9.4 Vector bundles

Definition 9.28. Consider an n-dimensional vector space V over K @or C). Let G-=
Aut(V) = GL(V) = GL(n, K) acting on V' in a natural way. Then { = (E, 7, B,V,G) is a

vector bundle (topological or smooth).

Theorem 9.29. Consider vector bundles 7 : £ — M and-g’ : E' — M with the same
typical fiber V' and cocycles (transition maps) ®up : Usp — GL(V) and @, 5 : Usg — GL(V),
respectively, for the same cover {U,}. These bundles are zsomorphzc sz there are smooth

functions f, : Uy — GL(V') such that/ o{,‘s—"\\'\-w vot o COWJha

Voo P) = JalP)2asPYUS(PI) 2 P € U /‘“ bards ©

Proof. If f : E — FE'is an isomorphismJ define fo(P)(v) := pa(P/, 0 fo ( o) _'(P,v)). Then
P.. ( w ’ ‘_’|W

Ja(P)as(P)(f5(P)) ™ (v) = pa(®l 0 f 0 (B0) 1) (@0 0 (B5) " )(Pl (®50 f~ @(‘I’a

= pa(P;, 0 (D) )(Pv) = Ds(P)(v)

and we have (6).
If we have (6), define

Joa i Us x Vi Uy XV, (P,v) = (P, fal P)V).
Then define locally (for e € 77(U,)) a bundle map f: E — E’ by
7(e) = (@) 0 fao ®a) (c).

One can verify that f is well defined globally (using (6)) and defines a vector bundle isomor-
phism. O

Problem 9.30. Complete the proof.
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Example 9.31. The tangent bundle 7'M is an example of a vector bundle.

Our main example (generalizing the above one) is the tensor bundle of type (p,q) over
M. We consider a slightly general construction, considering not only £ = T'M as the initial
bundle. So we consider a real rank k vector bundle £ = (E, 7, M,...).

Definition 9.32. The total space (as a set) is TA¢) = UpZ¥ 7 (Ep), where TV (Ep) is the
(Y]S\) k" *+s-dimensional real vector space of all (7, s) tensors on the k-dimensional linear space Ep.
For each local trivialization (U, ®) of £, ® : 771U — U x R¥, define the local trivialization
0$)
= .
5, Ps SN

g t ~ !
o5 UPEUTJ(EE),‘:_.;U % T;(Rk)>icx—',_: R ko ((-7{ ¢ ) 4: 0{/@ J
sLar(

a', ... a" v, v,) = L(F*at, ... F*a",d® vy, ..., d® )
. — T —
for any smooth covector fields a’ and vector fields v;., 77 € | > (t P)

Home Problem 9.33. Verify the details (similarly to the construction of TM).

Remark 9.34. In other words we define smooth sections of T7 () to be such maps P
tp € T'(Ep) that P — L,.(a',... a",v1,...,v,) is smooth for any smooth covector fields
a’ and vector fields v; (see Subsection 9.7 for more detail).

ok (E)=h
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9.5 Principal bu’ri(}/__lis‘ Lie Growup (' Ah= /’J[ﬁ)
Definition 9.35. If ' = G and )\s?q_)t = gf, a bundle is called a principal bundle. /

Problem 9.36. In this case one has a canonical right action of ¢ on F with orbits eG Home
being fibers.
Note that the same cocycle can define bundles with distinct fibers. In particular, a

L(n, K)-valued cocycle defines a vector bundle and a principal bundle.

roblem 9.37. (Hopf’s bundle) Consider S?"~! as the subset of C" given by S*"~! = Class
{z € C": ||z|]| = 1}, where z = (z 2" and |z|| = 30 2z Let St = U ) act on S*1
by (a,2) = az = (az', .. . The quotient (the space of orbits) is CP"~* We obtain the
Hopf map 7, : S~ — (CP" . Prove that this is a principal U )-bundle (Hop b le).

Ex E—=M G— OGYc GLnR
O(n) [(R—;|R

' v

Sh “_) Shﬂ' _VQ’C\T’;';S%&LOI gMMM
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9.6 Operations on vector bundles

Definition 9.38. The Whitney sum m ®my : B4 & Ey — M of vector bundles my : By — M
and.za : Fy — Mis defined in the following way. As a set E) © Ey = Upern (E1)p @ (Es)p
and for charts (@), : (m1) (Us) — Uy x KF and (@3), @ (m2) 1 (Us) — U, x K*2 of local
Ce g . . i
trivializations of m; and mq, respectively we define q—)z i {L [ U) — Jx \/’_

(®1)a & (2)a : (U5, wp) = (P,pa(®1)a(0p)), p2(®2)a(wp)),  vp € (Br)p, wp € (Br)p. S (2

Problem 9.39. Verify that this is a structure of a (smooth or topological) vector bundle. \/2
Problem 9.40. Prove that the Whitney sum can be defined using cocycles in the following

way. Suppose that {gas} is a cocycle for m; and {h,s} is a cocycle for my for the same cover.
Then - ‘

Jap @ hag : Ua NUs = GLIK™ @ K"),  (gap ® hap)(P) : (v,0) = (gas(P)v, has(P)w)

is a cocycle for m; @ .
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Recall that the tensor product V@ W of linear spaces V and W is the quotient space
of the space V® W of formal K-linear combinations of elements v ® w by the subspace
generated by elements: —

e (V+ ) OW—VOW—1Ow ; (U’w)
* VO (W +wy) —vO W —vO ws, &[@W
o (sv)Ow—s(voOw),

Ve W::.M,_O_:Wé

where v,v,v9 € V, w,wi,wy € W, s € K. The class of v ® w is denoted by v ® w.
Problem 9.41. Let f; : Vi — Wj and f, : Vo — W5 be linear maps of finite-dimensional Home
vector spaces. Then the formula (f1 ® f2)(v1 ® v2) = fi(v1) @ fa(v2) defines a well-defined
jnear map f1 ® fo: V1 @ Vo — Wy @ Wy If f; and f; are isomorphisms then so is f1 ® fs.

If V has a base ey, ...,e, and W has a base fi,..., f,, then V@ W has the base e; ® f;.

The formula (v ® ¢)(w) = p(w)v, where v € V, w € W, ¢ € W*, defines an isomorphism
N V) (still for finite-dimensional spaces).

Problem 9.42. Verify the details and find the matrix of the operator (for the above bases). Home

QJC/.@—)(L) (v, 0oV, )= INCANC 1. (v,
VOW, — V., OW,
Vorif, @ R.,—I R, = hofl
we XL M \/,\Q\)/‘g;; \/\CQWA/Q1 #_>—=V\?—z?@%?

e V0O (sw) —s(vEw),
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Definition 9.43. The tensor product bundle 7 : E1® Ey — M of vector bundles 7 : Fy — M
and m : B — M with typical fibers V; and V5, has the total space (as a set) £} ® Ey =

Upen (E1)p @ (Es)p. Consider local trivializations @, of F; and ¥, of E, over the same
cover {U,}. Then the local trivializations for the tensor product are defined as

0o ® Ut (B @ Bo)|u, — Us x (Vi @ Va), (—‘
e (P [(p20®a) ® (p2oWa)l(e)), €€ (E1® Ea)p = (Ehe @Lﬂé/“ L
(isomorphisms by Problem 9.41). [ (D

S 4 4 <p l

Home Problem 9.44. Complete the definition as for T'M. E @

Home Problem 9.45. Prove that alternatively the tensor product bundlq can deﬁned by the
product cocycle P — ®,5(P) ® U,5(P).

Class Problem 9.46. Verify that the tensor product does not depend oy thle choice of local
trivializations, i.e., we obtain isomorphic bundles. Understand the refi ent of cocycles. i

Remark 9.47. This should be done each time when we define some buﬁi@lf similar way, 5

but we do this once. /
\ s
—__/#’4

E
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Definition 9.48. The pull-back f*E of a vector bundle 7 : £ — M by a smooth map
f + N — M has the total space UgenEy). If {(Uas,®,)} is a bundle atlas (of local
trivializations) for E, @, : 7~ 1(U,) — U, x V, then {(U/,®!)} is a bundle atlas for f*E,
where

Uéé = f_onw CI),a(e) = (I)a(e)7 e € (f*E)Q = Ef(Q)» Q € f_onz-
—

Alternatively the pull-back can be defined with the help of the cocycle ®,5 o f for the
A ( ) cover {f~'U,}. Evidently this is the same bundle.
M

Problem 9.49. Let m : £y — M and 7 : E5 — M be vector bundles and let A : M — Home

M x M be diagonal map P+ (P, P). Then one can define 7, xg, : F1 X Ey — M x M. Verify

that this is a vector bundle. Prove that the Whi E4 @ FE5 is naturally isomorphi
m to the pull-back A*7mg, «p,.

T Tl F et

3
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- UxV
, —_— R
D v, J) .
Definition 9.50. If # : £ — M is a vector bundle over M with local trivializations
{(Uq, @,)} and transition maps @5 : Uys — GL(V), its dual bundle E* with typical fiber V*
has the total space (as a set) E* = Upep(Ep)* and local trivializations @7 : E*|y, — Uy xV*
defined by eV *

(p2(22(a)))(v) = a((®a) ' (Pv)), a€ (E")p=(Ep), vEY, ](‘Pa)*l(P, v) € Ep.

-

Problem 9.51. If we fix a_basedn V, then ®,5 : U,s — GL(n,K). Prove that, for the
dual base in. V™, ®7 5 : Uap — GL(n,K) is defined by P+ ((®as(P))T)~L.
Problem 9.52. Prove that T7(E) = (9" E) ® (®°E*). PV 74
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9.7 Tensor fields as sections of vector bundles

s
Denote the linear space of tensor fields of type (pr,'-q)]over M by T%(M).
Suppose that 7 € I'(T7 (T M )%_18"_ a smooth section and (U, ¢) is a chart on M. Define

. —ri —
— M e = TS (MM
(T)jl-..js( )_ T(P) L ,...,dZL’ 7%7"'7%)' PRB
TN of
Theorem 9.53. The above defined T_induces the identification (T3 (TM)) = T((®"TM) ®

(@T*M)) =2 T%(M).)

Proof. By the definition of T7(T'M), the map T is well defined and T is an isomorphism
locally . Also the global injectivity is immediate. To prove the global surjectivity one can
use a partition of unity. O

Problem 9.54. Complete the argument with a partition of unity. Home

39



Home

10 Covariant differentiation Tlo,0) T(U)’\

b
Problem 10.1. Show that the partial differentiation of components of a ten!&r field on
R™ is not a tensor operation. -~ 0{ Y 5— —> d

We wish to define on tensor fields on R™ a tensor operation V : T'(p,q) — T'(p,q + 1),
which coincides in Cartesian coordinates with the partial differentiation. For this purpose we
start by an attempt to write down the result of partial differentiation in other coordinates.

Consider first the case of a vector field T°. Suppose that z° are Cartesian coordinates in
R™, and 2" is some other coordinate system. Then for the desired V we should have

. OT! . Oxt Oxd ~
T): = ‘ T, = — (VT
vy =T vy = 9 0 vy,
Then 3 , A
, 0zt O0x7 0O oxt .
T): = - T ) =
(V1) Ozt Oxd" O (83:’“' )
r'\ e S
02" 0z 92' 9T 0z™ | Oz Oa? T o0 (9z"\
Oz Oxd Oxk dxm J Oxi Oxd'~  Oxd \OzF )
- ’ aTk/ ’ a.’l?i/ ain
=0, 0 — TP
KT 9gm’ + ozt Oxi' Oxk’
hence,
-/ 0T’L/ / -/ -/ 0 i/ 82 Z
(VT);/ - + Tk F’;C’j/’ F‘Zj/k/ - v :E

Oz’ Lﬂ"ﬂ%
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For a covector field T; one should have (VT);; = 25 and (VT)y; = g;”; gj;/ (VT);
ort 0xd 0 [0z
V1) = = ” - ~Tw | =
(VT)is 0x" OxJ" OxJ (axl k)
Oz’ 9a/ oz¥ T dx™  Oxt O’ 9 [ 0x¥ B
~ Ox? 0z Oxt Oz O Oxt 97 ¥ owi \ ozt )
B 61{7/ (,).m/ aTk/ 82$k/ 8$Z 8:)33
e A YT V) )
or
oTy _ - O2aF  Oxt 9xd
VT i/":_l. T/Fk/'/, Fk//: . T . —.
(VT)i; oxJ’ HRLaE Y7 Qxiozt Oxt Oz
Lemma 10.2. One has ff,;/ = —Ff,'j,.
Proof. Let us differentiate the equality ggf;,l, . g‘j;'f = 0%, in 2™
2 or" oz 02" oz y _,
0 — . " . 3 . — FZ 1.t PZ AN |:|
ox™ ox* Ozt + oxk  ox™'Ox"  Oxm mkt L
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Theorem 10.3. There exists a tensor operation V on M = R", defined on a field T by

Ji---Jq
q /
’Ll Z o ’1,1 l 1- ’LS 17" ’LS+1 Zp p r
<VT>.71 Jq7 axm +ZT71 Jq F ZT -73 17’ JS+1 ]qu
— y (! |
and the functions I' have the following transformation law (4_ X‘ _ fuc
° / -
oo 02" 9x0 92, 92" 9Pa¥ =0
. Llngen = 837 a:c]// amk” T + %6]”—216” r""'» I' )k
¥ Ox " OxI_Ox
L fr2)) ~~——— ot w Fomaor
Proof. The explicit form of V can be found similarly to vector and covector cases (Problem
10.4).
Find the transformation law for T'.
4 i 8TZ, r' i’
Vk/T = (VT)k/ - a k:’ +T F k!
11 8Ti// ka/ (9 8£Ci" -/ 323
V //T’L TT FZ// " = - T’L FZ// " =
N N R <8x” ) g Tk
02" 02" OT" o 08 92 0"

7" i/ / + " / i/ + Fl” /.
Oxk" 0xt Oxk 0xk" OxF Ozt dxr’TF

On the other hand,

8$kl axlu -/ al‘k/ 8JI’W aTZ/ I
V //T V /Tl — B TT FZ/ ’ .
k a k” a i k axk// ale (axk/ + r'k )
Hence y v o
. 0T ozt , 0z 04t /81:
T" F’, =1 — T FZ// .
9 ozt 92 9 oz T Par Tk

Since T" is an arbitrary field,

/ / 11 ’ / 11
i r Ox" Ox¥ 9x"  Ox" Oz %t
et — Lo a‘rr,, axk” axi, - axru &L‘k" axk/al‘r/ .

As it was established in the proof of Lemma 10.2,

! / -1 / =1 -/ 1!
ox" Ox* 9%t 2k oxt x" Ot

Oz Oz Ox¥ Oxr’  Oxr’ Oxk’ dxk  Ox" Oxk Oxt

Home Problem 10.4. Find the explicit form of V for general fields.
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