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Jlexuus 7 (01.11.2021)

Jlemma 4.5. Ilycmo m — monosozuuecku nenpusodumoe npedcmasaenue C*-anrzedbpoi
A 6 euavbepmosom npocmpancmee H. Tozda das mobwzr t € B(H), xoneunomeprozo
nodnpocmpancmea L C H u e > 0 natidemes makoti a € A, wmo w(a)|L = t| u |la]| <
It + €.

Jlokasamenvemso. T1o npeapLayineit gemme, Hail1eTcst TAKOH 3JieMeHT ag € A, ato ||ag|| <
It m ||(7(ap) —t)|L]] < e/2. o nHaAyKIMH MOKEM HAHTHU /s KazKIOTO N TAKO# 71eMeHT
an € A, uro ||a,|| < 27" u |,y 7(an) — O)prl|| < 27" 'e. HdeiicTBurensHo, mpeamoo-
JKUM, 9TO 3JIEMEHTbl HailJIeHbI JIjIs HEKOTOPOT'O N U BceX MeHbiuX. [Ipumenss npebiiy-

Y10 J1eMMy K § = — »_,_, 7(ag) + ¢, ToMy ke moampocTpancty L u 27" %z, Haxoamm
TAKOH SMEMEHT Gy 1, 910 |[ap || < 277 te m ||(320F] wlax) — t)po|| < 27" 2. Temeps
IOJIOXKUM @ = Y, o ak. Torna a € A u ogeBumno, 910 ||a| < ||t|| +¢ u a|, =t|L. O

Teopema 4.6. Beakoe monoaozuvecku nenpusodumoe npedcmasnenue C*-an2ebpv, A6.45-
EMCA MONOAOLUNECKY, HENPUBOIUMDBIM.

Joxazameavcmeo. pennonozxum nporusnoe [lycrs V' C H — He3aMKHYTOE HHBApUAHT-
HOE TIPOCTPAHCTBO, 3 V — ero 3ambikanue. OHO TOXKE SIBJISAETCS HHBAPUAHTHBIM IIO/IIPO-
cTpaHCTBOM (Tak Kak JeficTBre HempephiBHO), Tak uto V = H. Bosbmem n € H \ 'V, nas
ompeneseHHocTr HOpMBI 1. Ilyets € € V' — HeHyneBoit BeKTOp, a t — TakKoil omepaTop B
H, uro t§ = n. Torma no npeapayeil gemme Haiigerca takoit a € A, uro w(a) = n.
[IpoTrBOpeUne ¢ HHBAPUAHTHOCTHIO V. 0

4.1. IlonoxxkuresibHbIE JIMHEIHBbIE (DYHKITMOHAJIBI.

Oupepesienne 4.7. Jluneiinpiit GyHKIHOHAT (OKA HE TpeGYeM HEPEPBIBHOCTH, CM. JIEM-
My 4.10 nnxe) ¢ ma C*-anrebpe A HasbiBaeTCs nosostcumenvrvim, ecan p(a) > 0 aus
aoboro a > 0. Ecan monoKuTe bHBIH TUHEHHBIH DYHKIINOHAT HEMPEPBIBEH U UMeeT HOP-
My 1, TO OH HA3BIBAETCS COCMOAHUEM.

ITpumep 4.8. Eciau m — upencrapienne A B ruibbepToBoM npocTpancrse H, a & € H, To
dbyurmmonan ¢(a) := (&, 7(a)f) sBasercs moaoxRuTebHBIM. Eciu y A uMeercst e uHAIA
u ||€]| = 1, To Takoe @ SBIASETCS COCTOSTHHEM.

C KazKIbIM MOTOKUATEIBHBIM JHHEHHBIM (DYHKIIHOHATIOM (© MOZKHO CBSI3aTh HOJIYTODa-
quneiinyio dopmy Ha A, 3amanuyto dopmyoi (a,b) := ¢(a*b), To ectb dbopma (-, ) nu-
HefiHa 110 BTOPOMY apryMeHTY, COPSKeHHO JHHEeHHa 10 epBoMy aprymenty. Ilo ompee-
JIEHUIO TOJOKATETbHOCTH byHKIMOHATA (a, a) = p(a*a) = 0 qg moboro a € A. [losromy

O CJIEYIONIedi JJeMMe OHa 9pMUTOBO cumMmerpudna: (b, a) = (a,b).

Jlemma 4.9 (u3 Kypca JuneiiHoit anredper). Ecau y noaymopanuneinot gopmu (a,a) €
R das a106020 a, Mo 0HA IPMUMOBO CUMMEMPUYHA.

oxazameavcmeo. 3anuiieM MOJISIPU3AIMKOHHBIE TOXKIECTBA
(9) {(a+b,a+b)=(a,a) + {a,b) + (b,a) + (b, b),
(10) (a+1ib,a+1ib) = (a,a) + (a,ib) + (ib,a) + (ib,ib) = (a,a) +i({a,b) — (b,a)) + (b, b).

13 nepsoro nosyuaem, uro {(a,b) 4+ (b, a) sBjsiercs BEIIECTBEHHBIM, & U3 BTOPOIO — 4TO

(a,b) — (b, a) aBaserca MuuMbIM. 3ua4nT, (a,b) = (b, a). O
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Takum obpazom, (a,b) — HoJOKUTE/IbHASE SPMUTOBA (HOPMA U, 3HAUUT, JIJisl HEE Bbl-
nosnsercs nepasencrso Komu-(IlIsapua-Bynskosckoro): |(a,b)|? < (a,a)(b,b), To ects

lp(a*b)[* < @(a*a)p(b*b).

Jlemma 4.10. Iorooscumenvrvie auretnve GyHKUUOHAAb HenpepuieHo. Feau uy — an-
npoxcumamusnas edunuya 6 A, mo ||¢|| = limyep p(uy). B wacmuocmu, ecau A umeem

edunuyy, mo [|pl| = ¢(1).

Joxazameavcmeo. Paccmorpum cuavasia yuutaabhbiil ciaydait. Eciu 0 < a < 1, To, no-
CKOJIBKY (p mostokurester, moaydaeM, 910 0 < p(a) < ¢(1). daa z € A ¢ ||z]] < 1 umeem
0 < z*z < 1, max uro |p(z)]* = |p(l - 2)]* < ¢(1) - p(z*z) < ¢(1) no HepaBeHCTBY
Komm-IITsapua-Byuskosckoro. Suaunt, ||¢| < ¢(1) < [|¢]|-

Temepb paccMOTPUM HEYHHUTAJIbHBI coytdail. 1Ipeanonoxkum, 910 ¢ He OrpaHHYeH HA
equanaHOM mmape A. Torma oH He OrpaHHYeH HA HOIMHOMKECTBE €JIUHHYHOIO IMapa, CO-
CTOSIIEM U3 IMOJOKHUTEIBHBIX T€MEHTOB (IIOCKOJIBKY JIIO0OH 9JIEMEHT a pas3jiaraercs B
JIMHEHHYI0 KOMOHHAINSA U3 TeTHIPEX MOJOKUTEIBHBIX JIEMEHTOB ¢ HOPMAMH, HE MPEBOC-
xoggmumn ||al|, em. (6)). Takum obpasom, mist Kazkgoro k € N cyuecTByer Takoit 1moJio-
KuTeIbHBI daement a € A, uro |lag|| < 1w ¢(a) > 28, Tlonomum a == > ;7 % € A

Torga ps moboro n € N umeem > Y0 | Sk u

n

ar “ o(ax)
(Y3,
k=1

k=1

9TO HEBO3MOXKHO. TakuM 06pa3oM, ¢ OrpaHUYeH U B HEYHUTAJBLHOM CJIyYae.

[Tomoxum m := limyep ¢(u3 ), TpAYEM TIpeIes CYECTBYET, MOCKOABKY HATTPABICHHOCTD
SIBJISIETCs BO3pacTalolieil u orpannaenHoii ||| ecepxy. Torna, s moboro x € A ¢ ||z|| <
1 mveem |@(z)| = limyen |@(urx)| B cumy menpepsisrocTH . [TosTomy, mo HepaBencrsy
Komm-ITTsapna-Byuakosckoro umeenm |o(z)|* < p(ul)o(z*z) < ml|¢|. dors moboro e > 0
BhIGepeM Takoil anement x € A, uro |¢||* < |o(z)]? + e. Torma ||¢]|> < mlp| + e
Cnenosarennno, ||pl|? < mll¢| u [|¢|| < m. [Mockoabky mist mo6oro € > 0 umeercs
Uy,, 7151 KOTOporo (u3 ) > m + €, T0 npuxogum K paseHctsy [¢|| = m. Ilockoabky
m < limyen @(un) < [lof] = m, ro limyen (un) = [|]l- O

CaencrBue 4.11. Ecau ¢ — cocmosnue na C*-anzebpe ¢ edunuuet, mo (1) = 1.
Joxazamenvcmeo. Tlo npensaymeit nemme, 1 = ||| = ¢(1). O
4.2. THC-koucTpykuus (Teabdana-Haiimapk-Ceraur).

Ounpenesenne 4.12. Bekrop £ € H naspiBaerca yuxauveckum qiua m : A — B(H), ecan
7m(A)¢ wiotno B H.

Teopema 4.13. IIycmov ¢ — nososrcumenvrviti suretinod gynryuornan na C*-arzebpe A.
Tozda natidymea makue npedcmassenue T, arzebpo, A 6 zusvbepmosom npocmparcmee
H u yurauveckut eexmop &, € H, wmo |12 = |l¢ll v (€4, mp(a)é,) = p(a) dnn scex
a € A.

Aoxazameavemeo. Ilyers N = {a € A : p(a*a) = 0}. Torma N = {a € A : p(b*a) =
0 for all b € A} no mepasencrBy Komu-IIIBapra-Byuskosckoro. [Tostomy N 3aMKHYTO
KaK [epeceveHne sjep HempepbiBHLX (yHKImonanos a — p(b*a)). Kpome toro, N —
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JieBbIil mieast, nockoabky @(b*an) = ¢((a*b)*n) = 0 s J0bbix a,b € A npu n € N, rak
4qro an € N.

Ompesie/inM 3PMUTOBO CKA/TAPHOE TIPOM3BEIeHue Ha 6aHaxoBoM (aKTOP-TPOCTPAHCTRE
A/N dopmynoii (a,b) = ¢(a*b), Tae depe3 a 0bo3HaYEH Kaacc cMeRHOCTH a + N. D10
POU3BeJIeHNe KOPPEKTHO OMPEJIeIeHO, NOCKOIbKY, ecan ny,ny € N, 10 ¢((a + ny)*(b +
n2)) = @(a*d) + ¢((a + n1)*n2) + @(b*ny) = p(a*b). Takxe BoImONHSAETCS (G, 4) > 0 HpK
a # 0. Tlycrb H — ruib6epToBO MPOCTpaHcTao, nostydennoe u3 A/N monojaHenneM mo
HOpMe, 3aIaHHOI STHM CKAJIAPHBIM npoussegenuneM. OG03HAYNM Yepes Ty IpeICTaBIeHIe
A B A/N (TyT MBI HECKOJBKO PACIIUPSIEM HMOHITHE MPeICTABIEHHUS HA PernIb0epTOBO
npocTpancTBo) 1o dbopmyite my(a)t = (ax), tae & € A/N. Ecaiu n € N, 1o (a(x +n)) =
(ax)’, Tak UTO Ty KOPPEKTHO ompejesnero. OHO SIBASETCS MHBOJIOTHBHBIM, MOCKOJIbKY
(mo(a)®,y) = ¢((ax)y) = p(a*(a"y)) = (&,m(a")y) = (mo(a®)"®,y) u mo(a”)" = mo(a).
[Tpu stom ||mo|| < 1. HdeitcrBurenbHo,

Imo(a)I” = sup [[m(a) - z||* = sup p(s*a*ax)
lll<1 llzll<1
< sup [latallp(zz) < [lall?.
ll]I<1
[TosTomy Ty TpoIoIKAETCA MO HETTPEPBIBHOCTH 10 TIPe/ICTaBIeHUS Ty anrebpel A B H.

Ecim anre6pa A yrnrtanbha, To nonoxum &, := 1. Torma (&,,m,(a)é,) = ¢(a) u &, aB-
JIAeTCS TUKINIECKIM, TOCKOIbKY T,(A)E, = A/N mrorao B H. Hakowen, || = ¢(1) =

€417

g anrebper A o0IIero Buga paccCMOTPHM ee alllIPOKCUMATHBHYIO eTHHULY u). [loka-
JKeM, 9TO ) ABJaseTcs HanpasiaenHocTbio Komu. Beibepem € > 0. Torma naitimercs Takoit
ungeke o € A, aro o(uy) > ||¢|| — e (nockoabky ||¢| = limyea p(uy) mo aemme 4.10).
Teneps Haiimem Takoil uugerc f € A, aro f = o u [|[uyu, — Ul < € st soboro A > f.
Torna

Re(p(uata)) = ¢(ua) + Re(p(urua — ua)) > [lof — 2.
[TosTomy
lin — @all* = o((ur = ua)?) = @(u3) + p(ug) — 2Re(p(urtia)) <
< p(ui) + olug) — 2([loll — 2¢) < 4e.
Suagut, ipu A\, u = (3, umeem

lin — il < llin — it + [ — ] < 462,

Takum obpasom, 1y — nanpasjgennoctb Komm. Ilycrs §, = limyepauy € H. Toraa
(€pymu(a)é,) = limyep p(urauy) = ¢(a). Hockombky m,(A)E, = A/N, 10 £, — nUK-
mnaecknit. U3 a = m,(a)€, crnemyer, 4ro

lim 7, () = lim i (w0) 7 ()6 = ()6 =

It moboro ¢ € A/N, Tak 4TO HAIPaBJIEHHOCTDb T,(uy) cuiabHO cxomured K 1. [Tosromy
o]l = limyea p(ur) = limrea (§p, Tp(un)éy) = (€17 [
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4.3. Peanuzanusa (C*-ajre0p Kak ONepaTOpHBIX aaredp B rmjab0epTOBOM IIPO-
CTpPaHCTBeE.

CanenctBue 4.14. Jhoboe cocmoanue ¢ Hva C*-anzebpe A 6ea edunuyv, donyckaem eoun-
cmeennoe npodoasicenue 00 cocmosrus na AT,

Aoxasameavemso. 1lycts m, — npeacrasienne A, 3amannoe 'HC-koncrpykmumeit. Ilosto-

KM 7,(1) = 1. Torga 7, npogomxaercs no upegcrasiaenns AT u p(a) = (&, m(a)é,)
aBJsieTcss cocrostaueM. OHO €MHCTBEHHO, TOCKOJIBKY JIOMKHO BRIIOTHATBCS P(1) = 1
(crencreue 4.11). O

3anaua 43. Ilycrb uy, A € A, — HEKOTOpaAs ANMPOKCUMATUBHAA €JUHUIEA B YHUTAIbHON
asredpe. Jlokazarb, aTo 1 = limyep uy.

Jlemma 4.15. Hycmo ¢ : A — C — maxotl nenpepuieroili AuHetinbil GYHKUUOHGA, MO
lloll = 1 = limyea @(uy) daa nexomopot annpoxcumamuernot edurnuyo, uy. Tozda ¢ —
cocmoanue.

Joxazameavcmeo. CHadamta cBeieM J0KA3aTEIbCTBO K YHHTAIBHOMY cirydalo. 1lyets ¢ —
HEKOTOpOe Mpojio/izKenue (o Teopeme Xana-Banaxa) GyHKIIHOHATIA ¢ 10 HETPEPHIBHOTO
dyuxnmonana na A1, Iycrs ¢(1) =: a. Tockosbky ||@]] = 1, 10 || < 1. U3 nepasencrsa
|2uy — 1|| < 1 caeayer, uro |2 — a = limyep [p(2uy — 1)| < 1. Takum obpasom, o = 1.
Buaunt, MoxkeM cauTarh, 910 A yHuTadbHa u ©(1) = 1 (ecm A ¢ camoro Hadasa ObLIa
YVHUTAJIBHOI, TO TOJb3yeMcs 3aadeii 43).

[Tokazxem Temepb, ato p(a) € R, ecn a = a* (a 3maunt, comepxkurca B [—|al|, ||all]).
I[lycts a — camocoupsazkenHblil saement HopMbl 1. Toraa [ja & inl||? = ||a® + n?1|| =
n? + 1, Tak uro |p(a) +in| < v/n2 + 1 aaa moGoro n € N. Buaunur, p(a) comepkurcs
B LIEPECEUEHUN BCEX JUCKOB C LEHTpaMu B £in u paauycoB vn? + 1. D1o nepeceuenue
paBHO BelecTBeHHOMY nHTepBasty [—1,1].

Ecm 0 < a <1, 70 ||2a — 1]| < 1. TIpumenas npeablayee paccykKIeHue K caMoCOn psi-
JKEeHHOMY 3JeMeHTy 2a — 1, moaydaem, uto —1 < 2p(a) — 1 < 1, Tak uro p(a) > 0 u ¢
SBJISCTCS MOJOKUTETBHBIM. O



