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�� Introduction

In the present paper we discuss some properties of endomorphisms of C��Hilbert mod�
ules and C��elliptic complexes� The main results of this paper can be considered as an
attempt to answer the question� what kinds of good properties can one expect for an oper�
ator on a Hilbert module� which represents an element of a compact group� These results
are new� but we have to recall some �rst steps made by us before to make the present
paper self�contained�
In x� we de�ne the Lefschetz numbers 	of the �rst type
 of C��elliptic complexes� taking

values in K��A��C � A being a complex C��algebra with unity� and prove some properties
of them�
The averaging theorem 
�� was discussed in brief in ���� and was used there for con�

structing an index theory for C��elliptic operators� In this theorem we do not restrict the
operators to admit a conjugate� but after averaging they even become unitary� This raises
the following question� is the condition on an operator on a Hilbert module to represent
an element of a compact group so strong that it automatically has to admit a conjugate�
The example in section � gives a negative answer to this question� Also we get an exam�

ple of closed submodule in Hilbert module which has a complement but has no orthogonal
complement�
In x� we de�ne the Lefschetz numbers of the second type with values in HC��A�� We

prove that these numbers are connected via the Chern character in algebraic K�theory�
These results were discussed in ���� and we only recall them�
In x� we get similar results for HC�l�A�� We have to use in a crucial way the properties

of representations�
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�� Preliminaries

We consider the Hilbert C��module l��P �� where P is a projective module over C��
algebra A with unity �see ���� �� �
� �����

���� Lemma� Let P��A� be the positive cone of the C��algebra A� For every bounded
A�homomorphism F � l��P �� l��P � and every u � l��P � we have

hFu�Fui � kFk� hu� ui

in P��A��

Proof� For c � P��A� we have c � kck �A� So if hu� ui � �A� then

hFu�Fui � kFuk� �A � kFk� hu� ui �

Let now hu� ui be equal to � � P��A�� where � is an invertible element of A� We put

v � �
p
��
��

u� Then u �
p
� v and hv� vi � �A� So

hFv� Fvi � kFk� hv� vi �

hFu�Fui � p
� hFv� Fvi �p��� � p

� kFk� hv� vi �p��� � kFk� hu� ui �
Elements u with invertible hu� ui are dense in l��A� �this is a consequence of Lemma � of
����� so the continuity of the A�product gives the statement for l��A�� For l��P � we have
to use the stabilization theorem ����� �

Let us recall the basic ideas of ���� ����

���� De�nition� Let p � F � X be a G�C �bundle over a locally compact Hausdor�
G�space X� Let ��p�F� sF � be the well known complex of G�C �bundles �see ���� with� in
general� non�compact support� Let a complex �E��� represent an element a � KG�X�A�
�see ���� sect� ��
��� then �p�E� p��� � ��p�F� sF � has compact support and de�nes an
element of KG�F �A�� We get the Thom isomorphism of R�G��modules

� � �FA � KG�X�A�� KG�F �A��

If we pass to K�
G by the Bott periodicity ���� ������� we can de�ne

� � K�
G�X�A�� K�

G�F �A��
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���� Theorem� If X is separable and metrizable� then � is an isomorphism�

With the help of this theorem we can de�ne theGysin homomorphism i� � KG�TX�A� �
KG�TY �A� and the topological index

t�indXG � t�ind
X
G�A � KG�TX�A� � KG�A�

in a way similar to the case A � C ���� Here i � X � Y is a G�inclusion of smooth
manifolds and TX� TY are �co�tangent bundles�
We need the following property of the Gysin homomorphism�

���� Lemma� Let i � Z � X be a G�inclusion of smooth manifolds� N its normal bundle�
Then the homomorphism

�di��i� � KG�TZ�A�� KG�TZ�A�

is the multiplication by

�����N�R C �� �
X
����i��i�N �R C �� � KG�Z��

where �i are the exterior powers� and we consider KG�TZ�A� as a KG�Z��module in the
usual way�

��	� Theorem� Let a�indD � KG�A� be the analytic index of a pseudo di�erential
equivariant C��elliptic operator ���� � ��D� � KG�TX�A� its symbol�s class� Then

t�indXG�A ��D� � a�indD�

Now for the completeness of this text we recall a generalization of the result of ���� Let�
as above� G be a compact Lie group� X a G�space� Xg the set of �xed points of g � X � X�
i � Xg � X the inclusion�

��
� De�nition� Let E be a G�invariant A�complex on X� ��E� its sequence of symbols

�see ����� � u � ���E�� � KG�TX�A�� ind
X
G�A�u� � K��A� � R�G�� The Lefschetz number

of the �rst type is
L��g�E� � ind

X
G�A�u��g� � K��A� � C �

���� Theorem� Using the notation as above we have

L��g�E� � �ind
Xg

��A���
�

i�u�g�

����Ng �R C ��g�

�
�

Also we need the following theorem from �����

���� Theorem� Let M be a countably generated Hilbert A�module� Then we have a
G�A�isomorphism

M �� �� HomG�V� �M� �C V� �

where fV�g is a complete family of irreducible unitary complex �nite dimensional repre�
sentations of G� non�isomorphic to each other� In HomG�V� �M��C V� the algebra A acts
on the �rst factor and G on the second�
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�� An averaging theorem

Let us recall some facts about the integration of operator�valued functions �see ���
x
��� Let X be a compact space� A be a C��algebra� � � C�X� � A be an involutive
homomorphism of algebras with unity� and F � X � A be a continuous map� such that for
every x � X the element F �x� commutes with the image of �� In this case the integralZ

X

F �x� d� � A

can be de�ned in the following way� Let X � �ni��Ui be an open covering and

nX
i��

�i�x� � �

be a corresponding partition of unity� Let us choose the points �i � Ui and compose the
integral sum X

�F� fUig� f�ig� f�ig� �
nX
i��

F ��i����i��

If there is a limit of such integral sums then it is called the corresponding integral�
If X � G then it is natural to take � equal to the Haar measure

� � C�X�� C � ���� �

Z
G

��g� dg

�though this is only a positive linear map� not a 	�homomorphism� and to de�ne for a
norm�continuous Q � G� L�H�Z

G

Q�g� dg � lim
X
i

Q��i�

Z
G

�i�g� dg�

If we have Q � G� P��A� 
 L�H�� then� sinceZ
G

�i�g� dg � ��

we get X
i

Q��i� �
Z
G

�i�g� dg � P��A�

and Z
G

Q�g� dg � P��A�

�the cone P��A� is convex and closed�� So we have proved the following lemma�
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���� Lemma� Let Q � G� P��A� be a continuous function� Then for the integral in the
sense of ��� we have Z

G

Q�g� dg � �� �

���� Theorem� Let GL be the group of all bounded A�linear automorphisms of l��A�
�see ����	� Let g �� Tg �g � G�Tg � GL� be a representation of G such that the map

G 
 l��A�� l��A�� �g� u� �� Tgu

is continuous� Then on l��A� there is an A�product equivalent to the original one and such
that g �� Tg is unitary with respect to it�

Proof� Let h � i� be the original product� We have a continuous map

G� A� x �� hTxu� Txvi�

for every u and v from l��A�� We de�ne the new product by

hu� vi �
Z
G

hTxu� Txvi� dx�

where the integral can be de�ned in the sense of either of the two de�nitions from ���
p� ���� because the map is continuous with the respect to the norm of the C��algebra� It
is easy to see that this new product is a A�sesquilinear map l��A� 
 l��A� � A� Lemma

�� shows that hu� ui � �� Let us show that this map is continuous� Let us �x u � l��A��
Then

x �� Tx�u�� G� l��A�

is a continuous map de�ned on a compact space and so the set fTx�u�jx � Gg is bounded�
Hence by the principle of uniform boundness ��� v� �� p� 
���

��� lim
v��

Tx�v� � �

uniformly with respect to x � G� If u is �xed then

kTx�u�k �Mu � const

and by ���

k hu� vi k � k
Z
G

hTx�u�� Tx�v�i� dxk �Mu � vol G � sup
x�G

kTx�v�k � � �v � ���

This gives the continuity at � and hence everywhere� For Txu � �a��x�� a��x�� � � � � � l��A�
the equation hu� ui � � takes the formZ

G

�X
i��

ai�x�a
�
i �x� dx � ��
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Let A be realized as a subalgebra of the algebra of all bounded operators in the Hilbert
space L with inner product � � �L� For every p � L we have

� �

��Z
G

�X
i��

ai�x�a
�
i �x� dx

�
p� p

�
L

�

Z
G

�
�X
i��

ai�x�a
�
i �x�p� p

�
L

dx �

Z
G

�
�X
i��

�ai�x�p� a
�
i �x�p�L

�
dx

�cf� ����� Hence ai�x� � � almost everywhere� and thus ai�x� � � for every x because of
the continuity� and Txu � �� In particular� u � ��
Since every Ty is an automorphism� we have �cf� ����

hTyu� Tyvi �
Z
G

hTxyu� Txyvi� dx �
Z
G

hTzu� Tzvi� dz � hu� vi �

Now we will show the equivalence of the two norms and� in particular� the continuity of
the representation� There is a number N 	 � such that kTxk� � N for every x � G� So by
���

kuk� � k hu� ui kA � k
Z
G

hTxu� Txui� dxkA �
�
sup
x�G

kTxuk�
��

� N��kuk����

On the other hand� applying ��� and 
�� we have

hu� ui� �
Z
G

�
Tg��Tgu� Tg��Tgu

��
dg �

Z
G

kTg��k� hTgu� Tgui� dg

�
Z
G

N� hTgu� Tgui� dg � N�

Z
G

hTgu� Tgui� dg � N� hu� ui �

Then

�kuk��� � k hu� ui� kA � N�k hu� ui kA � N�kuk�� �

���� Remark� l��P � is a direct summand in l��A�� so 
�� holds for l��P ��

�� Complements and orthogonal complements

Let us recall some preliminary statements�

���� Lemma� 
� An A�linear operator F � M � HA always admits a conjugate if
M � P�A� � the category of �nitely generated projective modules�

�� Let �A � � 
 �A� Then k�k 
 ��

� Let � � �� � � ���� �� � 	 �� Then �� � is an isomorphism�
Here the strong inequality means that the spectrum of the operator is bounded away

from zero�
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���� Example� Let A � C��� ��� feig be the standard basis of HA� Let

�i�x� �

	

�

�
� on ��� �i � and �

�
i�� � ���

� at xi �
�
�



�
i �

�
i��

�
�

linear on � �i � xi� and �xi�
�
i�� ��

i � �� 
� � � � � Let

hi �
ei � �ie�

�� � �i�����
�i � �� 
� � � � �

be an orthonormal system of vectors which generates H� 
 HA� H�
�� HA� Then H� �

spanA�e�� � HA� Indeed� all ei � H� � spanA�e��� and if

x � ���� ��� � � � � � H� � spanA�e���

x � ���� �� � � � � �
�X
i��

�ihi�

then all �i � �� x � �� However the module H� does not have an orthogonal complement�
More precisely we have the following situation� Let y �

P�

j�� �jej be in H�
� � ThenDP�

j�� �jej � hi

E
� � for i � �� 
� � � � � so �i � ���i � � �i � �� 
� � � � �� and �i � ����i�

hence
y � ���������������� � � � ��

This is possible if and only if the function �� vanishes at �� ����� � �� If H��H�
� � HA�

then for some �� we have e� � y�
P�

i�� �ihi� In particular the series
P�

i�� �i
��i converges

and

� � �� �

�X
i��

�i�i

�� � �i��
���

�

But k�ikA � �� so for

� �

�X
i��

�i�i

�� � �i��
���

we get ���� � �� as well as for ��� We come to a contradiction�
Let us investigate the involution J which determines a representation of Z��

J�x� �

�
x if x � H��

�x if x � spanA e��

This operator does not admit a conjugate� Indeed� let J� exist� Then �J��� � J�
�
� Id�

so J� is also an involution�

J�x � x � �J�x� y� � �x� y� �y � �x� Jy� � �x� y� �y �
� �x� �J � ��y� � � �y � x� Im�J � �� �

� x� spanA�e���
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and J�x � �x � x�H�� But H� has no orthogonal complement and so the involution
J� can not be de�ned� Nevertheless for the A�product averaged by the action of Z�

hx� yi� � �
��hx� yi � hJx� Jyi�

we get if x � H�� y � spanA�e�� � hx� yi� � �
��hx� yi � hx��yi� � �� so the � and �
subspaces of the involution are orthogonal to each other� and J���	 � J �

Let us recall the de�nition of A�Fredholm operator ���� �
�� The theorem which will
be proved is the crucial one for the possibility of construction of Sobolev chains in the
C��case�

���� De�nition� A bounded A�operator F � HA � HA admitting a conjugate is called
Fredholm� if there exist decompositions of the domain of de�nition HA � M� � N� and
the range HA � M� � N� where M�� M�� N�� N� are closed A�modules� N�� N� have a
�nite number of generators� and such that the operator F has in these decompositions the
following form

F �

�
F� �
� F�

�
�

where F� �M� �M� is an isomorphism�

���� Lemma� Let J � HA � HA be a self adjoint injection� Then J is an isomorphism�
Here injection means an injective A�homomorphism with closed range�

Proof� Let us consider J� � J � HA � J�HA�� It is an isomorphism of Hilbert mod�

ules admitting a conjugate J�� � J�jJ�HA	
� J jJ�HA	

� Let J� � J�J��J��
����� then

hJ�x� J�yi � hx� yi for every x� y � HA� We have J��HA� � J�HA� and J��J� � ��
Let z � HA be an arbitrary element� Then

z � J�J
�
� z � �z � J�J

�
� z�� J�J

�
� z � J��HA�

and
J�� �z � J�J

�
� z� � J�� z � �J��J��J�� z � J�� z � J�� z � ��

so �z � J�J
�
� z� � KerJ�� � but

x � KerJ�� � �y � hJ��x� yi � � �
� �y � hx� J�yi � � � x � J��HA�

��

Hence J�J�� z � J��HA�� �z � J�J
�
� � � J��HA��� and

HA � J��HA�
dM

J��HA�
� � J�HA�

dM
J�HA�

��

So� if J�HA�� � �� then J is an isomorphism� Let x � J�HA��� then x � J��HA��� so
�y � hx� J�yi � � or �y � hJx� yi � �� and x � KerJ � But J is an injection� and so�
x � �� �
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��	� Lemma� Let F �M � HA be an injection admitting a conjugate� Then

F �M�
dM

F �M�� � HA�

Proof� We can assume by the stabilization theorem that M � H�
A
�� HA� Then F �F �

H�
A � H�

A is a self adjoint operator� Let kxk � �� then

kFxk� � k hFx�Fxi k � c�

by injectivity and

kF �Fxk � kF �Fxk kxk � k hF �Fx� xi k � k hFx�Fxi k � c��

So F �F � H�
A � H�

A is a self adjoint injection and it is an isomorphism by the previous

lemma� Moreover� F �F � �� and so� �F �F ����� can be de�ned� Hence U � F �F �F ����� �
M � HA �which is an injection with U�M� � F �M�� is well de�ned� We have U�U � IdM �
Let z � HA be an arbitrary element� Then

z � UU�z � �z � UU�z�� U��z � UU�z� � U�z � �U�U�U�z � U�z � U�z � ��

Since y � KerU� � hU�y� xi � ��x � hy� Uxi � ��x � y� ImU we get

U�Uz � ImU � ImF� �z � UU�z� � �ImU���

The proof is �nished because z is an arbitrary element� �

��
� Lemma� Let HA �M �N � p � HA �M be a projection� N be a �nitely generated

projective module� Then M cLM� � HA if and only if p admits a conjugate�

Proof� If there exists p�� then there exists ��� p�� � �� p�� so by ���� Ker��� p� �M is
the kernel of a self adjoint projection�
To prove the converse statement let us start from the case where N is a free module

and let us prove �rst that HA � N� �M�� By the Kasparov stabilization theorem we
can assume that

N � spanA he�� � � � � eni � N� � spanA hen��� en��� � � � i �

Let gi be the image of ei by the projection of N on M��

e� � f� � g�� � � � � en � fn � gn� fi �M� gi �M��

This projection is an isomorphism of A�modules N �� M�� so the elements g�� � � � � gn
are free generators and hgk� gki 	 �A� Hence� if

fk �
�X
k��

f ikei� then ek � fkk ek �
X
i ��k

f ikei � gk�
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On the other hand

� � hek� eki � hfk� fki� hgk� gki � �� �fkk ��fkk �
�
� hgk� gki 	 ��

Then by ��� the element �� fkk is invertible in A�

ek �
�

�� fkk

��X
i ��k

f ikei � gk

�A � N� � M� �k � �� � � � � n��

so� N� �M� � HA� Let x � N��M�� Every y � HA �M�N has the form y �m�n�
so hx� yi � hx�mi�hx� ni � �� in particular� hx� xi � � and x � �� Hence� HA � N��M��
Let us consider

q �

�
� on N��

� on M��

It is a bounded projection becauseHA � N��M�� Let x�y �M�N� x��y� � N��M��
Then

hp�x � y�� x� � y�i � hx� x� � y�i � hx� x�i �
hx� y� q�x� � y��i � hx� y� x�i � hx� x�i �

Hence� there exists p� � q�

To prove the general case let �HA � HA
cL �N with N cL �N a free module� Then� by the

previous case�

M
dM �M � �HA�

M
dM
�M�dM �N� � HA

dM �N�

M
dM

M� � HA��

���� Theorem� In the decomposition in the de�nition of A�Fredholm operator we can
always assume M� and M� admitting an orthogonal complement� More precisely� there
exists a decomposition for F�

F� �
� F


�
� HA � V� �W� � V� �W� � HA�

such that V ��
cL V� � HA� V

�
�
cL V� � HA� or �by the previous lemma it is just the same	

such that the projections

p� � V� �W� � V�� p� � V� �W� � V�

admit conjugates�

Proof� Let W� � N�� V� � W�
� � This orthogonal complement exists by ���� and F jW�

�

is

an isomorphism� Indeed� if xn �W�
� � then let xn � xn��x

n
� � x

n
� �M�� x

n
� �W�� kxnk � ��
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Let us assume that kFxnk � �� Then kFxn� � Fxn� k � �� and� since Fxn� � V�� Fx
n
� �

W�� V��W� � HA� then this means that kFxn�k � � and kFxn�k � �� and� since F� is an
isomorphism� then kxn�k � �� If a�� � � � � as are the generators of W� � N�� then

� � hxn� aj i � hxn� � aj i� hxn� � aj i �
k hxn� � aj i k � k hxn� � aji k � kxn� k kajk � � �n���

for any j � �� � � � � s� Hence� since xn� � N � we have xn� � � �n��� and xn � xn� �x
n
� �

�� but this contradicts the equality kxnk � �� This contradiction shows that F jW�

�

is an
isomorphism�
Let V� � F �V��� Since W� � N�� we can assume that W� � N�� Indeed� any y � HA

has the form y � m� � n� � F �m�� � n�� where m� � M�� n� � N�� m� � M�� On the
other hand� m� � v� � n�� where v� � V�� n� � W� � N�� and

y � F �v� � n�� � n� � F �v�� � �F �n�� � n�� � V� �N��

Hence� HA � V� �W��
Let y � V��W� � V��N�� so that n� � y � F �v��� n� � N�� v� � V�� Let us decompose

v� � n�� where m� �M�� n� � N�� Then

n� � F �m�� � F �n���

F �m�� � n� � F �n��� F �m�� �M�� n� � F �n�� � N��

Hence F �m�� � �� n� � F �n�� � �� and since F � M�
�� M�� then m� � �� We have

v� � V� � N�
� and hence�

� � hv�� n�i � hm� � n�� n�i � hn�� n�i � n� � ��

So� v� � m� � n� � �� y � F �v�� � �� Hence V� �W� � � and HA � V� �W��

By ��� V� has an orthogonal complement V �� � V�
cL V �� � HA� and this completes the

proof� �

���� Remark� If we do not restrict the operator F to admit a conjugate� we can assert
that there exists a decomposition

F � N�
� �N� �M� �Ln�

where Ln � spanA�e�� � � � � en�� but M� may have no orthogonal complement� This result
was proved in ����

�� Lefschetz numbers with values in HC��A�

	��� De�nition� Let fe�� e�� � � � g be an A�orthobasis of HA � l��A� �the Hilbert module
over A� with A�inner product � � �� Let S � End�AHA �the A�linear endomorphisms of
HA admitting an adjoint� and S�ei� � � �i 	 k�� We de�ne the trace of S by

t�S� feig� k� �
�X
i��

f��Sei� ei�� �
kX
i��

f�Sii ��

where f � A� A
�A�A� � HC��A�� kSijk is the matrix of S with respect to feig� Sij � A�
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	��� Lemma� t�S� feig� k� � t�S� feig� l� �� t�S� feig� for l � k�

The proofs of this lemma and the other statements of this Section can be found in �����

	��� Lemma� Let S� feig� k be as in ��
 and fhjg a new A�basis of HA �in general
non�orthogonal	� Then the series

�X
r��

f��Sh�
r
r�

converges to t�S� feig�� where �Sh�pr are the matrix elements of S with respect to fhig�
Let us note that a basis of HA is a system of elements fhig� such that hi � Bei� where

B � GL� �automorphisms admitting a conjugate	� The matrix of S with respect to the fhig
is the matrix of B��SB with the respect to feig� i�e�� �Sh�ij � �B��SB�ij �

�
B��SBei� ej

�
�

So we can give instead of ��� the following correct de�nition�

	��� De�nition� Let S � End�AHA� M and N Hilbert submodules of HA� N �nitely
generated� HA �M �N� SjM � �� For an arbitrary basis feig we de�ne

t�S� �
�X
i��

f�Sii ��

	�	� Lemma� Let M� N� S be as in ���� and �N be a countably generated Hilbert A�

module� �HA � HA
cL �N �� HA�

�S �

�
S �
� �

�
� HA

dM �N � HA
dM �N�

Then t�S� � t� �S��

	�
� Lemma� Let M � N � S be as in ���� M �� HA� N � �N � ��N� Sj ��N � �� Then

t�S� � t�pSp��

where p �M � �N � ��N �M � �N is a projection� and the sum on the right is in the space
M � �N �� HA� Let us notice� that if we denote by

q �M �N �M� p� � N � �N

the projections� then they admit conjugates� Hence� the projection p � q�p����q� admits
one� too�

	��� Corollary� If in ��� M � �N is orthogonal to ��N � and fhig is an A�orthobasis of
M � �N � then

t�S� �
�X
i��

f�hShi� hii�� �
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De�nition� Let F � HA � HA be an A�Fredholm operator �admitting an adjoint���
F� �
� F�

�
� HA �M� �N� �M� �N� � HA �D�

a corresponding decomposition� restricted to satisfy the condition as in ��� �we always will
assume this without speci�cation�� Let S� and S� be operators from End

�
AHA� such that

the diagram

HA
F����� HA

S�

��y ��yS�
HA

F����� HA�

commutes� Let

�S� �

�
� on M��

S� on N��
�S� �

�
� on M��

S� on N��

Let us de�ne
L�F�S�D� � t� �S�� � t� �S���

	�
� Lemma� Let

HA �M� �N� �M� �N� � HA� �D�

HA � �M� �N� � �M� �N� � HA � �D�

then
L�F�S�D� � L�F�S� �D��

	���� Lemma� Let

HA � �M� �N���K� � �M� �N�� �K� � HA� �D��

HA �M� � �N� �K���M� � �N� �K�� � HA �D��

be two decompositions for F � Then L�F�S�D�� � L�F�S�D���

	���� Lemma� Let

HA �M� �N� �M� �N� � HA �D�

and
HA � �M� � �N� � �M� � �N� � HA � �D�

be two decompositions for F � Then L�F�S�D� � L�F�S� �D�� So L does not depend on D
and we denote it by L�F�S��

	���� Remark� By the stabilization theorem and Lemma ���� we can de�ne L�F�S� for
any countably generated Hilbert A�module instead of HA�
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	���� De�nition� Let T � fTig be an endomorphism of an A�elliptic complex E�

� �� ��E��
d��� ��E�� �� � � �

� T� � T�
� �� ��E��

d��� ��E�� �� � � �

�

Ti��di � diTi� Ti � End�A ��Ei��
Assume the following

	���� Condition� Sobolev products in ��E� can be chosen in such a way that

Tid
�
i � d�i Ti���

We take Eev � �E�i� Eod � �E�i���

F � d� d� � ��Eev�� ��Eod��

Then F is an A�Fredholm operator and the diagram stated below commutes� where

S� � �T�i� S� � �T�i���

��Eev�
F����� ��Eod�

S�

��y ��yS�
��Eev�

F����� ��Eod��

We de�ne the Lefschetz number of the second type as

L��E�T�m� � L�F�S� � HC��A��

where m denotes the dependence on inner products �via d���

	��	� Lemma� Let T � Tg � g � G as in x�� Then the condition ��
� is ful�lled�

	��
� Theorem� If T � Tg� g � G� then

L��E�Tg �mG� � �Ch
�

��L��g�E���

where Ch�� is the Chern character

Ch�� � K��A�� HC��A�

�see �
� �� ��	� and
�Ch

�

��a � z� � Ch���a�z� z � C �
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In particular� L� does not depend on mG�

Proof� We have
L��g�E� � ind

X
G�A����E����g� � ind

X
G�A�F ��g��

Let
Mo �N� �M� �N� �D�

be a decomposition for F � Then by ��� and ����

N� �
KM
k��

Vk � Pk� N� �
LM
l��

Wl �Ql�

where Vk and Wl are C �vector spaces of irreducible representations of G� Pk and Ql are
G�trivial projective �nitely generated A�modules� Then �representations are unitary�

indXG�A�F � �
KX
k��

�Pk�� ��Vk� �
LX
l��

�Ql�� ��Wl�

and

��� L��g�E� �

KX
k��

�Pk�� Trace�gjVk� �
LX
l��

�Ql�� Trace�gjWl��

The end of the proof see in ����� �

�� Lefschetz numbers with values in HC�l�A�

Let W �A be the universal enveloping von Neumann algebra of the algebra A with the
norm topology� Let U be a unitary operator in the Hilbert module An� Then

�
� U �

Z
S�

ei� dP ����

where P ��� is the projection valued measure valued in the space of matrices M�n�W �A��
and the integral converges with respect to the norm� Let us associate with the integral
sum X

k

ei�kP �Ek�

the following class of the cyclic homology HC�l�M�n�W �A���X
k

P �Ek� � � � � � P �Ek� � ei�k �

Passing to the limit we get the following element

�TU �

Z
S�

ei� d�P � � � � � P ���� � HC�l�M�n�W
�A���

Then we de�ne
T �U� � Trn� �TU � HC�l�W

�A��
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��� Lemma� Let J � M � Am � N � An be an isomorphism� UM � M � M� UN �
N � N be A�unitary operators and JUM � UNJ � Then

T �UM � � T �UN ��

Proof� If

UM �

Z
S�

ei� dP ����

then

UN � JUMJ�� �

Z
S�

ei� dJPJ������

To verify the equality T �UM � � T �UN � it is su cient to verify that

Trm�

�X
k

P �Ek�� � � �� P �Ek� � ei�k
�
�

� Trn�

�X
k

JP �Ek�J
�� � � � �� JP �Ek�J

�� � ei�k
�
� HC�l�W

�A��

but this follows from well�de�nedness of the Chern character Ch��l � K��B� � HC�l�B�
�see �
� ���� �

Let now U be equal to Ug� i�e� an operator representing g � G� Then �
� turns to be
the sum associated with the decomposition from ��� and ����

An ��
MM
k��

Qk � Vk�

where Vk �� C Lk � and Qk are projective A�modules of �nite type� Then

Ug

�
MX
k��

xk � vk

�
�

MX
k��

xk � ukg vk �

MX
k��

LkX
l��

xk � ei�
k
l vlkfl�

where f�� � � � � fLk is the diagonalizing basis for u
k
g � vk �

P
vlkfl� Then we can de�ne

��� � �Ug� �
MX
k��

LkX
l��

Ch��l�Pk� � Trace�ukg� � HC�l�A��

We have T �Ug� � i��� �Ug��� where i � A�W �A�
A similar technique can be developed for a projective module N instead of An� For this

purpose we take N � q�An��

U � � � An �� N � ��� q�An � N � ��� q�An �� An�

�TU �

Z
S�

ei� d�qPq � � � �� qPq�����

The well�de�nedness is an immediate consequence of Lemma ����
Let us consider a G�invariant A�elliptic complex �E� d�� and let the Sobolev A�products

be chosen invariant� so that Tg � Ug are unitary operators �see x
��
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��� Lemma� We can choose a decomposition for the A�Fredholm operator

F � d� d� � ��Eev�� ��Eod��

F �M� � �N� �M� � �N�� F �M�
��M��

such that
�N� � �iN�i� N�i 
 ��E�i��
�N� � �iN�i��� N�i�� 
 ��E�i����

where Nm are projective invariant modules�

Proof� Let us assume that the complex consists of operators of the degree m� so F �
d � d� is an A�Fredholm operator in the spaces Hm�Eev� � H��Eod�� We can choose
the basis in Hm�Eev� �or the decomposition into modules Pj in l��P �� in such a way that
ems�j � ��E�j�� where E�� E�� � � � � E�j � � � � � E�m are all non�zero terms of the complex�
s � N� j � �� � � � �m �and in a similar way for Pj�� As usual� without loss of generality we
can assume that

�N� � spanA�e�� � � � � en��� M� � spanA�en���� en���� � � � ��

and M� � F �M�� has in H��Eod� the A�orthogonal complement M�
� � Then for every

x �M�� y � �N�

��� hx� Fyi � hFx� yi��
where the �rst brackets mean the pairing of a functional and an element� So� F � �N�� 
M�

�

and taking �N� �M�
� � we get a decomposition F �M� � �N� �M� � �N��

Let
y � y� � y� � � � � � y�m�� � �N� 
 H��Eod�� y�j�� � H��E�j����

and
x � x� � x� � � � �� x�m � M� 
 Hm�Eev�� x�j � Hm�E�j��

Then hFx� yi� � �� where
Fx � d�x� �

Pm
i���dx�i�� � d�x�i� � dx�m �

� � � �m
i��H

��E�i��� � ��

Since �E� d� is a complex� d� � � and

hdu� d�vi � �d�u� v� � ��
so

hy�j��� dx�ji � �� hy�j��� d
�x�j � �i � � �j � �� �� � � � �m�

hy�j��� dxi � �� hy�j��� d
�xi � ��

Hence e�j�� � F �M��
�
�M�

� � �N�� and

�N� � �i� �N� � ��E�i���� � �iN�i���

�
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��� De�nition� The Lefschetz number L�l we de�ne as

L�l�E�Ug�mG� �
X
i

����i � �UgjNi� � HC�l�A��

where mG denotes the dependence on inner products �via d���

Remark� For more general situations we hope to use T instead of � �


��� Lemma� The de�nition of L�l is correct� i�e� this number does not depend on the
choice of decompositions in Lemma ����

Proof� For any two decompositions we can by use of projection �as in ��
� ���� replace
�N� by a module inside spanA�e�� � � � � en� for a su ciently great n �we use the notation of
Lemma ����� By ��� � �UgjNi� does not change under this replacement� So we can assume
that we have to compare the decomposition as in ��� and the decomposition

F � �M� � ��N� � �M� � ��N ��

��N� � �i
�N�i� �N�i 
 N�i 
 ��E�i��

��N� � �i
�N�i��� �N�i�� 
 ��E�i��

Hence by ���� �N�i�� 
 N�i��� Let Ki � � �Ni��Ni
� Then F � K�i

�� K�i�� and by Lemma
��� we get � �UgjK�i� � � �UgjK�i���� HenceX

i

����i � �UgjNi� �
X
i

����i �� �Ugj �Ni� � � �UgjKi�
�
�

�
X
i

����i �� �Ug j �Ni�� �


�	� Theorem� Let �Ch
�

�l�a � z� � Ch��l�a� � z� where z � C � Then

L�l�E�Ug�mG� � �Ch
�

�l�L��g�E���

in particular� L�l does not depend on mG�

Proof� We get the statement immediately from ��� and ���� �
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