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Jlekmus 10 (22.11.2021)
5.2. AF-anreopsl.

Onpepesenne 5.6. Hazosem C*-anrebpy A F-anzebpoti (annpoKCHMaTHBHO KOHETHOMED-
HOI1), ecJid OHA SIBJISIETCS] 3aMBbIKAHHEM O0'beIMHEeHNsI BO3PACTAIONIEH 10 BIOKEHHIO TOCIe-
JIOBATEILHOCTH CBOUX KOHEIHOMEPHBIX C™*-1mogaareop.

3amaua 47. /okazarb, uro Marpuynas ajarebpa M, sBjsgercsa npocToil npu JroboM n
(30 He cenyeT u3 geMMbl 4.34, U3 KOTOPOil MOYKHO BBIBECTH, 9TO M, SIBJISETCSI TIPOCTOi
IpU HEKOTOPOM ). Ykazanue: ansi arwoboro uaeana [ # {0} paccmorpum Marpuiy u3
wero ¢ a;; # 0. ITyrem ymmoxenus cjeBa ¥ crpaBa Ha MaTpPUILl ¢ 1 Ha OJHOM MecTe n
HYJISIMH Ha OCTAJbHBIX, MOJYIUTe MATPUIY U3 [ ¢ e ITMHCTBEHHBIM HEHYJIEBBIM JIEMEHTOM
@;j. YMHOKad Ha MATPHIBI IIePecTaHOBOK, HOIYYHTe aHAJOTHYHBIe MaTPUIBI CO BCEMH
BO3MOKHBIMU 7, j. VIX TuHeitHbIe KOMOUHAIINK JAIOT BCIo anredpy M,,.

3amaua 48. BreiBecTn u3 3aja4un 47 u jgeMMbl 4.34, 4T0o 0O6pa3 MaTpu4HO# ajaredpsr M,
IIpH *-ToMOMOpdu3Me — Jub0 HyJsieBas ajredpa, aubo anaredopa, uzomopcduas M,.

3amaua 49. /lokasarb ciaeayionuii MoYTH OYeBHIHBIN (haKT: MyCTh P U ¢ — IPOEKTOPDI
ommHakoBoro panra B M,,. Torga cymecTByeT Takasd YHUTapHas MaTPHTIA U, 9TO ¢ = u*pu.

JIemma 5.7. Ilycmo ¢ : M, — M}, — nenyaesots x-2omomopdusm, max. wmo p = ¢(1,,)
— camoconpasicennviti npoexmop, 2de 1, — edunuya M,. Tozda rk(p) = Trace(p) deaumca
na n = rk(1,) = Trace(1,).

Jlokasamenvemeso. PaccMOTpuM 0JIHOMEDHBIH OPTOTOHAJBHBIN (CAMOCOTIPSIZKEHHBI ) TIPO-
extop € € M,. Torga p(e) — camoconpsizkenubrit mpoektTop B My. Ero panr we 3aBucut ot
BBIOOpA €, MOCKOJIbKY J11060i Apyroil € pasen u*eu (no 3amade 49), riie u — yHUTAPHBII,
TaK 4TO

Trace(p(e')) = Trace(p(u*eu)) = Trace(p(u*)p(e)p(u)) =

= Trace(p(u)p(u*)p(e)) = Trace(p(uu’e)) = Trace(p(e)).
Eciu 661 9T70T (OAMH 7711 BCeX) paHT ObL1 OBl HYJEBOH, TO ¢ ObLI Obl HYJEeBbIM. 3HAUYHT,
OH paBeH ¢ > 1. PaccMOTpuM Teliepb OPTOHOPMUPOBAHHBIN 6a3uc ey, ..., e, (Hampumep,
kanouwdeckuii) B C" u 0603HAYUM COOTBETCTBYIOIINE OJHOMEPHBIE OPTOMPOEKTOPHI Yepe3

[e;]A, TaK 40 le;] [ei] = 0 upu ¢ # j. Torma, nockoabky ¢([e;])p(le;]) = ¢([eie;]) = 0 upu
i # j, HOJdydaeM
Trace(p) = rk(p(1n)) = tk(p(fer] @ - @ [en])) = rk(p([ea])) + - - + rk(p([en])) = en.
0

k
I naenue 5.8. Ornomenne ¢ = X2 pazopem xpammocmaio ©.
Onpegesienue 5.8. OrHotmeHune -

Hapsay co cranpaprabsim JeBbiM jeiictBuem M, na C" paccMOTpuM JeBoe JIeicTBHE
M,, Ha cebe yMHOKEHUEM, TaK YTO KAHOHHYIECKOE PA3JIOKEHHE
M, Z2C'®---dC" = M,e1] ® -+ ® M,le,]
—_——
n pas
SBJISIETCsI PA3JIOZKEHIEM Ha IPOCThIe MOLYJIH (=HeNpPUBOJIUMbIE TIPEeJICTaBIeHnus ), e [¢;] €

M, — opTOroHAJIbHBI HNPOEKTOpP Ha OA3UCHBIA BeKTOp €; craHgapTHOoro Oasuca. llo-
JIPYTOMY MOXKHO 3aIlHCaTh [e;] = e¢; ® ef (paccMaTpuBasi MATPUIIBI KAK SHIOMOPhU3MBL),
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rje e* — SPMUTOBO CONPsIKEHHBIH DYHKIMOHAI JJIs €, TaK 910 [e;]v = (e;®e] )v = e;(e;,v).
J171s1 Pa3HBIX BEKTOPOB MOJIy9aeM MATPUUHYIO CAUHULY €;; = €; ® (€;)*, Tak 410 [e;] = €;;.

Jlemma 5.9. Jobot nenpusodumvidi aeswil modyso M 6 M, umeem sud M,(g @ f*) =
C" ® f*, 2de g, [ — edunuunvie (MOHCHO 634Mb) BEKMOPDL.

Lokazamenvemeo. dns mgesoro npeticrBust moaynn M, (g ® f*) = C" @ f* usomopden C"
€O CTAaHJAPTHBIM JICHCTBHEM, a 3HAUUT, HenpusoauM. [losromy, o eciu g ® f* € M, To
M = M,(g® f*). Ocraercs nokazarhb, ato M comepKut saemenT Buga g ® f*. Ho sto —
Jio0oit oneparop panra 1. /lefictBuresibHO, ecjin @ — onepaTop paHra 1, TO HaJ0 B3Tb
B KadecTBe [ eJAMHWYHBII BEKTOD, HepIeHIUKYIAPHbI ero sapy, a ¢ = a(f). Hakonern,
ecan M — wenyseroii, u 0 # b € M, 1o BbiGepem f # 0 u3 ero obpasa. Torma (f @ f*)b
— omneparop panra 1 u3 M. O

Teopema 5.10. Ilyemv ¢ — (ynumasvnod) x-asmomopgdusm C*-anzebpv. M,. Tozda on
asasemes enympennum: p(a) = vav* daa a06020 a, 2de v € M,, — yrnumaprwii.

Jokxasamensvcmeo. 3amerum, 9To @ saBjsiercs: u3oMopduzmom M,, Kak JIeBOro MOIYJIsT HAL
M,, co crangapTHBIM JEHCTBUEM @ - T U ero 7Ke, KaK MOJyJ/Id ¢ aeficrBueM ax x = ¢(a) -z,
nockoIbKy p(a-x) = p(a) - p(r) = a*p(z). [lockoasky @(M,) = M,, T0O HHBapHAHTHBIC
U HEIPUBOAUMbBIE MOJYJIN JJisi 000UX JefiCTBUH OMHH W Te Ke (MOCJIeTHIe OMUCHIBAIOT-
cst nemmoit 5.9), 1 p(C ® ¢;) = C ® h;, npudeM, MOCKOJIbKY aBTOMOPGhU3M MEPEBOJUT
IPAMYIO CYMMY B IPAMYIO cyMMy, TO h; obpasyior 6asuc B C™ u, Takum 00pa3oM, ompe-
neqen uzomopdusm u : C* — C" u : e; — h; (maxke cuuras ||h;|| = 1, To omnpeje-
JIEHHBIH OJHO3HAYHO TOJIHKO C TOYHOCTBIO 10 YMHOYKEHUA Ha JIHATOHAJIBHYIO MATPHILY U3
KOMIIJIEKCHBIX 9HCeJI, 110 MOAYJIO paBHbIX ejunune). Taxum obpasom, p(e;;) = ri; @ hj,
rae r;; € C" — HekoTOpbIe 371eMeHTHl. AHAJOIHYHOE PACCYZKEHUE C HPABBIMU MOJYJIs-
MH MOKa3bIBaeT, 910 @(e;) = ¢; ® (s;5), tne v : C* — C", v : ¢; — g; — U30MOp-
dbusm, a s;; € C" — mexoroprie 3memMenThl. 3 3THX JBYX COOTHOIIEHUH MOTydaeM, 4TO
w(eij) = XNijgi®(hj)*, rae \;; — mekoropsie guciaa. [Ipn 3ToM (CM. J0KA3aTEIBCTBO JTEMMbI
5.7) w(lei]) = Nigi @ (hi)* aBigeTcs caMOCONPSZKEHHBIM TPOCKTOPOM, TaK 4TO h; = [1g;
u g = (M) (9 ® (9:)")(g:) = (Nijl)gi m A\iji = 1. Takum o6pa3oM, MOXKHO CIUTATh, 9TO
h; = gi, w = v u (HOBBIE) \;; YAOBIETBOPSAIOT \;; = 1 jy1s1 s1i060ro i. Ilpu sToM g; 06pasyior
OPTOHOPMHUPOBAHHBIH 6a3uC (CM. JOKA3ATEIBLCTBO JIEMMBI 5.7), TaK UTO U : €; — (; ABJIACT-
cst yuuTapubiM. U3 coxpanenus paBencTs e;;ej; = e = [¢j] u ej; = ej; upu romomopdusme
 mostydaeM, 4To AjjAj; = 1, )\_Z] = \j;, TaK 4TO, B 4aCTHOCTH, A;; — KOMILJIEKCHbIC HCJIA,
110 MOJIYJII0 paBHBIE 1.

Pacemorpum marpuiy A = [|A;;]|. [lepexoms, ecom Hy2KHO, OT BEKTOPOB ¢; K (A1;) 'g; =
A1igi TIPH 4 = 2, ..., M, MOYKeM CUuTaTh A\j;; = \q = 1 pn i = 2,...,n. IIpn srom o6pa3
¢(a) marpunpl a = ||a;;|| 3amECHIBaeTCA OTHOCUTEIBHO OPTOHOPMEPOBAHHOTO Oasuca {g; }
Kak ||A;;ai;||, @ ecaim MaTpuna a 6p11a yHATApHAS, TO (@) TOXKe JTOTKHA OBITH YHUTAPHOIA.
IIycth HEKOTOpPOE \;j # 1 (ITO BO3MOXKHO TOJIBKO NpPH @ # j, ¢ # 1). Beps mis stux i, j
YHUTAPHYIO MaTpHILy a ¢ ay; = 1/v/2, a1, = 1/v/2, ai = 1/v/2, a;j = —1/+/2 (u ocrasbibie
B 3TUX CTPOKaX U CTOJ_[6HaX7 KOHEYHO, — HyﬂI/I), IOJIy4YuM yCJIOBUE OPTOTOHAJIBHOCTH 9THUX
ctpok B BEge 0 = (1/v/2-1)(1/v2-1) + (=1/v/2 - Xij)(1/v/2 - 1) = (1 — \;;)/2, Tax [To

Aij = 1. IIporuBopeune.
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Wrak, s ar06sIx 4, j nostydaem, 910 o(e; @ (e;)*) = v(e;) @ (v(ej))* =v - (e; ® (e5)*) -
v*. TlockosibKy Ji0basi MaTpuna sB/ISEeTCsS JIMHEHHOW KoMOuHalmMeill TaKuX MaTPHIHBIX
eJIMHNUIL, TO [0 JHHEHHOCTH MOoJIydaeM TpeGyemMoe paBeHCTBO p(a) = vav®. O

Jlemma 5.11. Ilycmo 6 ycaosuax aemmovr 5.7 20MOMOPHUIM O ABAAECMCA YHUMAALHDIM.
Tozda ¢ onpedeasemcs KpamHocmvio ¢ MOYHOCTBIO 00 YHUMAPHOT IKEUBANEHMHOCTNU
(conpasncenusn) 6 My.

Joxasameavcmeo. Ilyers fl ... f¢ — opToHOpMEpOBaHHBIH Ga3uc B 06pase MPOEKTOpa
w(e), s = 1,...,n. Obo3navuus [ff]) COOTBETCTBYIOIIHE OJHOMEDHBIE MOIAPHO OPTOTO-
HAJILHBIE TPOEKTOPHI, mveeM ¢(e;) = [f ]+ -+ [f¢]. Torna {f/},i=1,...,n,5 =1,... ¢,
— oprobazuc CF, 1, = Zm_ [fl]] Ecmu v € M), — yuurapHas MaTpuia, IepeBOIsIIast {ff}

B KaHoHHYeckuil 6asuc CF, mpuaem ufij = €(i—1)n+j> TO
(13)  lea-nnis) = ea-nnis(eannis, ©) = ufl (uf], ) = uf] (f], u*z) = u[f]]u"z

nis moboro x € CF. TTosromy

C

(14) plled) = i1+ +[f] = Z el = u | Y le-nas] | w.

=1

Takum obpazowm,

¢1(a) 0
(15) up(a)u* = : : (6109HO-THATOHAbHAST MATPUIIA),
0 R (pc(a>
rae p; : M, — M, — HenyiaeBoil romoMopdusm, a 3uauuT, w3oMopbusm (i = 1,...,¢).

[TosToMy K HeMy MOXKHO MPUMEHUTDH TeopeMmy 5.10 u HaliTn Takoil yHUTapHBIH v; € M,
uro @;(a) = viav'. O6ozuauus v = vy B - - - B v, (yuurapubiii srement uz My), nosydaem,
gro Torma vup(a)u*v* = S.(a) ars awboro a € M, tne S, : M, — My, k = cn, —
CTAaHJAPTHBIN TOMOMOP(MU3M KPATHOCTH C:

a --- 0
Se(a)=1{ + .. (6109HO-THATOHAJIbHAS MATPHUIA ¢ ¢ OJIOKAMH, PABHBIMHA @),
0 --- a
9T0 1 TpebOBAIOCH T0KA3ATh. O

Jlemma 5.12. Ilycmov ¢ — yrumasvhoil *x-2omomophusm koneuromeprot C*-anzebpol

A= M, ®...® M,, e xoneunomepryro C*-anzebpy B = M,,, ® ... ® M,,,. Tozda

¢ sadaemca (¢ mounocmuio do yrumaphol skeusasermuocmu 6 B) nexomopotd X k-
y k

mampuyets C' = (cij) ¢ HEOMPUYATIEADHBLMU IACMENTIAMY, NPUNEM D CijTj = ;.

Aoxasamenvcmeo. 1lycrs €; © B — My, — xanonnveckuii smumopdusm, a o; @ M, —
A — xkanonmdeckoe Bioxkenue, ¢ = 1,...,0, j = 1,... k. Torna €¢; o ¢ — yHUTAJILHBIN
romoMopdusm A B M,,,. Ilycts ¢;; — KpaTHOCTD @;; = €, 0 p 0 0; : M,, — M,,, B cMbICIE
omnpejieieHud 5.8.
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Bamerum, uTo 0;(1,;) — HOHAPHO OPTOrOHAJIbHBLIE CAMOCONDSKEHHBIE IPOCKTOPHI B
A, B cyMMe Jalolue eJMHUIY, TaK 9To pi = @i(1,;) — TOmapHO OpTOroHATbHBIE Ca-
MOCOLPsiZKeHHble HPOeKTOpbl B M,,., B cymme jatomue ejunuiy. Ilosromy, kak u pa-
Hee, UX IpgMas CyMMa YHUTADHO SKBUBAJEHTHA IpU moMomu u; B M, cymMme coOT-
BETCTBYIOIIUX JUAarOHAJLHBIX IIPOEKTOPOB U;p;;u;. llpumenas jemmy 5.11 K Kazkaomy
3 a — u;p;;(a)ul, momydaem, 9To € 0 ¢ yHHTAPHO KBUBajeHTeH (B M, ) roMoMOp-
bmsmy idy @ ... DidE = S, -+ @ S, CpasHenne pazmepHOCTell JlaeT PaBEHCTBO
Z?Zl cijn; = m;. llockonbKy ¢ onpenenserca upamoit cymmoil €; 0 ¢, @ = 1,...,[, To
yTBepKIeHNE JTOKA3aHO. ]
3apmaua 50. Ilpenosnoxkum, 4T0 B Hpe/blaylieil jeMMe Mbl OTKa3a/Juch OT TpeboBa-
HUsI YHATAIbHOCTH. J[OKa3aTh aHAJIOr JIeMMBI B 3TOM cjy4ae. VIMeHHO, B3STb BMECTO
B nopanrebpy ¢(A) = pp(A)p B B, tie p = ¢(14), IpUMEHUTH HTPEABIAYIINYIO JTEMMY
K ¢ A— p(A) 1 noaydanuTh yTBEpIKICHEE JEMMbI C HEDABEHCTBAME Z?Zl ciing < my;
BMECTO PABEHCTB.



