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Paboyas Bepcugd 1o cocroguuio Ha 9 auBaps 2026 ..

1 Hekoropble MOHATHA OOIMEl TOIIOJOTHUN

(Bkiroyas HanoMmHaHus MO Kypcy “BBenenue B Tomosoruio”,
KOTOPbBIE€ HE ABJAIOTCH YaCTbIO IIPOrpaMMbl HACTOLAIIETO KypCa)

Onpenenenune 1.1. Mempuxot p Ha MuHOKecTBe X HasbIBaeTcs oTobOpazkenue p : X X
X — [0, 00), YIOBIETBOPSIOIIEE AKCHOMAM:

plx,y)=0 <& x=y Vr,y€e X (akcuoMa TOKIECTBA);
p(z,y) = ply,x) Yo,y € X (akcuoma cummerpun);
) <

3. pz,2) < p(x,y) + ply,2) Va,y,z € X (akcmoma TpEyrosbHUKA).

[Tapa (X, p) naseiBaercs mempuueckum npocmpancmeom. Ilonmpocrpancrso Y C X as-
TOMATHYECKHU SIBAICTCI METPUUECCKUM IIPOCTPAHCTBOM.

Jluamempom Y uasbiBaercsa diam Y := sup p(z,y). MHOXKECTBO ¢ KOHEUHbBIM JHAMET-
z,yeyY
poM HasbIBaeTCst o2parudernum. Ilaposoti okpecmuocmovio Ha3BIBAETCS

B.(z) :=={y € X |ply,z) < e}

Pacemosanue orY C X mo Z C X — p(Y,Z):= inf p(y, 2).

yeY,zeZ
Ecmu p(y,Y) = 0, To y — mouka npukocrosenus Y. Samviraruem Y Ha3bIBaeTCs
Y :—{mHoxkecTBO Todek mpmkocHOBeHus Y }. Ouepmmmo, uro Y C Y. MuoxkectBo Y
HazbBIBaeTCA samknymom, ecan Y = Y. Touka z naspiBaercsa enympenneti moukoti Y,
ecsim cymectByer € > 0 takoe, uro Be(z) C Y (B wactHoctn, x € Y'). Buympennocmoio Y
Ha3bIBaeTcs COBOKyIHOCTL Int Y C Y ero Buyrpennux Toyek. MuoxkectBo Y HasbiBaeTcs
omxpuimuvim, ecan Y = Int Y.
3amaua 1.2. I[lycrs X — merpudeckoe npocrpanctso. Torjga Y C X oTKpBITO TOIjIA
TOJBKO TOT/A, Korjga X \ Y 3aMKHYTO.

Teopema 1.3 Ilycmo X — mempuuecroe npocmparncmeo. Tozda
1 O X omxpwmo;
2 O 0 omxpwmo;

3 O obsedunenue |J U, ar0b6020 nabopa omxpoimux nodmmosncecme U, C X omrpoimo;
aEA



k

4 O nepecenenue [ U; kKonewnozo nabopa omxpumoiz nodmuoscecms U; C X omxpoimo;
i=1

1 3 0 samrnymo;

2 3 X samknymo;

3 3 nepecevenue () F, a06020 nabopa samrrymoiz nodmmoscecms F, C X samrnymo;
acA

k

4 3 obsedunenue |J F; koneunozo nabopa samrnymor nodmmosncecms Fy C X samrny-
i=1
mo;

HokazareabcTBo. B cuiny npempiaymeit 3agaan k O = k 3 V k. Croiictea 1 O u 2 O

ogeBunanbl. Tokaxem 3 O. Ilycrs U = |J U, n x € U. Torna naiigercs takoe a, 9T0
acA
reU,m BE(Q) c U,. Torna BE(Q) cU, cU.
k

Hokaxkem 4 O. Ilycte U = (| U;, x € U. Torpa nmeercs Habop €; (i = 1, ..., k) Takux,
i=1

uaro z € B, (x) C U;. llyers € := min{ey, ..., e }. Torna B.(z) C B, (x) C U; Vi. 3uaunr,
B.(z) CU. O
3amaga 1.4. [lokazarb, 9TO OT KOHEYHOCTH HEJIb3s OTKA3aAThCS.
Bapmaua 1.5. Jlokasarb, uro B.(x) OTKpPHITO.
Bamadga 1.6. /[lokazarb, uro IntY oTkpsiToO.
Bagaua 1.7. Jokazars, 9o Y 3aMKHYTO.
Ompenenenune 1.8. Tonosoczued nHa MHOXNKecTBe X Ha3bIBAETCA CUCTEMA €0 MOIMHO-
JKeCTB T (3TH MOJMHOYKECTBA HAZBIBAIOTCS 0MKDOIMbLML ), YIOBIETBOPSIIONIAS CIE/ Y IOTIIM
AKCHOMAM:

1) X e
2) ) er;

3) ecm U, eTVae A o |J U, €T;
acA

k
4) ecmu Uy,..., U eT,10 N U; € T.

i=1
[Mapa (X, 7) HazeiBaercss monoaozuseckum npocmpancmeom. Muoxectso suma F = X\U,
e U € 7, Ha3bIBACTCH 3AMKEHYMDBIM.
3amaua 1.9. Ilposepurh 15 3aMKHYTBIX MHOXKeCTB ¢BoiicTBa 1 3 — 4 3.
IIpumep 1.10. MeTrpuueckoe IPOCTPAHCTBO SABJSETCS TOMOJOTTYCCKUM.
Bapmaua 1.11. Ilpuectn npuMep TOMOJIOTHYECKOTO TTPOCTPaHCTBa (X, T), HE CBI3aHHO-
IO HU ¢ KAKOH MeTPHKOii (TOBODST: TOMOJIOTUS HE METPU3YeMa).
Omnpenenenne 1.12.  Okpecmnocmovio Touku x € X (moxmuoxkecrsa Y C X)) Ha3bBa-
ercsa 1060e OTKPBITOe MHOXKECTBO ee (ero) comepzkaiiee. Touka npukocrosenus Y C X
— Takasg Touka r € X, 910 J1r0bast ee OKPECTHOCTh MMEET HEeIyCcToe mepecedenue ¢ Y. 3a-
Mmoikarue Y — 9TO MHOZKECTBO Y BCeX TOYeK NpHKocHoBennd Y (Tak 4ro Y C Y). Touka
x € Y HaspiBaeTcd sHympenneli Toukodt Y, ecyin HaiiieTcd Takas OKpecTHOCTh U TOYKH T,
gyro x € U € Y. CoBOKYITHOCTH BCEX BHYTPEHHUX TOUEK Y HA3BIBAETCI GHYMPEHHOCT IO
Y u oboznauaercsd Int Y.



Bagada 1.13. Y C X 3aMKHYTO TOTZIa U TOJIBKO TOrIA, Korma Y =Y.
Bagaua 1.14. Y 3aMKHYTO.
Onpepnenenne 1.15. Ilycrs YV C X, (X, 7) — Tonosorudeckoe mpocTpancTso. Tormo-
norus 7 :={UNY | U € 7} naspiBaeTcs TOMoI0THeH, undyyuposantot T Ha Y.
3amaga 1.16. IIpoBepurh juid 7y aKCUOMbBI TOIOJOTHH.
Bamaga 1.17. TIlycrs (X, px) — Merpudeckoe pocTpancTBo. Torma Tonosoruto Ha Y C
X MOXKHO BBECTHU JIByMs CIIOCOOAMMU:

1) px HOPOXKIAET Ty, KOTOpas MHIAYIHUPYET Ti,

2) px UpH OrPAHUYEHHN HA Y TAaeT py, KOTOPAs MOPOKIAET T, .

Hoxazarb, 410 7| = 7)),
Onpenenenne 1.18. [logvuoxectBo Y C X HaseiBaercs (6ctody) naommuvim, ecin
Y = X.
3amaua 1.19. Ilycts Y], C X u Yo C X — oTKphITHIE ILUIOTHBIE TOAMHOXKeCTBa. Tormna
Y =Y, NYs — oTKkpBITOE ILIOTHOE IIOIMHOXKECTBO.
Omnpepenenne 1.20. Orobpazkenue f : X — Y TOHOJOrHYeCKUX IIPOCTPAHCTB HA3bI-
BAETCS HENPEPuIEHLIM 6 mouke To € X, ecaun Jis m060it okpecrrocT obpasa V (f(xo))
cymecTByeT Takast okpectHocts U(xg), aro f(U(xg)) C V(f(xg)). Orobpazxenne, nempe-
PBIBHOE B Ka K10l TOUKe, HA3BIBACTCI HENPEPBIEHBIM.

Teopema 1.21 Caredyroujue ycaos8ua sK6UBAAEHMHDL:
1. f: X =Y nenpepuieno;
2. 0as mobozo omxpwimozo V C'Y npoobpas f~HV) omxpum 6 X;

3. daa mobozo samxnymozo F C'Y npoobpas f~1(F) samxnym ¢ X.

HoxkazatenbcTBo. [lockoabky f~HY\V) = YY)\ fY(V)=X\f"YV), 10 yciioBus
2 m 3 SKBHBAJICHTHHI.
[Iycts Teneps f wempepsiBao, V C Y — oTkpbiToe MHOXKecTBO. Torma mbo mpoobpas
V 1myct, u, TeM caMbIM, OTKPBIT, JTUOO COMEPKUT HEKOTOpYIo Touky x: f(x) € V. Torma mo
OTIPeJIeJIEHUIO JITst JTF00O0H Takoi TOUKH Hafigercs Takas okpectHocTh U(x), ato f(U(x)) C
V,r e U(z) C f~HV). Takum obpasom, kaxaaa touxa (V) — BHyTpeHuss.
O6parHo, mycrs BhimosaeHo yeaosue 2. Torga qis V = V(f(xo)) B KagecTBE HCKOMOTO
U moxno B3t U = f~1(V). O
apgaga 1.22. llycte X = Fy U Fy, toe Fy u 5 — 3amkayThie, f @ X — Y. Torma f
HENPEePbIBHO TOTJA U TOJBKO TOrna, Koraa f|g : F1 — Y u f|g, : F» — Y HempepbIBHBIL.
Samaua 1.23. Ilycts f, : X — R — HenpepbiBHBIe DYHKINN, CXOAdIIHecs K f paBHO-
mepuo Ha X. Torma f #enpepbiBHAS.
Samgaua 1.24. Ilycrs X u Y — merpuueckue npocrpanctsa. /lokazars, aro f : X — Y
HelpepblBHA B TOYKE Ty B CMBICJE OTOOPAXKEHUIl COOTBETCTBYIOIIUX TOMOJOTMIECKHUX
IPOCTPAHCTB TOIJA M TOJBKO TOTJA, KOTJa s Joboil mocaegoBareibHocTd {x,} ¢
lim z, = xy umeem nlg& f(x,) = f(wo)-

n—ro0
Onpenenenne 1.25. Orobpaxkenne f : X — Y Ha3bIBaeTCd 20MeEOMOPHUIMOM, €CTTH

1. f — Ouexnus;

2. fu f~! HempepbIBHLIL.



3amaua 1.26. IlpuBectu npumep OMEKTHBHOIO HEIPEPHIBHOTO OTOOpaYKEHUsd, HE SABJIs-
IOIIErocs TOMEOMOPQI3MOM.

Onpenenenune 1.27. Basoti monoaso2uu T Ha3bIBAETCd TaKas CHCTEMa OTKPBITBIX MHO-
JKecTB B, 4T0 11060 T-OTKPBHITOE MHOYKECTBO MPEJICTABISIETCA B BUJIE UX O0LETMHEHMUS.
3amaua 1.28. Kakue ycjioBus HaJI0 HAJOXKHUTH HA HPOU3BOJBHYIO CUCTEMY IIOJMHO-
kecTB By, 9T00BI B Pe3yJibTaTe B3SITHSA WX TPOU3BOJIBHBIX 00bHEIUHEHUN Oy IUTH HEKO-
TOPYIO TOIOJIOTHIO !

Onpepnenenne 1.29. Ilycrs (X, 7x) u (Y, 7y) — Tonosorndeckue mpocrpascTsa. Pac-
cMoTpuM B X X Y ciaeayioniyio 6a3y TOIOJIOTHH:

BI:{VXW|V€TX7W€T)/}.

[TosryaeHHOe TONOIOrMYeCKOe HPOCTPAHCTBO HAZBIBACTC Jekapmosbim npoussederuem X
nyY.

Bamauga 1.30. Tlposeputh (¢ ucnonb3oBanueMm npeabiayiieii 3agaun), 910 X X Y neii-
CTBUTEJIHHO TOIOJIOTHIECKOE MPOCTPAHCTBO.

amadga 1.31. Jlokazars, uto X X Y n Y X X romeoMopdHBI.

Bamaua 1.32. Jlokasarb, uro (X X Y) x Z u X X (Y X Z) romeomopdHbi.

Bamaga 1.33. Ilycrs (X, px) u (Y, py) — merpudeckne npocrpancTsa. Oupegeanm Ha
X XY cienymoliue pacCTOAHUS:

Pmax((T1, Y1), (T2, y2)) = max{px (z1,22), py(y1,92)},

oo, 1), (22, 30)) 1= 7/ P, 22) + 3 (310, 92).
p+((z1,91), (T2, 92)) := px (1, 22) + py (Y1, 92)-

JokazaTsb:

1) Yro 910 MeTpUKH.

2) Yro coorBercrByomue Tonogorud Ha X X Y COBHAJAIOT.
Bamauga 1.34. [lokazaTh, 4T0 MOAMHOXKecTBa npsiMoit (a,b), [a,b) u [a,b] He romeo-
MOpPQHBEIL.

1.1 CB43HOCTb M JIMHEHAA CBA3HOCTH

Onpepenenne 1.35. Tomogorundeckoe NpocTpancTBO X HA3BIBAETCS HECBA3HBIM, €CITH
BBIIOJHEHO OJIHO U3 CJIEIYIOININX (OquH;LHO, aKBI/IBaﬂeHTHbIX) YCJIOBU:

e [IpocrpancrBo X mnpejcraBisgercd B BHUje O0bEIUHEHHS JIBYX HEIEePEeCeKAIONNXCs
HEIYCTHIX OTKPBITBIX MHOZKECTB.

e Ilpocrpancreo X mmeer HemycToe MOAMHOKeCTBO A, He coBmagaortee ¢ X U ABJIsI-
Ioleecd OJTHOBPEMEHHO OTKPBITBIM M 3aMKHYTBIM.

e [IpocTtpancrBo X mnpejicTaBisercsd B Buje OObeIUHEHHS JIBYX HEIePeceKaronuxcs
HEIYCTHIX OJHOBPEMEHHO OTKPBITHIX U 3aMKHYTBIX MHOYKECTB.

B nporusHOM cirydae X Ha3BIBAETCS CBA3HLIM.

Onpepenenne 1.36. Ilpocrpancrso X Ha3blBaeTCHd AUHEUHO CEA3ZHBIM, €CJU JIJIS JITO-
OBIX JIBYX TOYEK To,T; € X CylecTByeT HenpepbiBHOe oToGpazkenue (nymo) f :[0,1] —
X, £(0) = o, f(1) = 21,

Bamaua 1.37.  Otpesok [a,b] C R cBg3en u JuHeino csi3eH.
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Teopema 1.38 ITycmov X = |J X, kaorcdoe X, ceasno, a [ X # 0. Tozda X ceasmo.

HoxkazarenbctBo. llyers X mecpasno, X = AUB, ANB = (0, Au B — nenycreie
oTkpbITo-3aMKkHyTHIe. Torma kaxkmaoe X, = (X, N A) U (X, N B). [lo onpenerennio mn-
JIYIIUPOBAHHON TOIOJIOTUU 3TU MHOXKECTBa OTKPBITO-3aMKHYTbIe B X,. [lockonbky X,
CBSI3HO, TO OHO W3 HHUX IIYCTO. SHAUNT, KaxKmaoe u3 X, MeJIUNKOM COmep:KHuTCca anbo B A,
qubo B B, kotopbie He mepecekaiorcs. [Ipu stom, Tak kak A m B memycte, a X paBHO
00 beInHEeHNIO X, TO XOTS OBI ITO OMHOMY U3 X, COMEPKUTCA B KaxKaoM u3 A n B. 3Haqur,
N X = 0. IIporuBopeune. O

(0%

Teopema 1.39 Ilycmwb 6 monoaoeuneckom npocmpancmee X 0aa A1006x 08YT mouer T
u Yy umeemcea ceaznoe nodnpocmparcmeo Py, ux codeporcawjee. Tozda X ceasmo.

HoxkazarenbcrBo. Ilycrs X mecasno, X = AUB, ANB = (0, Au B — nemnycroie
OTKpBITO-3aMKHYTHIe. Torma wHaiinyres a € A, b € B u coorsercrByomee P,,. Torma
Py = (PypNA)U(PypNB). 9Td MHOKECTBA OTKPHITO-3aMKHYTHI B Py, 1 HemycThl (mepBoe
CONIEPKUT a, BTopoe — b). IIporuBopedne co CBA3ZHOCTHIO Py,. [

3anauga 1.40. O6pa3 cBA3HOIO HPOCTPAHCTBA HPU HEIPEPHIBHOM OTOOPAXKEHUN CBSI3EH.

Teopema 1.41 Jlunetino ceaznoe npocmparcmeo c8A3HO.

Hoxkazareanscto. [To npensiymeit 3agaqde f([0,1]) cssasno, rue f = fy, ., — 13 onpese-
nenns jauneitnoit ceasuocru. llonoxkus Py, ., := f([0,1]), MOokeM BOCIONIBL30BATHCS TEO-

pemoit 1.39. U
Samaga 1.42. IlpuBecTu npumep CBSI3HOTO, HO He JUHEHHO CBI3HOIO MPOCTPAHCTBA.

1.2 KoMnakTHOCTB, XaycaopdOBOCTh, HOPMAJIILHOCTH

Onpepenenne 1.43. Torosioruyeckoe IpoCTPAHCTBO HAZBIBACTCA LaycAOPPHO6vIM, €CITH
Jutst o6bIX ©,y € X, x # y, naiiagyres Takue okpectaoct U(x) u U(y), aro U(z)NU (y) =
3amaua 1.44. Ilpusectu npumep HexaycaopdoBa TOIOJOTHIECKOrO HPOCTPAHCTBA.
3amaua 1.45. Jlokasarh, 4TO JEKaApTOBO MPOU3BEICHUE XayCAOPMOBLIX TPOCTPAHCTB
xayc10pdoBo.

3amaua 1.46. JlokazaTb, 9TO B Xayc10p¢OBOM MPOCTPAHCTBE KazK, 1asd TOUKA 3aMKHYTA.
Onpenenenne 1.47. Tonosiorndeckoe TpocTPAHCTBO X HA3BIBACTCA HOPMAADLHBIM, €C-
JI OHO XaycopdoBO U 1isi JTIOOBIX JIBYX HEIIEPECEKAIOMIMXCS 3aMKHYTHIX MHOXKECTB F| u
F5 cymectBytor Henepecekatomnuecs: okpecraoctu Up D Fy u Uy D F.

3amaua 1.48. Bcsgkoe MeTpuyeckoe MPOCTPAHCTBO HOPMaJIbHO.

Ounpenenenne 1.49. Ilokpoite {Vs}gep usmesvuaem (apasgercs 6omee MEJIKUM, deM)
{Us}aca, ecin miast Besikoro [ Hafinercst takoe o = «3), aro Vi C U,.

Teopema 1.50 [Iycmo X — nopmanvroe mononozuneckoe npocmpancmeo, {U; Y,
KoHeuroe omrpuimoe nokpumue. Tozda cyuwecmseyem boaee meaxoe nokpvmue suda V;,

V,CcU.

JdokazareabcTBo. PaccMoTpuM 3aMKHYTHIe MHOXKECTBA
N
F={(x\JUu| ct, F=Xx\U,
i=2

5



U COOTBETCTBYIOINE B CUJIy HOPMAJIBHOCTH OKPECTHOCTH
ViD I, ViD I, Vinvi=0.

Torpa, MOCKOMBKY KaxKaasd ToUKa F) mMeeT He IepeceKarolnyocd ¢ Vi oKpecTHOCTH V) W,
TakKuM 0Opa30M, He MOXKET OBITH TOYKOH IMPUKOCHOBEeHHA V7,

Vlﬂﬁlzw, %C71C(X\ﬁ1):U1

u (V1,Us,...,Uy) — nokpoirue. Jdasee, 3amensiem Us va Vo u 1. 1. O

Bamaga 1.51. Ilycrs f : X — X — menpepwiBHOE oTOOpakeHue xaycaopdosa mpo-
crpancrBa. JJoka3aTh, 9TO MHOXKECTBO HemMOABIKHBIX Touek Fy := {v € X | f(z) = x}
3aMKHYTO.

3amaua 1.52. [lokazars, uro X xaycaopdoBo TOTJIa U TOJBLKO TOrA, KOIJIA IUaroHaIb
A:={(z,y) |z =y} C X x X zamrnyra B X x X.

3amaua 1.53. Jlokazarb, uro ecam orobpaxkenme f : X — Y xaycaopdoBbIxX mpo-
crpaHcTB HenpepsiBHO, TO rpaduk 'y = {(z, f(z)) |z € X} C X x Y 3amknyr B X X Y.

JIemma 1.54 (Ypswicona) ITycmos X — nopmasvhoe MoOnoi02uMeckoe npocmparcmeo,
Fy u Fi — samkuymove nenepecexaroujuecs muoscecmsa. Toeda cyuiecmseyem makas
nenpepusnan Pynruua f: X — [0,1], umo f|g =0, f|lr = 1.

HdokazareabcTBo. /13 HOpMAJIBLHOCTH CJIEAYET, YTO s JI000ro 3aMKHYTOTO F U ero
okpecrroctn U, F C U maiizercs apyras okpecrHocts V, takast, yto F C V. C V C U,
qro Oynem oboznadarh V €U (cMm. JokazaTeabcTBO Teopembr 1.50).

Onpenenum V, A4 1BOMYHO-PAIIHOHAIBHBIX ¢ HHAYKIHEH 10 CTeNeHn 3HaMeHATeJId
(T. e. cnavasa miag 0 u 1, morom aag 1/2, morom mas 1/4 u 3/4, morom mist 1/8, 3/8, 5/8,
7/8 u rak manee). Iomoxkum Vo u V) paBHBIME TaKuM OTKPBITBIM MHOXKecTBaM U u V/
(cM. Hagaso mokasaresnbcrsa), uro Fy C Vo u Fy C X \ V4. [lycrs, no npeanonoxkenuto
MHIYKIWAN, V, oupenesensl 10 2F B 3mamenatese g. Pacemorpun

F .= iy UZ:‘/iH,

ok ok

TOT/Ia, TTOJIOYKUM V2]i+1 =V, durypupyomiem jqjig F u U B paccyzKjeHHH U3 HadaIa
2k+1
JIOKA3aTe/ILCTBA.
[Tony4ennsie V,, aBag10TCA OTKPBLITBIMHA 1O MOCTPOEHUIO, IIPUIEM

1. Fy C W,
2. Vie(X\F),
3. ecam qp < qg, TO Vg, €V,

Onpenemum gs awoboro s € [0,1]: Vi == |J V,. Torma V; orkpsito psa awboro s (kak
q<s

obbeinHeHe OTKPHITHIX) U yaosjaerBopser 1 — 3. JleiictBurenbro, 1 u 2 04eBHIHBI, a
3 crexyeT W3 TOTO, YTO MEXKJY JIOOBIMU JIBYMs YHCIAMH MOXKHO HAWTH /Ba JBOUYIHO-
DAIMOHAJTBHBIX.

Teneps oupenesum dynknuo f: X — [0, 1], nonoxus f|r, =0u f(z) :=sup{s|z &
Vi}. Hokazxkewm, uro f menpepwiBHa. [lycth 29 u € > 0 npousBoabnsl. [lycts so = f(xo).
Pacemorpum

Ulzo) = Vigss \ Vops.
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D10 MEHCTBUTEIHHO OKPECTHOCTD T, MpudeM i Jjiroboro « € U(xg)

T € V80+37 T & ‘/80*%7
TaK 49TO e e c
so- g Sfl@)ssot o [fl@) = fla)l =5 <e O

Samgauga 1.55. 3aMKHyTOe MOJIMHOXKECTBO 3aMKHYTOTO ITOJIMHOKECTBA 3aAMKHYTO B 00b-
eMJTIOTTIIEM TTPOCTPAHCTBE.

Bapmaua 1.56. (Teopema Twurie o npogoszkenun) [ycts X — HOpMaIbHOE TOMOJIOIHYE-
ckoe mpocTpancTBo, F' C X — 3amkHyTOe noanpocrpancTso, f : ' — R — HenpepbiBHAs
dyukiusg. Torna f mpomomkaercs 1o HenpepbiBHOM dyuknun g : X — R. Eciu f orpa-
HUYeHA, TO U § MOXKHO BBIODATh OIPAHUYEHHON TOM ke KOHCTaHTO. (|2, Teopema 3, crp.
87))

Onpenenenune 1.57. Hocumenem dpynryuu f: X — R Ha3pIBaeTCSH

supp f = {zx € X | f(z) # 0}.

Teopema 1.58 Ilycmv X — nopmaavroe monosoeuueckoe npocmparcmeo, {Uys} — Ko-
Hewrnoe omrpuimoe nokpumue. Tozda cywecmsyrom makxue HenpepueHse GYHKUUY Y, -
X —[0,1] C R, umo

1. supp ¥, C U,
2.3 t(z) = 1.

Cucmema Gynkyut 1V, Ha3veaemcs pasdbueHnem egunnubl, nogunHednsoim {U, }.

Bameuanue 1.59. Jlocrarouno jokanbaol KoHeunocTH {U,}: y KazKa0# TOUKH CyTie-
CTBYeT OKPECTHOCTH, [ePeCeKaoIasiCs JUIlb ¢ KOoHeIHbIM duciaoMm {U, }.
HokazareancrBo. Cornacuo teopeme 1.50 Haiinem HoBble nokpeiTusg W, €V, € U,. Ilo
JIeMMe Y PBICOHA, CYIIEeCTBYIOT HeNpephIBHbIE (DYHKITUU

Qa X = [0, 1], 004|Wa = 1, 9a|(X\Va) = 0.

Takum obpazom, supp b, C Vi C Uy, a Oolw, > 0. Iosoxkum 0 := )" 0,. D10 KOHEUHAH
CyMMa HelpepbIBHbIX (DYHKIUN 1, TakKuM 0bpa3oMm, HenpepbiBHag (pyuknusa. [Tockoibky
{W,} — nokpwitue, a > 6, > 0 va W,, o § > 0. 3Haqur, MBI MOKEM MOJOKHUTH
Yy 1= %“. OueBnHO, 9TO 00a YCJIOBUS BBITIOJHEHHI. 0

Ompenenernne 1.60. Tonoiaoruueckoe mpocTpancTBO X HA3BIBACTCS KOMNAKMHbLM, €C-
JIX U3 JI00OT0 €ro OTKPBITOTO MOKPHITHS MOYKHO BBLAEINTH KOHEUHOE TOIIMOKPHITHE.
Bamaua 1.61. J[okaszarb, 9TO OTPE30K [a, b] KOMIAKTEH.

3amaga 1.62. Jlokazarh, 4TO 3aMKHYTOE MOJIMHOYKECTBO KOMITAKTHOT'O MPOCTPAHCTBA
KOMIIAKTHO.

3amaua 1.63. Jlokasarb, 4TO KOMIAKTHOE MOJAMHOXKECTBO XaycI0opdoBa NPOCTPAHCTBA
3aMKHYTO.

Teopema 1.64 Komnaxmmoe xaycdopdhoso npocmparcmeo HopmMasbHO.



HoxkazaTenbcTBo. [lycrs F' C X 3amkuyTro u x € F. [lokaykem, 9T0 CyIIECTBYIOT Helle-
pecekatormuecs okpectaoctu U(z) u V(F). B cuny xaycaopdosoctu s Jjoboro y € F
naiiayres rakue V, > y u Uy > x, aro V, N U, = (. Oxpectroct V, 06pa3yior MOKpbI-
Tue [, U3 KOTOPOTO MOXKHO BBIOpaTh KoHeuHoe HmoAmokpwiTue Vi ,...,V,,, Tak Kax F'
KOMIAKTHO (cM. 3agady 1.62). Tlomoxkum

IIycts Temeps Fy C X mw Fy, C X — 3amkuyTbie. [lo mepBoit qacTu aoKa3zaTeabcTBa

OpeeIuM JIJisl KazxKJA0ro ¢ € F) OTKpBITHIe Hemepecekatonuecs MaoxkectBa U(z) S x

u V(x) D Fy. Torga {U(x)} — orkpbitoe mokpertue [}, M3 KOTOPOTO MOXKHO BbIJIEJUTD
n n

komeunoe noxnokpeitue U(xy),...,U(z,). Muoxecrsa |J U(x;) u [ V(x;) — uckombie
] i=1

=1
HerepecekaInecs: okpectaoctn Fy u Fy. O

3amadga 1.65. Jloka3aTh, 4TO HEIPEPBIBHBIM 00pPa3 KOMIIAKTa KOMIIAKTEH.
Bagaua 1.66. Ilycts f : X — R! — menpepsiBHas yHKIMS HA KOMIIAKTHOM IIPO-
crpancrBe X. Torga f orpanmdeHa u NpUHEMAET HAUOOJIBINEE ¥ HAUMEHbBIIEE 3HAYCHUS.

Teopema 1.67 Henpepusroe buexmueroe omobpaicenue KOMNAKMH020 NpocmpaHcmen
HG TAYCIOPPHOBO ABAACNCA 20MEOMOPPHUIMOM.

HoxkazaTenbctBo. Ilycts f: X — Y — menpepoiBaas ouexnust, mpudeM X KOMIAKTHO,
a Y — xaycmopdono. st gokazareabcTBa JOCTATOYHO TMOKa3amlTh, YTO 00pa3 MpPOW3-
BOJIBHOTO 3aMKHYTOTO MojMHOXKecTBa F' C X gaBigerca 3aMKHYTBHIM B Y. llockombpky X
— KOMIAKTHO, TO F' Toyke KOMImakTHO (cM. 3amady 1.62), snauur, f(F') ToKe KOMIAKTHO.
Ho rak xak Y xaycgaopdoso, To B 3rom caydae f(F) samkuyro (cm. 3azaay 1.63). O
3amaga 1.68. JlekapToBo mIpouM3BeAeHNE KOMIAKTHBIX MPOCTPAHCTB SABJISETCS KOM-
MAKTHBIM.

2 Mmuoroobpas3us n KacarejJbHbIe BEKTOPa

Omnpeaenenne 2.1. [aradkum MH02006pasuem pasmepHocmu M Ha3BIBAETCH XayCI0p-
¢ 0BO TOHOJOrHYIECKOE MPOCTPAHCTBO M, YIAOBIETBOPAIOIIEE BTOPOH aKCHOME CYETHOCTH
(nmeetcs cueTHast 6a3a) U CHAGKEHHOE 2440KUM GMAACOM, T. €. OTKPBITHIM MOKPBITHEM
{Uy} 1 Habopom romeoMopdusMoB ¢, otobpazxatomux U, Ha OTKDPBITHIE MOJAMHOKECTBA
Vo, € R™ (pasmeprocts m muoroobpasus M obosnavaercss dim M). Oun 3azaor B U,
Aokasorve Koopdunamo,. Ilpu 3ToM Tpedyercs, 4TOOBI OTOOPAXKEHHUS 3aMEHb, KOOPIU-
nam (i PGyrkyuu nepexoda) gpagogl D p(Ua NU) = ¢a(Uy N Ug) Gbln makuMu
Kak BeKTOP—(DYHKINHI, 3aJaHHbIe HA OTKPHITOM MHOXKecTBe B R™ (cMm. puc. 1). Inadkot
cmpykmypot HA3BIBAETCS MAKCUMAJIbHBIA [JIaKuil atiac (He COBCeM CTPOroe MOHSTHE).
3ameuanue 2.2. Eciu He TpeboBaTh IV1aIKOCTH, TO MHOrOOOpa3ue Ha3bIBAETCS MONO-
NORUMECKUM.

Bamaua 2.3. IlpuBecrm mnpumep MHOrooOpasHs € HECOIJIACOBAHHBIMHU TJIAIKAMHU
CTPYKTypaMmu, T. e. ¢ AByMs Takumu rragkumu atiaacamu (U, @) u (Vj,1;), dro
{(Us, ¢:), (Vj,4;)} ne saBisiercst riaIkum aTiacoM.

3amaua 2.4. Jlokazarb, uro S™ u RP" aBagioTCa MIaJIKHMA MHOTOOODA3USIMI.
3amaua 2.5. DByayT Ju maJKuMu MHOTOOOPA3WsSMHU T'PAHHIA KBaJpaTa M BOCHMEpKA
(mommuozkecrsa R?) ?



Puc. 1: Orobparkenne 3aMeHbI KOODINHAT.

Onpenenenue 2.6. 2n-mepHOe MHOTOOOpPa3UE HAZBIBAETCS KOMNAECKCHO-GHAAUMUYEC-
KuM, €CJTU BCe (DYHKIINU 3aMEHbBI KOOPAUHAT ABJISIOTCA KOMILIEKCHO-aHATUTIIECKUM.
Bamaua 2.7. JlokasaTb, uTo S? — KOMILTEKCHO-aHAJIATHICCKOe MHOTOOOpa3He.
Onpenenenune 2.8. Oyukuuga f : M — R naswiBaercs esadkoti, ecau jjisg 000
toukn P € M u nekoropoii kKaptsl (Uy, ¢, ), conepxameit P, bynknua fop 'V, — R,
3aJlanHas Ha obsiacru B R, aBisgercs riiakoii.

Sagaua 2.9. Jlokasarh, 9TO W3 TJIAJKOCTU 110 OTHONTEHUIO K HEKOTOPOH KapTe CJIeIyer
[JIQJIKOCTD 10 OTHOIICHHIO K JIFOOOiI.

Onpenenenne 2.10. HenpepoiBaoe orobpazkenue f : M — N riajikux MHOrooOpasuii
HA3BIBACTCS 24a0KUM, €CTH s o060l Toukn P € M u nekoropbix Kapt (U, pq ), comep-
wameit P, n (Ug, pjp), conepxameit f(P), npuuem f(U,) C Uj (310 kapret na M u N,
COOTBETCTBEHHO) OTOOpazKeHHe @hofo otV — Vi C R”, sanannoe na obiactu 5 R™
U HA3BIBAEMOE AOKAALHLIM NPEICMABAEHUEM WA K00POUHGMHOUT 3anucvlo [, sBiIseTCs
rragkum (em. puc. 2). 3aech dim M = m u dim N = n.

amaga 2.11. J[okasarb, 9TO U3 IVMIAJKOCTH [0 OTHONIEHHI0 K HEKOTOPOH mape KapT
CJeIyeT TJIAJKOCTD 10 OTHOIIEHUIO K JIIO0OI.

Onpenenenune 2.12. BuektusHoe riragkoe orobpazxkenue f : M — N mjagkux MHOTO-
obpasmit HaspiBaerca duddeomopdusmom, ecm f~1 apageTcsa TIATKIM.

3amaua 2.13. llposeputb, uTo dHOpMyIbI

k

yk - - Y k - ]‘7 7n7
\/62 — (@2 — (@) — ... = (a")?
k
" =Y k=1,...,n,



[ INGR
(ﬁ yf°f°50¢ if:
R

Puc. 2: JlokanbHoe TpeicTaBIeHue.

zagator auddeomoppusm B.(0) C R" u R™.
3amaua 2.14. IlpuBectu npumep TJIaJKOTO ToMeOMOpGU3Ma, He ABILIONerocs Jud-
dbeomopduzMOM.

Jlemma 2.15 Ha aobom 2nadkom mnozoobpasuu M cywecmesyem amaac ¢ kapmamu,
dugppeomopprvimu omrpumomy wapy ( omryda no zadaue 2.13 scemy R™.)

HoxkazareabcTBo. [lycrs (U,, o) — HekoTOpHIii attac va M. g awboit o € M BbI-
6epeM Uy (y) D . Ilyerns (z) croas Maino, 410 Be(y) (o) (2)) C Ve € R™. Toraa

(Uxa &x)a YIS M, Uac = 90;(1$)<B£(x)(90a(9c) ([E))), QE;L’ = (Pa(x)|(717

— HMCKOMBI# aTjac. Il
Onpenenenne 2.16. CpoiicTBO cymecTBoBaHHUs arjaca u3 romeomopdusmos Ha R"
HA3BIBACTCS A0KAALHOT €8KAUIOB0CMHIO TONOJOIHIECKOTO ITPOCTPAHCTBA.
3ameuanwne 2.17. [l1g 106010 KOHEYHOrO aTaaca KOMIIAKTHOTO MHOTOOOpa3us CcyIie-
CTBYET TO{MUHEHHOE PAa30MeHUs e MHHUIIbI, TOCKOJIbKY OHO HOPMAJIbHO.

Ecyin He 0roBOpeHo MpOTUBHOE, BCE PACCMATPUBAEMble MHOTO0OOpa3us OyAyT T/IaIKH-
MW, U MBI OOBIYHO Oy/IeM Ha3bIBATh UX MPOCTO MHOTOOOPA3USIMHU.

Teopema 2.18 /lia 4106020 KoOHEUH020 AMAGCA KOMNAKMHO20 MHo2000pasus M cyuie-
cmeyem noduuHeHHoe 2Aa0%K0€ PazdueHus eOUHULDL.

JokazareancTBo. [Ipexiae Bcero 3amMeTnm, 9T0 JIOCTATOTHO TOCTPOUTH pPa3OueHue eIu-
HUIBI JIJI HEKOTOPOI'0 U3MeIbIeHUs HCXOTHOro aryiaca. B KadecTBe TAKOr0 M3MeTbIeHnsT
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BeIGepeM (cymecTByomuii B cuty jemmst 2.15 u Teopemsr 1.50) Takoit atiac (Wpg, 73), 910
73(Ws) = B1(0) C R™, Wj = 75" (B1-c(0)) — moxpsitue M.

Onpenennm raajgkyo Gyakinuio va R™:

_ 1
h) = { T apn 2] < (1 - ¢/2)
0, upu ||z| > (1 —e/2)2

Torna
supph C Bi_.2(0), 0<h(x) <1, h(z) > 0 na B;_.(0).

Tlomoxkum

_ [ h(7s(x)), upnx € Wy,
X579 0, upu x & Wp.

Torna x5 € C®°(M),0 < x < 1,supp xg C W u xg > 0ma W§. Sunauur, ¢ := > ;x5 > 0,
a g 1= xp/¥ — uckomoe C*°-pazbueHne eJIUHUIBI. U

Hamomuum, 110 orkpeiroe nokpsirue {Vz} romosorndeckoro npocrpancrsa X Ha3bl-
BAETCA AOKAALHO-KOHEYHbLM, eCJTi st J0oro x € X CyImecTByeT Takas OKPeCTHOCTH
U3 X, 4910 VgNU # & T01bKO 1j1s1 KOHEIHOTO YnCaa [3.
Onpepenenne 2.19. I[IpocrpancTBo X Ha3BIBACTCS NAPAKOMNAGKMHIM, €CJTU Y JIOOOTO
€r0 OTKPBITOIO MOKPBITHS CYIIECTBYET JIOKAIbHO-KOHETHOE H3MeIbIeHNe.
Onpenenenune 2.20. Komnakmuvim ucwepnaruem npocTpancTsa X HA3bIBACTCH TaKasl
[OCJIeIOBATELHOCTD €10 KOMIAKTHBIX noamuoxkects K; (1 =0,1,...), uro X = U;K; u

Ki C Int (Ki+1).
B YaCTHOCTHU, HAYUHasA C HEKOTOPOI'O Ilal'a, BCE KZ CoLAEePzKaT OTKPbITOEC MHO2KECTBO.

Teopema 2.21 (*) IIyemv X — ceasnoe, aokaavho eskaudoso u zaycdopgoso. Tozda
CALIYIOULUE YCAOBUA FKBUBANCHIMHDL:

1. X ydosaemsopaem emopoti aKCUOME CUeMmHOCNU;
2. X napaxomnaxmmo;
3. X donycraem Komnaxkmmoe ucuepnanue.

JlokazaTe1bcTBO MOXKHO IpovecTh HIKe B naparpade 12 lomosrnenus.
3amaga 2.22. /lokaszarb CyHeCTBOBaHUE IIOJYMHEHHOIO Pa30MeHMsT €JIUMHUILLL JIJIsd
JIOKAJIbHO-KOHEYHOTO aTjaca (HEKOMIAKTHOIO) MHOIOOODA3HsI.

Teopema 2.23 Ilycmv f : R" — R — 2nadkaa ¢pynryua, npuvem grad f +# 0 Ha
M = f~Yyy). Toeda M — znadkoe mmozoobpasue. IIpu smom 6 Kauecmee AOKAALHYIT
KOOPOUNHAM MOHCHO 63AMb Hekomopue n — 1 uz xt, ... 2", Tax wmo dim M =n — 1.

HokazareabcTBo. [Ipumensem Teopemy o nesaBuoit pyukimu. Vimenno, nycrb

of af .
= 1 n
o = (xg,...,25) € M, gradff():(—,..., # 0.
1 n
ox ox™ ) |z
Bes orpanmyenusi oOIUIHOCTH MOYKHO CUHTATDH, UTO ;;fn Zo # 0. Ilo Teopeme o HesBHOM
byl Haiixyres okpectoets V orouxn (o), ..., 2f ") B R, unrepnan (8 — ¢,z +

) € R' u C>®-bynxmus g : V — R! Taxue, uto
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Lof(xt, .. am L g(at,. 2™ ) =08V,

2. g(g,....257") = g,

3. gzt .. € (af —e,al +¢) npu (2t 2" eV

4. Touka (z',...,2") € M N (V x (xf — €,x7 + €)) onpegensgerca yciopuem r" =
gz, ... a1,

Onpee/uM KapThl CICAYIONMM 00pa3OM:
Ui=Mn(Vx(zf—e,ai+¢e), ¢:U—=R" o' . . . 2" =" . .,a" eV

Torga, o 1) u 3) 06paTHBIM K ¢ OyIeT

1 n—l)

R O = (2, ... 2" gzt "),

IIposepum, 4TO TOTyHYeHHBIH aTaac aBagerca raaakum. [Tycrs, 6e3 orpanmvenus oOmi-
nocru, napsauy ¢ (U, ) rouka Ty comepskurca takxe B (U, @), rae ¢ : (zt,...,2")
(z2,...,z"). Torna ma (U N U) umeem

ot 2" =32t . 2!
— IJIaJKasl 3aMeHa KOOP/IMHAT. 0
Onpenenenne 2.24. (TemsopHoe omnpenesieHne KacaTeabHOrO BEKTOPA)
(Kacameavrom) sexmopom & B Touke P € M k MHOroobpasuio M Ha3bIBAETCS COOTBET-
cTBUe, KoTopoe Kaxkaoil kapre (U, ¢,) (JokaabHoil cucreme koopaunar (z), ... z™)) B
OKPeCTHOCTH P ¢TaBHT B cooTBeTcTBHE Habop wmeen (£1)... ™). Tlpu sToMm Tpebyercs
BBIMIOJTHEHIE TEH30PHOTO 3aKOHA, CBI3BIBAIOIIET0 HADOPHI YHCET, KOTOPBIE CTABITCS B
COOTBETCTBHE DA3HBIM CHCTEMaM JIOKaJbHbIX Koopauuar. menno, ecaun kapre (Ug, pp)

(OKaNMbHOI CHCTEMe KOODAUHAT (xé,,:cgl)) CTABUTCSH B COOTBETCTBHE HADODP 4YHCe]I

(&5, &4, 1O

rJIe 110 TIOBTOPSIONIEMYCS BBEPXY U BHU3Y MHJIEKCY J TIOJPa3yMeBaeTCss CYMMUPOBAHUE.
Bapmaua 2.25. (ompaspanue onpejenenus) [lycrs v : (—1;1) — M — rnajgkoe orobpa-
xenne, 7(0) = P. Torna coorBercTBHe

dx? dz™
& (ah 2" e [ Sy =
dt a )|,
ABJISETCS BEKTOPOM B P. 31ech B JIOKaIbHOH cucteme koopauaar (... 2™) oTrobpaske-
Hue vy 3agano Kak (zl(t),...,xz"(t)).

3amaua 2.26. Kaxk/plii kacaTe/ibHbIE BEKTOP B TOYKEe P OJHO3HAYHO OIpeIe/seTcs
CBOMMH KOMIOHEHTAMH OTHOCHTEIBHO OJHOM CHCTEeMBbI KOOPINHAT.

Takum 06pa3oM, MHOKECTBO KacaTelbHbIX BEKTOPOB B Touke P (kacameavroe npo-
emparemeo Tp(M)) aBisieTcs KOHEYHOMEDHBIM BENIECTBEHHBIM JIHHEHHBIM TTPOCTPAH-
ctBoM paszmeproctu dim M. [Ipw 3TOM, OUeBHIHO, omepamyi He 3aBHCAT OT BhIOOpA JIO-
KaJIbHOM CUCTEMbI KOOD/IMHAT.

Onpenenenne 2.27. (OmnpenesieHne KacaTeJbHOTO BEKTOPA 4Yepe3 KPUBBIE)
Paccmorpum siBe riajikue kKpubbie v, : (—1,1) — M u v, : (=1,1) — M, ynopierso-
pSIOTIHE YCIOBUSIM:
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e (0)=P

e IS HEKOTOPOIi (C1e0BaTeIbHO, M060i) cucTeMbl Koopaunat (!, ..., 2™) B OKpecT-
HOCTH P BBINOJIHSIETCS YCJIOBHE:

m
k k 2142

S [ (0) = (@) = o), (t—0).
k=1
Takue KpuUBbIE HABBIBAIOTCA CONPUKACAHOUUMUCA: Y1 ~ Yo.

Bce kpuBbie, ya0BIeTBOPSIOIINE MEPBOMY YCIOBHIO, Pa3OMBAIOTCA HA KJIACCHI COMPHU-
Kacalonuxcsd. DTH KJIACCHI HA3BIBAIOTCA kacameavhoimu sexmopamu K M B Touke P.
Onpenenenne 2.28. (Onpenesienne KacaTeJbHOTO BeKTopa depes muddepen-

nupoBaHus) Jluneitnoe orobpaxkenne D : C®°(M) — R, 1. e. sinneiinpiit byHKIMOHAT HA,

MPOCTPAHCTBE TJIAAKHX (DYHKIINI, HA3BIBAETCI 0NEPamopom oup@depenuuposarus B TOUKE
P e M, ecin

® 3HAYEHHSA €0 ONPEJIE/ISIOTCS TOJIbKO 3HAYCHUAMHA (DYHKIHH B OKPECTHOCTH P, TOY-
uee, ecnmu f,g € C°(M) TakoBbl, uto f = g Ha HEKOTOPOH OKpecTHOCTH U TOUKH

LIM)

P, 1o D(f) = D(g) (“omeparop 3ajan Ha pocTKax QyHKIHHA");

e BBHINIOJIHEHO ycioBue HeoTona—/leitbraura
D(fg) = f(P)D(g) + g(P)D(f) ans mobrix f,g € C*(M).

HazoBem Takoit omeparop mudpepeHIupOBaHUsd KacamesvHvm eexmopom K M B TOUKe
P.

Bagaga 2.29. Ilycrs (z',...,2") — JmoKanbHasg cECTeMa KOOPJAMHAT B OKPECTHOCTH
PeM,P=(x},....,20),a& € TpM B cMbIC/Ie HEPBOTO OIPeJIeJeHUs UMEET KOOPJIUHAThI
¢t Torya cooTBeTCTBIE

f Za—i(xé,...,xg)fz
i=1

He 3aBUCUT OT BBIOOpA JIOKAJIBHOI CHUCTEMBl KOOPJAUHAT M Onpejieder onepatop audde-
PEHIIUPOBAHUSI.

Teopema 2.30 Onpedeserus IK6UBAACHMMDL, MOUHEE, ECMECMBEHHOE COOMBEMCIMBUE
KpuBasa <> Kacamesvholi 6ekmop K kpueoti 8 danHot cucmeme KoopouHam <

< duddepenuuposanue no €20 HaANPaGAECHUIO

noposcdaem u3oMopPusm NPoCMPaHCmMe KaCGMEAOHUT BEKMOPOS 6 CMBLCAE MPET Onpe-
deaeruti.

HdokazareabcTBo. Mbl J0OKaxkKeM KBHBAJEHTHOCTb HEPBBIX ABYX. B cuiny 3amga4un 2.25
JI7Is1 KOPPEKTHOIO 3aJaHust orobpazkeHust I' MHOXKeCcTBa, KJIACCOB KPUBBIX B “TeH30pHBIE”
BEKTOPBI JIOCTATOYHO (B OJHOI CHCTeMe KOODAMHAT) MPOBEPUTH UTO U3 Yy ~ Yo CJAEYET,
uto &, = &,,. HeiicTBuTesbno,

0=
t— t

. mazklt—xkgt 2
1mz[ ((8) = 2" (2())]" _
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T (2R (D) — 2K(P)) = (2R (o(t)) — zF(P 2
:kz[hm( (1(t) — 7(P)) — (2 (a(t)) — (7))

t—0 t ’

OTKYJIA &y, = &y,. DT 2Ke BBIKJIAJIKa MOKA3BIBACT, YTO JBE KPUBBIE COIPHKACAIOTCH TOTJIa

U TOJBKO TOT/A, KOIJAa OHH MMEIOT OJMHAKOBBIN KacaTeabHBIl BEKTOp. 3HA4YHUT, I KOp-

PEKTHO OIIpeJIeJIeH0 W MHLeKTUBHO. 3adUKCUPyeM CUCTeMY KOOPAMHAT T° B OKPeCTHOCTH

P. Onpenenum orobpazkenne A (ObITh MOXKET, 3aBUCHINEE OT BHIOOPA CHCTEMBI KOOD/TH-

HaT) B 0OPATHOM HAIPABJICHUH, COMOCTABIAA BEKTOPY & ¢ KOOpAUHATAMH £ B BHIOPAHHOI

cucreme, “UpaMyio”; T. . KpUBYIO ¢ napamerpuueckum sajanuem x'(t) = x'(P) +t - £
dz*

Torna W) =& uT oA =1d. Takum obpaszom, I' — ciopbekius. 0
P

3amaga 2.51. Jloka3aTh 9KBHBAJIEHTHOCTh TPeThero ompejesaenns (depes muddepen-
[UPOBAHMUSI) KACATEJIHHOTO BEKTOPA JIBYM JIDYTHM.

Onpenenenune 2.32. Ilycts f : M — N — rtnagkoe orobpaxkenue, P € M. /ugp-
depenyuanom (kKacamervhom omobpasiceruem) f B Touke P HasbiBaeTcsi 0TOOparKeHUe
KacaTeIbHbIX npocTpancTs dfp : TpM — TypyN, onpeaeneHnoe OIHUM U3 CAELYIOMNX
9KBUBAJIEHTHBIX CIIOCOOOB, COOTBETCTBYIOIINX TPEM OIPEAeIeHUIM KacaTeIbHOI0 BEKTO-
pa.

Iepsbiit cnocob. [lycrs (UM, oM : UM — VM ¢ R™) — kapra M B okpectnoctn P,
(UN, N : UN — VN Cc R") — xapra N B okpecrnoctu f(P), (zt,...;2™) u (v}, ..., y")
— COOTBETCTBYIOIHE JIOKAJTbHBIE CHCTEMbI KOOPAWHAT. JIOKaJIbHOE TIPEICTABIEHNE 0TO0-
paxenust f, Toanee, orobpaxkenne o o fo (PM)7L VM 5 VN yower GrITh ommcano
KakK Habop pyHKmuit

yt =t ™), Lyt = (L a™).
1

[Tycrb BekTOp £ € TpM craBUT B COOTBETCTBHE cucTeMe KoopauHar (z') ... x™) Habop
(€Y, ..., &™) (roBopaT: mMeeT yKa3aHHbIe KOODAMHATHI B 3TOi CHCTeMe), TOTIA IO OIpeIe-
JIEHUIO 1oJ1araior ero obpasom 1 = (dfp)€ BEKTOP ¢ KOOpAUHATAMHU

o fI

i 9
ox’

fi
(cymMMmpoBaHue moapasyMmeBaerca) B cucreme (yl, ... y").

Bropoii crroco6. O6o3uaunm gepes [y| Kaace cOMpUKACAONINXCS KPUBBIX KPUBOH 7.
[Tostoxkum

(dfp)ly] = [f ol
Tpetuii ciocob. Paccmorpum oneparop auddepennupoBanud £ B Touke P € M. To-
ria 3Hadenue oneparopa audddepeniuposanus (dfp)é Ha byuknuu g € C(N) 3anaercs
dopmyoii
((dfp)€)(g) :==&(g o f).

3amaua 2.33. JlokazaTb 3KBHBAJEHTHOCTDL Tpex omnpejenenuit nuddepenmnualia.
Onpenenenne 2.34. Paccmorpum riagkoe orobpaxenwe f : M — N, f(Py) = Qo.
Touka Py € M nasbiBaercs pez2yaapnot mouxot f, ecan guddepeniualt

dfpo : TPOM — TQON

stBaisieTcst snuMopduzmom (oTobpazkenuem “ua”’). Touka Qg € N HA3BIBACTCS PE2YAAPHbIM
snavenuem f, ecan moboe P € f~1Qq aBngerca peryaspHoil ToUkoi f.
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Teopema 2.35 (Cappa) (6e3 dokasameavcmea) ITycmo [+ M — N — 2radkoe omo6-
pasicerue, M — womnaxmmnoe mnozo000pasue. Tozda mmoocecmeo G C N pezysapnoix
snauenutll f — omxpwuimoe 8cr0dy NAOMHOE MHONCECTNEO.

Sameuanne 2.36. B obmem cayaae N \ G umeeT Mepy HYJb.

Onpenenenune 2.37. Orobpaxkenue f : M — N Ha3bIBACTCS N02PYHCEHUEM, €CIU B
kakaoit Touke P € M nuddepenmman dfp : TpM — Typ)N aBiagercsa MOHOMOPGhU3MOM.
Ecau npu stom f : M « f(M) B3aumuo ognosnauuno, a f(M) zamkuayto B N, to f(M)
HA3bIBAETCS 6A0HCEHUEM.

Samaua 2.38. [IpuBecTu npumMep MorpyzkeHus, B3aUMHO-OJHO3HAYHOTO Ha 00pa3, HO
HE ABJIAIOIECIOCA BJIOXKCHUEM.

Onpepenenne 2.39. Bioxkenue, gpisgiornieecs roMmeoMopdusmMom Ha o0pas3, Ha3bIBACT-
CA BAOHCEHUEM 68 CUALHOM CMbBLCAE.

3anaga 2.40. [I1g KOMIAKTHBIX MHOT00Opa3nii BJIOXKEHUE BCETJA SIBJIAETCS CHJIBHBIM.
Onpenenenune 2.41. Ilogmuoxkectso L C M, dim M = m, na3piBaercs 2aadkum noo-
MH02000pasuem, ecu cyuiecrByer Takoi arnac (U,, po) Muoroodbpasust M, uro {U, N L}
— naajKuit atyac L B TOM CMBICJE, 9TO

Yalvanr i Ua N L — VN R, R' c R™

(cM. puc. 3). DTOT aTaac HA3BIBALTCS HOPMAAbHBLM. Takum obpazom, dim L =1, a (m —1)
HA3BIBACTCSA KOPA3MepHOCMbio. TIpn 3ToM L OKa3bIBAeTCsS 3aMKHYTHIM.
Bamaga 2.42. JlokaxKure.

\
-~/
?o(( U.gnL)

Puc. 3: HopmanbpHad KapTa.

P

Sagaua 2.43. Ilycts f: M — N, a (o € N — peryaapnoe sHadenue f. Torma Mg, =
F7H(Qo) aBngerca raaakum nogmuoroodpasuem, dim Mg, = dim M — dim N. B kauecrse
JIOKaJIbBHBIX KOOPpAWHAT B OKPECTHOCTHU HeKOTOpOIU/I TOYKH MQO MOZKHO B34Tb HEKOTOPBbIC
(m — n) koopanuar M.

3amaga 2.44. IlpuBectu npumMep TaKoro BJIOKEHHsI, YTO oOpa3 He sBJIAeTCs IOIMHO-
roobpasuem (¥ jazke MHOTOOOpA3UeM).

Teopema 2.45 [lodmnoocecmeo A C N asasemes nodmno2000pasuem moz0a u mosvko

moz2da, k0204 0HO ABAAEMCA 00PA30M HEKOMOP020 MHo2000pasus M npu esoscenun 8
CUNOHOM CMDBLCAE.
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HokazareabcTBo. Eciu A C N aBasgercs nonMHOrooOpasneM, TO TOKIECTBEHHOE 0T00-
pazkeHnue OyJIeT roMeoMopdu3MOM Ha 00pa3, a Mo OIIPeIeJeHUIO I0JIMHOr000pa3ud — Io-
Py KEHHEM.

Ob6parno, nycts f : M — N — cuibHOe Tiagkoe Biaoykenue. CBOMCTBO OBITH TOIMHO-
rooOpasueM MMeeT JIOKAJbHBIH XapakTep: JO0CTATOYHO PAaCcCMOTPETh OTKPBITOE MOKPbI-
tne {N;} B N mag A, u A; = AN N;. D10 ¢BOIiCTBO MHBAPHAHTHO OTHOCHTENbHO (-
nuddeomopdusmoB: MEHOKecTBO A C N sgBiisercs moaMHOrooOpa3sueM TOI/Ia B TOJIBKO
torga, korga g(A) C N’ asasercs nogmuorootpasuem, rje g : N — N’ — auddeomop-
dbusm. Pacemorpum cemeiictBo kapt ¥ = {v; : N; — R"} muoroobpasuss N, mokpbiBa-
fomux A. Ilycts © = {p; : M; = R™}iepn — makoit anrac M, aro f(M;) C N; (ecan
HY?KHO, MeHseM uHIeKkcauo). [TockonabKy f sBisiercsa BJIOKEHHeM, B 9aCTHOCTH, TOMEO-
MopduaMom Ha 006pas, To MoxKHO BeIGpaTh ® n ¥ tak, uro f(M;) = ANN,;. Toraa B cuy
HHBAPUAHTHOCTH OTHOCHUTEJBHO Au(deoMopdU3MOB CUTYAIdsT CBOIUTCS K CJIEAYIONIei.
U:={Vi} = o;i(M;) CR™, f = fi =ife; ' : U — R"— C>®-pnoxenne. Hajio naittu J1o-
KaJIbHO Takoil jiuddeomopdusm, uro obpas jexur B R" ™. Ho 910 npocro reopema 06 00-
patuoit ¢pyuxuuu. menno, jokaibuo cymecrsyor (', ... xm), 1 <4 < ... < i, <n,
u miajakoe orobpaxkenne g : R — R} ™™, uto 3ro rpacduk. Takum obpazom, BBeIs B
okpectaocTd B R" KoopauHaTHI

(xil7 . 7I.Z'm7 I"jl _ (g(xh’ . ’xi7wz>)j17 . ,Ijn7m _ <g(l.i17 o 7xim))jn7m)7

nostydaeM, uro f(U) 3aaeTcs Kak pa3 Kak KOODJAUHATHAsI THIEPILIOCKOCTD (CM. puc. 4).
YT06BI HOIYYHTH aTJIac, OCTAeTCs JT00ABATH HEKOTOPBIE KapThl N, KOTOpBIe He IepeceKa-

R

n

| — k" 1
—_ |
o =§‘-—;—+—"
LR 2

ta o
r x,,.)x

Puc. 4: Boinpsmienue.

1orcst ¢ A (M TeM CaMbIM, aBTOMATHYECKH SBJISIOTCA HOPMAJTBHBIMHE ).

[TojuepkHEM, 9TO JOKAJX30BAThH 33Ja4y VAAJ0Ch TOJBKO 61arogaps TOMY, 9TO BJIO-
JKeHUE B CHJIBHOM CMBICTe (TO ecTh roMeoMopdu3M Ha o6pa3 U He BO3HHKAET CUTYAI[MH
KaK ¢ [eHTPaJIbHON TOYKON Ha puc. 5 A)). A JONOJHATHL 0 aTaaca BCEr0 MHOTOOODA3Ms
MOXKHO B CHJLy 3aMKHYTOCTH 00pa3a (Tak 4TO He BO3HHKAET CUTYAIMH, Kak Ha puc. 5 B)).
0
Bameuanue 2.46. MoKHO mo-pasHOMy pemaTh Bompoc cumtarh am (0,1) x {0} € R?
noaMHoroo6pasueM. IIpaBuibHO Bee 2Ke He cIuTaTh. Ecin cauraTh — HAJI0 B OLPEIe/IeHUH
OAMHOr000pa3us 3aMeHuTh ‘ariac’ Ha “Habop xapt’.
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A -
A= M

1\ £ H OpMAA
— —s M= (ale) = IM

A) 5)

Puc. 5: Takue cuTyaryum UCKIIOYEHBI YCJIOBUSIMU.

Teopema 2.47 (Ouenp cmabas Teopema Yutum) [lycmo M — zaadkoe Komnarm-
noe mnoz2000pasue. Toeda natidemcs makoe namypasvroe wucro K, wmo cyuecmeyem
saooicenue (6 cuavriom cmuicae) f i M — RE.

, ) — JMOKaJbHAas
cucrema koopguuatr B U,, upuuem ¢, : U, ~ B, = Bi(a,) C R™, tae B,(b) — map
paguyca r ¢ nenTpom B b. [lyers BS := By_.(a,), npuaem {US := ¢ (BS)} no-npexknemy
nOKpbIBaOT M (BO3MOXKHO B CHJIY HOPMAJILHOCTH). BeiGepem Tenepb

Hokazareanctso. [ycrs {U,}h_, — komeunsrii arnac M, (zk,... ™

fa € CZ(R™), fa =1 B TOuHOCTHN Ha B, supp fo C Ba.
[lycts g% : M — R onpenenenst g k=1,....mu a=1,..., L dpopmyramu
gk(P) — folpa(P))xl(P) mpu P € Uy;
“ 0 upu P & U,.

k
o

[Ipu srom Bemosastercst gt (P) = % (P) upu P € UZ. Takum obpazom, m - L dbyuxmuii g~

zagator C®-orobpazKkeHue
g: M —R™",

Omnpenennm Temnepb

p: M —RE=R"" o(P):=(g(P); fa¢al(P)))

Torma rkdy > rkdg. Ecmu P € UZ, To

k k
rkdg|p > rk (E)ga—(P)) > rk (&xa—(P)) —m.
o oxl,

Lo
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ITockosibky 1o coobpazkenusm paszmepuoctu rkdy < m, 1o tkdy = m. Mbl nokazaJu,
4YTO (0 — MOrpyzKeHue.

Teneps mokazkeMm, 9TO (o HHbEKTHBHO, T. €. gBJsgeTcsa Oueknueir Ha obpas. Ilycts P #
Q. Torga maiinercs takoit HOMep «, uto P € UZ u, crenoBateabho, fo(pa(P)) = 1.
Ecau npu stom f,(0a(Q)) < 1, 10 Bee mokaszano, ecau ke fo(p(Q)) = 1, To Q € UE,
tak uro g~ (P) = z*(P), ¢8(Q) = 2%(Q). Tockonbky P # Q, To maiiercs KoopauuaTa
2! (P) # 252(Q), tax 10 g3 (P) # g2°(Q) 1 o(P) # ¢(Q).

Tak kak M kommnakTHo, a (M) C R¥ xaycaopdoBo, To 1o TeopeMe 1.67 ¢ dBiseTcs
romeoMopdu3MoM Ha 00pa3 U, CJ1eI0BaTe/IbHO, BIOKEHUEM B CUJILHOM CMBICJIE, TOCKOJIBKY
@(M) KOMIIAKTHO M 3aMKHYTO. O

Cdopmymupyem 6e3 goKa3aTe g becTBa 00JIee CHAbHBIE PE3YIHTATHI:

Teopema 2.48 (Cnabasi Teopema Yuruu) (6e3 dokasameavcmea) Teopema eepha u
Ons He 06A3AMEADHO KOMNAKMHO20 MH02000pA3UA, NPUYEM MONCHO 63amb K = 2 -

dim M + 1.

Teopema 2.49 (Cunbaasi Teopema Yuthu) (6e3 doxazamesvemea) B npedvidywed
meopeme modtcho 63amuv K = 2 - dim M.

HokazareabcTBo. Iljed 1oKkazaTebcTBa COCTOUT B TOM, YTOOBI CTAPTOBAB OT KaKOT'O-
b0 BIOKEHUS, IIyTeM IPOEKTUPOBAHUS HA JIMHEHHbIE HOAIPOCTPAHCTBA MEHbINEH pa3-
MEPHOCTH, MOHU3UTh Pa3MepHOCTh. COOTBETCTBYIONINE MOANPOCTPAHCTBA HAMAYTCS IO
nemme Capra. 0

3 KacareabHoe pacciioeHne

Onpepenenune 3.1. Ilycts dim M = m. Oupegenum N = T, M — mnozo06pasue su-
HEUHBLT IAEMEHMOB WU Kacameavhoe paccaoerue M. N Kak MHOXKECTBO COCTOUT W3 Tap
(P,&),tme P € M,a& € TpM, 1. e. kacareabublil BeKTOP. TOMOJOUS U CTPYKTYPa MHOIO-
obpa3ud 3a/1aeTcsd IPU MOMOIIH OMEKTUBHBIX OTOOPAYKEeHU HEKOTOPBIX MOJAMHOXKECTB N
Ha OTKPBITHIE OIMHOZKeCTBA R*™, KOTOPBIE 0GbABIAIOTCS FOMEOMOPMI3MAMHA I KAPTAMH
(tak aro dim N = 2m). Umenno, ecau (U, p) — J0oKanbHasg Kapra Ha M, T0 B KadecTBe
yKazaHHOTO ToaMHOKecTBa N OGepercss muOXKecTBO map (P,) ¢ P € U, a B KauecTBe
orobpakenns B R*™ crenyiomee orobpaxenne O:

O(P,E) = (2, ..., 2™ & . 6™,

e 0 0
— (1 m N m_“
e(P) = (z,...,2™), §—§8$1+...+ S

T. e. £ KaK KacaTeJbHBIIl BEKTOP COMOCTAB/ACT cucTeMe Koopaunar (x!, ... ™) nabop &'
Torpa 3amenbl mepeMEHHbIX [IPU EePEX0/Ie OT OJIHON TAKOW KapThl K JAPYroil OCyIIecTB/Is-
I0TCS 110 TIEPBOIl IpyIIe MePeMEeHHBIX TaK, KaK ObL1o Ha M, a 1Mo BTOPOi — IpU MOMOIILH
MaTpuIbl flKoOu 3aMeHBI IMepBOil TpynIbl. B 9acTHOCTH, OHE TJIQJIKHe, a BBOJAUMAS MMU
TOIOJIOTUS COIVIACOBaHa Ha IepecedYeHudX.

Bameuanne 3.2. Ecau M 6b110 MHOr0OOpasnem rinagkoctn CF, ro T, M — MHOT000-
pasue kuaacca CF1,
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4 Mmuoroobpa3usd ¢ Kpaem
Bsenem cienyromue 0603HAUEHUS:
R’} C R", R” = {(z',...,2") e R" | 2" > 0},

Ry i={(z',...,2") € R"| 2" = 0}.

. . n 1
ITon muddepenuupyemocrbio nenpepuisroit dynxkuuu f @ R} — R mpr Oyzem nonu-
MaTh caenyioree. Jnsg Bayrpernux todek (™ > 0) coxpanum oGbIaHOE HOHATHE. [l
rpanmaHbx Touex (Zo € RETY) Mbr GyaeM TpeboBaTh ClpaBeInBOCTH PA3I0YKeHHIs

i=1 w9 |7 — |
_ Of (= c
Torma fi = 55 (7o), (1 =1,2,...,n—1), a
o flab, . ayhan k) — f(xd, a2
fu = i, 3 (1)

(O,[[HOCTOpOHHHH YaCTHaA HpOI/ISBOﬂH&H).

Onpepenenne 4.1. XaycaopdoBo TOIOJIOrAYECKOe IPOCTPpaHcTBO M co cueTHOU Oa30ii
HA3BIBACTCS MH02000pa3UEM C KPaeM, €CJIU CYIIECTBYeT TAaKOe er0 OTKPBITOe IMOKPHITHE
{Ua} 1 xoopannaTHbIe TOMEOMOPMUIME @4 : Uy — Vo, C RY, e V,, C RY — oTkphiTHIE,
a (OyHKIUK 3aMeHbl KOOPUHAT

0s0a" + Vap = a(Ua NUg) = Vi = 0u(Us N Up)

ABJAIOTCA IVNIaIJKUMHU B YKa3aHHOM CMBICJIC.
Hazosem Touky P € M snympenned, ecim 2 (P) > 0 u epanuunod, ecau zl(P) = 0.

Jlemma 4.2 Onpedeserue 2paHUMHBLE U 6HYMPEHHUT MOYEK He 3a6UCUM 0 8bl00Pa S0~
KaAbHOT CUCMeMb, KOOPOUHAM.

HdokazareancTBo. [lomyctuMm mpoTuBHOe: B OKpecTHOCTH P € M WHAYNUPOBAHBI JBE

JoKa/IbHble cucremsl koopauuar (z',....z") n (y',...,y") u3 R}, n R’ ,, npuuem
2"(P) > 0, a y"(P) = 0. Takum obpasom, Ha camom jgeie (z', ... z") ocyuecTsis-
10T romeomopdusM okpectioctu U > P ma orkpwiroe V. C R?, a (y',...,y") — na

V CRY, (mepexo/is K mepecedennio, cauraeM 06a romeoMopdu3ma 3aJaHHBIME Ha, OTHOM

okpectHocTH ). Bosuukaer dyHKIua nepexoa, T. e. naaakuii romeomopdusm ¢ 1V — V|
y* = F(2t, ... a"), npuem

1oy ="zt ..., 2") >0,

2. y"(P) = (p”(x(l), nxg) =0,

T. e. y" = ¢" gocruraeT MUHUMyMa B Touke (z§,...,z). Tak kak V orkpeito B R}, TO
(x},...,20) — BHYTPEHHSs, TOZKHBI OBITH BBIOJHEHBI YCJIOBAS JIOKATBHOTO IKCTPEMYMA:
op"

axl (xl n)

000
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ap7
o (zd,..\zl)

OIpeJIeJIeHHsI OJJHOCTOPOHHEH JacTHON mpou3BoiHOil (1) mpogoaKaer paboTaTh MPaBIIO
nuddepennupoBanus (ymMHokKeHne Marpui Jxkobu). [

Onpenenenune 4.3. Hazosem xpaem wan zpanuuyet OM muOroodOpasust ¢ xKpaem M

MHOZKECTBO €I'O I'PaHHYHbIX TOYEK.

Ho Torma det = 0 ¥ He CYIIeCTBYET IVIQJIKOr0 0OPATHOrO, HOCKOIbKY JIIs

Teopema 4.4 Kpati asasemes mH02000pa3uem Ha OUHULY MEHbULET PA3MEPHOCTIU.

HokazareancTBo. B kadecTBe ariaca BO3bMEM OTPaHUYCHUS KapT Ha Kpai. [
3amaua 4.5. IlpoBepuThb BBINOJHEHHE BCEX YCJIOBHIA.

Onpepenenne 4.6. Muoroobpasue Ha3bIBACTCS 0OPUEHMUPOBAHHBILM, €CJTU HA HEM BbI-
OpaH aT/iac C NOJIOKUTEJbHbIME SKOOManaMu BeexX (pyHkiuit nepexoya. Eciu rakoii arjiac
MOZKHO BBIOPATH, TO MHOT000pa3Me HA3BIBACTCS OPUEHMUPYEMBIM. 1IpUMEHSIeTCS K MHO-
rooOpasusiM pa3mMepHOCTH > 1 (TO ecTh He HYJIbMEPHBIM).

3amaua 4.7. OpHeHTHPOBATHL OPHEHTHUPYEMOE CBS3HOE MHOI00Opa3ue MOXKHO POBHO
JByMst criocobamu. (A garo Gyaer ¢ HyJIbMepHbIME?)

3amaua 4.8. HasoBem 3aMKHYTBIH 1yTh B MHOTOOOpasuu M dezopuenmupyrowum, ec-
g umeercd Habop kapt Uy, ..., Uy NOKPBIBAIONIUX €r0, IPUYEM KaxK/1as IepeceKaeTcs
TOJIBKO C JIByMsI COCETHUMU, a BCE SKOOMAHBI MEePexoa, KPOMe OTHOTO, MOJOKUTETbHBI.
JlokazaTh, 4TO MHOrooOpa3ue HEOPUEHTHUPYEMO TOTJla U TOJHKO TOT/a, KOTJa HMeeTcd
JIC30PUEHTHUPYIONIUI Ty Th.

Bamaua 4.9. Hasosem sokaavrotli opuenmayuedi BHIOOp opuenTanuu (T. e. 6a3uca) B
KaK/IOM KacaTeTbHOM TPOCTPAHCTBe. JIOKAIbHAS OPUEHTANNSA AOKAALHO NOCMOAHHI, €C-
J st Kaxk Ao kaptel U crangapTHbIil 6a3uc 0; 3a/1aeT JOKAJIbHYI0 OPHEHTAIHO B Tpe-
JiesiaX KapThbl JIHOO BO BCEX TOYKAX COBIIAJIAIONIYIO C JAHHOM, JTUOO €if MPOTHBOIOJJIOKHYIO.
JokazaTh, 4TO MHOI00Opa3ue OPUEHTHUPYEMO TOTJIa U TOJHKO TOIJIA, KOIJA MMEeTCs JIO-
KaJIbHO ITOCTOSTHHAS OPUEHTAIIHSI.

Bamaua 4.10. okazarnb, uro muoroobpasus S', S? , S™ | T? opuenTupyembl.
3amaga 4.11. Jlokazarh, 4TO KOMILIEKCHO-aHAJIUTHIECKOE MHOTOOOpa3ne OpueHTUpye-
MO.

Banaua 4.12. Jlokasarhb, uTo JeHTa Mebuyca u mpoeKTHBHa mIockocTh RP? — Heopu-
eHTHPYEeMble MHOTOOOPA3HSI.

Teopema 4.13 Kpati OM opuenmupyemozo mmoz000pasus M, dim M > 2, aeasemcs
OPUEHMUPYEMBLM MHO200DPAUEM.

JokazarenbcTso. Iycrs atnac {U,, (z), ..., 2%)} na M (27 > 0) sBasercss opuenTu-
n
o 7
pytomuM, det [|Z5e > 0. Ha OM Bosbmem armac W, = U, N OM ¢ noKaabHBIMU
ij=1
..., 2" 1). TlokaxkeMm, 9TO OH ABJIAETCS OPHEHTHPYIONIAM, T. €. JJIs
n—1

J
816
KoopauHaTaMu (T),
E) i
o > 0. Iockonabky Ha W, N W3 nmeem
X
B

moboit P € W, N Wg Boinonnderca det
i,j=1
oar :
aj:? =0,72=1,...,n — 1, TaK KaK OpH BHIYUCJIECHUH ITUX YACTHBIX

8

MPOU3BOIHBIX (DPUKCUPYETCsl B TOM 4uCJIe U n-s KoopAauHara. Takum obpaszom, B Touke P

n
«

T, = x5 = 0, TO

n n—1

oz oz O™
0 < det || -2 = det || =0 : 8“”3. 2)
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B Ttouke P

ox" ) xZ(w};(P),,xg(P)%—h) —xZ(xé(P),,xg(P))
= lim =
6xg h—+0 h
n(xL(P), ..., 2% P)+h
— lim ‘Ta(xﬂ( )7 >xﬁ( )+ )
h—+0 h

[TockosbKy J0TIpe/IeIbHOE BhIpazKeHue TOJI0KUTEHHO, TO Tpee/ HEOTPUIIATEICH, a M0-

CKOJIbKY, B cHiy (2), OH HEHYJIEBOIl, TO OH TOJOKHUTE/IEH: g%% > 0. Torpa u3 (2) moay-
e 5lp

qaeM, 9To det % > 0. U

Allig=1

IIpumep 4.14. OGpaTHOe HeBepHO: JeHTa Mebnyca HeopmeHTHpyeMa, a ee Kpail S*

OPUEHTHUPYEM.

5 PwumaHoBa MeTpuka

Ompenenenne 5.1. Pumanosol mempukrot Ha MHOTOOOpa3nu M Ha3bIBAeTCs COOTBET-
CTBHE ¢, KOTOPOE KazKJI0il JTOKAJIbHOM cucreme Koopauuar (z), ..., ™) B U, comocrapiser
Habop rnankux gyrkmmit g : U — R, npuaem

1. B kaxoit Touke x € U marpuma ||g;;|| — cummerpudeckast (HeBBIPOKIEHHAS) IO-
JIOXKHUTEIBHO ONPE/IeTCHHAS;

- . B
2. BBINOJIHAETCH TEH30PHBIN 3aKoH: (DYHKIUU gy;» OTBEYAIONINE CUCTEME KOODAWHAT
(xé,...,xg‘), VIOBJIETBOPAIOT B KAaXKJIOM TOYKEe U3 NepecedeHusd KOOPAWHATHBIX
OKPECTHOCTEHN
e J
g/g . ga 8xa (9xa
kl = Jij k l
Oxj Ozg

(O MOBTOPSIIONIUMCST HHIEKCAM — CYMMEUDOBAHHE).

[Tapa (M, g) HA3BIBAETCS PUMAHOBbLM MHO2000PA3UEM.

3amaua 5.2. llepBoe ycioBue 10CTaTOYHO TPOBEPUTD I KaxK10it Touku P € M ToJb-
KO B OJHOU KapTe.

Onpepenenne 5.3. [Ipu pabore ¢ TeHzopamu HaM yjA00HO BBECTH CJIEYIONINE COTJIa-
mennst 06 oboznadeHusix. Mbr Gynem 0603HAYATH JOKaTIbHBIE cucTeMbl Koopauaar (U, ¢),
(U, "), (U", ") u 1. 1., a coorsercrByiomue koopaunarsl — (x', ... a™), (z'', ..., 2™),
(¥, .., 2™") u 1. 1. Takum 06pPa3OM, MOKHO CKA3aTh, 9TO ' 3TO HA CAMOM jeJie 27
Kpome Toro, mo wHmekcam, MOBTODSIIONIMMCS BBEPXY W BHH3Y, Oy/IeT TOIPa3yMeBaThbCs
cymmMmupoBanue. B aTux 0603HaueHUSAX TEH30pPHbIE 3aKOHBI TTPEoOPA30BaHUs 11T KOOPIHU-

HAT BEKTOPa U PUMAHOBOW METPUKHU IPUMYT BUJI;

¢ = g o’ 02" 0d/
C 0 Oxt] 93" = 95 Gt i’

Jlemma 5.4 Pumarosa mempuka 3a0aem cKaAAPHOE NPOUSEEIEHUE KACAMENHUL GEKMO-
pos &,11 € TpM no gopmyase

& = g(&,7) == g€’
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JokazarenbcTBo. Bee sicHO, KpoMe HHBapHAHTHOCTH: g3 = g€ 1P’ KOTOpAs mpo-
BEPSIETCS HEIOCPEJICTBEHHO 110 OIpEIe/IeHUI0 PUMAHOBO METPUKH U IEPBOMY OIpejie/ie-
HIIO KacaTeJbHOro BeKkTopa. [

Samaua 5.5. IlposecTn 3Ty BHIKIAIKY.

Onpenenenue 5.6. DBuaunetinot ¢popmoli HA30BEM DPUMAHOBY METPUKY 0€3 YCJIOBHUS
1).

3amadga 5.7. [IpoBepuTh S5KBHBAJIEHTHOCTD OIIpejie/ieHuil OunHeiiHOi (hopMBL HAJT TOU-
KOl depe3 TeH30PHbBINH 3aKOH U KaK (hOPMbI HA KacaTeJTLHOM TPOCTPAHCTBE.
Onpenenenune 5.8. Ilycts f: N — M — rnagkoe oToOpazKkenue, g — OWIMHEHHAS
dbopma Ha (kKacaresbHbix BekTOpax K) M. Oupemennum 3uadenue ee obpammuozo 0bpasa

f*g Ha BekTOpax 5, 77 € TpN dopmymnoit
(F9) (€D = g((dfp)E. (dfp)).

B koopjuHarax MOXKHO ONLpeJeuTb 0o0paTHblil o0pa3 cieiyiomum 1yrem. llycrb

(x',...,2") — xoopmunarel B okpecrunocru P, (y',...,y™) — B okpecrnocru f(P), a
(fizt, ... 2™), ..., f™(zh, ..., 2™)) — cooTBercTByOIAs KoopguHaTHas 3amuch f. Toraa
(B koOopmuHaTtax (x!,... z"))
) aft af
(f*9)ij == g O O

3anaga 5.9. [IpoBepuTh COTVIACOBAHHOCTH ITUX JBYX OMpPEICTCHMUIA.

Bamaga 5.10. Jlokazare, uro ecam i : N — M — morpyzxkenue (B 9aCTHOCTH, BJIOZKe-
HUe), a g — puMmanoBa Merpuka Ha M, 10 1*g — pumanoBa Merpuka Ha N. [Touemy 310
He TaK JIJI IPOM3BOJIBHOIO OTOOParKeHust 7

Onpepenenne 5.11. Ilycrb ¢ : N < M — BrIodeHue nogmMuorooopasust N B puMaHoO-
Bo MHOTOOOpasue (M, g). Torna i*g HazbIBaeTCS UHIYUUPOBAHHOT PUMAHOBON METPHUKOIL
Ha nojaMuoroobpazun N.

Teopema 5.12 Ha escakom rwomnaxmmom muozo0bpasuy, M cyuiecmeyem pumaHosa
MEMPUKA.

HoxkaszareabcTso. Ilycrs F': M — R” — Bioxenue uz reopembl Yuruu. Torpa F*gRr
— pumaHoBa merpuka zHa M. []

Bamaua 5.13. lokazaTh 3Ty TEOpeMy ¢ MOMOIIBI0 pa3OueHuss eIuHUIbl (6€3 TeopeMbl
Yurnu).

6 Ten3opkhl: IepBbIe onpeaesieHus 1 CBOMCTBA

Onpenenenne 6.1.  Tensoprvim nosem tuna (p, q) panra (BaJIEHTHOCTH) p + ¢ HA MHO-

roobpazuu M pasMEpHOCTH 7 HA3BIBACTCH COOTBETCTBHE, COMOCTABIISIONIEe KazKIOH CH-

creme koopamnar (x) = (z',. .., 2") cucremy n*? raaxux Gynkuuii T 7, HazbIBaeMbIx

KOMNOHEHMaMy, TTPHYeM [Tt JI00bIX cucreM Koopamuat (x) u (2') (¢ obmieit obracTbio)
COOTBETCTBYIOIINE KOMIIOHEHTHI CBSA3AHBI TEH30PHBIM 3aKOHOM

pit i 03t | Ozh Ouh | dah

J1---Jq J1-Ja Hppta Oxtr i Oxla

Bamada 6.2. Tlokasarb, 9To Ten3op tuna (1, 1), ”HBAPHAHTHBII OTHOCHTEIBHO OPTOTO-
HaJIbHBIX 3aMeH KOODJIMHAT, POIOPIUOHAIEH TEH30PY 6;-.
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Sanauva 6.3. Tlokasarsh, 9T0 TEH30p TPeTheil BAJIEHTHOCTH, HHBAPUAHTHBI OTHOCHTE Th-
HO MPOU3BOJIBHBIX 3aMeH KOOPJIUHAT, paBeH HYJIIO.

amadga 6.4. Haiity obmuii B TeH30pa 4eTBEPTOil BAJIEHTHOCTH, HHBAPUAHTHOTO OT-
HOCHUTEJIHHO MPOU3BOILHON 3aMeHbI KOOPIMHAT.

3angayga 6.5. Beipasurh cje MaTpuiibl B Bujie pe3y/bTara TEH30PHBIX OlepPaIuii.
3amgaga 6.6. Bripa3urh JeTepMUHAHT MATPUILI B BUIE PE3Y/IbTATA TEH30PHBIX Olepa-
AN,

Bagada 6.7. Jlokaszarb, 9o Besmaunb C! C’J’:Cij , C’;C,g()’f, BLIPAKAIOTCS depes3 Kodp-
dbunumentsr Mmuorowtena det (C'— AE) .

3amaua 6.8. Haiitu Tun TeH30pa, KOMIIOHEHTHI KOTOPOT'O CYTh KOI(DMUITUEHTbI

1. BeKTOpHOTO MpPOW3BEAEHN,
2. CMeNTaHHOTO MPON3BEIeHNST

sexTopoB B R2. TTokaszarh, 9T0 9T1 TEH30PHI MOTYTAIOTCS APYT W3 APYTA IYTEM TOTHIMA-
HUsI WJIN OMYCKAHUS MHJEKCOB (Olpejie/ieHre — HUZKE).
Bamaua 6.9. Ilycrs X wmmeer Basentnocts (1,0), W — (0, 1). Haiitu panr omeparopa
X@W.
Onpenenenne 6.10. Tenzoproe nose Tuna (0, 1) HA3BIBAETCS KOBEKMOPHbIM.
Bagmaua 6.11. Tenzopnoe nosie df ABIAETCS KOBEKTOPHBIM.

B wacrHOCTH, (JIOKATBLHO 3aJaHHOe TeH30pHOe Tos1e) dr’ = grad ' ABIsgeTCS KOBEK-
TOPHBIM.
Samaua 6.12. B Touke KOBEKTOPHI ABIAIOTCA (DYHKIINOHAJIAMEA Ha BEKTOPAX.
Bagawa 6.13. Basuce {2} B TpM n {da?} 8 T; M ppoiicrBentsi.
Onpenenenne 6.14. Tlycts ganbl gBa TeH30pHBIX M0 THNA (P, q): T u S. Oupemennm
TeH30pHOe noje 1’ + .S, zHazpiBaeMoe cymmot 1 u S, mojaras

iy rpiteip i1..0p
(T +8);, 5 = T3 Ly + 55 e

JIlemma 6.15 Omo deticmsumenvro mensop muna (p,q).

dokazareancTBo. Hajmo mpoBepuTh TEH30PHBIN 3aKOH. Ul

3agaua 6.16. IlpoxesaiiTe BbIKJIAJIKY.

Omnpenenenue 6.17. Fcm T )7 — rensoproe nose na M, a f € C°(M), To, ouesn-

HO, TEH30PHBIM IIOJIEM ABJIgeTCa npouseederue pyHKIAn Ha Tersop f -1 : (xl, ... x™) ~
Ji---Jg*

Pacemorpum  C°°(M)-nuHeliHOe — TI0  KayKJAOMY — apryMeHTY — OTOOpazKeHwue
L(vy,...,vu5a", ... aP) 3aBucamee OT ¢ BEKTOPHBIX M P KOBEKTODHBIX [MOJIeH, H
npunumarnomiee 3uadenus B C°°(M) (smueitnas crpykrypa nag C°°(M) y BeKTOPHBIX 1
KOBEKTODHBIX TOJIell — B CMbICJIE TIPEJIBIIYIHX JABYX ONpe/Ie/eHHil).

Paccmorpum cooTBeTCTBHS

.1 Py . iiedp, g1 J 1
T+ Ly, Ly(vi,...,v5a ,...,4") =Tl ol ag ]

IIpW BBHIYHUCJIEHUHW B TOUYKe, MPUHAJIeXKalleil KoopimHaTHOW okpecTHOCTH U, 1

0 0 'da:“,...,dxip>.

ale"“’ax]é’

Lo Tt = (T = L

TyT ciepyer 3amMeTuThb, 9T0 (POPMATHLHO HEIb34 MOACTAB/IATE, HATTPUMEP, TEH30PHOE MOJIe

%, IOCKOJIbKY OHO 3ajJaHo TobKO Ha U, a He na M. OJHAKO MBI MOKEM BBIYUCJIUTH
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snadenne B P € U, ecim OyaeM 1OACTaBIATD He a s, ah a?w rae h — OECKOHEYHO TIagKasd
byuknug, pasaag 1 B okpecraoctn P u 0 Be U, Tak 4910 h=2- 5.7 32JaHHO yXKe Ha BCeM
M (v aHAJIOTHYHO JJIsl APYTUX apTyMeHTOB). JIerKo BUAETh, YTO 3HAYEHHE He 3aBHCHUT OT
BBIOOpA h.

3amaua 6.18.
1. Ly moaumauHeiiHO W He 3aBHCHT OT BBHIOOPA CHCTEMbI KOOPIUHAT.
2. T, neficTBUTENIBHO YAOBIETBODPSIET (P, ¢)-TeH30PHOMY 3aKOHY.
3. DTu oTOOpakeHUus B3aUMHO OOPATHBI.

Omnpenenenne 6.19. Tlose S tTuna (p, q) nomydeno us nons T tuna (p, q) nepecmanos-

g Tp-lp

o 1.
Kol 6eprHuT (HUZKHAX — aHAJIOTHYHO) undekcoe ¢ HoMepamu a u b, ecom S; 70 =

LR T TR P
jl--~jq
ﬂOKaSaTeﬂbCTBO TOro, 94T0 IIoJy41€eHO TEH30pHOEe I10J1€, O9€eBUJHO, €CJIHU MbI PaCCMOTPHUM

COOTBETCTBYIOIINE TTOJUIUHEHHBIE 0TOOpaYKEHUSI.

3amadga 6.20. I[lokazarh Ha mpuMepe, 4TO IIePECTAHOBKA BEPXHEI'0 U HUKHETO MHIEKCA
He SBJISIeTCS TeH30pHOiT onmepanueii. PaccmoTrpers caryvaii Temsopa tuma (1, 1) (HHHeﬁHOFQ
oneparopa). [losyaurs B 9aCTHOCTH, 9TO HOHSITHE CHMMETPHYHOCTH OLIEPATOPA C’; = C'ij
3aBUCHUT OT CHUCTE€MbI KOOPDAMWHAT.

Onpenenenne 6.21. Ceepmrot mensopa T Tuma (p,q) M0 BepXHEMY WHJIEKCY € HO-
MEpOM @ W HUKHEMY HHJEKCY ¢ HoMepoMm b maspiBaercs Temsop S tuma (p — 1, — 1),

onpeneadeMblid
Zp 1, 11...0q—1%%q.. 7/p 1
wdg—1 T ZT ~Jb—1%Jb---Jq—1"

D10 AefcTBUTEILHO TeH30pHOe 1106 Tuna (p — 1, ¢ — 1), HoCKOIbKY

Ls(vi,...,v41;a",...,a"" ") =
_ I 0 o1 b—1 g0 b p—1
—Z T vl,...mwh%,va,...,vq_l,a,...,a ydx',a’, ..., a ,
(2
a
ox" Oz
ori 0z’

TaK 4TO IpaBas YaCTh HE 3aBUCHT OT BHIOOpPA CHCTEMBI KOOPIMHAT.

ITpumep 6.22. Cseprka C} Tenszopa Tuma (1,1) — caeq TuHeRHOTO OmepaTopa.

Onpepenenune 6.23.  Tensoprum npoussedenuem T RS nByX TeH30pHBIX moJseil T Tuna

(p,q) m S Tuna (r,t) HA3BIBaeTCs TeH30pHOE NOJIe THIA (p+7, ¢+1), 3aKaBaemoe GOPMYJIOii
(T® S)ZL Zerr — T?lw-ﬂ%p . S?F+11""7%p+7'

]qut J1s5--450q Jg+15--3Jq+t

CootsercrByioniee Lgg €CTh MIPOCTO MPOU3BEAEHUE MOJUINHEHHBIX 0TOOpaKeHNUit, & CJie-
JIOBATEIbHO — TMOJIINHEHHOEe 0TOOpazKeHne COOTBETCTBYIONIMX apryMeHnToB. Takum obpa-
3oM, T'® S neiicTBUTEIHHO TEH30PHOE TTOJIE.

amada 6.24. Jlokasarb, 4TO JOKAJIHHO JJIS JIOOOM CHCTEMbI KOOPAMHAT UMEET MECTO
pa3oKeHne

; ) , _
T=T""" ® 'R ... Qdr.

Ji-- Jq Ori T Oxiv

OHO eIMHCTBEHHO.
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Omnpenenenne 6.25. Ilycrs b;; — HeBBIpOKAeHHOE TeH3opHOe moje Tuma (0,2). ITox
HEBBIPOZK IEHHOCTBIO IOoHIMaeTcs ycaosre det ||b;; || # 0.

3amaua 6.26. lIpoBepuTh HE3aBUCUMOCTH ITOTO YCJAOBUS OT BBIOOPA CHCTEMBI KOOPIH-
HAT.

3amada 6.27. Jlokazarb, 4TO KOMIIOHEHTHI OODATHOH MaTpPHILBI bk, 1. e. ynosaersops-
roreit yesosuio bEby,; = 67, obpazytor Tenszop Tuma (2,0).

Ounpepenenne 6.28. Oneparus noduamus undexca y Tensopa T tuna (p, ¢) Ipu TOMO-
1 b eCTh KOMIIO3UIUS OIepalnii TEeH30PHOro mpouspenenus ¢ b u ceeprku. Ilogyaaem
tersop S Tuma (p + 1,q — 1) Hanpuwmep, ajs mepBoro mhexca:

Sil...ip+1 L bilz‘TiQ...’ip+1
J15-5dg—1 ° 2J155Jq—1"

AHajIoruYHO, ONyCKaHUe WHIEKCA!

Qi1 ip1
J25--5Jq+1 "

ieip1 g
J1seesdq+1 lel
Onpenenenne 6.29. Oupenennm cummempuposarue Tersoproro moas T tuma (0, q)
Kak ]
Sym (T)jhm,jq = T(j17---,jq) = a E : Tjau),m,ja(qw
T o€S,
a AALMEPHUPOBAHUE

1 g
Alt (T>j17"'7jq = ﬂjl:"%jQ] = a Z (_1) EJ(l)?"'?jU(q>'
" 0€S,

OueBm/IHO, 9TO 3TO TeH30pHbIE onepanuu. [losydennoe npu cummverpupoBanuu (co-
OTB., AJLTEPHUPOBAHUH) MOJI€ SABASETCS CUMMEMPUIECKUM (COOTB., KOCOCUMMEMPUYE-
C’KU,M) B TOM CMBICJIE, YTO UX KOMIIOHEHTHI HE MEHAIOTCA MMPU IMMEepeCTaHOBKE ABYX UHAEKCOB
(COOTB., MEHSIIOT 3HAK HPU MEPECTAHOBKE JIBYX COCEJIHUX HHJEKCOB).
3amadga 6.30. [lokakure, 9TO aIbTePHUPOBAHUE SIBJISIETCS JUHEHHBIM OTOOparKeHueM,
OCYIIECTRJILAIONUM IPOEKTUPOBAHUE HA KOCOCUMMETPHUUYECKUE TEH30Pbl, & CUMMeTpuYe-
CKHe JIeXKaT B €T0 sdJipe.

JIemma 6.31 Kococummempuueckoe menzoproe nose T;, . wa M, dim M = n (m. e.
noAe MAKCUMAALHOT BAACHIMHOCTU) ONPEdeAREMCA MoAbKo 00noTl ceoetll (cyuecmeen-
Hoti) komnonenmot Tia. . Ocmasvrvie HEHYACEBE KOMNOHEHMbL OTMAUNGIOMNCA O HEe
3naxom 1, mounee,

Tzuzn = Tcr(12...n) = (_1)0T12...n-

CyugecmseHHaﬂ xomnonenma 1T 6 dannotl mouke omHoOCUMEALHO dpy?Oﬁ CUCImemsvl Koop-
duram noAYHaAeIncA dommrooicenuem Ha onpede/zume./w MaAMPUYDBL Hrobu samenwt.

HokazareabcTBo. llepBoe yrBepzkienue ouesujino. lasee,

ox't Oz Ox°® Gy ox’
T/ n/:ﬂ S —1U T e . 7 T n_dt N T n
Lo et Ot oxn Z( ozt oxn 12 ¢ ozt 12
JlemMa gokazaHa. O

Onpepenenune 6.32. Omnpenenum srewnee npoussedenue R =T A P IBYX KOCOCHM-
MeTpUIeCKuX Ten30poB 1;, ; u Py ;. dopmyioit

1 (o
Ri, iy, = const - Ty, 4, P, = — Z (=1)7Ty6, .0, P

+ fet1otirgl LY ikt 10-Thtg)
T UGSk+q
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C TOYHOCTBIO A0 MHOZKUTEJIA, 9TO KOMIIO3UIUA TeH30PHOIO MPpOU3BEeJCHUA U aJIbTECPHUPO-
BaHU4d, [I09TOMY 4BJAeTCdA TEH30PHON olepanueil.

s paborsl ¢ KococmMmMeTpudeckuMmu Tensopamu tuna (0, ) HCMOJB3YeTCs TaKzKe
a3bIK auddepennuaabubix hopm. Todnee, 1o onpere/IeHHIO BHEIITHETO YMHOKEHHSI,

dz"™ A ... Ndz' = Z (—1)%d2"" @ ... @ dz').

o€S,

Samaga 6.33. [Iposepbre (npeaBapuTeJbHO YCTAHOBHB ACCOIMATUBHOCTH BHEIIHEIO
YMHOZKEHHsI U IPUIAB TeM CAMBIM CMBIC/ JIEBOH 4acTi).

3amaua 6.34. Jlokazarb, 4TO BHENTHUE NMPOU3BE/ICHUS OA3UCHBIX KOBEKTOPOB 00pa3y-
10T 6A3KC B MPOCTPAHCTBE KOCOCMMMETPHYECKUX TeH30poB (B Touke). Haiitu pasmepHOCTH
HPOCTPAHCTBA CUMMETPHIYECKUX TeH30poB. VccaeaoBaTh BO3MOXKHOCTL PAa3JI0KEHUs TEH-
3opa tuna (0,¢) B CyMMy CUMMETPHUYECKOIO U KOCOCUMMETPHUIECKOIO.

Torua pazjiozkenue rersopa 110 6a3UCy U3 HPOU3BEJEHUI IPUMET BU/L:

T = nl...iquil ®...®dr' = Z Z Ta(il)...o(iq)dlﬂg(il) ®...Q dz"ld =

11<...<iq 0ES,

= Yicici, D (VT da" W @ @datt) = YT g dat AL A date (3)

0ESy 11<...<iq

OTO U HA3BIBAETCH 3AMUCHI0 B BHUE JnuddepeHnatbHoil (hopmMbi.

Takum o6pa3om, B cuity GasucHOCTH (3a71a4a) pa3noxKenus (3) OJXHO3HAYHEL.
3amaua 6.35. llokaxkure, 9TO JJId HOJYUeHHS (DOPMYJIbI BHEIIHEI'O YMHOXKEHHS HA
sa3biKe TuddepeHnraTbHbIX GOPM TOCTATOUYHO MEPEMHOKUTH BRIPAYKEHUS, & 3aTeM, TTyTeM
[EPECTAHOBOK (€ yYeTOM 3HAKOB) yHOPSAI0YUTh MudepeHnnab.

Bamaua 6.36. (caexcreue u3 memmbl 6.31) Boipaxenue y/det [|g;;||dzt A ... A dz™ sB-
JigeTcd TeH30POM OTHOCUTEJHHO 3aMeH KOODJMHAT € MOJOKUTEJTbHBIM dAKOOMAHOM. 371eCh
gij — PUMAHOBa METPHKA.

9TO0 BhIpakeHue Ha3bIBaeTcsa Popmoti obsema. 11o3:ke MBI OlIpe e TUM HHTEIPAJI B CMO-
2KEM BBIUYUC/IATH 00'beM PUMaHOBA MHOI'00Opa3usl.

7 KoBapuanTaoe muddepennupoBanue

3amaua 7.1. Ilokaxkurte, 9T0 006BIYHOE YacTHOE JUMDDEPEHITNPOBAHIE KOMIIOHEHT TEH-
zoproro noJist B R" He siBjisiercst TeH30pHO# omeparueii.

XoTuM oIpeesnTh Ha TeH30PHLIX Ho1ax B R” TenzopHyio omepamuio (p,q) ~ (p, q +
1), KoTopad coBHagaeT B AeKAPTOBBIX KOOPAMHATAX ¢ YaCTHHIM mudbepeHnnpoBanue.

J111 5TOTO HAJIO IPEKIe BCETO MONBITATHC 3aIIUCATh Pe3y/IbTaT JacTHOTO AuddepeH-
UPOBAHUS B JIPDYTUX KOODJAMHATAX.

O6cyM cHauasta ciaydail Bektoproro moss 17 Ilycrs o' — gekapToBa cucTeMa Koop-
muHar B R™, a 2' — Hekoropast KpHBOTHHEHAS CHCTeMa KOOpIuHAT. Torma 1is HCKOMOii
omepanuyu V IOJIZKHO OBITH

oT! . 0" Ox?

Torna

7 J J i ’
(VT dz" Ox? 0 <8x Tk) _

oxk
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_ 0x" 927 dx' OT* 0x™ N oz O’ T o (0z"\
Oz Oxd OxF dxm™ Oxd Oxi Oxd'~  Oxd \OzF )
’ aTk/ L/ afi/ ani

7 oz T ont 02702
TakuM 0Opa3oM,
-/ 3Tl/ 7 -/ 8J:i/ a2xi
VT l-/ - Tk 1R sz ;) = A ~ 7.
(VI); Oxd’ 2 IR 9t Qo' Ok
Js kosexroproro nosa T; nomxuo 6bite (V1) = 25 a (V1) = %%(VT}U
Torna
ox' 9xd 0 (0¥
VT gl = v v - Y ==
(VI)is 0x" 0x7" OxJ (89&1 k)
Oz 917 oz* Ty dx™ N ox' 07 9 (02" -
02V Oz Oxt Ox™ Oz Ot Oz’ " Oxd \ Ozt )
. (557/ 5m/ 8Tk/ Tk, 82‘37’6/ . axl/ 8:13?”
ox™ Oxidx* Oz¥ Ox)
WIn ) o
oTy iy .y 0°x ozx" 0x?
V)i = — + Tk, M, == =
(V) oxs’ iy Y 0xidrt Ox¥ Oad
Jlemma 7.2 Hmeem Il = —T%,.
JokazarenbcTBo. [Iponuddeperupyem TOXK 1eCTBO @8 / gﬁ - = 0L mo ™
62 i// 8 i/ 8 i// 62 ?:/ a m// , _
0 - i . * + * . x — * — F;n’k’ + P;Ln/k/. |:|

ox™ oxk  Ox?"  OxF Oz Ox" Oz

Teopema 7.3 Ha M = R" onpedesera mensopnas onepavyus V, delicmeyrousee na noae
T no dopmyae

J1---Jq
q
ih .y, 0 11 Ay, z’g 17y ey il i, r
(VT)ji gt = g (Tt + Z L L I y
s=1
a pynruyuu I' npeobpasyromes no npasuay
1! -/ / 1! -/
T 0z 07 OxF o oz 0%
PR 9 Q" Ok I Ot 9wl Ok

JlokazaTeancTBO. fBHBII Buja V ycTaHAB/JIMBAETCS aHAJOTUYHO BBIKJIAJIKAM 151 BEK-
TOPHBIX N KOBEKTOPHBIX noJieit.
amaua 7.4. llpogenaiite 3Ty BBIKJIAJIKY.

Hajiinem 3akon npeobpaszosanus I

-/

i’ it 8T’ )
Vk/T = (VT)k/ - w + T ].—‘,r/k/7
11 3Ti” axk/ a 8]3” -/ ax
V //TZ TT FZ// " — - TZ FZ// " =
g o T M 0k OV (&r" ) oz’ g
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/ 7 .y / 1! "
oxF ox" OT? L O0zF 9%t 0"

= 11 ! ! + TZ 1! / -/ + Tr / F:,II 11 .
oxk" 0xv Oxk oxk" 0xk Oxt ox" b
C apyroit CTOpOHBI,
-1/ &L‘kl a'E al’k/ 6$i// 8Tl/ YY)
VT" = — 5V T" = A 5+ T T | -
oxk" Ozt oxk" dz" \ Oz
[Tosromy _
7 ox* ox™ o or* 9%z L ox™" i
axku axi/ r'k! — 8xkn axk/aﬂjml 8xT, !

B cuiy npousBojabHOCTH Hosid T 1oydaeM

! ! =1 ! / 1"
ox" o0z* Ox ox” 0xF 9%zt
ox™" Ok Ozt Oz Ox*" OxF Oxr'

P //k/l F/L /k/

Kak nmokazano mpu g0Ka3aTeTbCTBe JEMMBI 7.2,

oz ozF 924" O2ar oxt” 92zt ot
]
Oz OxF" dxF Oxr’  Ox Oxk" dx¥  dar" OxF dxt’

Ompenenenne 7.5. Ha riagkom MmHOroobpasun M 3ajaHa onepayus K08aPUGHMHO20
dugppepenyuposarua (nnu afdurnas ceasnocmsb) V, eciau I KayKI0H KapThl 3a/aH
Habop riazkux pynxnuil I, npeobpasyomuxcs Ipu 3aMeHe KOOpAUHAT 10 dbopMyJie

oz 0z 9x* , Ox" 0
Bty ST
Ox't Qi Jxk' Y 0x' 0zd' Ok

-/
F;’k/ -
Torna meiictBue V 3amaercs

a 1. Zs 1Ths+1---Ip i ! 1. r
<VT) qu a m( +ZT " Fg ZT Js 1T s+1- Aqrjsm’

3ameuaHme 7.6. Kak nokaswpiBaloT MpOBeIEHHbIE BBIKJ/IAJIKI, paccMaTpuBaeMbie “B 00-
paTHyio cTopony’, V gBJseTcss TEH30PHOH oneparmeii.

Sameuanue 7.7. CyimecTBoBaHMe CBA3HOCTEH Oy1€T CJI€IOBATH U3 TEOPEMBI CYIITECTBO-
BaHWS PUMAHOBOM CBA3HOCTH.

Onpenenenue 7.8. Tensopom kpyuenus CBA3HOCTH I’;k HA3BIBACTCS TEH30D, 33/1aBae-
MBIl B KazKJI0f cucreme KoopauHar pasencrsom (27 = I, — I'..

Jlemma 7.9 Q dedicmeumenviio asaaemca menzoprolm nosem muna (1,2).

3amaua 7.10. Ilposeputhb.
Onpenenenne 7.11. Cpasuocts [ HazeiBaercs cummempuyrot, ecan ) = 0.

Jlemma 7.12 Csasnocms YV obaadaem ceoticmeamu
1. onepavus V aunetna nad R;
2. onepavus V men30pHas;

3. KOBAPUAGHMHAA NPOU3EOOHAA PYHKUUL (TMEH30PA HYALB020 Parea) coenadaem ¢ 2pa-

duermom: Vi f = aaf; ;
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4. onepayus NV HA 8EKMOPHVLLT U KOBEKMOPHHLET NOAAT UMeEEM Ul

i

VT = o T 79T,
oT;
Vk;T; - % T sz,

5. 044 npouseosvbHbr men3opHur nosel T u S swnoanaemes popmysa Jletibrnuya

V(T®S)=(VT)®S+T® (VS).

HokazareabcrBo. CpoiicrBa oueBuinbl, Kpome (5). IIpoBepuM ero, HAIPUMEP JIJisT BEK-
TOPHBIX TOJEH.

Vi(T'S) = (,gk (T'S9) + T"S'T%, + T'S'TY, =
= (8ak NS+ T 8ak; (87) + T" STy, + TSIy, =
ore 98

= (Vi THS7 +TY(V,S?). O

amaua 7.13. llpoaenarb 3Ty BBIKJIJIKY /I HPOU3BOJBHBIX MOJIEH.
Samaua 7.14. llpoBeputhb, 40 V KOMMYTHPYET CO CBEPTKOIl.

Teopema 7.15 Csoticmea (1 —5) 0dnosnauno 3adarom xosapuarmmoe dudpepenyuposa-
nue. Tounee, natidymes eduncmeentvim 00pazom GyrKuUY ij, ydosaemeopaouue 3aK0-
HY UBMEHEHUA U3 onpedesenus c8A3Hocmu, a deticmeue V Ha npouseosvHom nose 6ydem
3adasamucs Gopmysoti ud moz0 dHce onpedeneHu.

0

5.7 1 el = da’. Torna pyHKIMN F’ HOJZKHBI OTHO-

HokazareabcTtBo. Ob03HAYNM €; =
3HAYHO OIPENEJAThCA U3 (POPMY.I

Viei = Tej,  Vie = =T, (4)

3ameruM, 4TO MPH BBIBOJE 3aKOHA M3MEHEHUsI F;k B TeopeMe 7.3 Mbl IOJIb30BAJIMCH
TOJBKO COOTHOIICHHEM BHIOa H3 II. 4, TaK 4YTO JOCJIOBHOE IIOBTOpEHHE 3TON BbBIKJIa KN
JIA€T UCKOMBINA 3aKOH M3MEHEHH.

Ocranochk BoiBecTH (GopMyay uid JuddepeHImpoBanus MPOU3BOJIbHBIX moJiei. Pac-
cMotpuM ciaydait moss tuna (1, 1). Ilyers gokambmno

T:T;ei@)ej.

Torna A _
Vil = (VT ) = (V(Tj € @ €)=
= ((VI))®@e;@e +T)(Ve) @ e +The; @ (Vej))in;k =

oT, - ' '
= S+ (T[T @), = (Tiei ® (Tye)),, =
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l
= % + T, =T, O
3amaua 7.16. Ilposecru BbiKJIQJKYy B ODIIEM CJIydae.
Onpenenenune 7.17. AddunHasg cuMMeTpUIHASA CBI3HOCTb V HA PEMAHOBOM MHOTO-
obpasznu (M, g) HA3BIBALTCA PUMaH060l (W CO2AGCOBGHHOT ¢ MEMPUKOT WIH CEAZHO-
cmuio Jlesu-Yusuma) ecou Vg = 0.
3agaga 7.18. B sTowm caydae V KOMMYTHDYeT ¢ ONepanusIMi TOIHATHSI U OMYyCKAHUS

HMHIEKCOB.

Teopema 7.19 Ha pumarosom mnozoobpasuu (M, g) cyuecmesyem, npuiem eduHcmeek-
HaA, PUMAHO8a ceasnocmo. TIpu smom ee koapduyuermor (cumeonrv Kpucmogddens) pas-

o | (Ogw  Ogn O
it i Gkr 9jr  OFjk
k=59 <0xj T Bk w) ' (5)

HokazareancTBo. [lokaxkem, uTo cumBoJibl Kpucroddeas puMaHoBOil CBI3HOCTH 00sI-
3aHbI yA0BIETBOPATH (5). TeM caMbiM Oy/IeT J0Ka3aHa € JUHCTBEHHOCTH. [1o ompeienenuto,

99i; . .
0= Vigi; = a—x‘,z — 9rilip — 9L}

Omnycrus nngexc I';j, = girfgk 1 MUKJIUYIEeCKN TTePecTaB/Isgsd WHIEKCH, Oy IuM

09ij
&i’z = Ljix + Tiji,
OGri
8?1 = Ly + Dy,
9gj
8_xji = D'ji + Djri-

CJ10KuM TIepBBIe J1Ba PABEHCTBA U BEIYTEM U3 HUX TpeThe. [loydamm, ¢ yaeToM CuMMeTprH
P
Iy = Iy, aro

995 Ogri  OGri
Dok + 9ri  w Ujir + Tijre + Vikg + Uhij — Uiji — Ujra =
= Ujri + Uik + Uik + Urji — Urgi — Djra = 2051 = 29317,
1, YMHOZKas Ha 00PaTHYIO MaTPHIY K G,

1 ir (8gk’r agjr . ag]k)

i
jk—2

oz’ + oxk  Ox"
st 1oKa3aresibCTBa CyMEeCTBOBAHUSL JJOCTATOYHO OUPEACNTh KOIDMUIMEHTH B3~
HOCTH € TIoMoTbio hopmyat (5) (IpoBepbTe 3aKOH H3MEHEHHsT !). O
Omnpenenenne 7.20. CucremMa KOOPANHAT e6KAUJO6A ¢ MOUKY 3PENUA MEMPUKY, €CITTH
gi; B Heil MOCTOAHHBI (K CJI€I0BATEIBLHO, 3aMEHOH KOODIUHAT IIPHBOJIATCS K 0;;).
Cucrema KOOpAHHAT e6rAUJOGE ¢ MoK 3penuA ceaznocmu, ecin B mei 'y = 0.
Banmaua 7.21. JlokasaTh 9KBHBAJIEHTHOCTh ITUX TPEOOBAHWI JIJIT PUMAHOBOI CBSI3HO-
CTH.
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8 IlapaJjjesabHoe NlepeHeceHne U reojie3mdecKiie

[TapannenbHoe mepeHecenne — cIOCOO CPaBHEHUS KAcATeIbHBIX BEKTOPOB B PA3HBIX TOU-
kax. Ha miockoctu — “locTosgHCTBO KOOPAMHAT”, T. €. PABEHCTBO HYJIIO UX YaCTHBIX MPO-
U3BOJIHBIX. FcTecTBEHHO B 00INEM Ciydae MoTpedOBaTh PaBEHCTBO HYJII0 KOBapHaHTHOM
MPOU3BOHON. DTO CJIUIIKOM KeCTKoe TpeboBauue. [IpuxoauTcess oCyIecTBIsATh TePeHoc,
T. e. TpeboBaTh KOBAPHAHTHOI'O ITIOCTOSIHCTBA KOMIIOHEHT 1015 “BA0Jb KpuBoii”. IIpu aTom
pe3yabTaT, BOOOIIe TOBOPs, 3aBUCUT OT KPUBOMH, /lake ecau KOHIBI oomume. Ilepeiimem K
TOYHBIM OIIPE/ICJICHUSIM.

[lycts ma muOroOOpasum M 3amana adduunas ceazuoctb V. [lycts toukum P u @)
Ha M coemmnensbl raagakoil kpusoit v : [0,1] — M, 4(0) = P, (1) = Q. Ha kpusoii
BO3HUKAET BEKTOPHOE TI0Jie CKOPOCTeil £ (BCIOMHUM BTOPOEe OMpEJeeHne KAacaTeaTbHOTO
BEKTOpA).

Ounpenenenne 8.1. Kosapuanmnotl npouscodnoti menzopnozo noas T muna (p,q)
60oav Kpusotl 7y Ha3biBaercs TeHsopHoe mose Vi (1'), ompenessemoe Kak CBEPTKa TeH-
30PHOTO MMPOU3BEJEHU KACATEILHOIO MOJIs C KOBAPUAHTHON Tpou3BoiHOM 1"

(Vs(T)) e = g, Tyt

J15edq J1sesda”
Omnpenenenne 8.2. Bekroproe 1n0/e T Ha3bIBACTCS NAPAANEALHOM B00AD 7Y OMHOCU-
menavro V, ecin V4 (T) = 0.
Banmimem 9TH ypaBHEHUs B JIOKATbHBIX KoopauHaTax (x', ... z"). Ecam

_ 1 n _dxk(t)
90 = @), =

TO YpaBHEHUA IIPUMYT BHI

. dxR(t) (0T ;
k i T
VT T _xk+T .| =0,

L drF(t)  dT? L)
+17l,—F—=——+1"T,—— =0.
dt  Ox* dt dt dt
Onpenenenune 8.3. Ilociennee paBeHCTBO HA3BIBACTCA YPAGHEHUEM NAPAAAENOHO20 NE-
peHecenua 8eKmMopa 800Ab Kpueod.

3Baaua mapaJIe/IbHOrO MePeHeCeHns BHITJISIIAT CJeAyomuM o0pa3om. 3a1ana rial-
Kas KpUBagd 7y, CoeauHsIoNas Todkn P u () Ha MmHOroobpasuu M co cBa3HOCTBIO V, U
BekTOp v € TpM. Hano naiitn Takoil BekTop w € ToM, 94T0 HMeeTca KOBAaPUAHTHO IIO-
crostaHoe BeKTopHOe moJie V (t), mpudem V(0) = v u V(1) = w. [lockonbKy 3a1a1y MOKHO
pelraTh nocjie10BaTe/IbHO JJid HOC/JI€I0BATE/IbHbIX KYCKOB 7, Ka)K,ZLbeI N3 KOTOPBLIX JIC2KUT
B Npefesaax JefCTBAA OTHON CHCTEeMBbl KOOPDANHAT, TO MOXKHO CUATATDH, 9YTO KPUBAA JIEZKUT
B OJIHOIT KOOPJAWMHATHONW OKPECTHOCTH.

dz*(t) OT*

Bo3HHKaeT 3a1a49a peeHns CUCTEMbI OOBIKHOBEHHBIX MU bepeHIuaNTbHBIX YPABHE-
HUIl IEPBOTO TOPAIKA OTHOCHTETBHO byrKImit V(1) ¢ mavanbabiv sHadernem Vi (0) = v’
Pa3peIIeHHoNl OTHOCUTE/ILHO IPOU3BOAHBIX. Kak u3BeCcTHO, perrenune Takoil CUCTEMBbI Cy-
MECTBYET, eUHCTBEHHO U MPOAoJzKaeTcsa 10 (, 7. e. t = 1.

Coorsercrsenno, Bektop w = V(1) € ToM naswiBaercs napasiesvhom v € TpM
6donn 7.

JIemma 8.4 Ilyemv (M, g) — pumanoso mmozoobpasue. Cummempuueckas addurnran
ceaanocmov V. na M asazemes pumanosolt mozda u moavko mozda, k0204 coomeem-
CMBYIOWEE NAPANIEADYHOE NEPEHECEHUE COLPAHAEM CKANAPHOE NPou3sedeHue 6EKMOPOs8 No
OMHOWEHUIO K (.
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HoxkazareascTso. [Tycts V — pumaHnoBa, (., ., ) — CKaJspHOe TPOU3BEIeHNE, TIOPOK/IeH-
Hoe g, V(t) u W(t) — BeKTOpHBIE TOJIsA, YAOBIETBOPSIONINE YPABHEHUIO HAPAIETbHOTO
nepenecenust B1o.1b 7y ¢ [0,1] — M. Hazno nokasars, uro L(V (t), W (t)) = 0. C yuerom
3aga4n 7.14, obo3Havdass depe3 S CBEPTKY, HMeeM

d dz* 0 o

—(V(t),W(t)) = =——(V(t), W (1)) = "V} (g;; VW) =

=E"VL(SS(g @V @W)) = *(SSVi(g @ V @ W)) =
=SSV VRW +ge&ViVeW + gV e dv,W) =0.

O6paTHO, ecau 3TO COOTHOIIEHHE BBITTOJTHEHO /TS TapaJIeTbHbIX OJIel BIOTh KPUBOI,
TO JIJIsl TPOU3BOJIbHBIX BEeKTOPOB &, V u W BbINOIHIETCS

SS(E*Vig @V @ W) = EFVIWIV g, = 0,

orkyaa (6epst Gasucmbie Bekropa) Vig;; = 0. d

3ameuanue 8.5. [lapauiesibnoe mepeHeceHre MOXKHO ONPEASIUTh i KYCOYHO—
[JIAJKAX KPUBBIX KaK KOMIIO3HUIINIO [T€PEHECeHNIT 0 IAAKAM (parMeHTaM.
Onpenenenne 8.6. Kpusas v na muoroodopazun M c addunnoit cBssnoctbio V Ha-
3BIBAETCA 2€00e3uneckoti, eCIU BeKTOPHOE I0Je ee CKOPOCTell mapaJlIebHO BIOJb ITOM
kpusoii: V;(¥) = 0.

B siokasibubix KoOpAauHaTax (xl, ... ™) noayuaem ypasHeHus
da* ; .
E(ka)zo, z:l,...,n,
rie £ = dd—f. Otcrona
de® (0 ,
Dt + e ¢er) = O,
dt (&E’“ b )
d*zt ., da" da®

M o i=1,...n 6
@ T d (©)
Jlemma 8.7 Ilyecmv P € M, v € TpM. Tozda cyujecmsyem u npumom eduHcmeeHHaA
eeodesunecran y(t), ydosaemesopaowan ycaosuam y(0) = P u 4(0) = v. Ipu smom
pewenue 2Aa0K0 3a8UCUM OM HAYAAOHYT OGHHHIT.

HokazareancTBo. [locie 3amucu B JIOKaJbHBIX KOOPIMHATAX B OKPECTHOCTU TOYKH P 3a-
Jlada HaXOXKJAEHUS reoIe3ndeCcKoil CBOAUTCS K PEIeHUI0 CUCTeMbI 1 OOBIKHOBEHHBIX Tud-
CbepeHL[I/IaJIbeIX ypaBHeHI/Iﬁ BTOPOTro MOpdAKa C HaYaJIbHBIMU YCJIOBUAMU Ha 3HAYCHUHA
pelleHus 1 Ha 3HAYEHHUs ero Npou3BoaHoi B 0, pa3pelieHHas OTHOCUTEIbHO CTAPIIUX MPO-
U3BONHBIX. KaK M3BECTHO, TAKOE pelleHHe JIOKAJIbHO CYIIeCTBYeT, € IMHCTBEHHO U IJIAIKO
3aBUCHAT OT HAYAJIbHBIX JAHHBIX. O

Sanaua 8.8. FEcim aBe reojie3nveckne COMPUKACAIOTCS B HEKOTOPOil TOYKE, TO OHU COB-
AJIA0T.

Sagaga 8.9. Ilpu mapasiebHOM HepeHeCeHHH BEKTOPA BJIOJIb T€0Ie3UIECKOil pUMAHO-
BOH CBAISHOCTH YIOJI MEXKJIy HEUM M KaCaTeJIbHBIM BEKTOPOM OCTAETCS MOCTOSTHHBIM.

JIemma 8.10 (reomerpuueckuii cmbica cuMBoioB Kpucroddens) Jas basuchur 6ek-
o ._ 0 v 17
moprur noaet e; = 5~ dannol cucmemovl Koopdunam evnoaneno Ve (e;) = e, (pas-
A0oHCERUE 8EKMOPa No 6asucy). Mnvmu cao6amu, npu 6ECKOREUHO MAAOM NAPAAAEALHOM
NEPEHECEHUU PENEPA €4 TO T—-MY HANPABAEHUIO 00PA3HL PASNOHCAMCA O UCTOOHOMY PENEPY

¢ Koagpduyuenmamu I'G,.
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HokazareanscTBo. 1o onpeenennio

(e;)k
(Vule) = (e (Vule) =5 (%2 +Thier)) =
— Y W—i_rsj_i(rsj)_ji'

Samaua 8.11. Omnmcarh onepaluio MapaiIeIbHOr0 MepeHeceHns B pUMAHOBON CBI3HO-
CTH Ha MOBEPXHOCTH B PEOMETPHUYECKHX TePMHUHAX ([IPOEKTHPOBAHMUE).

Teopema 8.12 Ilycmwv (M, g) — pumaroso mnozoobpasue. /s kasrcdot mouru Py € M
natidymesa maxue oxkpecmuocms U u wucao € > 0, wmo a0bvie dse mouxu oxpecmuocmu
U coedunsaem eduncmeennas 2eodesuneckan oaunbv, menvuie €. Ipu amom 2eodesuneckasn
2AG0K0 3G6UCUTTL O, CEOUTL KOHUO0G.

SaMedanue: eJIMHCTBEHHAA ¢ TOYHOCTBHIO JO PelapaMeTpU3alfi, T.e. YMHOXKEHHSA Ha-
TYPaAJBHOTO IapaMeTpa Ha KOHCTAHTY.
HoxkazarenbctBo. [lo memme 8.7 MoxkHO 111 HEKOTOPO# oKpectHocTH V' Touknu (P, 0)
B MHOr00Opa3uu JIMHEHHBIX 3jieMeHToB T'M | umeromeit Bu

V={(Pwv)eTM|PeU,l|v|<e}
Jylst HekoTopoit okpecrHocrr U touku Py, oupejesnTs riaiKoe 0rodpaKenue
E:V - MxM, (P,v) — (P, expp(v)),

IJie eXpp CTABUT B COOTBETCTBUE BEKTOPY v 3HadeHue (1) eIHHCTBEHHON Ie01e3nIeCKOi,

BBIXO/sIeil u3 P 1o Hanpap/enuio v. B cuiry jgokaibHOCTH, 10 1 POIOJIZKAIOTCS Te01e-

sudeckue (perenns cucreMbl JuddepeHuaIbHbIX ypaBHeHNUIT) ¢ MaIOH AJTHHON 0.
Beraucium  skobuan  E B (Fp,0). gs  sroro Hapsijy € KOOpAMHATAMU

(x', ... 2™t 0") B okpectnoctn (Py,0) B TM, tne v = vi%, PaCCMOTPUM
KoopauHATH (71,..., 272, ..., 28) B U XU C M x M. JI1a KacaTeJbHOTO OTOOpasKeHHs
dFE nmeeM: By Ay
Ty T dyy
% _6j7 %—O, dpo exppo([v-t])— dt O—U

B CMBICJIE BTOPOT'O OIIpeJIe/IeHUsl KAcaTe/IbHOTO BeKTopa. TakuM odpazoM, MaTpuiia SKoou

dp,E paBHA e [ — eauHuYHAsd MATpPUIA, & IKOOHAH B YKa3aHHBIX KOOPJIH-

I x
0 I
narax pasen 1. Takum obpasoM, 1o TeopeMe o HegBHO# pyukmuu, £ muddeomopdno
oTobpazKkaeT HEKOTOpYI0 okpectHocTh V' Touku (Fy,0) € TM na okpectHocts W' Toukn
(Po, Py) B M x M. Ilpu 310M MOKHO cauTaTh, 9T0 V' = Upey» Bp(e), rme V" — mekoropast
okpectHoctb Py B M, a Bp(e) C Tp(M) — OTKPBITHIH M1ap PaJnyca € OTHOCUTEJIBHO CKa-
JISPHOT'O TIPOM3BEJICHN, 33/[aBAEMOr0 JAHHOW PUMaHOBOM MeTpukoil. [lepexonas K MeHb-
IIIM OKPECTHOCTAM, MOYKeM cautatTh, uro W’ = U’ x U’ tak uro E~Y(W') C V'. Torga U’
— HCKOMasg OKPEeCTHOCTHh TOYku Fy. eiicrBuTenbuo, nyctb P u () — JiBe IIPOU3BOJIHLHDBIE
Toukn U'. PaccMOTpHUM reo1e3nIecKy o 7y, BRIXOJAILY IO U3 TOUYKH P’ 110 HApaBJIeHIIO BEK-
topa v, tie (P',v) = E~Y(P,Q). Toraa, no oupejeiennto E, umeem P’ = P u (1) = Q.
Takum obpazom, Toukun P u () coemumuensl reofe3mdeckoii v. Oupegesennas TakuM 00-
pPa3oM Teojie3nTecKasi, 0 yKa3aHHOW Teopeme, TJ1aIKO 3aBUCUT OT CBOWX KOHIOB P u ().
Onpenenum ee qauHy. B cumy qoKa3zaHHON BBIIIE JIeMMBI, JITHHA KACATETbHOTO BEKTOPA K
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reOIe3NIECKOIT MOCTOSHHA, TI0OITOMY TAPAMETD OTJANIACTCI OT HATYPAJBLHOTO HA TTOCTOSH-
HbIH MHOKUTEIb, B IAHHOM CJIydae pasubiii |v]|. Torma namma kpusoit v or 0 1o 1 paBHa
1 ||v]] < e. Ocranock TpoBepUTH €IMHCTBEHHOCTH. IlycTh w3 P B () mpoBejieHa reojie-
3uuecKkasa ' JJIMHBI MEHbIIe €. YMHOMKad HapaMeTp Ha KOHCTAHTY HPH HEOOXOIUMOCTH,
MOXKEM CYHTaTh, 9TO B () monajaem npu ¢ = 1, Tak 9T0 JJIMHA BEKTOpa CKopocTH v(t)
Be3jie, M B YaCTHOCTH, B HadaabHON Touke P (nipu t = 0), Menbie e. Takum 06pa3om, oka-
3bIBAETCH, ITO () = Ypu(0)(1), T0 ectb E(P,v(0)) = (P, Q). llockoabKy Mbl HAXOIUMCH B
obnactu 6GuekruHocTu E, To v(0) = v u, 0 TeopeMe CyIIeCTBOBAHUS U €IMHCTBEHHOCTH,
reojie3uyueckas 7y’ COBHAJAET C 7y, TO €CTh €INHCTBEHHA. O

3amaua 8.13. Ilokazarb, 4TO B KOOpJMHATAX, 33aHHBIX OTOOpAarKEHUEM €XpP, BCE F;k
obparmaiorca B Fy B HY/Ib.

9 Tenzop kpuBu3Hbl Pumana

Xoresioch Obl OIKCATH HAa TEH30PHOM sI3bIKE OTJIMYHUE PE3y/IbTaTa IapaJlIeJbHOrO IepeHe-
CeHMs CHAaJaJjIa 110 i-My HAIIPABJEHHIO, a II0TOM II0 j-MY OT epEeHeCeHUs B IPYIOM IIOPsiJI-
Ke. KoHeYHO KOHTYD HE 3aMKHYT, MOITOMY KOHTYD ycTpeMiasgeM K Hy.ai0. OKa3blBaeTcd,
PEe3YJIbTAT CBSI3aH ¢ eBKJIMIOBOCTHIO METPHKH (B PHMAHOBOM CJIydae).

Berony B 3ToM naparpade CBA3HOCTH NPEIIIOIAraeTcs CuMMeTpuYeckoii. Paccmor-
pUM B IIpefieNiax JleficTBus cucTeMbl Koopauuar (z!, ... ") neiicrBue ViV, — V,V}, na
BeKTOpHOE Tosie T (Tak 4To pesyabrar — Tensop tuna (1,2)). [Tomygaem

vlT - oxl +T rl»
; 0T 6T ; Tafrl ors T , [OT" -
(Vk:vl - ViVi) Ti =
r arfnl arik oT” i orr i aTS or* i ryvi s TV TS
=1 (axk_axl> 8x’fr alr Ol 3kFl+T skl = TG0 =
T 8F:~l ar i i TS
=T <8xk_8xl + Il = 1Ty rk)'
Oboznauasa )
i al—‘zl ar i z s
Rq,kl = 8$k - axl +F kr qk> (7)

MOJIY9UM, 9TO

Jlemma 9.1 Pynryuu R}y, obpasyiom mensop muna (1 3).

HoxkazatenbcTBo. lnsa moboro Bekrtoproro mnoixa 1 dbynkmuu (ViV; — V, Vi) T,
caenoBarenbuo, u 19 Rq k> 00pasytor remsopuoe moie tuna (1,2). Tockombky Ry
(€q)° Rs,kl? TO

M o .o 0xF 02t 027 g 0xs . O0xzF Oal 9a”
Rq’,k’l’ = <€q’) Rs’,k’l’ = (6(1/) Rs Jkl 0;1:’“/ 0;1:” 83:1 = (eq’) 8333/ Rs,kl 6:1:’“' 0:1:1/ ot =
, s ) k l i’ ) s k l i’ ) q k l i’

_ 5 Ox R ox"® Ox (9x’ _pi Ox® O0x" Oz 8x. _pi Ox? O0x" Oz’ Ox

9 Oxs’ "M Gk 9xl Pai Sk Opd Oxk Ozl Oxi R Apd Qak Ozl dxt
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3ameuanue 9.2. DakT, MOJyUYEHHBIN TPH 10KA3ATEIBCTBE, MOXKET ObITH COOPMYINPO-
BaH B OoJiee 00IIEM BHJIE CJIEIYIONUM 00pa30oM: KO3 MUIIMEHTH TUHEHHONR 3aBUCUMOCTH
TEH30pOB 00pPA3YIOT TEH30P.

Onpenenenne 9.3. Tenzsop Ré,kl HA3BIBACTCS MEH30POM KpucusHv, Pumana cummver-
pUYECKOil CBA3HOCTH V.

JIemma 9.4 ITycmo 6 Hekomopotl mouke (a 3HA%UM, U 6 e OKPECIHOCIU) MH02000DA3UA
M mensop wpususuv, Pumana Hexomopoti cuMMempuveckoli c8A3HOCMYU OMAUYEH OM
Hnyaa. Toeda 6 oxpecmHocmu HEAb3A 86ECTU €8KAUIOBHL KOOPIUHAMDL AaHHOT, CBAZHOCTNU.

HokazareabcTBo. Ecan ObI TakKne KOOPAMHATHI CYIIECTBOBAIN ObI, TO IO OIPEILIEHUIO

B HUX OOHYJISTHCH OBl cuMBOJIbI Kpucroddens, a 3uauut, u Tenzop Pumana. ]
[lepeiiiem K mHBapUAHTHOMY OIpejeeHnio 1.

Onpenenenne 9.5. Kommymamopom BeKTOPHBIX moJieil X u Y Ha3bIBaeTCss BEKTOPHOE

noJjie

oYk yi ox*

Oxt oxt

(X, Y]F = X'

Jlns cuMMeTpuYecKoil CBA3HOCTH

oxt oxt

B YaCTHOCTH, OIlepallis TeH30pHAL.
Omnpenenenne 9.6. OupenenM onepamop Kpusu3Hol

, YF . . Xk .

R(X, Y)Z = Vva(Z) - VyVX(Z> — V[X7y](Z)

OH comocraB/isgeT TpeM BEKTOPHBIM IoJdM X, Y U Z HEeKOTOpoe YeTBepPTOe BEKTOPHOE
noJie. BBUIy sBHOrO HepaBHOIPABHUSI TPETHErO APTYMEHTA IO OTHOIIEHUIO K IIEPBBIM JIBYM,
vl e R(X,Y)Z, ane R(X,Y, 7).

Teopema 9.7 Omobpasicenue R mpuaunetino. Caedosamenvro, ono onpedeasem menaop
muna (1,3).

HokazareabctBo. Eciin T — TpunnHeiiHoe oToOpakeHre OT BEKTOPHBIX MoJeil co 3Ha-
YCHHAMU B BEKTOPHBIX IIOJIAX, TO OTO6pa)KeHI/Ie

T(X,Y, Z,w) =w(T(X,Y, 2))

OyaeT 4-THHeHHBIM OT 3 BEKTOPHBIX H 1 KOBEKTOPHOTO MOJIsI CO 3HAYEHUSIME B (DYHKITUSAX.
Takum 00pa3oM, BIOpas 4acTh YTBEP:KIEHUA TEOPEMBI CJIEAYET U3 IIEPBOI.

TpuIuHeRHOCTh B TOYKe OueBHAHA. HeoOGXoauMo J0Ka3aTh KOMMYTHPOBAHUE C YMHO-
kenueM Ha rorajgkue Gynknun. Jokaxem, yro R(X,Y)(fZ) = f- R(X,Y)Z:

VxVy(fZ) = VyVx(fZ) = Vixy(fZ) =

=Vx((Vy)2)+Vx(fVyZ)=Vy(Vxf)Z) = Vy(fVxZ) = Vixy|([)Z - fVixyZ =
= (VxVy)Z+VyfVxZ +Vx(f)VyZ+ f(VxVyZ) = (VyVxf)Z =V xfVyZ—
~VyfVxZ - f(VyVxZ) = Vixy)(f)Z — [Vixy)Z =

= (VxVvf = Vv Vif = View () Z+ F((Vx Vv Z) = (Vv Vi Z) = Vixw Z) =
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= f ’ R<X7 Y)Z,

TaK KakK TepBasi CKOOKa OOHYJISI€TCsI, TTOCKOJIbKY

VxVyf-=VyVxf—-Vy,.vf+ Ve, xf=

2 2
o 8f i rOf
—(XVY ) (VIVIX) S =0,

[Iposepum tenepsb coornomenne R(fX,Y)Z = f- R(X,Y)Z. 3amerum, 410
(Vix)T = (fX)*VT = f X"V T = [-VxT,  Vx=fVx

[XY]=VxY =Vy(fX)=fVxY = (Vy ) X = fVy X = f- [X)Y] - (Vyf) X
[Tosrygaem, 91O
R(fX,Y)Z =VixVyZ —=NyVixZ —Vxy)Z =

= fVXVYZ — Vy(fVXZ) - Vf[XVY]Z + V(Vyf)XZ -
= fVxVyZ — Vy(f)VXZ —f (VyVXZ> — fv[Xy]Z + (Vyf) VxZ = fR(X, Y)Z
Ananornuno mokaseiBaercs, uro R(X, fY)Z = f- R(X,Y)Z. O

Jlemma 9.8 Onpedeserun axsusaserHmmo.

o)
5,7 AMeeM

okazareancTBo. st 6a3ucHBIX moJei e; =

R(e, ) 2% =V N, 28 =V, Vo Z8 = Vi, 025 = VNV 28 — VN, ZF,

nockonbKy Ve, Z8 = (e;)"V,, 2% = 6"V, 2% =V, Z*,

Viej — Vj6i = Fé‘iel - Fijel =0, (9)
VxY* - VyXF =X Y], (10)
no (8) Tak Kak CBA3HOCTH cuMMerpudHa. [To JuHefiHoCTH mosyYaeM pesysibrar. OJ

Teopema 9.9 (cummerpun Tenzopa Pumana)

1. xocaa cummempus no nosam X u'Y:
R(X,Y)Z+ R(Y,X)Z =0,

uaU

R;,kl + R;‘,lk = 0,
2. moorcdecmeso Hxobu:
R(X,Y)Z+R(Y,Z)X + R(Z,X)Y =0,

uAU ' ‘
R+ Ry + Rl;k 0;
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3. 0as mensopa Pumarna pumanosoti ceasHocmu
(R(X,Y)Z,W) + (R(X, Y)W, Z) =0,
UAU 8 KOOPIUHAMAL

T .
Riju + Rjim = 0, Rij = giernga

4. 0an mensdopa Pumanra pumarnosot ceasznocmu
(RIX,Y)Z, W)= (R(Z,W)X,Y),

uaU 6 noodeHamax

Rij i = Ripij-

JokazarenbcTBo. [IyHkT 1) ciegyer HEOCPeACTBEHHO W3 ONpe/eseHns TeH30pa Puma-
Ha.

2). B cuty JuHEHHOCTH JOCTATOYHO MPOBEPUTH JJis (KOMMYTHPYIOUHX) Ga3sHCHBIX
noJieit. 1o (9,10) myast 6asucHBIX MOt

R(ei, ej)er + R(ej, ex)ei + R(eg, €i)e; = Ve, Ve,ep — Ve, Ve er — Vieej€ht

+Vejvekei — Vekvejei — V[ej,ek]ei + VekVeiej — VCiVekej — V[e,ﬁei}e]’ =
= Ve lej,ex] — Ve, lei ex] — Ve, lej,e] = 0.

Beps koopamnaTy 3TOr0 BEKTOPHOTO PaBEHCTBA, NoJydaeM (hOPMYJIy B KOOP/IMHATAX.
3). st npou3BoJIbHOI GunHeiiHON GopMbl B TOXKIECTBO MOJIAPU3AIUT

B(u+v,u+v) = B(u,u) + B(u,v) + B(v,u) + B(v,v)

MOKA3BIBAET, YTO KOCOCUMMETPUIHOCTH PABHOCHJIbHA BHINOJHEHNIO yestoBust B(w, w) = 0
s J1I0O0r0 BeKTopa w. BMecTe ¢ HAIIUM CTaHIAPTHLIM PACCY2KICHUEM O JTMHEeHHOCTH 9TO
CBOJHT 3314y K IPOBEPKe 15 JII0O0r0 BEKTOPHOTo 10/ Z pasencrsa (R(e;, e;)Z, Z) = 0.
C yuerom (9,10), moctaTovHo H10Ka3aTh, 9TO

(ViV;Z,7Z) = (V;V.iZ,7Z).

[TockosbKy 171 (pYHKIUI KOBapHaHTHAA MPOU3BOIHAS COBIIAJAET C YACTHOM, a CBA3ZHOCTD
pUMaHOBa, TO

52
oxt0xI

u

82
0xI0xt
BorauTas n3 mepBoro COOTHOIEHHS BTOPOE U TMOJb3YACH eIlle pa3 CUMMEeTPUIHOCTHIO CKa-

JIAPHOT'O ITPOU3BEJIEHNs, TTOIydaeM TpedyemMoe coOTHOMeHHE. UTOObI 1OJIyYUTh BbIParke-
HIE B KOOPJWHATAX, 3AIHUIITEM:

(Z,2) = 2(V;ViZ, Z) + 2N 2,V Z).

0 = (R(ei, ej)er, er) + (R(ei, e5)er, ex) = grs(R(eis €5)er) (e1)® + grs(R(eis e5)er)" (ex)” =
= gv'sR:n,ij(ek)méls—i_ng:ﬂ,zj(el)m(sli = grlRl:,ij +g7"kR£ij = gzv-RZ,ij +9krRzij = Ripij+ Rt ij-
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Riqkl

Riqu

Rk

Rijgi

Puc. 6: CumMmerpun Tensopa Pumana

4). Ing goKa3areabeTBa YI00HO paccyKaaTh ¢ KapTuukoil Puc. 1. Y okTasapa mpasast
BepXHds I'paHb 0003HAYEHA Yepe3 7, B €€ BePIINHAX CTOAT KOMIOHEHTHI, HOMepa KOTOPhIX
HAYMHAIOTCS € 7, & OCTAJbHBIE TPH MUKJIMIECKHU TePecTaBasdioTcd. ['panu, mpuMbIKaIOIIIe
YIJIOM K BEePIIUHAM IDAHU i, Y KOTOPBIX BTOPOil uHIEKC — ¢, k u [, 0003HAYAIOTCST ITUMUI
OykBaMu. DTO JieBast BEPXHsisl, HUKHsISI 3a/IHsIsI U HUYKHSISI IepeHssa TpaHu. B BeprmHax,
HEHTPAJIHLHO CUMMETPUYIHBIX yKe 0DO3HAUYEHHBIM, CTABATCS KOMIIOHEHTHI ¢ CUMMETPHUY-
HBIMH HOMEPaMH, T. €., HallpAIMep, HAIIDOTUB BepXHeil BepIIMHDBI [igr — HMKHAA [Pjq:.

CyMMa KOMIIOHEHT, CTOSIIIIUX B BePIIMHAX KaxKJ10# 0003HaUeHHOIl I'paHd, paBHA HY.JIIO,
KaK cJiejlyeT U3 yrKe JIOKa3aHHbIX YHKTOB. [lj1g Ipanu ¢ 310 cpaldy cjiejlyer u3 TozKJIeCTBa
Axobu. [Tposepum 3r0, HATTPUMED, [IJid TPAHU (:

Rigrl + Riqii + Rgki = —Rgitt — Rarii — Rgir = 0

omATh MO TOXKAECTBY ZIk00u. Tenephb CJI0KUM TOXKJIECTBa JJIsl JIBYX BEPXHUX I'DaHel 1 u
q ¥ BBIYTEM I HUKHUX k W [:

0 = (Rigkt + Rikig + Rugr) + (Rigrt + Riqri + Rywi)—

- qli i i) i i i) — i - i
(Riqii + Riktg + Rikgi) — (Rige + Rikgi + Rori) = 2Rigrs — 2Rukg O

o koHma sToro naparpada Ml Oyj1eM 3aHUMATHCS PEMAHOBBIMU CBAZHOCTSIMU.
Omnpenenenne 9.10. Cseprka R = R;il TeH30pa PuMana HazwsiBaeTca mensopom Pu-
vy JAHHOH pUMaHOBO# cBs3HOCTH. CBepTKa MOCTe MOJHATUS HHAEKCA Y TeH3opa Puuaun
R = ¢"R;; nassiBaercs ckaaapnoti kpueusnot.
3amaua 9.11. Jlokaszarb, uTo Ten3op Puvy4unm cummerpudes.

amaua 9.12. /lokaszaTh cieayolnee yTBEpKICHIE

Teopema 9.13 /Jlaa pumarosoti c8A3HOCTU BUNOAHEHO MOHCIECTNBO

R = gir R, _ 1 g + 0% gan B P gin _ 0%gq
iq irdlgkl 2 \ Or19zk ortor! Ori10x! oxtoxk

+ gmp (Tl = T T5)-
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HoxkazarenbcTBo. Ob03HaUNM TIpu (PUKCUPOBAHHBIX ¢ U [ depe3 CI)f]l BEKTOPHOE TIOJIe,
coBlajiaioniee B cucreMe kKoopaunar (zt ..., z") ¢ I',;- B 9roii cucreme koopauHaT

r 8Frl arrk r r
giTqul = Gir {8_3; - aqu + FZZFM - ngrpl -

T

ol
. ql T . s r .
= gir 2 Alt () [—axk + T pk} =2 Alt ) | 9ir Vil + (Vigir) o | =

=2 Altey) [Vilgr®y)] -

[Tockonbky

Gir 1 rs (agsq 4 a.gsl . a.gql) _ 1 (agzq 4 agil agql) :

§g ox! oxd Oz’ 2 \ 9zl " 9r1 O

a npn duxcuposannbix ¢ u [ none g; @y, — tuma (0,1), To

0 agiq + agil B agql . 8gmq + agml . agql m| _
ozk \ Ozt  Oxe  Oxt ozl oxre  Oxm ik
d?g; 9 gy
i [(&ck&vl T ok or 8x’f8:vz) Jmr1q Zk}
1 0 gig 0> gi _ gy 1 giq P gi - 0y B
2 \Oxkox!  OxkOxe  OxkOxt oxlozk  Oxloxe  Ox'oxt
‘s 7_”;11’

T om
—9mr lq sz+gmr kgt

girR;kl = Alt(k,l) [

2

9TO jaeT Tpedyemblii pe3ysjbrar MOC/e ydeTa CUMMETPUYHOCTU CBSI3HOCTH W METPHUKH.

O

CaencrBue 9.14 FEcau mensop kpususnov, He 00paUGEMCA 6 HOAb 6 HeKomopol cucme-
Me KOOPOUHAM, MO HG MHO2000DA3UU HEAL3S BEECTNU AOKAAOHO MEMPUYECKY E6KAUIOCDL
KOOPOUHAMbL (MAMPUYA MEMPUIECKO20 MEHZ0PE NOCTMOAHKG) UAU LOKAALHO EEKAUIOEDL
6 cmuicae ceaznocmu (cumsoav, Kpucmoddeasn pasnv, wy.am).

3amaua 9.15. Yemy paBeH TeH30p KPUBU3HBI OJHOMEPHOTO MHOIroobpa3us 7

Teopema 9.16 Ha dsymeproti sunepnoseprrocmu M ckarapHas Kpusudna pasHa yoeo-
ennotl 2ayccosoti: R =2 K.

HdokazareabcTBo. [ocKO/IbKY PABEHCTBO HPOBEPSETCs OTOYEYHO, TO MOKEM CUUTATD,
9TO B OKPECTHOCTH HccepayeMmoit Touku P € M muoroobpasue 3ajaH0 B Buje rpaduka
23 = f(2', %) B nexaprosbix Koopauuarax, r3(P) = 0, kacarenbHag miockoctb TpM =

Oz'a?,

r = (1707 %)) rog = (07 17 @%
of \* of \? of of
gll:l"’(%) ) 922:1‘1‘(@) ) 9122921:%'@
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— KOMIIOHEHTBHI PUMAHOBOW MeTpuku B Touke P. I3 Buja KacaTe/jibHOM MI0CKOCTH TIOJIY-

JaeM, UTO B TOUKe P BBIIOJHEHO gxf = g;; = (. 3HaYUT, TOCKOJIBKY

iaf.([?f _82f‘8f+8f.82f
Ok \0xt 0xd ) OxkOxrt Oxi Ozt Oxkdxd

=0 B Touke P,

dwk (9ij)|p = 0. Tlosronmy u I (P) = 0. ITo (bopMyﬂe u3 TeopeMbl 9.13 (eauHCTBEHHAS

_z fz)
1 0? 0? 0? 0?
Ris1 = 5 < g12 X g21 g1 g22 ) _

CymeCTBeHHaﬂ) KOMIIOHEHTA (;LJIH KPATKOCTH IUIIIEM

oxlox?2  Oxlox?  0xz20x2  Oxlox?

= %{2(f1f2)12 —((f2)*)11 = ((f1)*)22} = (fufo + frfiz)e — (fafo)r — (fifr2)2 =
= fuafe + firfoo + fiafiz + fifioe — fiafi2 — fafue — fiafiz — fifioe =

= Junfo2 — fr2fr2 = Q; QZ

MOCKOJIbKY KO3(DMUIUEHTH! BTOPOH KBAIPATHIHON (DOPMbI

bij (P) = (735, 7) = ((0,0, fi3), (0,0, 1)) = fij,

=K

Y

a MaTpHulia HepBOﬁ — C€IUHNYHad, TaK 4YTO IPOU3BeJCHUEC I'JIaBHbIX KPUBHU3H COBIIaJdaeT
C oIlpefiejiuTeIeM MaTPUIBl BTOPoil bOpMBI. 3aMeTHM, 9TO PaBeHCTBO Y1212 = K MBI
YCTAHOBHUJIM B CIENHMAJLHON CHCTeMe KOOPIUHAT, ceBa — KOMIIOHEHTa TeH30pa, CIIpaBa
— cxaJap. lamee,
R = k:lR _ klRi __ Kkl i'I’R
=0 =9 Lyy=9 g9 Lkl

Paccmorpum cummerpun ;1
Ri212 = —Ro112 = —Ri201 = Ray 1,

Ri145 = Rasij = Rpma1 = Rgmo2 = 0.

[TosTomy

R = 922911R12,12 + 912912321,12 + 921921R12,21 + 911922321,21 =

_ R12712 (922911 _ 912912 921921 + 911922) —9. R12,12 - det ||glj|| — Qe—’

DT0 TeH30pHOe paBeHCTBO. B Hamreil crnenumajipHOl cucreme KoopauHat g¢;;(P) = 6; u

R(P)=2-K(P). O Y

CaenctBue 9.17 [ayccosa Kpususna 3a6ucum moivko om nepsots hopmvl NOSEPTHOCTU
U, cAedoBaAMENDHO, HE MEHAETNCA NPU USOMEMPUAL.

Jlemma 9.18 ITycmw (zt,...,2") — xoopdunamu 6 oxpecmuocmu mouku P € M, 20e
(M, V) — muo2000pasue ¢ CumMMempuieckoli C6A3HOCIBIO, He 00A3AMEALHO PUMAHOBOT,
2(P) =0, Vi.llycmv & € TpM — npoussoavrudi cexkmop, a & = £.(i,]) — peayavmam
€20 neperecenus no KoOHmypy
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Toeda i i
lim = ¢

e—0 g

k¢l
= _Rz,ijf .

HokazaTeabcTBO. Boinuiinem mpupalienue BA0JbL HEKOTOPOil KPUBOIl OT Sy J0 S:

m
0=— 4TI = dev = —TF ¢lda™,
U C TOUYHOCTHIO ,ZLO BTOpOFO HOpHﬂKa
k

" (s) m & (s0) — Th(s0)E (s0)A™,  Tp(s) & T, (s0) + aaI;T(So)AJJT-

Takum obpazom,

dé* ~ {— (rfm(so) + agrm (SO)AxT> - (€(s0) — r;,,(so)gp(so)mr)] dr™ =

R [—Ffm(so)gl(so) + (_%ljm (50)€'(s0) + Flm(so)l“;r(so)gp(so)) Amr} dx™.

[lepeitgem K 3aMKHYTOMY KOHTYDPY, Oepsl Bce 3HAUYEHHUs 10 HENPEPLIBHOCTH B P, ydrew,
9TO MEPBOE CJIATAEMOE JIACT HOJb, & 3aTeM YUTeM KOHKDPETHbIH BUJ KOHTYpa (B IIOCKOCTH
JIBYX KOODJIMHAT) M KOODJMHATHOE BhIDasKeHue Jjis TeH30pa Pumana:

aFk m m
- [ B + Ffmfé,,] {p']{ Ax" (%dul + %dlﬂ) = o dhopmyte ['puna
8Fk L 0x 8 ox
[ e [ (2 (s - (s )t -
8Fk r ox™ ox™  Ox™ Ox”
[ ox" L / / <8u1 ou? oul! 8u2) du du

ork .
=[—8 fmr;r]@a JORETAT U

= -2 Altm 8 p,ij

Fk
——E 4T - == RE &P O
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HamomuuMm ciieaytoriee onpeieaeHue.
Onpepenenne 9.19. [Isa orobpaxkenud fo, f1 : M — N riajkoro muorooopasus M
6e3 Kpas B MHOroobpasue N Ha3bIBAIOTCA 24G0K0 20MOMONHBLMU, €CJH CYIIECTBYET TaKOe
riaagKoe orobpaxkenne I mmoroobpasus ¢ kpaem M x [0,1] B N, aro

F(P,0)= fo(P), F(P1)=fi(P), VYPeM.

OTHUM OlIpeeIeHIeM He OXBAThIBAETCS MOHITHE TOMOTOINN IBYX IyTeil, TaK KaK IyTh
SABJISIETCSI OTOOpakeHneM MHOIo00pas3usl ¢ KpaeM — oTpe3ka. UToObl ompejiesieHne pa-
Gorasio, Mbl Oymem cauTaTh, 94TO IMyTh oToOpaxkaer He |a,b], a (a — £,b + £), Tak 49TO
(a —e,b+¢) x [0, 1] apasgerca muOroo6pasueM. KKoHedHO, IPU STOM MBI JTOJKHBI TPeGO-
BaTh, YTOOBI JIJId TOMOTOIIMH ABYX IIyTell, coepunsionux P u @),

F(a,t) = fo(a) = fi(a) = P, F(b,t) = fo(b) = f1(b) = @, vt e [0,1].

3amaua 9.20. Iloyemy 310 HEOOXOIUMO 7

Ecmu oTkazaThest 0T TpeboBaHUS TAAJIKOCTH, TO TMOJYUYUM ONpe/esenne (Hempepbis-
HOIT) 20M0MONUY HENPEPBIBHBIX 0TOOpakeHuii fo u fi HPOU3BOJBLHOIO TOHOJIOTHYECKOTO
npoctpancTBa M B npocTpancTtso N.
3amaua 9.21. [lokaxkuTe, 4TO U3 HENPEPHIBHOW FOMOTOTHOCTH JBYX TUIAJIKHUX OTOOpa-
JKeHUil clleflyeT UX TJIaJKasd TOMOTOMHOCTb.

Teopema 9.22 Tensop Pumana paser myao mozda u moavko mozada, k0206 pe3ysvma-
Mol NAPAANENDHORO NEPEHECEHUA NO 08YM 20MOMONHBM NYMAM COBNAOAOM (UAU, YMO
Mo JHce camoe, Pe3YALIMAM NEPEHECEHUA NO CIMALUBAEMOMY 3AMERYMOMY KOHMYPY CO6-
nadaem ¢ UCTOOHHLM 6EKMOPOM,).

JokazarenbcTBo. Eciy pesyibraT nepeHecenus 1o CTaruBaeMoMy 3aMKHYTOMY KOHTYPY
COBIAJAET C HCXOAHBLIM BEKTOPOM, TO, B3dB B KAUeCTBE HEro -KOHTYD M3 HpeabLayliei
JIeMMBI, IOJIy9aeM IO Heil, 4To TeH30p PuMmaHa paBeH HyJIO.

O6parHo, mycThb Yo, V1 & (—¢,1+¢€) — M — aBe romorontbie Kpusbie, 7o(0) = 71(0) =
Py, v(1) = 11(1) = Py, romoronus G : (—e,1+4¢) x [0,1] — M ygnosiersopsier 3TOMYy
ycstoBuio Tipu Jiobom ¢ (cauraem s mapamerpom Ha (—e,1+¢), a t —na [0, 1]). O6pazyem
BeKTOpHOE ToJte & (s) — KacaresbHoe BA0Jb G(S,t) npu dbukcupoanHoM ¢ (B 9acTHOCTH,
&o(s) m &1(s) — KacaresbHBIE K Yo U 71 ), U BEKTOpHOE ToJie 1),(t) — KacareabHOe BIOJb
G(s,t) upn dbukcupoannom s. O6pazyem st 3amaHHOr0 BekTopa v € Tp M BekTOpHOE
nosie vs(t), Tae vs(t) — pesyabrar mepenecenns v BoJb v(s) = G(s,t) npu dbukcupoBas-
HOM ¢ B TOUYKY € mapaMeTpoM S. (3aMeTwM, 4To MPH ONpeeIeHNH TIepeHeceH st B 001eM
clydae Mbl He TPeGOBATM PEryJIspHOCTH, & TOJBKO TVIaJKOCTh KpuBoii.) OkasbiBaercs,
noJie vg(t) KOBAPHAHTHO MOCTOSTHHO BIO0b G(S,t) Ipn (PUKCHPOBAHHOM S.

HeiicTBuTesibHO,

Veuis) Vi Ve(t) = Vi Veus Vi) = Vi ) meoVi(t) = RS vl ()€ ()i (t).

o onpexesenuto vg(t) Bropoe cjaraemoe cjesa PaBHO Hy/0. B cujly paseHcTBa HYJIIO
Ten3zopa Pumana, pasHa HyJ0 lpaBas 4acTh. Tperbe cjaraeMoe cjiesa PaBHO HYJIO, TakK
kax, nonaras G(t,s) = (z'(t,s),...,z"(t,s)), nmeem

[€(s),me()])* = £t<s>ja7§% - ns<t>j8€§% -
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02 0 <8:L‘k> ox? 0 (8xk) 0*xk 0%k 0

T 0sow \ ot ) ot o\ os ) dsot  otds

Nrax, note V,, ;)vs(t) KOBapHaHTHO IOCTOSIHHO BJOJIb KPUBOH 74(S) M 110 HOCTPOEHMIO
pasHo 0 npu s = 0 (Tak Kak vg(t) = v). Cnenosaressno, V, ;,(t) = 0 npu mobom s, B
JacTHOCTH, OpHu S = 1.

Takum obpazom, nockoasky G(1,t) = Py, o m1(t) =0 u

d

i d i .m i
0= an(t)v1(t) = Evl (t) + e (t)vlf(t) = %7& (1),

T. €. v] He 3aBUCUT OT {. U

10 /IunddepernupoBanne m mHTerpumpoBanme audde-
peHIAJIbHBIX (bopM

PaccMOTpuM TIPOU3BOIBHY 0 CHMMETPUIECKY IO CBSI3HOCTH V Ha MHOTo0Gpasuu M (Hampu-
Méep, PUMAHOBY CBSI3HOCTH HEKOTOPOI METpUKHM) U BHEITHIOW TuddepeHnanbuyo ¢hopmy
w panra k, 1. e. Kococummerpudeckoe TenzopHoe nose tuna (0, k). TIpocrpancrBo Takux
dbopm Gyaem oboznauars wepes AF(M). Torma onpesnenen enewnud duddepenyuan nam
epaduenm dw HopMBI w IO PopMy.Ie

kE+ 1)!
do =+ ;; P Ay,
N1 B KOOpJAHHaTaX
1 g
(dw)hmjkﬂ :ig Z (1) Vo (i) Wo(ir)...oli) -
’ O'ES)H,l

rjie 0603HaIeHO 0 (i) := jo(k), & £ BHIOMpAETCS TAaK, 9TOOBI B KOOD/MHATAX

. 1...kE+1
H(=1)7 = sgn (a(k + 1o (1), --0<’f>) |

T. e. + = (—1)*. Kax crenyer u3 onpenenenns, dw — BrenHss dopma panra k + 1.

Jlemma 10.1 [I'paduenm dw me 3zasucum om 6v00pa CUMMEMPUYECKOT CEBAZHOCTNU.

HUmenno,
k+1

— Z(_l)s-l—l awjln-jsfljsjq...jk‘kl .

Js
— ox

(dw)

J1---Jk+1

JlokazareabcTBo. 1o onpeneieHU0 KOBapHaHTHON MPOU3BOIHOM

(dw>j1---jk+1 -

k

(=1)* o | 0ot otin) o
- k! Z (=1) W_Zw"(jl)-~~U(J'r—1)O<U(jr+1)...‘7(jk)FU(jv-)U(ijrl) -
’ 065k+1 7‘:1
_(=D” 3 (—1)r Lotin-otn)
k! 5 O Urk+1)
0ESK11
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k
(_1)k o a
- k,' Z Z |: o(gr U(]k+1) FO’(jk+1)0’(j'r) wa(jl)~~'U(jr—l)aa(jr+1)~"o'(jk) =

IO Y€THBIM oeSkH r=1

(B CHILy CHMMETPHYHOCTH CBSI3HOCTH)

_(=DF > (_1)05’%(]'1)‘...0(]@) _

k! axa(]lwrl)
UESk+1
k+1
— <_1)k Z Z Sgn 1 .o k + ]. aw'r(jl)---T(js—1)7'(js+1)--~7'(jk+1) .
k! iy T(1)...7(s=1)7(s+1)...7(k+ 1)s O
s=1 T7€S,
k+1
= LSS (et oy Rt e rtien)
k. axjs
s=1 TESk
(B cHITy KOCOCHMMETPHYHOCTH W)
iy e
— T T J1-Js—=1sJs+1--Jk+1
— T (D (e
s=1 T€S}
k+1
k" -1 s+1 .71--'.75711]'5+1~-~‘7k+1‘ 0

3ameuanue 10.2. I'pamuent auddepennuabaoi (popMbl B KOOpAUHATAX MOYKHO IIO-
JIVIATDH “HEIocpeJcTBeHHBIM JaudpepennupoBanuem’. VIMEeHHO, €CJId Mbl 3aMETHUM, YTO
oObrunbIi guddepenuan GYHKIUT COBIAIAECT C BHEIIHUM, U, CJIEJIOBATEIHHO €I'0 MOXK-
HO obo3HauaTh 4epe3 df, He omacasicb myraHuisl (310 1-hopma, koropast Beerma (Ko-
CO)CHMMETDPUYHA), TO JJIsT

Z Wiy i T AN d'

11 <...<tp

oTIpe e TnM

> dwig) At AL Adat = Y Y g“ i) o p g A A e,
I-Z

11 <...<tp 11<...<tg 10

Torpa 310 ompejeeHne COBNAIACT C JAHHBIM BHIIIIE.
amadga 10.3. IlpoBepurs.
Samaua 10.4. Jloka3aTb CJELYIOMYIO TEOPEMY:

Teopema 10.5 Ilycmo w1y u wpy — duddepenyuarvrve dopmur cmenenetd p v q coom-
semcmsenno. Tozda

d(w(l) N w(2)) = dw(l) A w(2) + (_1)pW(1) A\ dw(2)

JokazarenbcTBo. /locTarodHo NpoBepuTh B OnHON U3 KapT s dhopMm Buaa (B Cuiay
JMHEHHOCTH MPOBEPSIEMOr0 PABEHCTBA)

way = fdz"™ AL A dat, we) = gdz’ A ... Adxe.
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Torma o mpeaplayIeMy 3aMmedannio

d(way Awy)) = d(fgdz™ A ... Ada' Nda? A .. A\ dxde) =

Oxk ok
- 8fdk daht dzir drh dada
= %x/\x N...Ndx /\(g:c /\.../\x)+

. , 0 . ,
+(=1)P (fda™ AL Adz') A (a—gk dz® Ndz? A LA dxﬂq> =
x
= dUJ(l) A w2y + (—1)pw(1) A dw(g). O
3amadga 10.6. Jloka3aThb CJIEYIONIYIO TEOPEMY:
Teopema 10.7 Jlasa ao0bot dopmo, w umeem d(dw) = 0.

HokazareabcTBo. CHOBa JOCTATOUHO IIPOBEPUTD 114 (POpMBI BUuaa w = f dx A. . . Adx'.
Bonee Toro, ecim Teopema 0KazaHa A W(1) B W(2), TO OHA BEPHA U [ WX BHEMIHETO
npoussejienud. JleficTBuTE/NHHO,

dd(w(l) VAN U.)(g)) = d(dUJ(l) N w2y + (—1)pW(1) A dW(g)) =
= ddw(l) A w2y + (—1)p+1dw(1) A dW(g) + (—1)de(1) A dW(g) + (—1)p+pw(1) A ddW(g) = 0.

TakumM 06pa3oM, 0CTAI0CH IIPOBEpUTh 11 f 1 aad da’. veem

d(df) = d(a—f dz") sl dz' A dz* = Z ( o B ) da’ A da® = 0.

oxk = 0r Oz oxt Oxk  Oxk Ot

i<k
Yro kacaercs dr’, TO IPEMEHMM HPOBEICHHYIO BHIKIAJAKY K f = x'
dd(dz") = d(ddz") = d(0) = 0. OJ

Onpenenenune 10.8. Buemnsasa guddepennnanbaasg ¢popMa HA3BIBACTCS 3aMKHYMOT,
ecau dw = 0, T. e. w € Kerd, u mounoti, ectn w = dw; 1,19 HEKOTOPOit hOpMBI w1y, T. €.
w € Imd.

[To mpepiaymeii gemme (04eBUIHO, JuHEiHOE) oTOOpazkenne d 0bsagaerT CBOHCTBOM
Imd C Kerd. Takum obpazom, s KaxKJI0To k orpejesieHo (paKTOPIPOCTPAHCTBO k-
MEPHBIX 3aMKHYTBHIX (POPM 110 k-MepHBIM TOYHBIM (pOpMaM. DTO JUHEHHOE MPOCTPAHCTBO
HY(M) naswiBaerca 2pynnoti k-meprwz xozomonozuti de Pama muoroodpasus M.

HenocpeacTeenno u3 ompeaeaeHus TOAyIaeM CAeIyIONee YTBEeP:KIeHHe.

Teopema 10.9 ITycmo Q € A¥(M). Pacemompum ypasrenue

dw = Q. (11)

1. Ypasnenue (11) umeem pewenue mozda u moavko mozda, xkozda ) 3amKHYyMa U
Kaace Kozomonozudi [Q) =0 € H*(M).

2. Jhobuvie dsa pewenua wy u we ypasuenus (11) omauvaromesn na samknymyio dopmy:
d(wy —wy) = 0. Muootcecmeo scex pewernuts ABAAEMCA KAGCCOM CMEHCHOCTU 2100020
PEWEHUA W NO NPOCPAHCNEY 3AMEHYMOT k-dopm.
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3. Ilpocmpancmeo ecex 3amrxnymuis k-popm u3omopPro npamotd cymme npocmpa-

cmea mounux gopm cmenenu k u H¥(M). (Dmom nynxm ne ommocumes % ypae-
nenuto (11).) O

[lo anaJioruu ¢ obpaTHbIM 06pa3oM OMINHEHHO# (hOPMBI MOXKHO OIIPeIe/INTh 00paTHBII
obpaz auddepeHnnaIbHON GOPMBL.
Onpenenenune 10.10. Ilycrs f: M — N — minajgkoe orobpazkeHue IVIaIKux MHOI000-
paznit, w € A¥(N) — mucdbdepenmuanbaas dpopma. Obpamuvim obpasom f*w 310it GopMbr
HA3bIBACTCS MOJIUJINHEITHOEe 0TOOpaYKeHe BEKTOPHBIX ToJieit na M:

f*w(ﬁl, ... ,ﬁk) = w(dpf<l71), - ,dpf(ﬁk)), v; € TpM.
3amaua 10.11. [Ipopepursb, yro nosayumin guddepernuaabayo Gopmy.

Jlemma 10.12 Tycmo (zb,...,2™) — aokaavnaa cucmema K00pIUNam 6 0KPeCTHOCIU
PeM,ay...,y") — 6 oxpecmuocmu f(P) € N, max wmo aoxarvro f : M — N
sadaemces cucmemoti pynruui

yt :fl(xl,...,xm),...,y":f"(arl,...,a:m),

a opma w —
W= Z Wiy (Y Yy A LA dy'

21<<Zk

Tozda 0bpamnwili 06pa3 AOKAALHO NPEICTNABAAEMCA PHOPMYAOT

ffw) = Z Wiy (FH ™), (™)) X

11 <...<i
xdf' (xt, . ™)AL AdFE(at ™). (12)
JlokazaTeanCTBO.

[ (@) (@, ..., 0) = w(dpf(Dh),...,dpf(Uk)) =

= ( Z wil_“ik(yl, YAy A LA dyi’“> (dpf(th),...,dpf(Uk)) =

11 <...<ip

= Z Wir iy (Y y") kDAL ] {dy* (dpf (D)) ...dy*(dpf(Th))} =

11<...<i
o (af o 9fi
= S Wiy y) KAL) {a_i;l @y ... (vl)]’“} _
11 <...<tp
= Z Wiy...iy, (yly oy K Alglin-isl {dfil(ﬁl) e dfik (171)} =
11 <...<0p
= < Z Wiy (Y YA A LN z’“) (U1, .., Ug). O
11 <...<tp

Teopema 10.13 Obpamnwiti 06pas obaadaem cACOYOUUMU CBOTCNEAMU.

1. daa f: M — N ug: N — K eunoansemes (gf)* = f*g*;
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2. f*dN = de*,
3. f*(Kerdy) C Kerdy, f* nopoostcdaem omobpasicerue ko20monozudl

f* HYN) — H*(M).

HokazareancTBo. [lepBoe cooTnolenue cieayer w3 npeabiayieil jgemmbl. Jokazxkem
BTOpOe. 3 npeapiaymieii semMbl, TeopeM 10.7 u 10.5 u 3amevannga 10.2 momydaeM

fHdw) = ( ( Z Wiy ( ,..-,y")dy“/\.../\dyik>> =

11 <...<ig

( Z Zawu Ak 7yn)dys/\dyu/\/\dylk> _

11<...<1} s=1

- ¥ Zaw“ P ™, ™) AR AL A =

11<... <t s=1

= Y dlwia (™), N a™) AT AL A =

=d ( Z Wiy (FH ™) ) A A A df“f) = df*(w).
Hamee, ecm dw = 0, To df*w = f*dw = 0, a ec;m w(1) — w(2) = dw, TO

[ way) = ffwe) = [flwg) —we) = ffdo =df*'w. O

3amaua 10.14. BeiBecTu 0TCIO/[a, 9TO I'PYIIIBI KOTOMOJ0THI JuddeoMopdHBIX MHOTO-
obpaznii COBMaIAOT.

Onpepenenne 10.15. Dopma (2 cremenu k vHa M X I wne sasucum om dt, ecanm ee
3HaUYeHHe Ha JII000H cucTeMe BEKTOPOB BHIA, (%, U1, ..., Ug_1) pasmuo 0.
Jlemma 10.16 JlokaavHo 2mo pasHOCUNDHO MOMY, YN0 6 PA3AOHCEHUU NO CMAHIGDM-
nomy bazucy us enewrnur npoussedenuti dr™ A ... A\ dx'* omeymemeyiom caazaemule,
COOEPHCAULUE BHEULHUE COMHOACUMENY dt.

HokazareabcTBo. 1o onpeaesennio jeiicTBus (popMbl Ha BEKTOP. [

Jlemma 10.17 Jhobas dupdepernvyuanvhan gopma € wa M x I odnosnauno npedcmasas-
emesa 6 eude () = Q) + Qo) A dt, 2de Q) u Qg ne sasucam om dt.

HoxkazarenbcTBo. Pacemorpum armac u3 kapt suga (U, X Jo, 0o X Vo), TAE Jq — OT-
KDBITHIHl WM TOJXYOTKPBITHINA (s rpanndabix To4ek) unrepsai B I, (U,, o) — Kapra
M, a 7,(t) = £t + c. Ilycrs 1, — noguuuennoe {U, X J,} pasbuenue enxururp. Torga
JUIS JOKA3aTeNbCTBa CYMICCTBOBAHUA NI (pOPM ¢ HOCHTEJEM B OMHOH KapTe JOCTATOY-
HO 3alCaTh B JIOKAJbHLIX KOOPAMHATAX U CIPYIIUPOBATL COOTBETCTBYIOIINAE 4jIeHbl. B
obreM caydae

Q=) 0aQ=> (Qia) + Q) Adt) (ZQ(M> - (ZQW)> A dt
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— HCKOMOE Das/oKeHue.

JIng 0Ka3aTe bCTBa MHCTBeHHOCTH, 3aMeTuM, 9To ectn = Q) + Q@) A dt, rae
Quy € AF(MXTI)u Qo € A¥1 (M xT) ne 3asucsr ot dt, 10 17151 JIOOBIX HOMEH V1, . . ., Vk_1
uMeeM

0
Q (Uh <oy U1, a) =C- Q@)(”la e Uk—1),

e KoHcTanTa C' 3aBUCHT TOJBKO OT k (CP. ¢ HAYAIOM BBIKJIAJKH B JOKA3ATETHCTBE JTIEMMbI
10.12). Tem campiM £)(9) olpe/iesieHa OJHO3HAYHO, & 3HAYAT, U {)(1). O

Jlemma 10.18 Ilycmov omobpasicernua fo u fi muozoobpasus M 6 N 2omomonnw. Tozda
cywecmeyem aunetinoe omobpasicenue D @ A*(N) — A M), ydosaemsoparowee o
A1000T W COOMHOUEHUIO

(fo = D) (w) = £(dy D — Ddy)(w). (13)
HoxkazaTenbcTBo. [lycrs mrajkoe orobpazkenue F' ocymecrsiser romoronuto fo u fi:
F:MxI— N, F(P,0) = fo(P), F(P1)=fi(P) VYPeM.

Hnst mpousBosibHOi w HAa N pasznoxum F*(w) = Q; + Qo A dt o npensiaymieii gemme.

Ilomoxxum
1

D(w) = / Qs (£)dt. (14)

9To uHTerpupoBanue kKodpduimeaToB (GopMbl 1Mo ¢ Kak mapamerpy. Jlerko Buaerb, 9To
pe3yJIbTAT He 3aBHCHT OT BBIOOpa IMJIMHAPHYECKONW CHCTEMBI KOOpAMHAT. B cmiay omn-
HO3HAYHOCTU PA3JIOKEHUs B Ipejblaynieil jemme [) KoppekTHO onpejesier. [Tockojibky

Io =™, i = ¢iF™", rne
SOO:M_>MX[> QDO(P):(PaO)? ¢1IM—>MXI, Sol(P):(Pal)a
TO
fow)=™(0),  fi(w)=N(1) (15)

(B F*Q mopcrasasgem dt =0 u ¢t =0 win ¢t = 1). dasee,

F*de = dejF*w = dM><I<Ql + Qg A dt) = dMﬁl + %Ql(t) A dt + dMQQ A dt

1 1

Ddy(w) = / (i%Ql(t)+dMQQ(t)> dt = £(Q(1) — 1(0)) + das / Oo(t)dt.  (16)

0 0

B 10 ke Bpems

iy D(w) = dar / Qs (t)dt. (17)
U3 (15), (16) u (17) moaywaem (13). O

Teopema 10.19 ITycmv omobpasicenus fo u f1 mnozo06pasus M e N 2omomontw. Tozda
15 = 11 e xozomonozuaz.
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JokazareancTBo. [IycTh 3amkHyTast hopma w Ha N TpeacTaBisieT KJIacC KOTOMOJIOTHI
[w]. Takum obpasom, dyw = 0. g orobpazkenust D u3 mpeplayIiedi JeMMbl

(fo — fi)(w) = £(du D — Ddy)(w) = dy(Dw)

n gaeT 0 B KOTOMOJIOTHSIX. L]
3amaua 10.20. Breruuciurs koromosioruu jie Pama muoroobpasumit

1. Wurepsana (a,b).

2. Okpyzxnocru S*.

3. EBkmmmoBa mpoctpancTa R”.

4. Cepor S2.

5. Ilmockoctu R? ¢ 01Ol BBIKOJIOTOM TOUKOIL.

6. Ilnockoctn R? ¢ AByMsI BBIKOJOTBHIMH TOYKAMH.

Samaua 10.21. Jloxazarb aemmy [lyanrape: mobdas 3aMKHyTasg popMa Ha JTI0OOM MHO-
roo0pa3uu sSIBJISIeTCS JIOKAJTbHO TOYHOTH.

Onpepnenenne 10.22. Ilycthb Ha I[IaJAKOM OpPHEHTHPOBAHHOM MHOroObpaszunm M,
dim M = n, 3agana dopma w MakcuMmaibHOR cremenu (T. e. degw = n) ¢ KOMIAKTHBIM
nocuresiem B oot kapre (U, ,) ¢ Koopauaatamu (xl, ..., x"). 31ecy u nanee, ecau He

OTOBOPEHO TPOTUBHOE, IO KAPTOil BCErAa MoIpa3yMeBaeTcs KapTa U3 OPUEHTUPYIO-
mrero atyaaca. Onpegenum unmezpan or w 1o U dopmy.ioit

/w = / Wy L dxl ... dxl (18)

U oo () cR"

Jlemma 10.23 Hrumezpan onpedesen koppexmuo, m. e. npasas wacmo (18) ne sasucum
om 6vb0pa AOKANLHBLT Koopduram 6 npedesax U.

HoxkazarensctBo. [lycrs (U, @) — apyras kapra Ha U ¢ JIOKQIbHBIME KOOD/IHHATAMM
(xé, . ,xg) Torma mo npaBuy 3aMeHBI KOOPJUHAT B KPATHOM HHTerpaJe u jJemme 6.31
B CHJIY TOJIOKHUTEJILHONR OPHEHTHPOBAHHOCTH 00€UX KapT

o0z
/ Wiy, drh. .. dely = / w?, - |det a—xf dzl . da" =
es(U)cR" oo (U)cR"
ozt
= / Wb, - det —0 del ... da” = / Wy o drl . da" 0
e 8x]a “es

« «
ea(U)cR" ea(U)cR"
Onpenenenne 10.24. Ilyctb M — r1/1aaKoe OpHEHTHPOBAHHOE MHOTOOOpasme,
dimM = n, dbopma w MakcumasnbHOil crenenu (1. e. degw = M) ¢ KOMOAKTHBIM HO-
curenem. s noxkansuo xoneunoro atiaca {(Us, p,)} B noganHennoro eMmy pastueHns
eIMHULDBL U, ONPEICTUM UHIMEZPAN

[ 0= 108,60, {(Un 9 )} = > =

M

3amaua 10.25. [lokasaTb cjegayioniyio JeMMy:
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Jlemma 10.26 Hnumeepan onpedesen Koppekmmno, m. €. HE 3asucum om 6ubopa

{(Um Pas 1/104)}

HdokazareabcTBo. Ecin y Hac ecThb jBa pa3HbIX aTjiaca, TO BO3bMEM UX 00beIUHEHHE, a
pasObuenne eJIMHUIBI JOIMOJHEM HYJIeBBIMU (PYHKIUAME. /I KayKI0T0 U3 HUX MHTErpa
He usmenurcs. Takum obpa3oM, HaJI0 J0KA3aATh

I(M,w,{(Ua; o, ¥a) }) = 1(M, w0, {(Ua; o V) })-

HesaBucuMocTh (KaXKI0r0 CJIAraeMOro) OT BHIOOPA KOODJUHAT, T. €. ¢,, YZKe JOKa3aHa B
npeapayIeil JemMme. MTak, octajgoch 10Ka3aTh, 9TO

I(Ma wa {(UOM (10047 wOé)}> = I(M? Cd, {<U047 ('pom w;)})
[Momoxnm v, == o — YL, « =1,..., N, Tak 910

k

Zrya:o, k= N. (19)

a=1

Torpa moKa3zaTesbeTBO CBOAUTCH K POBEPKE (DOPMYJIbI

Z/%w:o, k=N, (20)

KOTOPYIO MBI OyJieM TpoBOAUTH wHAyKIuedl no k. T. e. npeamonoxum, 9to and k =
1,...,N — 1 u npousBoibHbIX Y, : M — R, ¢ suppvy, C U, dopmyna (19) Braeder
(20) (nst k = 1 a0 TpuBHanbHo). Ilycrh HenpepsiBuas dbyukuusa x : M — [0, 1] pasma
1 na suppyy C Uy ¢ suppx C Uy. Takasg dyHKIHS UMeeTCss B CHIY HOPMAJIbHOCTH
ronosioruaeckoro npocrpanctsa M. (MoKHO MOCTPOUTH U IVIAJKYIO, HO HAM JOCTATOYHO
HenpepbiBaO#.) Taknm o6paszom,

N-1 N-1
XINEWN: W == D Y%= Xl  Supp(XYa) C (Un NU).
a=1 a=1

[TosTomy
N N-—1 N-—1 N-—1
> [ruo= [t 3 [rw==3 [+ 3 [ =
a:an Uy a:an a:an a:an
N—-1
= / (Va — XVa)w (21)
a:an
[Tockonbky
N-—1 N-—1 N-—1 N-—1 N-—1 N
(Yo =XYa) =D Fa=XD Ta=) JatXW=I Yat W= % =0,
a=1 a=1 a=1 a=1 a=1 a=1
TO MbI MOXKEM MPUMEHHTH K (21) mpearnoaokeHne WHIyKINH. U

OdeBUIHO cleIyoliee yTBEPKIeHIe
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Ipennoxkenue 10.27 Humeepan aeaaemca sunetinom omobpasceruem nad R

AL (M,0r) — R

comp

Onpenenenne 10.28. Ternepb Mbl MOXKEM OIPEJICTUTD 006eM KOMNAKIMHO20 OPUEHINU-
POBAHHO20 PUMAHOBG MH02000pa3uA KAK aOCOTIOTHYIO BEJUYWHY HWHTerpasa oT (hOpPMBI
obbeMa.

Samadga 10.29. Ilokasarb, 9TO OpH CMeHe OPHEHTAINH WHTErpaa MeHseT 3HaK.
3amaua 10.30. TIlokasarb, 4TO, IpH HEKOTOPHIX €CTECTBEHHBIX OIDAHUYEHUAX HA Kap-
ThI, MOYKHO BBIYUC/ISITH HHTErPaJI OT (POPMBI CJIEYIONUM 00pa30oM: pa3buTb MHOT00Opa3ne
Ha KYCKHU, KaXKJIblil 13 KOTOPBIX JIE2KUT B OJHON KapTe, IPOMHTETPUPOBATH OTPAHUYEHUS
dOpMBI B JIOKAJBHBIX KOOPJIUHATAX, & PE3YJIbTATHI CJIOKUTH.

Teopema 10.31 (O6mas dopmyiaa Crokca). Pacemompum 2aadkoe (Komnarxmmoe) opu-
enmuposartoe mHozo00pasue M ¢ kpaem OM, dim M = n, u enewnior duddepenuyuann-
nyto gopmy w (¢ Komnaxmmuwvm nocumenem na M, ecau MH02000pasue HEKOMNAKMHO),
degw =n — 1. Umeem mecmo caedyrouwas obwasn dopmyasa Cmokca

fele (L)

ede p : OM — M — saooicenue Kpas.

okazareabcTBo. B cuny nuneitnocT obenx gacreil hopmysibl (22) 10 w, JOCTATOTHO
ee TIPOBEPHUTH [Is1 (bOPMbI W ¢ HOCHUTEJIEM B OJHON KapTe (IOCKOIBKY W = Y. YW, L€
{¥o} — pasbuenne enuHUIBI, HOMIMHEHHOE HEKOTOPOMY (JOKAJIHHO) KOHEYHOMY AT/Iacy)
W UMEIIENH BUT,

1 Of

8kd AL Adx",

w= f(z, ..., 2")dz' A Ad"TEAdZPTIA L Ad”, dw = (—1)*!

e f @ R} — R — majgkas dynknus ¢ KomnakrabivM HocurTesaeM. (Cunraem kapry
umeroreii o6pazom R} ). Hanomunm, uro 2 > 0 u OM xapaxrepusyercs ycjaoBuem x' =
0. CooTBeTCcTBEHHO, PACCMOTPUM cHadajga ciaydait k < n — 1, te. k # n. Jlokaabuo
BJIOJKEHUE Kpas UMEET BHJL

©:OM — M, o', .. 2" ) = (2, ... 2" 1)0),

u dz™ = 0, Tak 410 ¢*w = 0 (cp. (12)). dns sreBoii vactu (22) nveem

/dW—/ klﬁfdl dr" =
oxk

+oo
0
= (=1 / a—{cdmk dat ... de* ' daM T da =
T
R, >
= (—1)F! / {f(ml, o2 oo, PP ) —
R,
—f(zt, .. 2" —oo, 2T ,x”)} det ... da*tda T da =

o1



= (=1)" / {O - O} dz' ... dz"tda"da™ =0
n—1
R’
(3aKOHHOCTH MEPEX0/a U PABEHCTBO HYJIIO B CHJIY KOMITAKTHOCTH HOCHTEJIs).
PaccmorpuMm teneps caydait £ = n. Temepn

/ dw = /(—1)”_1% dz'...ds" =
R R’

+oo
of
= (=1t ——dz" p da'...dz"" =
ot [ ]
R6L71 0
= (—1)"* / {f(xl, o x" T doo) — flat a2 O)} dz'.. . da" 7t =
R,
= (—1)" / flt, . e 0)det . da™ T = (—1)" / 0w
R, R,
(3aKOHHOCTH TEPEX0Jia U PABEHCTBO HYJIIO OJHOIO TIPEJIeNia B CHIIY KOMIAKTHOCTH HOCUTE-
Jst). O
3amauga 10.32. Besectn u3 obmeit popmyanr Crokca Hopmyast
1. I'puna;
2. Crokca;

3. Octporpaackoro — laycca.

11 Crenenb oToOpazKeHUs

[Iycts f : M — N — ruajgkoe oTobpazkeHHe 3aMKHYTHIX (TO €CTh KOMIAKTHBIX 6e3
Kpasi) CBA3HBIX OPHEHTHPOBAHHBIX MHOr0OOpa3uii OAHOW pa3zmepHOCTH. B 3TOoM ciayvae
HOJTHBIA 1Tpoobpa3 peryJigpHoro 3Ha4eHust OYAeT IIPOCTO KOHEYHBIM YHCJIOM TOYeK, a df B
PETYISIPHBIX TOUKAX — H30MOPMOU3IMOM KacaTeTbHBIX TPOCTPAHCTB.

Onpenenenue 11.1. Cmenenvio f 110 OTHOIIEHUIO K PeryasspHOMY 3HadeHuio Qg € N
HA3bIBACTCH

oy’
deg f = deg(f, Qo) = >, sgn det < o ) =D&, Qo, Pu),

f(Pa):QO

rae (y') — OpHeHTHpPYIONEEe KOOPAMHATH B OKpecTHOCTH (o, a (7)) — opumenTupyomue
KOOPJANHATHI B OKPECTHOCTH P,.
OueBuaHO, YTO 3TO OUPEJEJICHUE He 3aBHCUT OT BLIOOPA OPUEHTUPYIOMUX KOODIMHAT.

Teopema 11.2 Cmenenv omobpasicenus

(a) me sasucum om swvbopa pezysaprozo snauenus Qo U
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(6) ne menaemesa npu 20MOMONUAL (04a 00HO20 U MO20 JHCE DERYAAPHO20 ZHAYEHUA).

HokazareabcrBo. Ceesiem (a) k (6). Ilycrs Qo u ()7 — /Ba peryJsipHbIX 3HaveHus f.

3amauga 11.3. CymectByer Takoe riajakoe cemeictso ¢, : M — M auddeomopdus-
MOB, COXPaHSIONUX OpHUEeHTAINI, 9To @y = Id, a ¢1(Qy) = Q1 (3mech MBI MOIB3yeMCst
CBSI3HOCTBIO).

Torna f ~ ¢y o f u oboux orobpaxkenuit Touka ()1 peryiaspaa. C apyroit CTOPOHBI

deg(gpl o f: Ql) = deg(f> QO)a

u ecm (1o (6)) deg(er o f, Q1) = deg(f,Q1), To (a) mokazaHo.

(6). Oycts [ = [0,1],m F: M x I — N, 1ak uro F|,, = fo, |y = fi.

[Iycte (Q — perynspuoe 3uadenue fo u fi. [lo Teopeme Capja, peryiasgpHble 3Ha4Ye-
HUS TJIAJKHAX OTOOpazkKeHuit o6pas3yioT OTKPHITOE W IJIOTHOE ITOAMHOXKECTBO B [N. 3HAYUT,
MOKHO HAlTH peryiaspHoe 3HadeHue () B HEKOTOPOi JTOCTATOUYHO MAJIOH OKpeCTHOCTH (),
SIBJISIONIEECST PETYJISPHBIM 3HAYEHUEM OJHOBPEMEHHO fy, fi u F, mpudem Takoe, 94TO CTe-
HeHb 9TUX oToOparkeHuit B () Takast ke, Kak B ().

JeficTBUTEIBHO, JOCTATOYHO YOEIUTHCSA, 9TO eC/in CBA3HbIe okpecTtHOCTH Uy, ..., Uy
Bcex 1poodpazoB Pi,..., P, Toukn () u okpecruoctb U camoit Touku () TAKOBBLI, YTO
f ocymectBaser muddeomopdusm Kaxkaoit U; na U, TO HallyTcsa MeHbIIHE OKPECTHO-
cru Uf,..., U, U (c tem xe cpoiictBom), Takue, uro f~1(U') = U] U ... U U], tak 4o
deg(f, Q) = deg(f, Q") mrsa moboit Q' € U'. TIpeanonokum IpOTHBHOE: MMEETCsI TTOCITIe0-
BaTEIBHOCTH TOYEK Q" — (), y KayKJ0# W3 KOTOPHIX ecTh mpoodpas P, He jmexkaruit
B Uy U...UUg. Torma, B cuny koMmmakTHOoCTH M, MOXKeM BBIOpATh CXOAAIILYIOCS HOJIIIO-
ciaegosareapuocts P9 — P, Ilo noctpoennio, P He MOXKeT ObITH OnHON U3 Py, . . ., P,
HO C JPYTOil CTOPOHBI, B CHJIy HempepbiBHOCTH oTobpaxkenus, f(P) = lim; f(P™Y)) = Q.
[Tporusopeune.

Bynem cunrarh Q' = (Q, 9T00BI HE YCJIOKHATH 0003HAYEHUS.

Muozxecrso F~1(Q) 6ymer mogmuoroobpasmeM B M X I pasMepHocTH 1; B3 KOMIAKT-
HOCTH MOYKHO 3aKJIIOUHTD, 9TO OHO OyIeT MIpeacTaBIsITh U3 cebs 00beIuHeHne HEKOTOPOTO
YHCJIA OKPYKHOCTEI 1 HEKOTOPOIO YHCJIa OTPE3KOB (9TO HHTYHTUBHO MOHSITHO, 8 CTPOrOe
JIOKA3aTeqbCTBO CM. B [5, cTp. 137-139]), mpuyem KOHIIBI OTPE3KOB OyIyT JezKaTh Ha KPAsX
M x 0u M x 1 (Habopbl 5TUX KOHIOB U Oy/JeT TPeACTaBIsITh cO0Oii MOJHBIE TPOOOPA3HI

Q).

f1'
u
I
)
[ \ .
M Jo

OKpyKHOCTH He OYIYT UMeTh TOUEK IepeceveHns ¢ ITUMA KPasiMH, U, CJIeI0BATEIbHO,
HUKAK HE HMOBJIUAIOT Ha cTeneHb. OTpe3KH MOI'yT ObITh ABYX THIIOB: ¢ KOHIAMH HA, OIHOI
MW Ha Pa3HBIX KOMITOHEHTaX Kpas.
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Bynem ucnosb3oBaTh opuenTupyionumii ariaac it M, n Bo3bMeM Koopaunary t Ha .

PaccMoTpuM o 13 orpe3kos L ¢ xonnamu a 1 b. Torga umeem xapry (zk, -, 2" t) B
OKPECTHOCTH @, a B OKPECTHOCTH b — Kapry (xé, e, g t).
9,
K /ﬁm
a b

[To Teopeme Cappma, CymecTByeT OKpeCTHOCTH V TOYKE (), COCTOAIIAA TOJBKO W3
peryasipubix 3nadennii. Toryia cpeau csssHbix Kommonent F~1(V) Gyuer cogepKarbes
HEKOTOpasi OKPECTHOCTh OTpe3ka L. 3aiagumM B 3T0 OKPECTHOCTH KapTy (KOODIAMHATHI)
(Y3, -,y @), e (y,---,y2) — xapra Ha V, a ¢ — mapamerp BOJb OTPE3KA.

[onoxum e(a) = e(f,,Q,a), rae T BHIOUpaeTCsi B 3aBUCUMOCTH OT TOrO, Ha KaKOii
YACTH PAHUIBI JIEXKAT @; aHAJTOruIHO onpenesanm &(b). Torma

a(yla e ,yn> 8(3:1 o xn)
e(a) = sgndet —————= = sgndet ————~
( ) 8(37(1)”..."@2) 8(%, 7y%/1)

a 1’...’ n a 17' ) B

Bk, -, a) Ayl, -,y

8(x1,---,x",t) 9 xﬁ’ ',.Tg,t)
sgn det —= “ = sgn det .
a(f%l,yayg;@ a a(y'lya 7%7@5) b
Ho rak kak 36—2 = 0, umeem
Yy
Azl - 2 t) (xl,- ") ot
sgndet —= L = sgndet —= 2 gon (— )| =
o, vt 9, o) 80|,
- c(o)sen ()| |
8(wé,,xg,t) 9 [137 ,ng) ot
sgn det = sgndet ————sgn (—)| =
8(9%7,92,615) b 8(y%,,,y§‘) (a¢) b
ot
= ¢(b) sgn (=—
s (50|

Ecau orpe3ok nmest 06a KOHITA HA OTHOI YaCTH PAHUIIBI, TO g—; nMeeT pa3Hble 3HAKN Ha
KOHIIAX, & €CJU Ha Pa3HbIX — OJIMHAKOBBIC. SHAYUT, OTPE30K C KOHIAMHU Ha OJHON YaCTH
JIaCT IBa B3aUMHO YHHUYTOXKAIOIIMXCSA BKJIAJAA B CYMMY JJIS CTE€IEHH COOTBETCTBYIOIIEH
GYHKIINK, a OTPE30K ¢ KOHIAMH Ha PAa3HBIX YaCTIX JACT JIBa OJMHAKOBHIX WIEHA B 00€
cymmbl. Teopema joka3aHa. U
3amaua 11.4. C moMoIbo cTereHn 0TOOpaKeHns J0Ka3aTh OCHOBHYIO TEOpeMy aared-

PHI.

54



Teopema 11.5 Ilyecmo [ : M — N — 2aadkoe omobpasicerue CEAIHHL KOMNAGKMHHLET
OPUEHTUPOBAHHBLL MHO02000pasuti 001ot paszmeprocmu n 6e3 kpaa, L € A™(N). Tozda

[ro=en [o

okazareancTBo. Bribepem J10KaJIbHBIE KAPTHI

(xé, . ,xg), (yl, ... y™),

na M u na N, coorserctBenno, ) = ¢dy' A ... A dy™ Nmeem
F9x) = (@)L . 2%,y ) =

Iy, 1
= ¢(f(x))det a—xz dxg A\ -+ Adxy.
IIycts N = KU R, rne K — MHOXKECTBO KPUTHYECKUX, a R — perysapHbIX 3HAYCHWUI.
Pazobrem R Ha atiac u3 JOCTATOYHO MajeHbKHX KapT U, Tak, 9To ImIpoodpasbl OIHOM
KapThl He TIepeceKalorTcd n f Ha KaxKJI0i U3 KOMIIOHEHT Ipoodpaza ecthb auddeomopdusm.
[ycrs f~1U, = Vi U---UV,. Pacemarpusas quddeoMopdusM Kak MIaJIKYIO 3aMeHy

MEePEMEHHBIX B MHTErpaJe, 0y/JeM UMeTh

J
/f*Q - /gb(f(x))det % das A A daly =
Vs Vs 6

8xlﬁ

/ f*Q:deng[Q.

[71Ua

J
= sgndet W /Q
Ua

CyMmupys, moayInm

Buaunr, [ f*Q =degf [Q = degf [, Tak KaK MHOXKECTBO KPUTHIECKHX TOUEK K
/'R R N
nMeer Mepy Hyab. Ocraioch 0Ka3arh, uTo naTerpada or f*Q mo f~1K pasen mymo. 1o
Tak, MOCKOJIbKY 10 TeopeMe 00 0bparTHol (hYHKIIMN MEpa MHOYXKECTBA HEKPUTHYECKUX TO-
YeK, JIEXKAIUX B Mpoobpase KPUTHYECKUX 3HAYeHUil, paBHA HYJI0 (B Takoi TOYKe W ee
OKPECTHOCTH SIKOOMAaH He oOpalnaercs B HyJb, TaK U4TO Mbl UMeeM JIOKAJBLHBIN Juddeo-
MOpGU3M, TaK YTO €CIH Mepa He HyJb, TO U Mepa KPUTHIECKUX 3HAYECHUH He HyJb). B
KPUTHYECKHUX 7K€ TOUYKax obpamiaercs B Hydb f*() (Tak KaK yMHOXKAeTCd Ha sKOOMAH).
O
Onpenenenune 11.6. Ilycts M C R" — n— l-MepHas rumepnoBepXHOCTh, KOMIIAKTHOE
3aMKHYTO€ OPHEHTHUPOBAHHOE TOAMHOrooOpasue. Tormia Mbl MOXKEM OIPEIETUTD 24YCCO60
cihepuneckoe omobpasicerue I' : M — S™1 e S"1 C R™ - exqunnunag cdepa:

['(P) :=1i(P), n(P)— enuHUIHAST OPHEHTUPYIOIIAs HOPMAJIb.

Ha cdepe S"~! C R" onpenenena gopma obsema — 3aMuyTas muddepeHnnaIbHad
dopma g panra n — 1, a ua M — dopma odbema 2y u dopma kpususuv Ky = K do,
rie K — rayccoBa KpHBHU3HA.
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Jlemma 11.7 F*QS = KQN[.

HdokazaTreabCcTBO. 3aMeTHM, YTO B HEPEryJdpHBIX TOUKax I’ obe JacTu J0Ka3bIBaeMO-
ro paBeHCTBa 00OpaIlaloTcad B HOMb. B okpecTHOCTH TOUKH P MOXKEM CUYHTATb, 9TO IIO-

Bepxuocrb M 3ajana B Bujie rpaduka " = f(z! ... 2"1), npuuem P coorsercrBytoT

HyJieBble 3HaveHust Koopjaunar u 7i( P) napaaienbna ocu Oz™, a na S"~! B okpecrHocTn

['(P) rak:Ke MOxKHO B3aTh KoopaunaTbl (z!,... 2" 1), Torma, Kak yzKe oJHAXKIbI OBLIO
2

Jokazano g n = 3 (cp. 9.16), K = det ‘ % . 9ij = i, a Qglppy = dzt Ao Ada™ L

ITo nokazarenbcTBy Teopembl 9.16 1 B ee 0b03HAYMEHHSIX

(fiy-oy foo1, £1)

RV (A e
[Mockonbky fi(P) =0, 10
fl fn—l
*Q =d oA d =
Flr <\/1+(f1)2+--~+<31>>A : <\/1+(f1)2+--.+(31>>
_ < df, A faadfa) ) o
VIFA?2+ () (IR + o+ (f)?
fjid$j . .
=... o= (fidd? S
A<\/1+(f1)2+...+<3_1>>A (finda) Ao A (fnade?)
an 1 n—1 1 n—1
= det H@xiﬁﬂ de* AN ... Ndx" = K(P)dz' N...ANdz" .0

N3 aroit memmbl u Teopembl 11.5 cpa3y mojiydaem cieayoliee yTBepXKIeHue.

Teopema 11.8 (Taycc — Bonne). Iyemov 6 npedudyweti semme n = 3. Toeda [ K do =
M

J KQuy =4rdegT.

M

lokazaTeabcTBo.

/KQM = /I‘*QS = degF/ Qg =4ndegl'. I
) s
Samaua 11.9. Haiitu crenens rayccoBa cepruueckoro oTodpakeHusi TOpa.

12 JlomoaHeHusd

Jlemma 12.1 ITycms X — aokanvho eskaudoso u zaycdopposo. Ecau X npedecmasas-
emea 6 sude 00BEAUHERUA CUEMHO20 HAOOPG Komnaxmuulr muoscecme X = U;L;, mo X
ydosaemeopaem 6mopoti AKCUOME CHETMHOCTIU.

HokazareabcTBo. s kaxj0ro L; HaiijieM HOKPbITHE OKPECTHOCTIMH, IOMeoOMOpd-
aeiMu R u BeibGepem KoHeuHOe MOANOKpHITHE. Bepst 00benuHeHne STUX MTOAITOKPBITHIT
o BceM L;, MOJy4uM CUYETHOE TIOKPBITHE BCero X, MpuyeM KaxKJ0e U3 MHOYKECTB UMeeT
cuernyto 6a3y (6ymyqan romeomopdubim R™). Buadut, u X umeer cuernyio 6a3y. U
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Teopema 12.2 ITycmv X — ceasHoe, A0KAALHO e68KAUA060 U Taycdopdoeo. Tozda caedy-
0ULUE YCAOBUA IKEUBANCHITVHDL.

1. X ydosaemeopsaem emopoli aKCUOME CHEMHOCTIU;
2. X napaxomnaxmmo;

3. X donycnaem KOMTIaKMmHoe ucuepnarue.

HokazareabctBo. 2 = 1. Ilycrs {U,} — nokpeitne X ¢ romeomopdusMaMu @,
U, — R" Tlycrs U = {p,'(B)} — nabop 1poobpazoB Bcex OTKPBITHIX 11APOB KOHEY-
HBIX paauycos 1o BceM «. Torma U = {U} — HOBOE OTKDBITOE HMOKPBITHE (H3MEJILICHHE
{U,}) 3 37eMeHTOB ¢ KOMIAKTHBIME 3aMbIKAHUSIMH. B CHIy MapakKOMIAKTHOCTH BbiOe-
peM JIOKaJIbHO-KOHeYHOe m3Mespdenne V s U. [lpu srom, aa awoboro V € V, V C U
J1st HeKoToporo U U TeM caMbIM, KOMIIAKTHO.

Badukcupyem Vi € V. 3amerum, uTo X CBSI3HO M JTOKATHBHO JUHEHHO CBSI3HO, IIOITOMY
JuHeitHo cBst3H0. [l kaxkporo V € V Beibepem x € Vi u &’ € V u nyTb 7, CoeuHAIONTHI
ux. [Toaromy cymecTByeT HabGOp OTKPBITHIX MHOXKeCTB Vi, ..., Vy =V V; € V, Takux 410
ViNViy # @. lyers N(V) — mMunuManbHas JTMHA Takoro Habopa. Torga BO3HHKaeT
orobpaxkenne V — N(V), V — N. Ecsin Mbl 10KazKeM, 9TO KazKj1asi TOIKA UMeeT TOTHKO
KOHEYHOE YHCJIO IIPooOpa30B, TO MbI MOKaxKkeM 4To V cuerno. Ilpm stom X sBisgercs
00 beHenneM komnakTabix V. [Tosromy semma 12.1 nokazsisaer, uro X y10BJIeTBOPSET
BTOPOW aKCHOME CUETHOCTH.

OcTamoch ONeHuTsb Irucea0 npoobpaszos. Ilyers V<1 — npoobpas {1,...,m+1} C N.
Hnast 1 ono pasuo 1 (toapko camo Vi) — 6asa uuayknun. [lpennonoxum, 910 V<, KO-
He4yHOo, Tak uTo K, = UVevng KOMITAKTHO. B cuiny nokanpHON KOHEeYHOCTH V IS
Kaxkjoro r € K, Haiijercs okpecrHocTh U,, epecekaronmasics ToJabKO ¢ KOHEYHBIM YHC-
aom V€ V. Beibupast koneunoe nofnokpbitue 1is {U, }rek,,, BAAAM, 9TO 9HCIO TeX V,
KOTOpHBIe Tiepeceratorces ¢ K, apasgerca konedubiM. Ho V<, 11 cocTonT 13 HeKoTOpHIX V/,
nepecekamux K, TaK 9T0 U OHO KOHEYHO.

1 = 3.  Mp MoxkeM cunTarh, uTo cuerHasg 6asa B = {V;} cocrour m3 MHOKECTB
¢ KOMIIAKTHBIM 3aMbIKaHHEM (II0JIb3YsICh JIOKAJIBHONH EeBKJIMI0BOCTHIO). Bysem cumrarh
6asy yuopsaouennoit: Vi, Va, . ... lycts Ky = Vi. Tlo uHayKiuu no m mycrb i,, TaKoii
HaWMeHbIHil HoMep, uto K, C V3 U--- UV, . Torma nosoxmm

Kpi1:=ViU---UV,,.

[Tpu 5TOM W3 OTpeIeJIeHNsT BUNM, UTO i, BO3PACTAET (3aMbIKaHWe YBEJININBALT 00bHe -
HEHHe OTKPBITHIX, MOCKOIBKY TPOCTPAHCTBO CBA3HO).

3= 2. Ilycrs {K;} — komnakTHOe ucuepnanue X . PacCMOTPUM OTKPBITHIE MHOKE-
cra W; = Int (K;). Torma W, C K; KOMIaKTHO IS KaxKaoro i u W 00pa3yIoT OTKPHITOE
nokperrie X, npudaem W; C Wit n Wl\ W;_1 KOMIaKTHO.

PaceMorpiy oTkphiToe mokphitae { Uy }. TIpm i > 3 kommakTrOe MHOKecTBO W; \ W)
HOKPBITO OTKPBITHIME MHOYKECTBAMUI

Va,i = Ua N V[/i-t,-l N (X \ W'_2>.

B cnty KOMIAKTHOCTH MOXKEeM HailTH KoHednoe moanokpsitue V; C {V,;}. llpu i = 1 win
2 TOJ0KUM

Vaﬂ‘ = Ua N Wg,
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¥ TIOJIy MM OTKpPbITOe TOKpbiTre W;. COOTBETCTBYIONINE KOHEUHbIE MOMIOKPEITH 0003HA-
qUM TOXKe V.

Torga U;>1V; — HCKOMOe JIOKAJIbHO-KOHEYHOE n3Mesibdenne. JeificTBUTeIbHO OHO ABJId-
eTcs U3MeJbueHneM o noctpoenuto: V, ; C U, A71g modwx o u 7. OHO aBisgeTcd JOKaIbHO-
KOHEUYHbBIM, TOCKOIBKY 1000l & npunasiexut Hekoropomy W; \ W;_1, a 3uaqut, okpect-
noctu W \W—,g, a MO MOCTPOEHUIO, TOJABKO 3JIeMEeHTHl V1, V; U V;_ 1 NepeceKaroTcs ¢
9TOI OKPECTHOCTHIO. [l
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