedcmasas-
emea 6 sude () = Q) + Qz) A dt, 2de Q) u Qo) ne sacucam om dt.
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HokazareascTBo. I[lycTh nemma jgokazana st popM ¢ HOCUTEJeM B ojiHON KapTe. To-
ra PACCMOTPUM pa3bueHue eMHUIIbL { P, } Ha M 1 COOTBETCTBYOIIEe “IIUINHIPUIecKoe”
pasouenue exununnt @, (x,t) = p,(x) na M x I. Torma

Q=) 0, Q=> (Qia) + Qza Adt) = (ZQM>+<ZQ@,&)> A dt

— uckomoe paszjoxkenue. /g ¢popm ke ¢ HOcHTEIEM B OJIHOM KapTe JOCTATOYHO 3alHCaTh
B JIOKQJTbHBIX KOODJWHATAX W CIPYHIUPOBATH COOTBETCTBYIONIHE UTIEHBI.

OJIHO3HAYHOCTH TaKyKe JIOCTATOYHO MPOBEPUTH B OJHON KapTe. /leficTBUTENBbHO, ec/in
w=Q+QAdt =y + Qo Adt m V) = a1, Va2 = 1, Qs amst moboit byukmum V¥,
u3 pa3bueHns e UHUIBI, TO, CyMMUDYs, moaydaem ) = Oy n ), = Q. Jlokanbno xe )y u
Qs B cuty jemmbl 10.16 MOXKHO OTPee/IuTh TOJIBKO OTHO3HAYHO — OTJIEJIUTH CIaraeMble
B pa3JI0zKeHUHU 110 DA3MCy cojiepzKaliue U He cojepzkariue dt. O

Jlemma 10.18 Ilycmov omobpascerun fo u fi muozoobpasus M 6 N 2omomonnv. Tozda
cywecmeyem aunetinoe omobpasicenue D @ A*(N) — A M), ydosaemeoparowee oas
210601 W COOMHOWEHUIO

(fo = fD)(w) = £(dy D — Ddy)(w). (13)
HoxkazaTenbcTBo. [lycTs riragkoe orobpaxkenue F' ocymecTsiaser romoronuto fo u fi:
F:MxI— N, F(P,0) = fo(P), F(P1)=fi(P) VYPeM.

st mpousBosbHoOlt w Ha N pazaoxum F*(w) = Qp + Qs A dt o npeapiaymeit gemmve.

Tlomoxxum
1

D(w) = / Qs (t)dt. (14)

0
9To uHTerpupoBanue kKodpduimeaToB (GopMbl 1Mo ¢ Kak mapamerpy. Jlerko Buaerb, 9To
pe3yJIbTAT He 3aBHCHT OT BBIOOpA IMJIMHAPHYECKONH CHCTEMBI KOOpAWMHAT. B cmiay omn-
HO3HAYHOCTHU PA3JIOKEHUs B Ipejbliaynieil jemme [ kKoppekTHO onpejesieH. [Tockojibky

fo = @oF™, [T = ¢1F”, tae
0o M = MxI, ¢y(P)=(P0), @ :M—=MxI ¢ (P)=(P1),

folw) =4(0),  fi(w) =) (15)

(B F*Q nogcrasasiem dt =0 u t = 0w ¢t = 1). Tasee,

0
F*de = dejF*w = d]\/]X](Ql + QQ N dt) = djwﬂl + Egl(t) A dt -+ dMQQ Adt

Diy(w /1 <i Ot +dMQQ(t)> dt = +(03(1) — 24(0)) + dus / W) dt.  (16)

B To xe Bpems
1

U3 (15), (16) u (17) moaywaem (13). O
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Teopema 10.19 ITycmws omobpasicenus fo u f1 mnozo06pasus M e N 2omomontw. Tozoa
5 = fi e xozomonozuaz.

HokazareancTBo. [IycTh 3amkHyTast hopma w Ha N TpeacTaBisieT KJIacC KOTOMOJIOTHH
[w]. Takum obpasom, dyw = 0. s orobpazkenust D w3 mpeablayInedi JeMMbl

(fo — fi)(w) = £(duD — Ddy)(w) = dy(Dw)

n 1aer 0 B KOrOMOJIOTHSX. O
amadga 10.20. BroraucauTs koromosiornu je Pama mHOT000pasmit

1. Unrepsana (a,b).

2. Okpyzxnocru S*.

3. Eskamgoa npocrpancrsa R".

4. Cepnr S2.

5. Ilmockoctu R? ¢ 01HO# BBIKOJIOTOM TOUKOIL.

6. TTnockocrsr R? ¢ ByMS$I BBIKOJIOTBIMHI TOYKAMI.

Samaua 10.21. Jloxazarb aemmy [lyanrape: mobdast 3aMKHyTasg popMa Ha TI0O0M MHO-
roo0pa3uu sSIBJISIeTCS JIOKAJTbHO TOIHOTH.

Onpepnenenne 10.22. Ilycthb Ha I[IaJKOM OpPHEHTHPOBAHHOM MHOTroOOpazuum M,
dim M = n, 3agana dopma w MakcuMaibHOR cremenu (T. e. degw = n) ¢ KOMIAKTHBIM
Hocuresiem B oot kapre (U, ¢,) ¢ Koopauaatamu (xl, ..., x"). 31ecy u nanee, ecau He

OTOBOPEHO TPOTUBHOE, TOJ KAPTOil BCErAa MoIpa3yMeBaeTcs KapTa W3 OPUEHTUPYIO-
mrero atyaaca. Onpegenum unmezpas ot w 1o U dpopmy.ioit

/w = / W dxl .. da" (18)

u @a(U)CRn

JIemma 10.23 Humezpan onpedeser koppexmuo, m. e. npasaa wacmo (18) ne zasucum
om 6ub0pPa A0KAALHBLL Koopdurnam 6 npedeaax U.

HoxkazareabctBo. [lycrs (U, ¢z) — apyras kapra Ha U ¢ JIOKQIbHBIME KOOD/IHHATAMM

(xé, . ,mg) Torma mo npaBuy 3aMeHBI KOOPJUHAT B KPATHOM HHTerpaJe u jJemme 6.31
B CHJIY TOJIOKHUTEJILHONR OPHEHTHPOBAHHOCTH 00EUX KapT
oz
B 1 no__ B B8 1 no__
/ Wig pdts. .. drg = Wiy - |det || —F || dz,, ... dag =
0xh
vs(U)cR va(U)CR
= ﬁ-dt%dl da? = o ndrl . .dzt. O
= Wiy, - de =|| dwg - - - dag, = wiy pdz, ... dz).
0xy,
va(U)CR va()CR
Onpepenenne 10.24. Ilyctb M — riajiKoe OpHEHTHPOBAHHOE MHOroodOpasme,
dimM = n, dopma w MakcumanbHOil crenenn (1. e. degw = M) ¢ KOMOAKTHBIM HO-

cureneM. g gokanbHo KoHeuHOro atiaca {(Uy, pq)} U MOAInHEHHOTO eMy pasOueHus
eJIMHUIIBI 1), OUPEIESTUM UHMESPAN

o= 1000 (Wnenva) = Y [ v

M

3amaua 10.25. /lokasaTh cjegayoNniyio JeMMy:
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Jlemma 10.26 Hnumeepan onpedesen Koppekmmno, m. €. HE 3asucum om 6ubopa

{(Um Pas 1/104)}

HdokazareabcTBo. Ecin y Hac ecTh jBa pa3HbIX aTjiaca, TO BO3bMEM UX 00beIUHEHHE, a
pasOuenne eJIMHUIBI JOIMOJHUM HYJIEBBIMU (PYHKIUAME. /I KayKI0T0 U3 HUX MHTErpaJ
He usmenurcs. Takum obpa3oM, HaJI0 J0KA3aTh

I(M,w,{(Ua; o ¥a) }) = 1(M, w0, {(Ua; @ V1) })-

HesaBucuMocTh (KaXKIOr0 CJIAraeMOT0) OT BHIOOPA KOODJMHAT, T. €. ¢,, YZKe JOKa3aHa B
npeaplayIeii JemMme. MTak, octagoch 10Ka3aTh, 9TO

I(M;w,{(Us, YasVa)}) = I(M,w,{(Us, Pa, w/a)})

[Momoxnm v, == o — YL, « =1,..., N, Tak 910

k
D =0 k=N (19)
a=1

Torpa moKa3zaTesibeTBO CBOAUTCH K POBEPKE (DOPMYJIbI

Xk:/%w:o, k=N, (20)

a=1 U,

KOTOPYIO MBI OyJieM TpoBOguTH wHAyKIueil no k. T. e. npeamonoxum, 9to aad k =
1,...,N — 1 u npousBoibHbIX Y, : M — R, ¢ suppy, C U, dopmyna (19) Breder
(20) (mst k = 1 a0 TpuBHanbHO). IlycTh HenpepsiBuas dbyukuusa x : M — [0, 1] pasma
1 va suppyy C Uy ¢ suppx C Uy. Takas yHKIHS UMeeTCss B CHIY HOPMAJIbHOCTH
ronosioruaeckoro npocrpanctsa M. (MoKHO mOCTPOUTH U IIAJAKYIO, HO HAM JOCTATOYHO
HenpepbiBHO#.) Taknm obpaszom,

N-1 N-1
XINEWN, W == D Y%= Xlar  Supp(XYa) C (UnNU).
a=1 a=1

[TosTomy
N N-—1 N-—1 N-—1
> [rue= [t 3 [rw==3 [+ 3 [ =
a:an Uy a:an a:an a:an
N-1
= / (Va — XVa)w (21)
a:an
[Tockonbky
N—-1 N-—1 N-—1 N-—1 N-1 N
(Yo =XVa) =D Fa=XD Ya=) JatXW=D Yatw= % =0,
a=1 a=1 a=1 a=1 a=1 a=1
TO MbI MOXKEM MPUMEHHTH K (21) mpearnoaokeHne WHIyKINH. U

OdeBUIHO cleIyolnee yTBEPKIeHIe
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Ipennoxkenue 10.27 Humeepan aeaaemca sunetinom omobpasceruem nad R

AL (M,0r) — R

comp

Onpenenenne 10.28. Tenepb Mbl MOXKEM OIPEJICTUTD 006eM KOMNAKIMHO20 OPUEHINU-
POBAHHO20 PUMAHOBG MH02000pa3uA KaK aOCOTIOTHYIO BEJWYWHY HUHTerpasa oT (hOpPMBI
obbeMa.

Samadga 10.29. Ilokasarh, 9TO OIpH CMeHe OPHEHTAINH WHTErpaa MeHseT 3HaK.
3amaua 10.30. TIlokasarb, 4TO, IPH HEKOTOPHIX €CTECTBEHHBIX OIDAHUYEHUAX HA Kap-
ThI, MOYKHO BBIYUC/ISITH HHTErPAJI OT (POPMBI CJIEYIONUM 00pa30M: pa3buThb MHOr00Opa3ne
Ha KYCKHU, KaXKJIblil 13 KOTOPBIX JIE2KUT B OJHOU KapTe, IPOMHTETPUPOBATH OTPAHUYEHUS
GOpMBI B JIOKAJBHBIX KOOPJUHATAX, & Pe3YJIbTATHl CJIOKUTh.

Teopema 10.31 (O6mas dopmyaa Crokca). Pacemompum 2aadkoe (Komnarxmmoe) opu-
enmuposartoe mHozo000pasue M ¢ kpaem OM, dim M = n, u enewnior duddepenvuans-
nyto gopmy w (¢ Komnaxmuwvm nocumenem na M, ecau MH02000pasue HEKOMNAKMHO),
degw =n — 1. Umeem mecmo caedyrouwas obwasn dopmyasa Cmokca

fele (L)

ede p : OM — M — saooicenue Kpas.

HokazarenbcTBo. B cuny nuneitnocT obenx gacreii hopmysibl (22) 10 w, JOCTATOTHO
ee TIPOBEPHUTH 151 (bOPMbI W ¢ HOCHTEJIEM B OAHON KapTe (IOCKOIBKY W = Y YW, L€
{¥o} — pasbuenne enuHUIBI, HOMIMHEHHOE HEKOTOPOMY (JOKAJIHHO) KOHEYHOMY AT/Iacy)
W UMEKOIIENH BUT,

1 Of

8kd AL Adx",

w=f(z, ..., 2")dz' A Ad"FTEAdZPTIA L Ad”, dw = (—1)*!

e f @ R} — R — majgkas dynknus ¢ KomnakrabivM HocurTesaeM. (Cunraem kapry
umeroreii o6pazom R} ). Hanomunm, uro 2 > 0 u OM xapaxrepusyercs ycjaoBuem x' =
0. CooTBeTCTBEHHO, PACCMOTPUM cHadaja ciaydait k < n — 1, te. k # n. Jlokaabuo
BJIOJKEHUE Kpas UMEET BHJL

©:OM — M, o', .. 2" ) = (2, ... 2" 10),

u dz™ = 0, Tak 910 ¢*w = 0 (cp. (12)). dns seBoii vactu (22) nveem

/dW—/ klﬁfdl dz" =
oxk

+oo
0
= (=1 / a—{cdmk dat ... do* ' da M da" =
T
R, >
= (—1)F! / {f(ml, o2 oo, PP ) —
R,
—f(zt, .. 2" —oo, 2P ,x”)} det ... da*tda T da =
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= (=1)" / {O - O} dz' ... dx"tda"da™ =0
n—1
R’
(3aKOHHOCTH MEPEX0/a U PABEHCTBO HYJIIO B CHJIY KOMITAKTHOCTH HOCHTEJIs).
Paccmorpum teneps caydait £ = n. Temepn

/ dw = /(—1)”_1% de'...da" =
R} R’

+00
of
= (=1~ ——dz" p da'...dz"" =
ot [
R6L71 0
= (—1)"* / {f(xl, o x" T oo) — flat a2 O)} dz'.. . da" 7t =
R,
= (—1)" / flt,. . " 0)det . da™ T = (—1)" / 0w
R, R,
(3aKOHHOCTH TEPEX0Jia U PABEHCTBO HYJIIO OJHOIO TIPEJIesia B CHIIY KOMIAKTHOCTH HOCHTE-
Jst). O
3amaga 10.32. Beisectn u3 obmeit popmyasr Crokca Hopmyasi
1. I'puna;
2. Crokca;

3. Octporpaackoro — laycca.

11 Crenenb oToOpazKeHUs

[Iycrs f : M — N — ruajgkoe oTobpazkeHHe 3aMKHYTHIX (TO €CTh KOMIAKTHBIX 6e3
Kpasi) CBA3HBIX OPHEHTHPOBAHHBIX MHOrOOOpa3uit OAHOW pa3zmepHOCTH. B 3ToM ciayvae
HOJTHBIN 1poobpa3 peryJgpHoro 3Had4eHust OYAeT IIPOCTO KOHEUYHBIM YHCJIOM TOYEK, a df B
PETYISIPHBIX TOYKAX — H30MOPMOU3IMOM KacaTeTbHBIX TPOCTPAHCTB.

Onpenenenue 11.1. Cmenenvro f 110 OTHOIIEHUIO K PeryasspHOMY 3HadeHuio Qg € N
HA3bIBAETCSH

oy’
deg f = deg(f, Qo) = >, sgn det < o ) =D&, Qo Pu),

f(Pa):QO

rae (y') — OpHeHTHpPYIONEEe KOOPAMHATHI B OKPeCTHOCTH (o, a (7)) — opuenTHpyomue
KOOPJANHATHI B OKPECTHOCTH P,.
OueBuaHO, YTO 3TO OUPEJEJCHUE He 3aBHCUT OT BLIOOPA OPUEHTUPYIOMUX KOODIMHAT.

Teopema 11.2 Cmenenv omobpasicenus

(a) me sasucum om swbopa pezysaprozo snauenus Qo U
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(6) ne menaemesa npu 20MOMONUAL (04a 00HO20 U MO20 JHCE DERYAAPHO20 ZHAYEHUA).

HokazareabcrBo. Ceesiem (a) k (6). Ilycrs Qo u ()7 — /Ba peryJsipHbIX 3HaveHus f.

3amauga 11.3. CymectByer Takoe riajakoe cemeictso ¢, : M — M auddeomopdus-
MOB, COXPaHSIONUX OpHEeHTAInI, 9To @y = Id, a ¢1(Qy) = Q1 (3mech MBI MOTB3yeMCst
CBSI3HOCTBIO).

Torna f ~ ¢y o f u oboux orobpaxkenuit Touka ()1 peryiaspaa. C apyroit CTOPOHBI

deg(gpl o f: Ql) = deg(f> QO)a

u ecm (1o (6)) deg(er o f, Q1) = deg(f,Q1), To (a) mokazaHo.

(6). Oycts [ = [0,1],m F: M x I — N, 1ak uro F|,, = fo, |y = fi.

[Iycte (Q — perynspuoe 3uadenue fo u fi. [lo Teopeme Capja, peryiasgpHble 3Ha4Ye-
HUS TJIAJIKAX 0TOOparkKeHuit 06pa3yioT OTKPBITOE U MJIOTHOE TOAMHOXKeCTBO B N. 3HAYUT,
MOKHO HAlTH peryiaspHoe 3HadeHue () B HEKOTOPOi JTOCTATOUYHO MAJIOH OKpeCTHOCTH (),
SIBJISIONIEECST PETYJISPHBIM 3HAYEHUEM OJHOBPEMEHHO fy, fi u F, mpudem Takoe, 94TO CTe-
neHb 9TUX oTobpazkeHuit B () Takas ke, Kak B (). Bygem cunrars Q' = Q).

Muozkecrso F~1(Q) Gymer nojmuoroodpasuem B M x I pasmepHocTu 1; 13 KOMIAKT-
HOCTH MOYKHO 3aKJTIOYHTD, YTO OHO OYJIET IPE/ICTABIATE U3 cebst 00be IMHeHre HEKOTOPOTo
YHUCIA OKPYKHOCTEH U HEKOTOPOTO YHUC/Ia OTPE3KOB (9TO MHTYUTUBHO MOHATHO, & CTPOrOe
JIOKA3aTeJNbCTBO CM. B |5, cTp. 137-139]), npuyem KOHIIBI OTPE3KOB OyIyT JiezKaTh Ha KPAsiX
M x 0u M x 1 (Habopbl 5TUX KOHIOB U Oy/eT IPeJCTaBIsITh CO0O0il MOIHBIE TPOOOPa3HI

Q).

f17
u
1
)
[ \ .
M Jo

OKpyzKHOCTU He OYIYT UMETh TOUEK MepeceveHns ¢ STUMU KPasMHU, U, CJIeIOBATETHHO,
HUKAK He HOBJIUSIOT Ha crernenb. OTPe3KU MOrYT ObITh JBYX THUIIOB: ¢ KOHIIAMU Ha, OJTHOM
WIA HA PA3HbIX KOMIIOHEHTaX Kpas.

Bynem ucnosb3oBaTh opueHTUpyIonuii atiaac it M, n Bo3bMeM Koopaunarty t Ha I.

PaceMoTpuM OMH U3 0Tpe3KoB L ¢ kounamu a u b. Torma mmeem kapry (z),--- 27 1) B
OKPECTHOCTH @, a B OKPECTHOCTH b — Kapry (xé, e g t).
9,
W t m
a b

20



[To Teopeme Capma, CymecTByeT OKpeCTHOCTH V' Todkm (), COCTOSIIAst TOJBKO U3
peryngapubix 3Hadenuii. Torma cpeau casupix Kommonent F (V) Gymer comep:kaTbed
HEKOTOpas OKPECTHOCTH OTpe3ka L. 3aiaguM B 3TO OKPECTHOCTH KapTy (KOOpPIMHATHI)
(3, Y2, @), ome (yl,---,y2) — xapra Ha V, a ¢ — mapamerp BJOJIb OTPE3KA.

[Monoxkum e(a) = e(fr,Q,a), rue T BHIOUpaeTCsi B 3aBHCHMOCTH OT TOrO, Ha KAaKOil
YACTH PPAHUIB JEXKAT @; aHAJIornIHo onpenesanm €(b). Torma

8(3/1, Ce 7yn) a(xl . xn)

e(a) = sgndet —— % = sgndet —— -2
( ) a(‘rén ’ 73:2) a(Q%? ’ 7y'7yl>
o 1’ ’ n o Zl,’l,' , n

e(b) = sgn det (yY—yZL) = sgn det ( f If)
a(xﬁf"?xﬁ) a<y'y7" 7y'y)

Tak Kak MbI BLIOpaJIi OPUEHTHPYIONIUI aT/Iac, UMeeM PaBEHCTBO

a(xl "'axgat) 8(1};,@%,1&)

sgn det —— = sgndet .
8(9«1,77%17425) a a(y%a»yﬁﬂb) b
Ho Tak kak 832 = 0, nmeem
Yy
a(ib’l,---,l'n,t) 8(1.1’.__’:571) ot
sgn det B B = ggndet ——*-ggn(—)| =
a(y%a7y§7¢) a G(y}w)y]yl) (a¢) a
t
- c(o)sen ()| |
8(1'[13,,37%,” 8($é,,x§) ot
sgn det = sgndet ————sgn(—)| =
8(9%7,%5615) b 8(y%77y?) (a¢) b
ot
= ¢e(b)sgn (=) -
) sen ()|

Ecan orpe3ok nmes 0b6a KOHIIA HA OJTHOM YaCTH IPAHMIIBI, TO g—(’; “MeeT pa3Hble 3HAKN Ha

KOHIIaX, a €CJIH Ha PAa3HbIX — OJMHAKOBLIC. BHaLH/IT7 OTPe30K C KOHIIaMHM Ha O,ZLHOIjI JaCTH
JAaCT JIBa B3aMMHO YHHYTOZKAIOIIUXCA BKJIaJa B CYMMY JJid CTEIEHU COOTBeTCTByIO]l[efI
GYHKIUT, a OTPE30K ¢ KOHIAMH Ha PA3HBIX YaCTAX JIACT JBa OJUHAKOBBIX 4jeHA B 00e
cyMmbl. Teopema mokazaHa. U

3amaua 11.4. C noMoOIIbIO CTEIIeHN OTOOPAXKEHHS JOKA3aTh OCHOBHYIO TEOPEMY aJreo-

PHI.

Teopema 11.5 Ilycmo f : M — N — 2aadx0e omobpastcenue C8ASHUL KOMNAKIMHHLET
OPUEHMUPOBAHHBLT MHO2000pa3ul 00HoU pasmeprocmu n 6es kpas, L € A"(N). Toeda

[ro=en [o

okazarenbcTBo. BoibepeM JI0KaabHbIE KAPThHI

(xé, e ,:cg), (yl, ... y"),

na M u na N, coorsercTBenno, ) = ¢dy* A ... A dy™ Nmeem
Q) = o(f(2)d(ya (s, - 75), - ya(g, - af) =

o1



Ayl

= oL (w))det (5

Ydxg Ao A da.

I[Iyctb N = K U R, rne K — MHOXKeCTBO KPUTHIECKUX, a [ — peryadpHbIX 3HaUYeHU.
Pazobrem R Ha atjiac m3 JOCTATOYHO MajgeHbKHX KapT U, Tak, 9To mpoodpasbl OTHOM
KapThl He TTepeceKaloTcd U f Ha KaxkI0i 13 KOMIIOHEHT Tpoodpasa ecTh auddeomopdusm.

[Iycts f~1U, = V4 U - UV,. Paccmarpusas auddeoMopdusM Kak MIAIKYIO 3aMEHy
MEePEMEHHBIX B MHTErpaJe, Oy/JeM UMeTh

‘ G n
/fQ _ /gb(f(a:))det(azi)dx/lg/\---/\dasﬁz

Vs Vs g
J

= sgndet(ay‘?)/Q.
Oy

Ua
CyMMUpYsl, TTOJIYIUM
/ f*Q:degf/Q.
J~ WU Ua

Buaunt, [ f*Q = degf [Q = degf [, Tax KaK MHOKECTBO KPHTHYECKHX TOUeK K

/'R R N
O *Q) 1K

umeerT mMepy Hyab. Ocrajock moka3arb, 9To mHTerpas or f*€) mo f paBeH HYJIIO.

9TO TakK, HOCKOJbKY II0 TeopeMe 00 oOpaTHO# (pyHKIHH Mepa MHOXKECTBa HEKpUTHUYE-

CKHMX TOYEK B TPooOpa3e KPUTHICCKUX 3HAYCHUH paBHA HYJIIO; B KDUTHIECKUX K€ TOUKAX

obparaercs B HyIb f*(). O

Onpenenenune 11.6. Ilycts M C R" — n— l-mepHasi runepnoBepxXHOCTh, KOMIIAKTHOE

3aMKHYTO€ OPHEHTUPOBAHHOE MOAMHOT000pa3me. Torma Mbl MOXKeM OTPEEUTh 24YCCO80

cpepumneckoe omobpasicerue I : M — S*1 rne S"~1 ¢ R" — equan4nag cdepa:

['(P) :=n(P), 1(P)— eIuHUYIHAS OPUEHTHPYIONIAS HOPMAJb.

Ha cdhepe S"~! C R" oupenenena gopma obsema — 3aMuyTas auddepeHnnaibaasd
dopma g panra n — 1, a ua M — dpopma odbema 2y u dopma kpusushv Ky = K do,
rie K — rayccoBa KpuBU3HA.

Jlemma 11.7 F*QS = KQA{.

JokazaTeabCTBO. 3aMeTHM, 9TO B HEPEryJAPHBIX TOYKax I o0e JacTu J0Ka3bIBAEMO-
ro paBeHCTBa OOpaIaloTcd B HOJb. B OoKpecTHOCTH TOYKH P MOXKEM CYUTATh, 9TO IO-

BepxHocTh M 3ajiana B Bujie rpadguka " = f(z!,... 2"1), npuyem P coOTBETCTBYIOT
HyJIeBBIe 3HaUYeHus Koopauuar u 71 (P) mapaanensna ocu Oz", a na S™! B okpecTHOCTH
['(P) TakzKe MOXKHO B34Th Koopauuatel (z!,..., 2" 1). Torna, Kax yzKe oIHazKIBI OBLIO

— — o2 f — _ 1 n—1
JokazaHo s n = 3 (cp. 9.16), K = det Hm , Gij = 0ij» a Qg|ppy = da' AL ANz

[To mokazarenbcTBY Teopemsbl 9.16 1 B ee 0003HAUEHUAX

(f17~--7fn—17:|:1) )
VI )2+ + ()

n=

[Mockosbky f;(P) =0, To

* o fl fn_1 .
Fia=d <\/1+<f1)2+---+( 3—1)) fond (\/1+(f1)2+---+( 3—1)) -
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— A ( dfi C filhdfi o faadfasy) ) .
VIFUP+ -+ ) I+ + )P

0*f

0zt oxI

N3 aroit iemmbl u Teopembl 11.5 cpa3y mnojiydaem ciiejyoliee yTBepxKJIeHue.

= (fjldxj) AN (fm,ldxj) = det dz'A.. . Adz" "t = K(P)da'A. . Ada" 1.0

Teopema 11.8 (I'aycc — Bounne). Hyemo ¢ npedudywets semme n = 3. Toeda [ K do =
M

J K Qy =4rdegT. O

M

Samaua 11.9. Haiitu crenens rayccoBa cepuyueckoro oToopaskeHusi TOpa.
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