Jlexuus 3 (04.10.2022)

2.2. IIpeobpazoBanue I'enndanga.

Onpenenenne 2.10. /I1g komMmMyTaTuBHON OaHaxoBoit aaredpsl A ompemenum npeod-
pazosanue leavganda I' : A — Co(Ma) coornomenmem I'(a) = a, tae a(e) = p(a)
(HeOOXOIMMBIE yesI0BHs GYILYT IPOBEPEHBI B CJIEYIONIEI JeMMe).

Jlemma 2.11. Ilpeobpasosanue eavdharda AGAAEMCA CHCUMAOULUM 20MOMOPHUIMOM (-
2ebp u obpasz A pazdeasem mouku My, mo ecmv daa aobvx dsyx mouex My Hatidemesn
PyrKuuA us 00pa3a, NPUHUMGHOUGA 8 IMUL MOYKGT PA3HBIE 3HAYEHUA.

Jlokazamenvemeo. OYHKIUE G HEIPEPBIBHBI 110 OIPEIEIeHIIO *-caaboit Tonosorun. OTob-
pazkeHne sBISeTCs CKUMAIOIMIMM, MOCKOJIBKY
IT(a)|| = sup |p(a)] < sup [l¢]| - [la]l = sup [la] = [|a].
peEM 4 pEM 4 pEM 4y

Pasiesienne TOYEK 0UEBHIHO, MOCKOJIbKY JBa (MYJIBTUILITHKATUBHBIX ) (DYHKIMOHAIA Pa3-
JIMYHBLL TOTJA W TOJLKO TOIJA, KOTJA PAa3JUYHLI X 3HAYCHUS HA KAKOM-TO 3JICMEHTe d.
Ecau y A ur enuaunp, To 3amernM, 1to a(0) = 0(a) = 0, tae Ma+ = M4 U 0. TTostomy
i € Co(M,). 0

Bamaua 22. Eciu y anre6pst ecth ennauna, 1o ['(1) = 1.

CaenctBue 2.12. Ilycmv A — xommymamuenan banazrosa arzebpa ¢ eduruyet. Toada
a € A obpamum mozda u moavko moeda, ko2da a obpamum, u moz20a u MoALKO moz2da,
koeda a # 0 das mobozo a € My. Iloomomy Sp(a) = Sp(a) = {p(a) : ¢ € Ma} u
lall = r(a).

Joxazameavcmeo. Eciu a obparum, 1o a obparum 110 3aja4de 22. Ecin ke a He siBjsiercs
o6paTuMbM, TO pacemorpuM miean I = aA. Kak obcyzaamoch Bimme (CM. J0Ka3aTeshb-
CTBO JieMMBbI 2.7), 3TOT Hjean He MOXKeT COJepzKaTh 1, MOITOMY SIBJISETCs COOCTBEHHBIM.
[Tycte M — makcumaabHBI wieas, comepKammuii [ (cM. 3amady 23 HEXKe), a @ — COOT-
BercTBytomuit M MysnprumiukatuBabiii Gynknunonan. Torma ¢(a) = 0 u @ He sBasieTcst
obparumbiM B C'(My).

OcrasbHble YTBEPXKIEHNs CPa3y MOIYIAIOTCS U3 JOKA3aHHOTO. OJ

agauya 23. Jlwoboit ugeas I komMyTaruBHO# OaHaxoBO# ajaredbpbl ¢ eJUHUIEH COIEp-
JKUTCSA B HEKOTOPOM MAaKCHUMaJILHOM HjeaJie. Y Ka3aHue: paccMOTpeTh oobeunenue J Beex
COOCTBEHHBIX UJIEAJTOB [, coiepzKamux [, 9acTUIHO YHOPSOUYEHHOE IO BKII0YeHU0. [[1s
KasKJI0i menu (BIIOJIHE yIOpsiI0UeH Ol moacucTeMsl) I, BOCIOJIB30BABIIUCH, KAK U BHIIIIe,
TeM, 9TO 1 He NPHUHAJJIEKUT KaXKIOMY [, _, YOeIUThCs, 9TO OHA He MpUHaAAeKuT U, [, |
TaK UTO 3TO — COOCTBEHHBIN UIeasl. 3aTeM NpuMeHUTH Jdemmy LlopHa.

Teopema 2.13. IIycmv A — xommymamuenas C*-anrzebpa. Tozda npeobpasosanue Ienn-
darda aersemesn usomempuneckum x-uzomoppusmom A na Co(Ma).

Zokxazamenvcmeo. HokazkeM Teopemy g ajaredopnl ¢ exunuieil. Heobxonumas amanra-
UL /I Caydas 0e3 eIMHHUIBI OCTAB/IAeTCd YUTATEI0 B KadecTBe 3a1a4un 24.
[lycts ¢ € M 4. PacemoTpuM cHavasa caMoCONpsizKeHHbIN amemenT a* = a € A. Ilo-

_ o (ita)" R J—,[
TOKIM Uy = y o~ t € R. Jlerko mpoBepnTh, paccMaTpuBag YaCTHIHYIO CyMy H
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epexo/id K Ipejieny, 4T uf = u; ', TaK 410 u; € A — yuurapupri. Torxa
o0 .
(itp(a))" it _
1> u)| = ATEATT | |ettvla)| — p—tImp(a)
> lotuw)] =152 = 1)

B cuiy npoussosibHoctu t € R B 9100 onenke, 3ak/odaem, yro Img(a) = 0, To ecrb

p(a) € R.
[Tpoussosbubtii saement ¢ € A sanumeM B Bujge ¢ = a + tb, taie a = (a +a*)/2 u
b = (a — a*)/2i asnsmores camoconpsixkennniMu. [To mokazanmomy, p(a), p(b) € R, a

saaunT, @(c*) = p(a) —ip(b) = ¢(c), Tak aTo npeobpasopanue [eanbania coxpaHseT
WHBOJIIOIUIO W, TAKUM 00Pa30M, SABJISETCS *-TOMOMOP(MU3IMOM.

Jlis camoconpszKeHHOro 3/1eMentTa (a = a*) umeeM ||al|? = ||a*a|| = ||a?||, nosTomy
la]l = r(a) = lim [|a® /%" = lim (||a|*")"*" = ||a].
n—oo n—oo
Il saementa b € A obmero suta mveen ||b]|2 = ||b°b|| = [|6%b|| = ||b*|| = ||b||?, Tax wro

upeobpazosanue Lesnbdanjia spisercs uzomerpueit (na o6pas).
[Tosromy I'(A) siBistercst 3aMKHYTOI IO HOpMe HHBOJIIOTHBHO{ 110a/1re0poii ¢ euHuIeit
B8 C(M,), paspenstomieii Touxu. [To Teopeme Croyma-Beitepmpaccal, T'(A) = C(M,).
]

3amaua 24. /lokazaTh TeopeMmy JIs aaredpbl 0e3 eIUHHIIL.

Takum ob6pa3oM, B 4aCTHOCTH, CYIIECTBYeT oOpaTHOe OoToOpazKeHnue Jijid Ipeodpa3oBa-
uus Lesbdania, KoTopoe Tak Ke SBIAeTCS H30METPUUIECKUAM *-H30MOP(MUIMOM.

[Iycth a € A — nopMasbublit mement. O6o3naanm gepe3 C*(1,a) (coors., C*(a)) C*-
anrebpy, MOpoXKIeHHYI0 1 U a (COOTB., TONBKO a). B cuty HOPMAJIBHOCTH, STH AJIreGphI
KOMMYTaTHUBHBIL, IIpUYEM II€pPBOEC OlIpeAc/ICHHUEe 110APpa3yMeBaecT, 4T0 A umMeer eJuMHUILY.

Yrouuum, aro C*-a.42e6p0l, NOPoAHCIEHHOT MHONHCECMEOM, MBI HA3bIBAEM MUHUMAJIb-
uyio C*-ioganredbpy A, comep:Kalryio MHOXKECTBO, TO eCTh nepecedenne Bcex C™-moasi-
redbp A, comep:Kalimx 9T0 MHOXKECTBO.

3amaua 25. [Iposepbre, uro C*-anredpa, HOPOXKICHHAST MHOKECTBOM, — JefICTBUTE/IHHO
C*-anrebpa.

Sagauva 26. Eciau a — obpatuMmblii s1emMent, 1o agrebpa C*(a) umeer eaunuiy. B srom
cayaae C*(a) = C*(1, a).

Caencrsue 2.14. Anzebpa C*(1,a) uszomempuuecku x-usomoppna aszebpe C(Sp(a)) npu
omobpascenuu, nepesodauem a 6 Pyrkuyuro z(t) =t, z: Sp(a) C C — C. Aseebpa C*(a)
omobpasicaemes na Co(Sp(a) \ {0}).

Jokasamenvcmeo. Jns kommyrarusuoii C*-anrebper C*(1, a) naitnem X = Mg« (1,q). J10-
6ol MyJBTHILIMKATHBHBI DYyHKIHOHAT ¢ € X omnpejesnsercsa ero 3HadenneM p(a) = A
Ha a. Ilpu sToM B cuay MyabTummukatusroct o(p(a,a*)) = p(\, \) A1d 106010 MHOTO-
yiera p. TakuM oOpaszom, X OTOXKIECTBISETCH ¢ MHOKECTBOM BO3MOYKHBIX 3HAYEHUIT N,

A

kotopsle npuauMaer p(a) = a(yp) upu ¢ € X. llo crencrsuio 2.12, umeem a(X) = Sp(a).

lTeopeMa HE BCEraa PacCKa3bIBAETCHA B CTAHIAPTHOM Kypce (DYHKIMOHAJIHHOTO AHAIN3A, TIOITOMY MbI
TIPUBOJMM €e JT0KA3aTeIhCTBO B maparpade 3.
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[Mosyuaem oroxaecrsienue Sp(a) = X upu nomoiu coorsercrsus Sp(a) D A — py € X
rJe @) OlpeJiesieTcs yeJaoBueM py(a) = .

DTO OTOXKIECTBJIEHNE TIEPEHOCHTCH Ha (DYHKITUMH: KayK/1as HEIpepbhiBHAA (DYyHKIHS HA
X OTOXKIECTBIIsIETCS ¢ HempepbiBHOH dynkmueit ma Sp(a), nmenno, GyHKIun b = B(gp)
comocranistercst GyHKIMs aprymenta A € Sp(a), 3amannas kak A — @y (b). Hampuwmep,
ec/ii Mbl BO3bMeM MHOrowiesn p(a,a*) = b , 1o coorsercrByomieil dpyHkiueir Oyjger A —
ox(p(a,a*)) = p(\,\). B gacthoctn, GyHKIHA G TepexoauT B A — py(a) = A, Tax 910
npeoOpazopanue ['ebdaHn a 0TOXKIECTBIASIET G C TOXKAECTBeHHBIM oToOpaxkennem X . Ilo
TeopeMe 2.13, 310 oTOOpaXKeHe — U30OMETPUIECKUTT *-U30MOPMU3M.

Eciu a obpatum, 1o mo 3a1ade 26, C*(a) uzomerpuaecku *-uzomopduo C(Sp(a)). Ecan
Ke a He gBasgerca obparumbiM, To C*(a) He nmeer exmuunnl (cM. 3agady 27). Oma co-
OTBETCTBYET TIpU NOCTPOeHHOM oTobpaxkennn aug C*(1,a) =2 C*(a)™ maeamy C(Sp'(a)),
cocrosteMy u3 (GyHKIUH, obHyAdIoTIIXCcA B (. U
Samaua 27. [lokaszarn, 9To ecm a He siBsieTcst obparumbiM, To C*(a) He UMeer eTuHu-

MBI, YKazaHue: ecan 1 uMeercs, TO OHA JOJZKHA MTPUOINKATHCA MHOTOWIECHOM OT @ U a*,
KOTOPbBIH HE MOXKeT ObITh OOPATUMbBIM 3JIEMEHTOM.

3. JIOIIOJIHEHUE: TEOPEMA CTOYHA-BEWMEPIITPACCA

Pacecmorpum cuavasia anrebpy Cgr(X) nag R, 00pasoBaHHyO BCeMH HelpepbiBHBIME
BeIEeCTBEHHO3ZHAYHBIMU (DYHKIMAMHI HA KOMIAKTHOM XaycaopoBoM mpocrpancTse X.

Teopema 3.1. ITycmv A C Cr(X), 2de X — womnaxmnoe xaycdopdoso npocmparcmeo,
aeaaemca maxot 3amxuymoti nodaszebpoii®, wmo A pasdeasem mouxu X u codepocum
1 € Cr(X) (a snawum, u ece nocmosannwvie dynryuu). Toeda A = Cr(X).

Jlokasamenvcmeo. TIpexe Bcero, 3aMeTM, 9T0 YCIOBHE PAa3IeIeHUsT TOYEK MOKHO yCH-
JINTH, & UMEHHO: JJIst JIIOObIX x n y w3 X u Jo0biX v 1 v u3 R cymnecTByeT Takas pyHKIUA
g € A, uro g(x) = uu g(y) = v. leificTBUTENBHO, TOCKOJIBKY UMeeTcst [ € A co cBoiicTBOM
u = f(x) # f(y) =/, T0 g MOXKHO B3Th PaBHOU

U —v uw'v —v'u
u’—v’.f+—'

Hns f,g € A oupenesium veupepbisabie dyukuuu [V g, f A g, v(f) xkax
(fVg)(s) =max{f(s),g(s)},  (fAg)(s)=min{f(s),9(s)},  ~(g)(s) = lg(s)]-

[To Teopeme Beiteprrpacca o npubInzKeHUH HePEePhIBHBIX (DYHKIINH MHOTOUIeHAMHE, Haii-
JieTcd Takasd MOCJe/I0BATeJbHOCT MHOTOUJIEHOB Py, 9TO

1.

g:
UI_U/

1
||>\|—pn(>\)|<g mpu —n < A\ < n.

Torna

S|

[19(s)] = pal9)(s)] = | lg(s)| = Pnlg(s))] < npn —n < g(s) < n.

Buaunt, y(g) € A. llosromy u fV g € A, f A g € A, NOCKOIBKY

fvg:f;rg+7(f2—g)7 ng:f—QFg_v(fQ—g)_

2310 ycI0BIe MOXKHO OCTAOHTD
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Paccmorpum reneps tpoussosibhyto F € Cr(X) u 10 3aMedaHuio u3 Havaja JOKa3a-
TEeJBCTBA, HAfleM JIs npou3BOABHBIX X,y € X rtakyoo f,, € A, 4ro fy,(x) = F(z)
u fo,(y) = F(y). 3adurcuposas BpeMenno y, Haifnem s Kaxaoro © € X Takyio ero
okpectHOCTD U, 910 f;,(u) > F(u) — ¢ upu u € U,. Beibepem KoHewHOe MOAIOKPBLITHE
Ups. ..Uy, monpenenum fy = fo, V-V fo . Torna fy(u) > F(u) — e npu mobom
uw € X. lockoneky fy,,(y) = F(y) nna mwoboro i = 1,...,p, to f,(y) = F(y). 3uaqur,
Haiiercd Takas OKPeCTHOCTH Vy, Touk: y, 910 fy(u) < F(u) + ¢ upn u € V,. Boibepem
KOHEeYHOe HOANOKpbITHE Vi, ..., V, u onpenemum [ := f, A--- A f, . Tak Kax KaxK1aoe
Jy:(w) > F(u) — € upu mobom u € X, tou f(u) > F(u) — e nupu mobom u € X. C apyroit
CTOpOHBL, s Jioboro u € X maiigerca Vi, 3 u, tak uro f(u) < f,,(u) < F(u) + e.
O6mbeunsia HepaBeHCTBa, mogydaeM, 910 |f(u) — F(u)| < & npu mawobom u € X. B cuny
MPOU3BOJILHOCTH € MOJIy4YaeM TPeOyeMblil pe3yJIbTarT. 0

Teopema 3.2. ITycmo A C C(X), 2de X — womnaxmnoe zaycdopposo npocmparcmeo,
ABAAEMCHA MAKOT 3aMERYMOT UrB0AOMUEHOT nodanzebpot, wmo A pasdeasem mouky X
u codeporcum 1 € C(X) (a snavwum, u ece nocmoannme Pynxyuu). Toeda A = C(X).

Aokazamenvemeo. Nusomonus umeer sug f*(r) = m Ilycte Ap coctout u3 Belie-
CTBEHHO3HAYHBIX (DyHKIMIA, npuHaiexkamux A. 3amMeTruM, 4To 910 — mojaarebpa aj-
reopel Cr(X), conepxkamast equnuiy. [lockonbky Ag coBmagaer ¢ sapoM HEPEPBIBHOTO
R-ymuneiinoro orobpaxkenust f — f — f* 10 ona 3amknyra B A, a 3umauur, u B C(X).
[Mosromy Agp = AgNCRr(X) 3amknyra B Cr(X). Hakonen, Ag pazaenser Touku X. leii-
crpreno, e f(z) # f(y), vie f € A, 10 f = fi+ifs npu fi = (f + f*)/2 € Ap,
fi=(f = f*)/2i € Ag, Tax uro x0oTs1 ObI OfiHA U3 f1, fo pa3ensgeT x u y.

[Tosromy mo mpepiayineii Teopeme, Cr(X) = Ag C A. CHOBa MoOJIBH3ysiCh MpeICTaB-
aeaneM [ = f; + ifs, Ho yke jurs Beeit C(X), Bumum, aro C-nuHeiliHble KOMOHHAITH
ssemenToB Cgr(X) maor C(X) u, B 10 xKe BpeMst, 1al0T A B CHIY ITOKa3aHHOTO. 3HAYNT,

A=C(X). 0



