15 Ehresmann and Koszul connections
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With the help of t}Matement Wepé\give the following definition. {:-_ \ 12.12.2022

Definition 15.1. Let m : £ — M be a smooth fiber bundle with typical fiber I of dimension
k. Denote V,E := (dm,)"*(0,), where 7(y) = p. The vertical bundle on 7 : E — M is the
real vector bundle 7y, : VE — E with total space

VE = yﬁ,gvyE CTE

and projection map my := mre|ye. A vector bundle atlas on VE is given by charts of the
form 0

(my,dyp o dcp)”: mHrE H U)N (V) = (rH(U)n @ H(V)) x RF,

where (7, ®) is a bundle chart on E over U and (V, ¢) is a chart in F. [® = ] U S
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Definition 15.3. A smooth rank k distribution on an n-manifold M is a (smooth) rank k

vector subbundw of the tangent bundle.
Definition 15.4. A (linear Ehresmann) connection on a vector bundle 7 : £ — M is a
smooth distribution H on the total space £ such that Ty Qre 5\,.!,2 u«l‘ﬁ

1) H is complementary to the vertical bundle: TE = H @VE; E % Aa Cr V¥ ki
s V=— (TE)a:: ofy® @Da,
2) H is homogeneous: d(ur)y(”z‘-ly)@-lry for all y € E, r € R, where pu, : E — E is the
f

S

multiplication map given by u, : y — ry.
_ ~

The subbundle H is called the horizontal distribution (or horizontal subbundle).

definition, but only with the property 1). . E, ~F
x =

Definition 15.6. For y € E, an individual element w ¢ T, E is horizontal if w € H, and
vertical if w € V,E. A vector field (i.e. a section) X € X@) ig-said to be a horizontal vector v
field (Yegp. vertical vector field) if X (y V,E) for all y € E.
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Problem 15.7. Let f: N — M be a smooth map and 7 : £ — M a fiber bundle. Prove Home
that the pull-back (Definition 9.48) can be naturally identified with {(p,e) € N x E: f(p) =

r(e)} £¥E

Problem 15.8. Let f: N — M be a smooth map and 7 : £ — M a fiber bundle with Home
typical fiber F'. Prove that Vf*E — f*FE is bundle isomorphic to f*VE — f*E, where
f=prapeg: ffE— E pro: NxE — Eand f*E = {(p,e) € N x E: f(p) =7(e)} (ct.

the previous problem). See the diagram:

VIE f*VE—=VE

Sk

rE—L R
l lﬂ ))E :_‘-.ﬁ*fq E
N—L o m 1;_ o b7
E— M
Proposition 15.9. The vertical vector bundle VE is isomorphic to the vector bundle m*FE
(as bundles over E). Sometimes they say that V)E 15 1somorphic to E along .

Proof. If (v,w) € E = {(p,e) € E x E: n(p) = 7(e)}, i.e. 7w(v) = w(w), or v,w € E,
for some p, then 7(v + tw) is constant in ¢. Thus we can define a map from 7*E to TE by
(v,w) — & ‘o (v+tw). This map evidently maps into VE € TE. We obtain a vector bundle
isomorphism=~

g —lrrted - g B 2> 1 { kot 115 caky,

d 2
A?° j: T E=VE, jr(vw) = jyw = —| (v+tw) = w,. t a Vfchr.;/«_
m dt |, S owmdk TR
Ep m
TE, =
Problem 15.10. Prove that j is an isomorphism, i.e. surjective and injective. Home
Problem 15.11. Prove that H = 7*T'M. Home
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Class Problem 15.12. Let £ — M be a a vector bundle. Suppose that for each p € M there
is a subspace £, C E,. Then E' = U,en B}, is the total space of rank [ vector subbundle if
and only if for each p € M, there is an open neighborhood U of p on which smooth sections
01, ...,07 are defined such that for each ¢ € U the set {01(q),...0i(q)} is a basis of .

Theorem 15.13. FEvery vector bundle admits a connection.

Proof. For a trivial bundle pry : M x V — M and a fixed v € V define i, : M — M x V
by i,(p) := (p,v). For each p € M, define H,.) = d(iy),(T,M). Evidently these maps
are linear injections smoothly de g on ﬁmm the previous problem to
obtain that €S H(pw) form a subbundle H of TE. Also,
= ! “af ? ; . :) "Kq’l 2%
Wx@l\h d(prl)<H(p,v)) = d(pr1)d(iy),(T,M) = d(pry 0 iy),(T,M) = d(1d),(T,M) = T,M "¢} ‘L pi
> TE=V+H 0¥ —

and hence TE =V @ H. For any a € R we have p, 04, = iq, and d(p,) © d(iy) = d(iay)- To

Thus - Jlao.t‘r(P)z }14 (P,\F):G,I‘Voum=> J:(,_o

| A

A(ta) (i) = (1) (A0 (T,M0)) = i) (T,M) = Hipan) = BRAG = Hatpr-

gramof Ly -
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by Ho fireT bekf of flu Proof.

ixler a general vector bundle ¥ : F — M with a trivializing locally finite cover
{U } of M. Choose a connection H* on each 71(U,). Let {p.} be a partition of unity
subordinated to {U,}. For each §y € F, define

Ly : T,r(y)M — TyE, Ly(U) = Z pa(ﬂ(y))wm

{a: 7(y)eUa}

where w, is the unique vector in H® such that (dr)w, = v. Evidently L, is linear and
(dm)y o L, = Idg, . This implies (using Problem 15.12) that y — L, (T M) determines a

subbundle H with the property 1). ]
Problem 15.14. Verify the property 2). Home
Problem 15.15. Prove the above statement using a Riemannian metric (to be constructed Home
first) and the orthogonal complement. % g wA ﬂ‘(_/

U Tgc (\)E )J"
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Definition 15.16. For a smooth fiber bundle 7 : £ — M and a smooth map f: N — M,
we call a map 0 : N — E a section of E along fifmoo = f.

If o : N — Eis a section of E along f, then ¢/ : N — f*E, p+— (p,o(p)) € N x E, is a
section of the pull-back f*FE.
Problem 15.17. Prove that all sections of f*E are of this form.

Definition 15.18. Let 0 : N — E be a section of E along a map f: N — M. We say
that o is a parallel section if (do)v is horizontal for all v € T'N. If s is a section of F and
v : |a,b] — E is a curve, then we say that s is parallel along v if s o vy is parallel.

Problem 15.19. Prove that if s is parallel with respect to the pull-back connection on
f*E, then o is parallel, where o, : N = E, o4(v) = s(x) € Eyp) = ([*E),

k’*r:/v J,]F

/V—-—vM
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Problem 15.20. Let [0,b] be an interval and let te [O b]. Suppose that 7 - E [0,b] is Class
a vector bundle with some connection. Let 0 denote the horizontal lift of %

1) For an integral curve  : [0,a] — E of 9, show that wo is an integral curve of 2. Deduce
that v(a) € E,.

2) Prove that for any ¢, < b there exists ¢ = (tg) > 0 such that all integral curves of, d
originating in the fiber F;, are defined at least on [tg, €). '

3) Then 1) and 2) imply that all integral curves of & have domain [0, b). \-""_';j
0

The following theorem does not work in the general situation, but for curves this works
fortunately.

Theorem 15.21. Suppose that w : E — M 1is a vector bundle with a connection H and
v : la,b] = M is a smooth curve. Then for each u € E,q) there is a unique parallel section
Oyu along v such that o, ,(a) = u. Also, the map Py : Eyq) — Eyp), Py(u) = 0,.(b), is a
linear isomorphism. E

> o)

Proof. One may assume a = 0 and apply Rroblem 15.20 with v*E instead of E. We obtain
an integral curve 7, of 0 in v*E with 'yu(O) (0,u) € v*E defined on [0,b]. By 1) in Problem
15.20, pri 07, is an integral curve of & and priov,(t) = t. Let 0, := praoy, on [0,b]. Then
0, is a parallel section of £ — M along v because 7, is horizontal (cf. Problem 15.19). It
is unique as an integral curve (Cauchy problem for ODE).
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Now prove that the above defined P, is linear. First, note that (ro.,,) = d(i,) 0 &, is
horizontal, because d(s,) preserves H. Then ro.,,, is parallel and P, (ru) = rP,(u). So, P, is
homogeneous. Now prove that P, = jg Lo d(Py) o jo (see the proof of Proposition 15.9 for a
similar definition), i.e. a composition of linear maps. For vy € ToE, (), define w(t) = tv such
that vy = w(0) for an appropriate v € E, ). This means that v is vy under “an appropriate
identification”. More precisely,

(0 + tv) = vy, v = jgl(vg).
0

. d
Jo(v) = it
By the (third) definition of the tangent map,

(P ow).

d
(dPy)ovo = — i

Since P, ow(t) = P, (tv) = tP,(v) (using the homogeneity proved first), we have
(AP, )ovo = jo(Py(v)) = Jo 0 Py 0 jg v

and P, = jolto dP, o jo is linear.
Finally, evidently P, has the inverse P,-, where v~ (t) := ~(b — t), so it is a linear
isomorphism. O

Home Problem 15.22. Verify that P,- is the inverse to P,.
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Definition 15.23. The map P, from the previous theorem is called parallel translation or
parallel transport along v from ~(a) to y(b). For t1,ts € [a,b], let P(7)$ := Pyjtr.1a] © Bty —
EV(@) if to > t; and P("y)g = P’)ﬁ[}ﬁz,h] : E’}'(h) — E’Y(t2) if t; > ts.

The curve o, is a parallel lift or horizontal lift of the curve .

A parallel transport along a piece-wise smooth curve is defined by stages as a composition.
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Denote the vector bundle isomorphism from VFE to E along 7 by p, ie. p: VE — E is
the composition in the upper row of diagram (cf. Proposition 15.9):

i—1

VE -1 -1 E E

Lk

E—"> M.

In the notation of Proposition 15.9 p : w, ~ w and for each y, it gives the canonical
identification of T}, I/, with £, and on each fiber, it is the inverse of j. If we have a connection
on 7 : F — M, then we have an associated connector, which is the map x : TE — E defined
by

K(v) == p(pv(v)) = j, " (pv(v)),
where v € T, F and py : TE = V% H — V is the canonical projection. It is a vector bundle
homomorphism along 7 : E — M:
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Problem 15.24. Prove that dm : T E — T'M is a vector bundle. In particular, the addition Class
and scalar multiplication on a fiber (dr~')(z) of dr : TE — T M are defined by

uBwv = (da)(u,v) for u,v € TE with (dr)u = (dr)v = z,
c®uv:= (duc)v for v € TE and ¢ € K,
where a(y1,y2); = y1 + Yo for (y1,y2) € E® E and u.y = cy for y € F and ¢ € K.

Lemma 15.25. Suppose that f : RE — R* is a smooth map such that f(av) = af(v) for all
v €RE and a € R. Then f is linear. Similarly for C.

Proof. One has (Df)(0)v = %‘t:[) f(tv) = %‘t:() tf(v) = f(v). Thus f = (Df)(0) and f is
linear. Similarly, in the complex case, f is R-linear and by f(iv) =if(v) it is C-linear. [

Applying this lemma to each chart we obtain the following statement. [K

gorollary 15.26. Suppose that 7 : By — M and my : Ey — M, are K-vector bundles,
[ By — Ey is a fiber bundle morphism over f : My — My. If f is homogeneous on each

fiber, i.e. f(av) = af(v) for allv € Ey and a € K, then f is linear on fibers, i.e. it is a
vector bundle morphism.
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Lemma 15.27. Let i, : E — E be multiplication by r. Then for anyp € M and y,w € E,,
we have

(dpr) Gyw) = Jry(rw) = rjmw.
Proof. Indeed

d d
d ] = —_— t = — t
(dp) (Gyw) il . (Y + tw) il . (ry + trw)

= Jjry(rw) = rjw.
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