Jleknus 1 (20.09.2022)

1. C*-AJITEBPBI (OCHOBHBIE OITPE/IEJIEHUS], IPUCOEJIMHEHUE EQUHUIIBI,
OBPATUMBIE SJIEMEHTHI )

Onpenesienne 1.1. Aazebpoii A (nag nonem K) HazpiBaeTcst KOJBIO, sIBISIONEECS JIH-
HellHBIM IIPOCTPAaHCTBOM HaJ K, mHpudeM C/I0XkKeHHe B OIIPeJejeHHH KOJIbLA U B OIpe/e-
JIEHUW JWHEHHOTO HpOCTpaHCTBa OOHO M TO }Ke, a yMHO)KeHI/IH CBA3aHbl COOTHOIIIEHHUEM

A(ab) = (Aa)b pnst Besikux A € K, a,b € A.
MpI GyeM paccMaTpuBaTh aarebpbl TOIBKO HAJ HoJeM KoMIuteKeHbix guces C.

Onpenenenne 1.2. Anrebpa A nag C HaszeiBaercss banarosoti arzebpot, ecan MOIIeKa-
ee JIMHeHHOe MPOCTPAHCTBO siBjisieTcst 6GaHaxoBbiM mpocrpancTBoM 1 ||ab|| < ||all||b|| amst
JI00BIX a,b € A.

Sagada 1 (qerkast). [Tokazkure, 9T0 B 3TOM CJiydae YMHOKEHNE HENPEPHIBHO (Kak 0TO0-
paxenne A X A — A) .

Onpenenenne 1.3. OTobpaxkenue * : A — A, a — a* Ha3bIBAETCA UHBOAOUUECT, €CIIN
(1) (a")" = a;
(2) (a+0b)" =a*+b%
(3) (Aa)* = Aa™;
(4) (ab)* = b*a*;
() [la*[| = flal
st mobbix a,b € A, A € C. Banaxosa anredpa ¢ HHBOJIIONNEH HA3BIBAETCA UHGOAOMUG-
HOt baraxrosotl arzebpoil.

Onpenenenune 1.4. upomorusaas banaxosa anaredpa A wasbiBaercs C*-anz2ebpoti, ecoin
MHBOJIIONHAS YA0BAeTBOpsieT paseHcTBy ||a*al| = |la||* ansa Becex a € A (310 pasencrso
HasbiBaercst C*-ceoticmeom).

3amaua 2. [IpuBecTu npuMep UHBOJIOTUBHON OaHAXOBOU aareOpbl, He gBJdoleiica C*-
aaredpoit.

Banmaua 3 (nerkast). ITokasarb, uro cBoiictBo (5) onpenenenus 1.3 caegayer u3 CBOHCTB
(1 - 4) u C*-cBoiicrBa.

Onpenenenne 1.5. Daement 1 € A naswiBaercs (1eBoit) edunuunvim, ecan la = a ajs
Jaoboro a € A. C*-anrebpa A Ha3BIBAETCA YHUMAALHOT MIM aA2€0p0t ¢ eduHuyed, ecan
y Hee uMeeTcst (JIeBblil) eIMHUIHBIN JIeMeHT.

Sanmaua 4. Ilokazarh, 9TO JEBBIH eTUHAYHBLIH JTEMEHT SIBISETCST U MPaBbIM, 4T0 1% = 1,
YTO eIMHUIHBIN 37eMeHT eauucTBen n uto ||1]| = 1. On naszsiBaercs edunuyed anzebpol.

Baga4da 5. IIposepbre, uro anrebpa C(X), oO6pazoBaHHasi BCEMH HEMPEPHIBHBIME KOM-
[JIEKCHO3HAYHBIMI QYHKIHAME Ha KoMIakTHOM npoctpancTse X n aarebpa Co(X) Beex
HEIIPEPBIBHBIX KOMITJIEKCHO3HAYHBIX beHK]_[I/HU/I Ha JIOKAJIbHO KOMHIAaKTHOM IIPOCTPaHCTBE
X, crpemsamuxcst K 0 Ha Geckonednoctu (1o ectb takux f : X — C, uro ais awoboro
e > 0 cymecrsyer Takoii kommakt K C X, uro sup{|f(z)| | * € K} < ¢) apusgtwor-
¢ KoMMyTaTuBHBIMEA C*-anrebpaMu, €c/id B KA4eCTBe HOPMBI OepeTcsi CyIpeMyM-HOpMa:
|l = sup,ex |f(2)|, a B KauecTBe yMHOMKeHHs — TOTO4YedHOe yMHOXKeHue. [Ipu sTom
anredbpa C(X) mMeer eauHUILY.



Bamaua 6. [Iposepbre, uro asredbpa B(H) Bcex orpaHuYeHHBIX OLEPATOPOB, JIEHCTBY-
0MuX B ruab0eproBoM npocrpancrBe H, apiasercas C*-anrebpoit ¢ eqununeii. 31ech B
KauecTse HOPMbI Gepercs onepamopnan nopma ||lal| = suppep ni<i1 lla(h)]], a yvmoxenne
— KOMIIO3HIIUS OIIEPATOPOB.

O1u upumepnsr C*-ajiredp SBJISIIOTCS BaXKHEHITUME, KAK Mbl YBUIUM JIAJIbIIE.

1.1. Yuuranusanusd, WJIN IPUCOeINHEHUE eOUHUIIbl. EcIn y MHBOMIOTHBHON Oa-
HAXOBOH ajredpbl A HeT eJMHMIBI, TO MOXKHO €€ BJIOXKUTb B MHBOJIIOTHUBHYIO OaHAXOBY
anredopy A caenyromum oopasom. ITosoxum AT = A @ C kak suHeiiHoe NpOCTPaHCTEBO.
OnpegennM CIPYKTYpPY HHBOJIOTUBHON GaHaxopoil aare6pel Ha AT dopmyramu

(1) (@, A)(by i) = (ab+ b+ pa, Ap),
(@, A)" = (a®,}),
1(a, VIl = llall +[Al

ngtst io0bIx (a, A), (b, ) € Ad C.
Jlaee cunraem, aro ucxognas aarebpa A ssiasercs C*-anredpoii.

Bamaua 7. IlokazaTh, 94To 3Ta HOpMa IpeBpaiiaer AT B MHBOJIOTUBHYIO GAHAXOBY al-
rebpy, Ho He C*-anre6py. (/s HPOBEPKU MOJHOTHI BOCIOJIB3YHTECH TTOJHOTOM MOAIPO-
crpancrBa A C AT koHeuHO! (e MHUYIHOIT) KOPA3MEPHOCTH. )

Ounpepenenne 1.6. Ilomanre6pa I C A HasbiBaeTcsi (JIByCTOPOHHUM) Uu0CA.AOM, €CIH
al CIulaC I gaga aoboro a € A.

3apaua 8. Jlokaszarb, uro A — ugean B AT,

JlemMma 1.7. Ha AT umeemcsa nopma, xomopas

1) sxeusasermna onpedesernot svluie;
2) na A cosnadaem ¢ ucroonold HOPMOT:
3) asaaemca C*-1opmoti.

Jloxasameavemeo. s b = (U, \) € AT pacemorpum smmHeitnoe orobpakenune Ly, : A — A
o dopmyne Ly(a) = ba, a € A. Jas Ly, Takum 06pa3oM, MOKHO OIPEIETUTH OMEePATOP-

ay10 HOpMY: ||Ly|| = Supyea, o<1 [|1Lo(@)]|. Ecmun b € A, To [[Ly|| < [|b]|. Tockombky
| Ly(09)|| = ||bb*]] = ||b||*, To ||Ls|| = ||b]|. Tns Beskoro b = (V,\) € AT momoxum
16]|new = || Lo||- Bamerum, aro mpoBemerHOe paccy:kieHue TOKas3biBaeT, 9T0 ||.||new yi10-

BJIETBOPSIET YCJIOBUIO 2) U3 (DOPMYIUPOBKHU JIEMMBbI.

[Ipexk e Bcero, mMpoOBEPUM || || pew ABISLETCS HOPMOIL, & HE TOJIBKO MOJTYHOPMOIl Ha JTHHEH-
HOM IpocTpancTBe (40 0ueBHANO). LIyeTh ||b]|pew = 0 a1 HeKOTOpPOro b = (b, \) € A™.
Drto oznadaer, 4to (0, \) - (a,0) = (b'a + Aa,0) = (0,0) maa moboro a € A, Tak 4TO
—%b' a=an —%b’ sipjisiercst eauaunein A. Ho y A wer epununpt. Suauut, || - [[hew —
nopma. Kak Besgkas onmeparopHas HOpMa, HOBasg HOpMa — HOpMa Ha GaHaxoBoii asirebpe,
TO €CTh

(2) HbCHnew < HanewHCHnew

st 1o6eix b, ¢ € AT (Jlerkast 3amada: nposepbre 310). I[ToKa MBI He yTBEpZXKIaeM, U4TO
UHBOJIIONUA ABASCTCA N30MEeTPHUEi.



3

Dra HOBad HOPMa SKBHBAJECHTHA OLPEJeIeHHOl panee HopMe Ha AT, nockoabky A C AT
SIBJISIETCS TIO/IIPOCTPAHCTBOM KopaszmepHoctu 1. JlelicTBUTEIbHO, 110 HEPABEHCTBY Tpe-
yroabuuka, umeeM ||(a, A)|[new < |la]l + |A| = [[(a + A)||, Tax uro mocrarouno nokaszars,

9T0 Haiigercst Takasg KoHcraHTa ¢ > 0, 910 [[(a, A)||new > ¢||(a, A)||. TIpeanosoxum mpo-
TUBHOE: CYIIECTBYIOT Takue napbl (a,, A,) u anciaa ¢, > 0, aro lim,, oo ¢, =0 u

1 (@ny An) lnew < call(@n; An)l-

[TocKOJIbKY HE OZHO A, HE PABHO HYJIIO, MBI MOXKeM MpPENOJOKATh ([OMeJNB, TP HE0O-
XOJMMOCTH, 06e CTOpOHBI Ha A, # 0), uro A\, = 1. CHOBa MpuUMeHsIsi HEPABEHCTBO Tpe-
VTOJbHHUKA, MOTYIaeM

an|| =1 < [[(@n, 1)[[new < cn(llan] + 1),

oTkyza |la,| < }J_FEZ, U JJIst I0CTATOYHO OoJsibIiuX n uMeeM ||a,| < 2. Ho Torma mmas srux
n umeeM ||(an, 1)||new < 3c¢pn, TAK 9TO
(3) lim (a,,1) =0.

n—oo

Teueppb Benomuum, uro AT /A = C; a Bce nopmbl Ha C skBuBasienthbl (6osee TOro, oHu
OTJIMYAIOTCS JIMIID TOCTOSTHHBIM MHOZKHTes1eM ). Taxum 06paszom, dbaxrop-nopma na A1 /A,
sanaBaemast |[(a, A) + Allpew = infoca ||(a, A)||new KBUBaIEHTHA O6BIYHON HOpMe Ha C.
Buaunt, inf,ec [|(a, 1)||new = @ > 0, aT0 HpoTHBOpEUHT (3).

Teneps HaM Ha0 nposepuTh C*-cpoiicTso. Ilo onpenenenunio, mig awodoro b € AT u
Jroboro € > 0 Haiinercs Takoit ssement a € A, uro ||a|| =1 u

[Lo(a)]| > (1 = €e)|[Ls]], — Toecrn  |ballnew = |lball > (1 — €)[|b]|new-
Takxke nmeem

16bllnew > lla* (b*B)allnew = lla” (b"D)all = [|(ba)* (ba)[| = [[bal|* > (1 — €)||bI;

new

(e mepBoe HEPAaBEHCTBO BBHIMOJHEHO B cuiy (2), ciieiyoriee paBeHCTBO — B CHJIY TO-
ro, aro A gaBnagerca upeanom B At a nambme npumensem C*-coiicrBo B A). Tlepe-
X0o/lg K HpeJesly NIpHU €, crpeMdariemMcd K Hyio, noaydaeM [|b*b|new = |02, B uact-
HOCTH, ||V [lnew * [[Bllnew = [[0Dllnew = [1Dl7ews TaK w10 [[0*[lncws = [[Bllnew- HosToMY

new?

10l new = [[(0%)*|lnew = ||b*||new- Takum oOGpazom, WHBOIONMS SIBISETCS H30METpUEH W,
110 (2), [[6°0]|new < ||0* lnew||Bllnew = [|0]|%ey- SHATET, 3TO — C*-HOpMA. O
Onpenenenne 1.8. DuieMenT a € A HA3BIBACTCH CAMOCONPANCEHHbIM, CTH a* = a,

yHUMapHuM, eca a*a = 1 (TyT anrebpa A IpearnoaaraeTcs yHHTaﬂbHOﬁ), HOPMANDHBIM,
ecau ata = aa®.

Onpegenenune 1.9. B yauransnoit C*-aarebpe 371eMeHT a HA3BIBACTCA 00PAMUMbIM, €CITH
CyIiecTByeT Takoil saeMenT a’ € A, uro aa’ = a'a = 1. DaemenT a’ ¢ TaKUM CBOHCTBOM
equucrsen (nposepbre!) u obosnadaercs yepes a” . MHOXKeCTBO 06pPaTUMbBIX 3JIEMEHTOR
G(A) siBageTcst TPYIIION.

3amaua 9. lIposepbre 310.

Jlemma 1.10. Ecau ||1 —al < 1, mo a™' cywecmsyem u pasen o’ =y >~ (1 — a)",

npuvem pad cxodumca no HopMe.



Joxazameavcmeo. CXOAMMOCTD €pa3y Cjeyer U3 OLEHKH Yepe3 IeOMETPUYECKYIO 1IPO-
rpeccuto. dasee sorancasieM: d'a =ad' = —(1—a)d' +a' ==Y 2 (1 —a)"+> (1 —
a)" = 1. O

Bamaua 10. /Tokasarh aHAJIOIHYIHBIM 00pa30M, 4TO ecan ag € A obparum u ||a — agl| <

1 1 _ oo -1 n, —1
e TO @ TOzKe obparum, npuuem a~ =y > lag (ap — a)|"a, .

CaencrBue 1.11. Iodmnoocecmso G(A) C A ABAAEMCA OMEPLMBIM MHONACECTMBOM.
Bsamue obpamnozo aaemenma a — a~ ' A6AACTICA NENPEPLIEHBIM 0TMOOPAANCEHUEM G(A)
6 cebs.

3amaua 11. /lokaxkure cjeJcTBUE, UCHOJIb3YS YCTAHOBJIEHHBIE BbIIIe (DOPMYJIbI.



