Bagaua 1. Ilpusectu npumep MHBOIOTUBHON 6aHaxoBOi aaredpol, He sBisiomeiics C™-
asiredpoit.

3amaua 2. [lokasarb, 4TO J€BbIH €JIMHUYHBII 3JIEMEHT ABJISETCH U HPaBbIM, uTO 1% = 1,
9TO eAUHUYHBIN sjieMent exuncreen u 9o ||1]| = 1. On nassiBaercs edunuyed anzebpo.

Bagaua 3. IIposepbre, uro anrebpa C(X), oOpasoBaHHas BCEMH HEIPEPHIBHBIME KOM-
IJIEKCHO3HAYHBIMEU (DYHKIUAME Ha KOMIAakTHOM npoctpancree X u anrebpa Co(X) Beex
HEIPEPHIBHBIX KOMILIEKCHO3HAYHBIX (DYHKIMH Ha JOKATHHO KOMITAKTHOM IPOCTPAHCTBE
X, crpemsammnxcst K 0 Ha Geckonednoctn (to ectb takux f @ X — C, uro ais ar0boro
e > 0 cymecrsyer Takoii kommakt K C X, uro sup{|f(z)| |x € K} < ¢) apusgtwor-
cst KoMMyTaTuBHBIMU C*-ajrebpaMu, €CJii B Ka4eCTBE HOPMBI OEPETCH CYNpemyM-HOPMA:
| fll = supgex |f(x)|, a B KauecTBe ymMHOMKeHHsT — mOTOYedHOEe yMHOKenue. [Ipu sTom
anredopa C(X) uMeer eauHUILY.

Sagaua 4. IIposepsre, uro anrebpa B(H) Bcex orpaHHYeHHBIX OHEPATOPOB, ACHCTBY-
IONMX B Iujib0eproBoM mpocrpanctse H, sisiasiercst C*-anrebpoit ¢ eaununeil. 3jech B
KauecTBe HOPMBI Oepercs onepamopras nopma ||lal| = sup,ey n<1 lla(h) ||, a ymuoxennue
— KOMITO3UITUST OTIEPATOPOB.

Bamaua 5. TTokaszaTh, uTo HOpMa “cymmbl’ IpeBpammaer AT B HHBOIIOTHBHYIO GaHAXOBY
anrebpy, Ho He C*-amredpy.

Bamauga 6. /Tokasarb, uro A — ugean B AT,

Bamaua 7. Jlokaszars, 4ro ecau ag € A obpatum u ||a — apl| < m’ TO @ TOKe 0bpaTuM,
npuuem a~ ! = 3" Jlag ! (ag — a)]"ag "

3amaua 8. [lokazarh, 4TO KBAa3UCIEKTP BCETIA COAECPKUT HOJIb.

amaua 9. Ilycrb a n b — KOMMyTHDPYIOIIHe 31eMeHThl OaHaxoBoit ajredpsl. Toraa npouns-
BesieHre ab 0OpaTHMO TOTIA M TOJIBKO TOT/Ia, KOTJIA KayK bl U3 3JIEMEHTOB a 1 b sIBJIAETCS
0OpaTUMBIM.

Bamaua 10. [okazats, uto r(a) < ||a|| aus gwboro a € A.

3amaua 11. /lokazarb, uro M, — JOKaJIbHO-KOMIIAKTHOE XayCI0pdOBO MPOCTPAHCTBO,
a My+ — ero ogHoTOYeYHAST KOMIAKTH(DUKAIIKS.

Bagaua 12. Ilposepurb, uro ecim ¢ : A — C — (HeHyseBoil) MyJIbTHIIMKATUBHBII
dbynkimonan va A, o dopmya p((a, \)) = p(a)+ A 3a13€T eIMHCTBEHHOE HPO/IOJIZKEHHE
¢ 10 MyJIbTHIUIAKATUBHOTO byHKIMOoHATa Ha AT,

Samaua 13. Jlio6oi npean I KOMMYyTaTUBHON ODaHAXOBOI aJreOPhI ¢ eIMHUIEH COIEePIKUT-
¢ B HEKOTOPOM MaKCHMAJIbHOM HJIealIe.

Samaua 14. okaszarh Teopemy lenbdanma aidg ajgaredpol 6e3 eTuHUIID.

Bagava 15. Eciau a — obpatumeiit s;1ement, To anrebpa C*(a) numeer equnuiy. B srom
caygae C*(a) = C*(1,a).

Bamaua 16. [lokazars, uro f(Sp(a)) = Sp(f(a)), upubnuxas f MHOrOYICHAME, W Mpa-
BHJIBHO ChOPMY/THPOBAB, YTO 3HAYHUT, YTO 00paA3 HEMPEPLIBEH MPU PABHOMEPHOM MpUOIU-

JKEHWH, U TOJIb3YICh M30METPUIHOCTHIO TpeobpazoBanus [erndania.
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Bamaua 17. [Tokazars, uroeciama > 0u 0 > a, 1o a = 0; a rakxke, uro —||a||l < a < ||al/1
JJISL BCSKOTO CAMOCOIPSIZKEHHOIO (.

Bamaua 18. Ecau 0 < a < b, 1o |lal| < ||b]].

Bamaua 19. /lokazarb, 4To ajredpa co cY4eTHON alnlpoOKCUMATUBHON ejaunuiieil He obsi-
3aHa OBITH cenapadebHOI.

amaua 20. /okazarb, 4TO HOJOXKUTEJIbHBIA 3J€MEHT MNpOou3BOJIbHOM C™-momaaredpsl
SIBJIETCS TOJIOKATEJIBHBIM 3JIEMEHTOM BCeil aareOphl.

Bagaua 21. Ilycts ¢ : A — B — x-romomopdusm aaredp 6e3 exunaunsl. /lokazars, 410
CYIIECTBYeT eAMHCTBeHHBIN YHUTAIBHLI *-romomopdusm ¢ : AT — BT, npomomxaro-
mui .

Bamaua 22. Ilycts ¢ : A - B — x-romomopdusm aarebp, npudem A 6e3 eqwnunsl, a B
— ¢ eqununeil. JJokaszarh, 9TO CyIIeCTBYeT €INHCTBEHHBIH YHUTATBHBIA *-TOMOMOP(MOU3IM
o) AT — B, npomoskaromuii .

Bamaua 23. [Iposepurs, uTo

Ecan S — camoconpsizkennoe, To u S’ ToxKe.
KoMmmyTaHT 1100010 MHOXKECTBa — aJjrebpa ¢ e IHHHIICH.
KomMmmyTanT 1106010 MHOMKECTBa CJ1a00 3aMKHYT.
Takum obpaszom, S’ — anredpa ¢don Helimana aiasa 1106010 caMoConpsazKeHHOIO
?
MHOXKeCTBa, S.
Ecan Sl C SQ, TO Si D) Sé
Bceerma S € S”.
[Mosromy S = S, 58" = S5" n 1.1
y ) A

Samaua 24. /loka3aTb: ecu CaMOCONPSAXKEHHBIN 31eMeHT a B C*-anarebpe ¢ eauHuiei
umeer Sp(a) = {0, 1}, 10 @ — HecKaJAPHDIH HIEMIOTEHT.

Bagaua 25. Ilycts uy, A € A, — HeKoTOpag anmpPOKCHMATHBHAs] €JIMHNUIA B YHUTAIbHOM
aareope. Jokasars, aro 1 = limyecp uy.

Bamaua 26. lmeercsa ecrecrBeHHas OMEKIUsT MEXK/Ly CAMOCOIPSAKEHHBIMU JIMHEHHbBIMUI
dbyukmonanamu Ha A u (BelecTBeHHBIME) JUHEHHBIMI QyHKIHOHATAME Ha Ag,.

Bagaua 27. Ecim y A ecTh euHHAINA, TO OPeICTABICHHE T ABIACTCH HEBLIPOMKICHHBIM
TOTJIA U TOJBKO Tora, Korma m(1) = 1.

3amaua 28. /loka3arb, 40 Marpuynag ajaredbpa M, dBisgercs TpocToil npu JroboMm n .

Bamaua 29. /lokazarh, 4To 0O6pa3 MaTpudHOii anredpsl M, npu x-romoMmopdusme — Jinbo
HyJieBasd ajrebpa, Jimbo anaredbpa, uzomopduas M,,.

Bamaga 30. Hapucosars auarpammy Bparrenu s (HeKoTOpoil onpepesstomeii moce-
nosaresnbHocTn) AF-anreOpsi: agre6psl KoMmakTHbIX omeparopos K(H ).

Bamaua 31. Hapucosars quarpammy Bparrenu st (HEKOTOPOil ompeiessitonieif mocie-
nosarenbHoctn) AF-amre6poi: yaurannsamun K(H )" aareGpbl KOMIAKTHBIX OTEPATOPOB

K(H)
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Bamaga 32. Hapucosars jguarpammy Bparrenn jist (HeKOTOpOii onpejessiomedi mo-
caegosarensuoctn) AF-amrebpor: 3ambikamme obbepunenus A, = Moy, ¢ BIOKEHISME

A, C A, 41 xparrocTa 2 mo Gopmyse a — ( 8 2 > (CAR asrebpa).

Bamaua 33. Hapucosars guarpammy Bparrenn s (mekoTopoil onpegensiomneii mocse-
nosarensnoctn) AF-amrebpor: C(K), rne K — KaHTOPOBO MHOXKECTBO, IIOJIyYCHHOE H3
[0, 1] mociegoBaTeNbHBIME yIATCHNSME CPEJHEl TPETH COOTBETCTBYIOIIHNX HHTEPBAJIOB.
Ecim K, — MHOXKeCTBO, TOJIy4eHHOe Ha pP-M Iare 3Toro mporecca, 1o A, — anrebpa
HETIPEPHIBHBIX (DYHKIHH, TOCTOSHHBIX Ha HHTEpBATax K.

Bamaua 34. Hapucosars auarpammy Bparrenu s (HeKOTOpOit onpeenstonieii moce-
nosarensuocru) AF-anrebper: C(X), rue X := {0} U {2 : n € N}, a Ay cocront u3 Beex
bynximuii, nocrosuubix Ha [0, 1/2*].

Bagaua 35. [Iycre 7 : A — B(H) — Beipoxkjennoe upejcrasienune. O603HaUUB uepes
Hy nuBapuaunrroe nogupocrpanctso Hy = {{ € H: m(a)(§)0 masa noboro a € A}. Jlo-
Ka3aTh, 9T0 7T WHAynupyer npeicrasienue n @ A — B(H/Hy), upudem, ecam m 6bLI0
TOYHBIM TPEICTABICHUEM (MHBEKTUBHBIM rOMOMOPMHU3MOM), TO 1 7' GyJeT TAKOBBIM.

Bamaga 36. Ilycte X — jokaabHO-KOMIakTHOe TpocTpaHcTBo, a Co(X), Kak u paHee
— C*-anredpa HeNpepbIBHBIX (DYHKINI, cTpemsiuxcsa K 0 Ha OeckoHeunocTH. Jlokasars,
aro anrebpa M(Co(X)) C L*°(X) moxer 6biTh otoxkaecTsiena ¢ C*-amrebpoit Cp(X)
BCEX OTPAHUYEHHBIX HENPEPBIBHBIX GyHKIUi Ha X.

Bamaua 37. Jlokazarh, uto npejacrasienne 7 : A — B(H) HEBBIPOXKIEHO TOTIA U TOJBKO
TOIIa, KOIJa JJI HEKOTOPOH AIlIpOKCHMATHBHONW eJIMHMIIBI ) aJreOpbl A BBITOJTHEHO
cJetyIoree yeaoBue: s aoboro Bektopa £ € H maitnercs takoe A, ato uy (&) # 0.

Bagaua 38. Ilycre A — C*-anrebpa, a € A, p,q € A — OpPTOrOHAJBHBIE IPOEKTOPHI
(T.e. caMOCONPSIZKEHHbIE WIEMIIOTEHTHI, yaoBaerBopsonue pg = 0). [Tokazars, 4ro ecu
a nojoxuTesned u pap = 0, To paqg = 0.

Bagaua 39. Ilycte A — C*-anredpa, a € A. O6o3nauuM depe3 aAa MHOKECTBO BCEX dIe-
MenToB Bua aba, rne b € A, a yepe3 aAa — 3aMbikaHne 310ro MHOKecTBa. C*-H0Ka/re0pa,
B C A nacaedemeenna, ecan u3 yeaosuit 0 < a < bwu b € B caenyer, aro a € B.

(1) TIposeputh, uto aAa — C*-nomanrebpa aus mo6oro a € A.

(2) Ilycts p € A — npoektop. IIposeputh, 410 pAp 3aMKHYTO.

(3) Tlokasarb, uTo pAp HACTEACTBEHHA JJisl JTEOOOIO MTPOEKTOPA P.

(4) Tlokaszath, 9To aAa HaCIeACTBEHHA /s JTIOHOTO MOJIOKATETHHOTO @ € A.

Bamaga 40. [Tycrp X C R — muoxkecrBo Towek 1,1/2/1/3,... u 0. [lycrs C(X, Ms)
— MHOZKECTBO BCEX HENpPEePhIBHBIX (DPYHKIUH HA X €O 3HAYCHUSIMHU B MATPUYHON ajredpe
M,. Tlomoxum By = {f € C(X, M) : f(0) mnaronansua}, By = {f € C(X, M) :
f(0) umeer Bug (§59)}

(1) TIokasars, uro C(X, My), By, By — C*-anre6psi.

(2) Haiitu Bece (aByxcroponnue, 3amuyThie) ugeanst B C(X), C(X, M), By, Bs.

Bamaua 41. Ilycte A — C*-anrebpa, J C A — ugean, a € A — caMOCONpPsIzKEHHBII
sneMent. [lokazars, uro cymectByer takoit j € J, uro ||[a]|| = || — j||, vme [a] € A/J —



4

Kjace a+J snementa a. Ykazanue: pa3inokuth a— ||[a]||-1 = a; —a_ ¢ nonoxureababMu
Gy, G_ W IIOKA3aTbh, 9TO a4 € J.

Bagaua 42. Ilycts A — C*-anrebpa, a € A — caMoconpsiKeHHBIH d1eMeHT. [lokasarh,
9TO eCJIU CIEKTP 0(a) — GECKOHETHOe MHOXKECTBO, TO A GeCKOHETHOMEPHA.

Bamaua 43. Onucars 'HC-koucTpykuuto ayist C*-anre6pbr C[0, 1] u 1715 TOJIO0KATE b
HOT'O JTMHEHHOTO (DYHKIIMOHATIA

(1) ¢(f) = f(0),
(2) @(f) = 3(£(0) + £(1)),
(3) o(f) = [, f(x)dz,

rie [ € C[0,1].

Bagaua 44. Onucars 'HC-koucTpykimio gis C*-anredpst M,, KOMILIEKCHBIX 12X N-MaTPWUTL
U JIJTd TOJIOKUTEJIHHOTO JIMHEHHOro (DYHKIIHOHATIA,

(1) ¢(A) = an,
(2) @(A) = tr(A),
rae A = (ay)} =1 € M.

Bagaua 45. Ilycrs 7,0 — upeacrabienns C*-anredpbsl A B rHIb0€pTOBBIX ITPOCTPaH-
ctBax H, n H,, m nycth actuaHas w3omerpus U : H, — H, yI1oBJIeTBOpsieT paBeHCTBY
o(a)U = Un(a) pns moboro a € A. ITokazarb, uTo 06pa3 (COOTB. OPTOrOHANBHOE 10
nosiHeHue K sapy) U siBasieTcst MEBApHAHTHBIM HOAIPOCTpancTBOM st o(A) (coors. st
m(A)). (U — gacruanas nzomerpus, ecan U*U n UU* gaBasgioTca IpoeKTOpamn)

Bamaua 46. (a) [Iycrs M, (A) — MHOKECTBO BCEX nXn-MaTpull, ¢ Koaddunuenramu us
C*-anredpnt A. [okazars, uro na M, (A) cymecrsyer C*-HopMma.

(b) Iycrs A — C*-anrebpa ¢ Hopmoii || - ||, u mycTs || - || — apyras Hopma Ha A, SKBHBa-
nenrHas nepsoit nopme. [Tokazars, uro ecau || - || — C*-mopma, T0 06€ HOPMBI COBIIAIAIOT.
Beisectn u3 sroro equucreennocts C*-mopmbr na M, (A).

Bagaua 47. Ilycrs ¢ — cocrosiaue na C*-anredpe A. [lpeanoioxum, 910 1715 HEKOTOPOTO
CaAMOCOTIPSZKEHHOTO 3JIeMenTa a € A Bbinoneno pasencTso p(a?) = p(a)?. Tlokazarh, 9To
u3 sToro ciaeayer, 9ro p(ab) = ¢(ba) = p(a)p(b) ansa mwboro b € A.

Bamaua 48. Ilycrp A = ¢ — C*-anrebpa CXOAAMMUXCS TOCJIEI0BATEIBLHOCTENR KOMILIEKC-
ubix ancent, ¢ = {(ap)nen : an € C;lim, o a, cymecrByer}. Paccmorpum ee kak C*-
nofasre6py asnreOpsr B(ly) orpaHnYeHHBIX OMEPATOPOB MMJILOEPTOBA TPOCTPAHCTBA Iy CY M-
MUPYEMBIX ¢ KBaIpaTOM Moc/aesoBarebHocTeil. Hafitu mepsoiit 1 Bropoit kommyrant, A’
u A”, u (He3aBucumo) ciaboe 3ambikanue A B B(ly).

Bamaua 49. (a) ITokazarb, uTo caabas TOMOJOTHsI CTPOTrO cjabee CHIbHOM TOMOJOIHH.
(b) IMycrs P C B(H) — MHO)KeCTBO BCeX (CaMOCOUPSZKEHHBIX) TPOEKTOPOB B THIABOEPTO-
BOM IpocTpancTBe. llokazars, aro eciu py — p ciabo cxoaurcs, riae py € P u p € P, to
PA — D CHIBHO CXOJHUTCSL.

(c) TTokazaTh, 9TO CUIBHBIN TPeJIesT MOCIeI0BATEIBHOCTH (CAMOCOIPSIZKEHHBIX ) TPOEKTO-
POB SABJISIETCS] IPOEKTOPOM.

(d) Haiiti mpumep c1abo CXOJSIIENCsS HAIPABICHHOCTH Py — p ¢ py € P up & P.
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3amaua 50. [lycrs H, C H — nojaipocrpancrso rujibbeproBa npocrpaucrsa H, mopoxk-
JIEHHOE TIePBBIMH 1. BEKTOPAMH OPTOHOPMHPOBAHHOTO Gaszuca. B MHOXKecTBe BCex mociie-
JoBaTesbHOCTEl (M1, my, . ..), tne my € B(H,) C B(H), paccmorpum moaMHOKecTBO A
BCEX TaKUX MOCJENI0BATEIHHOCTEMH, YTO
e supy, ||my|| < oo;
® [OCJIEJIOBATETIHLHOCTH (My, My, . ..) u (M}, m}, .. .) ABIAIOTCI CXOISAIIAMHCS B CUTh-
HOM TOTIOJIOTHH.

[Tokazarh, uro A — C*-anrebpa, n 4aro orobpazkenue (my,ma,...) —
s-limy_,oo my € B(H) siBiIsiercst ClopbeKTUBHBIM *-roMomMopduzmom A — B(H ).

Bagaua 51. [lycts A — kommyTtatuBHast C*-anrebpa, m — ee HENPUBOIUMOE MPEICTAB-
JleHne B ruiibbeproBom npocrpanctee H. [lokazars, aro dim H = 1.

Bagaua 52. Pacemorpum C0, 1] kak C*-nopanre6py 8 B(H), tne H = L?*([0,1]) (menpe-
pbiBHBIe (DYHKIUHA JeiHcTBYIOT Ha H yMHOKEHHEM ).
(a) Iposepurs, aro C[0,1] NK(H) = 0;
(b) Tycrb ¢ — qmnHeitusiii dynknuonan va C[0, 1], onpenesenusiii papencrBoM o(f) =
f(0), f € C[0,1]. Haiitn Takyio cabo cXOAAIIyOCs K HY/I0 B H mociegoBareib-
HOCTB { €, } ey BEKTOPOB IMHUIHOMN JITHHBI, 9TO BhimOTHsIeTCst ¢ (f) = lim,, o0 (fen, €n)
s moboit byrknuu [ € C0, 1].

Samaua 53. OnepaTopsl a, b B THIALOEPTOBOM NPOCTPaHCTBe H HA3BIBAIOTCA KOMNAAECHM-
HOLMU, €CJTH CYTECTBYeT TAKOW yHHUTapHbI omeparop u € B(H), aro u*au — b € K(H).
[Tokazarh, 9T0 €CJi CAMOCOLPSIZKEHHBIE OLEPATOPHI ¢, b KOMIIAJEHTHBI, TO COBHAIAIOT UX
CylieCTBEHHbIE CIICEKTPDI.

Bapaua 54. Tlokazarsk, aro qwbas AF C*-anrebpa 6e3 e IMHUIIBI IMeeT ANMPOKCUMATHB-
HYIO €JIMHUILY, COCTOSIIYI0 U3 BO3PACTAIONIEH TOCIe0BATEIBHOCTH TPOEKTOPOB.

Bamaua 55. (1) Iokazarn, aro C[0, 1] me aBaserca AF-anare6poii.
(2) Tloctpouts uabeKTUBHBI *-roMmomopdusm C|0, 1] B AF-anre6py C'(K) Henpepbis-
HBIX (PYHKIUI HA KAaHTOPOBOM MHOXKecTBe K. YKazaHue: MOCTPOUTh (DYHKIHIO f
Ha K, IpUHUMAIONTY0 Bee paruonaabibe 3uadenus u3 [0, 1] u mokasars, auro C*( f)
usomerpuano *-uzomopdua C(Sp(f)) = C|0,1].

Bamaga 56. [lycte A, = M. (C) & Mon(C), a Baoxenue «, : A, — Api1 337aH0

a1 0100

. ot 0 0ai | 00
dopmy.ioii an:(o a2)|—> ————— , T aq,ag € Mon(C).

00 |a 0

00| 0an

(1) Onpenemurs nuarpammy Bparrenn qist AF-anrebper A = U | A,
(2) BoisicauTb, ectb i B A euHUTIA.



