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1 Some concepts from topology

We start from metric spaces. 05.09.2022

Definition 1.1. A metric p on a set X is a mapping p : X x X — [0,00), restricted to
satisfy:

L. p(z,y) =0 < x=y Vz,ye€ X (identity axiom);

[N}

- p(
. plz,y) = ply,z) Ve,y € X (symmetry axiom);
3. plz,2) < plx,y) + ply,2) Va,y,z € X (triangle axiom).

A pair (X, p), where X is a set and p is a metric on X is called a metric space. Sometimes
we write simply X.

A subset Y C X is automatically a metric space itself.

Definition 1.2. Diameter of Y is diamY := sup p(x,y). If diamY < oo, then Y is
z,yeyY
bounded. A ball (ball neighborhood) is

Be(z) :={y € X |ply,z) <&}

The distance between Y C X and Z C X is

p(Y,Z):= inf p(y,z2).

yeY,zeZ

Definition 1.3. If p(y,Y) = 0, then y is an adherent point of Y. The closure of a subset
Y is Y :={the set of all adherent points of Y'}. Evidently, Y C Y. A subset Y is closed, if
Y =Y.

Definition 1.4. A point x is an interior point of a subset Y, if there exists € > 0 such that
B.(z) CY (in particular, x € V). The interior of Y is the set IntY C Y of all its interior
points. A subset Y is open, if Y = IntY.

Problem 1.5. Suppose, X is a metric space. Then Y C X is open iff (if and only if)
X \YVis closed. In fact, IntY = X\ X\ Y.

Theorem 1.6. Suppose, X is a metric space. Then
1 O X is open;

2 O 9 is open;



Home

3 O the union |J U, of any collection of open subsets U, C X is open;
acA

k
4 O the intersection (| U; of a finite collection of open subsets U; C X is open;
i=1

1 C o s closed;
2 C X is closed;

3 C the intersection (| F, of any collection of closed subsets F, C X is closed;
acA

k
4 C the union |J F; of a finite collection of closed subsets F; C X is closed.
i=1
Proof. Properties 1 O and 2 O are evident. Let us prove 3 O. Suppose, U := |J U, and

acA
x € U. Then. for some «, we have v € U, and B, € U,. Then B.,) € U, C U.

k
Let us prove 4 O. Suppose, U := (| U;, x € U. Then there are ¢; (1 = 1,...,k) such

i=1
that x € B.,(x) C U;. Take € := min{ey,...,e}. Take B.(z) C B, (z) C U; Vi. Hence,
B.(x) C U.

Finally, by Problem 1.5, k O < k C V k. m

Problem 1.7. Show that the finiteness condition is essential.
Problem 1.8. Prove that B.(x) is open.
Problem 1.9. Prove that IntY is open, i.e., Int(IntY) = Int Y.

Problem 1.10. Prove that Y is closed, i.e., Y =Y.

Definition 1.11. A topology on a set X is a system 7 of its subsets (these subsets are called
open), restricted to satisfy the following axioms:

1) X er;
2) ¥er,

3) ifU, €7 forall € A then |J U, € T;

a€cA

k
4) if Uy,..., Uy € 7, then N U; € 7.

=1

Then (X, 7) is called a topological space. Any set of the form F' = X \ U, where U € 7, is
called closed.

Problem 1.12. Verify 1 C — 4 C for closed sets in a topological space.
Example 1.13. Any metric space is a topological space.

Problem 1.14. Find an example of a topological space (X, 7), which is not related to any
metric (this is called: topology is not metrizable).
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Definition 1.15. An (open) neighborhood of a point x € X (respectively, of a subset Y C X)
in a topological space is any open set, where x (respectively, Y) is contained.

An adherent point of Y C X is a point x € X such that any its neighborhood has a
non-empty intersection with Y. The closure of Y is the set Y of all adherent points of Y (in
particular, Y C Y).

A point x € Y is called an interior point of Y, if there exists a neighborhood U of = such
that x € U C Y. The set Int Y of all interior points of Y is called the interior of Y.

Problem 1.16. Y C X isclosed iff Y =Y.
Problem 1.17. Y is closed.

Problem 1.18. Y C X isopen iff Y = IntY.
Problem 1.19. IntY is open.

Definition 1.20. Suppose Y C X, where (X, 7) is a topological space. The system of sets
7 :={UNY |U € 7} is called the induced topology (by 7 on Y).

Problem 1.21. Verify the axioms for 7.
Problem 1.22. Suppose that (X, px) is a metric space. Then one can introduce a topology
on Y C X in two ways:

1) px generates Tx, which then induces 7y,

2) px after the restriction on Y gives py, which generates 7,, .

Prove that 7 =7, .

Definition 1.23. A subset Y C X is called (everywhere) dense, if Y = X.

Problem 1.24. Let Y; C X and Y5 C X be dense open sets. Then Y =Y; NY; is a dense
open set.

Definition 1.25. A map f : X — Y of topological spaces is called continuous at a point
xo € X, if, for any neighborhood of its image V'(f(xg)), there exists a neighborhood U (z)
such that f(U(xg)) € V(f(zo)). A map is called continuous, if it is continuous at each point.

Theorem 1.26. The next properties are equivalent:

1) amap f: X =Y is continuous;

2) for any open set V C Y, its full pre-image f~1(V) is open in X ;
3) for any closed set F C 'Y its full pre-image f~*(F) is closed in X.

Proof. Since f~HY\V) = fHY)\f1(V) = X\ f~}(V), properties 2) and 3) are equivalent.
Suppose, 1) is fulfilled, i.e., f is continuous, and V' C Y is an open set. Then either the
pre-image of V' is empty, hence open, or there is some point x, i.e., f(z) € V. Then, by
definition, for any such z, there exists a neighborhood U(z) such that f(U(z)) C V, i.e.,
U(z) € f~Y(V). Thus, any point of f~*(V) is interior.
Conversely, suppose 2) is fulfilled. Then, for V' = V(f(x)), one can take U(zy) = f~1(V)
as the desired open neighborhood (see Def. 1.25). O

Problem 1.27. Suppose, X = F1UF,, where F} and F; are closed subsets, and f : X — Y
is a map. Then f is continuous iff f|p, : F; — Y and f|g, : F5 — Y are continuous.
Problem 1.28. Let f,, : X — R -be a sequence of continuous functions, which is uniformly
convergent on X to some function f. Then f is continuous.
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Problem 1.29. Let X and Y be metric spaces. Prove that f : X — Y is continuous
at zp as a map of topological spaces iff, for any sequence {z,} with lim z, = xy we have
n—oo

Jim f(2) = f(xo).

Definition 1.30. A map f: X — Y is called a homeomorphism, if

1) f is a bijection;

2) fand f~! (inverse mapping) are continuous.

Problem 1.31. Give an example of a continuous bijection, which is not a homeomorphism.

Definition 1.32. A base of a topology T is a system of open sets B such that any 7—open
set is as a union of some of them.

Problem 1.33. What conditions need to b imposed on an arbitrary system of subsets By,
to obtain some topology by taking their arbitrary unions?

Definition 1.34. Suppose that (X, 7yx) and (Y, 7y) are topological spaces. Consider in
X x Y the following base of topology:

BZ:{VXW|V€T)(, WGTy}.
The resulting topological space is called the cartesian product of X and Y.

Problem 1.35. Verify (with the help of the previous problem) that X x Y is really a
topological space.

Problem 1.36. Prove that X x Y and Y x X are homeomorphic.

Problem 1.37. Prove that (X xY) x Z and X x (Y x Z) are homeomorphic.
Problem 1.38. Let (X, px) and (Y, py) be metric spaces. Define on X x Y the following
distances:

Pmax((T1,91), (T2, y2)) = max{px (z1,22), py(y1,92)},

pa((0, 00, (2,92)) = A/ P, 2) + 3 (3, o),

p+((z1,91), (22, 92)) = px (21, 2) + py (Y1, Y2)-

Prove:

1) That these are metrics.

2) That the corresponding topologies on X x Y coincide.
Problem 1.39. Prove that (a,b), [a,b) and [a, b] (subsets of real line) are pair-wise non-
homeomorphic.

1.1 Connectedness and arc connectedness

Definition 1.40. A topological space X is called disconnected, if one of the following (evi-
dently equivalent to each other) conditions is fulfilled:

e X is equal to a union of its two non-intersecting non-empty open subsets.

e X has a non-empty subset A # X, which is open and closed simultaneously.
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e X is equal to a union of its two non-intersecting non-empty open and closed simulta-
neously subsets.

Otherwise X is connected.

Definition 1.41. A topological space X is called arc connected, if, for any two points
xg,x1 € X, there exists a continuous map (path) f:[0,1] — X, f(0) = zo, f(1) = z1.

Problem 1.42. Any interval [a,b] C R is connected and arc connected.

Theorem 1.43. Suppose, X = |JX,, each X, is connected, and (X, # &. Then X is

connected.

Proof. Suppose that X is disconnected, X = AUB, AN B = &, A and B are non-empty
closed-open sets. Then, for each a, we have X, = (X, N A) U (X, N B). By the definition
of the induced topology, these sets are closed-open in X,. Since X, is connected, one of
them should be empty. Hence, each X, belongs entirely either to A, or to B, which do not
intersect. Since A and B are non-empty and X is the union of X, then at least one of X,
say X, is contained in A and some other, X,, € B. Then X, C X,, N X,, = 9. A

contradiction. ]

Theorem 1.44. Suppose that, for any two points x and y of a topological space X, there
exists a connected subset Py, such that x € Py, and y € P,y. Then X is connected.

Proof. Suppose that X is disconnected: X = AUB, AN B = (), A and B are non-empty
closed-open subsets. Then there exist some a € A, b € B and a corresponding P,,. Then
Py = (PypyNA)U (PN B). The subsets PN A and P,,N B are closed-open in P,;, and non-
empty (the first one contains a, the second one — b). A contradiction with connectedness
of P, ab- L]

Problem 1.45. The image of a connected space under a continuous mapping is connected.
Theorem 1.46. An arc connected space is connected.

Proof. By the previous problem, the set f([0, 1]) is connected, where f = f,, , is the function
from Def. 1.41. Taking Py, ., := f([0,1]), apply Theorem 1.44. ]

0,21

Problem 1.47. Find an example of connected space, which is not arc-connected.

1.2 Compact, Hausdorff and normal spaces

Definition 1.48. A topological space X is called Hausdorff, if, for any x,y € X, x # y,
there exist their neighborhoods U(x) and U(y) such that U(z) NU(y) = @.

Problem 1.49. Give an example of non-Hausdorff topological space.
Problem 1.50. Prove that the cartesian product of Hausdorff spaces is a Hausdorff space.
Problem 1.51. Prove that in any Hausdorff space each point is a closed set.

Definition 1.52. A topological space X is called normal, if it is Hausdorff and, for any
two non-intersecting closed sets F; and F3, there exist their non-intersecting neighborhoods
U12F1 aHdU22F27 UlmUQZQ.

12.09.2022
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Problem 1.53. Verify that any metric space is normal.

Definition 1.54. A cover {Vs}gep is a refinement of a cover {U, }aea, if, for any f3, there
exists o = a(f) such that V3 C U,.

Theorem 1.55. Suppose that X is a normal topological space and {gz}fL is a finite open
cover. Then there exists its refinement of the form {V;}X., such that V; C U;.

Proof. Consider the following closed sets

N
Fy = (X\UU@) C U, F=X\U,
1=2

and, by normality, neighborhoods
Vi 2 Fi, Vi D F, Vinh =g.

Each point of F has an open neighborhood ‘71, which does not intersect V;. Hence this
point can not be an adherent point of V; and

Vlﬂﬁlzq), ‘/ICVIC(X\ﬁl):Ul‘

Also, (V1,Us,...,Uy) is a cover by the construction of Fj. At next steps we replace Us by
V5 and so on. O

Problem 1.56. Let f : X — X be a continuous self-map of a Hausdorff space. Prove
that the set of fixed points Fy := {z € X | f(z) = z} is closed.

Problem 1.57. Prove that X is Hausdorff iff the diagonal A := {(z,y) |z =y} C X x X
is closed in X x X.

Problem 1.58. Prove that if amap f: X — Y, where Y is Hausdorff, is continuous, then
its graph I'y := {(z, f(z)) |r € X} C X x Y is closed in X x Y.

Lemma 1.59. (Uryson’s lemma) Suppose that X is a normal topological space, Fyy and Fy
are some closed non-intersecting sets. Then there ezists a continuous function f: X — [0, 1]
such that f|g, =0 and f|g, = 1.

Proof. The normality of X implies that, for any closed F' and its open neighborhood U,
F C U, there exists another neighborhood V auch that FF C V C VCU (see the above
proof of Theorem 1.55). We will denote this by V € U.

Define V,, for rational ¢ of the form ¢ = m/2*, m odd, by induction over k (i.e., first for
0 and 1, then for 1/2, then for 1/4 and 3/4, then for 1/8, 3/8, 5/8, 7/8 and so on) in such a
way that V,, €V,, if ¢1 < g2. Define Vj, and V; to be open sets U and V' from the beginning
of the proof, i.e., Fy C Vp, Fi; C X\ Vi, Vo €Vi. Suppose that, by the induction supposition,
the sets V, are defined for ¢ up to 2* as the denominator of ¢. Consider

FZ:Vi, UI:VM,
ok

2k
and define V211€'-Jtll := V (as in the beginning of the proof, for these F' and U). And so on.
2
The constructed V, are open and have the following properties:

1) Fy C Vp,



2) Vi =X\ Fy,
3) if ¢1 < qo, then V,, € V,,.

Define, for any s € [0, 1], the set V; as V; :== (J V,. Then Vj is open for any s (as a union of
q<s

open sets) and satisfies 1) — 3). Indeed, 1) and 2) are evident, and to prove 3), for s; < s9,we
find ¢, = my /2% and gy = my/2* such that s; < ¢; < ¢ < sy, where k is sufficiently large.
Then Vs, CVy, €Vg, CV;, and Vi, €V,

Now define f: X — [0,1] by f|r, =0 and f(x) := sup{s |z & V;}. Let us prove that f
is continuous. Let 2 and € > 0 be arbitrary. Let so = f(x). Consider

U(2o) == Vagrs \ Vio_s.

This is an open neighborhood of xy and, for any « € U(zy), one has

xEVSOJrﬁ? x & Vs

E.

0773
Thus,
€ € €
SO—ZSf(fL’)SSO‘i‘Z, ’f(w)_f(l“o)‘§§<5-
O
Problem 1.60. A closed subset of a closed set is closed in the entire space. Home

Problem 1.61. (Tietze’s theorem about extension) [Mishchenko, Fomenko, pp. 78-79]
Suppose that X is a normal topological space, F' C X is a closed subset and f : ' — R is Home
a continuous function. Then f can be extended to a continuous function g : X — R. If f is
bounded, then g can be chosen to be bounded by the same constant.

Definition 1.62. The support of a function f: X — R is
supp f = {z € X | f(z) # 0}.

Theorem 1.63. Suppose that X is a normal topological space and {U,} its finite open cover.
Then there ezist continuous functions v, : X — [0,1] C R such that

1) supp s C U,
2) Do Yalr) =1

This system (not uniquely determined) of functions {1} is called a partition of unity subor-
dinated to {U,}.

Remark 1.64. It is sufficient to ask local finiteness of {U,}: every point has a neighborhood
such that it intersects only finitely many sets from {U,}.

Proof of theorem. Using Theorem 1.55 let us find new covers W, €V, €U,. By the Uryson
lemma we can find continuous functions

0, : X — [0, 1], Ouliy, =1, Oal(x\va) = 0.

Thus, supp b, C V., C U, and Oolw, > 0. Define 6 := " _ 6,. It is a finite sum of continuous
functions, hence, itself a continuous function. Since {W,} is a cover and 6 > 6, > 0 on W,
then 6 > 0 everywhere. Hence we can define 1, := %‘*. Evidently, 1) and 2) are satisfied. [
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Definition 1.65. A topological space X is compact, if each its open cover has a finite
sub-cover (i.e. there is a finite number of elements, which still cover X).

Problem 1.66. Prove that any closed interval [a, b] is compact.
Problem 1.67. Prove that a closed subset of a compact space is compact itself.
Problem 1.68. Prove that a compact subset of a Hausdorff space is closed.

Theorem 1.69. Any compact Hausdorff space is normal.

Proof. Let ' C X be closed and x ¢ F'. Let us prove that there exist non-intersecting open
neighborhoods U(z) and V (F). Since X is Hausdorff, for any y € F', there exist V, 3 y and
U, 3 x such that V,, N U, = 0. The neighborhoods V}, form a cover of F' and we can find its

finite sub-cover V,,,...,V,,, since F' is compact (see Problem 1.67). Define:

N
V(F):=V, U---UV,,, Uz) := ﬂ Uy,
j=1

They are as desired.
Let now F; C X and F5 C X be closed. According to the first part of the proof, we can
find for each z € F; open non-intersecting sets U(z) > z and V(x) D F,. Then {U(x)} is

an open cover of F; and we can find its finite sub-cover U(xy),...,U(z,). The sets |J U(x;)
i=1

and () V(x;) are demanded non-intersecting neighborhoods of F; and F. O
i=1

Problem 1.70. Prove that a continuous image of a compact is compact.

Problem 1.71. Let f: X — R! be a continuous function on a compact space X. Then f

is bounded and reaches its maximal and minimal value.

Theorem 1.72. A continuous bijective mapping of a compact space onto a Hausdorff space
18 a homeomorphism.

Proof. Let f: X — Y be a continuous bijection, where X is a compact and Y is Hausdorff.
To prove the statement, it is sufficient to prove that the image of any closed subset F' C X
is a closed subset in Y. Since X is compact, then F' is compact as well (see Problem 1.67).
Thus, f(F') is also compact. But Y is Hausdorf. Thus, f(F) is closed (see Problem 1.68). [

Problem 1.73. A cartesian product of compact spaces is compact.

2 Manifolds and tangent vectors

Definition 2.1. A smooth manifold of dimension m is a separable (has a countable dense
subset) Hausdorff topological space M, equipped with a smooth atlas, i.e., its open cover
{U,} and a collection of homeomorphisms ¢,, which map U, onto open subsets V, C R™
(the dimension m of M is denoted by dim M). They introduce on each U, local coordinates.
They are restricted to satisfy the following compatibility property: the change of coordinate
maps (or overlap maps, or transition functions) Lpagogl c (U NUg) = ¢ (UyNUp) should
be smooth as vector-valued functions, defined on an open subset in R™. A pair (U,, ¢q) is
called a chart.

A smooth structure is a maximal smooth atlas (not absolutely rigorous definition). These
are all charts, that are compatible with all charts of some smooth atlas.
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Reminder: a map f: U — R", where U is an open subset of R™, is called differentiable
at u € U iff there is a linear map D f(u) : R™ — R” such that

) — f() = DY)

= 0.
1B =0 7]

Existence of partial derivatives of coordinate functions at w is not sufficient and existence of
continuous partial derivatives is not necessary!!!
Smooth = sufficiently many times (typically infinitely many) differentiable.

Remark 2.2. We have inserted the restriction of the same m for all charts into the definition,
but in fact there is a theorem which shows that if we have a homeomorphism ¢ : U ~ V/,
where U C R™ and V' C R™ are some open sets, then m = n.

Remark 2.3. If we do not demand compatibility, a manifold is called topological.

Problem 2.4. Find an example of a manifold and two non-compatible smooth structures Class
on it, i.e., two smooth atlases (U;, ;) and (Vj, ;) such that {(U;, ¢;), (V;,4;)} is not a
smooth atlas.

Problem 2.5. Prove that the sphere S™ and the projective space RP™ are smooth mani- Class
folds.

Problem 2.6. Are the boundary of a square and 8 smooth manifolds (subspaces of R?) ? Home

Definition 2.7. A 2n-dimensional manifold is called complex analytical, if all transition
functions are complex analytical.

Problem 2.8. Prove that S? is a complex analytical manifold. Home

Definition 2.9. A function f: M — R is called smooth, if, for any point P € M and some 19.09.2022
chart (Uy, p,) with P € U,, the function f o, ! :V, — R, defined on an open set in R™,
is smooth.

Problem 2.10. Prove that this definition does not depend on the choice of a chart (from Home
the same maximal atlas).

Definition 2.11. A continuous mapping f : M — N of smooth manifolds is called smooth,
if for any point P € M and some charts (U, pa), P € U, and (Ug, @), f(P) € Ug, (these
are charts on M and N, respectively) the mapping ¢} o f o o' : V,, = V3 C R defined on
an open set in R™, is smooth, where dim M = m and dim N = n.

This mapping is called local or coordinate representative maps for f

Problem 2.12. Verify that if a mapping is continuous w.r.t. some pair of charts, then it Home
is smooth w.r.t. any other (compatible) pair.

Definition 2.13. A bijective smooth mapping f : M — N of smooth manifolds is called a
diffeomorphism , if f=! is smooth.

Problem 2.14. Verify that the following formulas Home




Class

k eyt
Tr =
VI G2+ @22+ + (y)?
define a diffeomorphism B.(0) C R™ and R".

Problem 2.15. Find an example of smooth homeomorphism, which is not a diffeomor-
phism.

, k=1,...,n,

Lemma 2.16. For any smooth manifold M, there exists an atlas such that all V,, (images
of coordinate maps) are open balls (hence by Problem 2.14, to the entire space R™.)

Proof. Let (Uy, ¢q) be an atlas of M. For any € M, we can choose a chart Uy 2 .
Choose a small e(x) such that B, (@a@) (%)) € Va) € R™. Then

(U Ba)y w €M, Upi= 00y (Bew)(Pa (2), 8o = aiwp,»
is the desired atlas. O

Remark 2.17. For any finite atlas of a compact manifold, there exists a subordinated
partition of unity, because this manifold is normal as a topological space.

We will suppose all manifolds to be smooth and will call them simply “manifolds”.

Theorem 2.18. For any finite atlas of a compact manifold M, there exists a subordinated
smooth partition of unity.

Proof. Remark that it is sufficient to find a smooth partition of unity for a finite refinement
o the initial cover by charts (then we simply take some finite sums of functions as the desired
partition).

Second, observe that Lemma 2.16 gives rise to a refinement of the initial atlas (we leave
finitely many charts by compactness). Moreover, we can do this for some smaller atlas w.r.t
the initial one (as in Theorem 1.55).

Thus, we need to prove the statement for an atlas (Wj, 73) such that

73(W3) = B1(0) C R™, Wg = 7'5_1(31—5(0)) is still a cover of M

(these €’s are distinct, but we can take the minimum over this finite set of charts).
Define the following smooth function on R™:

1
W) =de =e/22 =Nz for |2)2 < (1 —¢/2)2,
0, for ||z|* > (1 —¢/2)%
Then
supp h = Bi_/2(0), 0 <h(zx) <1, h(z) > 0 on B;_.(0).
Define

o h(tg(x)), for z € Wy,
B = 0, for x ¢ Wp.

Then x5 € C*(M), 0 < x <1, suppxs C Ws and x5 > 0 on W5. Hence, ¢ :=3 ;x5 >0
and 13 := x5/ is a desired C*-partition of unity. O
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Problem 2.19. Prove the existence of a subordinated partition of unity for any locally Home
finite atlas of a (non-compact) manifold. [Lee, Thm. 1.72].

Theorem 2.20. Let f : R™ — R be a smooth function such that grad f = (%, ceey ;TJ;) #* 0

at any point of M = f~(yo). Then M is a smooth manifold. Some n —1 of z*,... a" can

be taken as local coordinates (i.e., the corresponding projection is a chart). (Which ones —
depends on point.) In particular, dim M =n — 1.

Proof. Apply the implicit mapping theorem. Namely, suppose that
of of )

o'’ D

fo:(l'(l),...,xg)EM, gradffoz < #6
Zo

Without loss of generality one can assume that % !50 # 0. By the implicit mapping theorem,
there is a neighborhood V of (z,...,2§~") in R*™, an interval (22 — ¢,2% +¢) € R! and
C>-function ¢ : V — R! such that

Lo f(at, . 2™ g(et,...,2" ) =0on V,
2. g(z, ..., xf
3. gz, ..., € (af — e, 2l + ) for (2F,... 2" ) eV,

4. any point (zt,...,2") € MN(V x (2§ —¢e,xy +¢)) is defined by 2" = g(z!,..., 2" 1).
Define a chart:

U=Mn(Vx(zf —e,zp+¢), o:U—=R" o' . 2" =" .., 2" HeV

Then, by 1) and 4), the inverse mapping for ¢ is

Verify that the atlas is smooth. Without loss of generality, suppose that 7y is contained in

(U, ¢) and also in (U, ), where @ : (x',... 2") — (22,...,2"). Then, on (U NU) we have

oot 2" = g2t !

i.e., a smooth transition function. n

Definition 2.21. (Tensor definition of a tangent vector) A (tangent) vector £ at a
point P € M to a manifold M is a correspondence which, to each chart (U,, ¢,) (i.e., a local
coordinate system (z’ , &) containing P) puts in correspondence an n-tuple of numbers

Q)

(€1,...,€™). This correspondence is restricted to satisfy the tensor transformation law: if
to another chart (Ug, ¢g) local coordinate system (z3,...,23)) £ put in correspondence an
n-tuple (£, ...,&7), then
g = 2 1)
YT

where the summation over repeated up and down indexes j is supposed (the Einstein sum-
mation convention).
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Problem 2.22. (a justification of the definition) Suppose that v : (=1;1) — M is a
smooth mapping and v(0) = P. Then the correspondence

dx! dx™
1 n
at, . —_ ., —
g’Y ( )W ( dt dt ) o
is a vector at P, where, for a local coordinate system (z',... 2"), the mapping v is defined

as (z'(t),...,a"(t)).
Problem 2.23. Any tangent vector at P is uniquely defined by its components for any
coordinate system. Moreover, any such n-tuple defines a vector.

Hence, the set of tangent vectors at a point P (tangent space Tp(M)) is a finite dimen-
sional R-linear space of dimension dim M. The operations do not depend on the choice of
local coordinate system by (1).

Definition 2.24. (Definition of tangent vector via curves) Consider two smooth curves
7 :(=1,1) = M and v, : (—1,1) — M such that
e 7(0) =P
e for some (hence, any) coordinate system (z',...,2™) in a neighborhood of P the
following holds:

ST 0) = ()] = o?),  (t—0).

m
k=1

Such curves are called (tangentially) equivalent: v ~ vo.
All curves satisfying the first condition form non-intersecting equivalence classes called
tangent vectors to M at point P.

Problem 2.25. Verify that the above equivalence is really an equivalence relation.

Definition 2.26. (Definition of a tangent vector via differentiation operators) A
linear map D : C*°(M) — R, i.e., a linear functional on the space of smooth functions, is
called a differentiation operator at some point P € M, if

e its values are determined only by values of functions in an arbitrary small neighborhood
of P. More precisely, if f,g € C*(M) satisfy f = g over some neighborhood U of P,
then D(f) = D(g) (they say “operator is defined on germs of functions”);

e the Newton-Leibniz property
D(fg) = f(P)D(g) + g(P)D(f) is fulfilled for any f,g € C*(M).

Such operator is called a tangent vector to M at point P.
Evidently, they form a linear space.

Problem 2.27. Suppose that (z!,...,2") is a local coordinate system in a neighborhood
of Pe M, P=(x,...,2), and £ € TpM (in the tensor sense) has components £'. Then
the mapping

[ Za—i(xé,...,xg)ﬁz
i=1

(directional derivative w.r.t. £) does not depend on the choice of a local coordinate system
and defines a differentiation operator.

12



Theorem 2.28. These three definitions are equivalent in the sense that the following natural
correspondences

a curve — its tangent vector in a coordinate system —»

— the directional derivative w.r.t. this vector

gives rise to a bijection of the tangent spaces in three senses (the second map is a linear
isomorphism of linear spaces).

Proof. Let us prove the first bijection. Keeping in mind Problem 2.22 we see that to prove
that I' (defined in the problem) is well defined on equivalence classes, it is sufficient to verify
in one coordinate system that v; ~ 7, imples §,, = &,,. Indeed,

S [xk(%(t)) — xk(%(t))r _

0 = lim
t—0

; =

t—0 t ’

_ Z {hm 1(1)) = 24(P)) = (2" (7a(t)) = xk(P))T

so &, = &,. The same calculation shows that two curves are equivalent iff they have the
same tangent vector in their intersection point P. Thus, I' is well defined and injective. Fix
a coordinate system z’ in a neighborhood of P. Define a map A (may be depending on the
choice of coordinates) in the inverse direction by sending a vector & with coordinates &' in
this system, to a “straight line”, i.e. to the following curve: z'(t) = z*(P) +t - &'. Then

ddxti = ¢ and I'o A = Id. Hence, I is a surjection. ]
Py

Problem 2.29. Prove the second equivalence in the above theorem ([Mishchenko,
Fomenko|, pp 125-127).

Definition 2.30. Suppose that f : M — N is a smooth map and P € M. The tangent map
of f at P is a map of tangent spaces dfp : TpM — Typ)N, defined in one of the following
equivalent ways (corresponding to three ways of defining of a tangent vector).

First way. Suppose that (UM o™ : UM — VM C R™) is a chart of M in a neighborhood
of P, (UN, N : UN — VNN C R") is a chart of N in a neighborhood of f(P), (z!,...,z™)
and (y',...,y") are the corresponding local coordinate systems. The local representative
map of f, namely a map ¢~ o f o (M)t : VM — V¥ can be described as a collection of
functions

yt = fat ™),y = (2™,
Suppose that & € TpM puts in correspondence an m-tuple (£',...,€™) to the system

(z!,...,2™) (or € has coordinates (£!,...,&™) w.r.t. this system). Then we define its image
n = (dfp)¢ to be a vector with coordinates

- 0f
j— 2 i
8$i€
(assuming the summation) w.r.t. the system (y',...,y").
Second way. Denote by [y] the equivalence class of a curve 7. Define:
(dfp)n] = [f o],

13
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Third way. Consider a differentiation operator & at P € M. Then the result of the
action of the differentiation operator (dfp)€ onto g € C*°(NN) is given by the following formula

((dfp)€)(g) :==&(g 0 f).

Problem 2.31. Verify the equivalence of these three definitions.
Clearly the tangent map is linear.

Definition 2.32. Consider a smooth map f : M — N, f(FPy) = Qo. A point Py € M is
called a regular point of f if the tangent map

dfpo : TPOM — TQON

is an epimorphism (surjection). A point Qo € N is called a regular value of f if any
P e f71Q is a regular point of f.

Theorem 2.33. (Sard’s Lemma) (has to be proved in Advanced Calculus course) Suppose
that f : M — N is a smooth map, M and N — compact manifolds. Then the set G C N of
all reqular values of f is an open dense set.

Remark 2.34. For non-compact: N \ G has zero measure.

Definition 2.35. A smooth map f : M — N is called an immersion, if, for each point
P ¢ M, its tangent map dfp : TpM — TypyN is a monomorphism (injective linear map). If
moreover f: M < f(M) is a bijection and f(M) is closed in N, then f is called embedding.

Problem 2.36. Give an example of immersion, which is bijective on its image, but is not
an embedding.

Definition 2.37. An embedding, which is a homeomorphism on its image is called a strong
embedding.

Problem 2.38. For compact manifolds an embedding is always strong.

Definition 2.39. A subset L C M, dim M = m is called a smooth submanifold, if there
exists an atlas (Uy,, ¢q) of the manifold M such that {U, N L} is a smooth atlas of L, where
chart mappings are of the form (this is an additional condition for ¢, )

Calvanr 1 Us NL — Vo, NRY, R! ¢ R™, [ <m.
Such an atlas (U,, ¢,) is called normal. Thus, dim L = [, and (m — 1) is its codimension.

Problem 2.40. Prove that L is closed under the conditions of this definition.

Problem 2.41. Suppose that f : M — N is smooth and @)y € N is a regular value of
f. Then Mg, := f~(Qy) is a smooth submanifold dim Mg, = dim M — dim N. As a local
coordinates in some neighborhood on Mg, one can take some (m — n) coordinates of M.
Hint: similarly to Theorem 2.20.

Problem 2.42. Find an example of embedding such that its image is not a submanifold
(and even a manifold).

Theorem 2.43. A subset A C N is a submanifold iff it is the image of some manifold M
under a strong embedding.

14



Proof. If A C N is a submanifold, thrn the identical inclusion is a homeomorphism on its
image, and by the definition of a submanifold it is am immersion (to calculate its rank use
the local representative w.r.t. a normal atlas.)

Conversely, let f : M — N be a strong embedding. The property of A = f(M) to be
a submanifold is local: to observe this, consider an open cover {N;} of A in N and take
A; = AN N;. Consider a family of charts ¥ = {¢; : N; — R"} of N, which cover A. Let
O = {p; : M; - R™}iep be an atlas of M such that f(M;) C N; (if necessary, pass to a
refinement). More precisely, we take a refinement of INV; such that (conserving the notation)
each M; = f~'(AN N,) is covered by a chart of M.

The localization reduces the situation to the following one: U := {V;} = ¢;(M;) C R™,
f=fi=vifo;': U R"is a C*®-embedding. We need to find locally a diffeomorphism,
such that the image of new embedding is contained in R"™™. By the inverse mapping
theorem there exist (in a sufficiently small neighborhood) some coordinates (z%, ..., z),
1< <+ <4y <n, and a smooth map g : R”" — R}~ such that the image of f = f; is
the graph of g. Thus we can introduce in R™ new coordinates:

(xil, L (g(xil, . ,xim))jl, LI — (g(x“, . ,xim))j"*m),

and obtain that f(U) is just some coordinate plane.

To obtain a normal atlas from these charts (passing from local to global) we need to
guarantee that (after a passage to smaller charts, if necessary) N; contains only f(M;) and
not f(M;) for j # i (we conserve the notation for smaller charts obtained by the inverse
mapping theorem). This can be done using the homeomorphism property. Indeed, if any
sub-neighborhood of N, containing A N N; contains f(x), x & M;, this means that f(M;) is
not open in f(M). Hence, f~! is not continuous.

Also, to obtain a normal atlas, we need to add some charts of N which cover the open
set N\ f(M) (and hence do not intersect f(M)). Here we use the condition on f(M) to be
closed. O

Problem 2.44. Explain, why the above argument does not work for 8 C R? and (0,1) C
R! C R? (both are images of (0, 1)).

Remark 2.45. Generally, there are distinct opinions whether (0,1) x {0} C R? is a subman-
ifold or not. The better answer is “not”. Otherwise we need to consider a “normal collection
of charts” instead of “normal atlas”.

Theorem 2.46. (Weak Whitney embedding theorem) Let M be a smooth compact
manifold. Then there exists a positive integer K and a strong embedding f : M — RE.

Proof. Suppose that {U,, p,}2_, is a finite atlas of M, (z},...,2™) is a local coordinate

[

system in U, such that ¢, : U, =~ B, = Bi(as) C R™, where B,(b) is the ball of radius r
centered in b. Take a sufficiently small & such that {US := ¢_(BZ)} still cover M, where
B := Bj_(as) (this is possible by normality). Now choose

fa € COO(Rm)’ fa(Rm) = [07 1]7 fa(P> =le Pe B_gu supp fa C B,.

Define g* : M - R, for k=1,...,mand a=1,...,L, by

di(P) = {ga%@»xa(m, o <
’ or P¢U,.

15

Class



03.10.2022

Class
Class

Then ¢&(P) = 2% (P), when P € UZ. Thus, m - L functions g* define a C*°-map
g: M — R™E,
Define now:

p: M —RE=R™* " o(P):=( g(P) ;faealP)))

m-L functions L functions

Then rkdyp > rkdg. If P € U, then

k k
sl o (P50 5 (P

), orl,

Since evidently rk dp < m, we have rkdyp = m. Thus, ¢ is an immersion.

Now prove that ¢ is injective, i.e. it is a bijection onto its image. Let P # (). Then one
can find « such that P € U;. Hence, fo(pa(P)) = 1. If in this situation f,(p.(Q)) < 1,
then we are done. If f,(p.(Q)) = 1, then Q € UZ, and g (P) = 2% (P), ¢*(Q) = z*(Q).
Since P # @, there exists some coordinate with x%(P) # x%(Q). Thus, g"(P) # ¢*(Q)
and ¢(P) # ¢(Q).

Since M is compact and ¢(M) C RE is Hausdorff, by Theorem 1.72, ¢ is a homeomor-
phism onto its image. Also, the image is closed (as a compact set in a Hausdorff space). So,
© is a strong embedding. O]

Theorem 2.47. (Strong Whitney theorem) (without proof) In the previous theorem one
can take K =2 -dim M + 1.

3 Tangent bundle

Definition 3.1. Let dim M = m. Define the tangent bundle N = TM of M. As a set,
N is formed by all couples (P, &), where P € M and £ € TpM, i.e. £ is a tangent vector
at P. Topology and a structure of a smooth manifold are defined by some bijective maps
of some subsets of N onto some open subsets of R?". These maps are declared to be
homeomorphisms and charts (hence, dim N = 2m). Namely, if (U, ) is some chart of M,
then the corresponding subset of N is the set of all couples (P,&) with P € U, and the
corresponding map ® to R?™ is defined as

®(P75) - (x]'?’xm’ 517"'7€m)7

where 5 5
o 1 m _ el m__-
SO(P)_(I77$ )7 §_§0x1+ +§ 838""”

i. e. £ as a tangent vector (the first definition) puts in correspondence the collection £° to the
coordinate system (x!,... x™) (or has coordinates £ w.r.t. it). Then the local coordinate
changes are the same as on M (for the first m coordinates) and with the help of the Jacobi
matrix of the appropriate change (for the last m coordinates). In particular, the transition

functions are smooth.

Problem 3.2. Check the details explicitly.
Problem 3.3. If M is a C*-manifold, then 7, M is a C*~'-manifold.

16



4 Manifolds with boundary

Introduce the following notation:
R? c R", R = {(z',...,2") e R" | 2" > 0},

Ry~ = {(z',...,2") € R" | 2" = 0}.

We will say that a continuous function f : R} — R! is differentiable in the following
situation. For interior points (z™ > 0) we will conserve the usual notion. For boundary
points (Fy € Ry, or 2™ = 0) we will demand the property:

F@) = FE) + 3 i (@ —ah) +oF—7), I 20
i=1 ] |7 — o
Then f; = gg(fo), (1=1,2,...,n—1), and
T f([E(l),...,QS'g_l,JTEL—Fh)—f(l'é,...,l’g_l,l'g)
Jn = hlgilo h 2)

(one-side partial derivative).

Definition 4.1. A separable Hausdorff topological space M is called a manifold with bound-
ary, if there exists its open cover {U, } and coordinate homeomorphisms ¢, : Uy = V, C R%,
where V,, C R" are open subsets, such that the transition maps

080" Vap = 0a(Ua NUg) = Vao = @3(Ua N Up)

are smooth in the above sense.
We call a point P € M interior point, if 22(P) > 0 and boundary point, if 2I'(P) = 0.

Problem 4.2. Is the notion of an interior point of a manifold related to the notion of an Home
interior point from topology?

Lemma 4.3. The definitions of boundary and interior points do not depend on the choice
of (compatible) charts.

Proof. Suppose the opposite: in a neighborhood of P € M two charts induce local coor-
dinate systems (z',...,2") and (y',...,y") from R% , and R? ,, and we have z"(P) > 0,
but y*(P) = 0. For these charts we have the corresponding coordinate homeomorphisms
of a (maybe smaller) neighborhood U > P onto V' C R? and vV C R? ,, respectively (tak-
ing the intersection we can suppose that both homeomorphisms are defined on the same
neighborhood). We have the corresponding transition map, i.e. a smooth homeomorphism
©:V =V, gk =kl ... z"), satisfying

17
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Thus, y" = ¢" has its minimum at (z},...,z%). Since V is open in R”, the point (z}, ..., z})
is interior and the necessary conditions of a local extreme:

a n
L =0, (i=1,...,n)
oxt
(I(%?:xg)
But then det gﬁf X : = 0 and a smooth inverse does not exist, because for the above
(Tgyer Tl

definition of one-side partial derivative (2) the differentiation rule still works (multiplication
of Jacobi matrices). O

Definition 4.4. We call the boundary OM of a manifold with boundary M the set of all its
boundary points.

Theorem 4.5. The boundary of a manifold of dimension m is a manifold of dimension
m—1.

Proof. Take restrictions of charts to the boundary. m
Problem 4.6. Check all axioms.

5 Orientation

Definition 5.1. A manifold is called oriented, if an atlas is chosen such that all transition
mappings have positive Jacobians. If it is possible to find such atlas on a manifold M, then
M is called orientable.

Problem 5.2. A path changing the orientation is a closed path (y(0) = (1)) such that
there exists a collection of charts Uy, ..., U, which cover this path, each chart intersects
only with its two neighboring charts, the intersections are connected, and all Jacobians of
transition maps are positive, except for one. Prove that a manifold is not orientable iff there
exists a changing the orientation path for it.

Problem 5.3. A local orientation is a choice of orientation (i.e., a basis) in each tangent
space. A local orientation is locally constant, if, for each connected chart U the standard
basis 0; defines a local orientation (over this chart), which is either the same as the local
orientation in all points, or is the opposite to it in all points. Prove that a (connected)
manifold is orientable iff it has a locally constant local orientation.

Problem 5.4. A connected orientable manifold can be oriented exactly in two ways.
Problem 5.5. Prove that spheres S”, for any n , and the torus 7 are orientable.
Problem 5.6. Prove that any complex analytical manifold is orientable (as a real mani-
fold).

Problem 5.7. Prove that a Mobius strip and the projective plane RP? are non-orientable
manifolds.

Theorem 5.8. The boundary OM of an orientable manifold M is an orientable manifold.

Proof. Suppose that an atlas {U,, (z.,...,2")} (z > 0) defines an orientation of M, i.e.,

«
n

det

‘3”“"—% > 0. On OM one can take an atlas of the form W, = U, N M with local

T

1,j=1
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coordinates (xi, . ,ngl). Let us prove that it gives an orientation on dM, i.e., for any
S n—1
P e W, NWg, we have det gx—z;“ > 0. Since on W, N Wp we have z; = zjj = 0, then
8 1lij=1
gi? =0,i=1,...,n—1. Thus, we have at P:
]
i |I" Ot n-l ox™
0 < det : = det $§‘ : 8332. (3)
T i,j=1 8:135 ij=1 Lg
Also at P:
ox™ ~ m ap(z5(P), ..., xj(P) 4+ h) — al(zh(P),. .., z5(P)) _
8xg h—10 h
L hab(P) L a(P) £ )
h—+0 h

Since the expression under lim is positive, the limit is non-negative. Also, by (3), it is
n—1
oz,

ad
s

g%% > 0. Now (3) implies det
5lp

non-zero, hence it is positive: > 0. O

ij=1

Example 5.9. The inverse is false: the Mobius strip is not orientable, while its boundary
S1 is orientable.

Definition 5.10. If M is oriented, we will call canonical the orientation constructed in the
above proof.

6 Riemannian metric

Definition 6.1. A Riemannian metric on a manifold M is the correspondence g, which
associates with each local coordinate system (z.,...,2™) on U, a collection of m? smooth
functions gf; : Uy, — R restricted to satisfy:

1) at each point x € U the matrix | g;;|| is symmetric (non-degenerated) positively definite;

2) the tensor law is fulfilled: the functions g,’fl, associated with a coordinate system

(:cé, cee :cg‘), satisfy at each point of the intersection of coordinate neighborhoods U, NUpg
one has ‘ ‘
gﬂ g Ox!, 0x?
kKl — Jij k l
Oxj Oxy

(with summation over the repeated indexes).
The couple (M, g) is called a Riemannian manifold.

Problem 6.2.
one chart.
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Definition 6.3. For our study of tensors it is convenient to introduce the following nota-
tion developing the Einstein one. We will denote the local coordinate systems by (U, ¢),
(U, "), (U",¢"), etc. and the corresponding coordinates by (z!,...,2™), (z',...,2™),
(xlu, e 7ZL'mN) etc. So, roughly speaking, ' is in fact 27 Also, as above, a summation over
repeated indexes is supposed. In this notation the tensor transform laws for a vector and
for a Riemannian metric will take the form:

7 i yi

¢ =¢ %, giry’ = Gij 8_:1:/ ai,
x ox" OxI

%

!

Lemma 6.4. A Riemannian metric g induces an inner product of (tangent) vectors 5,77 €
TpM by the equality . . o

<£7 ﬁ> = g(£7 ﬁ) = 91'3‘5177]-
Proof. Everything is evident, except for independence on local coordinates (i.e., that the

product is well defined): g;;&'n/ = gi/j/f'i/nj/. This can be done directly dy the definition of
a Riemannian metric and by the first definition of a tangent vector. O

Problem 6.5. Do this verification in full detail.
Definition 6.6. A bilinear form is a Riemannian metric without condition 1).

Problem 6.7. Prove the equivalence of definitions of a bilinear form at a point via the
tensor law and as a form on the tangent space (in the linear-algebraic sense).

Definition 6.8. Suppose that f : N — M is a smooth map and ¢ is a bilinear form (on
tangent vectors to) M. Define the value of its pull-back or inverse image f*g on vectors
£,i7 € TpN by ) )

(f*9)(& ) = g((dfp)E, (dfp)T).

In coordinates one can define the pull-back as follows. Suppose that (z',...,2™) are some
coordinates in a neighborhood of P, (y',...,y™) are some coordinates in a neighborhood of
f(P), and (fY(zt,....2"),..., f™(z',...,2")) is the corresponding coordinate form (a local
representative map) of f. Then (in coordinates (z',... z"))
) aft of'
(f g)z] ‘= Gkl Ot %

Problem 6.9. Verify that these two definitions are equivalent.

Problem 6.10. Prove that if i : N — M is an immersion and ¢ is a Riemannian metric
on M, then 7*g is a Riemannian metric on N. Why this fails to be true for a general smooth
map”?

Definition 6.11. Let ¢ : N <— M be an inclusion of a submanifold N into a Riemannian
manifold (M, g). Then i*g is called the induced Riemannian metric on the submanifold N.

Theorem 6.12. Each compact manifold M can be equipped with a Riemannian metric.

Proof. Let F': M — RP be an embedding from Theorem 2.46. Then F*ggryr is a Riemannian
metric on M. O

Problem 6.13. Prove this theorem directly with the help of a partition of unity (without
a usage of an embedding).
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7 Lie groups, matrix groups

Definition 7.1. A smooth manifold G is called a Lie group if it is a group such that
the multiplication map p : G x G — G, (g,h) — gh, and the inverse map (inversion)
inv:G — G, inv(g) = g~', are C*™ maps.

Example 7.2. The group GL(n,R) of all invertible real n x n matrices is a Lie group
(general linear group). Indeed, a global chart on GL(n,R) is given by the n* functions 7,
where 2%(A) is ij-th entry (or matrix element) of A. Multiplication is clearly smooth. For
the inversion map one has A~! = adj(A)/ det(A), where adj(A) is the adjoint matrix (whose
entries are the cofactors). Thus, A~! depends smoothly on the entries of A. Similarly, the
group GL(n,C) of all invertible complex n x n matrices is a Lie group.

Problem 7.3. Let H be an open subgroup of G. Prove that H is closed. Hint: prove that
the cosets gH, g € G, are open. Deduce that the complement G \ H is also open and hence
H is closed.

Theorem 7.4. If G is a connected Lie group and U is a neighborhood of the identity element
e, then U generates the group (every element of G is a (finite) product of elements of U ).

Proof. We will prove that even the smaller neighborhood V := inv(U) N U generates G,
where V' is symmetric (inv(V) = V). For any open W and W3 in G, the set W W,y =
{wywy 1 wy € Wy and we € Wh} is an open set being a union of the open sets Ugew, gWa. In
particular, the inductively defined sets V* = VV" 1 n =1,2,..., are open. We have

66V§V2§~~~§V”§--~.

Evidently each V" is symmetric and so also is the union V> := U, V™. Also, V> is closed
under multiplication. Thus V> is an open subgroup. Hence, it is also closed (Problem 7.3).
Since G is connected, G = B*. m

We will need the following intuitively clear statement.

Lemma 7.5. Suppose that L is a submanifold of M, K is a submanifold of N, f: M — N
is a smooth map such that f(L) C K. Then f: L — K is smooth.

Proof. This can be easily verified in normal atlases. O

Problem 7.6. Do this.

Lemma 7.7. If H is an abstract subgroup of a Lie group G that is also a manifold and has
a cover by normal charts, then H is a closed Lie subgroup.

Proof. The multiplication and the inversion on H are smooth by Lemma 7.5. It remains
to prove that H is closed. Let gy € H be arbitrary. Suppose that (U, ¢) is a normal chart
and e € U, where e is the unity element. Define § : G x G — G to be §(g1,92) = g1 o
and choose an open set V such that e € V. C V C U. By continuity of the map § we can
find an open neighborhood O of e such that O x O C 67*(V). Now if {h;} is a sequence in
H converging to go € H, then gy 'h; — e and gy 'h; € O for all sufficiently large i. Since
hj_lhi = (go_lhj)_lgo_lhi, we have hj_lhi € V for sufficiently large i, 7. For any sufficiently
large fixed j, we have
lim h;'h; = hi'go e V CU.

11— 00

Since (U, ¢) is a normal chart, U N H is closed in U. Thus since each hj’lhi isinUNH , we
have hj_lgo € UN H C H for all sufficiently large j. Hence, go in H and we are done. O]
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Definition 7.8. Let O(n) C M(n,R) be the orthogonal (matriz) group:
O(n) ={Ac M(n,R): ATA=1T},

where I = e is the unity matrix.
Let U(n) € M(n,C) be the unitary (matriz) group:

U(n) = {A e M(n,C): A' A=T}.
Let SL(n,K) C M(n,K) be the special linear group:
SL(n,K)={A e M(n,K): det(A) = 1}.
We define the special orthogonal and the special unitary (matrix) groups as
SO(n) = O(n) N SL(n,R), SU(n) =U(n) N SL(n,C).

Consider K?" and a non-degenerate skew-symmetric K-bilinear form, having the canonical
form in the standard base:

n n
(v,w)sp = E vt — E V"
i=1 =1

Then the symplectic (matriz) groups are given by
Sp(2n,K) :={A € M(2n,K): (Av, Aw)s, = (v,w)sp}-

Remark 7.9. One can prove that Sp(2n,K) C SL(2n,K), but this is not so easy (see e.g.
https://homepages.wmich.edu/ " mackey/detsymp.pdf).

-1 0
Problem 7.11. Prove that the matrix groups from Definition 7.8 are Lie groups and closed
Lie subgroups of GL(n,K). Use Lemma 7.7 and Example 7.2.

Example 7.12. Another important example is abelian Lie groups. One can prove that any
connected compact abelian group is n-torus T". It also “comes from matrix groups” in the
sense that

Problem 7.10. Prove that A € Sp(2n,K) iff ATJA = J, where J = ( 0 I>.

T =8 x...x s,  St=y(1).

Problem 7.13. Prove that a direct product of Lie groups is a Lie group.

Since our matrix groups G are realized as submanifolds of the full matrix algebra i :
G — M(n,K) = K’ (i.e., as surfaces), we have a natural inclusion of tangent space TpG C
TipyM(n,K) = K", In this sense one should understand the following problems.
Problem 7.14. Prove that the conditions in right column define T,G for the corresponding
G in left column:

G Conditions
O(n) AT = —A
SO(n) AT = —-A
U(n) A =-A
Sp(2n,K) | JATJ = A

Remark 7.15. In fact a choice of a base gives rise to an isomorphism between the algebra
of linear mappings V' — V', where V is a K-vector space of dimension n, and the algebra
M(n,K). So the above Lie groups (and some other) can be considered in a more general
setting (see Ch. 5 of [Lee] ).
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8 'Tensors: first definitions and properties

Definition 8.1. A tensor field of type (p,q) on a manifold M of dimension n is a corre- 17.10.2022
spondence, which to each coordinate system (x) = (:z:l, ...,2™) on an open set U puts in
correspondence a system of n?t? smooth functions le oon U, called components, such that

for any two coordinate systems (x) and (2’) the components on U NU’ satisty the tensor law

b a0 O Ozt Qade

T

Jiedy T T 1eda orir " Oxte . oxir = 8[L’j‘;.

Problem 8.2. Prove that any tensor of type (1,1), which is invariant under orthogonal Class
coordinate changes, is a scaling of 5;. (i.e. is equal to )\5;-).

Problem 8.3. Prove that any tensor with p+¢ = 3 invariant w.r.t. any coordinate changes Home
is equal to 0.

Problem 8.4. Prove that a tensor field of type (1, 1) gives a linear operator in each point. Class
Problem 8.5. Prove that C?, C;C’f , C”C’J C*, can be expressed in terms of coefficients of Home
the polynomial det(C' — AE) .

Definition 8.6. A tensor field of type (0, 1) is called covector field.

By a problem above dz® = grad 2 is a covector.
Problem 8.7. Covectors are linear functionals on vectors (at each point). Home
Problem 8.8. The bases {32} in TpM and {dz’} in T;M are dual to each other. Home
Consider a C*°(M)-linear map L(vy, ..., v,;al, ..., a?) which arguments are ¢ vector and

p covector fields, and taking values in C*°(M). Consider the following correspondences

T+ Lrp, Ly(vi,...,vgab, ... a") == T;ll ;%{1 .. .qu Lay, - .ap,
and
L—T Ty, : («! 2"~ (T)H7 = I 9 9. dx" dx'
L, L N L)ji..gg * GIRTRRRRRIC WO sy .
Problem 8.9. Class

1. Ly is a multilinear function and does not depend on the choice of coordinate system.
2. Ty, satisfies (p, q)-tensor law.
3. These maps are inverse to each other.

Definition 8.10. Consider two tensor fields 7" and S of type (p,q). Their sum T + S is
defined by
<T+S)zl Ap — Tzl Ap —f-S“ zp

Ji---Jq Ji---Jq Ji--Jq

Lemma 8.11. T+ S is a tensor of type (p,q).

Proof. First way. We verify the tensor law.

Problem 8.12. Do this. Home
Second way. Evidently Ly + Lg is a multilinear map of the same type, and Ly + Lg =
Lr.s. ]
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Problem 8.13. Check the details for the second way.

Definition 8.14. If T;;Z’ is a tensor field on M and f € C®(M), then evidently the product

of function and tensor f - T : (x',...,2") ~ f - T} jp is a tensor field of type (p, q).

Definition 8.15. A field S of type (p,q) is obtained from a field T" of type (p,q) by a

transposition of upper (similarly — for lower) inderes with numbers (positions) a and b, if
Szl...za...zb...zp o 11 .08p . lg .o Tp

Ji---Jq J1---Jq

The result is a tensor field. This is evident if we consider multilinear maps.
Problem 8.16. Show by example that a transposition of an upper and a lower indexes is
not a tensor operation. Consider the case of a tensor of type (1, 1) (linear operator). Conclude
in particular that the property of a matrix of an operator to be symmetric CJZ: = Cij depends
on coordinate system.

Definition 8.17. A contraction of a tensor T of type (p,q) in the upper index number a
and the lower index number b is a tensor S of type (p — 1,¢ — 1), defined by

zl dp—1 . 11...0q—1%%q.-.Ip—1
J1 ]Z 1T ZTh Jb—1%Jb- ];) 1
This is really a tensor field of type (p — 1,¢q — 1), because

Ls(vi,...,v4q;a", ..., aP" ") =

0 .
— a1 b—1 i b p—1
fE LT(vl,...,va1,axi,va,...,vq1,a,...,a ydr',a’, ... a4 ,
i

ox? % B
oxt Oxt'

and

hence the right-hand side does not depend on the choice of coordinate system.
Example 8.18. A contraction C? of a tensor of type (1, 1) is the trace of a linear operator.

Definition 8.19. The tensor product T ® S of a tensor field T of type (p,q) and a tensor
field S of type (r,t) is a tensor field of type (p + r,q + t), defined by

(T® S)le lpr - T.il’mﬂ%p X S7€p+17-~-»i‘p+r

Ja+t " J15-5dq Jg+1sdg+t”

The corresponding multilinear map Lpgg is simply the product of Ly and Lg. Hence, it is
a multilinear map (for appropriate variables). Thus, T'® S is really a tensor field.

Problem 8.20. Suppose that a tensor field X is of type (1,0) and W is of type (0,1).
Find the rank of X @ W.
Problem 8.21. Prove that locally, for any coordinate system, one has the following pre-

sentation 5 5
T=T Jfa L0 B @dit @, @dr

The coefficients are determined uniquely.
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Definition 8.22. A tensor field b;; of type (0,2) is non-degenerate (or non-singular), if
det [|bg; || # 0.

Problem 8.23. Verify that this condition does not depend on coordinate system. Home

Problem 8.24. Prove that the components of its inverse matrix % (i.e., ¥*by; = 67), Home
form a tensor of type (2,0).

Definition 8.25. The operation of index raising of a tensor T of type (p,q) with the help
of b is the composition of tensor product with b and contraction. The result S is a tensor of
type (p+ 1,q — 1). For example, for the first index:

i1.0p1 mTZQ Zp+1
SJl ~~~~~ Jg—1 =b LJ15esJq—1"

Similarly one can define the index lowering:

11...0p—1 — b 391 0p—1
j17~~~1jq+1 : ]12 .]27 »]q+1

Definition 8.26. Define the symmetrization of a tensor field T' of type (0, q) as

Sym (T)j1,...,jq (]17 -Jq) = ' : : ]a(l), :]J(q)’

0€Sy

and the antisymmetrization as

Alt (T)jlwqu =Tjj1,jg) = q‘ Z Ja<1>’ NON

oSy

Evidently these maps are tensor operations (as a compositions of tensor operations). The
result of the symmetrization (resp., antisymmetrization) is a symmetric (resp., alternating)
tensor field of the same type, i.e. its components do not change under a transposition of two
neighboring indices (resp., change the sign under a transposition of two neighboring indices).
Problem 8.27. Prove that the antisymmetrization is a linear map, which is a projection Home
onto the subspace of alternating tensors and all symmetric tensors belong to its kernel.

Lemma 8.28. An alternating tensor field T;, ;, on M, dim M =n (i.e., a field of maximal
degree) is defined by only one its component (essential) Tio. ,,. The other components differ
from it by a sign +1. More precisely,

71'L1zn == T0(12.‘.n) = (_1>0T12...n-

The essential component of T at a point in some other coordinate system is obtained by
multiplication by the Jacobian of the appropriate coordinate change.

Proof. The first statement follows from the definition. The second one:

O oxin o o(1) o o(n)
Tl’...n’ = Elzn : i ce i = (Z(—l)a * . v 7 T12...n = det

T12 n-

ox’
ox?

oxl ox™ oxl ox"
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Definition 8.29. Define the ezterior product (or wedge product) R = T'AP of two alternating

tensors T;, ;, and P _; by formula

1 ag
i1t const - ﬂil...ikpik+l~.-ik+q} = W Z <—1) Tcr(i1...l'kpik+1~~-ik+q)'

’ UESk+q

R

Up to scaling this is a composition of tensor product and antisymmetrization.

For alternating tensors of type (0, ¢q) one can use the language of differential forms. We
have by the definition of exterior product (for any putting of brackets)

dz"" A ... Nda't = Z (-1)%dz"" @ ... @ dx').

oSy

Problem 8.30. Verify this.

Problem 8.31. Prove that the exterior products dz* A ... Adz', iy < iy < -+ < i, form
a base of the space of alternating tensors of type (0,¢q) (at a point). Find the dimension of
this space.

Problem 8.32. Find the dimension of the space of symmetric tensors of type (0,q) (at a
point). Using Problems 8.31 and 8.27 study whether the space of all tensors of type (0, q)
(at a point) is a direct sum of symmetric and alternating tensors.

Problem 8.33. Using Problems 8.30 and 8.31 prove the associativity of the exterior prod-
uct.

Then the decomposition of an alternating tensor w.r.t. the above base is:

T Tz @ @da'o = Y Y Toa) o(iyde”™ © ... @ da?l) =

11<--<iqg 0E€ESYy

ey, DT d ™ e 0d = Y T det AL Ada. (4)

o€Sy i1 <+ <igq

This is called a representation of an alternating tensor as a differential form. Since the
above products form a base, the decomposition (4) is unique.
Problem 8.34. Verify that the exterior product of differential forms can be found in the
following way: multiply the expressions and then order the differentials (keeping in mind
sign changes).
Problem 8.35. (a corollary of Lemma 8.28) The expression y/det ||g;;[|dzt A... Adz™ is a
tensor w.r.t. coordinate changes with positive Jacobian, where g;; is a Riemannian metric.

This tensor is called a volume form. Later we will introduce the concept of integration
and will calculate the volume of a Riemannian manifold using its volume form.
Problem 8.36. Represent the trace of a matrix as a result of tensor operations.
Problem 8.37. Represent the determinant of a matrix as a result of tensor operations.
Problem 8.38. Find the type of tensors formed by coefficients of

1. vector product,
2. mixed (triple) product

of vectors in R3. Prove that these tensors are obtained from each other by index raising and
lowering.
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9 Fiber bundles

9.1 General definitions

First, consider the case of topological spaces. 24.10.2022

Definition 9.1. A (locally trivial) fiber bundle is a 5-tuple & = (E, B,p, F,G), where E,
B, F are topological spaces, p : E — B is a continuous surjection, G is a topological group
being a subgroup of Homeo(F') (homeomorphism group as an abstract group), such that
there is an open cover U, of B and homeomorphisms ®,, : p‘l(Ua) — U, x F restricted to
satisfy

1) the diagram

is commutative, where p; is the projection on the first factor (this implies that each fiber
Ey, = p~1(b) is homeomorphic to F);

2) over an intersection U,z = U, N Uz we have by 1) the commutative diagram

Pao(Pp)~!

Uap X F Unp X F

R %
Uas

which gives rise to a map
Bup i Uns — Homeo(F),  @us(P)(f) = pa(®a 0 (5)71(P, 1)) 5)
and the condition is: ®,3(P) € G C Homeo(F') for each P € U,g;
3) ®up5: Usp — G is continuous.

In this situation F is the total space, B is the base, F' is the typical fiber, G is the structure
group, and p is the projection of £&. The couple (U,, ®,) is called a local trivialization.

Remark 9.2. Sometimes it is more convenient (cf. the tangent bundle) to have local triv-
ializations “of second type”: they are defined by two homeomorphisms ¢, : U, — V,, and
P, :p 1 (U,) = V, X F in such a way that the diagram

p YU, 22V, x F

’| lpl

U,—>2 v,

commutes. If V, = U, and ¢, = Id we obtain the above definition.
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At the first glance this seems a distinct definition, but this is not the case:
Problem 9.3. Reformulate in detail the items of the above definition to the case of “second
type”. Using another trivializations, namely

-1
pH(Ua) Loy, x P XIdUa x F

| bk

Uy —22 vV, — 1,

prove that the two definitions are equivalent.

Definition 9.4. For a smooth fiber bundle we require in addition: E, B, F are smooth
manifolds, G C Diffeo(F') (diffeomorphism group) and all mappings are smooth.

Problem 9.5. Suppose that we do not require E to be a smooth manifold in the previous
definition. Nevertheless it will be automatically smooth if other conditions are fulfilled (cf.
the construction of tangent bundle).

Example 9.6. The simplest examples are given by trivial bundles E = F x B — B, in
particular, B — B, F' = pt.

Definition 9.7. Let & = (Ey, My, 7, F,G) and & = (Ey, My, ma, F, G) be two smooth fiber
bundles with local trivializations {(Ua, Fo)} and {(Us, ®s)} respectively. A pair (h, h) is a
bundle morphism along h if

1) h: My — M, is a smooth map;

2) h maps diffeomorphically (E1)p to (E2)np), in particular, the following diagram is com-
mutative:

E,—"~E,

M1 —h> MQ.

3) if Uy N h™(Us) # @, there exists a smooth map heg : Uy N h~1(Usz) = G such that for
each P € U, N h~*(Ups) one has

(55 oho q»;l) (P, f) = (M(P), hag(P)f) for all f € F.

The notions of an identity morphism and an inverse morphisms are evident. An invertible
morphism is an isomorphism.

Definition 9.8. A smooth sectionof a smooth bundle = (E, M,p, F,G) is a smooth map
s : M — FE such that pos = Idy. The set of all smooth sections is denoted by I'(£) or

)
For a topological fiber bundle one defines a continuous section in the same way. A local
section is defined only on an open set U.

Remark 9.9. Sometimes the set of sections is empty (see Problem 9.26 below).
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9.2 Cocycle approach
Evidently one has:

Lemma 9.10. The above defined functions .5 : Uyg — G have the following properties
(called COCYCLE PROPERTIES ):

aw(P) = e€G for PeU,,

as(P) = (®pa(P))"" for P e Uy NUp,
Oos(P)Psy(P)Pro(P) = e for P €U, NUsNU,.

o
1SS

Definition 9.11. An open cover U, of a topological space X (resp., a manifold M) and a
system of continuous (smooth in the case of manifolds) functions gp : Uy — G, where G is
a topological group (a Lie group in the case of manifolds) acting effectively on a topological
space F' by homeomorphisms (respectively, on a smooth manifold M by diffeomorphisms) is
called a cocycle if it has the properties from Lemma 9.10, i.e.,

gaa<P) = ec€Gfor Pe Ua,
9gap(P) = (gﬁoé(P))*1 for P € U, NUs,
9a5(P)gsy(P)gra(P) = efor P € U, NUsNU,.

Here by an action we call a group homomorphism A : G — Homeo(F') such that the map
GxF —F,(g,f) = Mg)(f) is continuous. The action is effective if Ker A = {e}, i.e., A is
a monomorphism. So, in most part of situations we can think about G' as about a subgroup
of Homeo(G). Similarly, one defines in the smooth case.

Definition 9.12. If p : X — X/ ~ is a surjective map, where ~ is an equivalence relation
on a topological space X, then the quotient topology on Y = X/ ~ is defined as follows.
A subset U C Y is open iff p~1(U) is open in X. Roughly speaking this is the maximal
topology such that p is continuous.

Theorem 9.13. Suppose that M and F are smooth manifolds, G is a Lie group, X\ is an
action of G on F', U, 1s an open cover of M, gop : Uag — G is a cocycle. Then there exists
a fiber bundle & over M with typical fiber F' and structure group G such that for some local
trivialization atlas {(Uy,)} one has over Uy = U, NUg

®o 0 @5 (P, f) = (P, Agas(P))(f))-

Proof. On the disjoint union ¥ := U,{a} x U, x F' define an equivalence relation (Problem
9.14) by

{a} x Uy x F3 (a, P, f) ~ (B, P, f) € {f} xUs x F=& P=P and f = Agas(P))(f').

Take F := ¥/ ~ with the quotient topology and projection 7 : E — M induced by
(a, P, f) — P (Problem 9.15). Since

I 'I({a} x Uy x F) =Ug{B} x (UyNUs) X F

is open, the sets II({a} x U, x F) = 7~'(U,) are open and one can define local trivializations
in a natural way:

Col(a, P f)] = (P, f) for [(a, P, f)] € 771 (Us).
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We need to verify that the map is well defined: if (o, P, f) ~ (o, @, f') then P = @ (this
follows immediately from the definition of ~) and f = f’ (this follows from the first cocycle
property f = A(gaa(P))(f") = f'). In fact this means that IT is injective on each {a} x U, X F..
Let us find transition functions. Suppose that P € U, N Uz. Then @El(P, H=1B,Pf)
Since P € U, N U, then [(5, P, f)] = [(o, @, f')]. By the definition of ~, @ = P and
" = Mgap(P))(f). Hence, @, o @EI(P, ) = (P, A(gap(P))(f)). It remains to verify some
details (Problems 9.16, 9.17). O

Problem 9.14. Using the cocycle properties prove that this is an equivalence relation
(axioms of identity, reflexivity and transitivity)

Problem 9.15. Prove that m is well defined.

Problem 9.16. Prove that E is separable and Hausdorff.

Problem 9.17. Prove that all the necessary maps in the proof are smooth. Then E is a
manifold by Problem 9.5.

Problem 9.18. Formulate and prove a similar theorem for the topological case.

Remark 9.19. We will not discuss the conditions for two cocycles to determine isomorphic
fiber bundles in the general case.

Problem 9.20. Consider the Mobius band FEj; as the following quotient space of R x
(_17 1):
Ey =R x(=1,1))/ ~, where (z,t) ~ (x + 2mn,(=1)"t), n € Z.

For
S' =R/ ~, where z ~ z +27n, n € 7Z,

define 7 : Eyy — S by 7([z,t]) = [z]. Prove that this is a fiber bundle. Find an appropriate
cocycle with G = Z,, F = (—1,1).

Problem 9.21. Using the same cocycle on S' and X : Zy — Diffeo(S'), A(—1)(z) = —=2
(as complex numbers) take F' = S' and obtain a fiber bundle (twisted torus). Prove that it
is not isomorphic to the trivial bundle S* x S — S! as a bundle with structure group Zs,
but isomorphic to the trivial bundle as a bundle with structure group U(1) = S*.

9.3 Coverings

Definition 9.22. In some sense the most simple case is that of discrete F' (typically, finite
or countable). These fiber bundles are called coverings.

Problem 9.23. Prove that 7: R — S', S' C C, 7(t) = > is a covering with F' = Z.
Problem 9.24. Prove that 7 : S* — S, S' C C, n(2) = 22, is a covering with F' = Zy =
7)27.

Problem 9.25. Find appropriate cocycles for these two examples.

Problem 9.26. In the above examples there is no sections.

Remark 9.27. Let us note without proving that each path «(¢) in the base B of a covering

has a unique (up to the choice of starting point) covering path ¥(t) in E such that py(t) = v(t)
at any ¢t. This is not a section! (cf. Problem 9.26). Think about this.
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9.4 Vector bundles

31.10.2022

Definition 9.28. Consider an n-dimensional vector space V over K (R or C). Let G =
Aut(V) = GL(V) = GL(n,K) acting on V in a natural way. Then £ = (E, 7, B,V,G) is a
vector bundle (topological or smooth).
Theorem 9.29. Consider vector bundles m : E — M and ©’ : E' — M with the same
typical fiber V' and cocycles (transition maps) ®up : Usg — GL(V) and @5 : Uss — GL(V),
respectively, for the same cover {U,}. These bundles are isomorphic iff there are smooth
functions f, : Uy — GL(V) such that

Pp(P) = fa(P)Pas(P)(f5(P))™", P € Usp. (6)
Proof. If f: E — E'is an isomorphism, define f,(P)(v) := pa(®), o f o (P,)"*(P,v)). Then
fa(P)®as(P)(f5(P)) ™" (v) = p2(®y 0 f o (Pa) ™) (Pa 0 (P5) ) (P, (Pg o f 71 o (D)~ )(P)v)

= pa(@5, 0 (2) ) (P,v) = D5(P)(v)
and we have (6).
If we have (6), define

fao i Uax V= Uy XV, (P,w) + (P, fu(P)0).

Then define locally (for e € 7=(U,)) a bundle map f: E — E’ by
f(e) = (@) o fao @) (o).

One can verify that f is well defined globally (using (6)) and defines a vector bundle isomor-
phism. O
Problem 9.30. Complete the proof. Home
Example 9.31. The tangent bundle T'M is an example of a vector bundle.

Our main example (generalizing the above one) is the tensor bundle of type (p,q) over
M. We consider a slightly general construction, considering not only £ = T'M as the initial
bundle. So we consider a real rank k vector bundle £ = (E,m, M,...).

Definition 9.32. The total space (as a set) is T7(§) = Upey T2 (Ep), where TT(Ep) is the
k" ts-dimensional real vector space of all (r, s) tensors on the k-dimensional linear space Fp.
For each local trivialization (U, ®) of &, ® : 77U — U x R¥, define the local trivialization
O : UpeyTy (Ep) — U x T; (RY),
Lpchg(T)(al, can vy, vg) = L(®Fat, L @ dO ey, L, dDT )
for any smooth covector fields a’ and vector fields v; on ®(U).
Problem 9.33. Verify the details (similarly to the construction of T'M). Home

Remark 9.34. In other words we define smooth sections of 77 () to be such maps P
7p € TT(Ep) that P+ L.,(a',...,a",vy,...,v,) is smooth for any smooth covector fields
a' and vector fields v; (see Subsection 9.7 for more detail).
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9.5 Principal bundles
Definition 9.35. If F'= G and A(g)f = ¢f, a bundle is called a principal bundle.

Problem 9.36. In this case one has a canonical right action of G on E with orbits eG
being fibers.

Note that the same cocycle can define bundles with distinct fibers. In particular, a
GL(n, K)-valued cocycle defines a vector bundle and a principal bundle.
Problem 9.37. (Hopf’s bundle) Consider S?"~! as the subset of C" given by S?"~! =
{z € C": ||z|| = 1}, where z = (2',...,2") and |z|| = 3 #iz". Let S' = U(1) act on S?*
by (a,2) = az = (az',...,az™). The quotient (the space of orbits) is CP"~!. We obtain the
Hopf map m, : S*»~* — CP"~!. Prove that this is a principal U(1)-bundle (Hopf bundle).

9.6 Operations on vector bundles

Definition 9.38. The Whitney sum m ® my : B4 & Es — M of vector bundles my : Fy — M
and 7y @ EFy — M is defined in the following way. As a set Ey @ Ey = Upey(E1)p @ (F2)p
and for charts (@), : (m1) 1 (Us) — Uy x KF' and (@), @ (m2) "1 (U,) — U, x K*2 of local

trivializations of m; and mq, respectively we define

(®1)a © (P2)a : (vp, wp) = (P, pa((P1)alvr)), p2((P2)alwr))),  vp € (Er)p, wp € (E2)p.

Problem 9.39. Verify that this is a structure of a (smooth or topological) vector bundle.
Problem 9.40. Prove that the Whitney sum can be defined using cocycles in the following
way. Suppose that {gs} is a cocycle for m; and {hag} is a cocycle for m, for the same cover.
Then

9ap ® hag : Us NUs — GLK" @ K"™),  (gap @ hap)(P) : (v,0) = (gas(P)v, has(P)w)

is a cocycle for m @ 7.

Recall that the tensor product V@ W of linear spaces V' and W is the quotient space
of the space V© W of formal K-linear combinations of elements v ® w by the subspace
generated by elements:

o (U1 +13) Ow—1v OW— vy Ow,
e VO (W +wy) —vO W —v O we,
o (sv) Ow— s(vOw),
e VO (sw)—s(vEOw),

where v,v,v9 € V, w,wy,wy € W, s € K. The class of v ©® w is denoted by v ® w.
Problem 9.41. Let f; : Vi — W; and f : Vo — W5 be linear maps of finite-dimensional
vector spaces. Then the formula (f} ® f2)(v1 ® v2) = fi(v1) @ fa(v2) defines a well-defined
linear map f1 ® fo: Vi ®@ Vo — W7 ® Wy, If f; and f5 are isomorphisms then so is f; ® fs.
If V has a base ey, ..., e, and W has a base fi,..., fi,, then V ® W has the base ¢; ® f;.
The formula (v ® ¢)(w) = p(w)v, where v € V, w € W, ¢ € W*, defines an isomorphism
V @ W* =2 Homg (W, V) (still for finite-dimensional spaces).
Problem 9.42.  Verify the details and find the matrix of the operator (for the above bases).
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Definition 9.43. The tensor product bundle 7 : E1® Ey — M of vector bundles 7 : £y — M
and my : £ — M with typical fibers Vi and V5 has the total space (as a set) F1 ® Ey =
Upen (E1)p @ (Es)p. Consider local trivializations @, of F; and V¥, of E, over the same
cover {U,}. Then the local trivializations for the tensor product are defined as

O, RV, : (B ® Ey)|y, = Uy x (V1 @ Vs),

e (P [(p20®a) ® (p20oWa)l(e), €€ (E1® Ez)p = (E1)p® (E2)p,
(isomorphisms by Problem 9.41).

Problem 9.44. Complete the definition as for T'M.

Problem 9.45. Prove that alternatively the tensor product bundle can be defined by the
product cocycle P — ®,5(P) ® V,5(P).

Problem 9.46. Verify that the tensor product does not depend on the choice of local
trivializations, i.e., we obtain isomorphic bundles. Understand the refinement of cocycles.

Remark 9.47. This should be done each time when we define some bundle in a similar way,
but we do this once.

Definition 9.48. The pull-back f*E of a vector bundle 7 : £ — M by a smooth map
[+ N — M has the total space UgenEy). If {(Us,®,)} is a bundle atlas (of local
trivializations) for E, ®, : 71 (U,) — U, x V, then {(U,,®,)} is a bundle atlas for f*F,
where

Uéz = f_lUOM (I),a(e) = (I)a(e)7 e &€ (f*E)Q = Ef(Q)a Q S f_an-

Alternatively the pull-back can be defined with the help of the cocycle ®,5 o f for the
cover {f~'U,}. Evidently this is the same bundle.

Problem 9.49. Let m : £y — M and m : E5 — M be vector bundles and let A : M —
M x M be diagonal map P + (P, P). Then one can define 7, x g, : E1 X Ey — M x M. Verify
that this is a vector bundle. Prove that the Whitney sum F; & E5 is naturally isomorphic
to the pull-back A*7g, « g,

Definition 9.50. If 7 : £ — M is a vector bundle over M with local trivializations
{(Us, ®,)} and transition maps @5 : Uys — GL(V), its dual bundle E* with typical fiber V*
has the total space (as aset) E* = Lpcpy (Ep)* and local trivializations @7 : E*|y, — Uy x V™
defined by

(p2(22(a)))(v) = a((®a) " (Pv)), a€ (E")p=(Ep)", veEV, (0a) ' (Pv) € Ep.

Problem 9.51. If we fix a base in V, then ®,5 : U,s — GL(n,K). Prove that, for the
dual base in V*, &% ; : Usg — GL(n,K) is defined by P — ((®as(P))") "
Problem 9.52. Prove that T7(F) = (®"E) @ (®°E*).

9.7 Tensor fields as sections of vector bundles

Denote the linear space of tensor fields of type (r,s) over M by T%(M).
Suppose that 7 € I'(T7(TM)) is a smooth section and (U, ¢) is a chart on M. Define

Ji-Js ’ 81;]1 T aa;]s

T(T)il"'ir (P) = LT(p) (d.’L’il, Ce ,d:lj‘ir 0 0 ) .
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Theorem 9.53. The above defined T induces the identification T(TT(TM)) = T(("TM) ®
(@T*M)) =2 T%(M).

Proof. By the definition of T7(T'M), the map T is well defined and T is an isomorphism
locally . Also the global injectivity is immediate. To prove the global surjectivity one can
use a partition of unity. O

Home Problem 9.54. Complete the argument with a partition of unity.

10 Covariant differentiation

Home Problem 10.1. Show that the partial differentiation of components of a tensor field on
R™ is not a tensor operation.

We wish to define on tensor fields on R™ a tensor operation V : T'(p,q) — T(p,q + 1),
which coincides in Cartesian coordinates with the partial differentiation. For this purpose we
start by an attempt to write down the result of partial differentiation in other coordinates.

Consider first the case of a vector field T¢. Suppose that 2’ are Cartesian coordinates in
R™, and 2" is some other coordinate system. Then for the desired V we should have

0T . Oxt Oxd -
TZ-:—. T2~/: b T?.
v =2C wry =25 0 oy
Then 3 , '
g Ox" 0x) O (02 .
V1) = 50 007 00 (6$k/T ) -
B oz Oz Oxt T oz N ox' 027 _,, 0 [ 02 B
Ozt Ozt OxF dxm™' Oxd Oxi Oxd'~ Oxd \OzF )
i em/! aTk/ K @:ﬂil 82xi
= 0w 0y oxm +7 ozt Oxi' Oxk’
hence,
i’ 8TZ, - i &%’il 82$i
(VT); = oxJ' 1 Py Ly = oxt  Oxi Ok
For a covector field T; one should have (VT);; = 25 and (VT)y; = gj; gfj/ (VT);;. Then
ozt 0x7 0 [ Ox¥
(VT)iy = 507 9u7 90 (axi ’“) -
_0x' 02/ ox* 9Ty ox™ N ox' 077 T 9 [0z B
= 92¥ 023" 9xt Ox™ dad | Ox' 0xd Y Oxi \ Oxt )
’ ’ 8T / 62$k/ al'l 8$]
Kk m k .
=% 07 aw Y o 0 B
or

2ar Ozt O

_on )
C 9xigxrt Ozt Oxd'

Gy = —
i’ ! (%cﬂ'

Lemma 10.2. One has ff,;, = —Ff,'j,.

=k
(VT) + Tklri/j/,

=k
Fi/jl
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!
= (5’ in z™

Proof. Let us differentiate the equality 2

o o k’
2.0 i i 2.0/ m'’
O
Theorem 10.3. There ezists a tensor operation V on M = R"™, defined on a field T;ll ;” by
(V)i = 0 (T iT?'l e S ZT i 17
J1-dgim Orm’ VT I1dg = J1-d4 NIRRT L IR [l A L

and the functions I' have the following transformation law

1 /

1 . , . ,
i oz Ox7 Oz o ozt 9%
L — - - 2 Lt Py ————
ik dx? Oxd” 9k~ IM T 9xi Q" Ok

Proof. The explicit form of V can be found similarly to vector and covector cases (Problem
10.4).
Find the transformation law for I'.

/

4 i 8TZ v i’
Vk/T = (VT)k, = a k;/ + T F 'k’
.11 8Ti” axk, a &”Uiu - al‘rﬁ I
V //Tl TT Fz// " — " Tl TT FZ// " —
R = o T O R (axz' ) Tt
0" o OoT" e ozt 0% e ox™"
92k Ozt Ok ok’ OxF Ox¥ oz T
On the other hand,
axkl 833‘" -/ axk/ axi// 8Tl/ I
V ”T’L V /jjz == " TT PZ/ / .
N Y 02" Oz <3xk' i ”ﬂ)
Hence . i )
0z o2, I L /(‘M
7"n—or —I%, =T —i———— +T" Fz,, .
0z a7k 02" 050z T oar Tk

Since T is an arbitrary field,

! ! =1 ! / -1
ox” Oz* O ox” 0xF  9%*xt
ox™" Ok Ozt Oz Ox*" OxF Oxr'

-1/ </
FZ"’k” - Fz,lk/

As it was established in the proof of Lemma 10.2,

dx" 9o O’x" 9PN 0" 9" O
Oxr" Ox*" Ox¥ Oz’ Oxr"Ox¥ Ox¥  Ox" Oxk" Ozt
O
Problem 10.4. Find the explicit form of V for general fields. Home
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Definition 10.5. An operation V of covariant differentiaition (or affine connection) V is

defined on a manifold M, if, for each chart, a collection of smooth functions I}, 7,7,k =
.,dim M such that for distinct charts we have equality

Oz 07 Ox* ri or’  0%x

Ot 07 0% Dt 9ad Dk

Then the action of V on a tensor field is defined by

a q
i1...0p z1 zp 21 As—1TTs 41 Ip i . i1...0p r
<VT)j1~~‘jq;m J1 -Ja + Z Ji--Jq FTm Z 7}1~"jsflrjs+1'4~jq1_‘jsm7

s=1

-/
F;/k/ -

Remark 10.6. As one can see from the above calculations considered “in the inverse direc-
tion”, V is a tensor operation.

Remark 10.7. The existence of a connection will follow from the existence of a Riemannian
connection (a theorem below).

Definition 10.8. The torsion tensor of an affine connection I'j, is the tensor, determined
in each coordinate system by the equality Qf, := ', —T};.

Lemma 10.9. Q is really a tensor field of type (1,2).

Problem 10.10. Verify this.

Definition 10.11. A connection I is called symmetric, if Q = 0.
Lemma 10.12. A connection V has the properties:

1) the operation V is linear over R;
2) the operation V is a tensor operation;

3) the covariant derivative of a function (i.e., of a tensor of tupe (0,0)) coincides with its
gradient: Vi f =

8x’“ 7

4) the operation V on a vector and on a covector field has the form:

ViT' = S + TT,
oT; ;
Vili = 53 = il

5) for arbitrary tensor fields T and S one has the Leibniz formula:

V(I'®S)=(VT)®S+T(VS).

Proof. All the properties are evident except of 5). Verify it, for instance, for vector fields:

Vi(T'S) = aik (T'S7) + T7 ST, + T'S'TY, =
= (aa,c NS+ T aak (S9) + TS, +T'S'TY, =
oT" . . O8I :
= (G T T TS + T (55 + PIy,) =

= (VTS + T'(VS7).
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Problem 10.13. Do the calculation for arbitrary fields. Home

Theorem 10.14. The above properties 1) — 5) uniquely define the covariant differentiation.
More precisely, one can find in a unique way functions F]k, which satisfy the transformation
law from the definition of a connection, and the action of V on arbitrary field will be given
by the formula from the same definition.

Proof. Denote e; : 881 and e/ = da7. Then I'} “x can be determined uniquely from
Ve, = kaej, Ve = —F;kej. (7)
Note that these formulas are compatible, because from 1) — 5) we obtain

Vi(T'S;) = (ViTH)S; + T (VS;) =

oT" 05S; A
(2 ry) s (2 -t ) -

= Vi(T'S;) + D198 — T, S,T",

0

(using Property 3). Since 7" and S are arbitrary, F ij = 0.

Remark that while obtaining the transformatlon law of It % in Theorem 10.3, we used only
the relation as in item 4). Thus, the same calculation gives now the desired transformation
law.

It remains to obtain the formula of differentiation of arbitrary fields. Do this for a field
of type (1,1). Locally we have 4 '

T = T; e; el
Then
Vil = (V) = (V(Tj e @ ) )y =

(VT @ e @ + Ti(Vey) @ ¢ + Thes @ (Vel)). =

oT.

= S8+ (T(Then) @ &), — (Te ® (Te),, =

Problem 10.15. Do the calculation in the general case. Home

Definition 10.16. An affine symmetric connection V on a Riemannian manifold (M, g) is
called Riemannian (or metric compatible, or Levi-Ciita connection) if Vg = 0.

Problem 10.17. Prove that in this case V commutes with the operations of rising and Class
lowering of indexes.

Theorem 10.18. On any Riemannian manifold (M, g) there exists a unique Levi-Civita
connection. Its coefficients (Christoffel symbols) are

i 1 ir ag?‘ ag?‘ ag
L =59 ( oy 2T J’“). (8)

oxJ oxk ox"
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Proof. Prove that the Christoffel symbols of a Levi-Civita connection should satisfy (8).
Then the uniqueness will be proved. We have by the definition that

99ij . .
0= Vyigij = a—x,z = 9rilik = Gir Ul
Using the lowering of the first index I';;, := g;, 1, and cyclic permutation we obtain:
09y
axé = Ljix + Tijr,
OGr
i Uirj + Trij,
9g;k
axji = Dji + Djra-

Add the first two equalities to each other and subtract the third one. Keeping in mind the
symmetry T, = T}, we obtain

99ij | Ogri  Ogui
am,ﬁ + 9pi  w Ujir + Tijre + Vikg + Trij — Uiji — Ujra =
= Djki + Uik + Dijie + Urji — Thji — Ujr = 20556 = 2901
Multiplying by the inverse matrix for g;;, we arrive to
r_ 1y (0gi 4 Ogri  Ogr;
oxk  Oxd  Ox' )

jk—§9

To prove the existence, simply define the coefficients bu the formulas (8). O]

Problem 10.19. Verify that this is a connection, i.e., verify the transformation law for
the above I';.

Definition 10.20. A coordinate system is Fuclidean w.r.t. a metric, if g;; in this system
are constant (hence, in some other coordinate system are d;; (in the entire neighborhood!)).
A coordinate system is Buclidean w.r.t. a connection, if in it one has T}, = 0.

Problem 10.21. Prove the equivalence of these two properties for the Levi-Civita con-
nection.

11 Parallel transport and geodesics

The parallel transport is a way to compare (tangent) vectors in distinct points. E.g., on plane
“the Euclidean coordinates of vectors should be constant”= their partial derivatives vanish.
In the general situation it is natural to require the vanishing of its covariant derivative.
But (for more complicated manifolds) this is too restrictive. We arrive to the requirement:
components of a field are covariant constant “along a curve” = “parallel transport along a
curve”. The result may depend on the choice of a curve connecting two points. Let us pass
to precise definitions.

Let a manifold M be equipped with an affine connection V. Suppose that two points P
and @ of M are connected by a smooth curve 7 : [0,1] — M, v(0) = P, v(1) = Q. On this
curve we have the velocity field £ along « (use the third definition of a tangent vector).
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Definition 11.1. The covariant derivative of a tensor field T' of type (p,q) along a curve ~y
is a tensor field V;(7T'), defined as the contraction of the tensor product of the velocity field
with the covariant derivative of T":

(V5(D)jy5, = EVRTyl .

Jlyeens Jaq
Of course this is not a “field on manifold” as in our initial definition, because it is defined
only at points of the curve.
Definition 11.2. A vector field T is called parallel along v with respect V, if V4 (T') = 0.

Rewrite these equations in local coordinates (x!,... z"). If

da* (t)

1) = @O, =T

the equations will take the form:

k i
ebyri = 0 (aT +T7Tj;k> 0,

dt oxk
dz*(t) OT" o dx(t)  dT? - dx®(t)
T = — 4T = 0.
dt  Ox* Tk dt a g

Definition 11.3. The last equality is called the parallel transport equation of a vector along
a curve.

The problem of parallel transport is as follows. Given a smooth curve 7, connecting
points P and @) of a manifold M equipped with a connection V, and a vector v € TpM.
Find a vector w € TpM, such that there is a covariant constant vector field V(¢) with
V(0) = v and V(1) = w. The problem can be solved consequently for pieces of 7 lying
in one coordinate neighborhood, we may assume without loss of generality, that the entire
curve lies in one coordinate neighborhood.

We arrived to a problem of solving of a system of ordinary differential equations of the
first order for functions V(t) with the initial value V¢(0) = v* (Cauchy problem). The
system has a derivatives-free right side. Hence, a solution of this problem exists, is unique
and extendable up to @, i.e., t = 1.

Definition 11.4. The vector w = V(1) € ToM is called parallel to v € TpM along .

Lemma 11.5. Let (M, g) be a Rimannian manifold. A symmetric affine connection V on
M is a Levi-Civita connection if and only if the corresponding parallel transport conserves
the inner product of vectors w.r.t. g.

Proof. Suppose, V is a Levi-Civita connection, (.,.,) the inner product defined by g, V(t)
and W(t) are vector fields satisfying the parallel transport equations along 7 : [0,1] — M.
We need to show that 2L (V(¢), W(t)) = 0. Indeed,

d
dt

= (Vg VW + g3 (ViVOW + g, VIV W) =

=& 0- VW 4 gz'j(vﬁvi)wj + gijvi(v"fwj) =0.

Conversely, if this equality is true for any parallel vector fields along any curve, then for

arbitrary vectors &, V and W one has ¥V WJV,g;; = 0. Taking the basic vectors we arrive
to ngij = 0. ]

(V(t),W(t)) = Vs (V(t), W(t)) = V), (g VW) =
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Remark 11.6. The parallel transport can be defined for piece-wise smooth curves as the
composition of transports over smooth parts.

Definition 11.7. A curve v on a manifold M equipped with an affine connection V is called
a geodesic, if its velocity field is parallel along 7, i.e., V;(§) = 0.

In some local coordinates (x!,...,2™) we obtain the following equations:

k
%(vké):o, i=1,.. ..,

where &' = % Hence,

dz* (0 ,
D Y o Fz T —
dt (83:’“ + rk:g ) 07

Azt - da” dxF
L ——— = ,=1,...,n.
A2 + rk dt dt 07 ? ) y <9>

Lemma 11.8. Suppose that P € M, v € TpM. Then there exists locally a unique geodesic
v(t) such that v(0) = P and §(0) = v. It depends smoothly on this initial data.

Proof. In local coordinates in a neighborhood of P the problem of finding of the desired
geodesic becomes a problem of solving of the Cauchy problem for the appropriate system
of n ordinary differential equations of the second order, resolved with respect to the highest
derivative. From an ODE course we know that this solution locally exists, is unique and
depends smoothly on the initial data. O

Problem 11.9. The velocity field of a geodesic of a Levi-Civita connection has constant
length (i.e. its parametrization is a scaling of the arc length one).

Problem 11.10. If two geodesics are tangent to each other in some point (with the same
velocity), then they coincide.

Problem 11.11. A parallel transport of a vector v along a geodesic conserves the angle
between v and the curve (i.e., the velocity vector).

Lemma 11.12. (geometric meaning of Christoffel symbols) For basic vector fields e; := a?ci

of a coordinate system one has V., (e;) = e, (an expansion of a vector w.r.t. this base).
Equivalently the result of an infinitely small parallel transport of the frame {e} in the it
direction has the coefficients I'G, in the initial base.

Proof. By definition
d(e;)*
(Vo) = () (V) =t (%525 4 rher) =

, [00h) . s r
= §; (8—;&’ + Ffﬁj) =0; (T0,07) = T,
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Problem 11.13. Describe geometrically the parallel transport for the Levi-Civita connec-
tion on a surface in R* (projection).

Problem 11.14. Deduce that a curve on a surface in R? is a geodesics iff its normal (the
second derivative for the natural parametrization = parametrization by the arc length) is
orthogonal to tangent plane.

Problem 11.15. Find geodesics on the standard sphere S? (without direct calculation).
Problem 11.16. Find geodesics on the standard sphere S? (direct calculation).
Problem 11.17. Find geodesics on the pseudosphere = the upper half-plane with coordi-
nates (x,y) and the metric ds* = “2;2‘13’2.

Problem 11.18. Prove that if two surfaces in R? are tangent to each other (tangent planes
coincide) along a curve then two respective parallel transports along this curve coincide.
Problem 11.19. Find the rotation angle for the parallel transport of a vector along the
circle being the base of the standard round cone. Hint: the cone is locally isometric to the
plane.

Problem 11.20. Find the rotation angle for the parallel transport of a vector along the
circle being a parallel of the standard sphere. Hint: use the previous two problems.

Theorem 11.21. Let (M, g) be a Riemannian manifold. For any point Py € M, there exist
a neighborhood U and a number € > 0 such that any two points of U are connected by a
unique (up to a scaling of its parameter) geodesic of length less then . This geodesic depends
smoothly on its ends.

Proof. By Lemma 11.8 one can define, for some neighborhood V' of (Fp,0) in the tangent
bundle T'M of the form

V={(Pwv)eTM|PeU,l|v|<e}
(where U is some neighborhood of F,), a smooth map
E:V — MxM, (P,v) — (P, expp(v)),

where expp maps a vector v to the point (1) of a unique geodesic starting in P in the
direction v (i.e. 4(0) = v). Since the existence theorem is local, only geodesics with small
v (solutions of the corresponding Cauchy problem for the system of ODE) are proved to be
extendable till t = 1.

Calculate the Jacobian of E in (Fp,0). For this purpose, along with the coordinates
(z',...,2"v',...,v") in a neighborhood of (Py,0) in TM, where v = v'22:, consider coor-
dinates (z1,...,2%;23,...,25) in U x U C M x M. For the tangent map dE one has:

i i
ox} ; o0x}

dy
i , Wl _
oxi 7’ ovJ

dt |,

=0, dp, expp,([v-t]) =

according to the second definition of a tangent vector. Thus, the Jacobi matrix dp, E is equal

to ( é ; ), where [ is the identity matrix and the Jacobian is equal to 1.Hence, by the

implicit mapping theorem, the map F maps diffeomorphicaly some neighborhood V’ of the
point (P, 0) € T'M onto a neighborhood W' of the point (P, Py) in M x M. Passing to
some smaller neighborhoods if necessary, one can assume that W’ = U’ x U" and U’ is a
subset of a ball of diameter € w.r.t. g (the lower bound of lengths of curves connecting its
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center Py with any its point is less then €/2). Then U’ is the desired neighborhood of F.
Indeed, let P and @ be two arbitrary points of U’. Consider a geodesic 7 starting from the
point P’ in the direction of v, where (P’,v) = E~!(P,Q). Then, by the definition of E, we
have P’ = P and v(1) = Q. Thus, the points P and @) are connected by the geodesic v and
~ smoothly depends on P and (). Find its length. As it is proved above, the parameter of a
geodesic can differ from the arc length only by a scaling, which is equal to ||v|| for the case
under consideration. Then the length of « from 0 to 1 is equal to 1 - ||v|| < e. It remains
to verify the uniqueness. Suppose, that P and @) are connected by a geodesic of length less
then . Then it is a solution of the appropriate initial value problem and is unique, because
the length of its velocity vector at 0 is less then ¢ - t, where v(t) = @ (otherwise E is not a
bijection). O

Problem 11.22. Prove that in coordinates determined by exp, all I': % vanish in Fy.

12 Differentiation and integration of differential forms

Consider some symmetric affine connection V on a manifold M (for example, the Levi-
Civita connection for some Riemannian metric) and a differential form w of degree k, i.e.,
an alternating (antisymmetric) tensor field of type (0, k). Denote the space of such forms
by QF(M). Then one can define the exterior derivative or gradient dw of the form w by the
following formula

k
do e 4 B! - )AltV
or, in local coordinates,
1 g
(dw>j1-~jk+1 = iy Z (1) Vo (i) Wo(ir)..oli) -
’ UGS}H,l

where we denote o(ji) := j,x) and =£ is chosen to have

L. kk+1
+(—1)7 = ’
(71)7 = sen (a(k +1)o(1).. .a(k)) ’
i.e., + = (=1)k. By the definition of V, dw is a differential form of degree k + 1.

Lemma 12.1. The gradient dw does not depend on the choice of a symmetric connection.

Namely,
k+1
Oow;
1 J1.-Js—1Js J
(dw)j1---jk+1 = ;( 1)$+ - 8:12]5“ =
Proof. By the definition of V,
(dw>j1~~jk+1 =
(—1)* OWo(31)...oin) o
= k! Z (_1) 81‘0 Jra1) : ZWU (J1)---0(Gr—1)ao(fr+1).. U(]k)FO'(jT)U(jk+1)

_(=DF 5 (_l)aawo(jl)...a(jk) B

O Uk+1)
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k
(_1)k «a
- k! Z Z [ o(jr)o(Jr+1) Fa(jk+1)0'(jr) Wo(j1)...0(Gr—1)ao(Gre1)o(ir) —
=1

over even o&€Sii1

(since V is symmetric)

_(=DF > (=) Petiote) _

k! O Uk+1)
UESkJrl
k1
_ =D S s ( L k+1 ) OWr (j1). .75 1)7Gor) 7 Gisr) _
k= = T(1)...7(s = )7(s+1)...7(k+1)s OxJs
— aW(') (om1)7(Gsr1)o7Gs1)
7UJ1)-T\Js—1)TJs+1)---TUk+1)
EOIDIE D =
s=1 T€Sk
(since w is alternating)
ktl O
T J1--Js—=15Js+1--Jk4+1
Kl Z Z D™(=1) s -
s=1 T€S}
k1
- Lk st s Vst Jit
k! ;( ) OxJs

]

Problem 12.2. The exterior derivative of a differential form can be obtained by “direct Home
differentiation”. Namely, prove that for

Z Wiy iy dT™ A LA dp

11 <o <ip
one has (keeping in mind that, for a function f, V f = df and a tensor of type (0, 1) is always

(anti)symmetric)

ST dlwi ) Adet AL nde = SN ‘g“ 0“9 Ao A da™ AL A dat
xl

11 <<l 11<--<i 10
Theorem 12.3. Let w(yy and w) be differential forms of degrees p and q respectively. Then
d( w1y N\ w2 ) = dw(1 N w) + (—1)pw(1) VAN dw(g)

Proof. Since the both sides of the desired equality are linear in w, it is sufficient to verify it
in one chart for forms

= fdz" A... Ada', w(z):gdle/\.../\d:vjq.
Then by Problem 12.2
d(way Awe) = d(fgdz™ A...Ade’ Ada' AL A dede) =

_of

= 9.k gdx® Adx A Adx AdaT A /\d:c”q—i-f dx AT A, ANdT' ANdTN. AN dx?T =
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— (%dmk/\dx“ /\.../\dxip> A (gda* AL Ada?T) +
X

D (f da"t A A dﬂp) 4 (% da® N dat A LA dqu) =
x

= dw(l) A w(g) + (—1)7’w(1) VAN dw(g).

Theorem 12.4. For any differential form w one has d(dw) = 0.

Proof. Once again it is sufficient to verify this for a form w = fdz™ A ... A dz'>. Moreover,
if the theorem is proved for w(;) and wy), then it is true for its exterior product. Indeed,

dd(way A wz) = d(dwi) A we) + (=1)7wa) Adwe)) =

= ddw(l) N w2y + (—1)p+1dW(1) A dw(g) + (—1)de(1) A dw(g) + (—1)p+pW(1) A ddW(Q) =0.

It remains to verify the statement for f and dz’. One has

o (of N\ Pf K >’f >’f ; k_
d(df) = d (&ck dr )  Qxt Ok da' A det = Z ozt oxk  Oxk Ozt dv' A da” = 0.

i<k
For da', apply the last calculation to f = x':
dd(da) = d(dda) = d(0) = 0.
O

Definition 12.5. A differential form w is closed, if dw = 0, i.e., w € Kerd. A differential
form w is ezact, if w = dw; for some wy, i.e., w € Imd.
By the previous lemma, the linear map d has the property Imd C Kerd. So, if

ZF(M) == Ker(d : Q"(M) — Q*1(M))
is the space of closed k-forms and
B¥(M) :=TIm(d : Q"1 (M) — QF(M))

is the space of exact k-forms, then B¥(M) C Z%(M) and one can define the de Rham
cohomology of degree k as the quotient linear space H¥(M) = Z*(M)/B*(M).

Immediately from the definition one has the following statement.
Theorem 12.6. 1) Let Q € QF(M). Consider the equation:
dw = €. (10)

It has a solution iff Q is closed and the cohomology class [Q] = 0 € H¥(M) (& Q is
exact).

2) Any two wy solutions we of (10) differ by a closed form: d(wy — wy) = 0. The set of all
solutions is a coset of subspace Z*(M) containing any solution w.
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3) The space Z*(M) is isomorphic to the direct sum of B¥(M) and H*(M). O

As a particular case (up to Problem 12.8) of the pull-back of a form, one can define the
pull-back of a differential form:

Definition 12.7. Let f : M — N be a smooth map of smooth manifolds and w € Q¥(N)
be a differential form.The pull-back or the inverse image f*w of this form is the following
multilinear map of vector fields on M:

Pl 5 = w(dp f(T), - dpf(3)), € TpM.
Problem 12.8. Verify that the obtained form is a differential form (i.e., antisymmetric).

Lemma 12.9. Suppose that (x',... ™) is a local coordinate system in a neighborhood of
P e M and (y',...,y") is a local coordinate system in a neighborhood of f(P) € N, so the
corresponding local representative map of f : M — N is defined by some functions

y1 :fl(ycl,...,:cm),...,y":f"(xl,...,xm),

and a form w € QF(N) has locally the expansion

W= Z Wiy (U YAy A LAy

11 <<t

Then the pull-back of w has locally the form

@)= Y @@ ™)y @ ) X

1< <ig
xdf™ (z', .. ™)AL ARt ™). (11)
Proof. One has

Z1<"’<7;k
= > w0y KAy (dp () - dy™ (dp ()} =
11 <<l
" o [Of L Of
= Z wiL..ik(ylv'-wy )k'Alt[ ..... l {%(Ul)j U ik (Ul)jk} =
11 <---<ig
= Y wia Wy RLARE L de @) (o) ) =
i1 <<y,
= < Z wil.__ik(yl, ce 7yn)df“ A...Nd Zk) (171, ce ,Uk)
i1 <<

Theorem 12.10. The operation of pull-back has the following properties:
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1) for f: M — N and g: N — K one has (gf)* = f*g*;
2) f*dy = dy f*, where dy and dy; are the exterior derivatives on N and M, respectively;

3) f*(Kerdy) C Kerdy and f*(Imdy) C Imdyy, hence f* gives rise to a map of cohomolo-
gies

f*: HY(N) — H*(M).

Proof. The first equality is an immediate consequence of Lemma 12.9. To prove the second
one, note that by the same lemma, Theorems 12.4 and 12.3, and Problem 12.2 we have

fH(dw) = ( ( > wis 1,-.-,y”)dy"1A-~/\dyi’“>>:
11 <<l

( Z Z@w“ g .,yn)dys/\dyil/\.../\dyik> _

11 < <7} s=1

- ¥ Z&"“ P ™, ™) AR AL A =

1< <gp s=1

> dwia (f ™) ™) AP AL A =

i1 <<l

=d ( Z Wiy (FH ™), ™) A A A “‘) =df*(w).

1< <ip

To prove the third relations, note (using the second one) that, if dyw = 0, then dy, f*w =
J*dyw = 0. Similarly, if w(;) = dyw, then

[w) = frdyw = dy frw.

Home Problem 12.11. Prove that cohomologies of diffeomorphic manifolds coincide.

Definition 12.12. A differential form €2 of degree k on M x I does not depend on dt, if its

value on any system of vectors of the form (%, U1,y ..., Uk_1) is 0.

Lemma 12.13. Locally this is equivalent to the following: in the local expansion of Q w.r.t.
the basis dz't A ... A\ dx' there is no summands containing dt.

Proof. By the definition of action of form on vectors. m
Home Problem 12.14. Write down this in detail.

Lemma 12.15. Any differential form Q on M x I can be represented in the form ) =
Quy + Q) Adt, where Q1) and oy do not depend on dt. This representation is unique.
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Proof. Suppose that this lemma is proved for forms supported in one chart. Then consider a
partition of unity {¢,} on M and the corresponding “cylindrical” partition of unity ¢/ (z,t) =
@wa(x) on M x I. Then

Q= Z QOIO[Q = Z (Q(l,a) + Q(gﬂ) AN dt) = (Z Q(l,a)) + (Z Q(g}@) A dt

is the desired representation. In turn, in one chart it is sufficient to group terms without dt
and terms with dt, and move dt on the last position (for the second group terms). We keep
in mind here Lemma 12.13.

The uniqueness also may be verified in one chart. Indeed, if w = Q) +Q5Adt = Q1 +QaAdt
and 1, = V1, V) = 1,9 for each function ¢, from a partition of unity, then

summarizing we obtain ) = ; and Q) = Q. In turn, over one chart €; and y by
Lemma 12.13 can be determined only in the above way (grouping terms), because the ordered
products of dz’ form a basis. n

Lemma 12.16. Suppose that smooth maps fy and f; from a manifold M to a manifold N
are homotopic to each other, i.e., there exists a smooth map F such that

F:MxI—=N, F(P0)=f(P), F(P,1)=f(P) VP& M.
Then there exists a linear map D : Q*(N) — Q*~Y(M) such that for any w one has
(fo = )W) = £(du D = Ddy)(w). (12)

Proof. For any w on N, decompose F*(w) = 1 4+ Qs A dt according to the previous lemma.
Define

1
D(w) = / Qs (£ dt. (13)
0
Then D is well defined because of the uniqueness in the previous lemma. Since f; = @§£™,
I = o] F*, where
SOO:M_>MX]7 ()OO(P):(PaO)? Sal:M_)MX]) Sol(P):(Pa]-)7
we have
folw) =4(0),  fi(w) =(1) (14)
(we substitute in F*Q: dt =0and ¢t =0or t =1). Also,

0
F*dNOJ = dMX[F*OJ = deI(Ql + QQ VAN dt) = dMﬂl + aﬂl(t) A dt + dMQQ Adt

and

Ddy(w) = / (i%ﬂl(t)+dMQQ(t)) dt = £(Q1(1) — (0)) + das / Oo(t)dt.  (15)

In the same time .

i D(w) = dar / O (t)dt. (16)
From (14), (15) and (16) we obtain (12). O
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Theorem 12.17. Suppose that smooth maps fo and f1 from M to N are homotopic to each
other. Then fi = fi in cohomology.

Proof. Let a closed from w on N represent a cohomology class [w]. In particular, dyw = 0.
For the map D from the previous lemma, we have

(fo = f1)(w) = £(du D — Ddy)(w) = dy(Dw).

This is 0 in the cohomology of M. O
Problem 12.18. Find the de Rham cohomology of manifolds:

1. Interval (a,b).

2. Circle St.

3. Eucledean space R™.

4. Sphere S2.

5. The plane R? without one point. Hint: using homotopies reduce to case 2).

6. The plane R? without two points.

Problem 12.19. Prove the Poincare lemma: any closed form on any manifold is locally
exact. Hint: reduce to the third case above.

Definition 12.20. Suppose that M is a smooth oriented manifold, dim M = n, and w €
Q"(M) is a form of maximal degree with a compact support in one chart (U, ¢,) with
coordinates (z.,...,2"). (We assume here and below by default a chart from an orienting

atlas.) Define the integral of w over U by the formula

/w = / Wy L dxl ... dal. (17)

U <Pa(U)CR”

Lemma 12.21. This integral is well defined, i.e., the right-hand side of (17) does not depend
on the choice of local coordinates in U.

Proof. Suppose that (U,ps) is another chart with the same U and local coordinates
(55[13, e ,xg) Since both charts have the same orientation, the rule of changing of variables
in a multiple integral and Lemma 8.28 give

Xz
/ W1ﬁ2...n dif}a . -de = / wlﬁz__n - |det (%j dxtlx cdxl =
p(U)CR™ wa(U)CR™ ¢
xi
= / w?, - det (%f dzl ... dz" = / wi, dxl . da?.
[0

48



Problem 12.22. Suppose that K C M is a compact set and {U,} is a locally finite open Home
cover of M. Then K NU, # @ only for finitely many «.

Definition 12.23. Suppose that M is a smooth oriented manifold, dim M = n, and w €
0" (M) is a form of maximal degree with a compact support. For a locally finite atlas
{(Ua, ¢a)} and its subordinated partition of unity 1, define the integral by

[ 0= 108,60, {(Un 9 )} = > [ bus (18)

M
By Problem 12.22; the sum is in fact finite.

Lemma 12.24. This integral is well defined, i.e., the value does not depend on the choice

of {(Ua, Pa, V) }-

Proof. If we have two distinct atlases, then take their union, and for each of them take zero
functions on the added sets to complete the corresponding partition of unity. Evidently, in
each of these two cases, the right-hand side of (18) will not change. So the proof is reduced
to a a verification of

](M’ W, {(Uom Pas ,lvba)}) = ](Ma W, {(Uom Qplou 'lvb:x)})

The independence of each summand on the choice of coordinates, i.e., ¢,, was proved in the
previous lemma. So we need to prove that

](Ma W, {(Uom Pas ¢a)}) = ](M’ W, {(Um Pas w(/)c)})

Define v; := 9o, — ¥, i =1,..., N, (because, for a fixed form, by Problem 12.22, the sum

is in fact finite). Then
k

> %=0, k=N (19)

i=1
The proof is reduced to a verification (under the supposition of (19)) of
k
Z/Wzo, k=N. (20)
=1y,
We will prove it by induction over k. For k = 1 the statement is evident. Suppose that for
k=1,...,N —1 and arbitrary v; : M — R, with supp~; C U,, the equality (19) implies

(20). Find a continuous function x : M — [0, 1] which is equal to 1 on supp v,, C an and
supp X C U, . It exists because M is normal. Then

N—-1 N-1
XINEIN, W ==Y %i=— > X% supp(x%) € (UnNUa,).
=1 =1

Hence,

N N-—1 N—-1 N-—1
Z/%wz/wwz/%wz—Z/X%erZ/%wz
=1y, U =1y, =g, =10,
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Home

- / (s = 7). (21)

Uo‘i
Since
N-1 N-1 N-1 N-1 N-1 N
—XW) =D =X D_ =P vtxw =Y vitw=>_ %=0,
i=1 i=1 i=1 i=1 i=1 i=1
we can apply to (21) the induction supposition. ]

Evidently we have:

Proposition 12.25. The integral gives rise to an R-linear map

Q" (M,0r) = R

comp

Problem 12.26. Prove that the change of orientation changes the sign of an integral but
not its absolute value.

Definition 12.27. In particular, we can define the volume of a compact oriented Riemannian
manifold as the absolute value of the integral of the volume form.

Problem 12.28. Prove that (under some reasonable restrictions) an integral of a form
can be calculated by integration of restrictions of the form to some sets each of which lies in
a chart and then summation of the results.

Theorem 12.29. (General Stokes Formula). Consider a smooth oriented manifold M with
boundary OM, dim M = n, and a compactly supported differential form w € O™ '(M).
Consider the orientation of OM introduced in the proof of Theorem 5.8. Then

orff (L)

where j : OM — M s the inclusion of the boundary.

Proof. As before, we may consider an atlas with charts with V,, = ¢,(U,) = R or R". Both
sides of (22) are linear in w. Hence, it is sufficient to verify the equality for a form compactly
supported in one chart (using a partition of unity) . Moreover, it is sufficient to verify for
forms (using the expansion w.r.t. a local base)

w=f' ... 2"y de' A AdDFTE AT AL A da”, dw = (—1)* aafkd A. .. Ndx",
T

where f : R} — R is a smooth compactly supported function (for the case of R’}). We have
2™ > 0 and OM is characterized by 2" = 0. Consider first the case of K <n — 1, i.e., k # n.
Locally the inclusion of the boundary has the form:

j:OM — M, gt 2" = (2., 2" h0),

and dz™ = 0. Hence j*w = 0 (see also (11)). For the right-hand side of (22) we have

k 1 n
/dw / ka dx”t =
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0
= (=1 ! / 8—fkdxk da'. .. da*Vda T da" =
T
R A0
e R R
R}
—f(zt, .. 2 —oo, 2T ,x")} det .. de*tda e =

= (=1)* / {O - 0} dz' ... dz"tda"da™ = 0
RY

(the above passage from the multiple integral to the iterated (Fubini’s theorem) is correct
because of compactness of the support and the vanishing “at infinity” by the same reason).
Consider now the case of £k = n. We have

/dw = /(—1)"‘1% dr'. .. dx" =
R R

= (—1)"! / aaf de' ... .da" "t =
I»n

= (—1)"t /{f(xl,...,x"_l,—i-oo)—f(xl,...,x”_l,O)}dxl...dx"_l:

Rn 1
/ flt,. . o 0)det . da™ T = (—1)" / P w
Rn 1

n—1
RO

(with the same usage of compactness as above).

In the case of R™ we have that the chart does not intersect OM and j*w = 0. So the
right-hand side of (22) vanishes. The left-hand side of (22) vanishes by the same calculation,
as in the case k < n above. [l

Problem 12.30. The general Stokes formula implies Green’s formula from vector calculus Class

fép Pz, y)d:p+Qxydy—// (aQ“’ apéz’y))dmy.

Problem 12.31. The general Stokes formula implies divergence (Gauss—Ostrogradsky) Home
theorem from vector calculus

#P(x, y,2)dy Ndz + Q(z,y,z)dz ANdx + R(z,y, z)dx N dy =

ov _ ///V <8P(g»xy,z) N 8@(2,;;,2) N 6R(a(;,zy,z)>
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Home Problem 12.32. The general Stokes formula implies the classical Stokes formula from
vector calculus: for a piece ¥ of a surface,

]4 P(a,y, 2)da + Q. y, 2)dy + R(z, y, =)dz —
ox

// @_@ dy N\ dz + 8_P_8_R dz N\ dx + @_8_]3 dz A\ dy.
0z dz Oz or Oy

Problem 12.33. Denote F = (P,Q, R) = Pi + Qj + Rk.
Home a) Let di = (dz,dy, dz). Understand why

/ﬁ-dF: /Pda:+Qdy+Rdz.
gl gl
Class b) Let 7 be the unit normal field on a surface ¥. Understand why

//ﬁ-ﬁdsz//deAdz+de/\da;+Rdx/\dy.
b)) by

Problem 12.34. Obtain from the general Stokes formula the vector calculus formulas:
Class a) classical Stokes:

//rotﬁ-ﬁdSZ//(ﬁxﬁ)-ﬁdszf F-dr,
¥ ¥ ox

Home b) Gauss-Ostrogradsky:

/// divﬁdxdydz:// 6-ﬁdmdydz:#ﬁ-ﬁd8.
1% 1% ov

13 Riemann Curvature Tensor

We will consider symmetric connections. Consider locally in coordinates (z!,...,z") the
action of V;V; — V;V}, on a vector field T (so the result is a tensor field of type ( )) We
have a7
VT = B +1T'T},
; 0T orr ., Lor, ars s , (O -
ViViT" = 8k8xl+8krrl+T6k+F (31+TPZ)_FU€(5 —|—TF)
(ViV, = VIV T =
r aril 8F:‘k or” ) 8T ) 8T ) aT ) T T z s
T arjﬂl arik i TS i TS
=T (W ~ o T Lhaln— Fslrrk) :
Denote ' ,
i 8le ar;k i z s

and obtain that
(VeVi—=ViVi) T" =T R} .
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Lemma 13.1. Functions Rf],kl form a tensor of type (1,3).

Proof. For any vector field T, the functions (V,.V; — V,Vy) T", i.e., T9 R ;, form a tensor
field of type (1,2). Since R}, ,; = (eq)° R, we have

S s N
g ¢ pil ;02" Ox’ Ox" g 0x° o Ox" Or' Ox'
Ry v = (eq)” Ry o = (eg) SK AW AT A (e¢)” 75— R Ko Al a1
’ : FOxk 0V Oxt oxs 2" 0xk dxV Oxt
. -/ X
5 oxs . OxF Ox' 92 . 0z® 0xF Oz Oxt . 09 9zF Oat O

/ - i, ~ 4 ~ . — T — .
4 Pus’ IR Gk 9l O Sk xd dxk Ozl Oxi R Apd Qak Ozl Oxi
Il

Definition 13.2. The tensor R, is called the Riemann curvature tensor of a symmetric
connection V.

Pass to the invariant definition of R.

Definition 13.3. Recall that the commutator of vector fields X and Y is the vector field

oYk X
XYF =X Yy,
X, Y] oxt oxt

For any symmetric connection,

L(ovE V2D G
VxVF - vy Xt =X <% + Yﬂr;) ~-Y (W - X’F}Z-) =[x Y (29)

in particular, the operation is a tensor one (the result is a vector field).
Definition 13.4. Define the curvature operator by
R(X,Y)Z = VxVy(Z) - VyVx(Z) - Vixy(2).

It maps a triple of vector fields X, Y and Z to some fourth vector field. The notation
R(X,Y)Z, not R(X,Y, Z), reflects the roles of variables.

Theorem 13.5. The map R is 3-linear over functions. Thus, it defines a tensor field of
type (1,3).

Proof. 1f T is a 3-linear map of vector fields valued in vector fields, then the map

T(X,Y, Z:w) == w(T(X,Y, 2))

will be 4-linear map of 3 vector and 1 covector field arguments valued in functions, i.e., a
tensor field of type (1, 3).

3-linearity at a point (i.e., over R) is evident. It remains to verify linearity for functions,
iLe, R(X,Y)(fZ) = f-R(X,Y)Z and two similar identities (Problem 13.6 ). O

Problem 13.6. Verify the linearity of R(X,Y)(Z) for functions.

Lemma 13.7. The definitions are equivalent.
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Home

Home

Home

Proof. For local basic vector fields e; = a?ci we have

R(ej,e,) 2" =V Ve, 2" =N,V Z8 + Ve 2" =V, N, 28 — V¥, 2%,
because V., ZF = (¢;)"V,, 2% = 6™V, Z* = V;Z* and hence
lei,ej] = Ve, Ve, =V, Ve, = Vie; — Vje; = Fé-iel — Fﬁjel =0, (25)
using (24). Linearity completes the proof. O
Theorem 13.8. X (symmetries of the Riemann curvature tensor)
1) anti-symmetric in X andY: R(X,Y)Z + R(Y,X)Z =0, or R} ;; + R% ;. = 0;
2) Jacobi identity: R(X,Y)Z + R(Y,Z)X + R(Z,X)Y =0, or R, ;; + R ;; + R} ;; = 0;

3) for any Levi-Civita connection (R(X,Y)Z,W)+(R(X, Y)W, Z) =0, or Riju+Rjiu =0,
where R;jp = Gir B 5

4) for any Levi-Civita connection (R(X,Y)Z,W) = (R(Z,W)X,Y), or R;j i = Ri,i;-

The proof of this statement can be found in [Lee, Theorem 13.19].
We proceed with Levi-Civita connections.
Problem 13.9. For any Levi-Civita connection one has

r 1 8291'1 829 k 82gik 329 l
Riqkl = giqukl ( g 1

_ _ _ mypP _ TmTP
© 2 \ 02902k Ozidxt  Ox10x! axz’@xk> + gmp (T Ty — T T)-

Definition 13.10. A Riemannian manifold (M, g) is flat, if the curvature tensor is identically
Zero.

Theorem 13.11. A manifold is flat iff it is locally euclidean in metric (g;; = const) or
connection (T = 0) sense.

Problem 13.12. Prove this. In one direction this follows from Problem 13.9. For the
other direction, see Theorem 13.18 in [Lee].

Keeping in mind the definition, the following statement about the geometric meaning of
the Riemann curvature tensor is not surprising:
Problem 13.13. Let (2',...,2") be some coordinates in a neighborhood of P € M, where
(M, V) is a manifold equipped with a symmetric connection (not necessary Levi-Civita),
2'(P) =0, Vi. Suppose that & € TpM is an arbitrary vector and &, = £.(4, j) is the result
of its parallel transport around coordinate square in 2%, 27 with sides of length ¢ (i.e., formed
by segments of four coordinate curves in the z*, x/-plane - see figure).
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Then .
lim & —¢
e—0 52
(see Theorem 5.11 in http://math.uchicago.edu/~may/REU2016/REUPapers/Wan.pdf or
Theorem 12.47 in [Lee] )
This observation immediately implies the “if” direction of the following statement:

k l
= Ry ;¢

Theorem 13.14. A Riemannian manifold is flat if and only if results of parallel transport
along two homotopic curves are the same (equivalently, the result of parallel transport along
a contractible loop is the same as the initial vector).

Proof. To prove the “only if” consider two homotopic curves 7o, 71 : (—¢,1 +¢) = M (we
need an extension to an open interval because the direct product with [0, 1] should be a
manifold) with the properties v4(0) = v1(0) = Py, 70(1) = 71(1) = Py, such that a homotopy
G : (—e,14¢) x[0,1] — M satisfies this for each ¢ (we suppose s € (—g,1+¢) and ¢ € [0, 1]).
Consider the vector field &(s) being the velocity field of G(s,t) for fixed ¢ (in particular,
&o(s) and &;(s) are the velocity fields of 79 and ~;), and the vector field 74(¢) being the
velocity field of G(s,t) for fixed s. For a given v € T M, define the vector field vy(t), where
vs(t) is the result of the parallel transport of v along v,(s) = G(s,t) for fixed ¢ to the point
with parameter s. (Note, that in the definition of a parallel transport we have not asked the
regularity of a curve (non-vanishing of the velocity) but only its smoothness) Then the field
vs(t) is parallel along G(s,t) for fixed s.
Indeed,

Veus) Vi Ve(t) = Vi) Veus Vi) = Vi) meoVi(t) = RS vl ()€ ()i (t).

By the definition of v(t), the second summand in the l.h.s. vanishes. By the supposition,
the r.h.s. vanishes too. The third summand in the l.h.s. vanishes by the following argument:
if G(t,s) = (z'(t,s),...,2"(t,s)), then

(s)mt)* = sy B0 @2

02 0 Oxk B oxi 0 [0z B 0%k B 0k 0
T 9s Oxd \ Ot ot 9xi \ ds ) 0sOt Otds
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Thus, the field V, vs(t) is parallel along 7;(s) and vanishes for s = 0 (since v(t) = v).
Hence, V,, vs(t) = 0 for any s, in particular, for s = 1.
Then, since G(1,t) = Py, we have n;(t) = 0 and

i d i
0= Vyvi(t) = —vi(t) + T (Ovr (1) = — 01 (1),
dat dt

i.e., v; does not depend on ¢. O

14 Lie algebra of a Lie group

Definition 14.1. Denote by X(G) the space of vector fields on G. A vector field X € X(G)
is called left invariant iff (Ly), X = X for all g € G, where (Ly).X = (d(Lg)) o X o L and
L, : G — G is the left translation. So the definition can be reformulate as (dL,), X, = X,
So X € X(@G) is left invariant iff the following diagram commutes for every g € G:

M
K
GG
Similarly, for right translations. The (evidently linear) space of left invariant vector fields
will be denoted by X*(G) and of right invariant vector fields will be denoted by X*(G).
Lemma 14.2. Suppose, f: M — N is a smooth map. Then (df)[X,Y] = [(df)X, (df)Y].

Proof.

X Y]y (9) = [X,Y]p(go f) = Xp(Y(g o f)) = ¥, (X(g0 f)) =
Xp((df)Y (g) o f) = Y, ((df) X (g) o f) =

= (df) X () ((df)Y (9)) — (df )Yy ((df ) X (9)) = [(df) X, (df )Y ] y().-

From Lemma 14.2 we obtain:
Lemma 14.3. X(G) is closed under the Lie bracket operation.

Definition 14.4. For a vector v € T.G, define a smooth left (resp. right) invariant vector
field LV (resp. R") such that L"(e) = v (resp. R"(e) =v) by

L*(g) = d(Lg)eU7 R’(g) = d<Rg)ev- (26)

Problem 14.5. Show that v — LY (resp. v — RY) gives a linear isomorphism 7,G =
XE(G) (resp., T.G = XE(@)).

Definition 14.6. A vector space (a) over a field K is called Lie algebra if it is equipped
with a bilinear map (a) x (a) — (a) denoted (v, w) + [v,w] such that

[0, w] = —[w, V]
and such that we have the Jacobi identity
[z, [y, 2] + [y, [z, 2] + [z, [2, 4] = 0
for all z,y, z € (a).
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Evidently,

Proposition 14.7. If G is a Lie group of dimension n, then XY(G) is an n-dimensional
Lie group for the Lie bracket of vector fields.

The above isomorphism transfers the Lie algebra structure to T,.G.

Proposition 14.8. For a fired A € GL(V), the map Ly : GL(V) — GL(V) given by
A+ Ao B has tangent map given by (B, X) — (Ao B, Ao X), where (B, X) € GL(V) x
L(V,V)=T(GL(V)).

Also, the left invariant vector field X corresponding to X € L(V, V') has the form X =
(A, AX).

Proof. In local coordinates (which are global here) the tangent map is defined by multipli-
cation by the Jacobi matrix, which is

AAX), = A70P0Y = APHY a(AX)ZV” =AYV = APVY = (AV)Y
0XP I A 2o 0XP p_uffp_up_( )u'

The second statement is now evident, because (X, AX) is a left-invariant (by the first
statement) with X at e, and such a field is unique. ]

The exponential map and related topics were discussed in detail in the course on Lie
groups and Lie algebras, so we omit this topic here.

14.1 The Maurer-Cartan form

Definition 14.9. Define g-valued 1-forms (i.e. smooth fiber-wise R-linear maps TG — g)
we and Wi by

WG(XQ) = d(Lgfl)nga nght<Xg) = d(Rg*1)9X9>

where X, € T,G is the value of a vector field X at g € G. These forms are called the left
Maurer-Cartan form and right Maurer-Cartan form respectively.

Problem 14.10. Explain the smoothness.
Theorem 14.11. The tangent bundle of a Lie group is trivial. More specifically, the maps

trivy, : TG — G x g, trivy (vg) = (9, wa(vy)), vy € T,G,

trivg : TG — G x g, trive(v,) = (g, wet™ (v,)), vy € T,G,

give two examples of trivializations of T'G.

Proof. Evidently we have smooth bundle maps and they are invertible with
triv;'(g,v) = L’(g), trivy' (g,v) = R"(g).
Indeed, by (26)
trive(L°(9)) = (9,d(Lg-1)gd(Ly)ev) = (g,0), LW (g) = d(Ly)ed(Ly1)(vg) = g,

and similarly for trivg. O]
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Problem 14.12. Complete the remaining details.
Theorem 14.13. For any v € g, g € G one has
trivg o triv; ' (g, v) = (g, Ad,(v)),
where Ady : g — g, Adg(v) = d(Ry-1Lg)v.
Proof. trivgotriv;'(g,v) = (g, d(R,-1)d(Ly)v) = (g, Ad,(v)). O

Consider the Maurer-Cartan form in the case of matrix groups. Suppose that G is a Lie
subgroup of GL(n) and consider the coordinate functions 2 on GL(n) defined by 2%(A) = af,
where A = [|a}]|. We have the associated 1- forms dz}. Restrict both the functions 2% and
the forms dwé- to G, denoting these restrictions by the same symbols. Then the (left) Maurer-
Cartan form can be expressed as

we = [|25] ldaj]).
Indeed, v, € T,G C T, GL(n) has the expansion

-0
v§:2v}8x§

.3

g

Then, by Proposition 14.8
2511~ ld5 1l (vg) = g5l w51l = d(Ly-1)gvg = wa(vy),

where g = ||g;||
Problem 14.14. Find the explicit form of the Maurer-Cartan form of G = SO(2).

15 Ehresmann and Koszul connections

Definition 15.1. Let 7 : E — M be a smooth fiber bundle with typical fiber F' of dimension
k. Denote V,E := (dm,)"*(0,), where 7(y) = p. The vertical bundle on 7 : E — M is the
real vector bundle 7y, : VE — E with total space

VE := UyepV,E C TE

and projection map my := mre|lye. A vector bundle atlas on VE is given by charts of the
form

(my,dp o d®) : m, (7 HU)N O HV)) — (= 1 (U) N~ (V) x R,
where (7, ®) is a bundle chart on E over U and (V, ¢) is a chart in F'.
Problem 15.2. Verify this.

Definition 15.3. A smooth rank k distribution on an n-manifold M is a (smooth) rank k
vector subbundle of the tangent bundle.

Definition 15.4. A (linear Ehresmann) connection on a vector bundle 7 : F — M is a
smooth distribution H on the total space E such that
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1) H is complementary to the vertical bundle: TE = H & VE;

2) H is homogeneous: d(u,)y(H,) = H,y for all y € E, r € R, where p, : E — E is the
multiplication map given by u, : y — ry.

The subbundle H is called the horizontal distribution (or horizontal subbundle).

Definition 15.5. For a general bundle (not necessarily a vector bundle), we have the same
definition, but only with the property 1).

Definition 15.6. For y € E, an individual element w € T, F is horizontal if w € H, and
vertical if w € VyE. A vector field (i.e. a section) X € X(£) = I'(TE) is said to be a
horizontal vector field (resp. wvertical vector field) it X (y) € H, (resp. X(y) € V,E) for all
ye k.

Problem 15.7. Let f : N — M be a smooth map and 7 : £ — M a fiber bundle.
Prove that the pull-back f*FE (Definition 9.48) can be naturally identified with {(p,e) €
N X E: f(p) =m(e)}

Problem 15.8. Let f: N — M be a smooth map and 7 : E — M a fiber bundle with
typical fiber F'. Prove that Vf*E — f*FE is bundle isomorphic to f*VE — f*E, where
f=pra|pp: ffE— E pro: NXE — Eand f*E = {(p,e) € N x E: f(p) =n(e)} (cf.
the previous problem). See the diagram:

VI*E f*VE—=VE

RN

#FE—L ~F

L,k

N—L o m

Proposition 15.9. The vertical vector bundle VE is isomorphic to the vector bundle m*FE
(as bundles over E). Sometimes they say that VE is isomorphic to E along .

Proof. If (v,w) € mE = {(p,e) € E x E: n(p) = mw(e)}, ie. w(v) = 7(w), or v,w € E,
for some p, then m(v + tw) is constant in ¢. Thus we can define a map from 7*F to TE by
(v,w) — & ‘0 (v+tw). This map evidently maps into VE C T'E. We obtain a vector bundle
isomorphism

d
j:mE = VE, j:(v,w)ejvwzza (v + tw) = w,.
0

Problem 15.10. Prove that j is an isomorphism, i.e. surjective and injective.

Problem 15.11. Prove that H = 7*T'M.

Problem 15.12. Let E — M be a a vector bundle. Suppose that for each p € M there
is a subspace £}, C Ej,. Then E' = Uycy E], is the total space of rank [ vector subbundle if
and only if for each p € M, there is an open neighborhood U of p on which smooth sections
01,...,09 are defined such that for each ¢ € U the set {71(q),...0i(q)} is a basis of .
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Theorem 15.13. Every vector bundle admits a connection.

Proof. For a trivial bundle pri : M x V — M and a fixed v € V define i, : M — M xV
by i,(p) := (p,v). For each p € M, define H,,y := d(iy)p(T,M). Evidently these maps
are linear injections smoothly depending on p. Then one can apply the previous problem to
obtain that the subspaces H .y form a subbundle H of TE. Also,

d(prl)(H(p,v)) = d(pr1)d(iy),(T,M) = d(pry 0 i,),(T,M) = d(1d),(T,M) = T,M

and hence TE =V @ H. For any a € R we have p, 0, = iq, and d(p,) © d(iy) = d(iay)-
Thus

d(ﬂ&)(H(p,v)) = d(:ua)(d(ivprM)) = d(iav)<TpM) = H(p.av) = Ha(p.v)-

Consider a general vector bundle 7 : F — M with a trivializing locally finite cover
{U,} of M. Choose a connection H* on each 7~1(U,). Let {p,} be a partition of unity
subordinated to {U,}. For each y € E, define

Ly:TeyM - T,E, L) =Y pa(r(y))wa,
{a: 7(y)eUa}

where w, is the unique vector in H® such that (dm)w, = v. Evidently L, is linear and
(dm)y o L, = Idg, 5. This implies (using Problem 15.12) that y — L, (T, M) determines a
subbundle H with the property 1). O

Problem 15.14. Verify the property 2).
Problem 15.15. Prove the above statement using a Riemannian metric (to be constructed
first) and the orthogonal complement.

Definition 15.16. For a smooth fiber bundle 7 : E — M and a smooth map f: N — M,
we call a map 0 : N — E a section of E along f if moo = f. The set of these sections is
denoted I';(E).

If o : N — E is a section of E along f, then o/ : N — f*E, p— (p,o(p)) € N x E, is a
section of the pull-back f*E.
Problem 15.17. Prove that all sections of f*E are of this form.

Definition 15.18. Let 0 : N — E be a section of E along a map f : N — M. We say
that o is a parallel section if (do)v is horizontal for all v € TN. If s is a section of E and
v : |a,b] — E is a curve, then we say that s is parallel along 7 if s o7 is parallel.

Problem 15.19. Prove that if s is parallel with respect to the pull-back connection on
f*E, then o is parallel, where o, : N = E, 04(x) = s(x) € Epz) = (f*E)a.

Proposition 15.20. Suppose that H is a connection on 7w : E — M, f: N — M is a
smooth map, f = pro

e [*E— E. Then f*H = (df)"'H is a distribution, which defines
a connection on f*E — N (the pull-back connection):

FHCTHFE- Y TR

|,

™~ —“ 1M

(see also Problem 15.25 below).
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Proof. By the definition of f, we have (f*H) gy = (dfv(q’y))*lrr’-[y, where (q,y) € f*E.

Note that the natural bundle isomorphism (d(pri),d(pr2)) : T(N x E) =2 TN x TE
maps T(f*E) to {(v,w) € TN x TE: (df)v = (dr)w}. Indeed, a class of curve (y1,72) :
I - N x Ein TN x TE defines a vector (v,w) € Tf*E iff (v(t),72(t)) € f*E for any
t, ie. fom(t) = moy(t), or equivalently (df)v = (dm)w. Also, by the definitions,
under this isomorphism (Vf*E) ., corresponds to {0} x V,E and (f*H)(g,) corresponds
to {(v,w) € T,N x H,: (df)v = (dm)w}.

By Problem 15.8, df is an isomorphism of vertical distributions. (This also follows from
the above identification.) Then f*H = (d]?)_l"H is a smooth family of subspces (f*H)(q.y)
complementary to (Vf*E),,). Hence, this is a distribution (by Problem 15.12) and this
distribution is complementary to V f*E. It remains to verify that the distribution is homo-
geneous. The multiplication u! on f*E C N x E is defined as u’(q,y) = (q, tay). Then
(dp) (g (v, w) = (v, (dpa)w). Hence, by the above description of (f*H)(,,) and the homo-

geneity of H, we obtain the homogeneity of f*H, n

Problem 15.21. Let [0,b] be an interval and let ¢ € [0,b]. Suppose that = : E — [0,b] is
a vector bundle with some connection. Let 0 denote the horizontal lift of %.

1) For an integral curve v : [0,a] — E of 5, show that mo~ is an integral curve of %. Deduce
that y(a) € E,.

2) Prove that for any t, < b there exists ¢ = e(ty) > 0 such that all integral curves of 9
originating in the fiber E;, are defined at least on [to, ).

3) Then 1) and 2) imply that all integral curves of & have domain [0, b].

The following theorem does not work in the general situation, but for curves this works
fortunately.

Theorem 15.22. Suppose that m : E — M is a vector bundle with a connection H and
v i [a,b] = M is a smooth curve. Then for each u € E.q) there is a unique parallel section
Oyu along v such that o, ,(a) = u. Also, the map Py : Eyq) — Ey@), Py(u) = 044(b), is a
linear isomorphism.

Proof. One may assume a = 0 and apply Problem 15.21 with v*E instead of F and y*H
instead of . We obtain an integral curve =, of 0 (an v*H-horizontal lift of %) in v*E with
Y(0) = (0,u) € v*E defined on [0,b]. By 1) in Problem 15.21, pry o, is an integral curve of
% and pryo,(t) =t. Let 0., = praovy, on [0,b]. Then o,, is a parallel section of £ — M
along v because 4, is horizontal (see Problem 15.19 and the identification in Proposition
15.20). It is unique as an integral curve (Cauchy problem for ODE).

Now prove that the above defined P, is linear. First, note that (ro.,) = d(i,) 0 7., is
horizontal, because d(f,) preserves H. Then ro.,,, is parallel and P, (ru) = rP,(u). So, P, is
homogeneous. Now prove that P, = j;' o d(P,) o jo (see the proof of Proposition 15.9 for a
similar definition), i.e. a composition of linear maps. For vy € ToE. (), define w(t) = tv such
that vy = w(0) for an appropriate v € E, ). This means that v is vy under “an appropriate
identification”. More precisely,

. d .
jo(v) = g7 (0 + tv) = vy, v =j;"(vo).
0
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By the (third) definition of the tangent map,

d

(dPy)ovo = — i

(Pyow).

Since P, ow(t) = P, (tv) = tP,(v) (using the homogeneity proved first), we have
(dPy)ovo = jo(Py(v)) =Jjoo P, OJ'EIUO

and P, = joto dP, o jo is linear.
Finally, evidently P, has the inverse P,-, where v~ (t) := ~(b — t), so it is a linear
isomorphism. O

Problem 15.23. Verify that P, - is the inverse to P,.

Definition 15.24. The map P, from the previous theorem is called parallel translation or
parallel transport along v from ~y(a) to (b). For t1,ts € [a,b], let P(¥): := Pyjtr.1a] © Bty —
By if ta >t and P(y)? 1= Py 1t By = By if 61 > 1.

The curve o, is a parallel lift or horizontal lift of the curve 7.

A parallel transport along a piece-wise smooth curve is defined by stages as a composition.

Denote the vector bundle isomorphism from VE to E along 7 by p, ie. p: VE — E is
the composition in the upper row of diagram (cf. Proposition 15.9):

i1

VE -1 - E E
E—"s M.

In the notation of Proposition 15.9 p : w, — w and for each y, it gives the canonical
identification of T, F,, with E,, and on each fiber, it is the inverse of j. If we have a connection
onm: E — M, then we have an associated connector, which is the map x : TE — E defined
by

k(v) == plpy(v)) =J, ' (pv(v)),
where v € T,E and py : TE = VE ®H — V is the canonical projection. It is a vector
bundle homomorphism along 7 : £ — M:

m

TE VE m™E E (27)
E—— M.

Problem 15.25. Prove that dm : T E — T'M is a vector bundle. In particular, the addition
and scalar multiplication on a fiber (dm')(z) of dr : TE — TM are defined by

wB v = (do)(u,v) for u,v € TE with (dr)u = (dr)v = =,
c®v := (du.)v for v e TE and ¢ € K,
where a(y1,y2) == 1 + yo for (y1,y2) € E® E and p.y := cy for y € E and ¢ € K.
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Lemma 15.26. Suppose that f : RE — R* is a smooth map such that f(av) = af(v) for all
v €RE and a € R. Then f is linear. Similarly for C.

Proof. One has (Df)(0)v = &,_, f(tv) = &,_,tf(v) = f(v). Thus f = (Df)(0) and f is
linear. Similarly, in the complex case, f is R-linear and by f(iv) =if(v) it is C-linear. [

Applying this lemma to each chart we obtain the following statement.

Qorollary 15.27. Suppose that m : E1 — M and w : Ey — Mg are K-vector bundles,
[ i Ev — Ey is a fiber bundle morphism over f : My — My. If f is homogeneous on each

fiber, i.e. f(av) = af(v) for all v € Ey and a € K, then f is linear on fibers, i.e. it is a
vector bundle morphism.

Lemma 15.28. Let ji, : E — E be multiplication by r. Then for anyp € M and y,w € I,
we have

(dpr) (Gyw) = jry(rw) = rjryw.
Proof. Indeed
(dpr) (Jyw) = 4 i (y + tw) = 4 (ry + trw)
dt|,_g dt|,_g
= Jry(rw) = rjw.

]

Theorem 15.29. Let k be a connector of a connection on a vector bundle w : E — M.
Then k is a vector bundle homomorphism from dm : TE — TM to n : E — M along the
map wpay c TM — M

TE—L>F (28)
dwl m
TM 22 M
Proof. In the diagram
TE o FE
dm E T
i —>”TM\ M

the left triangle is commutative by the definition of dm and the right one by (27). Thus
(28) is commutative. It remains to verify that « is linear on fibers. Let X, = (dr)Z,, where
n(y) =p, Z, € T,E, X, € T,M. Decompose Z, = H,+V,, where H, € H,, V,, € V,E. Since
(dr)V, = 0, we have X, = (dr)H, and H, is the horizontal lift X, of X,. Also, V, = j,w
for a unique w € E, (by Propositions 15.9). Thus Z, = )~(y + jy,w and k(Z,) = w by the
definition. By Lemma 15.28 and homogeneity of H we have

(dpr) Zy = (dp) X, + (dpe)jyw = Xy + jryrw.

Hence x((dp,) Z,) = rw = rk(Z,) or k(r® Z,) = rk(Z,) (in the notation of Problem 15.25).
Corollary 15.27 completes the proof. O
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Home Problem 15.30. Prove that the addition Hin T'E — T'M can be described in the following
(similar) form. We have, as above, Z, = )?y + jyw for some w € E, if (dr)Z, = X, and )N(y
is the horizontal lift of X,,. Suppose, that for another vector U, from the same fiber over
X, we have in the same way U, = )A(iy/ + jyw'. Then the sum of these vectors will be given
by )?yﬂ,/ + jy+y (W + '), where )Z'Hy/ is the horizontal lift of X, to the point y + ¥/'.

Class Problem 15.31. Using Problem 15.11 and Theorem 15.29 prove that (rmrg, k) : TE —
E@ FE is a vector bundle isomorphism along the tangent bundle projection 7y M : TM — M,
i.e. we have a commutative diagram with fiberwise linear isomorphism in the upper row:

(m7E,k)

TE——"FE®FE

e

™ M

Now we introduce the Koszul definition of connection (covariant derivative) for a vector
bundle 7 : E — M, which generalizes an affine connection.

Definition 15.32. Let 7 : E — M and f : N — M be as above. A covariant derivative
along fisamap V/ : TN xT'(E) — I';(E) (we write V/ (v, o) = Vo) having the properties

(i) V7 is fiberwise linear in the first argument:
v£u+bvo- = (IVI{O' + bv{:a—?
for all 0 € T'(E), a,b € R, u,v € T,N for some p € N;
(ii) VI(o1 + 09) = Vi(01) + Vi(02) for any u € TN and any 04,09 € ['f(E);
(ili) for v € T,N, h € C*(N,K), and 0 € I';(E), the Leibniz law is fulfilled:

Vi(ho)l, = h(p)Vie + v(h)o(p);

(iv) for a vector field p — v(p) from X(N), the map p — ij(p)a is smooth for all o € I'¢(E);
(v) if g: S — N and f: N — M are smooth, then

ViH(oog) = v{dg)u0-7

E
=7

uwecTS:

Home Problem 15.33. Prove that (ii) and (iii) give the linearity of V/ over K in the second
argument .
A related notion (in fact a reduction for f =1d : M — M) is:

Definition 15.34. Let 7 : E — M be a smooth K-vector bundle. A covariant derivative
or Koszul connection is a map V : X(M) x I'(M, E) — I'(M, E) (we write V(X,s) = Vxs)
having the properties
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(i) Vyxs= fVxs, forall s e '(M,E), f € C*(M), X € X(M);
(i) Vx,4x,8 = Vx, 8+ Vx,s for any s € I'(M, E), X1, Xy € X(M);
(i) Vx(s1+ $2) = Vxs1 + Vxse for all 51,50 € I'(M, E), X € X(M);
(iv)
Problem 15.35. Verify that this is a particular case. Home

Problem 15.36. Understand that an affine derivative of a vector field along a curve is a Home
particular case of the above definitions.

v) Vx(hs) =hVxs+ X(h)s forall s e I'(M, E), f € C*(M), X € X(M).

Theorem 15.37. Suppose that m : E — M is a vector bundle with a connection H and
associated connector r. For any smooth map f : N — M define the map V' : TN xT'4(E) —
['¢(E) by the formula

Vio|, = k((do),w) forveT,N, oel'f(E), (29)

For a vector field V on N define (V{/U)(p) = V{/(p)a. Then V7 satisfies Definition 15.32.
In particular, for f = 1dy we obtain a Koszul connection.
Conversely, if V is a Koszul connection on w : E — M, then we may define an (Ehres-
mann) connection by

Hy = {(ds)u — j,Vus|s € I(M, E), s(m(y)) =y, u € Tr,) M}
The initial Koszul connection can be restored by the formula V,(s) = k((ds),v), v € T,,M.

Proof. Since k and do are smooth bundle morphisms, the properties (i) and (iv) of Definition
15.32 follow immediately from the definition (29).
Ifg:S— Nand f: N — M are smooth and u € T'S, then for each o € I'y(E) we have

Vi(0 0 g) = k(d(o 0 g)u) = w(d(0)((dg)u)) = V4,0

This gives (v) of Definition 15.32.

To prove (ii) use the formula for addition in terms of the tangent lift of v : (u,v) — u+wv,
u,v € E. Consider 01,05 € I'¢(E), u € T,N, u = [] for asmooth curve yin N with v(0) = p.
Then

(do)u B (dow)u = (da)((don)u, (dom)u) = % (oro7+307)

d
= —| (014 02) oy =d(o1 + 02)u.
dt|,

Since k is a bundle homomorphism along 77y, we have
Vi(o1 4+ 09) = k(d(o1 + 09)u) = k((doy)u B (dsy)u) = V(o)) + V(o).

We have obtained (ii) of Definition 15.32.

Now, as above, let v € T,N and 0 : N — E is a section along a smooth map f: N — M.
We wish to find a formula for dy : TR x TE — TFE, where 4 : R x E — FE is the scalar
multiplication in the vector bundle E — M. For this purpose consider (a,y) € R x E and
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(b4 .o Vy) € TLR X T, E. Let us calculate first in two particular cases. Consider a smooth
curve ¢ in E with ¢(0) =y and ¢(0) = vy, i.e. v, = [¢]. Then

Ha(c(t)) (30)

0

(@)(0u) = | nlaclt) = 5
= (dpa)vy = a®uy,

where © is the scalar multiplication in the vector bundle structure of TE — T'M as described
in Problem 15.25. Now let ¢ be the curve in R given by ¢(t) := a + tb so that ¢(0) = a and
¢0)=»b %‘a. Then

o (05| 0) = G| w0 = G| (e @1
= 8] (s o) =)
From (31) and (32) we obtain
) (b 5| ) = a0+ i) )

Next suppose that h € C*°(N) and c is a curve in N with ¢(0) = p and ¢(0) = v € T,N.
Then .
dc*
dt

4
dt|,

0

h(e(t)) = o

~ or

9
, Ot

0

(dh)yu = = ulh) | (33)

h(c(0)) h(c(0))
where z’ are some coordinates, c is given by z' = ¢'(t), and we write the partial derivative
to emphasize that this is a basic vector related to coordinate system t. To write the next
formula we need to introduce the following notation: let h x ¢ : N — R x E denote the map
(h x o)(z) = (h(z),o(zx)). Since « is a bundle morphism, using its definition, (32) and (33)
we obtain

c(0)

Vi(ho) = r(d(ho)u) = k(d(p o))u)
0

— wd(p) ( () o )

) k(d(p) o d(h x o)(u))
= k(h(p) ® ((do ))+.]hp)0 y(u(h)o(p)))
=h

o(h x =
(dU)
(v o(
= h(p)r((do)u) +u(h)o(p) = h(p)Vio + u(h)o,.

The remaining part to be proved as a problem. O

Problem 15.38. Prove the remaining statements

We complete the study of Ehresmann connections by a brief mentioning of the following
important case. In the case of a principal smooth G-bundle E over M the Ehresmann
connection is supposed to be G-invariant, i.e. the second property (instead of homogeneity)
is formulated as

Heg = d<Rg)eHev

where e € E, g € G and R, is the right action of G on E (see the definition of a principal
bundle).
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16 Basic K-theory

We will say (one of equivalent definitions) that a space X is paracompact if it is Hausdorff and
every open cover has a partition of unity subordinate to the cover, a collection of continuous
maps ¢z : X — [0, 1] each having support contained in some set of the open cover, and such
that > 5Py =1 with only finitely many of the ¢g ’s nonzero near each point of X.

Definition 16.1. An inner product on a vector bundle p: E — Bisamap (,): EGE - K

which restricts in each fiber to an inner product, a positive definite symmetric bilinear form
for K = R and Hermitian form for K = C.

Proposition 16.2. An inner product exists for a vector bundle p : E — B if B is compact
Hausdorff or more generally paracompact.

Proof. Let U, be an open cover of B for which there exist local trivializations h, : p~1(U,) —
U, x K". These can be used to pull back the standard inner product in K" to an inner
product (,:), on p~(U,). An inner product on all of E is then obtained by setting (v, w) =
Y o Pal®)(v, W), where ¢, is a partition of unity subordinated to {U,} and = = p(v) =

p(w). 0

Proposition 16.3. If E — B is a vector bundle over a paracompact base B and Ey C E s
a vector subbundle, then there is a vector subbundle Ey- C E such that Ey ® Ey < E.

Proof. Choose an inner product on E and let E- be the subspace of E which in each fiber
consists of all vectors orthogonal to vectors in Fy. If the natural projection Ej — B is a
vector bundle, then Ey @& Ej is isomorphic to E via the map (v, w) + v + w.

To prove that Ey — B is a vector bundle, note that this is a local property and we may
assume that F is the product B x K”. Since Fj is a vector bundle, for m := dim F, find m
independent local sections s; : b — s;(b)) in a neighborhood U (by) of arbitrary point by € B.
Consider a base s1(bg),- -, Sm(bo), Vms1,---,v, of K" and constant sections s; : b +— v,
t=m+1,...,n. Then the sections si,...,Sm, Sma1, - -, S, are still independent over some
(maybe smaller) neighborhood U’(by) C U(by) (consider the continuity of the determinant).
Apply the Gram-Schmidt orthogonalization process to these sections in each fiber, using the
given inner product, to obtain new sections s,. The explicit formulas for the Gram-Schmidt
process show that the s} ’s are continuous, and the first m of them are a basis for Ey in each
fiber over U’(by). The sections s, define a local trivialization h : p~1(U’(by)) — U’(by) x K"
by the formula (b, s;(b)) = (b, e;), where {e;} is the canonical base of K”. The map h takes
Ey to U'(by) x K™ and Ey to U'(by) x K"™™, 50 h|gs is a local trivialization of Ey over
U'(bo) (see also Problem 15.12). O

Proposition 16.4. For each vector bundle p : E — B over a compact Hausdorff space B
there exists a vector bundle E' — B such that E & E’ is a trivial bundle.

Proof. Each point x € B has an open trivializing neighborhood U,. By Urysohn’s Lemma
there is a map ¢, : B — [0, 1] with ¢(z) = 1 and supp ¢, C U,. The sets V, = ¢,;(0,1],
x € B, form an open cover of B. By compactness this cover has a finite subcover. Let the
corresponding V. ’s and ¢, ’s be relabeled V; and ;, i = 1,...m. In particular, V; C U, for
some z(i). Define ¢g; : E — K" by ¢;(v) = ¢;(p(v))(m;h;(v)), where h; is the restriction of a
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local trivialization over Uy, h; : p Y(V;) = V; x K", and 71; is the projection m; : V; x K" —
K"™. Since g; is a linear injection of each fiber over V;, then

f:E—=BxKNY N=mn, f(e)=(pe),qie),...,gm(e)),

is an injective morphism of vector bundles. By Proposition 16.3 there is a complementary
subbundle E’ such that F @ E’ is isomorphic to B x K. O

Definition 16.5. Denote the set of isomorphism classes of n-dimensional K-vector bundles
over B by Vecty(B).

Problem 16.6. Let f: X — Y be a continuous map. Prove that the pull-back £ — f*FE
gives a map f* : Vectg(Y') — Vectg(X), i.e. isomorphic bundles have isomorphic pull-backs.
Problem 16.7. Verify that the operation @ of Whitney’s sum gives an abelian semi-group
structure on Vecty(B). (Semi-group is a set with operation satisfying all axioms of group
except of the existence of inverse) So, you need to verify that

1) if E=2Gand £ = G then E® E' = G & G (operation is well-defined);

2) E® E' = E' @ E (operation is abelian);

3) 0p @ E = E, where 0 = B x {0} is 0-dimensional trivial bundle (existence of unity);
4) (E@LE)® E"=E® (E' ® E") (associativity).

Problem 16.8. Prove that f* : Vectg(Y) — Vectg (X) is a homomorphism of semi-groups,
ie. f[(E®PE)= f*E® f*E.

Theorem 16.9. Given a vector bundle p : E — B and homotopic maps fo, f1 : A = B,
then the induced bundles f§(E) and f{(E) are isomorphic if A is compact Hausdorff or more
generally paracompact.

Immediately we obtain:

Corollary 16.10. For homotopic maps fo, f1 : A = B of paracompact spaces fi = fi :
Vectg (B) — Vectg(A).

Corollary 16.11. For a homotopy equivalence f : A — B of paracompact spaces f* :
Vectg (B) — Vectg (A) is an isomorphism of semigroups.

We obtain Theorem 16.9 immediately from the following statement.

Proposition 16.12. The restrictions of a vector bundle E — X x I over X x {0} and
X x {1} are isomorphic if X is paracompact.

We need two preliminary facts.

Lemma 16.13. A vector bundle p : E — X X [a, b] is trivial if ils restrictions over X X |[a, c|
and X X [c,b] are both trivial for some ¢ € (a,b).
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Proof. Denote these restrictions by E; = p~ (X X [a,c]) and Fy = p~1(X x [c,b]) and by
hy : By — X x[a,c]xK"and hy : By — X x[c, b] x K" the corresponding isomorphisms. These
isomorphisms may not agree on p~!(X x {c}), but they can be made to agree by replacing
hy by its composition with the “cylindrical” isomorphism X x [¢,b] x K" — X X [c, b] x K"
which on each slice X x {t} x K" is given by

hihy Y xxiaxrn X x {c} x K" = X x {c} x K™
Since hy and hy agree on Fj N Es, they define a trivialization of E (see Problem 1.27). [

Lemma 16.14. For a vector bundle p : E — X X I, there exists an open cover {U,} of X
so that each restriction p~' (U, x I) — U, x I is trivial.

Proof. For each x € X and t € I, we can find open neighborhoods U; of z and ¢, > 0 such
that the bundle is trivial over V; = U; X (t — 4, t + ;). This is an open cover of the compact
set {x} x I homeomorphic to I. Hence we can find a finite subcover V; =V;, (i =1,...,s).
Then for an appropriate partition 0 =ty <t; < --- <t =1 and U, := N;U;,, the bundle is
trivial over each U, x [t;,¢;+1]. Thus by Lemma 16.13, it is trivial over U, x I and U, is the
desired cover. ]

Proof of Proposition 16.12. Suppose that X is compact Hausdorff and choose its compact
subcover {U;}, i = 1,...,m, of the cover constructed in Lemma 16.14. So E is trivial
over each U; x I. Choose a partition of unity {¢;} subordinated to {U;}. For i > 0, let
Vi == o1+ -+ ;. So, Yo =0 and ¢, = 1. Let X, be the graph of 1);:

X, ={(zx,t) e X xI:t =;(x)}

and let p; : E; — X; be the restriction of E over X;. Since F is trivial over U; x I, the
natural projection homeomorphism X; — X;_; lifts to a homeomorphism w; : E; — E;_;
which is the identity outside p~!(U; x I') and which takes each fiber of E; isomorphically onto
the corresponding fiber of F;_;. Namely, on points in p~*(U; x I) 2 U; x I x K" we define
wi(x,Y;(x),v) = (x,1;_12,v). The composition w = wiws - - w,y, is then an isomorphism
from the restriction of E over X x {1} to the restriction over X x {0}.

The paracompact case we leave as a problem. O

Problem 16.15. Similarly to the compact case, prove the paracompact one.

It is convenient to use a slightly broader definition of vector bundle which allows the
fibers of a vector bundle p : E — X to have different dimensions. The existence of local
trivializations implies that the dimensions of fibers are locally constant over X, but if X is
not connected the dimensions of fibers may be distinct over distinct components.

Denote the trivial n-dimensional bundle by €™ — X.

In the remaining part of the lecture we deal only with compact Hausdorff base spaces.

Definition 16.16. Two vector bundles £ and Es over X are stably isomorphic (Ey /4 E3)
if By @®e™ = Ey @ e™ for some n.

We write By} ~ By if By & ™ = Ey @ ™ for some m and n.

Evidently, ~; and ~ are equivalence relations on Vectg (X) (isomorphism classes without
restrictions on dimensions).

Problem 16.17. Verify that Vectk(X)/ ~, and Vectg(X)/ ~ are abelian semigroups.
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Theorem 16.18. If X is compact Hausdorff, then the set Vectg(X)/ ~ of ~-equivalence
classes of vector bundles over X forms an abelian group with respect to @.

Proof. We need to prove only the existence of inverses, i.e. that for each vector bundle
7w E — X there is a bundle E' — X such that £ @® E' = ™ for some m. If all the fibers
of E have the same dimension, this is Proposition 16.4. In the general case let X; = {x €
X : dim(n!(z)) = 4} (disjoint open sets in X). Their number is finite by compactness. So
first we add to E' a bundle E’ over each X; as above to obtain €™ and then a bundle E”
which is trivial of suitable dimension over each X; to obtain €™ over entire X. O

Definition 16.19. This group is called the reduced K-group and is denoted f(K(X).

Theorem 16.20. Let (S,+) be an (abelian) semigroup with the unit element Og. Consider
the set S? of formal differences sy — so (or equivalently, couples (s1,82)), s1, 89 € S with the
equivalence relation s; — sy = sa — 84 iff s1 + sh, = so + s and the addition

(51— 81) + (52— s5) = (51 + s2) — (8] + 85).

The quotient set with this addition is then an abelian group called the Grothendieck group of
S and denoted G(S). If S has the cancellation property (s; + s2 = $1 + s3 implies so = s3),
the map s — s — Og is an injective homomorphism of semigroups.

Proof. First, note that the addition is well defined on the quotient (i.e. respects the equiva-
lence relation). Indeed, if s; — s} is equivalent to t; — | and sy — s} is equivalent to to — t5,
ie. s +1t) =t + ) and sy + th, = t5 + 5, then

(51— 81) + (52 = 53) = (51 + 52) — (51 + 83), (t1 =) + (ta —13) = (b + t2) — (t1 + 13),

(514 82) + (] +15) = (51 +17) + (82 + 1) = (b1 + 1) + (t2 + 55) = (t1 +2) + (57 + 55),
(51 + 82) — (S/1 + 5,2) = (tl + tz) — (tll + t;)

Similarly one can prove that the class of 0g — Og is the unity, the inverse to s; — s} is s} — s1
and other axioms.

Since (s —0g) + (t —0s) = (s +t) — (0g +0s) = (s +t) — Og, the map s — s — Og is a
homomorphism (this doe not require the cancellation property). Now suppose that we have
this property and s — 0g =t — Og, i.e. s+ 0g =1+ 0g, s =t. So the map is injective. O]

Problem 16.21. Complete the proof.
Problem 16.22. Find G(N), N = {0,1,2,...}.

Lemma 16.23. We have the cancellation property for Vectg(X)/ ~;.

Proof. f E1® FEy ~; E1® FE3 (i.e. B1®FEy®e™ = Ey® E3@e™ for some m), choose a bundle
Ej such that E; & E] = " for some n (Proposition 16.4). Then "™ @ Ey = " & E3 and
E2 g Eg. Il

Problem 16.24. Prove that generally Vectyg(X) has no cancellation property. Hint: con-
sider a hypersurface with non-trivial tangent bundle and its sum with the normal bundle.

(Roughly speaking the cancellation property is fulfilled for bundles of large rank w.r.t.
dimension of base.)
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Definition 16.25. The K-group of X is defined as K(X) = G(Vectg(X)/ ;).

Problem 16.26. Prove that G(Vectg (X)) = G(Vectg(X)/ =5). So one can define Kx(X) Home
without using of ~;,.

Theorem 16.27. If X and Y are homotopy equivalent then Kx(X) = Kg(Y)

Proof. Quite similarly to Corollary 16.11 one obtains in this case that Vectg (X) = Vectg(Y)
as semigroups. Then G(Vectg (X)) = G(Vectg(Y)), hence Kx(X) = Kx(Y) by Problem
16.26. ]

There is a natural homomorphism Kx(X) — Kg(X) sending E — " to the class of
E. This is well-defined since if £ — " = E' — ™ in Kg(X), then E @ e™ = E' @ e” ie.
E ~ E'. This map Kg(X) — Kg(X) is obviously surjective, and its kernel consists of
elements £ — & with £ ~ €% hence E @ e™ = ¢, E &, €"™. So the kernel in Kx(X)
consists of the elements of the form €” — ™ and is isomorphic to Z. The restriction of vector
bundles to a basepoint zy € X defines a homomorphism v : Kx(X) — Kg(zg) = Z (cf.
Problem 16.22) which restricts to an isomorphism on the subgroup {¢" —&™}. Thus we have
a splitting Kx(X) = Kery ® Z =~ Kg(X) @ Z, depending on the choice of .

71



