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3.3. Uneanwi, dakTopbl u romMmomopdusmbl. [log udearom C*-anredpbl MBI Beeraa
Oy/eM HoJpa3yMeBaTh JBYCTOPOHHUIT Heall, 3aMKHY ThIH 110 HOpMe (J1JIsi MAKCHMAJIbHbBIX
naeaJioB B KOMMYTaTUBHOM CJly4ae 9TO 1IOJIYy41aJI0Ch aBTOMaTI/IquKI/I).

Jlemma 3.17. Beaxudi udean I 6 C*-aneebpe asasemea camoconpasncernvim: I = I*.

Hoxasameavemeo. Ecim I C A — uaean, to B := INIT* C A asiaserca C*-nouairebpoii.
[Tpu stom B D I - I*. Ilycrs (uy) — annpokcumaruBHas eauuuia B B, a j € I. Torna

Lim [ 7%ux — 777 = Lim flua (75 ux = 757) = (G7"ua = 4571 < 2lim [l757us = 757 = 0
[Tockouibky uy € I, 10 j*uy € I, rak 4ro 7* € I, 10CKOJbKY [ 3aMKHYT. 0

Jlemma 3.18. Ecau z¥z < a 6 A, mo cywecmeyem maxoti b € A, wmo ||b]| < ||a||'/* u
r = bal/t.

Joxasameavemeo. Tlonoxnm b, = z(a + 11)7/2aY* (3101 smement nexur B A, naxe
ecu y A HeT eJMHUIBI, HO HAM YI0OHO B 3TOM CJIydae POU3BOIUTH BhIuucaenus B A1).
[IycTh Takke

1 -1/2 1 -1/2 1 —1/2
Ay, = (a—i——l) — (a+—1> , fult) =134 (t+—) .
n m n

Torma mocaenopaTenbHocTs dynxmmit (f,(t)) cxomurea k f(t) = t'/* paBHOMepHO Ha
[0, ||a]|], mockoabKy B ety u? + v? > 2uv mmeem

it Pt l/ntt =282t 4 1/n)'
t Tre)) — <

t+1/n t+1/n
<t1/2t+1/n+t—2t _ In _ 2yt/n 1 < 1 '
t+1/n t+1/n  t+1/n 2yn = 2yn
3uaunr,
by — bl = ||#dnma'’?||? = ||aV* dpma* wdnma’?|| < ||a**dpmadpma’*|| =
= || duma®*|* = || fula) = fu(a)|* = S [ fu(t) = fr ()]
€|0,]ja

Takum obpaszom, MOCKOILKY f, — mocjeaoBareibHocTh Kotmu, To u b, — Toxke. ITomoxum
b := lim,_,u b,. Torma ba'/* = lim,,_, bpa'/* = lim,,_,o z(a + %1)*1/%1/2 = 7. O

Onpenenenne 3.19. Iloganredbpa B C A Ha3pIBaeTCS HACACICMEEHHOU, €CITH IIsI JIIOOBIX
MOJIOXKHUTENbHBIX b € B u a € A, u3 yeaoBus 0 < a < b cienyer, 9ro a € B.

3amaua 31. /lokazaThb, 9TO MOJOXKHUTEIbHBIH JeMEHT IPOou3BOIbHON C*-1omaredpol
SIBJIIETCS TOJIOYKATEIBHBIM 3JIEMEHTOM BCeil aareGphl.

Jlemma 3.20. Ilycmo I C A — wudean, a j € I — noaoocumenvioi anemenm. Eeau
a*a < j, mo a € I. B wacmuocmu, 210601 udean — nacaedemesennas nodanrzebpa.

Jokasamenvcmeo. Pasnozkum a = bjl/* B coorsercrsuu ¢ semmoit 3.18. Ilpu srom j1/* €

C*(y) C I, a 3uaunr, a € 1. O
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Eciiu I C A — uyeast, 10 MOXKHO onpejie/inTb banaxoBy daxrop-ajaredpy A/l ¢ Hopmoii
lla+1|| :=inf;es ||a+j||. D10 — muBOMOTHBHAS anrebpa: Tak Kak | — CaMOCOMPSZKEHHBII,
10 ||(a+1)*|| = ||a*+I|| = |Ja+I||. Lnsa xkpaTkocTu Gyaem obosnauars a+I uepes a € A/I.

JIemma 3.21. Unsoaromuenasn anzebpa A/l asasemca C*-anreebpot.

Lokazamenvemeo. Heobxomumo mnposeputh Tosbko C*-coitctBo. Ilyets (uy)ien — am-
MPOKCUMATHBHAS euHuIa [ (3aMeTuM, 94To UIeasbl, KaK MPABUIO, HEe UMEIOT € THHUIIBI, U
y2K BO BCSIKOM CJIydae, COOCTBEHHBIN Heas He COAEPKUT eIUHUILY A, HazKe eC/In TAKOBas
nmeercs ). [Tokazkem mpezk/ie Bcero, 94to

(7) la] = lim [la — aux]-

HeiicTBUTe1HO, TOCKOMBKY Uy € I, T ||a]| < ||la — au,||. L1 gokazareabeTBa 06paTHOTO
HepaBeHCTBa BbiOepeM 1pousBo/ibHO € > 0. Torya naitgercs rakoit sjaement j € I, 910
lall = [la = jll — &. Vmeem

e e e
lim o — aus | < lim fla = o — (= )|+ 11 = jor | = i la — s = (G = jour)|

BamuceiBast B AT, rie umeer mecto a—auy — (j —juy) = (a—7)(1—wuy), moaygaem onenKy
l(a—4)1 —uy)|| < |la—j|| <la| +e. B cury npoussosibnoctu & > 0 mosxydaem (7).
Tenepn, Boruncass B AT, HaXoauM OnEHKY

all = i *a(l — > i 1-— *a(l — =

laal) = timfla"a(1 — wn)| > T | (1 = wy)a’a(l — )]
= i 1—uy)|® = ||a|>
lim||(a(1 = )| = [

OGpatHoe HepaBeHCTBO ||a*al| < ||a]|? BepHO B MI060i MHBOMIOTHBHO GAHAXOBO# anreGpe.

O

Onpenenenune 3.22. Ilycts A u B — C*-anre6pni. HazoBem *-zomomopdusmom 3 A B
B m1060it romomopdusm ¢, coxpanstonuit naBostonuio: p(a*) = ¢(a)*. Ecan 06e anredpst
MMEIOT eJIHHUILY, TO ¢ HA3BIBAETCA YHUMaAbHuM, ecin p(1,) = 1p.

Samaua 32. llycts ¢ : A — B — x-romomopdusm anrebp 6e3 equuuiisl. Jlokasars, 91o
CYIIECTBYET eJIMHCTBEHHBIH yHHTAIbHBIA *-romomopdusm ot : AT — BT npomoaxka-
01t . YKa3aHnue: eIUHCTBeHHAS BO3MOYKHOCTD JIJI ONPEICTICHUS 1 3aKII0YaeTCs B
TpeboBanny yuuraabHocru: ot (1) = 1.

3amaua 33. Ilycts ¢ : A — B — *-romomopdusm anrebp, npuuem A 6e3 eguwauis, a B
— ¢ equauneil. JIokasars, 4TO CymecTByeT e€IUMHCTBEHHBIA YHATAILHLIA *-TOMOMOPMOU3M
o)+ AT — B, npomosmxaromuii . YKa3aHue — TO yKe, UTO U BbIIIE.

Teopema 3.23. Ilyems ¢ : A — B — nenyaesots x-2omomoppusm. Tozda ||o|| = 1 (s
wacmuocmu, on wenpepwusen) u p(A) aeasemea C*-nodanzebpoti B. Ecau ¢ unsexmusen,
mo 0N ABAACMCA UOMEMPUYECKUM (Ha 00pa3).

Jlokasamenvemeo. Ecan y anrebpel A Her exmuumpl, To Oymem paccMarpusaTh @1 u3
330290 32 WIN g0(+) u3 3a7a4un 33. Ecam y anredper A ecrb eImHHIA, TO MOMKEM CYUH-
TaTh, 9YTO U Y B — TOxke ecTh (ecM HET — TO TMPHCOEJINHUM, He TpeOysl YHUTAJIbHOCTH
romoMopdusma). [pu stoM ¢(14) = p — caMOCONpsKeHHbIH naeMnorent (p? = p), mpo-
ctpaHcTBO B, := pBp — noganarebpa B (cM. 3agady 34) ¢ exununeit p =p- lg - p, a ¢,
paccMaTpHBaeMblil Kak ToMoMOpdH3M B B, sABIgeTCS yHUTATLHBIM.
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Takum 06pa3oM, IPH JOKA3ATEIBCTBE MOKEM OIPAHHYUTHCS CILy9aeM YHUTAIBHOIO I0-
Momopdusma ¢ : A — B anredp ¢ euHALEH.

Yrobbl pazandarh cruekTp saementa B A u B, Oymem 3anuceiBath Sp, (cooTB., Spg)
JUIsE CHEKTPa 971eMenToB B A (cooTB., B B).

[ycte a = a* € A. Torna Spg(p(a)) C S
s-romoMopduzmom anredbp u |[p(a)| = r(p
obmero uga uMeeM ||p(a)||* = ||p(a*a)| <
HENPEPBIBEH U He YBEJININBACT HOPMY.

[IpeinoioKuM Ternephb, 9To ¢ MHHLEKTHBEH, HO He m3oMerpuyer. Torma Haiizercs: Takoi

pa(a), MOCKONBKY  SIBJASETCS YHUTAJIBHBIM
(a)) < r(a) = ||a||. dns snementa a € A
la*all = [la]]?, Tax uro [|¢|| < 1, To ectb ¢

ssement a € A, uro |[¢(a)|| < ||al|. Buauur, ||@(b)|| < ||b]| upu b := a*a. O603HAUUM
lle®)|| =: r u ||b]] =: s. Ilycth p — BeleCTBEHHBI MHOTOUYJIEH, KOTODPBIH YI0BIETBO-
psaer yenosusv p(t) < 1/2mpu ¢ € [0,r] u p(s) = 1. Torma [l(p(b))[| = [lp(e (b))l =

SUPxesp, (o) [PA)| = p(s) = 1, B 10 Bpems kak [[p(b)[| = supjesp, ) [P(A)] < 1/2. Tpo-
tusopeune ¢ ||¢]| < 1.

B ciayuae obmero (He 00s13aTeIbHO MHBEKTHBHOTO) *-IOMOMODMU3MaA, 3aMETHM, YTO
I = Ker p 3aMKHYT, TTOCKOJIBKY ¢ HempepbiBeH, Tak aro | — wmigean B A. Tlosromy ¢
WHYIUPYET UHBEKTUBHBINA *-romomopdusm ¢ : A/l — B mo npasuny ¢(a) = ¢(a).
Torya, o JOKA3aHHOMY, (¢ siBjsieTcss u3oMmerpudeckum, a o(A) = H(A/I) 3amMkHyTA B
B, tak urto gapagercs C*-nomanrebpoii. [lockonbKy ¢ — HeHys1eBoit, To umeercst a € A ¢

¢(a) # 0. B cuny msomerpudanoctn ¢, umeeM paserctso |lal| = ||o(a)] = |l¢(a)||. pn
9TOM It JiIoboro € > 0 nHaifgercst Takoit snement ¢ € A, aro ¢ = a u ||c|| < ||a]| + e.
Buauut, [|¢(c)]| > ||| —e. B cuny mpoussosbrocTH €, moaydaem ||| = 1, Tak uro
lell = 1. O

Bamaga 34. lokaszars, uro asnrebpa B, 3aMKHYTA, [OJYYIHB IIPEJIBAPHTEIBHO PABEHCTBO
pBp = Ker(Ly_,)NKer(R,_,), rae L1_, u Ry_, — JUHeHHbIe OLEPATOPEL JIEBOTO U IIPABOTO
yMHOKeHud Ha 1 — p B B, 3agannsie L1_p,:b— (1 —p)bu Ry_, : b— b(1 —p).

Samauda 35. PazsuTh pes3ysabrar npeabliylneil 3a1a4m, IPOBEPUB PA3/I0KeHHe B IPIMYIO
CYMMY 3aMKHYTHIX moanpoctpaucts B = pBp@® pB(1—p)® (1—p)Bp® (1 —p)B(1 —p),
IPUYEM, eCIM 3alUCHIBATD 9eTBEPKY (a, b, ¢, d), IPeICTaBIAIONIY0 SIEMEHT JAHHON nps-

MO CyMMBI B BUjle MaTPUIIHI , TO YMHOXKeHue B B mepeiijieT npu u3oMopdusme

b
d
B YMHOYKeHUE MaTPUIL IO CTAHIAPTHOMY TTPABUIY.

Saga4da 36. BoiBectu u3 teopemnl 3.23 yrepxienue ¢(f(a)) = f(p(a)) ara aoboro
HOPMAJILHOTO @ M HEITPEPHIBHOI Ha HY?KHOM MHOXKeCTBe [ (& He TOJBKO sl MHOTOUJIEHA ).

3amaua 37. [Ipoaymars J0Ka3aTEIHCTBO TEOPEMBI 3.23 Yepe3 peIyKIUIO K OTOOParKeHUIo
KOMMYTATUBHBIX MOIAJITEOD.

CaenctBue 3.24. Ilycmo I C A — wdean, a B C A — C*-nodanrzebpa. Toeda I + B
cosnadaem ¢ C*-nodaszebpoti C*(1, B), nopoocdernnoti I u B.

Jlokasamenvemso. Oueugno, uro I + B C C*(I, B) u siBsieTcsi HHBOJIOTUBHON MOIAI-
rebpoit. llycrs g : A — A/l — xromomopdusm dbakropuzanuu. Mbl 3HaeM U3 Mpe/IbI-
aymeit Teopemsr, uto ¢(B) samxuyT B A/I, Tax uto I + B = ¢ *(q(B)) 3aMknyTo B A.
Buauur, [ + B asasercsa C*-aarebpoii, conepxkameiics 8 C*(1, B). OJ



20

o cux nop Mbl IPOsIBJIstiM OOJIBILYIO OCTOPOKHOCTD DU PACCMOTPEHUU CIIEKTPA, dJ1e-
MenTa B C*-anredpe u ee C*-nogasareope. Creayionas JeMmMa IMOKa3bIBAET, UTO 9TO HE TaK
BazKHO.

Jlemma 3.25. Ilyemv» B C A — C*-nodanseebpa ¢ edunuueti C*-arzebpvr ¢ edunuuyed,
npuuem 14 = 1p, a a € B. Toeda Spg(a) = Spy(a).

Zoxasameavcmeo. OUeBUIHO, 9TO €CIH 3JEMEHT UMeeT oOpaTHbIl B B, To u B A ToXKe,
orkyna Sp,(a) C Spg(a). ObpaTHOE BKIIOUEHWE CIEAYET W3 YTBEPXKICHUS, 9TO €CIH
obpatuMm B A, To ero obpaTHbIi npuHaIeKUT B. YTo0b 10Ka3aTh 9TO, pACCMOTPUM CHA-
vasa ciydait a = a*. Torga C*-anre6pa C' = C*(a,a™!), nopoxaennast a u a™ ', apjisgercs
KOMMYTaTHBHO# yHuTaabHOU C*-momanarebpoii A, a 3naumnt, oHa Hm30MOpQHA HEKOTOPOI
anrebpe byukmuit C'(X). [ycrs @ oboznauaer obpas a npu srom uzomopdusme. Torma

0 ¢ Spc(x)(@) C R. Bribepem Takue MHOTOUIEHBI Py, UTO Pp(t) CXOMUTCS PABHOMEPHO K
t~! Ha Spe(xy(a). Torma a=t = limy, 0 pn(a), Tax aro a~' = lim, o pp(a) € C*(a) C B.

s aiementa a obuiero suja, eciu a b cymecrsyer B A, 1o a 1(a*)™! = (a*a)”! € B
110 jokazannomy. [losromy a™! = (a*a)~'a* € B. O

3amaua 38. [lokazarsr HA mpumepe, uTo 63 ycaoBus 14 = 1 npeaplayinas TeopemMa He
UMeeT MeCTa.



