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4.6. Koneunomepubie C*-aaredpoi. PaccMmorpum *x-crabyo Tomosornio Ha A, 3amaBa-
eMyI0 CHCTeMOM MOJIYHOPM @ — |¢(a)| amst Beex muHeiHbIX byHKIMOHATIOB ¢. 113 jieMMbl
4.20 u Teopembl 4.22 caeayeT, YTO Ty YKe TOIOJOTHIO MOYKHO TOJIY9UTh, OTPAHMINBASICH
TOJIBKO IOJIYHOPMAaMH, CBSI3aHHBIMHU C COCTOSTHUSIMU.

BameruM Takzxke, 9To coorBercTByiolniee JITII obragaer cBoiictBoM romorernu 4.27.

Jlemma 4.32. Koneurnomepnaa C*-anzebpa ecezda umeem edumnuy.

Hokazameavcmeo. Ecin A KoHEYHOMEDHA, TO TOIOJIOIHST HOPMBI COBIAIAET C *-CJAa00i
toroaorueii mo reopeme 4.31. IlycTs u,, — annpokcumaTnBHas eanauia aarebpor A. Torma
JTsT TF0O0T0 COCTOSHUS (© TTOCIE0BATETBHOCTD (U, ) SIBsieTCs HeyObIBAIOMIedl 1 OrpaHu-
vennoit. Ilosromy w, cxoauTca B *-cjaboil TONOJIONMH, & 3HAYUT, U 1O HOpMe. Takum
obpasoM, umeercd upeaen lim, v, = a. Torna ax = ra = x nusa moboro r € A, Tak 910
a=1. [

Jlemma 4.33. ITycmv [ C A — udean 6 woreurnomeproti C*-aneebpe A. Toeda I = Ap
045 HEKOMOPO20 UEHMPAALHO20 NPOEKMOPA (=udeMnomenma u3 uewmpa) p.

Zoxazameavcmeo. 1lockonbKy [ KoHETHOMEpPeH, TO yHATaIeH 10 temMe 4.32. [lycte p € [
— emunnna [. Torma nia Beskoro xz € A Beinosmsiercs xp € I, Tak uto p(zp) = xp.
[losromy px*p = x*p pasg moboro x € A, OTKylAa Tp = prp = Pr U P INPHHAJICIKUT
nenatpy A. Ouesuano, uro p* = p. O

Jlemmvma 4.34. Ilpocmas wonewnomepras C*-anzebpa A uaomempuuecku *-u3omoppna
mampuuroti anzebpe M, 0rs wexomopozo n.

Jloxazamenvcmeo. Ilpexe Beero, 3amerum, 9to aAb # 0 jiyisd JTOOBIX HEHYJIEBHIX a,b €
A. JleiictBurensro, AaA siBisieTcst HeHyIeBbIM uieasioM (Tak Kak A ¢ exununeit u 0 # a =
l-a-1 € A), Tak uaro B cuny npocrorsl, AeA = A. llosromy 1 = >, zay; ub =), z,ay;b.
[Tosromy, ecian ayb = 0 s moboro y € A, 10 b = >, x;(ay;b) = 0, uro uporusopednt
HPEJIITOJIOKEHHTO.

[lycte B — mekoTOpas MakcuMaJbHas KOMMyTaTuBHAg moganaredpa A. Torma ona mo-
x&eT ObITh oroxaecTBiIeHa ¢ C(X) =C" =C-e; @ ... C - e, mia HEKOTOPOTO N, T
X cocrouT m3 n TOUEK, a e; € B 0b03HAYAET IJIEMEHT, COOTBETCTBYIOIINI XapaKTepu-
cTudeckoit pyHKIMHE B TOYKe 7. [Ipu 3TOM €; ABIAI0TCS MPOEKTOPAMHU € COOTHOMICHUAMU
e;e;=0fori#jud . e =1 Ilockonsky e;Ae;-e; = e;-e;Ae; = 0 a B MakcHMasIbHAas,
to e;Ae; C B. lloaromy e;Ae; = C - e; (mockombky, oueBuuo, 0 # e;Ae; S e;, WM MOXKHO
BOCTIOJIB30BATHCS YTBEPKICHHEM U3 HAYAJIA JIOKA3ATENbCTBA).

s mro6bIx 4, j Haiigercs takoit © € A, uro x = e;xe; # 0, ||z]| = 1. HeiicrBurensuo,
B CHJIy YTBeP:KJeHHUA U3 Hadajla JOKa3aTelbCTBa, ¢;Ae; # 0, Tak 4T0 mMeeTcsa T = e;ye;
¢ ||lz|| = 1. Ipu sTom e;xe; = e;e;ye;e; = eye; = x. Torma x*z = e;jx’eewe; € e;Aej,

a 3HAYMT, 110 JOKa3aHHOMY, mMeer Buj oe;, o € C. Tak kak ¥z — TOJ0XKHUTENBHbIH
3JIEMEHT, 110 HOpMe PaBHBII eTUHAIE, TO & = 1, TaK 4TO £*T = e;. AHAJIOIHYIHO, TX* = ¢;.
O6o3naunM Takoit x mig j = 1 depe3 wu;, Tak 4TO w u; = €1, Uu; = €;, 1 = 1,...,n.
Honozkum w;; := uzu;‘

Ecmn x € e;Aej, T0o zu;; € e;Ae;, Tak 4T0 2U;; = Ae; miag mexoroporo A € C. Torma
T = x€j = TUjUij = AeUjj = A, TaK 4TO I M000ro € A CyIecTBYeT TaKoe
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qncsio Aij(z) € C, uro e;re; = Aij(x)u;. Takum obpasom, & = ), sejwe; = D 0 Nij(w)uij.
CoorsercrBre © — (\;j(x)) oupenenser usomopdusm k : A — M, (3azaga 45). O

3amaua 45. [IpoBepurb OMEKTUBHOCTH U HEOOXOMMbIE aJiredpandeckKkue CBOWCTBA K.

Teopema 4.35. Ecau A xonewnomepra, mo A = G Apy, 20e P, — UEHMPAALHBIE NPOEK-
mopl, a xasicdas Apy — mampuunas anzebpa M.

Hokxazameavcmeo. st npocToit aarebpbl pesyabrar ciaeayer u3 JeMmmbl 4.34. Ecin A we
siBJigeTcs mpocToit, To I = Ap mo slemme 4.33, riae p — THeHTpabHBIH npoekTop. Torma
A=1@J, tne J := A(l — p). Torma J — Toxe maeasn, mockoIbky (1 — p) — Toxe
HMEeHTPAJIbHBIH TpoekTop, Tak uro A(1l — p)A = AA(1 — p) C A(1 — p). IIpu sTOM 1EHTD
A, Gynyun KOHEYHOMEDHOUW KOMMYTATHBHON aarebpoii, uzomopden C™ (byHKImIM Ha
KOHEYHOM MHOXKECTBe), a MPOEKTOPAM COOTBETCTBYIOT XapaKTePHUCTUUECKHE (DYHKIUH.
Jlajiee paccykjgaeM M0 MHJIYKIHUW, YMEHbINAs Pa3MEpPHOCTh, MOKA HE MPHJEM K CyMMe
IPOCTHIX aJredp. 0

4.7. HeBbIpOKAEHHBbIE MPEICTABICHUS.

Onpenenenne 4.36. [lycte m — npeacrapienne C*-aarebpel A B THIBOEPTOBOM IIPO-
crpancree H. O6o3nadum depe3 m(A)H (BO3MOXKHO HE3aMKHYTOE) JIMHEHHOE POCTPAH-
CTBO KOHEYHBIX JIHHeiHbIX KoMOuHAIuil Buga » . w(a;)&;, roe ay,...,a, € A, &, ..., &, €
H. Tpeacrasnenne m Ha3bIBALTCS Hevposcdennvm, ecan m(A)H mnorao B H.

Sanmaua 46. Eciu y A ecTb euHANA, TO 7 ABJISETCS HEBHIPOXKICHHBIM TOTJA H TOJBKO
torma, korma 7(1) = 1.

Jlemma 4.37. Ilycmv I C A — udean, a m — meswposcdennoe npedcmasasenue I 6
euavbepmosom npocmparcmee H. Tozda cyuecmsyem u eduncmeenno npodosrcerue m
do npedcmasaernus T eceli anzebpor A 6 H.

Jloxazamenavcmeo. OnpeneuM T cHaYaga HA BEKTOPAX M3 IJIOTHOTO TOAIIPOCTPAHCTBA

w(I)H C H dbopmy.oit

(12) i(a) Zﬂ(ji)éi 3=Z7T(aji)§zw

Ompeesienne KOPPEKTHO, HOCKOMIBKY, ecau y . m(j;)& = > w(j)&l, To

7(a) Zw(ji)fi = &ierr/ifr(a) ZW(UAjz‘)@ = giemAﬂ(auA) Zﬂ(ji)&
7 7 (2

u, ananorndno, 7(a)(d_, 7(j)&) = limyea m(aun) (D, ())&, tne uy € I — ammpok-
cuMaTHBHAs eJuHUIA [. 3aMeTHM, UTO CYIIECTBOBAHHUE TOCIEIHUX MPEJIEOB B TEIOYKe
CJIelyer U3 CyIECTBOBAHUS IPEIIOCJAEHUX — TO €CTh, TEM CAMbBIM, JIJIs KAXKI0I0 U3 JIBYX

cydaeB 0OOCHOBBIBaETCS OT/IeabHO. [T0CKOIBKY

wa) (| 2766 || = tmir(au) { 378 ) | < suplimleu)ll- || ()& <

7 7

< lall - sup jul- > w@&l = lall - ||> " 7Gi&||

) 7
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TAK 4TO 7T OIPAHUYEHO, & 3HAYUT, T(a) HPOMOJIZKAETCs JI0 OIPAHUYEHHOT0 otieparopa B H.

[Ipu s10M, Kak Jerko nposeputh, 7(ab) = 7(a)7(b) u 7(a*) = 7(a)* anst M00BIX a,b €
A, Tak 9TO T gBJsgeTCa npeacraBaeHnemM A. FKIMHCTBEHHOCTH CielyeT U3 TOTO, 9TO JI000e
[POJIOJIZKEHNE T JIOJAKHO YAOBAETBOPSITH (12). O

Jlemma 4.38. B ycaosuax aemmvl 4.37 npedcmasaenue T Henpueodumo moz0a u mosvko
mozoa, Koz20a T HENPUBOIUMO.

Joxazameavemeo. 1lycth m npuBOAMTCS COOCTBEHHBIM WHBAPUAHTHBIM TOANPOCTPAHCT-
som L C H. Torma, B cuny mebipoxaenanocru, H = w(I)(L + L+) C «(I)L + =(I)L*.

[Tockonbky L+ Toxe uasapuantno, To w(I) L+ C L+, Tak aro 7(I)L = L. Then #(A)L =

7(A)r(I)L = w(I)L = L w L npusoaut 7. B 06paTHYI0 CTOPOHY yTBEPIKIeHNE TPHBHATh-
HO. ([l

Jlemma 4.39. Ilycmo m — npedcmasaenue A 6 2uavbepmosom npocmpancmee H, a I C
A — udean. Tozda opmozonasvhuit npoexmop p wa w(1)H aescum ¢ uenmpe (A)”. Ecau
7 wenpusodumo u w(1) # 0, mo w|; makoce nenpusodumo.

Jlokasamenvemso. Tlockonbky 7(A)m(I)H = w(1)H, ro 7(I)H wHBApHAHTHOE HPOCTPAH-
crBo s w(A), a sumauur, p € w(A)" (cMm. Komern JokasarenbcTBa Jemmbl 4.3). Ecau
x € n(l), To an(j)é = w(j)x€ € n(I)H nng mobwix j € I, € € H, tak uro pH —
HHBapuaHTHOE noampoctpanctBo w([) u, suauut, p € 7(1)”. [losTomy

pen()' Nnm(A) c m(A)" Nnn(A),

410 stByisiercst enTpom 7(A)".

Eciu m HEempuBOIMMO, TO p — CKaJsApHbIH oneparop (1o ecth 0 win 1), a MOCKOTIBKY
7w(I) # 0, To p = 1. 3uaunt, 7|; ABATETCS HEBBIPOKICHHBIM. 3HAYUT, 10 JeMme 4.38 oHO
HEIIPUBOINMO. [

5. CIIELMAJIbHBIE KJIACCBI C*-AJITEBP

5.1. C*-anredpa KOMOAKTHBIX OIEPATOPOB. Mbl paccMOTPHUM B 3TOM maparpadge C*-
nozpanredoper C*-anre6pnt K(H ) KOMIAKTHBIX OMEPATOPOB B THIBOEPTOBOM MPOCTPAHCTBE
H. Msr 6ymem roBoputh, uro C*-nogasrebpa anrebpsl B(H) nenpusoduma, eciu ee TOXK-
JIECTBEHHOE TIPECTABICHIE HEIPUBOINMO.

Onpenenenne 5.1. [IpoekTop p HA3BIBACTCS MUHUMAAOHLM, €CJIA HE CYIIECTBYET TAKOTO
npoektopa ¢ # 0, ¢ # p, 910 qp = q. pyrumu cjioBamu, p He JOMUHUPYEM HUKAKOTO
HETPUBUAJBHOI'O TIPOEKTOPA.

Jlemma 5.2. Jlwbasn nenyaesan C*-arzebpa A KOMNAKMHBLE ONEPAMOPOS COOEPHCUM M-
HumarvHoll npoexmop e u eAe = C - e. Ecau A nenpusoduma, mo e — npoexmop panaa
1 (kax npoexmop 6 2uabOEPMOBOM NPOCMPAHCNEE).

Jokasamenvcmeo. TlockobKy A HeHysieBast, TO OHA COJEPKUT HEHYJIEBOI IT0J0KNTe b
ublii oneparop (cM. (6)), KOTOpBIil (KAK M3BECTHO M3 OCHOBHOIO KypCa) HMeeT THCKPeT-
Hblii cekTp (Kpome () ¢ cOOCTBEHHBIME 3HAYEHUSIMA KOHEUHBIX KpaTHOCTel. PaccMoTpuM
IIPOEKTOP HA HEHYJIEBYIO TOUKY cIieKTpa. [locKobKy xapakrepucTudeckast hyHKIUs TOM
M30JIAPOBAHHON TOUYKHU SIBJISIETCS HENPEPHIBHONW HA CIIEKTPE, TO ITOT IPOEKTOP NPUHAJ-
nexur A. Torma cpean JOMUHUPYEMBIX UM HEHYJIEBBIX MPOEKTOPOB UMEETCS HEKOTODHIit
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HPOEKTOp € € A MUHUMAJIBHOIO PAHTa CPEJM JOMUHHPYEMBIX (IIOCKOJIbKY y HHX KOHEY-
Hble panru). Torna e — MUHUMAJBHBIN (€ JMHCTBEHHOCTh MUHUMAJIHHOIO H JazKe DaBeH-
CTBO DAHTOB Y PA3HBIX MUHHMATBHbBIX He yTBepKAaercs). Ecin e Ae coctouT He TOIBKO 13
C- e, To TeM Ke CITOCOOOM MBI CMOYKEM TIOCTPOUTH MPOEKTOD, JIOMUHUDPYEMBIH € U MPUHTH
K TTPOTHBOPEUNIO.

[Ipeamosoxum Terepb, uro A HempuBoauMa, HO paHr e 6oJbine 1. Beibepem napy nemy-
JIEBBIX OPTOTOHAJBHBIX BEKTOPOB &, 7 B oOpa3ze e. IlockoabKy mid J1000r0 a CymecTByeT
takoe dnciao A € C, aro eae = Ae, 1o (§,an) = (e€,aen) = (€, eaen) = A, n), TO ecTh
an L & ana moboro a € A. PaccmarpuBast Bce & u3 obpasa e, MepueHIuKyIsSIpHDIE 1),
BUJIUM, 9TO HOJIIPOCTPAHCTBO A7 sB/IsieTCs] COOCTBEHHBIM MHBAPHAHTHBIM HO/IIPOCTPAH-
crBoM. [IporuBopeune. 0

Jlemma 5.3. Eduncmeennoti nenpusodumoti C*-nodasrzebpot K(H) asasemes ona cama.

Jlokasamenvcmso. Ilyets A — wenpuBomumas C*-nopanrebpa K(H), a e € A — vMuHu-
MaJIbHBIH npoekTop panra 1. Torma nHaiimerca Takoit BekTop & € H eJMHUYHON JITUHBI,
aro en = £(&,n) aust aoboro 7 (Gepem € u3 o6pasa e). B cuity HEIPUBOAUMOCTH, JIJIsT JTIO-
ob1x 7, ( € H naiinyrcsa Takue sjgeMenTsl a,b € A, ato a§ = n, b§ = (. Ilpu stom A 5 aeb*
u aeb* (k) = al(&,b*°k) = n(¢, k), kK € H. Takum obpazom, A COTEPKUT BCe OMEPATO-
pbl panra 1. Takue omeparopsl nopoxknaor K(H) (060 KoMIakTHbI n1pubInzAKaeTCst
koneanomepusimu), Tak 4ro A = K(H). O

Caencrsue 5.4. Aseebpa K(H) aeasemesa npocmot.

Joxasameavcmeo. Tlockonbky K(H) Henpuoguma, 10 J1060ii ee HEHYJIeBOH Heasl TOKe
uenpuBo M (10 semme 4.39), Tax arto ou cosnagaer ¢ K(H) (mo aemme 5.3). O

Caencrue 5.5. [lyemv A — nenpusoduman C*-nodanzebpa B(H), codeporcawsan neny-
ae6ot komnaxmuuit onepamop. Tozda K(H) C A.

Jlokazamenvecmeo. Tockonbky A NK(H) — uenysesoil umean A, T0 OH HEHPUBOIUM IO
aemme 4.39. TTo memme 5.3 sra noganrebpa K(H) momxna comagars co seeit K(H). O



