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’ Lecture 10 ‘

2.7 Finite-dimensional C*-algebras

Consider the x-weak topology on A defined by the seminorm system a +— |p(a)| for
all linear functionals ¢. From Lemma 2.20 and Theorem 2.22 it follows that the same
topology can be obtained by using only seminorms, defined by states.

Note also that the corresponding L'T'S has the homothety property 2.27.

Lemma 2.32. A finite-dimensional C*-algebra is always unital.

Proof. 1If A is finite-dimensional, then the topology of the norm coincides with the x-weak
topology according to Theorem 2.31. Let u, be an approximate unit of the algebra A.
Then for any state ¢ the sequence ¢(u,) is non-decreasing and bounded, hence has a
limit. Passing to linear combinations, we obtain the cinvergence for any functional on the
finite-dimensional vector space A, in particular, for functionals 1, ... @ of the dual base
for some base aj,...,a;. Then there exists an element a € A with ¢;(a) = lim,, p;(u,).
Considering linear combinations of ¢;, we conclude that p(a) = lim, ¢(u,) for any .
Therefore u,, converges to a in x-weak topology, and therefore in norm. Then ax = za =z
for any x € A, so a = 1. ]

Lemma 2.33. Let I C A be an ideal in a finite-dimensional C*-algebra A. Then I = Ap
for some central projector (=idempotent from the center) p.

Proof. Since [ is finite-dimensional, it is unital by Lemma 2.32. Let p € I be the unit
of I. Then for every z € A, one has xp € I, so p(zp) = zp. Hence pz*p = z*p for any
x € A, whence zp = prp = px and p belongs to the center of A. Obviously, p? = p. n

Lemma 2.34. A simple finite-dimensional C*-algebra A is isometrically x-isomorphic to
the matriz algebra M, for some n.

Proof. First of all, note that aAb # 0 for any non-zero a,b € A. Indeed, AaA is a non-
zero ideal (since A is unital and 0 # a = 1-a-1 € A), so by simplicity, AaA = A.
Therefore 1 = ) zay; and b = > . x;ay;b. Hence, if ayb = 0 for any y € A, then
b=>,z;(ay;b) = 0. This contradicts the assumption.

Let B be some maximal commutative subalgebra of A. Then it can be identified
with C(X) = C" = C-e;® ... ® C - ¢, for some n, where X consists of n points,
and e; € B denotes the element corresponding to the characteristic functions at point
i. Here e; are projections with the relations e;e; = 0 for ¢ # j and )"  e; = 1. Since
e;Ae; - e; = ej - e;Ae; = 0 and B is maximal, then e;Ae; C B. Therefore e¢;Ae; = C - ¢;
(since, obviously, 0 # e;Ae; 5 e;, or you can use the statement from the beginning of the
proof).

For any i, j there is x = z;; € A such that x = e;ze; # 0, ||z|| = 1. Indeed, by virtue
of the statement from the beginning of the proof, e;Ae; # 0, so we have z = e;ye; with
|z|| = 1. In this case e;ze; = e;e;yeje; = e;ye; = x. Then x*z = ejx*e;e;ve; € e;Ae;, and
therefore, according to what has been proven, this element has the form ae;, o € C. Since
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x*x is a positive element with norm equal to one, then av = 1, so 2"z = ¢;. Likewise, xx* =

e;. Let us denote such x = x;; for j = 1 by w;, so that u; = e;xe; = e;uzer. Then ufu; = ey,

wu; =e;, 1 =1,...,n. Let us set u;; 1= u,u;“ In this case, ue1u] = wujuu; = e;e; = e;,
* * * _ * * * * *

S0 U = UUGU U = ue Uy = €. Also ejuj; = UFUTUGU = UjeIUT = U UTUUT = Uji€,

and e;u;; = uzu;‘uzu; = uielu;f = ulu;uju;

If v € e;Aej, that is, z = e;ae;, then zuj; = e;aeju;; = e;auje; € e;Ae;, so vuj;; = Ae;
for some A € C. Then x = xe; = xuju;; = Aeju;; = Auyj, so for any x € A there is a
number A\;;(z) € C such that e;re; = Ajj(v)ui;. Thus, x = Y7, ewe; = 3.0 Aij(w)uy;.
The correspondence x — (\;;(x)) defines an isomorphism « : A — M, (Problem 47). O

Problem 47. Check the bijectivity and necessary algebraic properties of .



