
9.4 Vector bundles
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Definition 9.28. Consider an n-dimensional vector space V over K (R or C). Let G =
Aut(V ) = GL(V ) ∼= GL(n,K) acting on V in a natural way. Then ξ = (E, π, B, V,G) is a
vector bundle (topological or smooth).

Theorem 9.29. Consider vector bundles π : E → M and π� : E � → M with the same
typical fiber V and cocycles (transition maps) Φαβ : Uαβ → GL(V ) and Φ�

αβ : Uαβ → GL(V ),
respectively, for the same cover {Uα}. These bundles are isomorphic iff there are smooth
functions fα : Uα → GL(V ) such that

Φ�
αβ(P ) = fα(P )Φαβ(P )(fβ(P ))−1, P ∈ Uαβ. (6)

Proof. If f : E → E � is an isomorphism. define fα(P )(v) := p2(Φ
�
α ◦ f ◦ (Φα)

−1(P, v)). Then

fα(P )Φαβ(P )(fβ(P ))−1(v) = p2(Φ
�
α ◦ f ◦ (Φα)

−1)(Φα ◦ (Φβ)
−1)(P, (Φβ ◦ f−1 ◦ Φ�

β)(P )v)

= p2(Φ
�
α ◦ (Φ�

β)
−1)(P, v) = Φ�

αβ(P )(v)

and we have (6).
If we have (6), define

�fα : Uα × V → Uα × V, (P, v) �→ (P, fα(P )v).

Then define locally (for e ∈ π−1(Uα)) a bundle map f : E → E � by

f(e) =
�
(Φ�

α)
−1 ◦ �fα ◦ Φα

�
(e).

One can verify that f is well defined globally (using (6)) and defines a vector bundle isomor-
phism.

Problem 9.30. HomeComplete the proof.
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Example 9.31. The tangent bundle TM is an example of a vector bundle.

Our main example (generalizing the above one) is the tensor bundle of type (p, q) over
M . We consider a slightly general construction, considering not only E = TM as the initial
bundle. So we consider a real rank k vector bundle ξ = (E, π,M, . . . ).

Definition 9.32. The total space (as a set) is T r
s (ξ) = �P∈MT r

s (EP ), where T r
s (EP ) is the

kr+s-dimensional real vector space of all (r, s) tensors on the k-dimensional linear space EP .
For each local trivialization (U,Φ) of ξ, Φ : π−1U → U × Rk, define the local trivialization

Φr
s : �P∈UT

r
s (EP )→ U × T r

s (Rk),

LΦr
s(τ)(a

1, . . . , ar, v1, . . . , vs) = Lτ (F
∗a1, . . . , F ∗ar, dΦ−1v1, . . . , dΦ

−1vs)

for any smooth covector fields ai and vector fields vj.

Problem 9.33.Home Verify the details (similarly to the construction of TM).

Remark 9.34. In other words we define smooth sections of T r
s (ξ) to be such maps P �→

τP ∈ T r
s (EP ) that P �→ LτP (a

1, . . . , ar, v1, . . . , vs) is smooth for any smooth covector fields
ai and vector fields vj (see Subsection 9.7 for more detail).
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9.5 Principal bundles

Definition 9.35. If F = G and λ(g)f = gf , a bundle is called a principal bundle.

Problem 9.36. HomeIn this case one has a canonical right action of G on E with orbits eG
being fibers.

Note that the same cocycle can define bundles with distinct fibers. In particular, a
GL(n,K)-valued cocycle defines a vector bundle and a principal bundle.
Problem 9.37. (Hopf’s bundle) ClassConsider S2n−1 as the subset of Cn given by S2n−1 =

{z ∈ Cn : �z� = 1}, where z = (z1, . . . , zn) and �z� = �
zizi. Let S1 = U(1) act on S2n−1

by (a, z) �→ az = (az1, . . . , azn). The quotient (the space of orbits) is CP n−1. We obtain the
Hopf map πn : S2n−1 → CP n−1. Prove that this is a principal U(1)-bundle (Hopf bundle).
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9.6 Operations on vector bundles

Definition 9.38. The Whitney sum π1⊕ π2 : E1⊕E2 →M of vector bundles π1 : E1 →M
and π2 : E2 → M is defined in the following way. As a set E1 ⊕ E2 = �P∈M (E1)P ⊕ (E2)P
and for charts (Φ1)α : (π1)

−1(Uα) → Uα × Kk1 and (Φ2)α : (π2)
−1(Uα) → Uα × Kk2 of local

trivializations of π1 and π2, respectively we define

(Φ1)α ⊕ (Φ2)α : (vP , wP ) �→ (P, p2((Φ1)α(vP )), p2((Φ2)α(wP ))), vP ∈ (E1)P , wP ∈ (E2)P .

Problem 9.39.Home Verify that this is a structure of a (smooth or topological) vector bundle.
Problem 9.40.Home Prove that the Whitney sum can be defined using cocycles in the following
way. Suppose that {gαβ} is a cocycle for π1 and {hαβ} is a cocycle for π2 for the same cover.
Then

gαβ ⊕ hαβ : Uα ∩ Uβ → GL(Kk1 ⊕Kk2), (gαβ ⊕ hαβ)(P ) : (v, w) �→ (gαβ(P )v, hαβ(P )w)

is a cocycle for π1 ⊕ π2.
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Recall that the tensor product V ⊗W of linear spaces V and W is the quotient space
of the space V � W of formal K-linear combinations of elements v � w by the subspace
generated by elements:

� (v1 + v2)� w − v1 � w − v2 � w,

� v � (w1 + w2)− v � w1 − v � w2,

� (sv)� w − s(v � w),

� v � (sw)− s(v � w),

where v, v1, v2 ∈ V , w,w1, w2 ∈ W , s ∈ K. The class of v � w is denoted by v ⊗ w.
Problem 9.41. HomeLet f1 : V1 → W1 and f2 : V2 → W2 be linear maps of finite-dimensional
vector spaces. Then the formula (f1 ⊗ f2)(v1 ⊗ v2) = f1(v1) ⊗ f2(v2) defines a well-defined
linear map f1 ⊗ f2 : V1 ⊗ V2 → W1 ⊗W2. If f1 and f2 are isomorphisms then so is f1 ⊗ f2.

If V has a base e1, . . . , en and W has a base f1, . . . , fm, then V ⊗W has the base ei⊗ fj.
The formula (v � ϕ)(w) = ϕ(w)v, where v ∈ V , w ∈ W , ϕ ∈ W ∗, defines an isomorphism
V ⊗W ∗ ∼= HomK(W,V ) (still for finite-dimensional spaces).
Problem 9.42. HomeVerify the details and find the matrix of the operator (for the above bases).
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Definition 9.43. The tensor product bundle π : E1⊗E2 →M of vector bundles π : E1 →M
and π2 : E → M with typical fibers V1 and V2 has the total space (as a set) E1 ⊗ E2 =
�P∈M (E1)P ⊗ (E2)P . Consider local trivializations Φα of E1 and Ψα of E2 over the same
cover {Uα}. Then the local trivializations for the tensor product are defined as

Φα ⊗Ψα : (E1 ⊗ E2)|Uα → Uα × (V1 ⊗ V2),

e �→ (P, [(p2 ◦ Φα)⊗ (p2 ◦Ψα)](e)), e ∈ (E1 ⊗ E2)P = (E1)P ⊗ (E2)P ,

(isomorphisms by Problem 9.41).

Problem 9.44.Home Complete the definition as for TM .
Problem 9.45.Home Prove that alternatively the tensor product bundle can be defined by the
product cocycle P �→ Φαβ(P )⊗Ψαβ(P ).
Problem 9.46.Class Verify that the tensor product does not depend on the choice of local
trivializations, i.e., we obtain isomorphic bundles. Understand the refinement of cocycles.

Remark 9.47. This should be done each time when we define some bundle in a similar way,
but we do this once.
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Definition 9.48. The pull-back f ∗E of a vector bundle π : E → M by a smooth map
f : N → M has the total space �Q∈NEf(Q). If {(Uα,Φa)} is a bundle atlas (of local
trivializations) for E, Φα : π−1(Uα) → Uα × V , then {(U �

α,Φ
�
a)} is a bundle atlas for f ∗E,

where
U �
α = f−1Uα, Φ�

α(e) = Φα(e), e ∈ (f ∗E)Q = Ef(Q), Q ∈ f−1Uα.

Alternatively the pull-back can be defined with the help of the cocycle Φαβ ◦ f for the
cover {f−1Uα}. Evidently this is the same bundle.

Problem 9.49. HomeLet π1 : E1 → M and π2 : E2 → M be vector bundles and let Δ : M →
M×M be diagonal map P �→ (P, P ). Then one can define πE1×E2 : E1×E2 →M×M . Verify
that this is a vector bundle. Prove that the Whitney sum E1 ⊕ E2 is naturally isomorphic
to the pull-back Δ∗πE1×E2 .
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Definition 9.50. If π : E → M is a vector bundle over M with local trivializations
{(Uα,Φa)} and transition maps Φαβ : Uαβ → GL(V ), its dual bundle E∗ with typical fiber V ∗

has the total space (as a set) E∗ = �P∈M(EP )
∗ and local trivializations Φ∗

α : E∗|Uα → Uα×V ∗

defined by

(p2(Φ
∗
α(a)))(v) = a((Φα)

−1(P, v)), a ∈ (E∗)P = (EP )
∗, v ∈ V, (Φα)

−1(P, v) ∈ EP .

Problem 9.51.Home If we fix a base in V , then Φαβ : Uαβ → GL(n,K). Prove that, for the
dual base in V ∗, Φ∗

αβ : Uαβ → GL(n,K) is defined by P �→ ((Φαβ(P ))T )−1.

Problem 9.52.Class Prove that T r
s (E) ∼= (⊗rE)⊗ (⊗sE∗).
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9.7 Tensor fields as sections of vector bundles

Denote the linear space of tensor fields of type (p, q) over M by Tr
s(M).

Suppose that τ ∈ Γ(T r
s (TM)) is a smooth section and (U,ϕ) is a chart on M . Define

T (τ)i1...irj1...js
(P ) = Lτ(P )

�
dxi1 , . . . , dxir ,

∂

∂xj1
, . . . ,

∂

∂xjs

�
.

Theorem 9.53. The above defined T induces the identification Γ(T r
s (TM)) ∼= Γ((⊗rTM)⊗

(⊗sT ∗M)) ∼= Tr
s(M).

Proof. By the definition of T r
s (TM), the map T is well defined and T is an isomorphism

locally . Also the global injectivity is immediate. To prove the global surjectivity one can
use a partition of unity.

Problem 9.54. HomeComplete the argument with a partition of unity.
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10 Covariant differentiation

Problem 10.1.Home Show that the partial differentiation of components of a tensor field on
Rn is not a tensor operation.

We wish to define on tensor fields on Rn a tensor operation ∇ : T (p, q) → T (p, q + 1),
which coincides in Cartesian coordinates with the partial differentiation. For this purpose we
start by an attempt to write down the result of partial differentiation in other coordinates.

Consider first the case of a vector field T i. Suppose that xi are Cartesian coordinates in
Rn, and xi� is some other coordinate system. Then for the desired ∇ we should have

(∇T )ij =
∂T i

∂xj
, (∇T )i�j� =

∂xi�

∂xi

∂xj

∂xj�
(∇T )ij.

Then

(∇T )i�j� =
∂xi�

∂xi

∂xj

∂xj�
∂

∂xj

�
∂xi

∂xk�
T k�

�
=

=
∂xi�

∂xi

∂xj

∂xj�
∂xi

∂xk�
∂T k�

∂xm�
∂xm�

∂xj
+

∂xi�

∂xi

∂xj

∂xj�
T k� ∂

∂xj

�
∂xi

∂xk�

�
=

= δi
�
k� δ

m�
j�

∂T k�

∂xm� + T k� ∂x
i�

∂xi

∂2xi

∂xj�∂xk�
,

hence,

(∇T )i�j� =
∂T i�

∂xj�
+ T k�Γi�

k�j� , Γi�
j�k� =

∂xi�

∂xi
· ∂2xi

∂xj�∂xk�
.
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For a covector field Ti one should have (∇T )ij = ∂Ti

dxj and (∇T )i�j� = ∂xi

∂xi�
∂xj

∂xj� (∇T )ij . Then

(∇T )i�j� =
∂xi

∂xi�
∂xj

∂xj�
∂

∂xj

�
∂xk�

∂xi
Tk�

�
=

=
∂xi

∂xi�
∂xj

∂xj�
∂xk�

∂xi

∂Tk�

∂xm�
∂xm�

∂xj
+

∂xi

∂xi�
∂xj

∂xj�
Tk�

∂

∂xj

�
∂xk�

∂xi

�
=

= δk
�

i� δ
m�
j�

∂Tk�

∂xm� + Tk�
∂2xk�

∂xj∂xi
· ∂x

i

∂xi�
∂xj

∂xj�
,

or

(∇T )i�j� =
∂Ti�

∂xj�
+ Tk�Γ̄

k�
i�j� , Γ̄k�

i�j� =
∂2xk�

∂xj∂xi
· ∂x

i

∂xi�
∂xj

∂xj�
.

Lemma 10.2. One has Γ̄k�
i�j� = −Γk�

i�j�.

Proof. Let us differentiate the equality ∂xi�

∂xi�� · ∂xi��

∂xk� = δi
�
k� in xm�

:

0 =
∂2xi��

∂xm�∂xk�
· ∂x

i�

∂xi��
+

∂xi��

∂xk�
· ∂2xi�

∂xm��∂xi��
· ∂x

m��

∂xm� = Γi�
m�k� + Γ̄i�

m�k� . �
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Theorem 10.3. There exists a tensor operation ∇ on M = Rn, defined on a field T
i1...ip
j1...jq

by

(∇T )i
�
1...i

�
p

j�1...j
�
q ;m

� =
∂

∂xm� (T
i�1...i

�
p

j�1...j
�
q
) +

p�

s=1

T
i�1...i

�
s−1r

�i�s+1...i
�
p

j�1...j
�
q

Γ
i�s
r�m� −

q�

s=1

T
i�1...i

�
p

j�1...j
�
s−1r

�j�s+1...j
�
q
Γr�
j�sm� ,

and the functions Γ have the following transformation law

Γi��
j��k�� =

∂xi��

∂xi�
∂xj�

∂xj��
∂xk�

∂xk��
Γi�
j�k� +

∂xi��

∂xi�
∂2xi�

∂xj��∂xk��
.

Proof. The explicit form of ∇ can be found similarly to vector and covector cases (Problem
10.4).

Find the transformation law for Γ.

∇k�T
i� := (∇T )i�k� =

∂T i�

∂xk�
+ T r�Γi�

r�k� ,

∇k��T
i�� =

∂T i��

∂xk��
+ T r��Γi��

r��k�� =
∂xk�

∂xk��
∂

∂xk�

�
∂xi��

∂xi�
T i�

�
+

∂xr��

∂xr�
T r�Γi��

r��k�� =

=
∂xk�

∂xk��
∂xi��

∂xi�
∂T i�

∂xk�
+ T i� ∂x

k�

∂xk��
∂2xi��

∂xk�∂xi�
+ T r� ∂x

r��

∂xr�
Γi��
r��k�� .

On the other hand,

∇k��T
i�� =

∂xk�

∂xk��
∂xi��

∂xi�
∇k�T

i� =
∂xk�

∂xk��
∂xi��

∂xi�

�
∂T i�

∂xk�
+ T r�Γi�

r�k�

�
.

Hence

T r� ∂x
k�

∂xk��
∂xi��

∂xi�
Γi�
r�k� = T r� ∂x

k�

∂xk��
∂2xi��

∂xk�∂xr�
+ T r� ∂x

r��

∂xr�
Γi��
r��k�� .

Since T i is an arbitrary field,

Γi��
r��k�� = Γi�

r�k�
∂xr�

∂xr��
∂xk�

∂xk��
∂xi��

∂xi�
− ∂xr�

∂xr��
∂xk�

∂xk��
∂2xi��

∂xk�∂xr�
.

As it was established in the proof of Lemma 10.2,

− ∂xr�

∂xr��
∂xk�

∂xk��
∂2xi��

∂xk�∂xr�
=

∂2xk�

∂xr��∂xk��
∂xi��

∂xk�
=

∂2xi�

∂xr��∂xk��
∂xi��

∂xi�
.

Problem 10.4.Home Find the explicit form of ∇ for general fields.
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